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Abstract

Before embarking on a project, a principal must often rely on an agent to learn about its
profitability. We model this learning as a two-armed bandit problem and highlight the
interaction between learning (experimentation) and production. We derive the optimal contract
for both experimentation and production when the agent has private information about his
efficiency in experimentation. This private information in the experimentation stage generates
asymmetric information in the production stage even though there was no disagreement about
the profitability of the project at the outset. The degree of asymmetric information is
endogenously determined by the length of the experimentation stage. An optimal contract uses
the length of experimentation, the production scale, and the timing of payments to screen the
agents. Due to the presence of an optimal production decision after experimentation, we find
over-experimentation to be optimal. The asymmetric information generated during
experimentation makes over-production optimal. An efficient type is rewarded early since he is
more likely to succeed in experimenting, while an inefficient type is rewarded at the very end of
the experimentation stage. This result is robust to the introduction of ex post moral hazard.
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1. Introduction

Before embarking on a project, it is important to learn about its profitability to determine
its optimal scale. Consider, for instance, shareholders (principal) who hire a manager (agent) to
work on a new project.! To determine its profitability, the principal asks the agent to explore
various ways to implement the project by experimenting with alternative technologies. Such
experimentation might demonstrate the profitability of the project. A longer experimentation
allows the agent to better determine its profitability but that is also costly and delays production.
Therefore, the duration of the experimentation and the optimal scale of the project are
interdependent.

An additional complexity arises if the agent is privately informed about his efficiency in
experimentation. If the agent is not efficient at experimenting, a poor result from his experiments
only provides weak evidence of low profitability of the project. However, if the owner
(principal) is misled into believing that the agent is highly efficient, she becomes more
pessimistic than the agent. A trade-off appears for the principal. More experimentation may
provide better information about the profitability of the project but can also increase asymmetric
information about its expected profitability, which leads to information rent for the agent in the
production stage.

In this paper, we derive the optimal contract for an agent who conducts both
experimentation and production. We model the experimentation stage as a two-armed bandit
problem.? At the outset, the principal and agent are symmetrically informed that production cost
can be high or low. The contract determines the duration of the experimentation stage. Success
in experimentation is assumed to take the form of finding “good news”, i.e., the agent finds out
that production cost is low.® After success, experimentation stops, and production occurs. If
experimentation continues without success, the expected cost increases, and both principal and
agent become pessimistic about project profitability. We say that the experimentation stage fails
if the agent never learns the true cost.

1 Other applications are the testing of new drugs, the adoption of new technologies or products, the identification of
new investment opportunities, the evaluation of the state of the economy, consumer search, etc. See Krahmer and
Strausz (2011) and Manso (2011) for other relevant examples.

2 See, e.g., Bolton and Harris (1999), or Bergemann and Valimaki (2008).

3 We present our main insights by assuming that the agent’s effort and success in experimentation are publicly
observed but show that our key results hold even if the agent could hide success. We also show our key insights
hold in the case of success being bad news.



In our model, the agent’s efficiency is determined by his probability of success in any
given period of the experimentation stage when cost is low. Since the agent is privately
informed about his efficiency, when experimentation fails, a lying inefficient agent will have a
lower expected cost of production compared to the principal. This difference in expected cost
implies that the principal (mistakenly believing the agent is efficient) will overcompensate him
in the production stage. Therefore, an inefficient agent must be paid a rent to prevent him from
overstating his efficiency.

A key contribution of our model is to study how the asymmetric information generated
during experimentation impacts production, and how production decisions affect
experimentation.* At the end of the experimentation stage, there is a production decision, which
generates information rent as it depends on what is learned during experimentation. Relative to
the nascent literature on incentives for experimentation, reviewed below, the novelty of our
approach is to study optimal contracts for both experimentation and production. Focusing on
incentives to experiment, the literature has equated project implementation with success in
experimentation. In contrast, we study the impact of learning from failures on the optimal
contract for production and experimentation. Thus, our analysis highlights the impact of
endogenous asymmetric information on optimal decisions ex post, which is not present in a
model without a production stage.

