A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Blasques, Francisco; Koopman, Siem Jan; Nientker, Marc

Working Paper

A Time-Varying Parameter Model for Local Explosions

Tinbergen Institute Discussion Paper, No. TI 2018-088/I11

Provided in Cooperation with:
Tinbergen Institute, Amsterdam and Rotterdam

Suggested Citation: Blasques, Francisco; Koopman, Siem Jan; Nientker, Marc (2018) : A Time-Varying
Parameter Model for Local Explosions, Tinbergen Institute Discussion Paper, No. TI 2018-088/111,

Tinbergen Institute, Amsterdam and Rotterdam

This Version is available at:
https://hdl.handle.net/10419/185607

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/185607
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

&
TI 2018-088/I1I
Tinbergen Institute Discussion Paper (
@

A Time-Varying Parameter Model
for Local Explosions

Francisco (F.) Blasques!
Siem Jan (S.J.) Koopman-
Marc Nientker!

1 U Amsterdam



Tinbergen Institute is the graduate school and research institute in economics of
Erasmus University Rotterdam, the University of Amsterdam and VU University
Amsterdam.

Contact: discussionpapers@tinbergen.nl

More TI discussion papers can be downloaded at http://www.tinbergen.nl
Tinbergen Institute has two locations:

Tinbergen Institute Amsterdam
Gustav Mahlerplein 117

1082 MS Amsterdam

The Netherlands

Tel.: +31(0)20 598 4580

Tinbergen Institute Rotterdam
Burg. Oudlaan 50

3062 PA Rotterdam

The Netherlands

Tel.: +31(0)10 408 8900


mailto:discussionpapers@tinbergen.nl
http://www.tinbergen.nl/

A Time-Varying Parameter Model for Local Explosions

Francisco Blasques(®?), Siem Jan Koopman(®®® and Marc Nientker(®

“VU Amsterdam, School of Business and Economics, The Netherlands
bTinbergen Institute Amsterdam, The Netherlands

“CREATES, Aarhus University, Denmark

November 9, 2018

Abstract

Locally explosive behavior is observed in many economic and financial time series when
bubbles are formed. We introduce a time-varying parameter model that is capable of
describing this behavior in time series data. Our proposed model can be used to predict
the emergence, existence and burst of bubbles. We adopt a flexible observation driven
model specification that allows for different bubble shapes and behavior. We establish
stationarity, ergodicity, and bounded moments of the data generated by our model.
Furthermore, we obtain the consistency and asymptotic normality of the maximum
likelihood estimator. Given the parameter estimates, our filter is capable of extracting
the unobserved bubble process from observed data. We study finite-sample properties
of our estimator through a Monte Carlo simulation study. Finally, we show that our
model compares well with noncausal models in a financial application concerning the

Bitcoin/US dollar exchange rate.

Keywords: bubbles, observation driven models, noncausal models, stationary, ergodic,
consistency, asymptotic normality, exchange rates.

JEL codes: C22, C58, G10.



1 Introduction

Many financial and economic time series display phases of locally explosive behaviour that is
followed by a burst or sharp mean-reverting dynamics. This stochastic behaviour is especially
prevalent in financial asset prices, stock indices and exchange rates. The literature on rational
expectations models for asset pricing typically describe the asset price process as the sum
of a fundamental value process and aforementioned locally explosive process. The second
process is then defined as a speculative bubble, see for instance Blanchard and Watson| (1982]),
West/| (1987)), [Diba and Grossman (1988)) and more. The bubble is considered to be an
explosive nonstationary process and its presence is tested via unit root and cointegration
tests. However, |Evans (1991) noted that periodically collapsing bubbles can cause the bubble
paths to look more like a stationary process, making it difficult for regular tests to detect
the existence of bubbles. Using recursive testing techniques, evidence for the existence of
a speculative bubble has been found by for example |Phillips et al.| (2011) and Homm and
Breitung (2012)) in the Nasdaq real price index and Phillips and Yu! (2011)) in the U.S. house
price index, the price of crude oil and the spread between Baa and Aaa bond rates.

A different approach has been proposed by (Gouriéroux and Zakoian| (2013) who describe
speculative bubble dynamics using a noncausal autoregressive process of order one with
Cauchy innovations. This specification is able to model speculative bubbles as in reverse
time the model is a causal autoregressive process of order one with a fat tailed innovation
distribution, and thus produces large spikes followed by mean reversion. From the calendar
time perspective such dynamics are observed as exponential explosions followed by sudden
collapse. The noncausal approach to bubble modelling has been extended to stable dis-
tributed innovations in |Gouriéroux and Zakoian| (2017) and to higher order mixed causal
and noncausal linear models in [Fries and Zakoian| (2017). A difference with the rational
expectations approach is that noncausal models work within a stationary framework, which
allows for the derivation of many theoretical results. |Gouriéroux and Zakoian| (2013) show
that the sample autocorrelation converges to a number smaller than one in absolute value.
It demonstrates that a unit root test generally rejects the unit root hypothesis and thus
will be unable to identify the presence of speculative bubbles. Moreover, they indicate the

possibility of calculating and predicting future bubble behaviour and show the existence of



moments. A major disadvantage of the noncausal approach is its computational challenge.
Distinguishing causal and noncausal components is based on extreme value clustering, see
the discussions in [Fries and Zakoian (2017)). The prediction of these components depends
on computational methods such as Metropolis-Hasting or sampling/importance resampling,
see (Gourieroux and Jasiak| (2016). In addition, the models are unable to distinguish the
potential speculative bubble from the fundamental value. The noncausal models allow for
only one generic type of bubble baseline path for a given set of parameters.

We introduce an observation driven model with time varying parameters designed as a
new approach to modelling multiple speculative bubbles. As in the literature on rational
expectations, our proposed model splits the asset price into a sum of two processes. The
first process represents the fundamental value and can be modelled by any contracting or
mean reverting process, while the second process represents the bubble effect characterised
by the typical exponential increase followed by a burst. We provide various bubble burst
conditions and discuss their respective merits and shortcomings. The advantage of using such
a specification is that we can filter data into its fundamental value and a potential speculative
bubble. Furthermore, the sum of the two processes is very flexible due to the joint dynamics
of the individual components and can describe various baseline paths for the same set of
parameters. Finally, the model has a conventional observation driven specification, which
implies that parameter estimation can rely on the method of maximum likelihood where
the likelihood function is obtained via the prediction error decomposition. It further implies
that point predictions, confidence intervals, bubble burst probabilities, bubble emergence
probabilities, expected bubble life times, and more, can be derived straightforwardly.

Similar to the noncausal literature our model describes locally explosive behaviour in
a strictly stationary framework. Due to earlier work in Blasques and Nientker (2017) we
can immediately show that the model admits a stationary ergodic and ¢-mixing solution
under very mild conditions. Additionally, in this paper, we prove that the model as a
filter also admits a stationary ergodic and mixing solution and that any initiated sample
path converges to this solution. The derivations of these results are nonstandard because
the filter contains a discontinuity, rendering classical contraction results such as those in
Bougerol (1993)) infeasible. The results are then used to obtain consistency and asymptotic

normality for our maximum likelihood estimator on the parameters that enter continuously



in the likelihood. In a simulation exercise we show that other parameters are well behaved.

