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♣❡❛t❡❞❧② ♣r♦✈✐❞❡ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ✐♥ r❡t✉r♥ ❢♦r ♣❛②♠❡♥ts✳ ❚❤❡ t♦t❛❧ ❢❛❝t♦r

♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ ❛❣❡♥t ✐s ♣r✐✈❛t❡ ❛♥❞ ❢♦❧❧♦✇s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ▼♦r❡✲

♦✈❡r✱ t❤❡ ❛❣❡♥t ✐s ❧❡ss ♣❛t✐❡♥t t❤❛♥ t❤❡ ♣r✐♥❝✐♣❛❧✳ ❲❡ s♦❧✈❡ ❢♦r t❤❡ ♦♣t✐✲

♠❛❧ ❝♦♥tr❛❝t ✐♥ t❤✐s ❡♥✈✐r♦♥♠❡♥t✳ ❉✐st♦rt✐♦♥s ❛r❡ ♣❡r✈❛s✐✈❡ ❛♥❞ ❡✣❝✐❡♥❝②

✉♥❛tt❛✐♥❛❜❧❡✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ❦❡② ♣r♦♣❡rt✐❡s✿

r❡st❛rt ❛♥❞ s❤✉t❞♦✇♥✱ ✇❤✐❝❤ ❝❛♣t✉r❡ ✈❛r✐♦✉s ❛s♣❡❝ts ♦❢ ❝♦♥tr❛❝ts ♦✛❡r❡❞ ✐♥
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t❤❡ ♥✉♠❜❡r ♦❢ ❧♦✇ ❚❋P s❤♦❝❦s s✐♥❝❡ t❤❡ ❧❛st ❤✐❣❤ s❤♦❝❦✳ ❖♥❝❡ ❛ ❤✐❣❤ s❤♦❝❦

❛rr✐✈❡s✱ t❤❡ ❝♦♥tr❛❝t ❧♦s❡s ♠❡♠♦r② ❛♥❞ r❡♣❡❛ts t❤❡ s❛♠❡ ❝②❝❧❡✱ ✇❡ ❝❛❧❧ t❤✐s
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❊✈❡r s♦ ♦❢t❡♥✱ ❛s t❤❡ ❥✉❣❣❡r♥❛✉t ♦❢ ❛ ❧✐t❡r❛t✉r❡ ❢❡rr✐❡s ❛❧♦♥❣✱ ✇❡ ♠✉st st♦♣ ✐t ✐♥

t❤❡ tr❛❝❦s✱ t♦ ❡✈❛❧✉❛t❡ ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s t❤❛t ✇❡ ♠❛② t❤❡♥ ❝♦♥s✐❞❡r st❛♥❞❛r❞✳

❖♥❡ s✉❝❤ ❛ss✉♠♣t✐♦♥ ✐♥ ❞②♥❛♠✐❝ ♠♦❞❡❧s ♦❢ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ❛♥❞ ❛❣❡♥❝② ♠♦❞❡❧s

♦❢ ❞②♥❛♠✐❝ ❝♦♥tr❛❝t✐♥❣ ✐s t❤❛t ❛❧❧ ♣❛rt✐❡s ❤❛✈❡ ❛♥ ❡q✉❛❧ r❛t❡ ♦❢ t✐♠❡ ♣r❡❢❡r❡♥❝❡✳

❆ s✐❣♥✐✜❝❛♥t ♣❛r❛♠❡tr✐❝ r❡str✐❝t✐♦♥✱ ✐t ✐s ❛t t✐♠❡s ❛ s✐♠♣❧✐❢②✐♥❣ ❞❡✈✐❝❡ ❛♥❞ ❛t

♦t❤❡r t✐♠❡s ❛ ♠♦❞❡❧✐♥❣ ❤❛❜✐t✳ ❆❧❧♦✇✐♥❣ ❢♦r ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ r❡✈❡❛❧s t♦ t❤❡

❡❝♦♥♦♠✐st t❤❡ r♦❜✉st♥❡ss ♦❢ ❤❡r r❡s✉❧ts t♦ t❤❡ ✇✐❞❡r ♣❛r❛♠❡tr✐❝ r❛♥❣❡✱ ❛♥❞ ✐♥ t❤❡

♣r♦❝❡ss s❤❡ ♠❛② ✉♥❝♦✈❡r ❤✐t❤❡rt♦ ✉♥❡①♣❧♦r❡❞ ❞②♥❛♠✐❝ tr❛❞❡♦✛s✳

❚❤✐s ♣❛♣❡r st✉❞✐❡s ❛ ❞②♥❛♠✐❝ s❝r❡❡♥✐♥❣ ♠♦❞❡❧ ✇✐t❤ ♣❡rs✐st❡♥t ♣r✐✈❛t❡ ✐♥❢♦r✲

♠❛t✐♦♥ ✇❤❡r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ✐s ♠♦r❡ ♣❛t✐❡♥t t❤❛♥ t❤❡ ❛❣❡♥t✳ ❖♥❡ ♠❛② t❤✐♥❦ ♦❢

❛ ✈❡♥t✉r❡ ❝❛♣✐t❛❧✐st ✐♥✈❡st✐♥❣ ✐♥ ❛ st❛rt✉♣✱ ❛ ❣♦✈❡r♥♠❡♥t ❞❡❝✐❞✐♥❣ ♦♥ t❛① s❝❤❡❞✲

✉❧❡s ✇✐t❤ ♦❜❥❡❝t✐✈❡ ♦❢ r❡❞✐str✐❜✉t✐♦♥ ❛♠♦♥❣st ❛ ♣♦♣✉❧❛t✐♦♥✱ ♦r ❛♥ ✐♥t❡r♠❡❞✐❛r②

s✉♣♣❧②✐♥❣ ❛ ✈✐t❛❧ ✐♥♣✉t t♦ ❛ ✜r♠ t♦ ♣r♦❞✉❝❡ ❛ ✜♥❛❧ ❣♦♦❞✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❧❛st

✐♥t❡r♣r❡t❛t✐♦♥✱ ❜✉t ✉r❣❡ t❤❡ r❡❛❞❡r t♦ t❤✐♥❦ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ♠♦r❡ ❜r♦❛❞❧②✱ ❞✐s✲

t✐❧❧✐♥❣ t❤r♦✉❣❤ ✐t t✇♦ ❦❡② ❡❝♦♥♦♠✐❝ ❢♦r❝❡s✿ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❛♥❞ ♣❡rs✐st❡♥t

❛❣❡♥❝② ❢r✐❝t✐♦♥s✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ t✇♦ ♣r♦❞✉❝❡s ✐♥t❡rt❡♠♣♦r❛❧ ❣❛✐♥s ❢r♦♠
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❚❤❡r❡ ❛r❡ ❛t ❧❡❛st t❤r❡❡ ♠♦t✐✈❛t✐♦♥s ❢♦r ❛♥❛❧②③✐♥❣ t❤❡ s❛✐❞ ♠♦❞❡❧✳ ❋✐rst✱ ✐♥

♠❛♥② ❧♦♥❣✲t❡r♠ ❝♦♥tr❛❝t✉❛❧ s✐t✉❛t✐♦♥s ❝♦♥str❛✐♥❡❞ ❜② ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥❡

♣❛rt② ✐s ✏✜♥❛♥❝✐❛❧❧② ❜✐❣❣❡r✑ ♦r ♠♦r❡ ✐♥t❡❣r❛t❡❞ ✐♥ ❝❛♣✐t❛❧ ♠❛r❦❡ts t❤❛♥ t❤❡ ♦t❤❡r❀

❛♥ ❡❛s② ✇❛② ♦❢ ❝❛♣t✉r✐♥❣ t❤✐s ❛s②♠♠❡tr② ✐s ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳✶ ■♥ ❢❛❝t✱ t❤❡

❧✐t❡r❛t✉r❡ ✐s r✐❢❡ ✇✐t❤ ❡✈✐❞❡♥❝❡ ♦❢ ❧✐♠✐t❡❞ ❛❝❝❡ss t♦ ✜♥❛♥❝❡ ❛s ❛ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥t

✐♥ ❡❝♦♥♦♠✐❝ tr❛♥s❛❝t✐♦♥s✳✷ ❲❤❛t ❦✐♥❞ ♦❢ ❝♦♥tr❛❝ts ❞♦ ✇❡ ❡①♣❡❝t t♦ ♦❜s❡r✈❡ ✐♥

✶❲❡ ❤❛✈❡ δP = e−r ❛♥❞ δA = e−s ✇❤❡r❡ r ❛♥❞ s ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥t❡r❡st r❛t❡s ❢❛❝❡❞
❜② t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❛❣❡♥t ✐♥ t❤❡ ♠❛r❦❡t ✇✐t❤ s ≥ r✱ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥
❛♣♣r♦①✐♠❛t❡s ❛ ❝♦♥t✐♥✉♦✉s❧② ❝♦♠♣♦✉♥❞❡❞ ♣r✐♥❝✐♣❛❧ ❛♠♦✉♥t✳

✷■♥ ❛ s✉r✈❡② ♦❢ ✶✵✺✵ ❈❋❖s ❛❝r♦ss t❤❡ ❯❙✱ ❊✉r♦♣❡ ❛♥❞ ❆s✐❛✱ ❈❛♠♣❡❧❧♦ ❡t ❛❧✳ ✭✷✵✶✵✮ ✜♥❞ ❛
❝♦♥s✐❞❡r❛❜❧❡ ✐♠♣❛❝t ♦❢ ❝r❡❞✐t ❝♦♥str❛✐♥ts ♦♥ r❡❛❧ ✜r♠ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❛❢t❡r♠❛t❤ ♦❢ t❤❡ ●r❡❛t
❘❡❝❡ss✐♦♥✳ ❉❡❛t♦♥ ✭✶✾✾✶✮ ❛♥❞ ❈❛rr♦❧❧ ✭✶✾✾✷✮ ♠❛❦❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ ❝❛s❡ r❡s♣❡❝✲
t✐✈❡❧② ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❧✐q✉✐❞✐t② ❝♦♥str❛✐♥ts ✐♥ ❛♥❛❧②③✐♥❣ ❝♦♥s✉♠♣t✐♦♥✳ ■♥ t❤❡ ❝❡❧❡❜r❛t❡❞

✷



s✉❝❤ ❡♥✈✐r♦♥♠❡♥ts❄ ❙❡❝♦♥❞✱ ❜❡❤❛✈✐♦r❛❧❧② s♣❡❛❦✐♥❣✱ ✐t ✐s ♥❛t✉r❛❧ ❢♦r t✇♦ ♣❛rt✐❡s

✐♥ ❛ ❝♦♥tr❛❝t t♦ ❤❛✈❡ ❞✐✛❡r❡♥t t✐♠❡ ❤♦r✐③♦♥s✱ ♦r ❞✐✛❡r❡♥t ❛ss❡ss♠❡♥t ♦❢ t❤❡ ♣r♦❜❛✲

❜✐❧✐t② s✉r✈✐✈❛❧ ♦❢ t❤❡ tr❛♥s❛❝t✐♦♥❀ ❜♦t❤ s✐t✉❛t✐♦♥s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞✱ ❛t ❧❡❛st t♦ ❛

r❡❞✉❝❡❞ ❢♦r♠✱ ❜② ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳✸ ❆♥❞✱ t❤✐r❞✱ ❢r♦♠ ❛ ♠♦r❡ t❤❡♦r❡t✐❝❛❧ ♣❡r✲

s♣❡❝t✐✈❡✱ ❤♦✇ r♦❜✉st ❛r❡ t❤❡ ♣r❡❞✐❝t✐♦♥s ✐♥ t❤❡ ❜✉r❣❡♦♥✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ❞②♥❛♠✐❝

♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ t♦ t❤❡ ✈✐♦❧❛t✐♦♥s ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣❄ ❍♦✇

❞♦ ❛❧❧♦❝❛t✐✈❡ ❞✐st♦rt✐♦♥s ❡✈♦❧✈❡ ❛♥❞ ✐♥✢✉❡♥❝❡ ❧♦♥❣✲t❡r♠ ❡✣❝✐❡♥❝②❄✹

❲❡ ❛r❡ ♥♦t t❤❡ ✜rst ♦♥❡s t♦ st✉❞② ❞②♥❛♠✐❝ ❝♦♥tr❛❝t✐♥❣ ✇✐t❤ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✲

✐♥❣✱ ❤♦✇❡✈❡r✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡ ✜rst ♣❛♣❡r t♦ ❡①♣❧♦r❡ ✐ts

✐♠♣❧✐❝❛t✐♦♥s ✐♥ ❛ ❞②♥❛♠✐❝ s❝r❡❡♥✐♥❣ ♦r ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ♣❡rs✐st❡♥t

♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳✺ ❚❤❡ ✇♦r❞ ♣❡rs✐st❡♥t ✐s ✐♠♣❡r❛t✐✈❡ ❢♦r ✐t ❛❞❞s ❛ r❡❛❧✐st✐❝ ❞✐✲

♠❡♥s✐♦♥ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛❣❡♥❝② ❢r✐❝t✐♦♥s✻✱ ❛♥❞ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ✐t ❛❧s♦ ❛❞❞s

♠❡♠♦r② t♦ ❛❧❧♦❝❛t✐✈❡ ❞✐st♦rt✐♦♥s✳ ❚❤❡ r❡❛❧✐s♠ t❤♦✉❣❤ ❝♦♠❡s ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧

❝❤❛❧❧❡♥❣❡✲ ✐t ✐♥tr♦❞✉❝❡s ♣♦t❡♥t✐❛❧❧② ❜✐♥❞✐♥❣ ❣❧♦❜❛❧ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳

❚❤❡ ❢♦r♠❛❧ ♠♦❞❡❧ ❡♥t❛✐❧s ❛ ✏s♠❛❧❧✑ ✜r♠ ✭❛❣❡♥t✮ ✇✐t❤ ❛ ♣r✐✈❛t❡ ♣r♦❞✉❝t✐♦♥

t❡❝❤♥♦❧♦❣②✱ ✐ts t♦t❛❧ ❢❛❝t♦r ♣r♦❞✉❝t✐✈✐t② ✭❚❋P✮ ❝❤❛♥❣❡s ♣❡r✐♦❞✐❝❛❧❧② ❛❝❝♦r❞✐♥❣ t♦

❛ t✇♦ st❛t❡ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ❛♥❞ ❛ ✏❧❛r❣❡✑ s✉♣♣❧✐❡r ✭♣r✐♥❝✐♣❛❧✮ ♦❢ ❝❛♣✐t❛❧ t❤❛t ✐s

❝r✐t✐❝❛❧ ❢♦r ♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ✐s ♠♦r❡ ♣❛t✐❡♥t t❤❛♥ t❤❡ ❛❣❡♥t✳ ❆ ❝♦♥tr❛❝t

❤❡r❡ ✐s ❛ ❞②♥❛♠✐❝ ♠❡♥✉ ♦❢ ❝❛♣✐t❛❧ ❛❧❧♦❝❛t✐♦♥s t♦ t❤❡ ❛❣❡♥t ✐♥ r❡t✉r♥ ❢♦r ♣❛②♠❡♥ts

t♦ t❤❡ ♣r✐♥❝✐♣❛❧✳ ❲❡ s♦❧✈❡ ❢♦r t❤❡ ♣r♦✜t ♠❛①✐♠✐③✐♥❣ ❝♦♥tr❛❝t ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧

s✉❜❥❡❝t t♦ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ❢♦r t❤❡

❛❣❡♥t✳

■♥ ♦r❞❡r t♦ r❡❧❛① ❢✉t✉r❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡r❡❜② r❡❞✉❝❡ ✐♥❢♦r♠❛t✐♦♥

r❡♥ts✱ t❤❡ ❧❛r❣❡ s✉♣♣❧✐❡r ✇❛♥ts t♦ ❜❛❝❦❧♦❛❞ ♣❛②♦✛s ❢♦r t❤❡ s♠❛❧❧ ✜r♠ ❛s ♠✉❝❤

❊❛t♦♥ ❛♥❞ ●❡rs♦✈✐t③ ✭✶✾✽✶✮✱ t❤❡ ❜♦rr♦✇❡r ❢❛❝❡s ❛ ❤✐❣❤❡r ✐♥t❡r❡st r❛t❡ s♣r❡❛❞ ✇✐t❤ ✐♥❝♦♠♣❧❡t❡
♠❛r❦❡ts ❛♥❞ ❞❡❢❛✉❧t✐♥❣ r✐s❦✳

✸❋♦r ❡①❛♠♣❧❡✱ ❊❞♠❛♥s ❡t ❛❧✳ ✭✷✵✶✼✮ ❞♦❝✉♠❡♥t ♠✐s❛❧✐❣♥❡❞ ✐♥t❡rt❡♠♣♦r❛❧ ✐♥❝❡♥t✐✈❡s ✐♥ ❝♦r✲
♣♦r❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s❤❛r❡❤♦❧❞❡rs ❛♥❞ ❈❊❖s✳

✹❙❡❡ ❡①❝❡❧❧❡♥t s✉r✈❡②s ❜② ❱♦❤r❛ ✭✷✵✶✷✮✱ ❑rä❤♠❡r ❛♥❞ ❙tr❛✉s③ ✭✷✵✶✺✮✱ P❛✈❛♥ ✭✷✵✶✻✮✱ ❛♥❞
❇❡r❣❡♠❛♥♥ ❛♥❞ ❱ä❧✐♠ä❦✐ ✭✷✵✶✼✮ ♦♥ ❞②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ♣r✐♥❝✐♣❛❧
❛♥❞ ❛❣❡♥t✭s✮ ❤❛✈❡ t❤❡ s❛♠❡ r❛t❡ ♦❢ t✐♠❡ ♣r❡❢❡r❡♥❝❡✳

✺❚❤❡ q✉❡st✐♦♥ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ r❡❧❛t✐♦♥❛❧ ❝♦♥tr❛❝t✐♥❣ ❜② ❖♣♣ ❛♥❞ ❩❤✉ ✭✷✵✶✺✮✱ ✐♥ ❞②♥❛♠✐❝
♠♦r❛❧ ❤❛③❛r❞ ❜② ❉❡▼❛r③♦ ❛♥❞ ❙❛♥♥✐❦♦✈ ✭✷✵✵✻✮ ❛♥❞ ❇✐❛✐s ❡t ❛❧✳ ✭✷✵✵✼✮✱ ❛♥❞ ✐♥ t❤❡ ♣✉❜❧✐❝ ✜♥❛♥❝❡
❧✐t❡r❛t✉r❡ ✇✐t❤ r✐s❦ ❛✈❡rs❡ ❝♦♥s✉♠❡rs ❜② ❋❛r❤✐ ❛♥❞ ❲❡r♥✐♥❣ ✭✷✵✵✼✮ ❛♥❞ ❆❝❡♠♦❣❧✉ ❡t ❛❧✳ ✭✷✵✵✽✮✳
❙❡❡ s❡❝t✐♦♥ ✼ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳

✻➑♠r♦❤♦r♦➜❧✉ ❛♥❞ ❚ü③❡❧ ✭✷✵✶✹✮ ✜♥❞ t❤❡ ❛✈❡r❛❣❡ ♣❡rs✐st❡♥❝❡ ✐♥ t♦t❛❧ ❢❛❝t♦r ♣r♦❞✉❝t✐✈✐t② ♦❢
✜r♠s ✐♥ ❈♦♠♣✉st❛t ❞❛t❛ ❢r♦♠ ✶✾✻✷ t♦ ✷✵✵✾ t♦ ❜❡ ✵✳✼✳ ●♦♠❡s ✭✷✵✵✶✮ ❡st✐♠❛t❡s ✜r♠ ♣r♦❞✉❝t✐✈✐t②
✐♥ ❈♦♠♣✉st❛t ❞❛t❛ ❢r♦♠ ✶✾✼✾ t♦ ✶✾✾✽ t❤r♦✉❣❤ ❛♥ ❆❘✭✶✮ ♣r♦❝❡ss ❛♥❞ ♣❡❣s t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥
❝♦❡✣❝✐❡♥t t♦ ❜❡ ❛t ✵✳✻✷✳
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✭❛✮ ❈♦rr❡❧❛t❡❞ t②♣❡s ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ✭❜✮ ✐✐❞ t②♣❡s ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ✭❝✮ ❈♦rr❡❧❛t❡❞ t②♣❡s ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣

❋✐❣✉r❡ ✶✿ ❙❛♠♣❧❡ ♦❢ ❛❧❧♦❝❛t✐♦♥s ❛❝r♦ss t✐♠❡

❛s ❝✉rr❡♥t ✐♥❝❡♥t✐✈❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ✇♦✉❧❞ ♣❡r♠✐t✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❡♥s✉r❡s t❤❛t t❤❡ s✉♣♣❧✐❡r ✇❛♥ts t♦ ❢r♦♥t❧♦❛❞

♣❛②♦✛s ♦❢ t❤❡ s♠❛❧❧ ✜r♠ t♦ ❛r❜✐tr❛❣❡ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ✐♥t❡r❡st r❛t❡s t♦ t❤❡

❡①t❡♥t ❢✉t✉r❡ ✐♥❝❡♥t✐✈❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ✇♦✉❧❞ ❛❧❧♦✇✳ ❚❤❡s❡

t✇♦ ❢♦r❝❡s ✇♦r❦ ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s ❧❡❛❞✐♥❣ t♦ ❛ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥ ✐♥ ♦♣t✐♠❛❧

❞✐st♦rt✐♦♥s✳ ❚❤❡ ❡✣❝✐❡♥t ❛♠♦✉♥t ♦❢ ❝❛♣✐t❛❧ ✐s s✉♣♣❧✐❡❞ ❢♦r t❤❡ ❤✐❣❤ ❚❋P s❤♦❝❦❀

❤♦✇❡✈❡r✱ t❤❡ ❧♦✇ t②♣❡ ✐s ❞✐st♦rt❡❞ ❛♥❞ ❡①t❡♥t ♦❢ t❤✐s ❞✐st♦rt✐♦♥✱ ✈✐③✳ ✐ts ❞✐st❛♥❝❡

❢r♦♠ ❡✣❝✐❡♥❝②✱ ✐s ❣♦✈❡r♥❡❞ ❜② t❤✐s ❝②❝❧✐❝❛❧ ♣r♦♣❡rt② ✇❡ ❝❛❧❧ r❡st❛rt✳

❉②♥❛♠✐❝ ❞✐st♦rt✐♦♥s ✉♥❞❡r t❤❡ r❡st❛rt ♣r♦♣❡rt② ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r

♦❢ ❝♦♥s❡❝✉t✐✈❡ ❧♦✇ s❤♦❝❦s✱ ♦♥❝❡ ❛ ❤✐❣❤ s❤♦❝❦ ❛rr✐✈❡s t❤❡ ♣r♦❝❡ss r❡♣❡❛ts ❛❣❛✐♥✳

❋✐❣✉r❡ ✶ ♣❧♦ts ❛ s❛♠♣❧❡ ♦❢ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥s ✇❤❡r❡ t❤❡ t✇♦ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s

❞❡♣✐❝t t❤❡ ❡✣❝✐❡♥t ❧❡✈❡❧s ❢♦r t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇ ❚❋P s❤♦❝❦s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❡❛❝❤

❝❛s❡ t❤❡ ✜rst ♣❡r✐♦❞ t②♣❡ ✐s ❤✐❣❤✳ ❲✐t❤ ♣❡rs✐st❡♥t ✭♦r ▼❛r❦♦✈✐❛♥✮ t②♣❡s ❛♥❞ ❡q✉❛❧

❞✐s❝♦✉♥t✐♥❣ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐s ❡①❝❧✉s✐✈❡❧② ❡✣❝✐❡♥t✳ ❲✐t❤ ✐♥❞❡♣❡♥❞❡♥t t②♣❡s ❛♥❞

✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✱ t❤❡ ❞✐st♦rt✐♦♥s ♣❡rs✐st ❜✉t t❤❡② ❞♦ ♥♦t ❤❛✈❡ ❛♥② ♠❡♠♦r②✳

❋✐♥❛❧❧②✱ ✇✐t❤ ♣❡rs✐st❡♥t t②♣❡s ❛♥❞ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✱ ❞✐st♦rt✐♦♥s ❤❛✈❡ ✐♥✜♥✐t❡

♠❡♠♦r② ❛❧♦♥❣ ❝♦♥s❡❝✉t✐✈❡ ❧♦✇ s❤♦❝❦s✱ ❜✉t t❤❡s❡ ❛r❡ r❡✈✐s❡❞ ❡✈❡r② t✐♠❡ ❛ ❤✐❣❤

s❤♦❝❦ ❛rr✐✈❡s✳✼

❆s ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ ❋✐❣✉r❡ ✶❝✱ ❢♦r ❝♦♥s❡❝✉t✐✈❡ ❧♦✇ s❤♦❝❦s t❤❡ ♦♣t✐♠❛❧

❛❧❧♦❝❛t✐♦♥ ✜rst ❢❛❧❧s ❛♥❞ t❤❡♥ r✐s❡s t♦ ❝♦♥✈❡r❣❡ t♦ ❛ ✜①❡❞ ✈❛❧✉❡✳ ■♥ t❤❡ ✜❣✉r❡

t❤✐s ❝♦♥✈❡r❣❡♥t ✈❛❧✉❡ ❝❧❡❛r❧② ❧✐❡s ❛❜♦✈❡ ③❡r♦✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❛❣❡♥❝② ♣r♦❜❧❡♠ ✐s

❛❝✉t❡✱ t❤❡ ❞✐st♦rt✐♦♥s ❞♦ ♥♦t ❞❡❝r❡❛s❡ ❡♥♦✉❣❤ ❢♦r t❤❡ ❛❧❧♦❝❛t✐♦♥ t♦ ❝♦♥✈❡r❣❡ t♦ ❛

♣♦s✐t✐✈❡ ♥✉♠❜❡r✳ ■♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t s❤✉ts ❞♦✇♥ ❢♦r t❤❡ ❧♦✇

❚❋P s❤♦❝❦✱ ✐t ❣❡ts ③❡r♦ s✉♣♣❧② ❛❝r♦ss t✐♠❡✳ ❇♦t❤ r❡st❛rts ❛♥❞ s❤✉t❞♦✇♥s ❝❛♣t✉r❡

✼◆♦t❡ t❤❛t ✐♥ ❛❧❧ t❤r❡❡ ❝❛s❡s ✐♥ ❋✐❣✉r❡ ✶ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s r❡st❛rt✱ ❜✉t ✐♥ t❤❡ ✜rst t✇♦
✐t ✐s tr✐✈✐❛❧❧② s♦ s✐♥❝❡ ❞✐st♦rt✐♦♥s ❛❧♦♥❣ t❤❡ ❧♦✇ s❡q✉❡♥❝❡ ♦❢ s❤♦❝❦s ❤❛✈❡ ♥♦ ♠❡♠♦r②✳

✹



❝❡rt❛✐♥ s❛❧✐❡♥t ❢❡❛t✉r❡s ♦❢ r❡❛❧ ✇♦r❧❞ ❝♦♥tr❛❝ts✳✽ ❇♦t❤ ❢❡❛t✉r❡s ❛r❡ ❛❜s❡♥t ✐♥ t❤❡

❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ♠♦❞❡❧✳

❚❤❡ ♥❛t✉r❡ ♦❢ ❞②♥❛♠✐❝ ❞✐st♦rt✐♦♥s ♣♦s❡s ❛ q✉❡st✐♦♥ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❞②✲

♥❛♠✐❝ ✭▼②❡rs♦♥✐❛♥✮ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥✲ ❛ s❧✐❣❤t ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞

♠♦❞❡❧ ♦❢ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ r❡♥❞❡rs ❧♦♥❣✲t❡r♠ ❡✣❝✐❡♥❝② ✉♥❛❝❤✐❡✈❛❜❧❡✱ ❞✐st♦rt✐♦♥s

❛r❡ ♣❡r✈❛s✐✈❡✳ ❲✐t❤ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✱ ❇❡s❛♥❦♦ ✭✶✾✽✺✮ ❛♥❞ ❇❛tt❛❣❧✐♥✐ ✭✷✵✵✺✮

s❤♦✇ t❤❛t ❡① ♣♦st ❞✐st♦rt✐♦♥s ❝♦♥✈❡r❣❡ t♦ ③❡r♦ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❢♦r t❤❡ ❆❘✭✶✮ ❛♥❞

t✇♦ t②♣❡ ▼❛r❦♦✈ ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✳ ●❛rr❡tt ❡t ❛❧✳ ✭✷✵✶✽✮ s❤♦✇ t❤❛t ❞✐st♦rt✐♦♥s

❝♦♥✈❡r❣❡ t♦ ③❡r♦ ♦♥ ❛✈❡r❛❣❡ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ t②♣❡s✬ ♣r♦❝❡ss❡s✳✾ ❖✉r r❡s✉❧ts ♠❛❦❡

❝❧❡❛r t❤❛t t❤❡s❡ ♣r❡❞✐❝t✐♦♥s ✇✐❧❧ ♥♦t ❤♦❧❞ ❢♦r ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ■♥ t❤❡ ❧❛♥❣✉❛❣❡

♦❢ ✜♥❛♥❝✐❛❧ ❡❝♦♥♦♠✐❝s✱ t❤❡ ▼♦❞✐❣❧✐❛♥✐✲▼✐❧❧❡r t❤❡♦r❡♠ ❞♦❡s ♥♦t ❤♦❧❞ ❡✈❡♥ ❛s②♠♣✲

t♦t✐❝❛❧❧②❀ ❝❛♣✐t❛❧ str✉❝t✉r❡ ✐s ♣❡r❡♥♥✐❛❧❧② r❡❧❡✈❛♥t ❛♥❞ ❧♦♥❣✲r✉♥ ✈❛❧✉❡ ♦❢ ❡❝♦♥♦♠✐❝

s✉r♣❧✉s ❢♦❧❧♦✇s ❛ ♥♦♥✲tr✐✈✐❛❧ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥✳✶✵

❉♦❡s t❤❡ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡r ❛ ♣❛t✐❡♥t ♦r ✐♠♣❛t✐❡♥t ❛❣❡♥t❄ ❯s✐♥❣ ❡① ❛♥t❡ ♣r♦✜t

❛s t❤❡ ♦❜❥❡❝t✐✈❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①t❡♥t

♦❢ ✐♥t❡r✐♠ ❛❣❡♥❝② ❢r✐❝t✐♦♥ ❛s ♠❡❛s✉r❡❞ ❜② t❤❡ ♣❡rs✐st❡♥❝❡ ✐♥ t❤❡ ❛❣❡♥t✬s ♣r✐✈❛t❡

✐♥❢♦r♠❛t✐♦♥✳ ❋♦r ❧✐♠✐t❡❞ ❛❣❡♥❝② ♣r♦❜❧❡♠s ✭✇❤❡♥ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛❧♠♦st

✐♥❞❡♣❡♥❞❡♥t✮✱ t❤❡ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs ❛ ♣❛t✐❡♥t ❛❣❡♥t✳ ❍♦✇❡✈❡r✱ ❢♦r ❧❛r❣❡ ❧❡✈❡❧s ♦❢

❛❣❡♥❝② ❢r✐❝t✐♦♥s ✭✇❤❡♥ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞✮✱ t❤❡ ♣r✐♥❝✐♣❛❧

❛❝t✉❛❧❧② ♣r❡❢❡rs t❤❡ ❛❣❡♥t t♦ ❜❡ ♠②♦♣✐❝✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ✐♥❝✉rs t✇♦ ❝♦sts✿ ❞②♥❛♠✐❝

✐♥❢♦r♠❛t✐♦♥ r❡♥t ❛♥❞ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥✳ ❋♦r ❧✐♠✐t❡❞ ❛❣❡♥❝②

❢r✐❝t✐♦♥ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ✐s s♠❛❧❧✱ ❛♥❞ t❤❡ ❧❛tt❡r ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

❞✐✛❡r❡♥❝❡ ✐♥ ❞✐s❝♦✉♥t✐♥❣✲ s♦ ❛ ♣❛t✐❡♥t ❛❣❡♥t ❞❡❝r❡❛s❡s t❤❡ ♦✈❡r❛❧❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡

♣r♦✈✐s✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❛❣❡♥❝② ❢r✐❝t✐♦♥ ✐s ❧❛r❣❡✱ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ❞♦♠✐♥❛t❡s