First, in a model with experimentation and production, we show that over
experimentation relative to the first-best is an optimal screening strategy for the principal,
whereas under experimentation is the standard result in existing models of experimentation.®
Since increasing the duration of experimentation helps to raise the chance of success, by asking
the agent to over experiment, the principal makes it less likely for the agent to fail and exploit the
asymmetry of information about expected costs. Moreover, we find that the difference in
expected costs is non-monotonic in time: we prove that it is increasing for earlier periods but
converges to zero if the experimentation stage is sufficiently long. Intuitively, the updated

beliefs for each type initially diverge with successive periods without success, but they must

4 Intertemporal contractual externality across agency problems also plays an important role in Arve and Martimort
(2016).

5 To the best of our knowledge, ours is the first paper in the literature that predicts over experimentation. The reason
is that over-experimentation might reduce the rent in the production stage, non-existent in standard models of
experimentation.



eventually converge. As a result, increasing the duration of experimentation might help reducing
the asymmetric information after a series of failed experiments.

Second, we show that experimentation also influences the choice of output in the
production stage. We prove that if experimentation succeeds, the output is at the first best level
since there is no difference in beliefs regarding the true cost after success. However, if
experimentation fails, the output is distorted to reduce the rent of the agent. Since the inefficient
agent always gets a rent, we expect, and indeed find, that the output of the efficient agent is
distorted downward. This is reminiscent to a standard adverse selection problem.

Interestingly, we find another effect: the output of the inefficient agent is distorted
upward. This is the case when the efficient agent also commands a rent, which is a new result
due to the interaction between the experimentation and production stages. The efficient type
faces a gamble when misreporting his type as inefficient. While he has the chance to collect the
rent of the inefficient type, he also faces a cost if experimentation fails. Since he is then
relatively more pessimistic than the principal, he will be under-compensated at the production
stage relative to the inefficient type. The principal can increase the cost of lying by asking the
inefficient type to produce more. A higher output for the inefficient agent makes it costlier for
the efficient agent who must produce more output with higher expected costs.

Third, to screen the agents, the principal distributes the information rent as rewards to the
agent at different points in time. When both types obtain a rent, each type’s comparative
advantage on obtaining successes or failures determines a unique optimal contract. Each type is
rewarded for events which are relatively more likely for him. It is optimal to reward the efficient
agent at the beginning and the inefficient agent at the very end of the experimentation stage.
Interestingly, the inefficient agent is rewarded after failure if the experimentation stage is
relatively short and after success in the last period otherwise.® Our result suggests that the
principal is more likely to tolerate failures in industries where cost of an experiment is relatively
high; for example, this is the case in oil drilling. In contrast, if the cost of experimentation is low

(like on-line advertising) the principal will rely on rewarding the agent after success.

8 In an insightful paper, Manso (2011), argues that golden parachutes and managerial entrenchment, which seem to
reward or tolerate failure, can be effective for encouraging corporate innovation (see also, Ederer and Manso (2013),
and Sadler (2017)). Our analysis suggests that such practices may also have screening properties in situations where
innovators have differences in expertise.



We show that the relative likelihood of success for the two types is monotonic, and it
determines the timing of rewards. Given risk-neutrality and absence of moral hazard in our base
model, this property also implies that each type is paid a reward only once, whereas a more
realistic payment structure would involve rewards distributed over multiple periods. This would
be true in a model with moral hazard in experimentation, which is beyond the scope of this
paper.” However, in an extension section, we do introduce ex post moral hazard simply in this
model by assuming that success is private. That leads to moral hazard rent in every period in
addition to the previously derived asymmetric information rent.® By suppressing moral hazard,
our framework allows us to highlight the screening properties of the optimal contract that deals
with both experimentation and production in a tractable model.

Related literature. Our paper builds on two strands of the literature. First, it is related to
the literature on principal-agent contracts with endogenous information gathering before
production.® It is typical in this literature to consider static models, where an agent exerts effort
to gather information relevant to production. By modeling this effort as experimentation, we
introduce a dynamic learning aspect, and especially the possibility of asymmetric learning by
different agents. We contribute to this literature by characterizing the structure of incentive
schemes in a dynamic learning stage. Importantly, in our model, the principal can determine the
degree of asymmetric information by choosing the length of the experimentation stage, and over
or under-experimentation can be optimal.