The remainder of the paper is structured as follows. Section introduces our modelling
framework for local explosions. In Section [3| we study probabilistic and statistical properties
of the model. Evidence from simulations and a real time series are provided in Section

Concluding remarks are in Section 5] The proofs are presented in the Appendix.

2 Model for Local Explosions

Our model decomposes the asset price X; into a sum of three elements
(2.1) Xi = pp + by + &,

where y; is the fundamental value of the asset price, b, is the value of a potential speculative
bubble and ¢, is an error term. The error ¢; an element of an independent and identically

normal distributed sequence
(2.2) (¢)tez ~ NID(0,5?),

where o is a strictly positive constant. The fundamental value p; is defined as the value
of the asset price if no speculative bubbles were to exist. The main focus of this paper
is on describing bubble dynamics. Hence we consider a basic observation driven updating

equation for the fundamental value, that is

(2.3) pe =0 4 Bp—1 +y(Xem1 — pe—1 — bi1),

where 9, § and ~ are fixed unknown parameters. The dynamics for the fundamental value are
mean reverting if | 5| < 1, but partially correct by a factor v for the past error e, 1 = (X;_1 —
ti—1 — b;—1). This updating equation can be interpreted as an observation driven analogue
of the parameter driven local level model in Chapter 2 of Durbin and Koopman| (2012)
and can also be obtained when using a score updating rule for the mean as in |Creal et al.
(2013). Many other dynamic processes for the fundamental value can also be considered.

The model specification (2.3) can be augmented with more lags of the u and e processes,



similar to a stationary autoregressive moving average (ARMA) process. Also, we can adopt
a completely exogenous stationary process for u; which is potentially based on economic or
financial reasoning. We will maintain the stationary framework explored in the non-causal
literature. In practice, this means that one would have to add a nonstationary component
when the objective is to model bubles in non-stationary time-series, such as asset prices
which are typically nonstationary. Alternatively, one could allow the fundamental value to
be non-stationary, such as a random walk. This is however outside the scope of this paper.

The speculative bubble process is nonnegative and defined according to the following

updating equation

(2.4) by = (w + ab;—1)1{survival condition}.

To ensure nonnegativity of b, we impose w > 0, while v can be any nonnegative number, but
typically is thought of as a parameter that is greater than one. This implies that the bubble
process satisfies an exponential increase, as is commonly observed in locally explosive time
series. The bubble b; then diverges to infinity, if not for the indicator function, which forces
the bubble to collapse down to zero if the survival condition is no longer satisfied. As with
the fundamental value process, many options are available for the survival condition. Let
Fy = (X4, pt, by) be the information obtained at time ¢. Then a general survival condition

that encompasses a variety of useful model choices is given by thresholded functions

(2.5) 1{g(F,—1) < 0},

where g is some real-valued function, which we will call the survival function. A few example

choices for the survival function are given by

El g(Fi1) = X1 — ¢, for some ¢ € R.

E2 g(Fi1) = Xio1 — i1 — ¢, for some ¢ > 0.

E3 g(Fi 1) =bi 1 — kX1, for some k € [0, 1].

E4 g(F, 1) =bi1 — k(e — ©), for some k& > 0 and ¢ € R.



The simplest survival function lets the bubble grow until the asset price reaches a fixed
level c¢. This allows for various bubble sizes b;, as X;_1 also depends on the fundamental
value p;_1 and the shock process £;,_1, but does describe time series in which the asset price
always drops from approximately the same critical level. To allow for varying levels one can
use a survival function such as[E2] This function allows the bubble to grow as long as the
difference between the asset price and the fundamental value is not too large, which leaves
flexibility for the actual critical level. Examples have less control for the emergence
rate of bubbles. If a bubble just collapsed, then X, ; is equal to its fundamental value in
expectation, which has dynamics that are potentially likely to immediately initiate another
bubble. In example for instance, if bubbles are very large, then ¢ will be relatively large
with respect to the dynamics of the fundamental value. When the bubble collapses at time
t — 1, then g(F;_1) = ;-1 — ¢, which means that there is a very high probability of a new
bubble being created.

To gain more control of bubble emergence dynamics one can use more involved survival
functions such as example [E3] Here a bubble collapses if it makes out more than a fraction
k of the total asset price. This allows for various bubble sizes and critical levels of the asset
price as X;_; depends on the fundamental value and the shock process. In fact, a higher
fundamental value allows for larger bubbles, a result that can be argued to be appealing as
a high fundamental price can be one of the driving reasons for the existence of the bubble.
Example can control for the emergence of bubbles, as X; 1 < 0 implies that the break
condition is not satisfied for any possible value of b;_; and thus no bubble is created. A period
of negative asset value thus ensures no bubble is created during that time, hence can be
used well to describe time series which contain explosive and nonexplosive windows. Finally,
example captures the same effects as [E3] but elaborates on the connection between
the fundamental value and the bubble process. The bubble size and collapse and emergence
times are now all directly related to the fundamental value. If the fundamental value is below
the threshold ¢, then no bubbles are created. If the fundamental value goes above ¢, then
a bubble is created which grows until its size is larger than k times the difference between
the fundamental value and c¢. There are two general driving forces that cause the bubble
to burst. Firstly, the fundamental value process can stay above c¢ for an extended period of

time, but as it is mean reverting while the bubble is exponentially increasing, the bubble



process grows much faster and thus we eventually observe that b,_1 > k(u; — ¢). Secondly,
the fundamental value can fall quickly below ¢ again, which immediately makes the bubble
collapse. Combinations between these two collapse reasons are also possible, allowing for a

wide variety of bubble sizes and overall asset price dynamics.

2.1 Bubble variety

The bubble process described in might appear to be rather restricted at first sight, as
conditional on the current value of the bubble the updating equation allows for only two
possible values, all of which are within a countable space. However, the joint dynamics
between the fundamental value and the bubble process can cause the asset price to be very
flexible in describing various bubble sizes, shapes and frequencies. This is especially true
for examples and which we demonstrate in Figure [I] by examining some of the
possible impulse response functions (IRFs) for the model described in equations (2.1))-(2.5)
with survival condition Figure illustrates how a small impulse that does not push

Figure 1: Several impulse response functions for the bubble model as described in equations (12.1))-

(2.5)) with survival condition .

