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Introduction

The decomposition method developed by Blinder (1973) and Oaxaca (1973) and
generalized by Juhn, Murphy, and Pierce (1991), Neumark (1988), and Oaxaca and
Ransom (1988, 1994), is a very popular descriptive tool, since it permits the decomposition of the diﬀerence in an outcome variable between two groups into a part
that is explained by diﬀerences in the observed characteristics of these groups and
a part that is due to diﬀerences in the estimated coeﬃcients. Among other applications, the Blinder-Oaxaca decomposition has been used in numerous studies of
wage-diﬀerentials between males and females or between diﬀerent ethnic groups (Altonji and Black 1999). In these studies, the unexplained part of the decomposition
is interpreted as discrimination.
So far, the Blinder-Oaxaca-decomposition and its various generalizations have
mainly be used in linear regression models. A decomposition method for models
with binary dependent variables has been developed by Fairlie (1999, 2003). In many
cases, however, the censoring of outcome variables requires the estimation of limited
dependent variable models. In such situations, OLS might yield in inconsistent
parameter estimates and in turn misleading decomposition results. This paper aims
at providing a solution to this problem by deriving a decomposition method for
Tobit-models. To illustrate this method, we apply it to the gender wage gap using
German data.
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Blinder-Oaxaca Decomposition for Tobit Models

Consider the following linear regression model, which is estimated separately for the
groups g = m, f
Yig = Xig βg + εig ,

(1)

1

for i = 1, ..., Ng , and


g

Ng = N . For these models, Blinder (1973) and Oaxaca

(1973) propose the decomposition
Y m − Y f = ∆OLS = [Eβm (Yim |Xim ) − Eβm (Yif |Xif )]
+[Eβm (Yif |Xif ) − Eβf (Yif |Xif )]

(2)

= (X m − X f )βm + X f (βm − βf ),
where Y g = Ng−1

N g

i=1

Yig and Xg = Ng−1

N g

i=1

Xig . Eβg (Yig |Xig ) refers to the

conditional expectation of Yig evaluated at the parameter vector βg . The ﬁrst term
on the right hand side of equation (2) displays the diﬀerence in the outcome variable
between the two groups due to diﬀerences in observable characteristics, whereas the
second term shows the diﬀerential that is due to diﬀerences in coeﬃcient estimates.
Given Xig , the linear model is a good approximation of the expected value of
the outcome variable E(Yig |Xig ) for values of Xig close to the mean. If the outcome
variable Yig is censored, however, the use of OLS may lead to biased estimates of
the parameter vector and hence misleading results of the decomposition.
To illustrate the Blinder-Oaxaca decomposition for censored regression models,
we consider a Tobit model, where the distribution of the dependent variable is
censored from above at the point a1 and from below at the point a2 , i.e.
Yig∗ = Xig βg + εig ,
Yig = a1

if Yig∗ ≤ a1

Yig = a2

if Yig∗ ≥ a2

Yig = Yig∗ = Xig βg + εig

(3)
if a1 < Yig∗ < a2 ,

εig ∼ N (0, σg2 ).
The unconditional expectation of Yig given Xig consists of the conditional expectations of Yig weighted with the respective probabilities of being censored (from above
or below) or uncensored:
E(Yig |Xig ) = a1 Φ1 (βg , Xg , σg ) + a2 Φ2 (βg , Xg , σg )


λ(βg , Xg , σg )
,
+Λ(βg , Xg , σg ) Xig βg + σ
Λ(βg , Xg , σg )
2

(4)

where Φ1 (βg , Xg , σg ) = Φ[σg−1 (a1 − Xig βg )], Φ2 (βg , Xg , σg ) = Φ[σg−1 (a2 − Xig βg )],
Λ(·) = Φ2 (·) − Φ1 (·) and λ(βg , Xg , σg ) = φ[σg−1 (a1 − Xig βg )] − φ[σg−1 (a2 − Xig βg )]
for g = m, f . φ(·) represents the standard normal density function and Φ(·) is the
cumulative standard normal density function.
Equation (4) shows that a decomposition of the outcome variable similar to
equation (2) is not appropriate if the dependent variable is censored. Particularly,
in contrast to the linear regression model, the conditional expectations E(Yig |Xig ) in
the Tobit model depend on the variance of the error term σg . Consequently, there are
several possibilities to decompose the mean diﬀerence of Yi between the two groups
depending on which σg is used in the counterfactual parts of the decomposition
equation. Two possible decompositions are