✽❘❡st❛rt ❝♦♥tr❛❝ts ❡①♣♦s✐t ❛ ♥❛t✉r❛❧ ❡♥✈✐r♦♥♠❡♥t ✐♥ ✇❤✐❝❤ ❛♥ ❡♥❞♦❣❡♥♦✉s r❡s❡tt✐♥❣ ♦❢ t❤❡
t❡r♠s ✐s ♦♣t✐♠❛❧✳ ❉❡❜t ❝♦♥tr❛❝ts s✉❝❤ ❛s ❢♦r ❤♦♠❡ ❧♦❛♥s ♦r ✐♥s✉r❛♥❝❡ ❝♦♥tr❛❝ts ♦❢t❡♥ ❢❡❛t✉r❡
s✉❝❤ ♣r♦♣❡rt✐❡s ✭s❡❡ ❋✉st❡r ❛♥❞ ❲✐❧❧❡♥ ✭✷✵✶✼✮✮✳ ❙♦♠❡ s✉♣♣❧② ♠❛♥✉❢❛❝t✉r✐♥❣ ❝♦♥tr❛❝ts ❛❧❧♦✇
❢♦r r❡✈✐s✐t✐♥❣ t❡r♠s ❛s ♣❛rt ♦❢ t❤❡ ❡① ❛♥t❡ ❛❣r❡❡♠❡♥t ✭s❡❡ ▲②♦♥ ✭✶✾✾✻✮✮✳ ❙❤✉t❞♦✇♥ ❡①❤✐❜✐ts
❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❜✐❣ ♣❛rt② t♦ t❤❡ ❝♦♥tr❛❝t ❝♦♠♠✐ts t♦ ♥♦t s✉♣♣❧②✐♥❣ ❝❛♣✐t❛❧ t♦ ❛♥ ❛❣❡♥t
✇✐t❤ ✐♥❢❡r✐♦r t❡❝❤♥♦❧♦❣②✳ ■t r❡♣r❡s❡♥ts ❛♥ ❡♥❞♦❣❡♥♦✉s ❞❡❝✐s✐♦♥ ♦❢ ❞✐ss♦❧✉t✐♦♥ ♦❢ ❛ s♠❛❧❧ ✜r♠ ♦r
❛ ❜✉s✐♥❡ss ♠♦❞❡❧ ♦❢ s♦rt✐♥❣ ❜② t❤❡ ♣r✐♥❝✐♣❛❧ ✐♥ ✇❤✐❝❤ s❤❡ ✜♥❞s ✐t ♣r♦✜t❛❜❧❡ ♦♥❧② t♦ ❝♦♥tr❛❝t
✇✐t❤ ❛ ❤✐❣❤ q✉❛❧✐t② ❝❧✐❡♥t✳ ❚❤❡r❡ ✐s ❛ ❢❛✐r❧② ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✜r♠ ❣r♦✇t❤ ❛♥❞
s✉r✈✐✈❛❧ ✭s❡❡ ❊✈❛♥s ✭✶✾✽✼✮ ❛♥❞ ❈❧❡♠❡♥t✐ ❛♥❞ ❍♦♣❡♥❤❛②♥ ✭✷✵✵✻✮✮✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ r✐❝❤ ❞✐s❝✉ss✐♦♥
♦❢ s❝r❡❡♥✐♥❣ ❛❧♦♥❣ t❤❡ q✉❛❧✐t② ❞✐♠❡♥s✐♦♥ ✐♥ ✐♥❞✉str✐❛❧ ♦r❣❛♥✐③❛t✐♦♥ ✭s❡❡ ❚✐r♦❧❡ ✭✶✾✽✽✮✮✳

✾❙❡❡ ❛❧s♦ ❇❡r❣❡♠❛♥♥ ❛♥❞ ❙tr❛❝❦ ✭✷✵✶✺✮ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❞✐st♦rt✐♦♥s ✐♥ t❤❡
❝♦♥t✐♥✉♦✉s t✐♠❡ s❡tt✐♥❣✳

✶✵❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦ ❑r❛s✐❦♦✈ ❛♥❞ ▲❛♠❜❛ ✭✷✵✶✼✮ ✇❤♦ s❤♦✇ t❤❛t ✇✐t❤ ❤❛r❞ ✜♥❛♥❝✐❛❧
❝♦♥str❛✐♥ts ♠♦❞❡❧❡❞ t❤r♦✉❣❤ t❤❡ ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t② r❡str✐❝t✐♦♥ ❛♥❞ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✱ ❡✣❝✐❡♥❝② ✐s
❛❝❤✐❡✈❡❞ ❛❧♠♦st s✉r❡❧② ✐♥ t❤❡ ❧♦♥❣✲r✉♥✳

✺



t❤❡ s❡❝♦♥❞✱ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈✐♥❣ ❛♥ ✐♠♣❛t✐❡♥t ❛❣❡♥t ❛✐❞s ✐♥ r❡❞✉❝✐♥❣ t❤❡ ♦✈❡r❛❧❧

❝♦st ♦❢ ✐♥❝❡♥t✐✈❡s✱ ❡✈❡♥ t❤♦✉❣❤ ✐t ✐♥❝r❡❛s❡s t❤❡ s❡❝♦♥❞ ✐♥t❡rt❡♠♣♦r❛❧ ♣❛rt✳

❋✐♥❛❧❧② ✇❡ t❛❝❦❧❡ ✇❤❛t ✇❡ r❡❣❛r❞ ❛s ❛♥ ✐♠♣♦rt❛♥t ❝❤❛❧❧❡♥❣❡ ❢♦r ❞②♥❛♠✐❝

❝♦♥tr❛❝t✐♥❣✲ ❜✐♥❞✐♥❣ ❣❧♦❜❛❧ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✭s❡❡ ❇❛tt❛❣❧✐♥✐ ❛♥❞ ▲❛♠❜❛ ✭✷✵✶✼✮

❛♥❞ ❙❛♥♥✐❦♦✈ ✭✷✵✶✹✮✮✳ ❯♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❧❡❛❞s t♦ t❤❡ ❞♦✇♥✇❛r❞ ❛♥❞ ✉♣✇❛r❞

✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❜✐♥❞✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② ❢♦r ❝❡rt❛✐♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♦♣t✐♠❛❧

❝♦♥tr❛❝t t❤❡♥ ❧♦♦s❡s t❤❡ r❡st❛rt ❢❡❛t✉r❡ ❛♥❞ ❝❛♥ ❤❛✈❡ ❛ ✈❡r② ❝♦♠♣❧✐❝❛t❡❞ ❢♦r♠✳

❲❡ ❞♦ t✇♦ t❤✐♥❣s✳ ❋✐rst ✇❡ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥✲

tr❛❝t ❛♥❞ ❡①♣♦s✐t t❤❡ ❜❛s✐❝ ✐♥t✉✐t✐♦♥ t❤r♦✉❣❤ s✐♠♣❧❡ ♣✐❝t✉r❡s✳ ❙❡❝♦♥❞ ✇❡ ❧♦♦❦ ❢♦r

t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t✱ t❤❛t ✐s ✇❡ r❡str✐❝t ♦✉r s❡❛r❝❤ t♦ ❛ s✉❜❝❧❛ss ♦❢ ✐♥❝❡♥✲

t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❝♦♥tr❛❝ts t❤❛t ❤❛✈❡ t❤❡ r❡st❛rt ♣r♦♣❡rt②✳ ❲❤❡♥ t❤❡ ✜rst✲♦r❞❡r

❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞✱ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦♣t✐♠✉♠✱ ❛♥❞ ✇❤❡♥ ❣❧♦❜❛❧ ✐♥❝❡♥t✐✈❡s ❜✐♥❞

✐t ♣r♦✈✐❞❡s ❛♥ ❛♣♣r♦①✐♠❛t❡❧② ♦♣t✐♠❛❧ ❛❧t❡r♥❛t✐✈❡ t❤❛t ✐s ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❛♥❞

r❡❧❛t✐✈❡❧② ❡❛s② t♦ ❝❤❛r❛❝t❡r✐③❡✳ ❖✉r t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦♣✲

t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝ts ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧s✱ ❛♥❞ s❤♦✇ ❛ ♠♦❞❡r❛t❡

❧♦ss ♦❢ t❤❡ ❡① ❛♥t❡ ♦❜❥❡❝t✐✈❡✳

❚❤❡ t❡❝❤♥✐❝❛❧ ❛r❣✉♠❡♥ts ✇❡ ❞❡✈❡❧♦♣ t♦ ♣r♦✈✐❞❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ❝♦✉❧❞ ❤❛✈❡

❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛♣♣❡❛❧ ✐♥ s♦❧✈✐♥❣ s✉❝❤ ♠♦❞❡❧s✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡

♦❜❥❡❝t✐✈❡ ✉♥❞❡r t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤✱ s❛② A✱ ✐s ❛❧✇❛②s ✭✇❡❛❦❧②✮ ❤✐❣❤❡r t❤❛♥

t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ♦♣t✐♠✉♠✱ s❛② B✱ s✐♥❝❡ t❤❡ ❧❛tt❡r ✐s ❝❛❧❝✉❧❛t❡❞ ✉♥❞❡r ❛ str✐❝t

s✉♣❡rs❡t ♦❢ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❢♦r♠❡r ✐❣♥♦r❡s ❛❧❧ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳

❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✐s t❤❛t ✇❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ❢❛✐❧s✱ B ✐s ❡♥❞♦❣❡♥♦✉s

t♦ t❤❡ s❡t ♦❢ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts✱ ❛♥❞ ❣❡♥❡r❛❧❧② ❤❛r❞ t♦ ❝❛❧❝✉❧❛t❡✳ ❚❤❡r❡❢♦r❡✱

✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ r❡st❛rt ❝♦♥tr❛❝ts ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡

♦❜❥❡❝t✐✈❡✱ s❛② C✳ ❲❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞✱ A = B = C✱ ❛♥❞ ✇❤❡♥

✐t ✐s ♥♦t✱ A > B > C✱ s♦ ✇❡ ❝❛♥ ❡✈❛❧✉❛t❡ A − C ✭♦r A
C
✮ ✇❤✐❝❤ ❢♦r♠s ❛♥ ✉♣♣❡r

❜♦✉♥❞ ♦♥ t❤❡ ❣❛♣ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ ✈✐③✳ B − C ✭♦r B
C
✮✳ ❚❤✐s ❣❛♣ A − C ✐s

❣❡♥❡r❛t❡❞ ❜② s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✿ ❛ ♠❡t❤♦❞ ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ s❧❛❝❦

t❤❛t ♥❡❡❞s t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts s♦ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢

t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥ t❤❡ ♥❡✇ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ✐♥ t❤❡ ✜rst✲♦r❞❡r

♦♣t✐♠✉♠✳

✻



✷ ▼♦❞❡❧

✷✳✶ Pr✐♠✐t✐✈❡s

❆ ✜r♠ ✭❛❣❡♥t✮ ✇✐t❤ ❛❝❝❡ss t♦ ❛ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ❛♣♣r♦❛❝❤❡s ❛ s✉♣♣❧✐❡r

✭♣r✐♥❝✐♣❛❧✮ ♦❢ ❛ ❦❡② ✐♥♣✉t❀ t❤❡ ❢♦r♠❡r ✐s ❛ ✏s♠❛❧❧ ♣❧❛②❡r✑ ✇❤✐❧❡ t❤❡ ❧❛tt❡r ✐s ❛

✏❜✐❣ ♣❧❛②❡r✑ ✐♥ t❤❡ ♠❛r❦❡t✳✶✶ ❚❤❡ t♦t❛❧ ❢❛❝t♦r ♣r♦❞✉❝t✐✈✐t② ✭❚❋P✮ ♦❢ t❤❡ ✜r♠

✐s ✐ts ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡② ❛❣r❡❡ t♦ s✐❣♥ ❛ ✭❞②♥❛♠✐❝✮ ❝♦♥tr❛❝t ✇❤❡r❡❜②

❡♥❞♦❣❡♥♦✉s ❧❡✈❡❧s ♦❢ ✐♥♣✉t ❛r❡ s✉♣♣❧✐❡❞ ❜② t❤❡ ♣r✐♥❝✐♣❛❧ ❡✈❡r② ♣❡r✐♦❞✱ ✐♥ r❡t✉r♥

❢♦r ♠♦♥❡t❛r② ♣❛②♠❡♥ts ❜② t❤❡ ❛❣❡♥t✳ ❋♦r♠❛❧❧②✱ t❤❡ ❛❣❡♥t✬s st❛❣❡ ✭♦r ♣❡r✲♣❡r✐♦❞✮

♣r❡❢❡r❡♥❝❡s ❛r❡ ❣✐✈❡♥ ❜② θR(k)−p ✇❤❡r❡ k ✐s t❤❡ ✐♥♣✉t s✉♣♣❧✐❡❞ ❜② t❤❡ ♣r✐♥❝✐♣❛❧✱

p ✐s t❤❡ ♣❛②♠❡♥t ♠❛❞❡ ❜② t❤❡ ❛❣❡♥t✱ θ ✐s t❤❡ t♦t❛❧ ❢❛❝t♦r ♣r♦❞✉❝t✐✈✐t②✱ ❛♥❞

R(·) ✐s ❛ ❝♦♥❝❛✈❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s ■♥❛❞❛ ❝♦♥❞✐t✐♦♥s✳✶✷ ❚❋P

♦r t❡❝❤♥♦❧♦❣② ✏s❤♦❝❦s✑ ❝❛♥ t❛❦❡ ✈❛❧✉❡s ✐♥ Θ = {θH , θL}✱ ✇❤❡r❡ θH , θL > 0 ❛♥❞

θH − θL = ∆θ > 0✳ ❲❡ ✇✐❧❧ ♦❢t❡♥ r❡❢❡r t♦ ✐t ❛s t❤❡ ❛❣❡♥t✬s t②♣❡✳ ❚❤❡ ✜rst ♣❡r✐♦❞

t②♣❡ ✐s ❞r❛✇♥ ❢r♦♠ ❛ ♣r✐♦r µ = {µH , µL}✱ ❛♥❞ t❤❡♥ ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ▼❛r❦♦✈

♣r♦❝❡ss✿ f(θH |θi) = αi✱ f(θL|θi) = 1− αi✱ ❢♦r i = H,L✱ ✇❤✐❝❤ s❛t✐s✜❡s ✜rst✲♦r❞❡r

st♦❝❤❛st✐❝ ❞♦♠✐♥❛♥❝❡✿ αH ≥ αL✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ❞♦❡s ♥♦t ♦❜s❡r✈❡ t❤❡ ♦✉t♣✉t✱ ❛♥❞

t❤❡r❡✐♥ ❧✐❡s t❤❡ ❛s②♠♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥ ♦r ❛❣❡♥❝② ❢r✐❝t✐♦♥✳ ❍❡r st❛❣❡ ♣r❡❢❡r❡♥❝❡

✐s s✐♠♣❧② p− k✳

❚❤❡ ❝♦♥tr❛❝t ❧❛sts ❢♦r T ❞✐s❝r❡t❡ ♣❡r✐♦❞s✱ ✇❤❡r❡ ❢♦r t❤❡ ♠♦st ♣❛rt ✇❡ ✇✐❧❧

❝♦♥s✐❞❡r T = 2 ❛♥❞ T = ∞✳ ❇♦t❤ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❛❣❡♥t ❞✐s❝♦✉♥t ❢✉t✉r❡ ✉t✐❧✐t②✱

❜✉t ✐♠♣♦rt❛♥t❧② ✇❡ ❞♦ ♥♦t r❡str✐❝t t❤❡♠ t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ❀ t❤❡s❡

❛r❡ ❞❡♥♦t❡❞ ❜② δP ❛♥❞ δA r❡s♣❡❝t✐✈❡❧② ✇❤❡r❡ δP ≥ δA✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ❝❛♥ ❝♦♠♠✐t

t♦ ❛ ❧♦♥❣✲t❡r♠ ❝♦♥tr❛❝t✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ✐s ❣✐✈❡♥ ❜②

Γ = {R(·),Θ, µ, f, δP , δA}✳
■♥✈♦❦✐♥❣ t❤❡ r❡✈❡❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ❛ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠ ✐s ❞❡♥♦t❡❞ ❜② m =

〈k,p〉 =
(

k(θ̂t|ht−1)✱ p(θ̂t|ht−1)
)T

t=1
✱ ✇❤❡r❡ ht−1 ❛♥❞ θ̂t ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❤✐s✲

t♦r② ♦❢ r❡♣♦rts ✉♣ t♦ t−1 ❛♥❞ ❝✉rr❡♥t r❡♣♦rt ❛t t✐♠❡ t✳✶✸ ❚❤❡ r❡♣♦rt❡❞ ❤✐st♦r② ht

✐s r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ❛s ht = (ht−1, θ̂t) st❛rt✐♥❣ ✇✐t❤ h0 = ∅✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ❤✐st♦r②
♣❛t❤s ✐s ❞❡♥♦t❡❞ ❜②H t−1✱ ✇✐t❤H0 = ∅✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s θt−1

i st❛♥❞s ❢♦r t❤❡ ❤✐st♦r②

✶✶❚❤r♦✉❣❤♦✉t t❤❡ ❛❣❡♥t ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛ ❤❡ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ❛s ❛ s❤❡✳
✶✷❚❡❝❤♥✐❝❛❧❧②✿ ✭✐✮ R′(k) > 0✱ R′′(k) < 0 ❢♦r ❛❧❧ k ≥ 0✱ ✭✐✐✮ R(0) = 0 ❛♥❞ ✭✐✐✐✮ lim

k→0
R′(k) = ∞✱

lim
k→∞

R′(k) = 0✳
✶✸❆t t❤❡ ❝♦st ♦❢ ♠✐♥✐♠❛❧ ❝♦♥❢✉s✐♦♥✱ t❤❡ s✉❜s❝r✐♣t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥t❡r❝❤❛♥❣❡❛❜❧② ❢♦r t✐♠❡ ❛♥❞

H/L✳ ❆❧s♦✱ ❛s ✐s st❛♥❞❛r❞✱ ❛ ❝♦♥tr❛❝t ✐s r❡str✐❝t❡❞ t♦ ❧✐❡ ✐♥ l∞✳

✼



✇✐t❤ t−1 ❝♦♥s❡❝✉t✐✈❡ r❡♣♦rts ♦❢ t②♣❡ θi✳ ❚❤❡ ♣r✐♥❝✐♣❛❧✬s ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡

❤❡r ♣r♦✜t s✉❜❥❡❝t t♦ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❛♥❞ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts ❢♦r t❤❡

❛❣❡♥t✳ ❚❤❡ ♣r✐✈❛t❡ ❤✐st♦r② ♦❢ t❤❡ ❛❣❡♥t ✐s ❣✐✈❡♥ ❜② ht
A = (ht−1

A , θ̂t, θt+1)✱ st❛rt✐♥❣

❢r♦♠ h0
A = θ1✱ ✇❤❡r❡ θ̂t ❛♥❞ θt ❛r❡ t❤❡ r❡♣♦rt❡❞ ❛♥❞ ❛❝t✉❛❧ t②♣❡s✱ r❡s♣❡❝t✐✈❡❧②✳

❋♦r ❛ ✜①❡❞ ♠❡❝❤❛♥✐s♠✱ t❤❡ ❛❣❡♥t ❢❛❝❡s ❛ ❞②♥❛♠✐❝ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✇❤✐❝❤

❤❡r str❛t❡❣②✱ (σt)
T
t=1✱ ✐s s✐♠♣❧② ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ❤✐s ♣r✐✈❛t❡ ❤✐st♦r② ✐♥t♦ ❛♥

❛♥♥♦✉♥❝❡♠❡♥t ❡✈❡r② ♣❡r✐♦❞✿ ht
A 7→ σt(h

t
A) ∈ Θ✳✶✹

❋✐♥❛❧❧② ❢♦r ❛♥② t✱ ♣❛rt✐t✐♦♥ t❤❡ s❡t ♦❢ ❤✐st♦r✐❡s t✐❧❧ t❤❛t t✐♠❡ H t ✐♥t♦ {H t
R, θ

t
L}✱

✇❤❡r❡ θtL ✐s t❤❡ ✏❧♦✇❡st ❤✐st♦r②✑ ♦❢ t ❝♦♥s❡❝✉t✐✈❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t②♣❡ θL✱ ❛♥❞ H t
R

✐s t❤❡ s❡t ♦❢ ❛❧❧ ❤✐st♦r✐❡s ✇❤❡r❡ t②♣❡ θH ✐s r❡❛❧✐③❡❞ ❛t ❧❡❛st ♦♥❝❡✳ ❋♦r r❡❛s♦♥s t❤❛t

✇✐❧❧ ❜❡ ❝❧❡❛r ❧❛t❡r✱ ✇❡ r❡❢❡r t♦ H t
R ❛s t❤❡ ✏r❡st❛rt ♣❤❛s❡✑✳

✷✳✷ ❈♦♥str❛✐♥ts

❉❡✜♥❡ t❤❡ st❛❣❡ ❛♥❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ t❤❡ ❛❣❡♥t ✭✉♥❞❡r tr✉t❤❢✉❧ r❡♣♦rt✐♥❣✮ ❛t

❛♥② ❤✐st♦r② ♦❢ t❤❡ ❝♦♥tr❛❝t tr❡❡ t♦ ❜❡

u(θt|ht−1) = θtR(k(θt|ht−1))− p(θt|ht−1),

U(θt|ht−1) = u(θt|ht−1) + δAE
[

U(θ̃t+1|ht−1, θt)|θt
]

,

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♥♦t❡ t❤❛t ❛ ❝♦♥tr❛❝t ❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ❛s 〈k,u〉 ♦r

〈k,U〉✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ t❤r❡❡ ❢♦r♠✉❧❛t✐♦♥s ✐♥t❡r❝❤❛♥❣❡❛❜❧②✳

❆ ❝♦♥tr❛❝t ✐s s❛✐❞ t♦ ❜❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ✐❢ tr✉t❤❢✉❧ r❡♣♦rt✐♥❣ ❜② t❤❡ ❛❣❡♥t

✐s ❛❧✇❛②s ♣r♦✜t❛❜❧❡ ❢♦r ❤✐♠✳ ❯s✐♥❣ t❤❡ ♦♥❡ s❤♦t ❞❡✈✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡✱ ❢♦r♠❛❧❧②✱ ❢♦r

i = H,L ❛♥❞ ∀ht−1✱ ∀t

ICi(h
t−1) ✿ U(θi|ht−1) ≥ θiR(k(θj|ht−1))− p(θj|ht−1) + δAE

[

U(θ̃t+1|ht−1, θj) | θi
]

,

✇✐t❤ j 6= i.

❆ ❝♦♥tr❛❝t ✐s s❛✐❞ t♦ ❜❡ ❛❧♠♦st ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ✐❢ ICi(h
t−1) ✐s r❡q✉✐r❡❞ t♦ ❤♦❧❞

❢♦r i = H,L ❛♥❞ ∀ht−1 6= θt−1
L ✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❡ ✐❣♥♦r❡ t❤❡ ❛❣❡♥t✬s ✐♥❝❡♥✲

✶✹◆♦t❡ t❤❛t ♦t❤❡r ❞②♥❛♠✐❝ s❝r❡❡♥✐♥❣ ♠♦❞❡❧s ❝❛♥ ♠❛♣♣❡❞ ✐♥t♦ ♦✉r ❢r❛♠❡✇♦r❦ ❛♥❞ ❛❧❧ t❤❡
r❡s✉❧ts ✐♥ t❤❡ ♣❛♣❡r ❝❛♥ ❜❡ ❛♥❛❧♦❣♦✉s❧② st❛t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ r❡❣✉❧❛t✐♦♥
♠♦❞❡❧ à ❧❛ ▲❛✛♦♥t ❛♥❞ ❚✐r♦❧❡ ✭✶✾✾✸✮ ✇❤❡r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❛❣❡♥t ❤❛✈❡ ♣r❡❢❡r❡♥❝❡s V (k)− p
❛♥❞ p−θk r❡s♣❡❝t✐✈❡❧②✱ ♦r t❤❡ ♠♦♥♦♣♦❧✐st✐❝ s❝r❡❡♥✐♥❣ ♠♦❞❡❧ à ❧❛ ▼✉ss❛ ❛♥❞ ❘♦s❡♥ ✭✶✾✼✽✮ ✇❤❡r❡
t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❛❣❡♥t ❤❛✈❡ ♣r❡❢❡r❡♥❝❡s p− k2/2 ❛♥❞ θk − p✱ r❡s♣❡❝t✐✈❡❧②✳

✽



t✐✈❡s ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r②✳ ICH(h
t−1) ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✏❞♦✇♥✇❛r❞✑

✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t✱ ❛♥❞ ICL(h
t−1) ❛s t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t✳

❆ ❝♦♥tr❛❝t ✐s s❛✐❞ t♦ ❜❡ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ✐❢ ✐t ♦✛❡rs ❡❛❝❤ t②♣❡ ♦❢ t❤❡ ❛❣❡♥t ❛

♥♦♥✲♥❡❣❛t✐✈❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛❢t❡r ❡✈❡r② ❤✐st♦r②✱ ❢♦r♠❛❧❧②✱ ❢♦r i = H,L ❛♥❞ ∀ht−1✱

∀t
IRi(h

t−1) ✿ U(θi|ht−1) ≥ 0.

■♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❡♥s✉r❡s t❤❛t t❤❡ ❛❣❡♥t ✐s ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ❡①✲

♣❡❝t❡❞ ✉t✐❧✐t② ❛t ❡❛❝❤ st❛❣❡❀ ✐ts ♥♦r♠❛❧✐③❛t✐♦♥ t♦ ③❡r♦ ✐s ❞♦♥❡ ❢♦r s✐♠♣❧✐❝✐t②✳

✷✳✸ ❖♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

❉❡✜♥❡ s(k, θ) = θR(k) − k t♦ ❜❡ t❤❡ st❛t✐❝ s✉r♣❧✉s✱ ✇r✐tt❡♥ ❛s s(θt|ht−1) =

θtR(k(θt|ht−1))− k(θt|ht−1) ❢♦r t❤❡ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ❡✣❝✐❡♥t ✐♥♣✉t s✉♣♣❧②

t❤❛t ♠❛①✐♠✐③❡s t❤❡ s✉r♣❧✉s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤✐st♦r② ❛♥❞ ✐s ❣✐✈❡♥ ❜② θR′(ke(θ)) =

1✳ ▲❡t S̄ =
T∑

t=1

δt−1
P E

[

s(θ̃t|h̃t−1)
]

❜❡ t❤❡ ✭❡① ❛♥t❡✮ ❡①♣❡❝t❡❞ s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜②

❛ ❣✐✈❡♥ ❝♦♥tr❛❝t✳ ▼♦r❡♦✈❡r✱ ❞❡✜♥❡

ŪP =
T∑

t=1

δt−1
P E

[

u(θ̃t|h̃t−1)
]

❛♥❞ ŪA =
T∑

t=1

δt−1
A E

[

u(θ̃t|h̃t−1)
]

.

❋♦r δP = δA✱ ✇❡ ❤❛✈❡ ŪP = ŪA✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞

❛❣❡♥t ❡✈❛❧✉❛t❡ t❤❡ ♥❡t ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ❛❣❡♥t✬s ✉t✐❧✐t② str❡❛♠ ❞✐✛❡r❡♥t❧②✳ ❚❤✐s

❝♦r❡ ❞❡♣❛rt✉r❡ ❢r♦♠ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✇✐❧❧ ❣❡♥❡r❛t❡ ♥♦✈❡❧ ❞②♥❛♠✐❝ tr❛❞❡♦✛s✳

❚❤❡ ♣r✐♥❝✐♣❛❧✬s ♣r♦❜❧❡♠✱ s❛② (⋆)✱ ❝❛♥ ❜❡ st❛t❡❞ ❛s

(⋆) max
m

S̄ − ŪP ,

s✉❜❥❡❝t t♦ k ≥ 0✱ ❛♥❞

ICH(h
t−1), ICL(h

t−1), IRH(h
t−1), IRL(h

t−1), ∀ ht−1 ∈ H t−1, ∀t,

✇❤❡r❡ ICi(h
t−1) ❛♥❞ IRi(h

t−1) ❛r❡ t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❛♥❞ ✐♥❞✐✈✐❞✉❛❧

r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r t②♣❡ θi ✐♥ ♣❡r✐♦❞ t ❛❢t❡r ❤✐st♦r② ht−1✳

❚❤❡ ✜rst st❡♣ ✐s t♦ ✐❞❡♥t✐❢② t❤❡ s✉❜s❡t ♦❢ ❝♦♥str❛✐♥ts t❤❛t ❜✐♥❞ ❛t t❤❡ ♦♣t✐♠✉♠✳

❚❤❡s❡ ❛r❡ t❤❡♥ ✉s❡❞ t♦ s✉❜st✐t✉t❡ ŪP ✱ ❛♥❞ ❡①♣r❡ss t❤❡ ♦❜❥❡❝t✐✈❡ ♦♥❧② ✐♥ t❡r♠s ♦❢

✾



k✳ P♦✐♥t✇✐s❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❛❧❧♦❝❛t✐♦♥s ❛❧♦♥❣ ❛❧❧ ❤✐st♦r✐❡s t❤❡♥ ②✐❡❧❞s t❤❡ ♦♣t✐♠❛❧

❝♦♥tr❛❝t✳

✸ ❙❡q✉❡♥t✐❛❧ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤

✸✳✶ ❚✇♦ ♣❡r✐♦❞ ♣r♦❜❧❡♠

❲❡ st❛rt ✇✐t❤ T = 2 ❛♥❞ ✐♥✈♦❦❡ t❤❡ s♦✲❝❛❧❧❡❞ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤✱ ✇❤❡r❡✐♥ ✇❡

♠❛①✐♠✐③❡ t❤❡ ♦❜❥❡❝t✐✈❡ s✉❜❥❡❝t t♦ t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤❡

✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥t ♦❢ t❤❡ ✏❧♦✇✑ t②♣❡✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ❛❧❧

t❤❡ ✐♥❝❡♥t✐✈❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ✐♥ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ❝❛♥

❜❡ ❛ss✉♠❡❞ t♦ ❤♦❧❞ ❛s ❡q✉❛❧✐t✐❡s✳

max
m

S̄ − ŪP ,

s✉❜❥❡❝t t♦ k ≥ 0✱

ICH(h) ❛♥❞ IRL(h), ❢♦r h = ∅, H, L.

❚❤❡ ❡❝♦♥♦♠✐❝ ❢♦r❝❡ ❤❡r❡✱ ❞✐✛❡r❡♥t t❤❛♥ ✐♥ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✱ ✐s t❤❛t ❢♦r t❤❡

s❛♠❡ s❡q✉❡♥❝❡ ♦❢ st❛❣❡ ✉t✐❧✐t✐❡s✱ t❤❡ ❛❣❡♥t ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ❡✈❛❧✉❛t❡ ❡①♣❡❝t❡❞

✉t✐❧✐t② ❞✐✛❡r❡♥t❧②✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ ❡♠♣❧♦② t❤❡ ▼②❡rs♦♥✐❛♥ ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛✲

t✐♦♥ ♦❢ ✈✐rt✉❛❧ s✉r♣❧✉s ✭t❤❛t ✐s✱ s✉r♣❧✉s ♠✐♥✉s ✐♥❢♦r♠❛t✐♦♥ r❡♥ts✮✱ ❡✈❛❧✉❛t✐♦♥ ♦❢

ŪA ✇✐❧❧ ♥♦t ❞♦✳ ■♥st❡❛❞✱ ✇❡ ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❡❝t♦r ♦❢ st❛❣❡ ♣❛②♦✛s u ❛♥❞

t❤❡♥ ❛❣❣r❡❣❛t❡ t❤❡♠ t♦ ŪP ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧✬s ❞✐s❝♦✉♥t ❢❛❝t♦r✳

❚❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ❣✐✈❡

u(θH |θi) = ∆θR(k(θL|θi)) ❛♥❞ u(θL|θi) = 0, ❢♦r i = H,L✳

❚❤r♦✉❣❤ ❜✐♥❞✐♥❣ ICHL ❛♥❞ IRL ❝♦♥str❛✐♥ts✱ ✇❡ ❣❡t

U(θH) = ∆θR(k(θL)) + δA(αH − αL)∆θR(k(θL|θL)) ❛♥❞ U(θL) = 0.