Xt X
— —
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(a) No bubble creation. (b) One standard bubble.
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(¢) Multiple consecutive bubbles decreasing (d) A flat bubble that spends some time near its peak
mn size. before collapsing.




the fundamental process above the threshold ¢ creates no speculative bubble. The resulting
dynamics in the asset price are therefore just the mean reverting ones from the fundamental
value process. In Figure we have increased the size of the impulse, which results in a
typical unique bubble characterised by its exponential increase followed by a sudden collapse.
The collapse is caused by the fundamental process reverting back to its mean lower than c. If
we further increase the size of the impulse as in Figure , then we obtain a similar initial
scenario, but now the bubble collapses even though the fundamental value is still above the
threshold, because its size is larger than k(x; 1 — ¢). This results in another smaller bubble
immediately created once the first bubble has collapsed. Finally, Figure illustrates the
effect of an impulse size that causes the mean reverting fundamental process dynamics to
approximately cancel out the explosive bubble dynamics. The resulting joint dynamics for
the asset price show a bubble that spends some time at its peak level before collapsing.
The different possible joint dynamics in the asset price as illustrated in Figure [1| are
often encountered in financial time series. Figure [2] exhibits some time series for which
evidence for the existence of a speculative bubble has been found. The bubble shapes in

each time series are remarkably different. Figure plots the monthly Nasdaq real price

Figure 2: Several time series with evidence for the existence of a speculative bubble. Pcmel@ 18
the monthly Nasdaq real price from January 1973 to May 2005, Pcmel is the daily Bitcoin/USD
exchange rate from February 20, 2018 to July 18, 2013 and Panel is the daily spread between
US Baa bond rates and Aaa bond rates from January 3, 2006 to July 2, 2009.
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from January 1973 to May 2005, studied in [Phillips et al. (2011). This time series contains
a single bubble where the exponential increase is followed by an immediate burst and no

new explosive behaviour, see the similarity with the impulse response function (IRF) in
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Figure Figure depicts the daily Bitcoin/US dollar exchange rate from February
20 to July 18 in 2013, studied in Hencic and Gouriéroux! (2015)). This time series contains a
classic bubble, which collapses on April 10. However, different to Figure it is followed
immediately by a new smaller exponential increase and downwards burst, analogous to the
IRF of Figure . Figure shows the daily spread between US Baa bond rates and
Aaa bond rates from January 3, 2006 to July 2, 2009, studied in [Phillips and Yu| (2011]).
Here we observe a speculative bubble that increases exponentially, but then spends some
time around its peak before collapsing, as in the IRF of Figure . All time series contain
windows where no speculative bubble is apparent, as in the IRF of Figure .

3 Probabilistic and statistical analysis

In this section we study the probabilistic properties of our model as defined in equations
—. The bubble model contains several irregular components making the results
in this section nonstandard. Firstly, the parameter « is allowed to be greater than one,
which means that the bubble model is locally explosive on its sample space. Secondly, the
updating equation for the bubble process contains a discontinuity. These aspects imply
that typical stability properties necessary for almost everywhere contraction conditions or
smoothness assumptions do not hold, which means that it is not possible to employ standard
stability theory results as developed in|Bougerol (1993) or Meyn and Tweedie| (1993)). Instead
we rely on previous work in Blasques and Nientker| (2017) that provides stability results for
resetting dynamic systems. Such a system is defined by an updating function that sometimes
resets to a fixed, possibly random, value regardless of the past. These dynamics are present
in the bubble process when the bubble collapses back to zero.

We split the parameter vector in two sub-vectors (0, A) which belong to the parameter
space © x A. Here # contains all the parameters that enter continuously in (g, b;) and A
contains the remaining parameters. Among the parameters (02,6, 8,7, w, a), it is clear that
o? is always an element of , while the remaining parameters may be elements of § or A
depending on the chosen survival function g. If the survival function depends on the bubble

process, then («,w) belong to A and if ¢g is nonconstant in the fundamental value process,

then (9, 3,7) belong to A\. We examine the examples from Section [2| as an illustration.



El g(F;1) = X; 1 —c, then 0 = (02,0, 3,7,w,a) and \ = c.

E2 g(Fi 1) = X1 — i1 — ¢, then 6 = (0%,w,a) and XA = (4, 3,7, ¢).
E3 g(Fi 1) =bi1 — kX1, then 0 = (02,4, 3,7) and A = (w, a, k).
E4 g(F, 1) =biy — k(e — ¢, then § = 02 and A = (4, 3,7, w, a, k).

Deriving consistency and asymptotic normality for A is generally difficult. Therefore we
approach the problem by deriving these results for 6 conditionally on a calibrated value of
A. This means that we will work with functions f in the Banach space L>(©,R), we write
Il flle for the supremum norm. The parameter space © is assumed to be compact throughout
this section.

We show in Section [3.1] that the model admits stable solutions under lenient restrictions
on the parameters and the survival function. We then continue to analyse the model as a
filter in Section [3.2] and show that filter paths converge to a stable solution. We derive the
likelihood in Section and provide consistency and asymptotic normality for a maximum

likelihood (ML) estimator in Section 3.4 The proofs and further details are presented in
Appendix [A]

3.1 The model as a data generating process

This section provides results that guarantee that our model generates (strictly) stationary
ergodic data with finite moments. Moreover, we show that partial solutions converge to
the stationary sequence. These results will be required later on to show consistency and
asymptotic normality for the ML estimator in a correctly specified model.

Data generated by our model partially adheres to very standard dynamics, as equation

(2.1) holds for such data and thus (2.3)) simplifies to

(3.1) pe =0+ Bpe—1 + VEr-1.

The fundamental value process therefore is an autoregressive process of order one with
Gaussian errors, a specification that is well studied and known to have stable solutions. We

need the following assumptions to ensure the stability results:
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DGP 1. The parameter space satisfies |3] < 1.

DGP 2. Let b > 0 and u,e € R. There exists a set S C R x R of positive Lebesque measure

such that the survival function satisfies
gle, ) = li)r;(f)g(u +b+e,u,0) >0 forall (e,u) €5S.

Assumption DGP [I}is standard in the literature on autoregressive processes. Condition
DGP [2|seems complicated but essentially requires that the bubble process always has positive
probability to collapse next period, regardless of its current and past values. If this were not
the case, then there are scenarios in which the bubble is guaranteed to continue growing,

something that can be considered unnatural. Assumption DGP [2]is usually easy to verify.
Lemma. Assumption DGP[J holds if § is a continuous and surjective function.

PROOF. The set [0,00) contains an open subset, say O. Since g is surjective g~'(O) is
nonempty and by continuity it is open. Any nonempty open subset in Euclidean space is of

positive Lebesque measure. |

We verify condition DGP [2| on our examples as an illustration. If our survival
function is given by then g(e, u) = p+ ¢ — ¢, if our survival function is given by then
g(e, ) = € — ¢, if our survival function is given by then g(e, ) = k(n+e¢) as k <1 and
finally if our survival function is given by then g(e,pu) = —k(d + By + ve —¢). All of
these functions are continuous and surjective and thus condition DGP [2] is satisfied for all

our examples.

Theorem 1. Suppose that assumptions DGP[IHZ hold. Then there exists a unique causal
stationary ergodic solution ((Xi, pg, by))iez to model (2.1)—(2.5). Moreover, any other solu-
tion ((Xy, fie, be))een initialised at (X1, fun,b) almost surely converges exponentially fast to

the stationary ergodic one, that is
H(ul, by) — (ﬂl,Bl)HG X0 as t— 0.