Eβm ,σm (Yim |Xim ) − Eβm ,σf (Yif |Xif )


+ Eβm ,σf (Yif |Xif ) − Eβf ,σf (Yif |Xif ) ,

(5)

∆Tmobit = [Eβm ,σm (Yim |Xim ) − Eβm ,σm (Yif |Xif )]


+ Eβm ,σm (Yif |Xif ) − Eβf ,σf (Yif |Xif ) ,

(6)

∆Tf obit =

and

where Eβg ,σg (Yig |Xig ) now refers to the conditional expectation of Yig evaluated at
the parameter vector βg and the error variance σg for g = f, m. In both equations
the ﬁrst term on the right hand side displays the part of the diﬀerential in the
outcome variable between the two groups that is due to diﬀerences in the covariates
Xig , and the second term the part of the diﬀerential in Yig that is due to diﬀerences
in coeﬃcients.
The two versions of the decomposition equation may diﬀer from each other, if
large diﬀerences in the variance of the error term between the two groups exist. Note
however, that the decomposition using σf to calculate the counterfactual parts, as in
equation (5), is more comparable to the OLS decomposition described in equation
(2), since the counterfactual parts diﬀer from Eβf ,σf (Yif |Xif ) only by using the
parameter vector for group m, βm , rather than by using the parameter vector and
the error variance for group m in the alternative decomposition described in equation
(6).
3

Using the sample counterpart of equation (4),

N

−1
S(β̂g , Xig , σ̂g ) = N
a1 Φ1 (β̂g , Xig , σ̂g ) + a2 Φ2 (β̂g , Xig , σ̂g )
i=1

+Λ(β̂g , Xig , σ̂g ) Xig β̂g + σ̂g

λ(β̂g , Xig , σ̂g )
Λ(β̂g , Xig , σ̂g )

,

equation (5) can be estimated by
ˆ T obit =
∆
f

S(β̂m , Xim , σ̂m ) − S(β̂m , Xif , σ̂f )
+ S(β̂m , Xif , σ̂f ) − S(β̂f , Xif , σ̂f )

(7)

Similarly, equation (6) can be estimated by
ˆ Tf obit =
∆

S(β̂m , Xim , σ̂m ) − S(β̂m , Xif , σ̂m )
+ S(β̂m , Xif , σ̂m ) − S(β̂f , Xif , σ̂f )

(8)

If the dependent variable is not censored, i.e. if a1 → −∞ and a2 → ∞, both
equations reduce to the original Blinder-Oaxaca decomposition described in equation
(2).
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Empirical Illustration: Gender Wage Gap in
Germany

To illustrate how the Blinder-Oaxaca decomposition for Tobit models works, we
analyze the gender wage gap using data from the German Socioeconomic Panel
(GSOEP) for the year 2004. We estimate the following wage equation separately
for males (m) and females (f ):
ln(wig ) = Xig βg + εig ,

(9)

for g = m, f , where wig refers to the gross hourly wage rate of individual i in
group g. The explanatory variables Xi include the years of completed schooling,
potential labor market experienced (calculated as Age - Years of Schooling - 6 )
and potential labor market experience squared, the number of children, and dummy
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variables for married individuals, part-time workers, immigrants, and persons residing in East-Germany. We restrict our sample to working individuals aged 16 to 65.
We eliminated all observations with missing values for at least one of the variables
used in the analysis, which yields a sample of 3,610 observations for men and 2,465
observations for women.
Since the wage information in the GSOEP is not censored, we apply in a ﬁrst
step the original Blinder-Oaxaca decomposition described in equation (2) using the
results of OLS-estimates of the regression model (9). In a second step, we censor
the distribution of gross hourly wages at the lower and upper 10th percentile and
estimate equation (9) by OLS using the transformed wage information as dependent
variable to show the potential bias in the estimation results and wage decomposition
when ignoring that the dependent variable is censored. In a ﬁnal step, we use the
transformed wage variable and estimate equation (9) using a Tobit model and apply
the Tobit-Blinder-Oaxaca decompositions described in equations (7) and (8)1 . To
be able to test the diﬀerent decomposition results against each other, we obtained
standard errors for the decomposition parts by bootstrapping with 1000 replications.
Table 1 reports the results from this analysis. The estimated coeﬃcients of the
OLS and Tobit-models reported in Parts A and B of Table 1, respectively, have the
expected signs and are statistically signiﬁcant at conventional levels. When using the
artiﬁcial censored dependent variable, the Tobit estimates perform slightly better
than the OLS-estimates, i.e. are closer to the respective estimation results when
using the original uncensored wage information.
Based on the uncensored wage information, the results of the decomposition
analysis reported in column 1 of Table 2 (which does not diﬀer between the OLS
and the various Tobit-decomposition methods) shows that more than 67% of the
wage diﬀerential between men and women is attributable to diﬀerences in observable
1