▲❡t P(h) ❜❡ t❤❡ ❡① ❛♥t❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❤✐st♦r② h✳ P❛rs✐♥❣ ♦✉t t❤❡ t✇♦ t②♣❡s ♦❢

✶✵



❝♦sts ✐♥❝✉♠❜❡♥t ♦♥ t❤❡ ♣r✐♥❝✐♣❛❧✱ ✇❡ ❤❛✈❡ ŪP = ŪA + I✱ ✇❤❡r❡

ŪA = µHU(θH) + µLU(θL) = µH

[

∆θR(k(θL)) + δA(αH − αL)∆θR(k(θL|θL))
]

=
µH

µL
∆θR(k(θL))P(θL) + δP

µH

µL

(

δA
δP

αH − αL

1− αL
︸ ︷︷ ︸

=:b

)

∆θR(k(θL|θL))P(θ2L), ✭✶✮

I = (δP − δA)
∑

i=H,L

µi

[

(αiu(θH |θi) + (1− αi)u(θL|θi))
]

= δP

[
(

δP − δA
δP

αH

1− αH
︸ ︷︷ ︸

=:aH

)

∆θR(k(θL|θH))P(θHθL)

+

(

δP − δA
δP

αL

1− αL
︸ ︷︷ ︸

=:aL

)

∆θR(k(θL|θL))P(θ2L)
]

. ✭✷✮

❍❡r❡✱ ŪA ✐s t❤❡ st❛♥❞❛r❞ ✭❞②♥❛♠✐❝✮ ✐♥❢♦r♠❛t✐♦♥ r❡♥t t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❤❛s t♦

♣r♦✈✐❞❡ t❤❡ ❛❣❡♥t✱ ❛♥❞ I ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐✲

s✐♦♥✳ ❙✐♥❝❡ t❤❡ ❛♠♦✉♥t ♦❢ s✉r♣❧✉s t❤❛t ♣r✐♥❝✐♣❛❧ ❤❛s t♦ ♣❛rt ✇✐t❤ ✐s ❡①♣r❡ss✐❜❧❡ ✐♥

t❡r♠s ♦❢ q✉❛♥t✐t✐❡s✱ ✇❡ ❝❛♥ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳ ❉❡✜♥❡

KL(x) = (R′)−1
(

1
θL−x∆θ

)

❢♦r x∆θ < θL ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉♣♣❧② ❝♦♥tr❛❝t ❝❤❛r❛❝t❡r✐③❡s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡

r❡❧❛①❡❞ ♣r♦❜❧❡♠✿

k#(θH |h) = ke(θH),

k#(θL|h) = KL(ρ(θL|h)), ❢♦r h = ∅, θH , θL,

✇❤❡r❡ ρ(θL) =
µH

µL
✱ ρ(θL|θL) = ρ(θL)b+ aL ❛♥❞ ρ(θL|θH) = aH ✳

❚❤✐s r❡s✉❧t ♣r❡❝✐s❡❧② ♣✐♥s ❞♦✇♥ ❞②♥❛♠✐❝ ❞✐st♦rt✐♦♥s ✐♥ t❤❡ t✇♦ ♣❡r✐♦❞ s❝r❡❡♥✐♥❣

❝♦♥tr❛❝t ✇✐t❤ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ❚❤❡ ❤✐❣❤ t②♣❡ ✐s ❛❧✇❛②s s✉♣♣❧✐❡❞ t❤❡ ❡✣❝✐❡♥t

❛❧❧♦❝❛t✐♦♥✱ t❤❡ s✉♣♣❧② t♦ t❤❡ ❧♦✇ ♦♥❡ ✐s ❞✐st♦rt❡❞ ❞♦✇♥✇❛r❞s✳ ❉✐st♦rt✐♦♥s ❛r❡

♣❡r✈❛s✐✈❡ ✐♥ t❤❛t k(θL|h) < ke(θL) ❢♦r ❛❧❧ h✳ ❚♦ ❣r❛s♣ t❤❡ ✐♥t✉✐t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ❛r❣✉♠❡♥ts✳ ❆ss✉♠❡ t❤❛t r❡♥t ♦❢ t❤❡ t②♣❡ θH ❛❢t❡r ❤✐st♦r② h = ∅
✐s ✐♥❝r❡❛s❡❞ ❜② ∆θε✳✶✺ ❚❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ t❤❡ ❛❣❡♥t ❣♦❡s ✉♣ ❜② P(θH)∆θε✱

✶✺❚❤✐s ✐s ❞♦♥❡ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ✜rst ♣❡r✐♦❞ ❛❧❧♦❝❛t✐♦♥ ♦❢ θL ❜② ❛♥ ❛♠♦✉♥t x s✉❝❤ t❤❛t

✶✶



✇❤✐❝❤ ✐s t❤❡ ♣r✐♥❝✐♣❛❧✬s ❝♦st ❢♦r ♣r♦✈✐❞✐♥❣ t❤❡ ❛❣❡♥t ✇✐t❤ t❤❡ r❡q✉✐s✐t❡ ✐♥❝❡♥t✐✈❡s✳

❈♦♥❝♦♠✐t❛♥t❧②✱ t❤❡ ❡①♣❡❝t❡❞ s✉r♣❧✉s ❝❤❛♥❣❡s ❜② P(θL)∆S(ε) ✇❤❡r❡ ∆S(ε) ✐s t❤❡

❛ss♦❝✐❛t❡❞ ❝❤❛♥❣❡ ✐♥ ❡①♣❡❝t❡❞ s✉r♣❧✉s✳ ❚❤✉s✱ t❤❡ ♥❡t ❝❤❛♥❣❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st✲

♠❛r❣✐♥❛❧ ❜❡♥❡✜t r❛t✐♦ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ρ(θL) =
P(θH)
P(θL)

= µH

µL
✳

◆❡①t✱ ❛ss✉♠❡ t❤❛t ❛ r❡♥t ♦❢ t②♣❡ θH ❛❢t❡r ❤✐st♦r② h = θH ✐s ✐♥❝r❡❛s❡❞ ❜② ∆θε✳

❚❤✐s ✐♥❝r❡❛s❡ ❝♦sts t❤❡ ♣r✐♥❝✐♣❛❧ δPP(θ2H)∆θε✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡① ❛♥t❡ ❡①♣❡❝t❡❞

✉t✐❧✐t② ♦❢ t❤❡ ❛❣❡♥t ✐♥❝r❡❛s❡s ❜② δAP(θ
2
H)∆θε✱ ❛❧❧ ♦❢ ✇❤✐❝❤ ❝❛♥ t❤❡♥ ❜❡ ❡①tr❛❝t❡❞

❜② t❤❡ ♣r✐♥❝✐♣❛❧✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❣❣r❡❣❛t❡ ❝♦st t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ♦❢ t❤✐s ❝❤❛♥❣❡ ✐s

❣✐✈❡♥ ❜② (δP − δA)P(θ
2
H)∆θε✳ ❆s ❜❡❢♦r❡✱ t❤❡ ❜❡♥❡✜t ♦❢ t❤✐s ❝❤❛♥❣❡ ✐s ❣✐✈❡♥ ❜②

✐♥❝r❡❛s❡ ✐♥ s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛❧❧♦❝❛t✐♦♥ t♦ t②♣❡ θL ✭❛❢t❡r ❤✐st♦r②

h = θH✮✱ ✇❤✐❝❤ ✐♥ ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥ ❜② δPP(θHθL)∆S(ε)✳

❚❤❡ ♥❡t ❝❤❛♥❣❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st✲♠❛r❣✐♥❛❧ ❜❡♥❡✜t r❛t✐♦ ✐s t❤❡r❡❢♦r❡ ♣r♦♣♦rt✐♦♥❛❧

t♦ ρ(θL|θH) = aH ✳✶✻

❋✐♥❛❧❧②✱ ❛ss✉♠❡ t❤❛t t❤❡ r❡♥t ♦❢ t②♣❡ θH ❛❢t❡r ❤✐st♦r② h = θL ✐♥❝r❡❛s❡s ❜② ∆θε✳

❆s ❜❡❢♦r❡✱ ❛❣❣r❡❣❛t❡ ✐♥❝❡♥t✐✈❡ ❝♦st t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ❡q✉❛❧s (δP − δA)P(θLθH)∆θε✳

❚❤❡ ❝❤❛♥❣❡ ❛❧s♦ ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡① ❛♥t❡ ✉t✐❧✐t② ♦❢ t❤❡ ❧♦✇ t②♣❡ ❛❣❡♥t

❜② δAP(θLθH)∆θε ❛❧❧ ♦❢ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ✉♣❢r♦♥t ❜② t❤❡ ♣r✐♥❝✐♣❛❧ t❤r♦✉❣❤

t❤❡ ❜✐♥❞✐♥❣ IRL ❝♦♥str❛✐♥t✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥ t❤❡ ICH ❝♦♥str❛✐♥t✱

s❤❡ ❛❧s♦ ♥❡❡❞s t♦ ♣r♦✈✐❞❡ t❤❡ ❤✐❣❤ t②♣❡ ❛❣❡♥t ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉t✐❧✐t② ✇♦rt❤

δAP(θ
2
H)∆θε✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ❝♦st t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ♦❢ t❤✐s ❝❤❛♥❣❡ ✐s ❣✐✈❡♥

❜②
[

(δP − δA)P(θLθH) + δA(P(θ
2
H) − P(θLθH))

]

∆θε✳ ❚❤❡ ❜❡♥❡✜t ♦❢ t❤✐s ❝❤❛♥❣❡

✐s ♦❢ ❝♦✉rs❡ δPP(θ
2
L)∆S(ε)✳ ❚❤❡ ❡①♣❡❝t❡❞ ♥❡t ❝❤❛♥❣❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st✲♠❛r❣✐♥❛❧

❜❡♥❡✜t r❛t✐♦ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ρ(θL|θL) = ρ(θL)b+ aL✳

❈♦❡✣❝✐❡♥ts b ❛♥❞ a ✐♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ r❡♣r❡s❡♥t t❤❡ ❞✐st♦rt✐♦♥s ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥ ❛♥❞ st❛♥❞❛r❞ ✐♥❢♦r♠❛t✐♦♥

r❡♥t❀ t❤❡ ❢♦r♠❡r ✐s ♣✉r❡❧② ❛ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥✱

tr❛♥s❢❡rs ❛r❡ ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥✳ ❚❤✐s ✐s ✐♥ str✐❦✐♥❣ ❝♦♥tr❛st t♦ t❤❡ st❛♥❞❛r❞

q✉❛s✐❧✐♥❡❛r ♠♦❞❡❧ ♦❢ ❞②♥❛♠✐❝ s❝r❡❡♥✐♥❣ ✇✐t❤ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ✇❤❡r❡ ❛❣❣r❡❣❛t❡

✉t✐❧✐t② ✭t❤❛t ✐s U(θH) ❛♥❞ U(θL)✮ ✐s ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥ ✉♣ t♦ ❛ ❝♦♥st❛♥t✱ ❜✉t

❛ ❝♦♥t✐♥✉✉♠ ♦❢ tr❛♥s❢❡rs ✐♠♣❧❡♠❡♥t t❤❡ ♦♣t✐♠✉♠✳

❘❡♠❛r❦ ✶✳ ●✐✈❡♥ k#✱ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ ✉t✐❧✐t✐❡s U# ✇✐t❤ ❛ ❝❛r❞✐♥❛❧✐t② ♦❢

s✐①✱ ✐s ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥ ❜② t❤❡ s❡t ♦❢ s✐① ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts✳

R(k(θL) + x)−R(k(θL)) = ε✳
✶✻❋♦r ❝♦♥t❡①t✱ ♥♦t❡ t❤❛t P(θ2H) = µHαH ,P(θHθL) = µH(1− αH),P(θLθH) = µLαL,P(θ

2
L) =

µL(1− αL)✳

✶✷



❚❤❡ ✐♥t✉✐t✐♦♥ ❢♦r t❤✐s ✐s ❢❛✐r❧② str❛✐❣❤t❢♦r✇❛r❞✳ ❊✈❡♥ ✇✐t❤ ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧

❞✐✛❡r❡♥❝❡ ✐♥ ❞✐s❝♦✉♥t✐♥❣✱ t❤❡ ♣r✐♥❝✐♣❛❧ ✇❛♥ts t♦ ❧❡♥❞ ❛♥ ✐♥✜♥✐t❡ ❛♠♦✉♥t ♦❢ ♠♦♥❡②

✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ♦♥❧② t♦ ❞❡♠❛♥❞ ✐t ❜❛❝❦ ✐♥ t❤❡ s❡❝♦♥❞✳ ❍❡ ✐s ❤♦✇❡✈❡r r❡str✐❝t❡❞

✐♥ t❤✐s ✏❛r❜✐tr❛❣❡✑ ❜② t❤❡ ❛❣❡♥t✬s ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥t✳ ❚❤❡r❡❢♦r❡✱

✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ ❤✐st♦r②✱ t❤❡ ❛❣❡♥t✬s ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t②✱ ❛♥❞ ❤❡♥❝❡ ✐♥❝❡♥t✐✈❡

❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥ts ❜✐♥❞✱ ❧❡❛❞✐♥❣ t♦ ❛ s②st❡♠ ♦❢ s✐① ❡q✉❛❧✐t✐❡s✳ ❆❧❧ s✐① ♣r✐❝❡s✱

✇❤✐❝❤ ❡♥t❡r ❧✐♥❡❛r❧② ✐♥ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❛r❡ t❤✉s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳

❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ♠❛② ♥♦t ❛❧✇❛②s ❜❡ ✈❛❧✐❞✱ t❤❛t ✐s
(
k#,U#

)
♠❛② ✈✐♦❧❛t❡ t❤❡ ✜rst ♣❡r✐♦❞ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ICL✳ ■♥ t❤❡

st❛t✐❝ ♠♦❞❡❧ k#(θH) ≥ k#(θL) ✐s ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❛✲

❧✐❞✐t② ♦❢ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤✱ ❛♥❞ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ■♥ t❤❡

❞②♥❛♠✐❝ ♠♦❞❡❧✱ ❢♦r t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t t♦ s❛t✐s❢② ICL✱ ❛ ✇❡✐❣❤t❡❞

❛✈❡r❛❣❡ ♦❢ ❛❧❧♦❝❛t✐♦♥ t❤❛t ❢♦❧❧♦✇ t❤❡ ✏❤✐❣❤✑ t②♣❡ ✭k#(θH), k
#(θH |θH), k#(θL|θH)✮

♠✉st ❜❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❛❧❧♦❝❛t✐♦♥s t❤❛t

❢♦❧❧♦✇ t❤❡ ✏❧♦✇✑ t②♣❡ ✭k#(θL), k
#(θH |θL), k#(θL|θL)✮✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts ❛r❡ ❞❡✲

t❡r♠✐♥❡❞ ❜② t❤❡ ▼❛r❦♦✈ ♠❛tr✐①✳✶✼ ❲✐t❤ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ t❤✐s t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧

✈❡❝t♦r ✐s ♣♦✐♥t✇✐s❡ ❣r❡❛t❡r ❢♦r t❤❡ ✏❤✐❣❤✑ ❤✐st♦r②✳ ❍♦✇❡✈❡r✱ ✇✐t❤ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✲

✐♥❣✱ ✐❢ aH ✐s ✈❡r② ❧❛r❣❡✱ t❤❛t ✐s k#(θL|θH✮ ✐s ❤✐❣❤❧② ❞✐st♦rt❡❞ ❛♥❞ s✐❣♥✐✜❝❛♥t❧② ❧❡ss

t❤❛♥ k#(θL|θL)✱ t❤❡♥ t❤❡ ❞❡s✐r❡❞ ❛✈❡r❛❣❡ ♥♦t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ❢❛✐❧s ❝✉❧♠✐♥❛t✐♥❣

✐♥ ❛ ❢❛✐❧✉r❡ ♦❢ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤✳ P❛r❛♠❡tr✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ICL ❜✐♥❞s ❢♦r

❧♦✇ ❧❡✈❡❧s ♦❢ ❡① ❛♥t❡ ❛❣❡♥❝② ❢r✐❝t✐♦♥ ❛♥❞ ❤✐❣❤ ❧❡✈❡❧s ♦❢ ✐♥t❡r✐♠ ❛❣❡♥❝② ❢r✐❝t✐♦♥✱

t❤❛t ✐s s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ ke(θH)− ke(θL) ❛♥❞ ❧❛r❣❡r ✈❛❧✉❡s ♦❢ αH r❡s♣❡❝t✐✈❡❧②✳

❚♦ ❡♥❞ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t✇♦ ♣❡r✐♦❞ ♠♦❞❡❧✱ ✇❡ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ✜st✲♦r❞❡r ❛♣♣r♦❛❝❤✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ❛r❡ ♠✉❝❤

✇❡❛❦❡r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s✱ ❈♦r♦❧❧❛r② ✶ ♣r♦✈✐❞❡s ♦♥❡ t❤❛t ✐s ❡❛s② t♦ st❛t❡✳

❈♦r♦❧❧❛r② ✶✳ ❙✉♣♣♦s❡ R(ke(θH)) ≥ 2R(ke(θL))✳ ❚❤❡♥✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧

❝♦♥tr❛❝t s♦❧✈❡s (⋆)✳

✸✳✷ ■♥✜♥✐t❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠

❲❡ ❡①t❡♥❞ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✭♦r ✜rst✲♦r❞❡r✮ ❛♣♣r♦❛❝❤ ❛❞♦♣t❡❞ ✐♥ t❤❡ t✇♦

♣❡r✐♦❞ ♠♦❞❡❧ t♦ t❤❡ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s✲ ❤❡r❡ ❛❧❧ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥✲

str❛✐♥ts ❛r❡ ✐❣♥♦r❡❞✳ ■♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛❧❧ ht−1✱ ICH(h
t−1) ❛♥❞

✶✼❙❡❡ ❢♦r ❡①❛♠♣❧❡ ❈♦r♦❧❧❛r② ✶ ✐♥ P❛✈❛♥ ❡t ❛❧✳ ✭✷✵✶✹✮✳

✶✸



IRL(h
t−1) ❜✐♥❞ ❛t t❤❡ ♦♣t✐♠✉♠✱ ❛♥❞ IRH(h

t−1) ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳ ❯s✐♥❣ t❤❡

❜✐♥❞✐♥❣ IRL(h
t−1) ❝♦♥str❛✐♥ts✱ ✇❡ ❤❛✈❡

u(θH |ht−1) = U(θH |ht−1)− δAαHU(θH |ht−1, θH) ❛♥❞

u(θL|ht−1) = −δAαLU(θH |ht−1, θL). ✭✸✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥❞✉❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢

❜✐♥❞✐♥❣ ICH(h
t−1) ❛♥❞ IRL(h

t−1) ❝♦♥str❛✐♥ts✿

U(θH |ht−1) =
∞∑

s=0

(δA(αH − αL))
s∆θR(k(θL|ht−1, θsL)) ✭✹✮

❊q✉❛t✐♦♥s ✭✸✮ ❛♥❞ ✭✹✮ ❣✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ŪP ✐♥ t❡r♠s ♦❢ t❤❡ ❛❧❧♦❝❛t✐♦♥✳ ❆s

❜❡❢♦r❡✱ ✇❡ ❝❛♥ ♣❛rs❡ ✐t ♦✉t ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✿ ŪP = ŪA + I✱ s✉❝❤ t❤❛t

ŪA = µHU(θH) + µLU(θL) =
∞∑

t=1

δt−1
P · µH

µL

bt−1 ·∆θR(k(θL|θt−1
L ))P(θtL), ❛♥❞

✭✺✮

I =
δP − δA

δP

∞∑

t=2

δt−1
P E

[

U(θ̃t|h̃t−1)
]

=
δP − δA

δP

∞∑

t=2

δt−1
P ·

(

ρ̂t −
µH

µL
bt−1

)

·∆θR(k(θL|θt−1
L ))P(θtL)

+
δP − δA

δP

∑

ht−1

∞∑

s=0

δt+s
P · ρt ·∆θR(k(θL|ht−1, θH , θsL))P(h

t−1, θH , θs+1
L ), ✭✻✮

✇❤❡r❡ ρ̂t ❛♥❞ ρt ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ (αH , αL, δP , δA, µ)✳ ❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈✐❞❡

t❤❡ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳

Pr♦♣♦s✐t✐♦♥ ✷✳

k#(θH |ht−1) = ke(θH), ∀ht−1,

k#(θL|ht−1) =







KL(ρ̂t), ✐❢ ht−1 = θt−1
L ,

KL(ρs), ✐❢ ht−1 = (hτ−1, θH , θ
s−1
L ), s✳t✳ τ + s = t,

✇❤❡r❡ ρ̂t = bρ̂t−1 + aL✱ ρ̂1 =
µH

µL
❛♥❞ ρt+1 = bρt + aL✱ ρ1 = aH ✳

✶✹



P❡rs✐st❡♥❝❡ ✐♥ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❞✐st♦rt✐♦♥s✳

❊❛❝❤ ❝♦♥s❡❝✉t✐✈❡ ❧♦✇ s❤♦❝❦ ♣r♦❞✉❝❡s ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐st♦rt✐♦♥s t❤❛t ✐♥✜♥✐t❡❧②

♣r♦♣❛❣❛t❡s ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r② ❢r♦♠ t❤❛t ♣♦✐♥t ♦♥✳ ❚❤✉s ❛❢t❡r ❛♥② ❤✐st♦r②

♦❢ t②♣❡s✱ ❛❧♦♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦✇ s❤♦❝❦s ♥❡✇ ❞✐st♦rt✐♦♥s ❛r❡ r❡❝✉rs✐✈❡❧② ❛❞❞❡❞

❛t ❡❛❝❤ ♣♦✐♥t✳ P❡r❤❛♣s s✉r♣r✐s✐♥❣❧②✱ t❤❡✐r ❛❣❣r❡❣❛t❡ ❡✛❡❝t ❝❛♥ ❜❡ ❡①❛❝t❧② ♣✐♥♥❡❞

❞♦✇♥✳ Pr♦♣♦s✐t✐♦♥ ✷ ♣♦✐♥ts t♦ t✇♦ ✐♠♠❡❞✐❛t❡❧② ♦❜s❡r✈❛❜❧❡ ♣r♦♣❡rt✐❡s✿ ✜rst t❤❡

❤✐❣❤ t②♣❡ ✐s ❛❧✇❛②s ♣r♦✈✐❞❡❞ t❤❡ ❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥✱ ❛♥❞ s❡❝♦♥❞✱ t❤❡ ❞✐st♦rt✐♦♥

❢♦r t❤❡ ❧♦✇ t②♣❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❧♦✇ s❤♦❝❦s✳ ❚❤❡s❡ ❝❛♥

❜❡ ❢♦r♠❛❧✐③❡❞ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ❝♦♥tr❛❝t m ✐s r❡st❛rt ✐❢ ❢♦r ❛❧❧ t ❛♥❞ ht−1

k(θH |ht−1) = k(θH) ❛♥❞ k(θL|ht−1, θH , θ
s−1
L ) = k(θL|θH , θs−1

L ), ∀s.

◆♦t❡ t❤❛t ❛❧❧♦❝❛t✐♦♥ ✐♥ ❛ r❡st❛rt ❝♦♥tr❛❝t ❝❛♥ ❜❡ s✉❝❝✐♥❝t❧② ❡①♣r❡ss❡❞ ❜② t✇♦

s❡q✉❡♥❝❡s✱ ♦♥❡ t❤❛t r❡♣r❡s❡♥ts t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r②✱

❛♥❞ t❤❡ ♦t❤❡r t❤❛t r❡♣r❡s❡♥ts ✐t ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡✳

❘❡♠❛r❦ ✷✳ ❙✉♣♣♦s❡ m ✐s ❛ r❡st❛rt ❝♦♥tr❛❝t✳ ❚❤❡♥✱ ∃ t✇♦ s❡q✉❡♥❝❡s {k̂t} ❛♥❞

{kt} s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ❛♥❞ ht−1✱ k(θL|θt−1
L ) = k̂t ❛♥❞ k(θL|ht−1, θH , θ

s−1
L ) = ks✳

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t s❛t✲

✐s✜❡s t❤❡ r❡st❛rt ♣r♦♣❡rt② ✇✐t❤ k̂t = KL(ρ̂t) ❛♥❞ kt = KL(ρt)✱ ✇❤❡r❡ ρ̂t ❞♦❝✉♠❡♥ts

t❤❡ ❞✐st♦rt✐♦♥s ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r②✱ ❛♥❞ ρt ❞♦❝✉♠❡♥ts t❤♦s❡ ✐♥ t❤❡ r❡st❛rt

♣❤❛s❡✳ ❋✐❣✉r❡ ✷ ❡①♣❧❛✐♥s t❤❡ ❞②♥❛♠✐❝s✳ ❚❤❡ ❝♦♥tr❛❝t st❛rts ✐♥ t❤❡ ✇❤✐t❡ ❝✐r❝❧❡✳

❚❤❡ ✜rst ♣❡r✐♦❞ t②♣❡ ❞r❛✇ ✐♥✐t✐❛❧✐③❡s t❤❡ ❝♦♥tr❛❝t ❧❡❛❞✐♥❣ ✐t t♦ ♦♥❡ ♦❢ t✇♦ ❣r❛②

❝✐r❝❧❡s✱ ❧❛❜❡❧❡❞ θH ❛♥❞ θL✳ ❋r♦♠ t❤❡♥ ♦♥✱ t❤❡ ❝♦♥tr❛❝t tr❛♥s✐ts ❛♠♦♥❣ t❤❡ ❣r❡②

❝✐r❝❧❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ❛ ❤✐❣❤ ♦r ❧♦✇ t②♣❡ ✐s r❡❛❧✐③❡❞✳ ❚❤❡ ❛❧❧♦❝❛t✐♦♥ ✭❛♥❞

❡①♣❡❝t❡❞ ✉t✐❧✐t②✮ s✉♣♣❧✐❡❞ t♦ t❤❡ ❛❣❡♥t ✐s ♣r✐♥t❡❞ ♦♥ ❡❛❝❤ ❣r❛② ❝✐r❝❧❡✳

❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ❞✐st♦rt✐♦♥s ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡ ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧②

❞❡❝r❡❛s✐♥❣✱ ✐♠♣❧②✐♥❣ kt+1 ≥ kt ✇✐t❤ ❛ str✐❝t ✐♥❡q✉❛❧✐t② ❢♦r kt > 0✳ ■❢ k1 = 0

❛♥❞ t❤❡r❡ ❡①✐sts ❛ τ s✉❝❤ t❤❛t kτ > 0✱ t❤❡♥ t❤❡ ❝♦♥tr❛❝t ❢❡❛t✉r❡s t❡♠♣♦r❛r②

s❤✉t❞✇♦♥✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t❤❛t limt→∞ kt = 0✱ t❤❡♥ ✇❡ s❛② t❤❛t t❤❡ ❝♦♥tr❛❝t ✐s

♣❡r♠❛♥❡♥t❧② s❤✉t❞♦✇♥ ❢♦r t❤❡ ❧♦✇ t②♣❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ s❤✉t❞♦✇♥

❛s ❢♦❧❧♦✇s✳

✶✺



Û1 k(θH), U1

k1 : U2 k2, U3 k3, U4

k̂1, Û2 k̂2, Û3 k̂3, Û4

θH

θL

❋✐❣✉r❡ ✷✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥ ❛ r❡st❛rt ❝♦♥tr❛❝t✳ ❆
r❡❞✴❜❧✉❡ ❛rr♦✇ ✐♥❞✐❝❛t❡s ❛ tr❛♥s✐t✐♦♥✱ ❜❡❝❛✉s❡ ♦❢ ❛ ❤✐❣❤✴❧♦✇ ❞r❛✇✳ ❆ s♦❧✐❞✴❞❛s❤❡❞
❛rr♦✇ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ tr❛♥s✐t✐♦♥ αj/1 − αj ✇❤❡r❡ j = H/L ✐❢ t❤❡
❛rr♦✇ ✐s s♦❧✐❞✴❞❛s❤❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳ ❆ ❝♦♥tr❛❝t m ✐s ✭♣❡r♠❛♥❡♥t❧②✮ s❤✉t❞♦✇♥ ✐❢ ❢♦r ❛❧❧ t ❛♥❞ ❛❧❧

ht−1 6= θt−1
L ✱ k(θL|ht−1) = 0✳ ❙❤✉t❞♦✇♥s ❛r❡ t❡♠♣♦r❛r② ✐❢ k(θL|ht−1) = 0 ♦♥❧② ❢♦r

s♦♠❡ ht−1 6= θt−1
L ✳✶✽

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐st ❝♦♥s♦❧✐❞❛t❡s t❤❡ ❦❡② ♣r♦♣❡rt✐❡s ❡①❤✐❜✐t❡❞ ❜② t❤❡ ❞②♥❛♠✐❝

❞✐st♦rt✐♦♥s ♦❢ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳

❈♦r♦❧❧❛r② ✷✳ ❚❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭❛✮ ❉✐st♦rt✐♦♥s ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡✿ ρt > ρt+1 ∀t✳

✭❜✮ ❉✐st♦rt✐♦♥s ❛r❡ ♠♦♥♦t♦♥❡ ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r②✿ ρ̂t ≷ ρ̂t+1 ∀t ✇❤❡♥❡✈❡r
µH

µL
≷ aL

1−b
✳

✭❝✮ ❉✐st♦rt✐♦♥s ❛r❡ ♣❡r✈❛s✐✈❡✿ lim
t→∞

ρ̂t = lim
t→∞

ρt =
aL
1−b

> 0✳

✭❞✮ ❚❤❡r❡ ❛r❡ s❤✉t❞♦✇♥s ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡✿ KL(ρt) = 0 ❢♦r s♦♠❡ t ✇❤❡♥❡✈❡r

θL ≤ ρ1∆θ✳

✭❡✮ ❙❤✉t❞♦✇♥s ❛r❡ ♣❡r♠❛♥❡♥t✿ KL(ρt) = 0 ❢♦r ❛❧❧ t ✇❤❡♥❡✈❡r θL ≤ lim
t→∞

ρt∆θ✳

✶✽◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❞❡✜♥t✐♦♥ t♦ ✐♥❝❧✉❞❡ t❤❡ ❧♦✇❡st ❤✐st♦r② ❛s ✇❡❧❧✳ ❆s ✇❡ ✇✐❧❧
s❡❡ ✐♥ ❈♦r♦❧❧❛r② ✷✱ ❞✐st♦rt✐♦♥s ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r② ❛r❡ ❡✐t❤❡r ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ♦r
❞❡❝r❡❛s✐♥❣✳ ■❢ t❤❡ ❞✐st♦rt✐♦♥s ❝♦♥✈❡r❣❡ t♦ ❛ ✈❛❧✉❡ t❤❛t ❦❡❡♣s t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛t ③❡r♦✱ t❤❡♥ t❤❡
❝♦♥tr❛❝t ❢❡❛t✉r❡ s❤✉t❞♦✇♥ ❛t t❤❡ ❧♦✇❡st ❤✐st♦r② t♦♦✳ ❲❡ ✐❣♥♦r❡ t❤❡ ❧♦✇❡st ❤✐st♦r② ❤❡r❡ ❢♦r
s✐♠♣❧✐❝✐t② ♦❢ ❡①♣♦s✐t✐♦♥✳
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❲❤❛t ❛❜♦✉t tr❛♥s❢❡rs❄ ❆s ✇❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ t✇♦ ♣❡r✐♦❞ ♠♦❞❡❧✱ t❤❡ ♣r✐♥❝✐✲

♣❛❧✬s ❞❡s✐r❡ t♦ ❢r♦♥t❧♦❛❞ ❛❣❡♥t✬s ♣❛②♦✛ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❧❡❛❞s t♦ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧

r❛t✐♦♥❛❧✐t② ❛♥❞ ❤❡♥❝❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥ts ✐♥ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠

t♦ ❜✐♥❞✳ ❚❤❡r❡❢♦r❡ ❞❡s♣✐t❡ q✉❛s✐✲❧✐♥❡❛r✐t② t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❛♥❞

tr❛♥s❢❡rs ✐s ✉♥✐q✉❡✳ ❆❧♦♥❣ ✇✐t❤ ❛❧❧♦❝❛t✐♦♥s ♠❛❞❡ ❡✈❡r② ♣❡r✐♦❞✱ ❋✐❣✉r❡ ✷ ❞❡♣✐❝ts

t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♣r♦♠✐s❡❞ t♦ t❤❡ ❛❣❡♥t ♦♥ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❤✐❣❤ t②♣❡ ✐♥

t❤❡ ♥❡①t ♣❡r✐♦❞✳

❘❡♠❛r❦ ✸✳ ❋♦r ❛❧❧ ❤✐st♦r✐❡s U#(θL|ht−1) = 0✱ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ✭❛♥❞

tr❛♥s❢❡rs✮ ♦❢ t❤❡ ❤✐❣❤ t②♣❡ ✐♥❤❡r✐t t❤❡ r❡st❛rt ♣r♦♣❡rt②✲ U#(θH |θt−1
L ) = Ût ❛♥❞

U#(θL|ht−1, θH , θ
s−1
L ) = U#(θL|θH , θs−1

L ) = Us ❢♦r t✇♦ ✉♥✐q✉❡ s❡q✉❡♥❝❡s ♦❢ ✈❛❧✉❡s

{Ût} ❛♥❞ {Ut}✳

❋✐♥❛❧❧②✱ ✇❡ r❡❣✐st❡r s♦♠❡ s✐♠♣❧❡ r❡s✉❧ts ❢♦r s♣❡❝✐✜❝ ♣❛r❛♠❡tr✐❝ ❝♦♥st❡❧❧❛t✐♦♥s

t❤❛t ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳ ❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧

❝♦♥tr❛❝t ✐s ♥❡✈❡r ❡✣❝✐❡♥t✳ ❯♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ r❡♥❡✇s t❤❡ ♣♦t❡♥❝② ♦❢ ♣r✐✈❛t❡

✐♥❢♦r♠❛t✐♦♥ ♣❡r✐♦❞✐❝❛❧❧② s♦ t❤❛t ❡✈❡♥ ❢❛r ✐♥t♦ t❤❡ ❢✉t✉r❡ t❤❡ ❞✐st♦rt✐♦♥s ❞♦ ♥♦t

❞✐s❛♣♣❡❛r✳ ❙❡❝♦♥❞✱ ❢♦r t❤❡ ✐✐❞ ♠♦❞❡❧✱ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞✱ ❛♥❞ ❞✐st♦r✲

t✐♦♥s ❛r❡ st✐❧❧ ♣❡r✈❛s✐✈❡ t❤♦✉❣❤ t❤❡② ❞♦ ♥♦t ❤❛✈❡ ❛♥② ♠❡♠♦r②✳ ❚❤✐r❞✱ ❢♦r ♣❡r❢❡❝t

♣❡rs✐st❡♥❝❡ t♦♦ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❤❛s ✐♥✜♥✐t❡

♠❡♠♦r② ❛♥❞ ✐t ❝♦♥✈❡r❣❡s t♦ t❤❡ ❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣✲r✉♥✳ ❊❛❝❤ ♦❢ t❤❡s❡

♣r♦❞✉❝❡ t❤❡ ♦♣♣♦s✐♥❣ ❝♦♥❝❧✉s✐♦♥ ❢♦r t❤❡ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ♠♦❞❡❧✳

❈♦r♦❧❧❛r② ✸✳ ❖♣t✐♠❛❧ ❞✐st♦rt✐♦♥s ✐♥ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ❛r❡ ❛s

❢♦❧❧♦✇s✳

✭❛✮ ❈♦rr❡❧❛t❡❞ t②♣❡s ✭1 > αH > αL✮✳ ❋♦r δP > δA✱ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧

❝♦♥tr❛❝t ✐s ♥❡✈❡r ❡✣❝✐❡♥t✳ ❋♦r δP = δA t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t

✐s ♦♣t✐♠❛❧ ❛♥❞ ✐t ❝♦♥✈❡r❣❡s t♦ t❤❡ ❡✣❝✐❡♥t ❛❧❧♦❝❛t✐♦♥ ❛❧♦♥❣ ❡✈❡r② ❤✐st♦r②✿

aH = aL = 0✱ ❛♥❞ ρt = 0, ρ̂t =
µH

µL

(
αH−αL

1−αL

)t−1

∀ t✳

✭❜✮ ✐✐❞ t②♣❡s ✭αH = αL < 1✮✳ ❚❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♦♣t✐♠❛❧✳ ❋♦r

δP > δA✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♥❡✈❡r ❡✣❝✐❡♥t ❜✉t ❞✐st♦rt✐♦♥s ❤❛✈❡ ❧✐♠✐t❡❞

♠❡♠♦r②✿ b = 0✱ ρt = ρ̂t = aL ∀ t ≥ 2✳ ❋♦r δP = δA t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s

❡✣❝✐❡♥t st❛rt✐♥❣ ♣❡r✐♦❞ ✷✿ ρt = 0 ∀ t✱ ρ̂t = 0 ∀ t ≥ 2✳

✭❝✮ ❈♦♥st❛♥t t②♣❡s ✭αH = 1 − αL = 1✮✳ ❚❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s

♦♣t✐♠❛❧✳ ❋♦r δP > δA✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡✣❝✐❡♥t ✐♥ t❤❡ ❧♦♥❣ r✉♥✿
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ρ̂t =
µH

µL

(
δA
δP

)t−1

∀ t✳ ❋♦r δP = δA ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s t❤❡ r❡♣❡t✐t✐♦♥ ♦❢

t❤❡ st❛t✐❝ ♦♣t✐♠✉♠✱ ✐t ✐s ♥❡✈❡r ❡✣❝✐❡♥t✿ ρ̂t = ρ̂1 ∀ t✳

✸✳✸ ❈♦♥♥❡❝t✐♦♥ t♦ ♣r✐♠✐t✐✈❡s

❲❤❡♥ ✐s t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✈❛❧✐❞✱ ❛♥❞ ✐s ✐t ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡

♦♣t✐♠❛❧ ❝♦♥tr❛❝t t♦ s❛t✐s❢② t❤❡ r❡st❛rt ♣r♦♣❡rt②❄ ❚❤❡ ♣❛r❛♠❡tr✐❝ s♣❛❝❡ ❢♦r ✇❤✐❝❤

t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❜✐♥❞s ❝❛♥ ❢✉rt❤❡r ❜② ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ r❡❣✐♦♥s✲

♦♥❡ ✇❤❡r❡ ✐t ❜✐♥❞s ❢♦r ✜♥✐t❡ t✐♠❡✱ ❛♥❞ ❛♥♦t❤❡r ✇❤❡r❡ ✐t ❜✐♥❞s ♣❡r❡♥♥✐❛❧❧②✳ ■t t✉r♥s

♦✉t✱ ❛s ✐s ✐♥t✉✐t✐✈❡✱ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❧♦♦s❡s t❤❡ r❡st❛rt ♣r♦♣❡rt② ✇❤❡♥ t❤❡

✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❜✐♥❞s✳ ❙♦✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ ❛❢♦r❡♠❡♥t✐♦♥❡❞

♣❛r❛♠❡tr✐❝ r❡❣✐♦♥s✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡✐t❤❡r ❡✈❡♥t✉❛❧❧② r❡st❛rt ♦r ♥❡✈❡r

r❡st❛rt✳

❉❡✜♥✐t✐♦♥ ✸✳ ❆ ❝♦♥tr❛❝t m ✐s ❡✈❡♥t✉❛❧❧② r❡st❛rt ✐❢ t❤❡r❡ ❡①✐sts ❛ t∗ < ∞✱ ❛

❝♦♥st❛♥t kH ❛♥❞ ❛ s❡q✉❡♥❝❡ {kt} s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ≥ t∗ ❛♥❞ ht−1✱

k(θH |ht−1) = kH ❛♥❞ k(θL|ht−1, θH , θ
s−1
L ) = ks, ∀s.

■♥ ❝♦♥tr❛st✱ ❛ ❝♦♥tr❛❝t t❤❛t ✐s ♥♦t ❡✈❡♥t✉❛❧❧② r❡st❛rt ✐s s✉❝❝✐♥❝t❧② r❡❢❡rr❡❞ t♦ ❛s

♥❡✈❡r r❡st❛rt✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ✐♠♠❡❞✐❛t❡❧② r❡st❛rt✱

t∗ = 1✳ ❆❧♠♦st ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱ t❤❛t ✐s ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❛❧♦♥❣ ❛❧❧ ❤✐s✲

t♦r✐❡s ❡①❝❡♣t ♣♦t❡♥t✐❛❧❧② t❤❡ ❧♦✇❡st ♦♥❡✱ ♣r❡❝✐s❡❧② ❝❤❛r❛❝t❡r✐③❡s ❡✈❡♥t✉❛❧❧② r❡st❛rt

❝♦♥tr❛❝ts✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❙✉♣♣♦s❡ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❛❧♠♦st ✐♥❝❡♥t✐✈❡ ❝♦♠✲

♣❛t✐❜❧❡✳ ❚❤❡♥✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡✈❡♥t✉❛❧❧② r❡st❛rt✿ t❤❡r❡ ❡①✐sts t∗ < ∞
s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ≥ t∗ ❛♥❞ ht−1✱

k∗(θH |ht−1) = ke(θH) ❛♥❞ k∗(θL|ht−1, θH , θ
s−1
L ) = KL(ρs), ∀s,

✇❤❡r❡ ρt = bρt−1 + aL✱ ρ1 = aH ✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s ❛❧s♦ tr✉❡✿ ✐❢ t❤❡ ✜rst✲♦r❞❡r

♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♥♦t ❛❧♠♦st ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s

♥❡✈❡r r❡st❛rt✳

✶✽



❚❤❡r❡❢♦r❡✱ ✐❢ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ❢❛✐❧s✱ ✐t ✐s ❡✐t❤❡r st✐❧❧ ✈❛❧✐❞ ❡✈❡♥t✉❛❧❧② ♦r

✐t ✐s ♥♦t ✈❛❧✐❞ ❛t ❛❧❧✳ ❖✉r ♥❡①t r❡s✉❧t ✐❞❡♥t✐✜❡s ❡✈❡♥t✉❛❧❧② r❡st❛rt ❝♦♥tr❛❝ts ✐♥

t❡r♠s ♦❢ t❤❡ ♣r✐♠✐t✐✈❡s✳

❈♦r♦❧❧❛r② ✹✳ ▲❡t C = R(ke(θH)) + δA(αH − αL)U
#(θH |θH)✳ ❚❤❡ ✜rst✲♦r❞❡r

♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ max
{

U#(θH), lim
t→∞

U#(θH |θt−1
L )

}

≤ C✳

▼♦r❡♦✈❡r✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡✈❡♥t✉❛❧❧② r❡st❛rt ✐❢ ❛♥❞ ♦♥❧② ✐❢ lim
t→∞

U#(θH |θt−1
L )

≤ C✳

❙✐♥❝❡ U# ✐s ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥✱ ❈♦r♦❧❧❛r② ✹ ♣r❡s❡♥ts ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡

♣r✐♠✐t✐✈❡s ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❘❡❝♦❧❧❡❝t ❢r♦♠ ❈♦r♦❧❧❛r② ✷✭❜✮ t❤❛t ❞✐st♦rt✐♦♥s

❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r② ❛r❡ ❡✐t❤❡r ❞❡❝r❡❛s✐♥❣ ♦r ✐♥❝r❡❛s✐♥❣✱ t❤❡r❡❢♦r❡✱ t❤❡ t✐❣❤t✲

❡st ✉♣✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ✐s ❡✐t❤❡r t❤❡ ♦♥❡ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ♦r ✏t❤❡ ♦♥❡ ❛t

✐♥✜♥✐t②✑✱ ❤❡♥❝❡ max
{

U#(θH), lim
t→∞

U#(θH |θt−1
L )

}

≤ C ❡♥s✉r❡s t❤❛t t❤❡ ✜rst✲♦r❞❡r

♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r②✳ ◆❡①t✱ ❞✐st♦r✲

t✐♦♥s ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡ ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❛❧♦♥❣ ❝♦♥s❡❝✉t✐✈❡ ❧♦✇

❝♦st r❡❛❧✐③❛t✐♦♥s ✭❈♦r♦❧❧❛r② ✷✭❛✮✮❀ ♠♦r❡♦✈❡r✱ ❞✐st♦rt✐♦♥s ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r②

❛♥❞ ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡ ❝♦♥✈❡r❣❡ t♦ t❤❡ s❛♠❡ ✈❛❧✉❡ ✭❈♦r♦❧❧❛r② ✷✭❝✮✮✳ P✉tt✐♥❣

t❤❡s❡ t♦❣❡t❤❡r ✇❡ ❣❡t t❤❛t lim
t→∞

U#(θH |θt−1
L ) ≤ C ❡♥s✉r❡s ❛❧♠♦st ✐♥❝❡♥t✐✈❡ ❝♦♠✲

♣❛t✐❜✐❧✐t②✱ t❤❛t ✐s ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡✳ ❚❤❡r❡❢♦r❡✱ ✐❢ t❤❡

✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t s❛t✐s✜❡s lim
t→∞

U#(θH |θt−1
L ) ≤ C✱ ✐t ✐s ❛❧♠♦st ✐♥❝❡♥t✐✈❡

❝♦♠♣❛t✐❜❧❡ ❛♥❞ ❤❡♥❝❡ ❡✈❡♥t✉❛❧❧② r❡st❛rt✳

❋✐❣✉r❡ ✸ ♣❛rt✐t✐♦♥s t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❛❧♦♥❣ t❤❡ s❡t ♦❢ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts

❢♦r ❛ s♣❡❝✐✜❝ ❡①❛♠♣❧❡✳ ❲❤✐t❡ ❛♥❞ ②❡❧❧♦✇ r❡❣✐♦♥s r❡♣r❡s❡♥t t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡

✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✇❤❡r❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ✐♠♠❡❞✐❛t❡❧② r❡st❛rt✱ t❤❡ ❞❛r❦

r❡❣✐♦♥ ✐s t❤❡ s♣❛❝❡ ✇❤❡r❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♥❡✈❡r r❡st❛rt✱ ❛♥❞ t❤❡ r❡❣✐♦♥ ✐♥

❜❡t✇❡❡♥ r❡♣r❡s❡♥ts ❝❛s❡s ✇❤❡r❡ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞ ❛❢t❡r ✜♥✐t❡ t✐♠❡

❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡✈❡♥t✉❛❧❧② r❡st❛rt✳ ▼♦r❡♦✈❡r✱ t❤❡ ✇❤✐t❡ ♣♦rt✐♦♥ ✐♥

t❤❡ s♦✉t❤✇❡st ❝♦r♥❡r r❡♣r❡s❡♥ts t❤❡ ❝❛s❡ ♦❢ ✭♣❡r♠❛♥❡♥t✮ s❤✉t❞♦✇♥✱ ♥♦ ❝❛♣✐t❛❧

✐s s✉♣♣❧✐❡❞ t♦ t❤❡ ❧♦✇ t②♣❡✳ ❋♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ ∆θ✱ s✐❣♥✐❢②✐♥❣ ❣r❡❛t❡r ❡① ❛♥t❡

❛❣❡♥❝② ❢r✐❝t✐♦♥✱ ✐t ✐s ❡❛s✐❡r t♦ s❡♣❛r❛t❡ t❤❡ t✇♦ t②♣❡s✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ✜rst✲♦r❞❡r

❛♣♣r♦❛❝❤ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ s❛t✐s✜❡❞✳

❉✐s❝♦✉♥t✐♥❣ ❛♥❞ ♣❡rs✐st❡♥❝❡ ✐♥t❡r❛❝t ✐♥ ❛ ♥♦♥✲❧✐♥❡❛r ❢❛s❤✐♦♥✳ ❋♦r δA = 0

❛♥❞ δP ✱ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ✈❛❧✐❞✱ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ✐✐❞ ♠♦❞❡❧

✭αH = 1− αL✮ ❛♥❞ ♣❡r❢❡❝t ♣❡rs✐st❡♥❝❡ ✭αH = 1− αL = 1✮✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❤✐❣❤

✶✾



❧❡✈❡❧s ♦❢ ❞✐s❝♦✉♥t✐♥❣ ❛♥❞ ♣❡rs✐st❡♥❝❡ ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ t♦

❢❛✐❧✳

✭❛✮ ∆θ = 0.25 ✭❜✮ ∆θ = 1.25 ✭❝✮ ∆θ = 2.25

❋✐❣✉r❡ ✸✿ P❛rt✐t✐♦♥✐♥❣ ♣❛r❛♠❡t❡r s♣❛❝❡ ✐♥t♦ s❡t ♦❢ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts✳ ❲❤✐t❡ ✫ ②❡❧❧♦✇✿
✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✇♦r❦s ❛♥❞ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s r❡st❛rt✳ ❲❤✐t❡✿ ❧♦✇ t②♣❡ ✐s s❤✉t❞♦✇♥✳
❇❧❛❝❦✿ ✉♣✇❛r❞ ❝♦♥str❛✐♥t ❜✐♥❞s ❛❞ ✐♥✜♥✐t✉♠✳ αH = 1 − αL = α ♦♥ t❤❡ x✲❛①✐s✱ δA ♦♥
t❤❡ y✲❛①✐s✳ δP ≈ 1✱ R(k) = 2

√
k✱ θL = 1✳

✹ ❘❡❝✉rs✐✈❡ ❛♣♣r♦❛❝❤✿ ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

✹✳✶ ❆ r❡st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠

■♥ ♦r❞❡r t♦ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ ❡✈❡♥ ✇❤❡♥ ✐t ✐s ♥❡✈❡r r❡st❛rt✱

✇❡ t✉r♥ t♦ t❤❡ r❡❝✉rs✐✈❡ ❛♣♣r♦❛❝❤✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥ ♦r❞❡r r❡❝✉rs✐❢② ❛

❞②♥❛♠✐❝ ❝♦♥tr❛❝t✐♥❣ s❡q✉❡♥❝❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ N ✲st❛t❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ t②♣❡s✱

t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ♦❢ ♣r♦♠✐s❡❞ ✉t✐❧✐t② ✐s r❡q✉✐r❡❞ t♦ ❜❡ N ✲❞✐♠❡♥s✐♦♥❛❧ ✭❋❡r♥❛♥❞❡s

❛♥❞ P❤❡❧❛♥ ✭✷✵✵✵✮✮✳ ■♥ ♦✉r ♠♦❞❡❧✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ICL(h
t−1) ✇✐❧❧ ❛❧✇❛②s

❜✐♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ ❤❡♥❝❡✱ U∗(θL|ht−1) = 0 ∀ ht−1✳ ❚❤✉s✱ ❡✈❡♥ t❤♦✉❣❤

❛❣❡♥t✬s t②♣❡ ❢♦❧❧♦✇s ❛ t✇♦ st❛t❡ ▼❛r❦♦✈ ♣r♦❝❡ss✱ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ st❛t❡ ✈❛r✐✲

❛❜❧❡✱ ✈✐③✳ U(θH |ht−1) = w ∈ R+✱ ✇✐❧❧ s✉✣❝❡ t♦ ❡♥❝♦❞❡ ❛❧❧ t❤❡ r❡q✉✐r❡❞ ❤✐st♦r②

❞❡♣❡♥❞❡♥❝❡✳

■♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ s❡q✉❡♥❝❡ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ (⋆)✳ ❋r♦♠ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ♦♥✇❛r❞s✱ ❢♦r

❛ ♣r♦♠✐s❡❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ w t♦ t❤❡ ❤✐❣❤ t②♣❡ ❛♥❞ ❧❛st ♣❡r✐♦❞ t②♣❡ j✱ ❞❡✜♥❡

✷✵



t❤❡ ♦❜❥❡❝t✐✈❡ ❛s ❢♦❧❧♦✇s✿

(RP) Sj(w) = max
(z,k)∈R4

+

αj

[
s(kH , θH)− (δP − δA)αHzH + δPSH(zH)

]
+

+ (1− αj)
[
s(kL, θL)− (δP − δA)αLzL + δPSL(zL)

]
s✳t✳

w ≥ ∆θR(kL) + δA(αH − αL)zL

w ≤ ∆θR(kH) + δA(αH − αL)zH

❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡ t❤❡ s✉r♣❧✉s ✇❤❡♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♣r♦♠✐s❡❞ t♦

t❤❡ ❛❣❡♥t ✐s ✜①❡❞ ❛t (w, 0) ♦r αjw + (1 − αj)0 ✐♥ ❡①♣❡❝t❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ ❢♦✉r

❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s✿ ✇♦r❦✐♥❣ ❝❛♣✐t❛❧ ❛❞✈❛♥❝❡s k = (kH , kL) ❛♥❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s z =

(zH , zL)❀ ♥♦t❡ t❤❛t zi r❡♣r❡s❡♥ts t❤❡ ✉t✐❧✐t② ♣r♦♠✐s❡❞ t♦ t❤❡ ❤✐❣❤ ❚❋P t②♣❡ ♥❡①t

♣❡r✐♦❞ ✐❢ t❤❡ ❝✉rr❡♥t t②♣❡ ✐s θi✳ ❚❤❡ t❡r♠ (δP −δA)αizi ❝❛♣t✉r❡s t❤❡ ✐♥t❡rt❡♠♣♦r❛❧

❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥ ✐♥❝✉rr❡❞ ❜② t❤❡ ♣r✐♥❝✐♣❛❧ ✐♥ ♣r♦✈✐❞✐♥❣ ❛ ❝♦♥t✐♥✉❛t✐♦♥

✈❛❧✉❡ ♦❢ zi✳ ❚❤❡ t✇♦ ❝♦♥str❛✐♥ts ❛r❡ t❤❡ ✏❞♦✇♥✇❛r❞✑ ❛♥❞ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥ts✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ♦❢ θH t②♣❡ ✐s s✉❜s✉♠❡❞ ✐♥

t❤❡ r❡❝✉rs✐✈❡ ❞♦♠❛✐♥✳

❆t ❞❛t❡ t = 1✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❞✐✛❡r❡♥t ❢♦r t✇♦ r❡❛s♦♥s✿ t❤❡ ❜❡❧✐❡❢ ❡q✉❛❧s

t❤❡ ♣r✐♦r ❛♥❞ ❝♦♥tr❛❝t ❤❛s ♥♦t ②❡t ❜❡❡♥ ✐♥✐t✐❛❧✐③❡❞✳ ❚♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ❝♦♥tr❛❝t✱

w = U(θH)− U(θL) ♠✉st ❜❡ ❝❤♦s❡♥✳ ❚❤❡ ♣r♦❜❧❡♠ r❡❛❞s ❛s ❢♦❧❧♦✇s✿

(⋄) Π∗ = max
(w,z,k)∈R5

+

−µHw + µH

[
s(kH , θH)− (δP − δA)αHzH + δPSH(zH)

]
+

+ µL

[
s(kL, θL)− (δP − δA)αLzL + δPSL(zL)

]
s✳t✳

w ≥ ∆θR(kL) + δA(αH − αL)zL

w ≤ ∆θR(kH) + δA(αH − αL)zH

❲❡ s❤♦✇ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✐♥ (⋆) ❛♥❞ (⋄) ❝♦✐♥❝✐❞❡✱ ❥✉st✐❢②✐♥❣ ♦✉r ❢♦❝✉s

♦♥ t❤❡ r❡❝✉rs✐✈❡ ♣r♦❜❧❡♠✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s t❤❡ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t ✐s ✐♥❢♦r♠❛❧❧②

❝❤❛r❛❝t❡r✐③❡❞✱ ❢♦r♠❛❧ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✹✳✷ ❖♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡①♣♦s✐t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t✱

〈w∗,k(·), z(·)〉✱ ✇❤❡r❡ (k(w), z(w)) s♦❧✈❡s (RP) ❢♦r ❡❛❝❤ w ≥ 0✱ ❛♥❞ (⋄) ✐s s♦❧✈❡❞

✷✶



❜② (w∗,k(w∗), z(w∗))✳✶✾ ❲❡ st❛rt ✇✐t❤ r❡❣✐st❡r✐♥❣ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ❛❧❧♦❝❛t✐♦♥

✇✐t❤ r❡s♣❡❝t t♦ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❣✐✈❡♥ t♦ t❤❡ ❤✐❣❤ t②♣❡✳

❋♦r t❤❡ ♦♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t✱ ❛❧❧♦❝❛t✐♦♥s ❢♦r t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇ ❚❋P

s❤♦❝❦s ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ w✳ ■♥t✉✐t✐✈❡❧② s♣❡❛❦✐♥❣✱ t❤❡ ❞♦✇♥✇❛r❞

✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❜✐♥❞s ♦♥❧② ❢♦r ❧♦✇ ✈❛❧✉❡s ♦❢ w✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛❧❧♦❝❛t✐♦♥

❛♥❞ ♣r♦♠✐s❡❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✉♣♦♥ ❛♥♥♦✉♥❝✐♥❣ t❤❡ ❧♦✇ t②♣❡ ✭t❤❛t ✐s✱ kL ❛♥❞

αLzL✮ ♠✉st ❜❡ ❞✐st♦rt❡❞ ❞♦✇♥✇❛r❞s t♦ ♣r❡✈❡♥t t❤❡ ❤✐❣❤ t②♣❡ ❢r♦♠ ♠✐sr❡♣♦rt✐♥❣✳

■♥❞❡❡❞✱ t❤❡r❡ ❡①✐sts ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ w∗
L s♦ t❤❛t t❤❡ ❞♦✇♥✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t

❜✐♥❞s ♦♥❧② ❢♦r w ≤ w∗
L✳ ❚❤❡ ✐♥❝❡♥t✐✈❡ ♣r♦❜❧❡♠ ✐s ♠♦r❡ s❡✈❡r❡ ❢♦r ❧♦✇ ✈❛❧✉❡s ♦❢ w✱

t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r t❤r❡s❤♦❧❞ wo
k ❜❡❧♦✇ ✇❤✐❝❤ t❤❡ ❝♦♥tr❛❝t ❞♦❡s ♥♦t s✉♣♣❧② θL✳

❇② t❤❡ s✐♠✐❧❛r r❡❛s♦♥✐♥❣✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ♣r♦♠✐s❡❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✉♣♦♥

❛♥♥♦✉♥❝✐♥❣ t❤❡ ❤✐❣❤ t②♣❡ ✭t❤❛t ✐s✱ kH ❛♥❞ αHzH✮ ♠✉st ❜❡ ❞✐st♦rt❡❞ ✉♣✇❛r❞s ✐❢

t❤❡ ✉♣✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❜✐♥❞s✳ ❆♥❞✱ t❤❡r❡ ❡①✐sts ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ w∗
H s✉❝❤

t❤❛t t❤✐s ❝♦♥str❛✐♥t ❜✐♥❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ≥ w∗
H ✳ ❋✐❣✉r❡ ✹❛ ♣❧♦ts t❤❡ ♦♣t✐♠❛❧

❛❧❧♦❝❛t✐♦♥ ❛s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❛❣❡♥t✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡

r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❆❧❧♦❝❛t✐♦♥ ✐♥ t❤❡ ♦♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✲

✐♥❣✿

✭❛✮ ∃w∗
H s✉❝❤ t❤❛t kH(w) = ke(θH) ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ≤ w∗

H ✱ kH(·) ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ♦♥ [w∗
H ,∞)✳

✭❜✮ ∃wo
k, w

∗
L s✉❝❤ t❤❛t kL(w) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ≤ wo

k✱ kL(w) = ke(θL) ✐❢ ❛♥❞

♦♥❧② ✐❢ w ≥ w∗
L✱ kL(·) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [wo

k, w
∗
L]✳

❚❤❡ ❞②♥❛♠✐❝s ♦❢ ♣r♦♠✐s❡❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ■♥ ❡❛❝❤

❝❛s❡ zH ❛♥❞ zL ❛r❡ ♣❧♦tt❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ w✳ ❚❤❡ ✹✺◦ ❧✐♥❡ ♣❛rt✐t✐♦♥s t❤❡ q✉❛❞r❛♥t

✐♥t♦ r❡❣✐♦♥s ✇❤❡r❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥❝r❡❛s❡s ♦r ❞❡❝r❡❛s❡s ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✳ w∗
H

❛♥❞ w∗
L ❛r❡ t❤❡ t❤r❡s❤♦❧❞s ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❆♥❞ t❤❡ ❜♦❧❞ ❞♦ts r❡♣r❡s❡♥t s♦♠❡

♣♦✐♥ts ✐♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳ ✷✵

✶✾❆s ✐♥ t❤❡ s❡q✉❡♥t✐❛❧ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ tr❛♥s❢❡rs ❛r❡ ✉♥✐q✉❡❧②
♣✐♥♥❡❞ ❞♦✇♥✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ✇❡ ❢♦r♠❛❧❧② s❤♦✇ ✐♥ t❤❡ ❛♣♣❡♥❞✐① t❤❛t ♦♥❧② zH ❝♦✉❧❞ ❢❛✐❧ t♦ ❜❡
✉♥✐q✉❡ ❛t ❛ s✐♥❣❧❡ ♣♦✐♥t✳ ❚❤❡ ❞❡t❛✐❧s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✭❈❧❛✐♠ ✹✮✳

✷✵❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐♥❞✉❝❡s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ t❤❡ r❡❝✉rs✐✈❡ ❞♦♠❛✐♥✳ ❋♦r♠❛❧❧②✱ t❤❡
▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❜② F ∗

i|j(A|w) = ✶(zi(w) ∈ A)f(θi|θj) t❤❛t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡
❡①♣❡❝t❡❞ ✉t✐❧✐t② ♣r♦♠✐s❡❞ t♦ t❤❡ ❛❣❡♥t ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞ ❧✐❡s ✐♥ s♦♠❡ ❇♦r❡❧ ♠❡❛s✉r❛❜❧❡ s❡t
A ⊆ R+ ✇❤❡♥ t❤❡ t②♣❡ r❡❛❧✐③❡❞ ✐s θi✱ ❣✐✈❡♥ t❤❛t t❤❡ ❝✉rr❡♥t ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛♥❞ ❧❛st ♣❡r✐♦❞✬s

✷✷



❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❛❧❧ t❤❡ ✜❣✉r❡s t❤❡ ♣♦✐♥t zeH ❛t ✇❤✐❝❤ zH(·) ✐♥t❡rs❡❝ts t❤❡ ✹✺◦

❧✐♥❡ ❝♦♥st✐t✉t❡s ❛ ❜♦❧❞ ❞♦t✳ ❊❛❝❤ t✐♠❡ ❛ ❤✐❣❤ s❤♦❝❦ ❛rr✐✈❡s ✐t ✐s ♣♦ss✐❜❧❡ ❢♦r t❤❡

♦♣t✐♠❛❧ ❝♦♥tr❛❝t t♦ st❛② ❛t t❤❡ s❛♠❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②✱ ❛♥❞ ✐t s✉r❡❧② ❞♦❡s s♦ ✐❢ t❤❡

✉♣✇❛r❞ ❝♦♥str❛✐♥t ✐s ♥♦t ❜✐♥❞✐♥❣✳

k

w

kH

kL

w∗
Hwo

k w∗
L

ke(θH)
ke(θL)

✭❛✮ ❛❧❧♦❝❛t✐♦♥

z

w

zL

zH

45o

wo
z w∗

Hw∗
L

✭❜✮ s❤✉t❞♦✇♥

z

w

zL

zH
45o

w∗
H

zeH

w∗
L

wf

✭❝✮ ❡✈❡♥t✉❛❧❧② r❡st❛rt

z

w

zL

zH45o

w∗
H

zeH

w∗
L

wf

✭❞✮ ♥❡✈❡r r❡st❛rt

❋✐❣✉r❡ ✹✿ ❖♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t

❈♦♥s✐❞❡r ✜rst t❤❡ s✐t✉❛t✐♦♥ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹❜✳ ❍❡r❡ zeH = 0✳ ❙✐♥❝❡ ❜♦t❤

❝✉r✈❡s ❧✐❡ ❜❡❧♦✇ t❤❡ ✹✺◦ ❧✐♥❡✱ t❤❡ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t ❝♦♥t✐♥✉❛❧❧② s❤r✐♥❦s ✐♥ ❡①♣❡❝t❡❞

✈❛❧✉❡✳ ■t q✉✐❝❦❧② ❝♦♥✈❡r❣❡s✱ ♠♦st ♦❢t❡♥ ✐♠♠❡❞✐❛t❡❧②✱ t♦ t❤❡ ❜♦❧❞ ♣♦✐♥t ❛t ③❡r♦

✇❤✐❝❤ ✐♠♣❧✐❡s ❛♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ③❡r♦ ❛♥❞ ❛ ❝♦♠♣❧❡t❡ s❤✉t❞♦✇♥ ♦❢ t❤❡ ❧♦✇ ❚❋P

t②♣❡✳ ■♥ ❋✐❣✉r❡s ✹❝ ❛♥❞ ✹❞✱ ✇❡ ♣♦rtr❛② t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ✇❤✐❝❤ ❞♦❡s

♥♦t ❢❡❛t✉r❡ s❤✉t❞♦✇♥s✳ ❚❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❤✐❣❤ s❤♦❝❦ ♣✉s❤❡s t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②

t♦✇❛r❞s zeH ✳ ❖♥ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❧♦✇ s❤♦❝❦✱ ♣r♦♠✐s❡❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛❜♦✈❡ wf

s❤♦❝❦ ❛r❡ ❣✐✈❡♥ ❜② w ❛♥❞ θj ✱ r❡s♣❡❝t✐✈❡❧②✳ ❇② t❤❡ st❛♥❞❛r❞ ♠✐①✐♥❣ ❛r❣✉♠❡♥t✱ t❤❡ ▼❛r❦♦✈
♣r♦❝❡ss ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❤❛✈❡ t❤❡ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥✱ s❡❡ ❚❤❡♦r❡♠ ✶✷✳✶✷ ♦❢ ❙t♦❦❡②
❡t ❛❧✳ ✭✶✾✽✾✮✳

✷✸



❝♦♥tr❛❝ts✱ ❛♥❞ ❜❡❧♦✇ wf ✐t ❡①♣❛♥❞s✳ ❚❤❡ ❦❡② ❝♦♥❞✐t✐♦♥ t❤❛t ❝❤❛r❛❝t❡r✐③❡s ❋✐❣✉r❡

✹❝ ✐s wf ≤ w∗
H ✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡ ✉♣✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❞♦❡s ♥♦t ❜✐♥❞

✐♥ t❤❡ ✐♥t❡r✈❛❧ [zeH , w
f ]✱ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r♦♠✐s❡❞ ❡①♣❡❝t❡❞