To model information gathering, we rely on the growing literature on contracting for
experimentation following Bergmann and Hege (1998, 2005). Most of that literature has a
different focus and characterizes incentive schemes for addressing moral hazard during
experimentation but does not consider adverse selection.’® Recent exceptions that introduce
adverse selection are Gomes, Gottlieb and Maestri (2016) and Halac, Kartik and Liu (2016).** In

" Halac et al. (2016) illustrate the challenges of having both hidden effort and hidden skill in experimentation in a
model without production stage.

8 The monotonic likelihood ratio of success continues to be the key determinant behind the screening properties of
the contract. It remains optimal to provide exaggerated rewards for the efficient type at the beginning and for the
inefficient type at the end of experimentation even under ex post moral hazard.

% Early papers are Cremer and Khalil (1992), Lewis and Sappington (1997), and Cremer, Khalil, and Rochet (1998),
while Krahmer and Strausz (2011) contains recent citations.

10 See also Horner and Samuelson (2013).

11 See also Gerardi and Maestri (2012) for another model where the agent is privately informed about the quality
(prior probability) of the project.



Gomes, Gottlieb and Maestri, there is two-dimensional hidden information, where the agent is
privately informed about the quality (prior probability) of the project as well as a private cost of
effort for experimentation. They find conditions under which the second hidden information
problem can be ignored. Halac, Kartik and Liu (2016) have both moral hazard and hidden
information. They extend the moral hazard-based literature by introducing hidden information
about expertise in the experimentation stage to study how asymmetric learning by the efficient
and inefficient agents affects the bonus that needs to be paid to induce the agent to work.?

We add to the literature by showing that asymmetric information created during
experimentation affects production, which in turn introduces novel aspects to the incentive
scheme for experimentation. Unlike the rest of the literature, we find that over-experimentation
relative to the first best, and rewarding an agent after failure can be optimal to screen the agent.

The rest of the paper is organized as follows. In section 2, we present the base good-
news model under adverse selection with exogenous output and public success. In section 3, we
consider extensions and robustness checks. In particular, we allow the principal to choose output
optimally and use it as a screening variable, study ex post moral hazard where the agent can hide

success, and the case where success is bad news.

2. The Model (Learning good news)

A principal hires an agent to implement a project. Both the principal and agent are risk
neutral and have a common discount factor § € (0,1]. It is common knowledge that the
marginal cost of production can be low or high, i.e., ¢ € {¢,c}, with 0 < ¢ <c. The probability
that c = c is denoted by 8, € (0,1). Before the actual production stage, the agent can gather

information regarding the production cost. We call this the experimentation stage.
The experimentation stage

During the experimentation stage, the agent gathers information about the cost of the
project. The experimentation stage takes place over time, t € {1,2,3, ....T}, where T is the

maximum length of the experimentation stage and is determined by the principal.*® In each

12 They show that, without the moral hazard constraint, the first best can be reached. In our model, we impose a
limited liability instead of a moral hazard constraint.
13 Modeling time as discrete is more convenient to study the optimal timing of payment (section 2.2.3).



period t , experimentation costs y > 0, and we assume that this cost y is paid by the principal at
the end of each period. We assume that it is always optimal to experiment at least once.'*

In the main part of the paper, information gathering takes the form of looking for good
news (see section 3.3 for the case of bad news). If the cost is low, the agent learns it with
probability A in each period t < T. If the agent learns that the cost is low (good news) in a
period t, we will say that the experimentation was successful. To focus on the screening features
of the optimal contract, we assume for now that the agent cannot hide evidence of the cost being
low. In section 3.2, we will revisit this assumption and study a model with both adverse
selection and ex post moral hazard. We say that experimentation has failed if the agent fails to
learn that cost is low in all T periods. Even if the experimentation stage results in failure, the
expected cost is updated, so there is much to learn from failure. We turn to this next.