We censored the dependent variable artiﬁcially in our example because we want to compare

censored and uncensored estimates. Artiﬁcial censoring, however, does also permit an alternative
decomposition strategy, which is based on the unconditional expectation of the latent dependent
variable, E(Yig∗ |Xig ) = E(Yig∗ ), instead of the unconditional expectation E(Yig∗ |Xig ). In such a
case, it is suﬃcient to estimate the parameters of the Tobit model and to calculate the components
of equation (2).

5

characteristics.
When using the original Blinder-Oaxaca decomposition (∆OLS ), censoring the
dependent variable from below or from both sides of the wage distribution increases
the unexplained part of the wage diﬀerential, while the decomposition results do
not change very much when wages are censored just from above. Furthermore,
for left-censoring and censoring from both sides of the wage distribution the Tobit
decomposition methods perform better than the original Blinder-Oaxaca decomposition. However, in our example t-tests demonstrate that the diﬀerences in the
decomposition results between the uncensored and the three censored estimations
are not statistically signiﬁcant in all cases.

4

Conclusion

In this paper, a decomposition method for Tobit-models is derived. This method allows the decomposition of the diﬀerence in a censored outcome variable between two
groups into a part that is explained by diﬀerences in the observed characteristics and
a part attributable to diﬀerences in the estimated coeﬃcients of these characteristics. Using data of the GSOEP, we ﬁnd that the major part of the wage diﬀerential
between men and women is attributable to diﬀerences in observable characteristics. In our application, applying the Tobit decomposition method produces better
results than the original Blinder-Oaxaca decomposition when wages are censored
from below and from both sides of the wage distribution. However, in our example the diﬀerences between the various decomposition methods are not statistically
signiﬁcant.
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uncensored
Men
Women
Education (Yrs.)
Experience
Experience2 × 10−2
Constant
R2
Education (Yrs.)
Experience
Experience2 × 10−2
Constant
McFadden Pseudo R2

Table 1: Estimation Results
left-censored
right-censored
Men
Women
Men
Women

left/right-censored
Men
Women

0.085
(0.003)***
0.027
(0.003)***
-0.031
(0.007)***
1.223
(0.054)***
0.38

0.077
(0.004)***
0.035
(0.004)***
-0.062
(0.008)***
1.136
(0.064)***
0.26

0.082
(0.003)***
0.024
(0.003)***
-0.027
(0.006)***
1.306
(0.048)***
0.40

A: OLS estimates
0.074
0.065
(0.003)*** (0.002)***
0.029
0.024
(0.003)*** (0.003)***
-0.048
-0.030
(0.006)*** (0.006)***
1.247
1.482
(0.052)*** (0.046)***
0.30
0.36

0.070
(0.004)***
0.033
(0.003)***
-0.059
(0.007)***
1.238
(0.060)***
0.25

0.064
(0.002)***
0.021
(0.003)***
-0.026
(0.005)***
1.540
(0.040)***
0.41

0.068
(0.003)***
0.027
(0.003)***
-0.046
(0.006)***
1.339
(0.048)***
0.31

0.085
(0.003)***
0.027
(0.003)***
-0.031
(0.007)***
1.223
(0.054)***
0.27

0.077
(0.004)***
0.035
(0.004)***
-0.062
(0.008)***
1.136
(0.064)***
0.19

0.086
(0.003)***
0.026
(0.003)***
-0.029
(0.007)***
1.230
(0.052)***
0.29

B: Tobit estimates
0.083
0.085
(0.004)***
(0.003)***
0.035
0.027
(0.004)***
(0.003)***
-0.059
-0.033
(0.007)***
(0.007)***
1.060
1.215
(0.061)***
(0.054)***
0.22
0.27