Theorem [5| establishes the existence of a unique causal solution to our model for each

11



choice of # that satisfies assumptions DGP [IH2, One can simulate an arbitrary close approx-
imation of this solution by using any initialisation of choice and discarding the first portion
of the time series.

We finalize this section by providing a result on the existence of moments for the solution
found in Theorem (I, Showing such existence is dependent on the chosen survival function.

We will use example in our application, so we derive the result for this survival function.

Corollary 2. Suppose that assumptions DGP[1] holds and that the survival function is given
as in[E4. Then the unique stationary ergodic solution has a uniform n'th moment for all

neN, qe E|[(Xe, p, be)||E < o0.

3.2 The model as a filter

This section focusses on the model as a filter for general data (X;)icz. Such a filter will
always have to be initialised at some values ji; and by, as the fundamental respective bubble
processes are unobserved. We impose conditions that ensure that our filtered model admits
a unique stationary ergodic solution that is twice continuously differentiable, has bounded
moments and that any initialised process converges to. The first set of conditions assume
structure on the dependence between the (X;). We write log™ (z) = max{0,logz} and F?

for the o-algebra of (X5, ..., X;) for any s <t € [—00, 0.

FLT 1. The data sequence (X;);ez is stationary ergodic and has a finite log moment, that
is Elog™ | X;| < .

FLT 2. Each X, is absolutely continuous with full support pdf. If A € F~1 and B € F3°

are events of positive probability, then P(A and B) > 0.

FLT 3. The conditional distributions X; | X;_1,..., X;_, are absolutely continuous and of
bounded density uniformly over n € N and almost all possible past values with respect to

Lebesque measure.

Condition FLT [1] is standard and necessary, one cannot expect to obtain stationary
ergodic filter paths if the original data sequence is not so. A log moment is implied by the

existence of any regular moment by Jensen’s inequality. Assumption FLT [2]is less common,
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but has an intuitive interpretation. It requires the sequence (X}):>o to be non exclusive, that
is, conditional on the past some future events are more likely than others, however, anything
that was possible unconditionally can still happen. Assumption FLT [3]is a technical one that
is satisfied for most reasonable distributions. We realise conditions FLT 2l and FLT [3 are
unusual in the literature. We provide the following result to illustrate that many stochastic

processes satisfy these conditions.

Proposition 3. Suppose (Xi)iez is a real valued stationary ergodic solution of a Markov
chain Xy = f(Xi-1,G). If f(x,-) is a continuously differentiable function for all x € R with
derivative bounded away from zero for almost all x € R with respect to Lebesque measure,
and (Gt)iez i a sequence of independent, identically distributed and absolutely continuous
random variables such that f(x,(;) has full support for all x € R. Then conditions FLT@
and FLT[3 are satisfied.

Proposition [3| implies that typical processes such as general AR(1) given by X; =
h(X¢_1) + &¢ or multiplicative specifications of the type X; = h(X;_1)e; usually satisfy
conditions FLT [2] and FLT [3] The proposition can also be extended to multivariate pro-
cesses where the data is one of the entries in the vector. This implies processes such as
ARMA or GARCH satisfy our conditions.

As mentioned before, the dynamics of our model rely heavily on the survival function
chosen, specifically whether g is nonconstant in any of its arguments. We provide the desired
results for the most complex case in which ¢ is nonconstant in any of its variables. We then

need the following additional parameter restrictions.

FLT 4. The function g is Lipschitz with derivative bounded away from zero almost every-
where, it is monotone in its first argument, decreasing and continuous in its second argument
and increasing in its third argument. Moreover, the probability P(g(X;, u,0) > 0) is positive
for all 1 € R and the inverse of ¢ in its third argument is L-Lipschitz.

FLT 5. The parameters satisfy r := |3 —v| < 1 and the polynomial p(z) = 1 — rz + yaLz?

has roots outside of the unit circle.

Assumption {4] contains quite some restrictions of the survival function. It can be easily

checked however that these all hold for example [E4]
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Theorem 4. Suppose that assumptions FLT [1H4) hold. Then there exists a unique causal
stationary ergodic solution ((uf,b;))iez to model (2.3)—(2.5)) that is twice continuously dif-
ferentiable over ©. Moreover, any other solution ((fi,b;))wen initialised at (fiy,by) almost

surely converges exponentially fast to the stationary ergodic one, that is,

eas

H(u;‘,b:)—(ﬂt,i)t) @—)O as t— o0.

Finally, if X; has an n’th moment for some n € N, then (u;,bf) has an n’th moment too.

3.3 The likelihood

As mentioned in the beginning of Section |3| we derive our asymptotic results for ¢ condi-
tionally on a calibrated value of A. The likelihood evaluated at some 6 € © for a sequence
(X1,...,Xr) is the joint density implied by (2.1)—(2.5). The fundamental value and bubble
processes are unobserved, so we choose initialised values ji; and l;l which deliver filtered

sequences (fi;(6, \))Z_, and (b,(6, )L, according to (2.3)~(2.5). It follows that
Xel X1, Xeo = Xelfu(0,0),0(0, ) ~ N(j1 (0, ) + be(6, \), )

and thus prediction error decomposition delivers the average log likelihood as a function
O — R given by

1

T
Tzf X, (0, ) bt(9 A),o )
t=2

(X = (0, 0) — b0, )2

N ~ 1
K(Xt’ Mt(97 /\)7 bt(‘gu )‘>7 U2> = _5 1Og(271'0'2) - 202

From here on out we will omit mentioning that the plug in processes depend on 6 and A to

keep notation clear.
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3.4 Asymptotic results
3.4.1 Consistency

The ML estimator of 8 is defined as
O = arg max Ly (6).

We need the following conditions to obtain consistency.

CS 1. (X})sez is stationary and ergodic with bounded second moment: E|X;|* < co.

CS 2. The filter vector ((fu, b;))ien is invertible and converges to a limit process ((1f, b}))iez

uniformly over © with two uniform bounded moments. That is,

| Gesb) = (i )| 50 ast 00 and El(u )13 < oo,

Moreover, the joint process ((Xy, 1), b}))iez is strictly stationary and ergodic.

CS 3. There exists a unique maximizer ¢, of the limit log likelihood, that is, for every 6 € ©

that is unequal to 6y we have
EO( Xy, 15 (0, 0),05(0,)), 0%) < BUXy, 115 (0o, \), bi (6o, N), 03).