We assume that the agent is privately informed about his experimentation efficiency
represented by A. Therefore, the principal faces an adverse selection problem even though all
parties assess the same expected cost at the outset. The principal and agent may update their
beliefs differently during the experimentation stage. The agent’s private information about his
efficiency A determines his type, and we will refer to an agent with high or low efficiency as a
high or low-type agent. With probability v, the agent is a high type, 8 = H. With probability
(1 —v), heisalow type, & = L. Thus, we define the learning parameter with the type
superscript:

2% = Pr(type 0 learns ¢ = c|c = ¢),
where 0 < Y < A < 1.15 If experimentation fails to reveal low cost in a period, agents with
different types form different beliefs about the expected cost of the project. We denote by ¢ the
updated belief of a 6-type agent that the cost is actually low at the beginning of period t given

. : BE_,(1-29) o :
t — 1 failures. For period t > 1, we have B¢ = e , Which in terms of S, is
P ﬁt 35—1(1_19)"‘(1—3?—1) '80
s 1220 t-1
pe = —Loll)

Bo(1-29)"+(1-B0)’
The 6-type agent’s expected cost at the beginning of period t is then given by:

14 In the optimal contract under asymmetric information, we allow the principal to choose zero experimentation for
either type.
151f 29 = 1, the first failure would be a perfect signal regarding the project quality.
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ol =plc +(1-p2)%

Three aspects of learning are worth noting. First, after each period of failure during
experimentation, 8¢ falls, there is more pessimism that the true cost is low, and the expected cost
c? increases and converges to ¢. Second, for the same number of failures during
experimentation, the expected cost is higher as both ¢/ and c} approach c. An example of how

the expected cost cf converges to ¢ for each type is presented in Figure 1 below.

1 6 16

11
t, amount of failures
Figure 1. Expected cost with A = 0.35, A* = 0.2, 8, = 0.7,¢ = 0.5,¢c = 5.

Third, we also note the important property that the difference in the expected cost, Ac; =
cl — cF > 0, is a non-monotonic function of time: initially increasing and then decreasing.*®
Intuitively, each type starts with the same expected cost, which initially diverge as each type of

the agent updates differently, but they eventually have to converge to c.
The production stage

After the experimentation stage ends, production takes place. The principal’s value of

the project is V(q), where g > 0 is the size of the project. The function V' (-) is strictly

16 There exists a unique time period t, such that Ac;, achieves the highest value at this time period, where

_ (1—25) -1 -2t
th = arglrrsltas); (1= By + Bo(1 = A1 — By + Bo (1 — AL)E)



increasing, strictly concave, twice differentiable on (0, +0), and satisfies the Inada conditions.’
The size of the project and the payment to the agent are determined in the contract offered by the
principal before the experimentation stage takes place. If experimentation reveals that cost is
low in a period t < T, experimentation stops, and production takes place based on ¢ = ¢.!® We
call g5 the output after success. If experimentation fails, i.e., there is no success during the
experimentation stage, production occurs based on the expected cost in period T + 1.1° We call
qr the output after failure. We assume that qg > g > 0. Since our main interest is to capture
the impact of asymmetric information after failure, it is enough to assume that g5 and qr are
exogenously determined. We relax this assumption in section 3.1, where the output is optimally
chosen by the principal given her beliefs.

The contract

Before the experimentation stage takes place, the principal offers the agent a menu of
dynamic contracts. Without loss, we use a direct truthful mechanism, where the agent is asked to
announce his type, denoted by 8. A contract specifies, for each type of agent, the length of the
experimentation stage, the size of the project, and a transfer as a function of whether or not the
agent succeeded while experimenting. In terms of notation, in the case of success we include ¢

as an argument in the wage and output for each t. In the case of failure, we include the expected

cost cfg.zo A contract is defined formally by

A JUPE o
@b = Te,{wf(c)} ,w? (695 ) ,
=/ Jt=1 T”+1

where T is the maximum duration of the experimentation stage for the announced type 8,

WP (g) 1s the agent’s wage if he observed ¢ = ¢ in period t < 7% and w? (ng-'_l) is the agent’s

wage if the agent fails T9 consecutive times.

17 Without the Inada conditions, it may be optimal to shut down the production of the high type after failure if
expected cost is high enough. In such a case, neither type will get a rent.

18 In this model, there is no reason for the principal to continue to experiment once she learns that cost is low.
19 We assume that the agent will learn the exact cost later, but it is not contractible.

20 Since the principal pays for the experimentation cost, the agent is not paid if he does not succeed in any t < T®.

8



An agent of type 8, announcing his type as 8, receives expected utility Ug(wé) at time

Zero from a contract ZD'EZ
U8 (@) = Bo X12, 8¢ (1 — 29) T 28 (Wl (¢) — cqs)

4577 (1= o+ Ba(1—20)" ) (wP (o) ~ %, e).