0.075
(0.004)***
0.035
(0.004)***
-0.061
(0.008)***
1.166
(0.062)***
0.19

0.085
(0.003)***
0.025
(0.003)***
-0.030
(0.006)***
1.242
(0.051)***
0.29

0.080
(0.004)***
0.034
(0.003)***
-0.058
(0.007)***
1.108
(0.059)***
0.23

Notes: 3,610 observations for men and 2,465 observations for women. Standard errors in parentheses. * signiﬁcant
at 10%; ** signiﬁcant at 5%; *** signiﬁcant at 1%. Additional variables used: number of children and dummyvariables for marital status, part-time employment, immigrants and East-Germany.
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Table 2: Decomposition Results

> OLS
∆
Explained Part

> OLS
in % of ∆
Unexplained Part

> OLS
in % of ∆
> T obit
∆
f
Explained Part

> T obit
in % of ∆
Unexplained Part

> T obit
in % of ∆
σf

> Tmobit
∆
Explained Part

> T obit
in % of ∆
Unexplained Part

> T obit
in % of ∆
σm

uncensored

left-censored

right-censored

left/right-censored

0.326***
(0.014)
0.220***
(0.025)
67.6***
(7.7)
0.105***
(0.026)
32.3***
(7.7)

0.301***
(0.012)
0.173***
(0.019)
57.3***
(6.1)
0.128***
(0.019)
42.6***
(6.1)

0.288***
(0.013)
0.198***
(0.023)
68.8***
(8.3)
0.089***
(0.025)
31.1***
(8.3)

0.268***
(0.011)
0.153***
(0.017)
57.1***
(6.2)
0.115***
(0.017)
42.8***
(6.2)

0.326***
(0.014)
0.220***
(0.025)
67.6***
(7.7)
0.105***
(0.026)
32.3***
(7.7)
0.453

0.301***
(0.013)
0.189***
(0.019)
62.7***
(6.1)
0.112***
(0.019)
37.2***
(6.1)
0.420

0.293***
(0.013)
0.194***
(0.024)
66.3***
(8.2)
0.098***
(0.025)
33.6***
(8.2)
0.439

0.270***
(0.011)
0.164***
(0.017)
60.6***
(6.4)
0.106***
(0.018)
39.3***
(6.4)
0.399

0.326***
(0.014)
0.220***
(0.025)
67.6***
(7.7)
0.105***
(0.026)
32.3***
(7.7)
0.455

0.301***
(0.013)
0.187***
(0.018)
62.1***
(6.0)
0.114***
(0.019)
37.8***
(6.0)
0.431

0.293***
(0.013)
0.195***
(0.024)
66.5***
(8.3)
0.098***
(0.025)
33.4***
(8.3)
0.444

0.270***
(0.011)
0.163***
(0.017)
60.3***
(6.3)
0.107***
(0.018)
39.6***
(6.3)
0.412

Notes: Decomposition results based on the regression results in Table 1. Bootstrapped (1,000 replications) standard
errors in parentheses. * signiﬁcant at 10%; ** signiﬁcant at 5%; *** signiﬁcant at 1%.
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Appendix
Table: Descriptive Statistics
Wages
(1)
(2)
Men
Women
Uncensored
Left-censored
Right-censored
Left/Right-censored
Notes:

15.879
(0.239)
15.977
(0.236)
14.847
(0.164)
14.945
(0.160)

11.654
(0.234)
11.836
(0.230)
11.360
(0.164)
11.542
(0.159)

Education
(3)
(4)
Men
Women

Experience
(5)
(6)
Men
Women

12.398
(0.070)
-

12.263
(0.082)
-

23.707
(0.268)
-

22.664
(0.379)
-

-

-

-

-

-

-

-

-

3,610 observations for men and 2,465 observations for women. Standard deviations in parentheses.
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