The assumptions CS are typical conditions used in the theory of M-estimators.
Assumptions CS [I| and CS [2] assume stochastic properties of our model that ensure that a
law of large numbers can be applied. Note that they are both implied by assumption FLT
— FLT pland Theorem[4 Assumption CS [3|ensures that the limit log likelihood is maximised
at a unique point 6y, given the fixed parameter A\. Note that the expectations exist by the
moment assumptions in CS[[H2] When the model is assumed to be well specified and A is
fixed at its true value )y, then it is often easy to show that this assumption holds and that
the parameter of interest 0, is the true parameter, that is, the parameter that corresponds
to the data generating process for {X;}ez. If the model is misspecified, or A is set at some
arbitrary value A # )\, then the uniqueness of the parameter of interest €, is harder to

establish. When the uniqueness assumption fails, set consistency can be easily established,
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thus ensuring that the ML estimator converges to the limit argmin set; see Lemma 4.2
in [Potscher and Pruchal (1997) for standard conditions that apply here. In this case, the
limit parameter 6, is a ‘pseudo-true parameter’, i.e. a parameter that minimizes a Kullback-
Leibler divergence between the true conditional density of the data and the model-implied

conditional density, see Section 2.3 of White (1994)).
Theorem 5 (Consistency). If assumptions CS @ hold, then 67 %3 6.

Theorem 1 establishes the a.s. convergence of the ML estimator f7 to the pseudo-true
parameter 6, which is the unique maximizer of the limit log likelihood or any given value of
A € A. In this sense, the 6y provides the best Kullback-Leibler approximation to the true
unknown distribution of the data, for the given value of A. Naturally, if the model is correctly

specified and A is calibrated at its true value, then 6, corresponds to the true parameter.

Corollary 6. Suppose that the model is correctly specified and that X is calibrated at its true
value. If the results of Theorem[1] can be applied for all 0 € ©, and

2
E [| (e, 01) Il < o0
Then the ML estimator 07 converges a.s. to the true parameter 0.

3.4.2 Asymptotic normality

In what follows, we establish the asymptotic normality of the ML estimator Or as T — .
Theorem|[7]focuses on the case of a well specified and correctly calibrated model, and Theorem
obtains asymptotic normality for a misspecified or incorrectly calibrated model where

A # Aog. We need the following standard assumptions.

AN 1. The conditions CS hold and 6y belongs to the interior of ©.

AN 2. The limit process (uf,b;) is twice continuously differentiable on © for all ¢ € Z.
AN 3. {X;}iez has four bounded moments E|X;|* < oco.

AN 4. The Fisher information matrix is invertible.
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The following assumption ensures that the filter derivatives converge almost surely and
exponentially fast to limit strictly stationary and ergodic sequences. The exponential rate
for the filter was established in Section It is clear that the same argument applies to

by
20

by

i} converges

the derivative processes {%} and {$%}. In particular, we have again that {
at any rate since it is reset to zero in a finite number of steps with positive probability, and

{%%} converges exponentially fast due to its autoregressive nature.

AN 5. The derivative processes are invertible at exponential rates and feature four bounded
moments,

H (V02 VO23,) — (V02 1, VO23,)

X0 ast— o0,
©
and  E||(V*?p,, VO26,)|g < oc.

Theorem 7. (Asymptotic Normality: Correct specification) Let assumptions AN @ hold.
Suppose further that the model is well specified and that X = X\g. Then

VT (b7 — 09) % N(0,Z7(6p)) as T — oo ,

where T7(0y) denotes the inverse information matriz.

We need the following additional assumption to obtain asymptotic normality under a

misspecified model.

AN 6. {x;} is near epoch dependent of size —1 on a ¢-mixing sequence of size —r/(r — 1)

for some r > 2.

Theorem 8. (Asymptotic Normality: Incorrect specification/calibration) Let assumptions

AN[IHd hold. Then
VT(0L = 6}) 5 N(0,5(6),6%) as T — oo,

where
1

(65,6%) = (E2/(05,6%)) " (E4,(85, 62)EL,(63,6%)7) (EL (65, 6%)) .
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4 TIllustrations

In this section we test the descriptive capability of our model and illustrate the accessability
and ease of further analysis after estimation. We will use our model with survival function[E4]
and estimate it on a part of the Bitcoin/US dollar exchange rate. We realise that the chosen
survival function implies that most of our parameters belong to A, the vector of parameters
that enter discontinuously into the likelihood. Therefore we add a short simulation study in
Section in which we examine the distribution of our ML estimator for a representative

choice of parameters. Section [4.2] contains the estimation results and further analysis.

4.1 Simulation study

We examine the distribution of the ML estimator for a given parametrization, stated in Table

[l This choice represents a medium amount of bubbles of size relative to the fundamental

o 0 I5; v ow a k c
1.0 0.1 095 0.7 02 103 7 -0.1

Table 1: Parametrization used for simulation study.

value process. A typical simulation for the implied model can be found in Figure [3] There

Figure 3: An example simulated path for the parametrization of the model described in Table .
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are periods of locally explosive behaviour, but also times at which no bubbles seem to form.
The size of the bubbles is substantially larger than that of the fundamental value, but not

so far as to render its value insignificant compared to the magnitude of the bubble process.
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Figure 4: Estimated kernel densities for the ML estimator based on one thousand estimate values,
each of which is based on a sample path of length one thousand.
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We estimate the model parameters by maximising the likelihood over an area centered
around the true values. The likelihood however is discontinuous and nondifferentiable, which
means that gradient based optimizing algorithms cannot be applied. Instead we implement
a procedure based on the genetic algorithm in Matlab, which is inspired by natural selection
observed in biological evolution. The algorithm generates a population of points and then
successively selects a partially random subpopulation to be parents to the next population.
We use a total of fifty generations to get near to the optimal point and then use that
as a starting value for a gradient based optimizer to get quicker to the maximiser. An
important observation about our procedure is that the resulting optimizing algorithm is
stochastic. It implies that parameter values cannot be reproduced, however, the algorithm

works sufficiently well: successive estimations on the same data produce similar results.
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For the simulation we calculate one thousand estimate values, each of which is based on a
sample path of length one thousand. The resulting estimated densities for the ML estimator
are portrayed in Figure 4l We find that all densities, except the one for k, are close to
symmetric with their peak at the true value. The estimator for k£ has more inaccuracy than
the others, because most bubbles in this parametrization collapse due to the fundamental
process dropping below the threshold ¢. A path of one thousand observations contains

approximately ten bubbles, so therefore there is relatively little data to estimate k.

4.2 The BTC/USD exchange rate

The data set that we use is equivalent to the one studied in Hencic and Gouriéroux (2015).
We take the detrended daily Bitcoin/US dollar exchange rate from February 20 to July 18
in 2013, given in Figure There appears to be a big bubble that collapses on April 10,
2013. Moreover, it is potentially followed by a second smaller bubble. Afterwards it tends

to behave as a standard stable and mean reverting process.

Figure 5: Detrended daily Bitcoin/USD exchange rate, taken from|Hencic and Gouriérous (2015]).

100

50F

-50F
20/02/13 09/04/13 29/05/13 18/07/13

o ) 6] v w a k c
2.05 —0.25 0.86 1.04 0.44 2.10 2.39 12.29

Table 2: Parameter estimates for detrended daily Bitcoin/US dollar exchange rate from February
20 to July 18, 2013.