✉t✐❧✐t② r❡sts t❤❡r❡✐♥✳✷✶ ■♥ ❝♦♥tr❛st✱ ❋✐❣✉r❡ ✹❞ ❡①♣♦s✐ts t❤❡ ❝❛s❡ ✇✐t❤ ♣❡r❡♥♥✐❛❧

❜✐♥❞✐♥❣ ♦❢ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ✇❤✐❝❤ ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥

wf > w∗
H ✳

❋✐♥❛❧❧②✱ t❤❡ ♦♥❧② ♠✐ss✐♥❣ ♣✐❡❝❡ ✐s ✐♥✐t✐❛❧✐③❛t✐♦♥✲ ✇❤❡r❡ ❞♦❡s t❤❡ ♦♣t✐♠❛❧ r❡✲

❝✉rs✐✈❡ ❝♦♥tr❛❝t st❛rt❄ ❲❡ s❤♦✇ t❤❛t t❤❡ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t ✐s ✐♥✐t✐❛❧✐③❡❞ ❛t ❛

✉♥✐q✉❡ ♣♦✐♥t w∗ ∈ [0, w∗
L]✳ ❚❤❡r❡❢♦r❡✱ ❛t t❤❡ ✐♥❝❡♣t✐♦♥ t❤❡ ❞♦✇♥✇❛r❞ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥t ❛❧✇❛②s ❜✐♥❞s✱ ✇❤✐❧❡ t❤❡ ✉♣✇❛r❞ ❝♦♥str❛✐♥t ♠❛② ♦r ♠❛② ♥♦t ❜✐♥❞✳ ❚❤❡

♥❡①t ♣r♦♣♦s✐t✐♦♥ s✉♠♠❛r✐③❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥ t❤❡ ♦♣t✐♠❛❧ r❡✲

❝✉rs✐✈❡ ❝♦♥tr❛❝t✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❊①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ t❤❡ ❛❣❡♥t ✐♥ t❤❡ ♦♣t✐♠❛❧ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭❛✮ ∃wo
z , z

e
L s✉❝❤ t❤❛t zL(w) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ≤ wo

z✱ zL(w) = zeL ✐❢ ❛♥❞ ♦♥❧②

✐❢ w ≥ w∗
L✱ zL(·) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [wo

z , w
∗
L]✳

✭❜✮ ∃zeH s✉❝❤ t❤❛t zH(w) = zeH ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ≤ w∗
H ✱ zH(·) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

♦♥ [w∗
H ,∞)✳

✭❝✮ zL(·) ❤❛s ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧❧② st❛❜❧❡ ✜①❡❞ ♣♦✐♥t wf ∈ [zeH , z
∗
L]✱ ❛♥❞ zH ❤❛s ❛

✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t zeH ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θL > aL
1−b

∆θ✳

✭❞✮ ❚❤❡ t❤r❡s❤♦❧❞s s❛t✐s❢② zeH ≤ wf ≤ zeL < w∗
L✱ z

e
H < w∗

H ✱ ❛♥❞ zeL 6= zeH ✐❢ ❛♥❞

♦♥❧② ✐❢ zeL > 0✳

✭❡✮ ∃w∗ ∈ [0, w∗
L] s✉❝❤ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t st❛rts ❛t t❤✐s ♣♦✐♥t✱ ❛♥❞ ✐t

❛❧✇❛②s st❛②s ✇✐t❤✐♥ [0, w∗
L]✳

Pr♦♣♦s✐t✐♦♥s ✹ ❛♥❞ ✺ ♣r❡❝✐s❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳ ❙t❛rt✐♥❣

❛t w∗✱ ❡❛❝❤ s✉❜s❡q✉❡♥t r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❛❣❡♥t✬s t②♣❡ ❞❡t❡r♠✐♥❡s t❤❡ ♦♣t✐♠❛❧

❛❧❧♦❝❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢♦r t❤❡

♥❡①t ♣❡r✐♦❞✱ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✺✳

✷✶❚♦ ✜♥❞ t❤❡ s✉♣♣♦rt✱ ✇❡ r❡♣❡❛t❡❞❧② ❛♣♣❧② zL(·) t♦ zeH ✱ t❤❡ ❜♦❧❞ ♣♦✐♥ts ✐♥ ❋✐❣✉r❡ ✹❝ ❞❡♣✐❝t
t❤✐s s❡t✳

✷✹



❚❤❡r❡ ✐s ♦❢ ❝♦✉rs❡ ❛ ♦♥❡✲t♦✲♦♥❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♠❛❧ r❡❝✉rs✐✈❡

❝♦♥tr❛❝t✱ ❛♥❞ t❤❡ s❡q✉❡♥t✐❛❧ ♦♣t✐♠✉♠✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥ts ❛❧✇❛②s ❜✐♥❞✱ ❛♥❞ t❤❡ ❧♦✇ t②♣❡ ❛❧✇❛②s ❣❡ts t❤❡ ♣r♦♠✐s❡❞ ✉t✐❧✐t② ♦❢

③❡r♦✳ ❚❤❡ ❤✐❣❤ t②♣❡ ❛❧❧♦❝❛t✐♦♥ ❝❛♥ ❜❡ ❞✐st♦rt❡❞ ♦♥❧② ✉♣✇❛r❞s✱ ✇❤❡r❡❛s t❤❡ ❧♦✇

t②♣❡ ❛❧❧♦❝❛t✐♦♥ ✐s ❛❧✇❛②s ❞✐st♦rt❡❞ ❞♦✇♥✇❛r❞s✳

▼♦r❡♦✈❡r✱ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❡❛❝❤ θH ❞❡❝r❡❛s❡s t❤❡ ♣r♦♠✐s❡❞ ✉t✐❧✐t② ♦✛❡r❡❞

t♦ t❤❡ ❤✐❣❤ t②♣❡ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞ ✇❤✐❝❤ r❡❞✉❝❡s ❞✐st♦rt✐♦♥ ❢♦r t❤❡ ❤✐❣❤ t②♣❡

❛❧❧♦❝❛t✐♦♥✱ ❜✉t ✐♥❝r❡❛s❡s ❛ ❞✐st♦rt✐♦♥ ✐♥ t❤❡ ❧♦✇ t②♣❡✳ ■t t❛❦❡s ❛♥ ❡♥❞♦❣❡♥♦✉s

♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ θH ❢♦r t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t t♦ st♦♣ ❜✐♥❞✐♥❣✳

❆❢t❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s✱ θL ❛❧✇❛②s ✐♥❝r❡❛s❡s t❤❡ ♣r♦♠✐s❡❞ ✉t✐❧✐t② ♦✛❡r❡❞

t♦ t❤❡ ❤✐❣❤ t②♣❡ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞ ✇❤✐❝❤ t✐❣❤t❡♥s t❤❡ ❞✐st♦rt✐♦♥ ❢♦r t❤❡ ❤✐❣❤

t②♣❡ ❛❧❧♦❝❛t✐♦♥✱ ❜✉t r❡❧❛①❡s ❞✐st♦rt✐♦♥s ❢♦r t❤❡ ❧♦✇ t②♣❡ ❛❧❧♦❝❛t✐♦♥✳ ■t t❛❦❡s ❛♥

❡♥❞♦❣❡♥♦✉s ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ θL ❢♦r t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t t♦

st❛rt ❜✐♥❞✐♥❣✳

✺ ❖♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t

❲❤❡♥ t❤❡ ✉♣✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❜✐♥❞s ❢♦r❡✈❡r✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♥❡✈❡r

r❡st❛rt✱ ❛♥❞ ✐t ✐s q✉✐t❡ ❤❛r❞ t♦ ❡①❛❝t❧② ♣✐♥ ❞♦✇♥ ✐♥ t❡r♠s ♦❢ t❤❡ s❡q✉❡♥t✐❛❧ ❢♦r♠✉✲

❧❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥str✉❝t ❛♥ ❛♣♣r♦①✐♠❛t❡❧② ♦♣t✐♠❛❧ s❡q✉❡♥t✐❛❧ ❝♦♥tr❛❝t

❜② r❡str✐❝t✐♥❣ ♦✉r s❡❛r❝❤ t♦ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ r❡st❛rt ❝♦♥tr❛❝ts✳

❚❤❡r❡ ❛r❡ t✇♦ r❡❛s♦♥s ❢♦r t❤✐s r❡str✐❝t✐♦♥✿ ✭✐✮ ✐t ✐s ❛ ❢❛✐r❧② ✐♥t✉✐t✐✈❡ ❝r✐t❡r✐♦♥ ❛♥❞

s✐♠♣❧❡ t♦ ❞❡s❝r✐❜❡✱ ❛♥❞ ✭✐✐✮ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❢❛❧❧s ✇✐t❤✐♥ t❤✐s ❝❧❛ss✱

❛♥❞ s♦ ✐❢ ✐t ✐s ✐♥❞❡❡❞ ❣❧♦❜❛❧❧② ♦♣t✐♠❛❧ t❤❡r❡ ✐s ♥♦ ❧♦ss✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s s✐♠✐❧❛r

✐♥ s♣✐r✐t t♦ ❈❤❛ss❛♥❣ ✭✷✵✶✸✮ ✐♥ t❤❛t ✐t ❡♠♣❤❛s✐③❡s t❤❡ s❡❛r❝❤ ❢♦r ❛♣♣r♦①✐♠❛t❡❧②

♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ❜② ❝♦♥str❛✐♥✐♥❣ t❤❡ ✐♥str✉♠❡♥ts ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ♣r✐♥❝✐♣❛❧✱ ❜✉t

✐t ✐s ❛❧s♦ ❞✐✛❡r❡♥t ✐♥ t❤❛t ✇❡ ❞♦ st✐❧❧ ❞❡♠❛♥❞ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳

❚❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❛❧✇❛②s ❜✐♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥✲

tr❛❝t✳✷✷ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s ✭s❡❡ ❋✐❣✉r❡ ✷✮ t❤❛t t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥✲

tr❛❝t t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿ t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s (kt, Ut) ❛♥❞ (k̂t, Ût) ❛♥❞

❛ ♥✉♠❜❡r k(θH) s✉❝❤ t❤❛t ∀t✱ k(θL|θt−1
L ) = k̂t✱ U(θH |θt−1

L ) = Ût ❛♥❞ ∀ht−1✱

✷✷❚❤✐s ❝♦✉❧❞ ❜❡ s❤♦✇♥ ❜② t❤❡ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✷ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✷✺



k(θH |ht−1) = k(θH) ❛♥❞ U(θL|ht−1) = 0✱

k(θL|ht−1, θH , θ
s−1
L ) = ks ❛♥❞ U(θH |ht−1, θH , θ

s−1
L ) = Us, ∀s.

❚❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ❝❛♥ ♥♦✇ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉♣♣❧② ❝♦♥tr❛❝t ❝❤❛r❛❝t❡r✐③❡s t❤❡ r❡st❛rt ♦♣t✐♠✉♠✿

kR(θH |ht−1) = kR(θH) ≥ ke(θH),

kR(θL|ht−1) =

{

KL(ρ̂t), ✐❢ ht−1 = θt−1
L ,

KL(ρs), ✐❢ ht−1 = (hτ−1, θH , θ
s
L) , s✳t✳ τ + s = t− 1,

✇❤❡r❡ ρ̂t = max{bρ̂t−1 + aL, γ}✱ ρ̂1 ≥ µH

µL
❛♥❞ ρt = max{bρt−1 + aL, γ}✱ γ < ρ1 ≤

aH ❢♦r s♦♠❡ γ ∈
[

aL
1−b

, aH
]
✳✷✸

❚❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t r❡s❡♠❜❧❡s t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ♦♥❡ ✭s❡❡ Pr♦♣♦✲

s✐t✐♦♥ ✷✮✱ ❜✉t t❤❡r❡ ❛r❡ t❤r❡❡ ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡s✿ ✭✐✮ t❤❡ ❤✐❣❤ t②♣❡ ❛❧❧♦❝❛t✐♦♥

✐s ✭♣♦t❡♥t✐❛❧❧②✮ ❞✐st♦rt❡❞ ✉♣✇❛r❞s✱ ✭✐✐✮ t❤❡ ✐♥✐t✐❛❧ ❞✐st♦rt✐♦♥ ❛t t❤❡ ❧♦✇❡st ❤✐s✲

t♦r② ✐s ❤✐❣❤❡r ❛♥❞ t❤❛t ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡ ✐s ❧♦✇❡r✱ ❛♥❞ ✭✐✐✐✮ t❤❡r❡ ✐s ❛ ✢♦♦r

♦♥ ❞✐st♦rt✐♦♥s✱ s♦ t❤❡ ❝♦♥tr❛❝t ❤❛s ❛ ✜♥✐t❡ ♠❡♠♦r② ❛❧♦♥❣ ❝♦♥s❡❝✉t✐✈❡ ❧♦✇ ❚❋P

s❤♦❝❦s✳✷✹ ❈❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❞✐st♦rt✐♦♥s ❛♥❞ t❤❡ ✢♦♦r ❛r❡ ❞❡t❡r♠✐♥❡❞

❜② ❛♥❛❧②③✐♥❣ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ♦❢ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳

❍♦✇ ✇❡❧❧ ❞♦❡s t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ♣❡r❢♦r♠❄ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♣r✐♥❝✐✲

♣❛❧✬s ♣r♦✜t ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱

ΠR ≤ Π∗✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✐s ✈❡r② ❤❛r❞ t♦ t❤❡♦r❡t✐✲

❝❛❧❧② ❝♦♠♣✉t❡ ✇❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ♥♦t ✈❛❧✐❞✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ st✐❧❧

❜♦✉♥❞ t❤❡ ❧♦ss ❜② ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠✉♠✱ Π#✱ ✇❤✐❝❤ ✐s

❝❛❧❝✉❧❛❜❧❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳ ❙✐♥❝❡ Π∗ ≤ Π#✱ ✇❡ ♠✉st ❤❛✈❡ Π∗ − ΠR ≤ Π# − ΠR✳✷✺

❲❡ ✉s❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s t♦ ❛ss❡ss t❤❡ ❣❛♣✳ ❆tt❛❝❤ ❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r

t♦ ❡❛❝❤ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ♠✉❧t✐♣❧✐❡rs ❛t t❤❡ r❡st❛rt

✷✸■♥ ❢❛❝t✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t aL

1−b
≤ aH ❤♦❧❞s ❢♦r ❛♥② ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s ♦❢ δA✱ δP ✱

αH ❛♥❞ αL✳ ❍❡♥❝❡✱ t❤❡ ✐♥t❡r✈❛❧ ✐s ♥❡✈❡r ❡♠♣t②✳
✷✹❍♦✇❡✈❡r✱ ✐t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ❤❛s ♣♦s✐t✐✈❡ ♠❡♠♦r② ✐♥ t❤❛t

✐t ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ st❛t✐❝ ♦♣t✐♠✉♠✱ ✐t ❞♦❡s str✐❝t❧② ❜❡tt❡r t❤❛♥ t❤❡ r❡♣❡t✐t✐♦♥ ♦❢ t❤❡ st❛t✐❝
♦♣t✐♠✉♠✳

✷✺❈❛❧❝✉❧❛t✐♥❣ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠✉♠ ✐♥✈♦❧✈❡s t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♦❜❥❡❝t✐✈❡ ✐♥ ✭⋆✮
❜✉t ✇✐t❤ ❛ str✐❝t s✉❜s❡t ♦❢ ❝♦♥str❛✐♥ts✱ s♦ ❡✈❡♥ ✐❢ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ♥♦t ✈❛❧✐❞ ✐t ❣✐✈❡s
❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡✱ Π∗✳

✷✻



♦♣t✐♠✉♠✳ ◗✉❛♥t✐❢② ❤♦✇ ♠✉❝❤ s❧❛❝❦ ♥❡❡❞s t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡s❡ ❝♦♥str❛✐♥ts s♦

t❤❛t t❤❡ s♦❧✉t✐♦♥ t❤❡♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠✉♠✳ ✷✻,✷✼ ❚❤❡ ❣❡♥❡r❛❧

❡st✐♠❛t❡ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s

Π# − ΠR ≤ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs · ❙❧❛❝❦.

Pr♦♣♦s✐t✐♦♥ ✼✳ ❚❤❡r❡ ❡①✐st t✇♦ ❜♦✉♥❞s✱ Ba ❛♥❞ Br✱ ❢✉♥❝t✐♦♥ ♦❢ ♣r✐♠✐t✐✈❡s Γ✱

s✉❝❤ t❤❛t Π∗ − ΠR ≤ Ba(Γ) ❛♥❞ 1− ΠR

Π∗
≤ Br(Γ)✳

❖♥❡ ✐s ❛♥ ❛❞❞✐t✐✈❡ ❜♦✉♥❞✱ ❛♥❞ t❤❡ ♦t❤❡r ✐s ❛ ❜♦✉♥❞ ♦♥ t❤❡ r❛t✐♦✳ ■♥ t❤❡

❛♣♣❡♥❞✐① ✇❡ ♣r♦✈✐❞❡ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s ✐♥ t❡r♠s ♦❢ ❢✉♥❞❛♠❡♥t❛❧s✳ ❋✐❣✉r❡ ✺

❞❡♣✐❝ts t❤❡ ❧♦ss ❢r♦♠ ✉s✐♥❣ t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ❢♦r ❛ s♣❡❝✐✜❝ ❡①❛♠♣❧❡✲ ❛s

❜❡❢♦r❡ ✇❡ s❡t θL = 1✱ δP = 0.8 ❛♥❞ R(k) = 2
√
k✳ ❚❤❡ ✉♥s❤❛❞❡❞ r❡❣✐♦♥ r❡♣r❡s❡♥ts

t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ s♦ t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠✉♠✳ ❲❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✐s ♥♦t ✈❛❧✐❞ t❤❡

❛♥❛❧②t✐❝❛❧ ❜♦✉♥❞ ♥❡✈❡r ❡①❝❡❡❞s ✸✳✺ ♣❡r❝❡♥t ❛♥❞ t❤❡ ❛❝t✉❛❧ ❧♦ss ✐s ♥❡✈❡r ♠♦r❡

t❤❛♥ ✷ ♣❡r❝❡♥t✳✷✽

✻ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❉♦❡s t❤❡ ♣r✐♥❝✐♣❛❧ ❢❛✈♦r t❤❡ ✐♠♣❛t✐❡♥t ❛❣❡♥t ♦r t❤❡ ♣❛t✐❡♥t ❛❣❡♥t ❛♥❞ ✇❤❛t ❞❡✲

t❡r♠✐♥❡s t❤❡ r❛♥❦✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts ❛♥②❄ ❇r♦❛❞❧② s♣❡❛❦✐♥❣✱ ✐❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss

✷✻❋♦r♠❛❧❧②✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❛①✐♠✐③✐♥❣ ♣r✐♥❝✐♣❛❧✬s ♣r♦✜t Π ♦✈❡r t❤❡ ❝❧❛ss ♦❢ r❡st❛rt
❝♦♥tr❛❝ts s✉❜❥❡❝t t♦ t✇♦ s❡ts ♦❢ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥s✱ ♥❛♠❡❧② ✏❞♦✇♥✇❛r❞✑ ✭ICH✮ ❛♥❞ ✏✉♣✇❛r❞✑
✭ICL✮✿ maxm:m ✐s r❡st❛rt Π(m) s✉❜❥❡❝t ICH(m) ≥ 0 ❛♥❞ ICL(m) ≥ 0✳ ❍❡r❡✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥
ICi(m) ≥ 0 t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛❣❡♥t✬s ✉t✐❧✐t② ✐❢ tr✉t❤✲t❡❧❧✐♥❣ ♠✐♥✉s ❤✐s ✉t✐❧✐t② ✐❢ ❞❡✈✐❛t✐♥❣ ✐s ♥♦♥♥❡❣✲
❛t✐✈❡✳ ❖✉r ❣♦❛❧ ✐s t♦ q✉❛♥t✐❢② ♣r✐♥❝✐♣❛❧✬s ♣r♦✜t ❛t t❤❡ s♦❧✉t✐♦♥✱ s❛② mR✳ ❚♦ ❞♦ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡
r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✇❤❡♥ ICL ✇❛s ♥♦t ♣r❡s❡♥t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ s♦✲❝❛❧❧❡❞ ✜rst✲♦r❞❡r
♦♣t✐♠❛❧ ❝♦♥tr❛❝t m#✳ ◆❡①t✱ ❝♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠✿ maxm:m ✐s r❡st❛rt Π(m) s✉❜❥❡❝t t♦
ICH(m) ≥ 0 ❛♥❞ ICL(m) ≥ −ε✱ ❛♥❞ ❞❡♥♦t❡ ✐ts s♦❧✉t✐♦♥ ❜② mA(ε) ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛✲
❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r λ(ε)✳ ❈❧❡❛r❧②✱ mA(0) = mR ❛♥❞mA[ICL(m

#)] = m#✱ t❤❛t ✐s ε = ICL(m
#) ✐s

t❤❡ ✏♠✐♥✐♠❛❧✑ s❧❛❝❦ ♥❡❡❞❡❞ ❢♦r ICL ♥♦t t♦ ❜✐t❡✳ ■t t✉r♥s ♦✉t t❤❛t Π[mA(ε)] ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ ε ✐s ❝♦♥✈❡①✱ t❤❡r❡❢♦r❡ ❜② t❤❡ ❡♥✈❡❧♦♣❡ ❛r❣✉♠❡♥t✿ Π(m#)−Π(mR) ≤ λ(0) · ICL(m

#)✳
✷✼❖✉r ❛♣♣r♦❛❝❤ ♦❢ s❧❛❝❦✐♥❣ ✉♣✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛♥❞ q✉❛♥t✐❢②✐♥❣ t❤❡ ❧♦ss ❛ss♦❝✐❛t❡❞

❢r♦♠ t❤❡ ❡①❡r❝✐s❡ ❤❛s ❛ ✢❛✈♦r ♦❢ ▼❛❞❛rás③ ❛♥❞ Pr❛t ✭✷✵✶✼✮ ✇❤❡r❡ ❛ r♦❜✉st ❛♣♣r♦❛❝❤ t♦ ♠✉❧t✐✲
❞✐♠❡♥s✐♦♥❛❧ s❝r❡❡♥✐♥❣ ❡♥t❛✐❧s t❤❡ ♣r✐♥❝✐♣❛❧ ❣✐✈✐♥❣ ✉♣ ♣r♦✜ts ✐♥ ♦r❞❡r t♦ r❡❧❛① ❣❧♦❜❛❧ ✐♥❝❡♥t✐✈❡
❝♦♥str❛✐♥ts✳

✷✽❇② ❛❝t✉❛❧ ❧♦ss✱ ✇❡ ♠❡❛♥ t❤❡ ❡①❛❝t ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❧♦ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✉s✐♥❣ t❤❡
♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ ❛♥❞ ❜② ❛♥❛❧②t✐❝❛❧ ❧♦ss ✇❡ ♠❡❛♥
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞✱ Br✱ ❢♦r ✇❤✐❝❤ ♥♦ ♦♣t✐♠✐③❛t✐♦♥ ✐s r❡q✉✐r❡❞✱ ✐t ✐s s✐♠♣❧② ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧s ♦❢ t❤❡ ♠♦❞❡❧✳

✷✼



✭❛✮ ❛❝t✉❛❧ ❧♦ss ✭❜✮ ❛♥❛❧②t✐❝❛❧ ❧♦ss

❋✐❣✉r❡ ✺✿ P❡r❝❡♥t❛❣❡ ❧♦ss✱
(

1− ΠR

Π∗

)

∗ 100✳ αH = 1 − αL = α ♦♥ t❤❡ x✲❛①✐s ❛♥❞ δA ♦♥

t❤❡ y✲❛①✐s✳

✐s ♥♦t t♦♦ ♣❡rs✐st❡♥t ✭✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐✐❞✮✱ t❤❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs t❤❡

♣❛t✐❡♥t ❛❣❡♥t✱ ❛♥❞ ✐❢ ✐t ✐s ✈❡r② ♣❡rs✐st❡♥t ✭✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❝♦♥st❛♥t t②♣❡s✮✱

t❤❡ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs t❤❡ ✐♠♣❛t✐❡♥t ❛❣❡♥t✳ ❲❤✐❧❡ ❛ ❣❧♦❜❛❧ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝ ✐s

❡❧✉s✐✈❡✱ ✇❡ ❝❛♥ ✜♥❞ ❛ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ❢♦r t❤❡ ❧✐♠✐t ❝❛s❡s ❛♥❞ ♣r♦✈✐❞❡ ❝❧❡❛r

♥✉♠❡r✐❝❛❧ ❛r❣✉♠❡♥ts ❢♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♦♥❡s✳

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t αH = 1−αL = α✳ Pr✐♥❝✐♣❛❧✬s ❡① ❛♥t❡ ♣❛②♦✛ ✐♥ t❤❡ ✜rst✲♦r❞❡r

♦♣t✐♠❛❧✱ ♦♣t✐♠❛❧ ❛♥❞ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝ts ✈❛r✐❡s ✇✐t❤ δA ❛s ❢♦❧❧♦✇s✿

✭❛✮ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs ♣❛t✐❡♥t ❛❣❡♥t ✭δA = δP ✮ ❢♦r α s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1
2
✳

✭❜✮ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs ♠②♦♣✐❝ ❛❣❡♥t ✭δA = 0✮ ❢♦r α s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1✳

❋✐❣✉r❡ ✻ ♣❧♦ts ♣r✐♥❝✐♣❛❧✬s ♣r♦✜t ✐♥ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✭❞♦tt❡❞

❜❧✉❡✮✱ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✭r❡❞✮ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ✭❜❧✉❡✮ ❛s ❛ ❢✉♥❝✲

t✐♦♥ ♦❢ δA ❢♦r t❤❡ ❞✐✛❡r❡♥t ♣❡rs✐st❡♥❝❡ ❧❡✈❡❧s ♦❢ s②♠♠❡tr✐❝ ▼❛r❦♦✈ ❝❤❛✐♥✱ α ∈
{0.7, 0.8, 0.9, 0.95, 0.99}✱ ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✳ ❈♦♥❝❡♣t✉✲

❛❧❧②✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❤❛s t♦ ✐♥t❡r♥❛❧✐③❡ t✇♦ t②♣❡s ♦❢ ❝♦sts ✕ st❛♥❞❛r❞ ✐♥❢♦r♠❛t✐♦♥ r❡♥t

❛♥❞ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥✱ ❛♥❞ t✇♦ t②♣❡s ♦❢ ❜❡♥❡✜ts ✕ st❛♥❞❛r❞

s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② t❤❡ tr❛♥s❛❝t✐♦♥ ❛♥❞ t❤❡ ❣❛✐♥ ❢r♦♠ ❞✐✛❡r❡♥t✐❛❧ ❞✐s❝♦✉♥t✐♥❣✳

❆t ✈❡r② ❧♦✇ ❧❡✈❡❧s ♦❢ ♣❡rs✐st❡♥❝❡ t❤❡ st❛♥❞❛r❞ ✐♥❢♦r♠❛t✐♦♥ r❡♥t t❤❡ ♣r✐♥❝✐♣❛❧

❤❛s t♦ ♣❛② ✐s q✉✐t❡ ❧♦✇✱ s❤❡ ❡①tr❛❝ts ❛ ❧❛r❣❡ ♣❛rt ♦❢ t❤❡ s✉r♣❧✉s ❛s ♣r♦✜t✱ ❛♥❞ ❞♦❡s

♥♦t ✜♥❞ ✐t ✇♦rt❤✇❤✐❧❡ t♦ ♣❛② t❤❡ ❡①tr❛ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥

t♦ ❜❡♥❡✜t ❢r♦♠ ❞✐✛❡r❡♥t✐❛❧ ✐♥t❡r❡st r❛t❡s✳ ❆s ♣❡rs✐st❡♥❝❡ ✐♥❝r❡❛s❡s t❤❡ tr❛❞✐t✐♦♥❛❧

✐♥❢♦r♠❛t✐♦♥ r❡♥t ❣♦❡s ✉♣ ❛♥❞ t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥ ❣♦❡s
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✭❛✮ α = 0.7 ✭❜✮ α = 0.8

✭❝✮ α = 0.9 ✭❞✮ α = 0.95

✭❡✮ α = 0.99

❋✐❣✉r❡ ✻✿ Pr✐♥❝✐♣❛❧✬s ♣r♦✜t

❞♦✇♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r✐♥❝✐♣❛❧✬s ♣r❡❢❡r❡♥❝❡ ❢♦r t❤❡ ❢♦r✇❛r❞✲❧♦♦❦✐♥❣ ❛♣t✐t✉❞❡ ♦❢

t❤❡ ❛❣❡♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❛❣❡♥t ❛s ♠❡❛s✉r❡❞ ❜② t❤❡ ❡①t❡♥t

♦❢ ❤✐s ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥t❡r❡st✐♥❣❧②✱ ❢♦r ✐♥t❡r♠❡❞✐❛t❡ ❧❡✈❡❧s ♦❢ ♣❡rs✐st❡♥❝❡✱

s❛② α = 0.9✱ t❤❡ ♣r✐♥❝♣❛❧ ♣r❡❢❡r ❡✐t❤❡r ❛ ❝♦♠♣❧❡t❡❧② ♠②♦♣✐❝ ❛❣❡♥t ✭δA = 0✮ ♦r

❝♦♠♣❧❡t❡❧② ❢♦r✇❛r❞ ❧♦♦❦✐♥❣ ♦♥❡ ✭δA = δP ✮✱ ❜✉t ♥♦t ❣♦❧❞✐❧♦❝❦s✱ s❡❡ ❋✐❣✉r❡ ✻❝✳ ❚❤❡

♥♦♥✲♠♦♥♦t♦♥✐❝✐t② ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❡♥❡✜ts✲ st❛♥❞❛r❞ ❡❝♦✲

♥♦♠✐❝ s✉r♣❧✉s ❛♥❞ ❣❛✐♥s ❢r♦♠ ❞✐✛❡r❡♥t✐❛❧ ❞✐s❝♦✉♥t✐♥❣✲ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞✐s❝♦✉♥t✐♥❣

❛♥❞ ♣❡rs✐st❡♥❝❡✳

✷✾



✼ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❲❡ ❛♥❛❧②③❡❞ ❛ ❞②♥❛♠✐❝ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t ♠♦❞❡❧ ✇✐t❤ ♣❡rs✐st❡♥t ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥

❛♥❞ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ❯♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❝r❡❛t❡s ✐♥t❡rt❡♠♣♦r❛❧ ❣❛✐♥s ❢r♦♠

tr❛❞❡✱ ❛♥❞ ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ▼❛r❦♦✈✐❛♥ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❞✉❝❡s ✐♥t❡rt❡♠✲

♣♦r❛❧ ❝♦sts ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝✲

t❡r✐③❡❞❀ t✇♦ ❦❡② ♣r♦♣❡rt✐❡s ✉♥❞❡r❧②✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❛r❡ r❡st❛rt ❛♥❞ s❤✉t❞♦✇♥✳

❲❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ✇♦r❦✱ ✇❡ ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧

r❡st❛rt ❝♦♥tr❛❝t ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ s✐♠♣❧❡r ❛♥❞ ❛♣♣r♦①✐♠❛t❡❧② ♦♣t✐♠❛❧ ❛❧t❡r♥❛t✐✈❡✳

❯♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❤❛s ❜❡❡♥ ❡①♣❧♦r❡❞ t♦ ✈❛r②✐♥❣ ❞❡❣r❡❡s ✐♥ ❞②♥❛♠✐❝ ❣❛♠❡s

❛♥❞ ❝♦♥tr❛❝ts✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥ r❡♣❡❛t❡❞ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧ r❛t❡

♦❢ t✐♠❡ ♣r❡❢❡r❡♥❝❡✱ ♣❛②♦✛s ❢♦r t❤❡ ✐♠♣❛t✐❡♥t ♣❧❛②❡r ❝❛♥ ❜❡ ❢r♦♥t❧♦❛❞❡❞ ❛♥❞ t❤❡

s❡t ♦❢ ❡q✉✐❧✐❜r✐❛ ❡①♣❛♥❞s ❢❛✈♦r✐♥❣ t❤❡ ♣❛t✐❡♥t ♣❧❛②❡r ✭s❡❡ t❤❡ ❝❧❛ss✐❝ ▲❡❤r❡r ❛♥❞

P❛✉③♥❡r ✭✶✾✾✾✮✮✳ ■♥ ❛ ✈❡r② ❡❧❡❣❛♥t ♣❛♣❡r✱ ❖♣♣ ❛♥❞ ❩❤✉ ✭✷✵✶✺✮ ❛♥❛❧②③❡ t❤❡ ❣❡♥✲

❡r❛❧ r❡❧❛t✐♦♥❛❧ ❝♦♥tr❛❝t✐♥❣ ♠♦❞❡❧ ♦❢ ❘❛② ✭✷✵✵✷✮ ✇✐t❤ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ❚❤❡②✱