7041 7041
Conditional on the actual cost being low, which happens with probability S, the
probability of succeeding for the first time in period ¢ < T is given by (1 — Ag)t_l/le.
Experimentation fails if the cost is high (¢ = ¢), which happens with probability 1 — f3,, or, if

the agent fails 79 times despite ¢ = ¢, which happens with probability 8,(1 — AQ)TE.

The optimal contract will have to satisfy the following incentive compatibility constraints
for all 6 and 6:

(IC) Ul (@?) = Ul (w?).

We also assume that the agent must be paid his expected production costs whether
experimentation succeeds or fails.?! Therefore, the individual rationality constraints must be
satisfied ex post (i.e., after experimentation):

(IRS?) wi(c) —cqs =0fore <T°,
(RFfs)  wO(cro,,) = CTo,,ar 20,
where the S and F are to denote success and failure.
The principal’s expected payoff at time zero from a contract @? offered to the agent of

type 6 is
n(@?) = Bo 21216 (1-2°) T 2°(V(gs) - wl(c) - I

07 (1= o o1 =27 ) ) = w2 (o) = o)

Z§=1 8%y

where the cost of experimentation is I; = T Thus, the principal’s objective function is:

vl (@) + (1 —v)rt(wh).

21 See the recent paper by Krahmer and Strausz (2015) on the importance of ex post participation constraints in a
sequential screening model. They provide multiple examples of legal restrictions on penalties on agents prematurely
terminating a contract. Our results remain intact as long as there are sufficient restrictions on penalties imposed on
the agent. If we assumed unlimited penalties, for example, with only an ex ante participation constraint, we can
apply well-known ideas from mechanisms & la Crémer-McLean (1985) that says the principal can still receive the
first best profit.



To summarize, the timing is as follows:

(1) The agent learns his type 6.

(2) The principal offers a contract to the agent. In case the agent rejects the contract, the
game is over and both parties get payoffs normalized to zero; if the agent accepts the
contract, the game proceeds to the experimentation stage with duration as specified in
the contract.

(3) The experimentation stage begins.

(4) If the agent learns that ¢ = ¢, the experimentation stage stops, and the production
stage starts with output and transfers as specified in the contract.

In case no success is observed during the experimentation stage, the production

occurs with output and transfers as specified in the contract.

Our focus is to study the interaction between endogenous asymmetric information due to
experimentation and optimal decisions that are made after the experimentation stage. The focus
of the existing literature on experimentation has been on providing incentives to experiment,
where success is identified as an outcome with a positive payoff. The decision ex post is not
explicitly modeled. In contrast, to highlight the role of asymmetric information on decisions ex
post, we model an ex post production stage that is performed by the same agent who
experiments. This is common in a wide range of applications such as the regulation of natural

monopolies or when a project relies on new, untested technologies.??
2.1 The First Best Benchmark

Suppose the agent’s type 8 is common knowledge before the principal offers the contract.
The first-best solution is found by maximizing the principal’s profit such that the wage to the

agent covers the cost in case of success and the expected cost in case of failure.

TB

Bo » 8°(1-29) "2 (V(ag) ~wl(c) - )

4577 (1 — o+ Bo(1 — AH)TQ) (V(gr) —w(cl,,) — Iyo)

22 As noted by Laffont and Tirole (1988), in the presence of cost uncertainty and risk aversion, separating the two
tasks may not be optimal. Moreover, hiring one agent for experimentation and another one for production might
lead to an informed principal problem. For example, in case the former agent provides negative evidence about the
project’s profitability, the principal may benefit from hiding this information from the second agent to keep him
more optimistic about the project.

10



subject to
(IRS?) wi(c) —cqs = 0fort < T°,
0 (.6 0
(IRFJ,) wb(cre,,) —cro,,qr = 0.
The individual rationality constraints are binding. If the agent succeeds, the transfers
cover the actual cost with no rent given to the agent: wf (c) = cqs for t < T9. In case the agent

fails, the transfers cover the current expected cost and no expected rent is given to the

0

_ 9 n - _ -
T9+1) = Ccp0,,qr- Since the expected cost is rising as long as success is not

agent: w9 (c
obtained, the termination date T2, is bounded and it is the highest ¢ such that
58.02°[V(qs) — cqs] + 8(1 — Bo2°)[V(ar) — cjo,.,qr]
=2y + [V(CIF) - CEGCIF]
The intuition is that, by extending the experimentation stage by one additional period, the
agent of type 6 can learn that c = ¢ with probability ﬁfel“’.