We estimate the model parameters as discussed in the simulation study. The results are

given in Table[2l The estimate of « is relatively large, which means that any potential bubble
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is highly explosive. Moreover, the value of ¢ implies that the potential smaller second bubble
is mostly identified as the fundamental value moving away from its mean. These observations
are substantiated when we look at the filtered time series in Figure [0, note that these are
also the in sample one step ahead predictions. Our model describes only one significant
bubble, which is preceded by an increase in the fundamental value. It then collapses due to
the k parameter restriction on bubble size. Afterwards the fundamental value stays below
the threshold ¢ and hence the rest of the time series is filtered as an autoregressive process.
Our model performs well as it predicts the burst of the bubble on April 10 correctly. It does

however underestimate the additional decrease in fundamental value after the bubble burst.

Figure 6: The filtered daily Bitcoin/USD exchange rate, taken from|Hencic and Gouriérouaj (2015]).
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We compare our bubble model to the nested simpler model in which we set the bubble
always to zero. In that case we have only four parameters left out of eight. The resulting
Akaike information criteria are 646 for the full bubble model and 726 for the simpler model.
Therefore we conclude that including the bubble process adds descriptive power and thus
we prefer that model.

Observation driven parameter varying time series models have two main advantages. The
first one is that they are easy to estimate as the likelihood is accessible through prediction
error decomposition as discussed in Section [3] The second advantage is that further analysis
is straightforward once the model has been estimated, as we have closed form formulas for the
filtered time series. For example, we can calculate the probability that the bubble condition

in the next period holds. Figure [7] plots the filtered time series and these probabilities
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for some period centered around the bubble. Here we see that the probability of nonzero
bubble values before the bubble start are virtually equal to zero. As the bubble starts, the
probability of a nonzero bubble is almost one. The probability dips a little for April 8, as the
fundamental value on April 7 has gone down a little. The fundamental value then increases
on April 8 however and thus so does the probability for April 9. When we get to April 10 the
probability is again almost zero as the large exponential growth of the bubble has outgrown

the fundamental value process on April 9 by far too much.

Figure 7: The filtered daily Bitcoin/USD exchange rate around the bubble in the top frame, and the
probability that the bubble condition holds in the next period shifted one period to the right in the
second frame.
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The estimated probabilities above are just an example of many possible features that
can be predicted. For example, once the model parameters are estimated, one can predict
expected remaining bubble life, the probability that a bubble will emerge at a given time,

or the expected maximal bubble size.

5 Conclusions

We have introduced a new observation driven time varying parameter model to describe
locally explosive behaviour in a stationary setting. We do so by splitting the asset price into

the sum of its fundamental value and a speculative bubble. For the sake of simplicity we have
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assumed an AR(1) process for the fundamental value and a collapsing AR(1) for the bubble
process. However, these are not binding assumptions and many extensions and variations
are possible. Of course any mean reverting stationary process for the fundamental value fits
exactly in the theoretic domain presented in the paper. Dynamics can be changed by using a
nonstationary process such as a random walk for the fundamental value. Most asset pricing
data is nonstationary, so this would mean that one does not have to detrend the data, which
makes out of sample forecasting possible. Other possibilities that could be explored are
extensions to the break condition. One could for example add external stochastics allowing
for more structural models that include specific financial or economic variables that can
help in predicting bubble collapses. Another extension can be made by changing the sudden
collapse in a more smooth exponential decrease. The dynamics of this model would then be

very close to those described in the mixed causal and noncausal literature.

A  Proofs

A.1 Proof of Theorem 1]

It is straightforward to verify the assumptions of Theorem 3.1 in [Bougerol (1993) for the
system defined in equations (2.2)) and (3.1)). It then immediately follows that there exists
a unique causal stationary ergodic sequence (u¢)iez that satisfies (3.1)) and that any other

solution (fi;)ien initialised at fi; satisfies

eas

e — fullg = 0 as t — oo.

Next, we substitute equation ([2.1)) into the survival function to obtain the bubble updat-

ing function
ber1 = P(be), where  ¢y(b) = (w+ ab)1{g(p + b+ e, pui, b) <0}

We then check Assumption A for Theorem 2.1 in Blasques and Nientker| (2017)). Assumption
Al is trivial and A2 is satisfied by Krengel’s Lemma: a measurable function of a stationary

ergodic sequence produces a stationary ergodic sequence, see Proposition 4.3 in Krengel

23



(1985). For the final assumption A3 we note that ¢;(b) = 0 for all b € [0, 00), if
9(pe 0+ €4, iz, 0) = inf g(pe + b+ &4, 11, b) > 0.

Therefore Assumption A3 is satisfied if

P (})g(f)g(ut + b+ e, iy, 0) > O) > 0.

This is implied by condition DGP , because (2.2]) implies that p; and ¢; are independent
and both absolutely continuous on the real line. Therefore the joint random variable (p, ;)
is absolutely continuous on R? and thus P((u,&;) € S) > 0. We conclude that there exists a

unique causal stationary ergodic sequence (b;);cz that satisfies the bubble updating process

defined in (2.1)—(2.5) and that any other solution (Bt)teN initialised at b; satisfies

X0 as t— 0.
e

bt_gt

The final conclusion follows again by Krengel’s Lemma.

A.2 Proof of Corollary

The solution for the fundamental process found in Theorem [I]is given by

[o@)
e = E Ber—i—1,
i=0

so all moments of y, are finite over © as it is a compact space so that || is bounded and

the g, are Gaussian and thus have all finite moments. For the bubble process we have
by = (w+ abi_1)1{bs—1 < k(pr — ¢)} < w + max{ak(pu —c),0}

and hence moment existence follows from those of the fundamental value process.
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A.3 Proof of Proposition

We fix some ( € R and let £ = f(z,({). The fact that f(z,-) is continuously differentiable
implies by the inverse function theorem that it is invertible on a neighbourhood O around ¢
and that the inverse f~1(x,-) is also continuously differentiable. Moreover, by assumption,
for Lebesque almost all € R there exists an L > 0 such that |f'(z,()| > L and thus
f~Y(x,-) is Lipschitz as

d ._ 1 1
R PR

The real line is separable, hence we can choose a countable number of disjunct compact
neighbourhoods {Oy }reny whose union is equal to R and f(x,-) is invertible on each neigh-
bourhood as above. A continuously differentiable function on a compact set is absolutely
continuous, which in turn implies that it has the Luzin property, that is, sets of measure
zero are mapped to sets of measure zero.

We now prove that X; is absolutely continuous. Let £ C R be a set of Lebesque measure
zero and let F' denote the distribution function of X;, then by independence of the (; we

have

P(X; € E) = P(f(Xi-1,G) € E)

— [ PUfe.6) € By F(da) = 3 [ B(r(2.6) € BN Oy Flda)

= P(( € fHx, ENOy)) F(dx) = 3 0 F(dz) =0,
2. =3

where we used that £ N O has Lebesque measure zero, f~'(z,-) has the Luzin property
on each Op and (; is absolutely continuous. The absolute continuity of the conditional

distributions follows similarly as by the independence of the (; and the Markov property
Py e B Xii=a1,... . Xpmn=12,) =P(X; EE | Xy = 21) =P(f(21,G) € E) =0.