❤♦✇❡✈❡r✱ ❞♦ ♥♦t ❞❡❛❧ ✇✐t❤ ❛❣❡♥❝② ❢r✐❝t✐♦♥s✱ ❛❧❧ ❛❝t✐♦♥s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ❛r❡ ♣✉❜✲

❧✐❝❧② ♦❜s❡r✈❛❜❧❡✳ ■♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts t❤❡r❡✐♥ ❛r❡ t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ ♣✉♥✐s❤♠❡♥t

♣❤❛s❡ ✐♥ r❡♣❡❛t❡❞ ❣❛♠❡s✱ ❛ r❡s♦rt t♦ ❛✉t❛r❦② ♦♥ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ♣r❡s❝r✐❜❡❞

♣❧❛♥✳ ❚❤❡ t❤r❡❛t ♦❢ ❛✉t❛r❦② ❣❡♥❡r❛t❡s ❜❛❝❦❧♦❛❞✐♥❣ ♦❢ ♣❛②♠❡♥ts ❛♥❞ ✉♥❡q✉❛❧

❞✐s❝♦✉♥t✐♥❣ ❞♦❡s t❤❡ ❢r♦♥t❧♦❛❞✐♥❣✱ ❧❡❛❞✐♥❣ t♦ ❛ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥ s✐♠✐❧❛r t♦ ♦✉r

♣❛♣❡r✳

❇✐❛✐s ❡t ❛❧✳ ✭✷✵✵✼✮ ❡①♣❧♦r❡❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ✐♥ ❛ ❞②✲

♥❛♠✐❝ ♠♦❞❡❧ ♦❢ ♠♦r❛❧ ❤❛③❛r❞ ✇✐t❤ ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t② ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❧✐q✉✐❞❛✲

t✐♦♥✳ ❚❤❡r❡ ❡①✐sts ❛ r❡✢❡❝t✐✈❡ ❜♦✉♥❞❛r② ❜❡❧♦✇ t❤❡ ❡✣❝✐❡♥t ❧❡✈❡❧ t❤❛t ♣✉s❤❡s t❤❡

♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❜❛❝❦ t♦✇❛r❞s t❤❡ ❧✐q✉✐❞❛t✐♦♥ r❡❣✐♦♥✱ ❛♥❞ t❤❡ ❝♦♥tr❛❝t ✐s ❧✐q✉✐✲

❞❛t❡❞ ❛❧♠♦st s✉r❡❧② ✐♥ t❤❡ ❧♦♥❣✲r✉♥✳ ❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❞✐st♦rt✐♦♥s ✐s s✉st❛✐♥❡❞

✐♥ ♦✉r ♠♦❞❡❧ t❤r♦✉❣❤ ♣❡rs✐st❡♥❝❡ ✐♥ ❛❣❡♥❝② ❢r✐❝t✐♦♥s ✇❤❡r❡❛s t❤❡ s❛♠❡ ✐s ❞♦♥❡ ✐♥

t❤❡✐r ❢r❛♠❡✇♦r❦ ❜② ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t② ❛♥❞ t❤❡ t❤r❡❛t ♦❢ ❧✐q✉✐❞❛t✐♦♥✳✷✾

❖✉r ♣❛♣❡r ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ t❤❡ ♣♦❧✐t✐❝❛❧ ❡❝♦♥♦♠② ❛♥❞ ♣✉❜❧✐❝ ✜♥❛♥❝❡ ❧✐t❡r❛t✉r❡

t❤❛t ✉s❡s ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❛s ❛ ♠♦t✐✈❛t✐♦♥ ❢♦r ❧♦♥❣✲r✉♥ ❞✐st♦rt✐♦♥s✳ ❆❝❡♠♦❣❧✉

❡t ❛❧✳ ✭✷✵✵✽✮ s❤♦✇ t❤❛t ✇❤❡♥ ♣♦❧✐t✐❝✐❛♥s ❛r❡ ❧❡ss ♣❛t✐❡♥t t❤❛♥ t❤❡ ❝✐t✐③❡♥s✱ ♣♦s✐t✐✈❡

❛❣❣r❡❣❛t❡ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ t❛①❡s ❛r❡ ❝❤❛r❣❡❞ ❢♦r❡✈❡r t♦ ❝♦rr❡❝t ❢♦r ♣♦❧✐t✐❝❛❧ ❡❝♦♥✲

✷✾❇✐❛✐s ❡t ❛❧✳ ✭✷✵✵✼✮ ❛❧s♦ ✐♥✈♦❦❡ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❢♦r ❛ t❡❝❤♥✐❝❛❧ r❡❛s♦♥✲ t❤❡ ❝♦♥t✐♥✉♦✉s
t✐♠❡ ❧✐♠✐t ♦❢ t❤❡✐r ❞✐s❝r❡❡t t✐♠❡ ♠♦❞❡❧ ✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ◆♦ s✉❝❤ ♣r♦❜❧❡♠
❡①✐sts ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳

✸✵



♦♠② ❞✐st♦rt✐♦♥s✳ ❋❛r❤✐ ❛♥❞ ❲❡r♥✐♥❣ ✭✷✵✵✼✮ ✜♥❞ t❤❛t ✇✐t❤ r✐s❦ ❛✈❡rs❡ ❛❣❡♥ts ✐♥ ❛♥

♦✈❡r❧❛♣♣✐♥❣ ❣❡♥❡r❛t✐♦♥s ♠♦❞❡❧ ✇❤❡♥ t❤❡ s♦❝✐❛❧ ❞✐s❝♦✉♥t ❢❛❝t♦r ✐s ❤✐❣❤❡r t❤❛♥ t❤❡

♣r✐✈❛t❡ ♦♥❡✱ ❝♦♥s✉♠♣t✐♦♥ ❡①❤✐❜✐ts ♠❡❛♥ r❡✈❡rs✐♦♥ ✇✐t❤ ♥♦ ✐♠♠✐s❡r❛t✐♦♥✳✸✵ ❲❤✐❧❡

t❤❡ ❢♦r♠❡r ❝♦♥t❛✐♥s t❤❡ ❧♦♥❣✲r✉♥ ✐♥❡✣❝✐❡♥❝② ✢❛✈♦r ♦❢ ♦✉r r❡s✉❧ts✱ t❤❡ ❧❛tt❡r s❤♦✇s

❞②♥❛♠✐❝s s✐♠✐❧❛r t♦ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ r❡st❛rts✳

❖♥❡ ❝❛♥ ❛❧s♦ ❛s❦ t❤❡ q✉❡st✐♦♥ ✕ ✇❤❛t ✐❢ t❤❡ ❛❣❡♥t ✐s ♠♦r❡ ♣❛t✐❡♥t t❤❛♥ t❤❡

♣r✐♥❝✐♣❛❧❄ ❚❤♦✉❣❤ ♠♦st ♦❢ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s ✜t t❤❡ ♣❛t✐❡♥t ♣r✐♥❝✐♣❛❧ ♠♦❞❡❧✱ t❤✐s

✐s ❛♥ ✐♥t❡r❡st✐♥❣ t❤❡♦r❡t✐❝❛❧ q✉❡st✐♦♥ ✐♥ ✐ts ♦✇♥ r✐❣❤t✳ ■t t✉r♥s t❤❡ ♠♦❞❡❧ ❛s st❛t❡❞

✐s t❤❡♥ ♥♦t ✏❝♦♠♣❛❝t✑❀ t❤❡ ❧❛❝❦ ♦❢ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ tr❛♥s❢❡rs t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧

❝❛♥ ♣❛② ♠❡❛♥s t❤❛t t❤❡ ❛❣❡♥t ✇✐❧❧ ❧❡♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥ ✉♥❜♦✉♥❞❡❞ ❛♠♦✉♥t ♦❢

♠♦♥❡② ✐♥ ❛ ❤♦♣❡ t♦ ❝❧❛✇ ✐t ❜❛❝❦ ✐♥ t❤❡ ❢✉t✉r❡✳ ■♠♣♦s✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ r❡❝t✐✜❡s

t❤❡ ♣r♦❜❧❡♠ ✕ t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✐♥ t❤❡ ❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ❝❛s❡ ❝♦♥t✐♥✉❡s

t♦ ❜❡ t❤❡ ♦♣t✐♠✉♠ ❢♦r t❤❡ ♠♦❞❡❧ ✇✐t❤ δA > δP ✱ ❛♥❞ tr❛♥s❢❡rs ❛r❡ ✉♥✐q✉❡❧② ♣✐♥♥❡❞

❞♦✇♥ t❤r♦✉❣❤ t❤❡ ✉♣♣❡r ❜♦✉♥❞✳

●♦✐♥❣ ❢♦r✇❛r❞✱ ✇❡ ❜❡❧✐❡✈❡ ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ❣❡♥❡r❛t❡❞ ❜②

t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ♣❡rs✐st❡♥t ♣r✐✈❛t❡ ❛♥❞ ✉♥❡q✉❛❧ ❞✐s❝♦✉♥t✐♥❣ ✉♥❞❡r t❤❡ ♣r❡s❡♥❝❡

♦❢ ♦♥❡ ♦r s♦♠❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❝♦♥♦♠✐❝s ❢♦r❝❡s✿ ♣r✐✈❛t❡❧② ❦♥♦✇♥

❞✐s❝♦✉♥t✐♥❣✱ ❤✐❞❞❡♥ s❛✈✐♥❣s✱ r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞ ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t②✳

✽ ❆♣♣❡♥❞✐①

✽✳✶ ❙❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤

❋✐rst✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ s❡t ♦❢ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts ✐♥ ▲❡♠♠❛t❛ ✶ ❛♥❞ ✷✳ ❚❤❡ ❢♦r♠❡r

s❛②s t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❧♦✇ t②♣❡ ❜✐♥❞ ✐♥ (⋆)✳ ❚❤❡

❧❛tt❡r ❝❧❛✐♠s t❤❛t t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥ts ❜✐♥❞ ✐♥ t❤❡

r❡❧❛①❡❞ ♣r♦❜❧❡♠✳

▲❡♠♠❛ ✶✳ ▲❡t m ❜❡ ❛♥② ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ❝♦♥tr❛❝t

✇✐t❤ U(θL|ht−1) > 0 ❢♦r s♦♠❡ ht−1✳ ❚❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡

❛♥❞ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ❝♦♥tr❛❝t m′ ✇✐t❤ U ′(θL|ht−1) > 0✱ ❛♥❞ ✐t ❞❡❧✐✈❡rs ❤✐❣❤❡r

❡①✲❛♥t❡ ♣r♦✜t t♦ t❤❡ ♣r✐♥❝✐♣❛❧✳
✸✵❆ s✐♠✐❧❛r ♠❡❝❤❛♥✐s♠ ✐s ❣❡♥❡r❛t❡❞ t❤r♦✉❣❤ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛❣❣r❡❣❛t❡ s❤♦❝❦s ❛♥❞ ✉♥❡q✉❛❧

❞✐s❝♦✉♥t✐♥❣ ✐♥ ❆❣✉✐❛r ❡t ❛❧✳ ✭✷✵✵✾✮ ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❢♦r❡✐❣♥ ❞✐r❡❝t ✐♥✈❡st♠❡♥t ❛♥❞ s♦✈❡r❡✐❣♥
❞❡❜t✳

✸✶



Pr♦♦❢✳ ❙✉♣♣♦s❡ ht−1 6= ∅✳ ❆❧t❡r m ❜② ❞❡❝r❡❛s✐♥❣ U(θL|ht−1) ❜② s♠❛❧❧ ε > 0✱ ❜✉t

❦❡❡♣✐♥❣ U(θH |ht−1)−U(θL|ht−1) ✜①❡❞✳ ❚❤❡ ♥❡✇ ❝♦♥tr❛❝t ✐s st✐❧❧ ✐♥❝❡♥t✐✈❡✲❢❡❛s✐❜❧❡

❛♥❞ t❤❡ ♥❡t ❝❤❛♥❣❡ ♦❢ ♦❜❥❡❝t✐✈❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ δt−2
P (δP − δA)P(h

t−1) > 0✳ ❚❤❡

s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛♣♣❧✐❡s t♦ ht−1 = ∅✳

❚❤❡ ❜♦tt♦♠ ❧✐♥❡ ♦❢ ▲❡♠♠❛ ✶ ✐s t❤❛t t❤❡r❡ ✐s ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t♦ s❡t

U(θL|ht−1) = 0 ❢♦r ❛♥② ht−1✱ ✇❤✐❝❤ ✇❡ ✐♠♣❧✐❝✐t❧② ✐♠♣♦s❡ s❧✐❣❤t❧② ❛❜✉s✐♥❣ ♦✉r

♥♦t❛t✐♦♥s✳

▲❡♠♠❛ ✷✳ ❚❛❦❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ❝♦♥tr❛❝t s❛t✐s❢②✐♥❣ t❤❡ ✏❞♦✇♥✇❛r❞✑

✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✇✐t❤ ICH(h
t−1) ❜❡✐♥❣ s❧❛❝❦ ❢♦r s♦♠❡ ht−1✳ ❚❤❡r❡ ❡①✐sts

❛♥♦t❤❡r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ❝♦♥tr❛❝t ✇✐t❤ ❜✐♥❞✐♥❣

ICH(h
t−1) t❤❛t ❞❡❧✐✈❡rs ❤✐❣❤❡r ❡①✲❛♥t❡ ♣r♦✜t t♦ t❤❡ ♣r✐♥❝✐♣❛❧✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ht−1 6= ∅✳ ❉❡❝r❡❛s❡ U(θH |ht−1) ❜② s♠❛❧❧ ε > 0 s♦ t❤❛t ICH(h
t−1)

st✐❧❧ ❤♦❧❞s✳ ❚❤❡ ♥❡✇ ❝♦♥tr❛❝t ✐s ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧✱ ❛♥❞ ✐t s❛t✐s✜❡s t❤❡ ✏❞♦✇♥✲

✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥❡t ❝❤❛♥❣❡ ♦❢ ♣r✐♥❝✐♣❛❧✬s r❡✈❡♥✉❡ ✐s

♣r♦♣♦rt✐♦♥❛❧ t♦ δt−2
P (δP − δA)P

(
ht−1

)
> 0✳ ❚❤❡ ❝❛s❡ ♦❢ ht−1 = ∅ ✐s ♦❜✈✐♦✉s✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❇② ▲❡♠♠❛t❛ ✶ ❛♥❞ ✷✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠

s❛t✐s✜❡s t❤❡ ❞♦✇♥✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❛♥❞ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧✐t② ♦❢ t❤❡

❧♦✇ t②♣❡ ❛s ❡q✉❛❧✐t✐❡s✳ ❯s✐♥❣ t❤❡ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❝♦✉❧❞ ❜❡

❡①♣r❡ss❡❞ ♦♥❧② ✐♥ t❡r♠s ♦❢ ❛❧❧♦❝❛t✐♦♥ ❛s t❤❡ s✉r♣❧✉s ♠✐♥✉s t❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡♥t ❛♥❞

✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥✳ ❚❤❡ ♣r❡❝✐s❡ ❡①♣r❡ss✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ✐♥

t❤❡ ♠❛✐♥ t❡①t ✐♥ ❊q✉❛t✐♦♥s ✶ ❛♥❞ ✷✳ ❈❧❡❛r❧②✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s str✐❝t❧② ❝♦♥❝❛✈❡✱ t❤✉s

t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡ s✉✣❝✐❡♥t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠✉♠✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ❋♦r t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✏✉♣✲

✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛r❡ tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❛s k(θH |θi) > k(θL|θi) ❢♦r i =

H,L✳ ❚❤❡ ✜rst ♣❡r✐♦❞ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ✐s ✐♠♣❧✐❡❞ ❜② k#(θH) =

ke(θH) ❛♥❞ 2∆θR(ke(θL)) > U#(θH)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ❝❛s❡ ♦❢ T = ∞ ✐s ❡ss❡♥t✐❛❧❧② s✐♠✐❧❛r❧② t♦ t❤❡ t✇♦

♣❡r✐♦❞ ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❤❡❛✈✐❡r✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦st ♦❢ ✐♠♣❧❡✲

♠❡♥t✐♥❣ ❛♥ ❛❧❧♦❝❛t✐♦♥ ✐s ŪP =
T∑

t=1

δt−1
P E

[

u(θ̃t|h̃t−1)
]

✱ ❛♥❞ ✐t ❝♦✉❧❞ ❜❡ ♣❛rs❡❞ ✐♥t♦
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t❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡♥t ❛♥❞ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥✿

ŪP =
T∑

t=1

δt−1
P E

[

u(θ̃t|h̃t−1)
]

= E

[

U(θ̃1)
]

︸ ︷︷ ︸

ŪA✿ ❛❣❡♥t✬s ❡① ❛♥t❡ ✉t✐❧✐t②

+
δP − δA

δP

∞∑

t=2

E

[

U(θ̃t|h̃t−1)
]

︸ ︷︷ ︸

I✿ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥

❚❤❡ ❦❡② ✐s t♦ ✐♥✈♦❦❡ t❤❡ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥t t♦ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r

U(θL|ht−1) = 0 ❛♥❞ U(θH |ht−1) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k(θL|ht−1, θsL) ✇✐t❤ s ≥ 0 ❛s

❣✐✈❡♥ ✐♥ ❊q✉❛t✐♦♥ ✹✱ ❊q✉❛t✐♦♥ ✺ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠

ŪA = µHU(θH) = µH

∞∑

s=0

(δA(αH − αL))
s∆θR(k(θL|θsL)).

❚♦ ♦❜t❛✐♥ ❊q✉❛t✐♦♥ ✻✱ ♥♦t✐❝❡ t❤❛t

∞∑

t=2

E

[

U(θ̃t|h̃t−1)
]

=
∑

ht−1

δt−1
P P(ht−1, θH)

∞∑

s=0

(δA(αH − αL))
s∆θR(k(θL|ht−1, θsL)).

❲❡ ✇✐❧❧ s✐♠♣❧✐❢② t❤✐s ❡①♣r❡ss✐♦♥ ❜② ✜①✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❛st θH ✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❢♦r t❤❡ ❧♦✇❡st ❤✐st♦r②✱ ❡①❝❤❛♥❣❡ t❤❡ ♦r❞❡r ♦❢ s✉♠♠❛t✐♦♥ t♦ ❣❡t

∞∑

t=2

δt−1
P P(θt−1

L , θH)
∞∑

s=0

(δA(αH − αL))
s∆θR(k(θL|θt+s−1

L )) =

=
∞∑

t=2

δt−1
P P

t−1(θtL)∆θR(k(θL|θt−1
L ))

αL

1− αL

t−2∑

s=0

(
δA
δP

αH − αL

1− αL

)s

,

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ✜rst t❡r♠ ✐♥ ❊q✉❛t✐♦♥ ✻ ❞❡✜♥✐♥❣ I✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s

❞❡r✐✈❡❞ s✐♠✐❧❛r❧② ❜② ✜rst s✉♠♠✐♥❣ ♦✈❡r t❤❡ ❤✐st♦r✐❡s {(ht−1, θH , θ
s
L)}s≥0 ❢♦r ✜①❡❞

ht−1✱ ❛♥❞ t❤❡♥ ♦✈❡r ht−1✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳ ❈♦♥s✐❞❡r f(x) = bx + aL ✇✐t❤ b = δA
δP

αH−αL

1−αL
❛♥❞ ai =

δP−δA
δP

αi

1−αi
❢♦r i = H,L✳ ❙♦✱ t❤❡ ❞✐st♦rt✐♦♥s s❛t✐s❢② ρt+1 = f(ρt) ❛♥❞ ρ̂t+1 = f(ρ̂t)

❢♦r ❛❧❧ t✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t f ❤❛s ♦♥❧② ♦♥❡ ♥♦♥✲③❡r♦ ✜①❡❞ ♣♦✐♥t✱ ♥❛♠❡❧②

c = aL
1−b

✱ ❛♥❞ ✐t ✐s ❣❧♦❜❛❧❧② st❛❜❧❡✳ ❙♦✱ ✭❛✮✱ ✭❜✮ ❛♥❞ ✭❝✮ ❛r❡ ❡st❛❜❧✐s❤❡❞✳ ❚♦ s❡❡ ✭❞✮

❛♥❞ ✭❡✮✱ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ KL(x) = (R′)−1
(

1
θL−x∆θ

)

❢♦r x∆θ < θL ❛♥❞ ③❡r♦

✸✸



♦t❤❡r✇✐s❡✳

✽✳✷ ❘❡❝✉rs✐✈❡ ❛♣♣r♦❛❝❤

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ s✐♠♣❧✐❢② (⋆) ❛♥❞ ❢♦r♠✉❧❛t❡ ✐ts r❡❝✉rs✐✈❡ ❛♥❛❧♦❣✉❡ ♠❡♥t✐♦♥❡❞

✐♥ t❤❡ ♠❛✐♥ t❡①t✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛✉①✐❧✐❛r② s❡q✉❡♥t✐❛❧ ♣r♦❜❧❡♠ t♦ ❞❡r✐✈❡ ✭RP✮✳

▲❡t Π(θt|ht−1) ❜❡ t❤❡ ❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡ ♣r♦✜t ❛t t❤❡ ❡♥❞ ♦❢ ❞❛t❡ t✱ ❛ss✉♠✐♥❣

tr✉t❤❢✉❧ r❡♣♦rt✐♥❣ ❛t ❞❛t❡ t ❛♥❞ ❢✉rt❤❡r

Π(θt|ht−1) = s
(
k(θt|ht−1), θt

)
− u(θt|ht−1) + δPE

[

Π(θ̃t+1|ht−1, θt)|θt
]

.

❙✉♣♣♦s❡ t❤❛t t❤❡ ❛❣❡♥t tr✉t❤❢✉❧❧② r❡♣♦rt❡❞ (ht−1, θj) ❜❡❢♦r❡ ❞❛t❡ t ≥ 2✳ ■♥

❛❞❞✐t✐♦♥✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♠✐tt❡❞ t♦ ❞❡❧✐✈❡r ❡①❛❝t❧② w t♦ t❤❡ ❤✐❣❤ t②♣❡ ❛t t❤✐s

❞❛t❡✳ ❚❤❡♥✱ ✐❢ ♣♦ss✐❜❧❡✱ ❞❡✜♥❡ Sj(w) ❜②

(SP) Sj(w) = max
〈U,k〉

αj

[
Π(θH |ht−1, θj) + w

]
+ (1− αj)Π(θL|ht−1, θj),

s✳t✳ U(θH |ht−1, θj) = w✱ ❛♥❞ ICi(h
t+s)✱ IRH(h

t+s), ∀ht+s ∈ H t+s
∣
∣
∣
(ht−1,θj)

, ∀s.

◆♦t✐❝❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ht−1✱ t❤✉s ✇❡ s✐♠♣❧② ✇r✐t❡ Sj(w)✳

▲❡t W ❜❡ t❤❡ ❧❛r❣❡st s❡t ♦❢ w s✉❝❤ t❤❛t t❤❡ ❝♦♥str❛✐♥ts s❡t ✐♥ (SP) ✐s ♥♦♥✲

❡♠♣t②✳ W ✐s t❤❡ ❢❛♠✐❧✐❛r r❡❝✉rs✐✈❡ ❞♦♠❛✐♥ ❞❡s❝r✐❜❡❞ ✐♥ ❙♣❡❛r ❛♥❞ ❙r✐✈❛st❛✈❛

✭✶✾✽✼✮ ❛♥❞ ✐t ❤❛s ❛ ✈❡r② s✐♠♣❧❡ str✉❝t✉r❡✳

❈❧❛✐♠ ✶ ✭❘❡❝✉rs✐✈❡ ❞♦♠❛✐♥✮✳ W = R+✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ w ≥ 0 ❜② IRH(h
t−1, θj)✳ ❚♦ s❡❡ t❤❛t t❤❡ ♣r♦❣r❛♠ ✐s ❢❡❛s✐✲

❜❧❡ ❢♦r w ≥ 0✱ t❛❦❡ k(θH |ht−1, θj) = R−1
(

w
∆θ

)
❛♥❞ k(θH |ht+s) = k(θL|ht+s) =

U(θH |ht+s) = 0 ❢♦r ❛♥② ht+s ∈ H t+s

∣
∣
∣
(ht−1,θj)

∀s 6= 0✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t (SP) ❝♦✉❧❞ ❜❡ r❡st❛t❡❞ ❛s (RP)✱ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ❛t

t❤❡ ✐♥✐t✐❛❧ ❞❛t❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ (⋄)✳ ❚♦ ❢♦r♠❛❧❧② s❤♦✇ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ s❡✲

q✉❡♥t✐❛❧ ❛♥❞ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛t✐♦♥s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛✉①✐❧✐❛r② ❞❡✜♥✐t✐♦♥s✳

❚❤❡ ♣♦❧✐❝② ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇❤✐❝❤ ♠❛♣s w ✐♥t♦ (Z(w),K(w))

t❤❛t ✐s t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ ❝❤♦✐❝❡s ✐♥ (RP)✳ ❲❡ s❛② t❤❛t ❛ ❝♦♥tr❛❝t ✐s ❣❡♥❡r✲

❛t❡❞ ❢r♦♠ t❤❡ ♣♦❧✐❝② ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐❢ k(θi|θj, ht−1) ∈ Ki(U(θH |θj, ht−1)) ❛♥❞

U(θH |θj, ht−1, θi) ∈ Zi(U(θH |θj, ht−1)) ❢♦r i, j = H,L ❛♥❞ ∀ht−1✱ ∀t✳

✸✹



❈❧❛✐♠ ✷✳

✭❛✮ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❇❡❧❧♠❛♥

❡q✉❛t✐♦♥ ✐♥ (RP)✳

✭❜✮ ❚❤❡ ♣♦❧✐❝② ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ♥♦♥✲❡♠♣t②✱ ❝♦♠♣❛❝t✲✈❛❧✉❡❞ ❛♥❞ ✉♣♣❡r ❤❡♠✐✲

❝♦♥t✐♥✉♦✉s✳

✭❝✮ ❆ ❝♦♥tr❛❝t ✐s ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ♣♦❧✐❝② ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t

s♦❧✈❡s (RP) ✇✐t❤ w = U(θH |θj) ❢♦r j = H,L✳

✭❞✮ ❱❛❧✉❡ ❢✉♥❝t✐♦♥s ✐♥ (SP) ❛♥❞ (RP)✱ ❛s ✇❡❧❧ ❛s ✐♥ (⋆) ❛♥❞ (⋄) ❝♦✐♥❝✐❞❡✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❊①❡r❝✐s❡s ✾✳✹✱ ✾✳✺ ✐♥ ❙t♦❦❡② ❡t ❛❧✳ ✭✶✾✽✾✮✳

■♥ t❤❡ r❡st ♦❢ t❤❡ s✉❜s❡❝t✐♦♥✱ ✇❡ ♦✉t❧✐♥❡ s❡✈❡r❛❧ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✭❈❧❛✐♠ ✸✮✱ ❡st❛❜❧✐s❤ ✉♥✐q✉❡♥❡ss ♦❢ tr❛♥s❢❡rs ✭❈❧❛✐♠ ✹✮ ❛♥❞ ♣r♦✈❡

Pr♦♣♦s✐t✐♦♥s ✹✱ ✺✳

❈❧❛✐♠ ✸ ✭Pr♦♣❡rt✐❡s ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✮✳

✭❛✮ ❊❛❝❤ Sj ✐s ❝♦♥❝❛✈❡✳

✭❜✮ ❊❛❝❤ Sj ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ R++✳

✭❝✮ ❊❛❝❤ Sj ✐s ❧♦❝❛❧❧② str✐❝t❧② ❝♦♥❝❛✈❡ ❛t w s❛t✐s❢②✐♥❣ S ′
j(w) > 0✳

Pr♦♦❢✳

P❛rt ✭❛✮✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s st❛♥❞❛r❞✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❇❡❧❧♠❛♥

♦♣❡r❛t♦r✱ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✐♥ (RP)✱ ♣r❡s❡r✈❡s ❝♦♥❝❛✈✐t②✳ ■♥❞❡❡❞✱ t❤❡ ❝♦♥str❛✐♥ts

s❡t ✐s ❝♦♥✈❡① ❛♥❞ s(·, θ) ✐s ❝♦♥❝❛✈❡✳ ❙♦✱ ❝♦♥❝❛✈✐t② ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ ❇❡❧❧♠❛♥

♦♣❡r❛t♦r✳ ❙✐♥❝❡ t❤❡ s❡t ♦❢ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s ✐s ❝❧♦s❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ ✐ts ❈♦r♦❧❧❛r② ✶ ✐♥

❙t♦❦❡② ❡t ❛❧✳ ✭✶✾✽✾✮✳

P❛rt ✭❜✮✳ ❲❡ ❡st❛❜❧✐s❤❡❞ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞

❛r❣✉♠❡♥t✳ ❆s ❢♦r ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✱ t❤❡ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ♦❢ ❇❡♥✈❡♥✐st❡ ❛♥❞

❙❝❤❡✐♥❦♠❛♥ ✭✶✾✼✾✮ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ✐♥ ♦✉r ❝♦♥t❡①t✱ ❜❡❝❛✉s❡ ✐t ♠✐❣❤t ♥♦t t♦ ❜❡

♣♦ss✐❜❧❡ t♦ ❝❤❛♥❣❡ k ❦❡❡♣✐♥❣ z ❝♦♥st❛♥t✳ ❲❡ ❣✐✈❡ ❛ ❞✐✛❡r❡♥t ❛r❣✉♠❡♥t t❤❛t

✐s ❝❧♦s❡ t♦ ❘✐♥❝ó♥✲❩❛♣❛t❡r♦ ❛♥❞ ❙❛♥t♦s ✭✷✵✵✾✮ ✐♥ ✐ts s♣✐r✐t✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡

❢❛❝t Sj ✐s ❝♦♥❝❛✈❡✱ t❤✉s ✐t ✐s s✉❜❞✐✛❡r❡♥t✐❛❜❧❡✳ ❚❛❦❡ m∗ ✇❤✐❝❤ s♦❧✈❡s (SP) ✇✐t❤

✸✺



U∗(θH |θj) = w✳ ❯s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✜rst✲♦r❞❡r ❛♥❞ ❡♥✈❡❧♦♣❡ ❝♦♥❞✐t✐♦♥s ❢♦r

(RP)✱ ✇❡ ❛r❣✉❡ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ✜♥✐t❡ t✐♠❡ s s✉❝❤ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥

✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t U∗(θH |θj, θs−1
L )✳ ❚❤❡♥✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡

❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t❤❡ ♦r✐❣✐♥❛❧ ♣♦✐♥t✱ w✳

❇❡❢♦r❡ ✇❡ s❤♦✇ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✱ ✇❡ s❤❛❧❧ ✈❛❧✐❞❛t❡ t❤❛t t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐✲

t✐♦♥s ❛r❡ s✉✣❝✐❡♥t t♦ ❝❤❛r❛❝t❡r✐③❡ ❛ s♦❧✉t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t ❙❧❛t❡r✬s

❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✜rst✲♦r❞❡r ❛♣♣r♦❛❝❤ ✇✐t❤

▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✐♥ l1 ✐s ✈❛❧✐❞ ✐♥ (SP)✱ ❜❡❝❛✉s❡ ♦❢ ❝♦♥❝❛✈✐t② ❛♥❞ ❜♦✉♥❞❡❞♥❡ss

♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ✭s❡❡ ▼♦r❛♥❞ ❛♥❞ ❘❡✛❡tt ✭✷✵✶✺✮✮✳

❲❡ ❝❧❛✐♠ t❤❛t✱ ❢♦r ❛♥② w > 0✱ t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ♣♦✐♥t s✉❝❤ t❤❛t t❤❡

❝♦♥str❛✐♥t ♠❛♣ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s ❝♦♥str✉❝t✐✈❡✳

❙✐♥❝❡ w > 0✱ t❤❡r❡ ❡①✐sts kH > kL > 0 s❛t✐s❢②✐♥❣✿

∆θ

1− δA(αH − αL)
R(kL) < w <

∆θ

1− δA(αH − αL)
R(kH)

❚❛❦❡ k(θH |θj, ht−1) = kH ✱ k(θL|θj, ht−1) = kL ❛♥❞ U(θH |θj, ht−1) = w ∀ht−1 ∀t✳
◆♦✇✱ ✇❡ ❛r❡ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ s❤♦✇ t❤❛t Sj ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳ ▲❡t

m∗ ❜❡ ❛ s♦❧✉t✐♦♥ t♦ (SP) ❛t t = 2✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❝❛♣✐t❛❧ s✉♣♣❧✐❡❞ t♦ θH

❝❛♥ ❜❡ ❞✐st♦rt❡❞ ♦♥❧② ✉♣✇❛r❞s✱ t❤✉s k∗(θH |θj, ht−1) > 0 ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ∀ht−1