Next we show that the conditional densities are uniformly bounded. By assumption, we

know that the density of (; is bounded by some B > 0. For some ¢ € R and n > 0 we then
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have

PE< Xy <&+ Ximi=a1,...,. Xien=2,) =P < fl21,) <E+1)

o0

PG € f (1, (§,€+ 0N 0Oy)) < %77,
k=1

where we used that f~!(z,-) is %—Lipschitz on each Oy and the density of (; is bounded by
B. Taking the limit of n — 0 shows that the conditional densities are all bounded by %

Finally we note that the full support of X, follows directly from the fact that f(x, ()
has full support for all x € R and (; is absolutely continuous, and show the non exclusive
property in FLT 2| This follows from the Markov chain setup. Let Ay C R be all points z
such that P(A | Xo = z) > 0. Then Ay has positive Lebesque measure as X is absolutely

continuous and
P(Xy € Ag) > P(A and X, € Ay) = P(A) > 0.
It follows that

P(A and B) = / P(A and B | Xo = 2) F(dz)

R

:/]P(A | Xo = 2)P(B | X, = 2) F(dz) > 0,

where we used that P(A | Xy = z) is greater than zero on a set of positive Lebesque measure
and P(B | X, = x) is greater than zero for all x € R as f(x,(;) has full support for all z € R

and (; is absolutely continuous.

A.4 Proof of Theorem {4

A.4.1 The existence of a stationary ergodic solution

We follow the approach used in Theorem 3.1 of Bougerol (1993) where we expand the model
equations backwards and show that this converges to a stationary ergodic solution. We

define the joint updating equation (g, b;) = ®—1(p¢—1,bs—1), where for u € R and v > 0 we
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have

q)t—l(ua U) = <¢t—1(u7 U)? wt—l(uw 'U))v
Gr-1(u,v) = 6 +ru+ X1 — v,

Y1 (u,v) = (w4 av)1{g(X;—1,u,v) < 0}.

To ease notation we write /LEO) = u and b§°) = v and then define the backward iterates

recursively for m € N as

W™ = ¢y, (@T{”, bng_l)> and b = s (Mng_l)7 bng”) '

The goal will be to show that bl(tm) is almost surely eventually constant as m — oo and that

lim,, o0 ugm) exists. The stationary ergodic solution is then given by

( lim ugm),w%im bﬁm))tez.

m—r0o0 —00

It is stationary ergodic by Corollary 2.1.3 of Straumann and Mikosch (2006) and it is a

solution since

. m . m—1 m—1 . m—1 . m—1
lim ™ = tim gy (0" ) = g (T a0, Tim b0,

m

where we are allowed to swap the limit in because the second argument is eventually constant

and ¢, is continuous in its first argument. Similarly

m—0o0

tim 5™ = tim gy (p" 700 ) = g (Dm0, T oY),

where we are allowed to swap the limit in because the second argument is eventually constant,

the random variable

g (Xer, Tim ™, Tim b))
m—0o0 m—0o0
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is absolutely continuous by assumption FLT [3] and the fact that ¢ is monotone in its first
argument, and finally because ¢ is continuous in its second argument by assumption FLT

Lemma. The sequence b(()m) 15 eventually constant as m — oo and the limit lim,, u(()m)

converges almost surely.

PRrROOF. Define

s, = limsup ;™ and iy = ILLHL ioréf ™,

m—ro0

The proof that the backward iterate limits above exist consists of two steps that we will

show later:

i) We show that for every 1 > 0 there exists an event A, € F~L of positive probability,
yn n 00 y
such that conditional on A, we have almost surely sy — iy < 1 and b(()m) is constant for

sufficiently large m.

(ii) We show that there exists an event B, € F°¢_ that contains A, such that conditional

on B, we have s; —i; < rt(so — ip) for all ¢ € N. Moreover bﬁ’") is eventually constant

for all £ € N.

Since (X})iez is stationary ergodic there almost surely are infinitely many 0 > —t; > —ty >

... for which the event Bn shifted by ¢, to the right occurs. If it occurs for such a —t;, then

so—do <1 (s_y, —iy,) <.

Taking the limit of k& — oo then delivers sqg = 75 and thus the limit lim,, ,u(()m) converges

almost surely. The fact that (b(()m)> is eventually constant follows immediately from part
meN

(ii) and the same argument that the event B, occurs for some —t < 0. [

Lemma. Claim (i) holds.

Proor. We start out by showing that almost surely s; — i; < oo. This follows by a series

of upper bounds. Firstly we have

u™ =8+ 4y X =Y <+ " 49X
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Assumptions FLT [5|and FLT [1| together with Lemma 2.1 in Straumann and Mikosch| (2006)
ensure that expanding backwards and taking the limit converges, hence s; < oo. The
infimum requires more work. Note that the Liptschitz condition of the inverse of ¢ in its
third argument as stated in assumption FLT [4]ensure the existence of two constants L, K > 0

such that

b§m>:<w+ab<m1>1{ <Xt 1,ut1)b )<0}
< w + amax {g’ (Xt,l,ugml 1),0) ,0}

§w—|—amax{K+L<,u§ 1 )+Xt_1),0}.

It follows that

(m 1)

™ =6 " X — b

> (0 —y(w+ aK)) + r/LETfl) - ’yaL,ungz) + 9 (X1 —aLlX; ).

Again assumptions FLT |5l and FLT [I| together with Lemma 2.1 in |Straumann and Mikosch
(2006) ensure that expanding backwards converges, hence i; > —oo. We conclude that
sy —1; < oo. Note that these bounds immediately prove the moment statement in Theorem
M4l

Next, we choose an M > 0 such that P(s; —i; < M) > 0 and let ¢ = {%-‘, where
[x] is the smallest integer larger than z. Continuity of g in its second argument, the pos-

itive probability condition in assumption FLT 4] and assumption FLT [2| guarantee that by

conditioning on the past we can show for each 0 < v < t that

P (lim sup b(_mv) = 0) >P(g(X_ 1,5 4-1,0) >0) > 0.

m—0o0

It follows by Assumption FLT [2| that there exists an event A, € F_. of positive probability
such that

S — iy < M and lim sup b(_”f,) =0 forall 0 <wv < t.

m— 00
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This then implies that

m—0o0

So—dg=7(s_1—i_1)+7 (lim sup b(_”{) — lianiO%f b(_”;_l)) =rl(sy—iy) <r'M <n,

which concludes the proof of part (7). [

Lemma. Claim (i) holds.

PROOF. The argument will be a recursive one, conditional on A,. Suppose that s; —i; < r'n

and bgm) is eventually constant, then

. . t+1
Spp1 — b1 = 1(8¢ — i) <7,

Next we show that there exists an event such that bﬁffr Vs eventually constant. Note that

this holds if and only if

(A1) sign(g( Xy, ir, b)) = sign(g(Xy, s¢,bt)),

where b; = lim,,,— o bgm). The Lipschitz condition in assumption FLT {4 implies that there
exists a K > 0 such that

|9(Xt75t, bt) - g(Xtaita bt)| < K(St - it) < KTt??-

Moreover, the derivative being bounded away from zero by at least some B > 0 and the

monotonicity of ¢ in its second argument implied by assumption FLT [ then ensure that

(A.1)) follows from
|9(Xe, 51, b0)] > BK7r™.