❜② str✐❝t ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ k∗(θL|θj, ht−1) > 0✱ t❤❡♥ ✐t ✐s

✉♥✐q✉❡ ❜② str✐❝t ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡✳

◆❡①t✱ ❝♦♥s✐❞❡r (RP)✱ ✐ts s♦❧✉t✐♦♥ ❡①✐sts ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ ♦♥❡ ❢♦✉♥❞ ✐♥ (SP)

❜② t❤❡ ♣r❡✈✐♦✉s ❝❧❛✐♠✳ ❙✐♥❝❡ Sj ✐s ❝♦♥❝❛✈❡✱ ✐ts s✉❜❞✐✛❡r❡♥t✐❛❧ ❛t w > 0 ✐s ✇❡❧❧✲

❞❡✜♥❡❞ ❛♥❞ ✐t ❡q✉❛❧s t♦ ∂Sj(w) = [S+
j (w), S

−
j (w)]✱ ❛♥❞ ❛t w = 0 ✐t ✐s S+

j (0) ✇❤❡r❡

❛ ♣❧✉s✴♠✐♥✉s ❞❡♥♦t❡s ❛ r✐❣❤t✴❧❡❢t s✉❜❞❡r✐✈❛t✐✈❡✳

▲❡t αjρH ❛♥❞ (1−αj)ρL ❜❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❢♦r t❤❡ ✏✉♣✇❛r❞✑ ❛♥❞ ✏❞♦✇♥✲

✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✱ r❡s♣❡❝t✐✈❡❧②✳ ❆♥❞✱ ρj(w) ❜❡ s♦♠❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐✲

♣❧✐❡r s✉♣♣♦rt✐♥❣ ❛ s♦❧✉t✐♦♥✱ ✇❤❡r❡❛s ρ−j (w)/ρ
+
L(w) ❜❡ t❤❡ ❤✐❣❤❡st✴s♠❛❧❧❡st s✉❝❤

▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r✳ ❋✐♥❛❧❧②✱ ❞❡♥♦t❡ ❜② (z(w),k(w)) s♦♠❡ ♣♦✐♥t ✐♥ t❤❡ ♦♣t✐♠❛❧

❝♦rr❡s♣♦♥❞❡♥❝❡✳

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ k ❛r❡ ki(w) = Ki(ρi(w)) ❢♦r i = H,L

✇❤❡r❡ KH(x) = (R′)−1
(

1
θH+x∆θ

)

❛♥❞ KL(·) ✐s ❞❡✜♥❡❞ ❛s ❜❡❢♦r❡✳ ❇② t❤❡ ❛❜♦✈❡

❛r❣✉♠❡♥t✱ KH(w) ✐s ❛ s✐♥❣❧❡t♦♥ ❛♥❞ ρ+H(w) = ρ−H(w) = ρH(w) ❢♦r ❛♥② w✳ ■♥

❛❞❞✐t✐♦♥✱ ✐❢ kL(w) > 0✱ t❤❡♥ KL(w) ✐s ❛ s✐♥❣❧❡t♦♥ ❛♥❞ ρ+L(w) = ρ−L(w) = ρL(w)✳
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❙♦✱ ❢♦r w > 0✱ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ♠✐❣❤t ❜❡ ♥♦t ✉♥✐q✉❡ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts

s♦♠❡ ρL(w) ≥ θL/∆θ > 0✳ ●✐✈❡♥ t❤✐s ρL(w) > 0✱ t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥t ❜✐♥❞s ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t zL(w) = w
δA(αH−αL)

> w > 0 ✐s ✉♥✐q✉❡❧②

❞❡✜♥❡❞✳

❚❤❡♥✱ t❤❡ ❡♥✈❡❧♦♣❡ ❝♦♥❞✐t✐♦♥s ❣✐✈❡ S−
j (w)−S+

j (w) = (1−αj)(ρ
−
L(w)−ρ+L(w))✳

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t Sj ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t w ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρL(w) ✐s ✉♥✐q✉❡✳ ❚❤❡

✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ zL ✇❤❡♥ zL(w) > 0 r❡❛❞s ❛s ❢♦❧❧♦✇s✿

δPS
−
L (zL(w)) ≥ αL(δP − δA) + (αH − αL)δAρL(w) ≥ δPS

+
L (zL(w))

■❢ ρL(zL(w)) ✐s ✉♥✐q✉❡✱ t❤❡♥ ρL(w) ✐s s♦ ❛♥❞ Sj ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t w✳ ◆♦✇✱ ❞❡✜♥❡

r❡❝✉rs✐✈❡❧② zsL = zL(z
s−1
L ) ✇✐t❤ z0L = w > 0 ❢♦r s♦♠❡ s❡❧❡❝t✐♦♥ ❢r♦♠ z̄L✳ ❚❤❡r❡ ❛r❡

t✇♦ ♣♦t❡♥t✐❛❧ ❝❛s❡s✱ ♥❛♠❡❧② ρL(z
s
L) ✐s ✉♥✐q✉❡ ❢♦r s♦♠❡ s ♦r ✐t ✐s ♥♦t ❢♦r ❛❧❧ s✳ ■♥

t❤❡ ❢♦r♠❡r ❝❛s❡✱ Sj ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t w ❜② ♦✉r ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t✳ ■♥ t❤❡ ❧❛tt❡r

❝❛s❡✱ zsL = w
δs
A
(αH−αL)s

→ ∞ ❛s s → ∞ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✱ ❜❡❝❛✉s❡ ❛♥② s♦❧✉t✐♦♥

♠✉st ❜❡ ✐♥ l∞✳

❋✐♥❛❧❧②✱ ❝♦♥t✐♥✉♦✉s ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ Sj ✐s ✐♠♣❧✐❡❞ ❜② ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❛♥❞

❝♦♥❝❛✈✐t②✳

P❛rt ✭❝✮✳ ❙✉♣♣♦s❡ t❤❛t S ′
j(w) = S ′

j(w+ε) > 0 ❢♦r s♦♠❡ w, ε > 0✳ ❈♦♥s✐❞❡r m∗

❛♥❞ mε s♦❧✈✐♥❣ (SP) ❛t w ❛♥❞ w+ε✱ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ s(·, θ) ✐s str✐❝t❧② ❝♦♥❝❛✈❡✱

✐t ♠✉st ❜❡ t❤❛t k∗ = kε✳ ❖t❤❡r✇✐s❡✱ ✐t ✇♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ t❤❛t S ′
j(w) < S ′

j(w+ ε)✳

◆♦✇✱ s✐♥❝❡ S ′
j(w) = S ′

j(w + ε) > 0✱ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡

✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❜✐♥❞s ✐♥ ❡❛❝❤ ❝❛s❡✳ ❇② t❤❡ ✜rst✲♦r❞❡r ❛♥❞ ❡♥✲

✈❡❧♦♣❡ ❝♦♥❞✐t✐♦♥s✱ s❡❡ ❊q✉❛t✐♦♥s ✼✱ ✽ ❛♥❞ ✾✱ ✐t ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ ❜✐♥❞ ❛❧♦♥❣ t❤❡

s❡q✉❡♥❝❡ ♦❢ θL✬s✱ t❤✉s

w = ∆θ
∞∑

s=0

(δA(αH − αL))
sR
(
k∗(θL|ht−2, θj , θ

s
L)
)
= w + ε.

❚❤❡ ❧❛st ❛ss❡rt✐♦♥ ✐s ❛ ❝❧❡❛r ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❡st❛❜❧✐s❤❡s t❤❛t

S ′
j(w − ε) > S ′

j(w)✳

◆♦✇✱ ✇❡ ❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ✉s❡❢✉❧ ❢♦r ♦✉r ❝❤❛r❛❝t❡r✐✲

③❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳ ▲❡t (1−αj)ρH ❛♥❞ αjρL ❜❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs

♦♥ t❤❡ ❝♦♥str❛✐♥ts ✐♥ (RP)✳ ❆♥❞✱ ❧❡t µHρH ❛♥❞ µLρL ❜❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs

♦♥ t❤❡ ❝♦♥str❛✐♥ts ✐♥ (⋄)✳ ❲❡ ❞❡♥♦t❡ ❜② (z(w),k(w)) s♦♠❡ s❡❧❡❝t✐♦♥ ❢r♦♠ t❤❡

♦♣t✐♠❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❞ ❜② ρ(w) s♦♠❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳
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❙♦✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡ ki(w) = Ki(ρi(w)) ❢♦r i = H,L ❛♥❞

S ′
H

(
zH(w)

)
− αH

δP − δA
δP

+ (αH − αL)
δA
δP

ρH(w)







= 0, ✐❢ zH(w) > 0,

≤ 0, ✐❢ zH(w) = 0,
✭✼✮

S ′
L

(
zL(w)

)
− αL

δP − δA
δP

− (αH − αL)
δA
δP

ρL(w)







= 0, ✐❢ zL(w) > 0,

≤ 0, ✐❢ zL(w) = 0.
✭✽✮

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❊♥✈❡❧♦♣❡ t❤❡♦r❡♠ ❣✐✈❡s

S ′
j(w) = (1− αj)ρL(w)− αjρH(w), ❢♦r j = H,L. ✭✾✮

❲❡ ♣r♦❝❡❡❞ ❜② ❝❤❛r❛❝t❡r✐③✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❝✉rs✐✈❡ ♦♣t✐♠✉♠✳ ❆❧t❤♦✉❣❤✱

Sj ♠✐❣❤t ❜❡ ♥♦t ❣❧♦❜❛❧❧② str✐❝t❧② ❝♦♥❝❛✈❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② ♥❡①t ♣❡r✐♦❞

♣r♦♠✐s❡❞ ✉t✐❧✐t✐❡s ✇❤❡♥ t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❞♦ ♥♦t ❜✐♥❞✳ ❚♦ ❜❡ s♣❡❝✐✜❝✱

zL(w) = zeL ✐❢ t❤❡ ✏❞♦✇♥✇❛r❞✑ ❝♦♥str❛✐♥t ✐s s❧❛❝❦ ❛♥❞ zH(w) = zeH ✐❢ t❤❡ ✏✉♣✇❛r❞✑

❝♦♥str❛✐♥t ✐s s❧❛❝❦✳ ❇② ♣❛rt ✭❝✮ ♦❢ ❈❧❛✐♠ ✷✱ t❤❡r❡ ❡①✐sts ✉♥✐q✉❡ zej s❛t✐s❢②✐♥❣

zej > 0 ❛♥❞ S ′
j(z

e
j ) = αj

δP−δA
δP

♦r zej = 0 ❛♥❞ S ′
j(0) ≤ αj

δP−δA
δP

✳ ❚❤❡♥✱ ❞❡✜♥❡ t✇♦

t❤r❡s❤♦❧❞s w∗
j = ∆θR(ke(θj)) + δA(αH − αL)z

e
j > 0✳

❲❡ ❛❧s♦ ❛r❣✉❡ t❤❛t t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛r❡ ✉♥✐q✉❡✳ ▲❡t m∗ ❜❡ ❛ s♦❧✉t✐♦♥

t♦ (SP) ❛t t = 2✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❝❛♣✐t❛❧ s✉♣♣❧✐❡❞ t♦ θH ❝❛♥ ❜❡ ❞✐st♦rt❡❞ ♦♥❧②

✉♣✇❛r❞s✱ t❤✉s k∗(θH |ht−2, θj) > 0 ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② str✐❝t ❝♦♥❝❛✈✐t② ♦❢ t❤❡

♦❜❥❡❝t✐✈❡✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠ ✷ t❤❛t ρH(w) = K−1
H (k∗(θH |ht−2, θj))✱ ❛♥❞ ρ(·) ✐s

❝♦♥t✐♥✉♦✉s ✐♥ w✱ ❜❡❝❛✉s❡ m∗ ❝❤❛♥❣❡s ❝♦♥t✐♥✉♦✉s❧② ✇✐t❤ w✳ ■t r❡♠❛✐♥s t♦ s❡❧❡❝t

ρL(w) t♦ s❛t✐s❢② t❤❡ ❡♥✈❡❧♦♣❡ ❝♦♥❞✐t✐♦♥✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❲❡ s❤❛❧❧ ❝❤❛r❛❝t❡r✐③❡ ρ✱ ❜❡❝❛✉s❡ ✐ts ♣r♦♣❡rt✐❡s tr❛♥s❧❛t❡

✐♥t♦ k ❜② t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ki(w) = Ki(ρ(w)) ❢♦r i = H,L✳

P❛rt ✭❜✮✳ ■❢ t❤❡r❡ ✐s ♥♦ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t✱ t❤❡♥ kH(w) = ke(θH)

❛♥❞ zH = zeH ❜② t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ zeH ✳ ❙✐♥❝❡ t❤✐s ❝❤♦✐❝❡

✐s ❢❡❛s✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ w ≥ w∗
H ✱ t❤❡ r❡s✉❧t ❢♦r ρH ❢♦❧❧♦✇s✳ ❚♦ s❡❡ ♠♦♥♦t♦♥✐❝✐t②

♦❢ ρH(·)✱ t❛❦❡ w′ > w ≥ w∗
H ❛♥❞ s✉♣♣♦s❡ t❤❛t ρH(w) ≥ ρH(w

′)✳ ❈♦♥❝❛✈✐t②

❛♥❞ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❛t zH(w) ≥ zH(w
′) ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t♦

∆θ(R ◦ KH)(ρH(w)) + δA(αH − αL)zH(w) = w < w′ = ∆θ(R ◦ KH)(ρH(w
′)) +
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δA(αH − αL)zH(w
′)✳

P❛rt ✭❛✮✳ ❇② t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t t♦ ♣❛rt ✭❜✮✱ ρL(·) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ♦♥

[0, w∗
L]✱ ❛♥❞ ✐t ✐s ③❡r♦ ❛❢t❡r✇❛r❞s✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡ ♦♥❧② ❢❡❛s✐❜❧❡ ❝❤♦✐❝❡ ❛t w = 0

✐s kL(0) = 0✱ wo
k = sup{w ∈ W : kL(w) = 0} ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

◆♦✇✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ z ❛♥❞ st❛rt ❜② ♣♦✐♥t✐♥❣ ♦✉t ✉♥✐q✉❡♥❡ss ♦❢

tr❛♥s❢❡rs✳

❈❧❛✐♠ ✹ ✭❯♥✐q✉❡♥❡ss ♦❢ tr❛♥s❢❡rs✮✳ ZL ✐s s✐♥❣❧❡✲✈❛❧✉❡❞✱ ❛♥❞ ∃ ✉♥✐q✉❡ w̄ s✉❝❤ t❤❛t

ZH ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ✇❤❡♥❡✈❡r w∗
L ≥ w∗

H ♦r w 6= w̄✳ w̄ s♦❧✈❡s (αH −αL)δAρH(w̄) =

αH(δP − δA)✳

Pr♦♦❢✳ zL ✐s ✉♥✐q✉❡ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❛st ♣❛rt ♦❢ ❈❧❛✐♠ ✸✱ ✇❤❡r❡❛s zH

♠✐❣❤t ❢❛✐❧ t♦ ❜❡ ✉♥✐q✉❡✳ ■♥t✉✐t✐✈❡❧②✱ zH ❝♦✉❧❞ ❜❡ ♥♦t ✉♥✐q✉❡ ♦♥❧② ✇❤❡♥ t❤❡r❡ ❛r❡

♠✉❧t✐♣❧❡ zH ✇✐t❤ ρL
(
zH(w)

)
= ρH

(
zH(w)

)
= 0✳ ❙✉❝❤ ✈❛❧✉❡s ♦❢ zH ❛r❡ ❡❧❡♠❡♥ts

♦❢ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ZH ✳

❉❡✜♥❡ w̄ ❜② (αH − αL)δAρH(w̄) = αH(δP − δA)✳ ❈❧❡❛r❧②✱ ✐t ❡①✐sts ❛♥❞ ✐t ✐s

✉♥✐q✉❡✱ ❜❡❝❛✉s❡ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ♦❢ ρH ❛s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳

❙✉♣♣♦s❡ t❤❛t w∗
L ≥ w∗

H ✱ t❤❡♥ S ′
j(w) = (1 − αj)ρL(w) − αjρH(w) ✐s str✐❝t❧②

❞❡❝r❡❛s✐♥❣ ♦♥ R+✳ ❙♦✱ zH ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ❜② str✐❝t ❝♦♥❝❛✈✐t② ♦❢ Sj✳

■❢ w∗
L < w∗

H ✱ t❤❡♥ t❤❡ ❡♥✈❡❧♦♣❡ ❝♦♥❞✐t✐♦♥s ✭❊q✉❛t✐♦♥ ✾✮ ✐♠♣❧② t❤❛t S ′
j(w) >

0 ♦♥ [0, w∗
L]✱ S ′

j(w) < 0 ♦♥ [w∗
H ,+∞) ❛♥❞ S ′

j(w) = 0 ❢♦r ❛♥② w ∈ [w∗
L, w

∗
H ]✳

❚❤❡r❡❢♦r❡✱ ZH ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ♦♥ [0, w̄) ❜② t❤❡ ❧❛st ♣❛rt ♦❢ ❈❧❛✐♠ ✸✱ ❛♥❞ ZH(w̄) =

[w∗
L, w

∗
H ] ❜② ❝♦♥str✉❝t✐♦♥✳ ❚♦ s❡❡ t❤❛t ZH ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ♦♥ (w̄,+∞)✱ ♥♦t✐❝❡

t❤❛t w = ∆θ(R ◦ KH)(ρH(w)) + δA(αH − αL)zH(w) ✇❤❡♥❡✈❡r ρH(w) > 0✳ ❙✐♥❝❡

ρH(w) > 0 ❢♦r ❛♥② w > w̄✱ zH(w) ❝♦✉❧❞ ❜❡ ✉♥✐q✉❡❧② ✐❞❡♥t✐✜❡❞ ❢r♦♠ t❤❡ ✏✉♣✇❛r❞✑

✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t✳

❚♦ s✉♠ ✉♣✱ zH(w) ✐s ♥♦t ✉♥✐q✉❡ ♦♥❧② ✇❤❡♥ w∗
L < w∗

H ❛♥❞ w = w̄✳ ■♥ ✇❤❛t

❢♦❧❧♦✇s✱ ❜② zH(·) ✇❡ ♠❡❛♥ ❛♥ ❛r❜✐tr❛r② s❡❧❡❝t✐♦♥ ❢r♦♠ ZH(·)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳

P❛rt ✭❞✮✳ ❊q✉❛t✐♦♥ ✾ s❛②s t❤❛t S ′
H(w)/αH − S ′

L(w)/αL = αL−αH

αHαL
ρL(w) ≤ 0✳

❚❤❡r❡❢♦r❡✱ zeH ≤ zeL ✇✐t❤ zeL 6= zeH ✐❢ ❛♥❞ ♦♥❧② ✐❢ S ′
L(0) > αL

δP−δA
δP

❜② t❤❡✐r

❞❡✜♥✐t✐♦♥s ❛♥❞ ♣❛rt ✭❝✮ ♦❢ ❈❧❛✐♠ ✸✳ ❋♦r zeL = 0✱ w∗
L > zeL ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳

❙✉♣♣♦s❡ t❤❛t zeL > 0✱ t❤❡♥ S ′
j(w

∗
L) = −αjρH(w

∗
L) ≤ 0 < S ′

j(z
e
L)✱ t❤✉s w

∗
L > zeL✳

✸✾



▼♦r❡♦✈❡r✱ ♥♦t✐❝❡ t❤❛t w∗
H = ∆θR(ke(θH)) + δA(αH − αL)z

e
H ≤ zeH ✐❢ ❛♥❞ ♦♥❧②

✐❢ zeH ≥ ∆θ
1−δA(αH−αL)

R(ke(θH))✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ zeH < ∆θ
1−δA(αH−αL)

R(ke(θL))✱

❜❡❝❛✉s❡ ♦❢ zeH ≤ zeL < w∗
L✳ ❙♦✱ ✇❡ ❝❛♥ ♥♦t ❤❛✈❡ zeH ≥ w∗

H ✳

■t r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ t❤❛t zeH ≤ wf ✳ ❖❢ ❝♦✉rs❡✱ ✐t ✐s ✈❛❝✉♦✉s❧② tr✉❡ ✇❤❡♥❡✈❡r

zeH = 0✳ ❙♦✱ s✉♣♣♦s❡ t❤❛t zeH > 0✳ ■♥ t❤✐s ❝❛s❡✱ zeH ≤ wf ✇❤❡♥❡✈❡r aL
1−b

≤ aH ✳ ❚♦

s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t ρL(wf ) ≥ aL
1−b

✇✐t❤ ❛♥ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρH(wf ) = 0✱ ❛s

s❤♦✇♥ ✐♥ ♣❛rt ✭❝✮✳ ❙✉♣♣♦s❡ t❤❛t zeH < wf ✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ρL(wf ) > ρL(z
e
H)

❜② ♠♦♥♦t♦♥✐❝✐t② ♦❢ ρL(·)✳ ❙✐♥❝❡ zeH < w∗
H ✱ ρH(w

f ) = aL
1−b

✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t♦

ρL(w
f ) > ρL(z

e
H) > 0✳

❘❡❝❛❧❧ t❤❛t aL
1−b

≤ aH ✐❢ ❛♥❞ ♦♥❧② ✐❢ αL

1−αL
≤ αH

1−αH

(

1− δA
δP

αH−αL

1−αL

)

✇❤✐❝❤ ✐s

❛❧✇❛②s s❛t✐s✜❡❞✳

P❛rts ✭❛✮ ❛♥❞ ✭❜✮✳ ❲❡ ❡st❛❜❧✐s❤❡❞ ❛❜♦✈❡ t❤❛t zej ∈ [0, w∗
j ] ❢♦r j = H,L✳

▼♦♥♦t♦♥✐❝✐t② ♦❢ ρ(·) ❛s s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❊q✉❛t✐♦♥s ✼ ❛♥❞

✽ ②✐❡❧❞s t❤❡ r❡s✉❧t ♦❢ ♣❛rts ✭❛✮ ❛♥❞ ✭❜✮✳

P❛rt ✭❝✮✳ ❋✐rst✱ ✇❡ st✉❞② ✜①❡❞ ♣♦✐♥ts ♦❢ ZH(·)✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt✱ ✇❡

s❤♦✇❡❞ t❤❛t zeH < w∗
H ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t zeH ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ ZH(·)✳ ❙✉♣♣♦s❡

t❤❛t t❤❡r❡ ❡①✐sts w 6= zeH > 0 ✇✐t❤ w ∈ ZH(w)✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡

t❤❛t ρH(w) > 0✳

❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ w = ∆θ
1−δA(αH−αL)

(
R◦KH

)(
ρH(w)

)
> ∆θ

1−δA(αH−αL)
R(ke

H)

✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ❢♦r w ∈ ZH(w) > 0 ✇✐t❤ ρH(w) > 0✳ ❊q✉❛t✐♦♥ ✼ ❛♥❞ ✾ ✐♠♣❧②

t❤❛t (1− αH)δPρL(w) = αH(δP − δA) +
(
αHδP − (αH − αL)δA

)
ρH(w) > 0✳

❙✐♥❝❡ ρL(w) > 0✱ t❤❡ ✏❞♦✇♥✇❛r❞✑ ❝♦♥str❛✐♥t ❜✐♥❞s t❤✐s ♣❡r✐♦❞ ❛♥❞ ✐t ✇✐❧❧ ❦❡❡♣

❜✐♥❞✐♥❣ ❛❧♦♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ θL✬s✳ ❋♦r♠❛❧❧②✱ ❧❡t zsL(w) ❜❡ ❞❡✜♥❡❞ ❜② zsL(w) =

zL
(
zs−1
L (w)

)
✇✐t❤ z0L(w) = w✳ ❇② ❊q✉❛t✐♦♥ ✽✱ ρ(zsL(w)) > 0 ❢♦r ❛♥② s✳ ❚❤❡♥✱

✐t❡r❛t✐♥❣ ❛❧♦♥❣ t❤✐s s❡q✉❡♥❝❡✱ ✇❡ ❛rr✐✈❡ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr❛❞✐❝t✐♦♥ ❜② ✉s✐♥❣

♠♦♥♦t♦♥✐❝✐t② ♦❢ R✿

w = ∆θ

+∞∑

τ=0

(δA(αH − αL))
τ
(
R ◦ K

)(
ρL(z

τ
L

(
w)
))

<
∆θ

1− δA(αH − αL)
R(ke

L)

❙♦✱ zeH ✐s t❤❡ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t ♦❢ ZH ✳

◆♦✇✱ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ✜①❡❞ ♣♦✐♥ts ♦❢ zL✳ ❖❢ ❝♦✉rs❡✱ 0 ✐s ❛❧✇❛②s ❛

✜①❡❞ ♣♦✐♥t✱ ❛♥❞ ♦✉r ❣♦❛❧ ✐s t♦ ✐❞❡♥t✐❢② ❛ ♣♦s✐t✐✈❡ ✜①❡❞ ♣♦✐♥t✳ ❙✉♣♣♦s❡ t❤❡r❡

❡①✐sts 0 < w = zL(w)✳ ❋✐rst ♦❢ ❛❧❧✱ zL(w) = zeL < w∗
L ≤ w ✇❤❡♥❡✈❡r ρL(w) = 0✱

t❤❡r❡❢♦r❡ ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡ t❤❛t w < zeL ❛♥❞ ρL(w) > 0✳

✹✵



❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ w = ∆θ
1−δA(αH−αL)

(R ◦ KL)(ρL(w)) ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r②

✇❤❡♥ w = zL(w) > 0 ✇✐t❤ ρL(w) > 0✳ ❖♥❡ ♠♦r❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥✱ ❞✉❡ t♦

t❤❡ ❊q✉❛t✐♦♥s ✽ ❛♥❞ ✾✱ ✐s t❤❛t
(
(1 − αL)δP − δA(αH − αL)

)
ρL(w) = αL(δP −

δA) +αLδPρH(w) > 0✳ ❇② ♠♦♥♦t♦♥✐❝✐t② ♦❢ ρ ✭s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✮✱ t❤❡s❡ t✇♦

❡q✉❛t✐♦♥s ❤❛✈❡ ❛ r♦♦t ✐❢ ❛♥❞ ♦♥❧② ✐❢ θL > aL
1−b

∆θ✳ ❆♥❞✱ ✐❢ s✉❝❤ ❛ r♦♦t ❡①✐sts✱ t❤❡♥

✐t ✐s ✉♥✐q✉❡✳

▲❡t wf ❜❡ t❤❡ r♦♦t ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❡q✉❛t✐♦♥s ❢♦r θL > aL
1−b

∆θ✱ ❛♥❞

wf = 0✱ ♦t❤❡r✇✐s❡✳ ❋♦r θL > aL
1−b

∆θ✱ ❣❧♦❜❛❧ st❛❜✐❧✐t② ❢♦❧❧♦✇s ❢r♦♠ zL(·) ❝r♦ss✐♥❣
t❤❡ ✹✺✲❞❡❣r❡❡ ❧✐♥❡ ♦♥❧② ♦♥❝❡ ❛♥❞ ❢r♦♠ ❛❜♦✈❡✱ ❜❡❝❛✉s❡ wf < zeL✳ ❋♦r θL/∆θ ≤ c✱

❣❧♦❜❛❧ st❛❜✐❧✐t② ✐s tr✐✈✐❛❧✱ ❜❡❝❛✉s❡ 0 ✐s t❤❡ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t✳

P❛rt ✭❡✮✳ ❆t t❤❡ ✐♥✐t✐❛❧ ❞❛t❡✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ z ❝♦✐♥✲

❝✐❞❡ ✇✐t❤ ❊q✉❛t✐♦♥s ✼ ❛♥❞ ✽✳ ❚❤❡ ❡①tr❛ ✜rst ❝♦♥❞✐t✐♦♥ ✐s µLρL(w)− µHρH(w) =

(≤)µH ✇❤❡♥❡✈❡r w > (=)0✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠

♠♦♥♦t♦♥✐❝✐t② ♦❢ ρ✱ s❡❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❚♦ s❡❡ t❤❛t t❤❡ ❝♦♥tr❛❝t ❛❧✇❛②s

st❛②s ✇✐t❤✐♥ [0, w∗
L]✱ ♥♦t✐❝❡ t❤❛t S

′
L(zL(w)) > 0✱ ❞✉❡ t♦ ❊q✉❛t✐♦♥ ✽✱ ✐♠♣❧②✐♥❣ t❤❛t

ρL(w) > 0✳ ❋♦r w ≤ w∗
L✱ |zH(w) − zeH | ≤ |w − zeH | ②✐❡❧❞s zH(w) ≤ w∗

L✱ ❜❡❝❛✉s❡

zeH < w∗
L ❛s s❤♦✇♥ ❜❡❢♦r❡✳

✽✳✸ ❈♦♥♥❡❝t✐♦♥ t♦ ♣r✐♠✐t✐✈❡s

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❛♥❞ ❈♦r♦❧❧❛r② ✹✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✜rst✲♦r❞❡r ♦♣t✐✲

♠❛❧ ❝♦♥tr❛❝t ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ max
{

U#(θH), lim
t→∞

U#(θH |θt−1
L )

}

≤ C =

∆θR(ke(θH)) + δA(αH − αL)U
#(θH |θH)✳ ●✐✈❡♥ ❤✐st♦r② ht−1✱ U#(θH |ht−1)−C ✐s

t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✇❤✐❝❤ θL ❝♦✉❧❞ ♦❜t❛✐♥ ❜② ♠✐sr❡♣♦rt✐♥❣ ❤✐s t②♣❡ ♦♥❝❡✱ ❛♥❞

t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t r❡q✉✐r❡s t❤✐s ♦❜❥❡❝t t♦ ❜❡ ♥♦♥✲♣♦s✐t✐✈❡✳

❇② ❈♦r♦❧❧❛r② ✷✱ U#(θH |hs−1, θH , θ
t−1
L ) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t ✇✐t❤ lim

t→∞
U#(θH |θt−1

L ) =

lim
t→∞

U#(θH |hs−1, θH , θ
t−1
L ) ❢♦r ❛❧❧ hs−1 ❛♥❞ s✳ ■♥ ❛❞❞✐t✐♦♥✱ U#(θH |θt−1

L ) ✐s ❡✐t❤❡r

❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣ ♦r ✐♥❝r❡❛s✐♥❣ ✐♥ t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r✐♠✐t✐✈❡s✳ ❖❜t❛✐♥ t❤❡

r❡s✉❧t ❜② ❝♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s✳

◆❡①t✱ ✇❡ ❡st❛❜❧✐s❤ Pr♦♣♦s✐t✐♦♥ ✸ ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❈♦r♦❧❧❛r② ✹✳ ▲❡t w∗

❜❡ t❤❡ ♣♦✐♥t ❝❤♦s❡♥ ❛t ✐♥✐t✐❛❧✐③❛t✐♦♥✳ ❈❧❡❛r❧②✱ zeH ✐s ❛tt❛✐♥❡❞ ✐♥ ✜♥✐t❡ t✐♠❡✱ s❛② t∗✱

❛❧♦♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ θH ✬s st❛rt✐♥❣ ❢r♦♠ ❛♥② w∗✳ ❙✐♥❝❡ zeH ≤ wf
L✱ Pr♦♣♦s✐t✐♦♥ ✺

②✐❡❧❞s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ♥❡✈❡r ❧❡❛✈❡s t❤❡ ✐♥t❡r✈❛❧ [zeH , w
f ]✳

❙✉♣♣♦s❡ t❤❛t wf ≤ w∗
H ✱ t❤❡♥ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❞♦ ♥♦t ❤❛✈❡

❛ ❜✐t❡ ❛❢t❡r t∗ ♣❡r✐♦❞s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ❊q✉❛t✐♦♥s ✼✱ ✽ ❛♥❞ ✾ ②✐❡❧❞ t❤❛t
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❢♦r ❛♥② w ∈ [zeH , w
f ]✱ ρL(zH(w)) = aH ❛♥❞ ρL(zL(w)) = aL + bρL(w)✳ ■♥ ♦t❤❡r

✇♦r❞s✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❞❡s❝r✐❜❡❞

✐♥ Pr♦♣♦s✐t✐♦♥ ✷✱ ❛♥❞ wf = lim
t→∞

U#(θH |θt−1
L )✱ w∗

H = C✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ wf > w∗
H ❛♥❞ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡✈❡♥t✉✲

❛❧❧② r❡st❛rt ✇✐t❤ s♦♠❡ t∗✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✱ t❤❡r❡ ❡①✐sts t > t∗ s✉❝❤ t❤❛t

w∗
H < ztL(z

e
H) < wf ✐♠♣❧②✐♥❣ t❤❛t zH(z

t
L(z

e
H)) 6= zeH ✇❤❡r❡ ztL(·) ✐s ❛ ♣r♦❞✉❝t

♦❢ t ❝♦♥s❡❝✉t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ zL(·) t♦ w✳ ❚❤✐s ✐s ❛ ❝❧❡❛r ❝♦♥tr❛❞✐❝t✐♦♥✳

✽✳✹ ❖♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝t ❛♥❞ ❛ss❡ss ✐ts

♣❡r❢♦r♠❛♥❝❡✳ ❊①t❡♥❞✐♥❣ ▲❡♠♠❛ ✷✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ♥♦t ♦♥❧② ❛❣❡♥t✬s ❛❧❧♦❝❛t✐♦♥✱

❜✉t ❤✐s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛❧s♦ ❢♦❧❧♦✇s ❛ r❡st❛rt ♣❛tt❡r♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ r❡st❛rt

❝♦♥tr❛❝t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡♣r❡s❡♥t ❛ r❡st❛rt ❝♦♥tr❛❝t ❜② ❛ ♣❛✐r ♦❢ s❡q✉❡♥❝❡s {Ut, kt}
❛♥❞ {Ût, k̂t} ❛s ✐♥ ❘❡♠❛r❦ ✸✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳ ❋✐rst✱ ✇❡ ❛❞❥✉st ♦✉r ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s t♦ r❡s♣❡❝t ❛

str✉❝t✉r❡ ♦❢ r❡st❛rt ❝♦♥tr❛❝ts✳ ❆ r❡st❛rt ❝♦♥tr❛❝t s❛t✐s✜❡s t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥✲

❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✐❢ ❢♦r ❛❧❧ t✱

Ut ≥ ∆θR(kt) + δA(αH − αL)Ut+1,

Ût ≥ ∆θR(k̂t) + δA(αH − αL)Ût+1.

❆ r❡st❛rt ❝♦♥tr❛❝t s❛t✐s✜❡s t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✐❢ ❢♦r ❛❧❧ t✱

Ut ≤ ∆θR(k(θH)) + δA(αH − αL)U1,

Ût ≤ ∆θR(k(θH)) + δA(αH − αL)U1.

◆♦✇✱ ✇❡ ❞❡r✐✈❡ ♣r✐♥❝✐♣❛❧✬s ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ♦❢ ❛ r❡st❛rt ❝♦♥tr❛❝t✳ ▲❡t St ❜❡ t❤❡

s✉r♣❧✉s ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡ ❣✐✈❡♥ t❤❛t θL ✇❛s ❞r❛✇♥ t − 1 t✐♠❡s s✐♥❝❡ s✐♥❝❡ t❤❡
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❧❛st θH ✳

S1 = αH

[

s(k(θH), θH)− αH(δP − δA)U1 + δPS1

]

+ (1− αH)
[

s(k1, θL)− αL(δP − δA)U2 + δPS2

]

,

St = αL

[

s(k(θH), θH)− αH(δP − δA)U1 + δPS1

]

+ (1− αL)
[

s(kt, θL)− αL(δP − δA)Ut+1 + δPSt+1

]

.

◆❡①t✱ ✇❡ s♦❧✈❡ ❢♦r ♣r✐♥❝✐♣❛❧✬s ❡①♣❡❝t❡❞ r❡✈❡♥✉❡✿

Π =− µH Û1 + µL

∞∑

t=1

(δP (1− αL))
t−1
(
s(k̂t, θL)− αL(δP − δA)Ût+1

)
+

+ ζ
[

s(k(θH), θH)− αH(δP − δA)U1

+ δP (1− αH)
∞∑

t=1

(δP (1− αL))
t−1
(
s(kt, θL)− αL(δP − δA)Ut+1

)]

✇❤❡r❡ ζ = αLδP+µH(1−δP )
(1−δP )(1−δP (αH−αL))

✳ ❚❤❡ ✜rst t❡r♠ ✐s ❛❣❡♥t✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t②✱ t❤❡

s❡❝♦♥❞ t❡r♠ ✐s ❡①♣❡❝t❡❞ s✉r♣❧✉s ❛❧♦♥❣ t❤❡ ❧♦✇❡st ❤✐st♦r② ❛♥❞ t❤❡ t❤✐r❞ ✐s ❡①♣❡❝t❡❞

s✉r♣❧✉s ♦❢ t❤❡ r❡st❛rt ♣❤❛s❡✳

❋✐rst✱ ✇❡ ✐❣♥♦r❡ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛♥❞ ♠❛①✐♠✐③❡ Π ✐♥ t❤❡

s❡t ♦❢ r❡st❛rt ❝♦♥tr❛❝ts r❡s♣❡❝t✐♥❣ t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✷✱ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐s t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✇❤✐❝❤ ❤❛s

U#
t := ∆θR(k#

t )+δA(αH−αL)U
#
t+1 ❛♥❞ Û#

t := ∆θR(k̂#
t )+δA(αH−αL)Û

#
t+1 ✇✐t❤

k#
t = K

(
aL
1−b

(1 − bt−1) + aHb
t−1
)
❛♥❞ k̂#

t = KL

(
aL
1−b

(1 − bt−1) + µH

µL
bt−1

)
✳ ▲❡t Π#

❜❡ ♣r✐♥❝✐♣❛❧✬s ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ❢♦r t❤✐s ❝♦♥tr❛❝t✱ t❤❡♥ Π# ≥ Π∗ ✇✐t❤ ❡q✉❛❧✐t② ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤✐s ❝♦♥tr❛❝t s❛t✐s✜❡s t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳

◆♦✇✱ ✇❡ ✐♠♣♦s❡ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛♥❞ ♠❛①✐♠✐③❡ Π ✐♥ t❤❡

s❡t ♦❢ r❡st❛rt ❝♦♥tr❛❝ts r❡s♣❡❝t✐♥❣ IC✳ ▲❡t ΠR ❜❡ ♣r✐♥❝✐♣❛❧✬s ❡①♣❡❝t❡❞ r❡✈❡♥✉❡

❢♦r t❤✐s ❝♦♥tr❛❝t✱ t❤❡♥ ΠR ≤ Π∗ ✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤✐s ❝♦♥tr❛❝t s❛t✐s✜❡s

t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳ ❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❢♦r

❡❛❝❤ t✿

✶✳ ζδP (1− αH)(δP (1− αL))
t−1ρt ✐s t❤❡ ♠✉❧t✐♣❧✐❡r ♦♥ Ut ≥ ∆R(kt)

+ δA(αH − αL)Ut+1

✷✳ ζδP (1− αH)(δP (1− αL))
t−1ηt ✐s t❤❡ ♠✉❧t✐♣❧✐❡r ♦♥ Ut ≤ ∆R(k(θH))
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+ δA(αH − αL)U1

✸✳ µL(δP (1− αL))
t−1ρ̂t ✐s t❤❡ ♠✉❧t✐♣❧✐❡r ♦♥ Ût ≥ ∆R(kt) + δA(αH − αL)Ût+1

✹✳ µL(δP (1− αL))
t−1η̂t ✐s t❤❡ ♠✉❧t✐♣❧✐❡r ♦♥ Ût ≤ ∆R(k(θH)) + δA(αH − αL)U1

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② k(θH) = KH(ξ) ❛♥❞ ∀t

kt = KL(ρt), ❢♦r ρt+1 = aL + bρt + ηt+1 ✇✐t❤ ρ1 = aH − δA
δP

αH − αL

1− αH

ξ + η1,

k̂t = KL(ρ̂t), ❢♦r ρ̂t+1 = aL + bρ̂t + η̂t+1 ✇✐t❤ ρ̂1 =
µH

µL

+ η̂1,

✇❤❡r❡ ξ =
∞∑

t=1

(δP (1− αL))
t−1
(

µL

ζ
η̂t + ζδ(1− αH)ηt

)

✳

■❢ t❤❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❞♦ ♥♦t ❜✐♥❞✱ t❤❡♥ ξ = 0 ❛♥❞ t❤❡ ✜rst✲

♦r❞❡r ❝♦♥tr❛❝t ✐s ♦♣t✐♠❛❧✳ ❚❤✐s ❝♦♥tr❛❝t ❤❛s ❛♥ ✐♥✜♥✐t❡ ♠❡♠♦r② ❛❧♦♥❣ t❤❡ s❡✲

q✉❡♥❝❡ ♦❢ θL✬s✳

❙♦✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ t❤❛t s♦♠❡ ✏✉♣✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❜✐♥❞ t❤❛t ✐s

ξ > 0✳ ❯s✐♥❣ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛♥ ♦♣t✐♠❛❧ r❡st❛rt

❝♦♥tr❛❝t ✐s s✉❝❤ t❤❛t

ρt+1 = max{γ, aL + bρt},
ρ̂t+1 = max{γ, aL + bρ̂t},

❢♦r s♦♠❡ aL
1−b

≤ γ ≤ ρ1 ≤ aH ✳ ❚❤❡ ❝♦♥st❛♥t γ ✐s ❛ ✢♦♦r ♦♥ t❤❡ ❞✐st♦rt✐♦♥s

❛❧♦♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ θL✬s✳ ■♥ ❛❞❞✐t✐♦♥✱ η1 = 0 ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♦♣t✐♠❛❧ r❡st❛rt

❝♦♥tr❛❝t ❛❧✇❛②s ❤❛s s♦♠❡ ♠❡♠♦r②✱ ❛♥❞ ✐t ✐s ♥♦t ❛ st❛t✐❝ ♦♥❡✳ ❚♦ s❡❡ ✐t✱ s✉♣♣♦s❡

t❤❛t η1 > 0✱ t❤❡♥ U1 = ∆θR(k(θH)) + δA(αH − αL)U1✳ ❙✐♥❝❡
aL
1−b

≤ γ ≤ ρ1✱ ρt ✐s

❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣✱ t❤❡r❡❢♦r❡ Ut ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✳ ❚❤❡♥✱ t❤❡ ✏✉♣✇❛r❞✑

✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛❧✇❛②s ❜✐♥❞ ✐♥ t❤❡ r❡st❛rt ♣❤❛s❡✱ ❛♥❞ Ut = U1✱ kt = KL(γ)✳

❈♦♠❜✐♥❣ ❜♦t❤ ✐♥❝❡♥t✐♥❝❡ ❝♦♥str❛✐♥ts ♦❜t❛✐♥ t❤❛t R(k(θH)) = (R ◦ KL)(γ) ✇❤✐❝❤

✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❜❡❝❛✉s❡ k(θH) ≥ ke(θH) ❛♥❞ KL(γ) ≤ ke(θL)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳ ❋✐rst✱ ✇❡ s❤❛❧❧ ❜♦✉♥❞ Π# − ΠR > 0✳ ❉❡✜♥❡ t❤❡ s❧❛❝❦

✈❛r✐❛❜❧❡s ❢♦r t❤❡ ✉♣✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❜② εt =
(

Û#
t − ∆R(ke(θH)) −

δA(αH − αL)U
#
1

)+

❛♥❞ ε̂t =
(

Û#
t − ∆R(ke(θH)) − δA(αH − αL)U

#
1

)+

✳ ❇② t❤❡

✹✹



st❛♥❞❛r❞ ♣❡rt✉r❜❛t✐♦♥ ❛r❣✉♠❡♥t✱

Π# − ΠR ≤
∞∑

t=1

(δP (1− αL))
t−1
[

µLη̂tε̂t + ζδ(1− αH)ηtεt

]

,

❜❡❝❛✉s❡ t❤❡ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛❧✇❛②s ❜✐♥❞✳

❖✉r ✜rst ❜♦✉♥❞ t❛❦❡s εmax = max
{

ε̂0,
(

∆
1−δA(αH−αL)

K
(

aL
1−b

)
−∆R(ke(θH))−

δA(αH − αL)U
#
1

)+}

≥ εt, ε̂t ❢♦r ❛❧❧ t✳ ❯s✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r U1 ❛♥❞
aL
1−b

≤ ρ1✿

Π# − ΠR ≤ ζξεmax ≤ δP (1− αH)

δA(αH − αL)
(aH − c)ζεmax =: B1

a

❖✉r s❡❝♦♥❞ ❜♦✉♥❞ ❧✐♠✐ts ηt ❛♥❞ η̂t✳ ◆♦t✐❝❡ t❤❛t ρt+1 − aL − bρt = ηt+1 ≤
γ(1 − b) − aL ≤ (1 − b)

(
aH − aL

1−b

)
❛♥❞ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r η̂t+1 ❢♦r ❛♥② t ≥ 2✳

❋♦r t = 1✱ η̂1 ≤
(
aH − µH

µL

)+
✱

Π# − ΠR ≤ µL

(
aH − µH

µL

)+
ε̂1 + µL(1− b)

(
aH − aL

1− b

)

·
∞∑

t=2

(δP (1− αL))
t−1
[

µLε̂t + ζδ(1− αH)εt

]

=: B2
a.

❖✉r ❧❛st ❜♦✉♥❞ r❡❧✐❡s ♦♥ t❤❡ ♦♣t✐♠❛❧ st❛t✐❝ ❝♦♥tr❛❝t✳ ❆ st❛t✐❝ ❝♦♥tr❛❝t ✐s s✉❝❤

t❤❛t kt = k̂t = k(θL) ❛♥❞ Ut = Ût = U(θH) ❢♦r ❛❧❧ t✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡

♦♣t✐♠❛❧ st❛t✐❝ ❝♦♥tr❛❝t ❤❛s kS(θH) = ke(θH) ❛♥❞ kS(θL) = KL(ρ) ✇❤❡r❡

ρ =
(µH + ζ(δP − δA)αH)(1− δP (1− αL))

(µL + ζδP (1− αH))(1− δA(αH − αL))
+

αL(δP − δA)

1− δA(αH − αL)
.

❚❤❡ ♣r♦✜t ♦❢ t❤❡ ♦♣t✐♠❛❧ st❛t✐❝ ❝♦♥tr❛❝t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❝❧♦s❡❞ ❢♦r♠✱ ΠS✱ ✉s✐♥❣

t❤❡ ❜✐♥❞✐♥❣ ✏❞♦✇♥✇❛r❞✑ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✳ ❆♥❞✱ ✇❡ ❤❛✈❡ Π#−ΠR ≤ Π#−ΠS✳

❚❤❡♥✱

Π∗ − ΠR ≤ min{B1
a, B

2
a,Π

# − ΠS} =: Ba ❛♥❞

1− ΠR

Π∗
≤ Ba/Π

#

max{1− Ba/Π#,ΠS} =: Br.

✹✺



✽✳✺ ❈♦♠♣❛r❛t✐✈❡ st❛t✐❝s

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳ ❲❡ st❛rt ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✳

❇② ❈♦r♦❧❧❛r② ✷✱ t❤❡♥ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❡ss❡♥t✐❛❧❧② st❛t✐❝ ❢♦r α = 1
2
✳

❋♦r♠❛❧❧②✱ ρt =
δP−δA

δP
❢♦r ❛♥② t✱ ρ̂t =

δP−δA
δP

❢♦r t ≥ 2✱ ❛♥❞ ρ̂1 =
µH

µL
✳ ■♠♣♦rt❛♥t❧②✱

ŪA ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ δA✱ s♦ δA = δP ✉♥✐q✉❡❧② ♠❛①✐♠✐③❡s t❤❡ s✉r♣❧✉s ❛♥❞ ♠✐♥✲

✐♠✐③❡s t❤❡ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡ ♣r♦✈✐s✐♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❙✐♥❝❡ t❤❡ ♣r♦✜t ✐♥ t❤❡

✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t α ❛♥❞ δA = δP ✐s ❛ str✐❝t

♠❛①✐♠✐③❡r ❢♦r α = 1✱ ✐t ✐s st✐❧❧ ❛ ♠❛①✐♠✐③❡r ❢♦r α ≈ 1
2
✳

■❢ α → 1✱ t❤❡♥ ρ̂t → µH

µL

(
δA
δP

)t−1

∀t✱ t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ❝♦st ♦❢ ✐♥❝❡♥t✐✈❡

♣r♦✈✐s✐♦♥ ❣♦❡s t♦ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱ lim
α→1

ŪP = lim
α→1

ŪA✱ ❛♥❞ t❤❡ ❧✐♠✐t ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ✐♥ δA✳ ❇② ❝♦♥t✐♥✉✐t②✱ δA = 0 ✐s ❛ ♠❛①✐♠✐③❡r ❢♦r α ≈ 1✳

❋✐♥❛❧❧②✱ ❜② ❈♦r♦❧❧❛r② ✷ t❤❡ ✜rst✲♦r❞❡r ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡

❢♦r ❡✐t❤❡r ✐✐❞ ♦r ❝♦♥st❛♥t t②♣❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s tr✉❡ ❢♦r t❤❡ ♦♣t✐♠❛❧

❛♥❞ ♦♣t✐♠❛❧ r❡st❛rt ❝♦♥tr❛❝ts ❛s ✇❡❧❧✳

❘❡❢❡r❡♥❝❡s

❆❝❡♠♦❣❧✉✱ ❉✳✱ ●♦❧♦s♦✈✱ ▼✳✱ ❛♥❞ ❚s②✈✐♥s❦✐✱ ❆✳ ✭✷✵✵✽✮✳ P♦❧✐t✐❝❛❧ ❡❝♦♥♦♠② ♦❢ ♠❡❝❤✲

❛♥✐s♠s✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✼✻✭✸✮✿✻✶✾✕✻✹✶✳

❆❣✉✐❛r✱ ▼✳✱ ❆♠❛❞♦r✱ ▼✳✱ ❛♥❞ ●♦♣✐♥❛t❤✱ ●✳ ✭✷✵✵✾✮✳ ■♥✈❡st♠❡♥t ❝②❝❧❡s ❛♥❞

s♦✈❡r❡✐❣♥ ❞❡❜t ♦✈❡r❤❛♥❣✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✼✻✭✶✮✿✶✕✸✶✳

❇❛tt❛❣❧✐♥✐✱ ▼✳ ✭✷✵✵✺✮✳ ▲♦♥❣✲t❡r♠ ❝♦♥tr❛❝t✐♥❣ ✇✐t❤ ♠❛r❦♦✈✐❛♥ ❝♦♥s✉♠❡rs✳ ❆♠❡r✲

✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✺✭✸✮✿✻✸✼✕✻✺✽✳

❇❛tt❛❣❧✐♥✐✱ ▼✳ ❛♥❞ ▲❛♠❜❛✱ ❘✳ ✭✷✵✶✼✮✳ ❖♣t✐♠❛❧ ❞②♥❛♠✐❝ ❝♦♥tr❛❝t✐♥❣✿ t❤❡ ✜rst✲

♦r❞❡r ❛♣♣r♦❛❝❤ ❛♥❞ ❜❡②♦♥❞✳ ❈♦r♥❡❧❧ ❯♥✐✈❡rs✐t② ❛♥❞ P❡♥♥s②❧✈❛♥✐❛ ❙t❛t❡ ❯♥✐✲

✈❡rs✐t②✳

❇❡♥✈❡♥✐st❡✱ ▲✳ ▼✳ ❛♥❞ ❙❝❤❡✐♥❦♠❛♥✱ ❏✳ ❆✳ ✭✶✾✼✾✮✳ ❖♥ t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐♥ ❞②♥❛♠✐❝ ♠♦❞❡❧s ♦❢ ❡❝♦♥♦♠✐❝s✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✹✼✿✼✷✼✕✼✸✷✳

❇❡r❣❡♠❛♥♥✱ ❉✳ ❛♥❞ ❙tr❛❝❦✱ P✳ ✭✷✵✶✺✮✳ ❉②♥❛♠✐❝ r❡✈❡♥✉❡ ♠❛①✐♠✐③❛t✐♦♥✿ ❛ ❝♦♥t✐♥✲

✉♦✉s t✐♠❡ ❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✺✾✿✽✶✾✕✽✺✸✳

✹✻



❇❡r❣❡♠❛♥♥✱ ❉✳ ❛♥❞ ❱ä❧✐♠ä❦✐✱ ❏✳ ✭✷✵✶✼✮✳ ❉②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥✿ ❛♥ ✐♥tr♦✲

❞✉❝t✐♦♥✳ ❨❛❧❡ ❯♥✐✈❡rs✐t② ❛♥❞ ❆❛❧t♦ ❯♥✐✈❡rs✐t②✳

❇❡s❛♥❦♦✱ ❉✳ ✭✶✾✽✺✮✳ ▼✉❧t✐✲♣❡r✐♦❞ ❝♦♥tr❛❝ts ❜❡t✇❡❡♥ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❛❣❡♥t ✇✐t❤

❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✶✼✭✶✲✷✮✿✸✸✕✸✼✳

❇✐❛✐s✱ ❇✳✱ ▼❛r✐♦tt✐✱ ❚✳✱ P❧❛♥t✐♥✱ ●✳✱ ❛♥❞ ❘♦❝❤❡t✱ ❏✳✲❈✳ ✭✷✵✵✼✮✳ ❉②♥❛♠✐❝ s❡❝✉r✐t②

❞❡s✐❣♥✿ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❛♥❞ ❛ss❡t ♣r✐❝✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s✳ ❘❡✈✐❡✇

♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✼✹✭✷✮✿✸✹✺✕✸✾✵✳

❈❛♠♣❡❧❧♦✱ ▼✳✱ ●r❛❤❛♠✱ ❏✳ ❘✳✱ ❛♥❞ ❍❛r✈❡②✱ ❈✳ ❘✳ ✭✷✵✶✵✮✳ ❚❤❡ r❡❛❧ ❡✛❡❝ts ♦❢

✜♥❛♥❝✐❛❧ ❝♦♥str❛✐♥ts✿ ❡✈✐❞❡♥❝❡ ❢r♦♠ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧

❊❝♦♥♦♠✐❝s✱ ✾✼✭✸✮✿✹✼✵✕✹✽✼✳

❈❛rr♦❧❧✱ ❈✳ ❉✳ ✭✶✾✾✷✮✳ ❚❤❡ ❜✉✛❡r✲st♦❝❦ t❤❡♦r② ♦❢ s❛✈✐♥❣✿ s♦♠❡ ♠❛❝r♦❡❝♦♥♦♠✐❝

❡✈✐❞❡♥❝❡✳ ❇r♦♦❦✐♥❣s P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ✶✾✾✷✭✷✮✿✻✶✕✶✺✻✳

❈❤❛ss❛♥❣✱ ❙✳ ✭✷✵✶✸✮✳ ❈❛❧✐❜r❛t❡❞ ✐♥❝❡♥t✐✈❡ ❝♦♥tr❛❝ts✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✽✶✭✺✮✿✶✾✸✺✕

✶✾✼✶✳

❈❧❡♠❡♥t✐✱ ●✳ ▲✳ ❛♥❞ ❍♦♣❡♥❤❛②♥✱ ❍✳ ❆✳ ✭✷✵✵✻✮✳ ❆ t❤❡♦r② ♦❢ ✜♥❛♥❝✐♥❣ ❝♦♥str❛✐♥ts

❛♥❞ ✜r♠ ❞②♥❛♠✐❝s✳ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✷✶✿✷✷✾✕✷✻✺✳

❉❡❛t♦♥✱ ❆✳ ✭✶✾✾✶✮✳ ❙❛✈✐♥❣ ❛♥❞ ❧✐q✉✐❞✐t② ❝♦♥str❛✐♥ts✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✺✾✭✺✮✿✶✷✷✶✕

✶✷✹✽✳

❉❡▼❛r③♦✱ P✳ ▼✳ ❛♥❞ ❙❛♥♥✐❦♦✈✱ ❨✳ ✭✷✵✵✻✮✳ ❖♣t✐♠❛❧ s❡❝✉r✐t② ❞❡s✐❣♥ ❛♥❞ ❞②♥❛♠✐❝

❝❛♣✐t❛❧ str✉❝t✉r❡ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❛❣❡♥❝② ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡✱

✻✶✭✻✮✿✷✻✽✶✕✷✼✷✹✳

❊❛t♦♥✱ ❏✳ ❛♥❞ ●❡rs♦✈✐t③✱ ▼✳ ✭✶✾✽✶✮✳ ❉❡❜t ✇✐t❤ ♣♦t❡♥t✐❛❧ r❡♣✉❞✐❛t✐♦♥✿ t❤❡♦r❡t✐❝❛❧

❛♥❞ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✹✽✭✷✮✿✷✽✾✕✸✵✾✳

❊❞♠❛♥s✱ ❆✳✱ ❋❛♥❣✱ ❱✳ ❲✳✱ ❛♥❞ ▲❡✇❡❧❧❡♥✱ ❑✳ ❆✳ ✭✷✵✶✼✮✳ ❊q✉✐t② ✈❡st✐♥❣ ❛♥❞

✐♥✈❡st♠❡♥t✳ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s✱ ✸✵✭✼✮✿✷✷✷✾✕✷✷✼✶✳

❊✈❛♥s✱ ❉✳ ❙✳ ✭✶✾✽✼✮✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✜r♠ ❣r♦✇t❤✱ s✐③❡✱ ❛♥❞ ❛❣❡✿ ❡s✲

t✐♠❛t❡s ❢♦r ✶✵✵ ♠❛♥✉❢❛❝t✉r✐♥❣ ✐♥❞✉str✐❡s✳ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❊❝♦♥♦♠✐❝s✱

✸✺✭✹✮✿✺✻✼✕✺✽✶✳

✹✼



❋❛r❤✐✱ ❊✳ ❛♥❞ ❲❡r♥✐♥❣✱ ■✳ ✭✷✵✵✼✮✳ ■♥❡q✉❛❧✐t② ❛♥❞ s♦❝✐❛❧ ❞✐s❝♦✉♥t✐♥❣✳ ❏♦✉r♥❛❧ ♦❢

P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✶✺✭✸✮✿✸✻✺✕✹✵✷✳

❋❡r♥❛♥❞❡s✱ ❆✳ ❛♥❞ P❤❡❧❛♥✱ ❈✳ ✭✷✵✵✵✮✳ ❆ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r r❡♣❡❛t❡❞ ❛❣❡♥❝②

✇✐t❤ ❤✐st♦r② ❞❡♣❡♥❞❡♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✾✶✭✷✮✿✷✷✸✕✷✹✼✳

❋✉st❡r✱ ❆✳ ❛♥❞ ❲✐❧❧❡♥✱ P✳ ❙✳ ✭✷✵✶✼✮✳ P❛②♠❡♥t s✐③❡✱ ♥❡❣❛t✐✈❡ ❡q✉✐t②✱ ❛♥❞ ♠♦rt❣❛❣❡

❞❡❢❛✉❧t✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ❊❝♦♥♦♠✐❝ P♦❧✐❝②✱ ❢♦rt❤❝♦♠✐♥❣✳

●❛rr❡tt✱ ❉✳✱ P❛✈❛♥✱ ❆✳✱ ❛♥❞ ❚♦✐❦❦❛✱ ❏✳ ✭✷✵✶✽✮✳ ❘♦❜✉st ♣r❡❞✐❝t✐♦♥s ♦❢ ❞②♥❛♠✐❝

♦♣t✐♠❛❧ ❝♦♥tr❛❝ts✳ ❚♦✉❧♦✉s❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ◆♦rt❤✇❡st❡r♥ ❯♥✐✈❡rs✐t② ❛♥❞

▼■❚✳

●♦♠❡s✱ ❏✳ ❋✳ ✭✷✵✵✶✮✳ ❋✐♥❛♥❝✐♥❣ ✐♥✈❡st♠❡♥t✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱

✾✶✭✺✮✿✶✷✻✸✕✶✷✽✺✳

➑♠r♦❤♦r♦➜❧✉✱ ❆✳ ❛♥❞ ❚ü③❡❧✱ ➇✳ ✭✷✵✶✹✮✳ ❋✐r♠✲❧❡✈❡❧ ♣r♦❞✉❝t✐✈✐t②✱ r✐s❦✱ ❛♥❞ r❡t✉r♥✳

▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ✻✵✭✽✮✿✷✵✼✸✕✷✵✾✵✳

❑rä❤♠❡r✱ ❉✳ ❛♥❞ ❙tr❛✉s③✱ ❘✳ ✭✷✵✶✺✮✳ ❉②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥✳ ■♥ ❆♥ ■♥tr♦✲

❞✉❝t✐♦♥ t♦ t❤❡ ❚❤❡♦r② ♦❢ ▼❡❝❤❛♥✐s♠ ❉❡s✐❣♥ ❜② ❚✐❧♠❛♥ ❇ör❣❡rs✱ ❝❤❛♣t❡r ✶✶✱

♣❛❣❡s ✷✵✹✕✷✸✹✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❑r❛s✐❦♦✈✱ ■✳ ❛♥❞ ▲❛♠❜❛✱ ❘✳ ✭✷✵✶✼✮✳ ❆ t❤❡♦r② ♦❢ ❞②♥❛♠✐❝ ❝♦♥tr❛❝t✐♥❣ ✇✐t❤ ✜♥❛♥❝✐❛❧

❝♦♥str❛✐♥ts✳ P❡♥♥s②❧✈❛♥✐❛ ❙t❛t❡ ❯♥✐✈❡rs✐t②✳

▲❛✛♦♥t✱ ❏✳✲❏✳ ❛♥❞ ❚✐r♦❧❡✱ ❏✳ ✭✶✾✾✸✮✳ ❆ t❤❡♦r② ♦❢ ✐♥❝❡♥t✐✈❡s ✐♥ ♣r♦❝✉r❡♠❡♥t ❛♥❞

r❡❣✉❧❛t✐♦♥✳ ▼■❚ ♣r❡ss✳

▲❡❤r❡r✱ ❊✳ ❛♥❞ P❛✉③♥❡r✱ ❆✳ ✭✶✾✾✾✮✳ ❘❡♣❡❛t❡❞ ❣❛♠❡s ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧ t✐♠❡ ♣r❡❢✲

❡r❡♥❝❡s✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✻✼✭✷✮✿✸✾✸✕✹✶✷✳

▲②♦♥✱ ❇✳ ❘✳ ✭✶✾✾✻✮✳ ❊♠♣✐r✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ ❡✣❝✐❡♥t ❝♦♥tr❛❝t t❤❡♦r②✿ ✐♥t❡r✲✜r♠

❝♦♥tr❛❝ts✳ ❖①❢♦r❞ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ P♦❧✐❝②✱ ✶✷✭✹✮✿✷✼✕✺✷✳

▼❛❞❛rás③✱ ❑✳ ❛♥❞ Pr❛t✱ ❆✳ ✭✷✵✶✼✮✳ ❙❡❧❧❡rs ✇✐t❤ ♠✐ss♣❡❝✐✜❡❞ ♠♦❞❡❧s✳ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✽✹✭✷✮✿✼✾✵✕✽✶✺✳

▼♦r❛♥❞✱ ❖✳ ❛♥❞ ❘❡✛❡tt✱ ❑✳ ✭✷✵✶✺✮✳ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✐♥ ❝♦♥✈❡① ♣r♦❣r❛♠s ✇✐t❤

❛♣♣❧✐❝❛t✐♦♥s t♦ ❝❧❛ss✐❝❛❧ ❛♥❞ ♥♦♥♦♣t✐♠❛❧ st♦❝❤❛st✐❝ ♦♥❡✲s❡❝t♦r ❣r♦✇t❤ ♠♦❞❡❧s✳

❯♥✐✈❡rs✐t② ♦❢ ❈♦♥♥❡❝t✐❝✉t ❛♥❞ ❆r✐③♦♥❛ ❙t❛t❡ ❯♥✐✈❡rs✐t②✳
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▼✉ss❛✱ ▼✳ ❛♥❞ ❘♦s❡♥✱ ❙✳ ✭✶✾✼✽✮✳ ▼♦♥♦♣♦❧② ❛♥❞ ♣r♦❞✉❝t q✉❛❧✐t②✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝ t❤❡♦r②✱ ✶✽✭✷✮✿✸✵✶✕✸✶✼✳

❖♣♣✱ ▼✳ ▼✳ ❛♥❞ ❩❤✉✱ ❏✳ ❨✳ ✭✷✵✶✺✮✳ ■♠♣❛t✐❡♥❝❡ ✈❡rs✉s ✐♥❝❡♥t✐✈❡s✳ ❊❝♦♥♦♠❡tr✐❝❛✱

✽✸✭✹✮✿✶✻✵✶✕✶✻✶✼✳

P❛✈❛♥✱ ❆✳ ✭✷✵✶✻✮✳ ❉②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥✿ r♦❜✉st♥❡ss ❛♥❞ ❡♥❞♦❣❡♥♦✉s t②♣❡s✳

■♥ ✷✵✶✺ ❲♦r❧❞ ❈♦♥❣r❡ss ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t②✳

P❛✈❛♥✱ ❆✳✱ ❙❡❣❛❧✱ ■✳✱ ❛♥❞ ❚♦✐❦❦❛✱ ❏✳ ✭✷✵✶✹✮✳ ❉②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥✿ ❛ ♠②❡r✲
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