We conclude that statement (i) follows if |g( X3, s, b)| > BKr'n for all t € N.
Next we determine the probability of this event. Let Iox,+,(st, b:) be a stochastic inter-

val of length Kr'n such that if |g(Xy, s, b:)] < BKr'n then X; € Iogpt,(se, b). Then by
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assumption FLT 3| there exists a U > 0 such that

P (|9(Xt7 5t7bt)| < BKTt??l An) < ]P(Xt € [2Krtr](3ta bt)| An)

P (Xt € IQKrtn<St7 bt)| 5¢, by, An) dP(Sm bt)

< /QUKrtndIP)(st,bt) = 2UKr'.
It follows that

P (|g(Xt,st,bt)| > BKr'n, Vt € N| An) =1-P (|g(Xt,st,bt)| < BKr'n, 3t € N‘ An)

> 1> P (lg(Xe, 50, be)| < BKrin| Ay)

t=1
[e.e]
2UKnr
>1—-) 2UKr'in>1- .
t=1
This last number can be made larger than zero by choosing 7 sufficiently small. |

A.4.2 Partial solutions and continuous differentiability

The convergence of partial solutions to the true ones is essentially almost the same as the
one for the existence of a stationary ergodic solution. We can use the same bounds as in
statement (7) to show that |u;| and |f| are bounded by some 1 with positive probability and
that their respective bubble processes are zero. It then follows by the same derivation as in
part (i) that they converge with positive probability. As (X;);cz is stationary ergodic this
event happens with probability one at some point in time and thus we get the convergence.

Continuous differentiability follows by the same way as in|Straumann and Mikosch| (2006)).
The stochastic recurrence equations for the derivatives of the fundamental and bubble pro-
cesses are either linear or standard resetting systems. Therefore their respective backward
iterations converge to stationary ergodic solutions. This then implies the continuous differ-

entiability by a standard analysis result.
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A.5 Proof of Theorem [

We follow the usual consistency proof for M-estimators which involves showing firstly the
uniform convergence of the sample average log likelihood to the limit log likelihood and
secondly the identifiable uniqueness of the parameter of interest; see e.g. Theorem 3.4 in
White| (1994) or Lemma 3.1 in [Potscher and Pruchal (1997). To ease notation we define the

following functions © — R:

~

gt - g(Xtv ﬂt<'7 /\)7 bt('a )‘)7 02)7
E;tk = E(Xta N:(U )‘)7 b:(v )‘)7 02)'

Lemma. The sample average log likelihood almost surely converges uniformly to the limit
log likelthood, i.e.

"f)T—EKI —0 as T — .

as
©

Proor. We have

. 0, — 0

(A.2) HiT _ R

1 T
— 0r —
@+ T;t ¢

1 T
sz;

S} t=

1 T
= b —EL
Tt:2

S}

We will show that the two rightmost terms in (A.2)) go to zero as T" — oo. For the first term

note that ¢ is a differentiable function, we write

aE(Xta 22 ba 0-2)
O, b)

05, B) =

(1,b)

We then invoke the mean value theorem to obtain the existence of some (fi, b;) between
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(fi, by) and (p;,b7) that satisfies

b — 0t

o < et b [ B) = i)
(A3 < e e by = et o) | |G B) = )

et )l [ Be) = (1 80|

The function ¢ is linear in its arguments and thus is a K-Lipschitz function for some K > 0.

Therefore assumption CS [2| guarantees that

s ies by = ez 00| = | e ) = . 80)

< K |G B) = (i 87)

X0 eas t— o0,
S

hence (A.3]) almost surely goes to zero exponentially fast by assumption CS [2| and thus we

have

(fus be) — (5, 0)

R0 as T — 0.
e

T
1 ~ 7 x 1k
?Z Hgf(/it,bt) — Ly(pg, bf) ’@ H
t=2

Next, note that (|[¢(xf,b})|lg),., is a stationary sequence by assumption CS 2 and Propo-

tez
sition 4.3 in Krengel (1985). Therefore

T
1 * 7k ~ 7 * 1ok as
=150 )l || e be) = Gt 8|, 50 s T o
=2
if |[€r(p7,07)|lg has a log moment by assumption CS |2/ and Lemma 2.1 in |Straumann and
Mikosch| (2006). Let log™ (x) = max{0,logx}. The log moment follows from the fact that
X —py —bf

* * 1
E10g+ Hgf(ﬂtabt)ne = ;E 10g+ )

Xt—,u;k—b? o

the finiteness of which is implied by the moment conditions in assumptions CS [I] and CS [2|
We conclude that the first term in (A.2)) converges to zero almost surely.
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Finally, we discuss the second term in (A.2)). We show that

T

%ZE;‘—E@*

t=2

R0 as T — oo

e

by application of the uniform law of large numbers, Theorem 2.7 in |Straumann and Mikosch
(2006). The law of large numbers holds since (¢})cn is strictly stationary and ergodic by
assumption CS [2[ and Proposition 4.3 in [Krengel (1985)), and because

Il = E |3 logt2ro®) - 150t — 1 - 50

S}

| EXEE L+ EpR)

S}

+c

1
< H— log(2mo?)
2 )

for some ¢ > 0. This upper bound is finite by assumption CS [2| because © is compact and
the fact that o > 0. |

Lemma. The parameter 6y is identifiable unique on ©.

PRrRoOOF. The identifiable uniqueness of 6, € © is implied by the uniqueness assumption CS
Bl the continuity of Ef; and the compactness of ©, see Chapter 3 in [Ptscher and Prucha
(1997). The continuity of E¢; follows directly from the fact that the sample likelihood, which

is continuous, converges uniformly to E/}. |

A.6 Proof of Corollary [6]

Theorem 5| ensures that (', 0)iez = (1, be)iez, so that condition CS [2] follows. The max-
imiser of the limit log likelihood is equal to the minimiser of the Kullback-Leibler divergence
between the true conditional density of the data and the model-implied conditional density,
see for instance Section 2.3 of[White| (1994). Therefore it follows by the Gibbs inequality that
the limit log likelihood is uniquely maximised at the true parameter 6, and thus condition

CS [3] holds for the true parameter.
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A.7 Proof of Theorem [7]

This proof is identical to Section 7 of Straumann and Mikosch/ (2006]).

A.8 Proof of Theorem

The desired result follows by the same argument as used above for proving asymptotic
normality under correct specification, with the exception that the score is not granted to
be a martingale difference sequence. However, by assumptions AN [fl and AN [6] we have
that the score sequence is near epoch dependent of size —1 on a ¢-mixing sequence of size
—r/(r — 1) for some r > 2. Given the moment bounds, we can thus appeal to the central
limit theorem for near epoch dependent sequences in Potscher and Prucha (1997, Theorem

10.2).
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