Note that the first-best termination date of the experimentation stage TZ; is a non-
monotonic function of the agent’s type. In the beginning of Appendix A, we formally prove that

there exists a unique value of A9 called A, such that:

%< 0 for A° </Tand%2 0 for 2% > .

This non-monotonicity is a result of two countervailing forces.?® In any given period of
the experimentation stage, the high type is more likely to learn ¢ = ¢ (conditional on the actual
cost being low) since A# > AL. This suggests that the principal should allow the high type to
experiment longer. However, at the same time, the high type agent becomes relatively more

pessimistic with repeated failures. This can be seen by looking at the probability of success

conditional on reaching period t, given by ﬁo(l - Ae)t_l/le, over time. In Figure 2, we see that
this conditional probability of success for the high type becomes smaller than that for the low
type at some point. Given these two countervailing forces, the first-best stopping time for the
high type agent can be shorter or longer than that of the type L agent depending on the

parameters of the problem.?* Therefore, the first-best stopping time is increasing in the agent’s

23 A similar intuition can be found in Halac et al. (2016) in a model without production.

2 For example, if 2* = 0.2, 4 = 0.4, ¢ = 0.5,¢ = 20, B, = 0.5, 5§ = 0.9,y = 2,and V = 10,/q, then the first-
best termination date for the high type agent is T5 = 4, whereas it is optimal to allow the low type agent to
experiment for seven periods, TZ; = 7. However, if we now change ¥ to 0.22 and S, to 0.4, the low type agent is
allowed to experiment less, that is, TfL, = 4 > Ty = 3.

11



type for small values of A¢ when the first force (relative efficiency) dominates, but becomes

decreasing for larger values when the second force (relative pessimism) becomes dominant.

0.25 -+
0.20 Y

\
015 4 \ Bo(d—a"H1aH

\
0.10 - \
\
0.05 - Bo(1— 1) "2t
~
- - -

0.00 . . ; h— LB S S S E-——————

1 3 5 7 9 11 13 15

t, amount of failures

Figure 2. Probability of success with A = 0.4, AL = 0.2, 8, = 0.5.
2.2 Asymmetric information

Assume now that the agent privately knows this type. Recall that all parties have the
same expected cost at the outset. Asymmetric information arises in our setting because the two
types learn asymmetrically in the experimentation stage, and not because there is any inherent
difference in their ability to implement the project. Furthermore, private information can exist
only if experimentation fails since the true cost ¢ = c is revealed when the agent succeeds.

We now introduce some notation for ex post rent of the agent, which is the rent in the
production stage. Define by y¢ the wage net of cost to the 8 type who succeeds in period t, and
by x? the wage net of the expected cost to the 6 type who failed during the entire
experimentation stage:

yf = th(g) —cqsfor1 <t<T?,

= We(cg"ﬂ) - C$9+1QF'

Therefore, the ex post (IR) constraints can be written as:

X
(IRS?) vl >0fort < T,

(IRFY) x? >0,

where the S and F are to denote success and failure.
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To simplify the notation, we denote with P¢ the probability that an agent of type 6 does

not succeed during the T periods of the experimentation stage:
P8 =1— By +Bo(1-29)".

Using this notation, we can rewrite the two incentive constraints as:
(IctH)y Bo Xizy 8¢ (1 — AN Akyl + 8T Pl x!
> L fol St (1 — AN 1Ay + STHPTH [x" + Acp,qqr),
(IcHh) Bo DTLL 8¢ (1 — M) 1AHy 4 877 Pl ocH
> Bo XL, 85 (1 — AM) 11y + 8T PH [x" — Acyiyqq5),

Using our notation, the principal maximizes the following objective function subject to
(IRSH), (IRFLL), (IRS{), (IRF}%), (ICHH), and (ICH*)

[po3in: L8t (1-29)7"20 [V<qs) — cqs — ] + 67" P2V (ar) — B, qr — Iyo]
~Bo TILy 88 (1=2%) 2%y — 87" PLox?

We start by analyzing the two (IC) constraints and first show that the low type always
earns a rent.?> The reason that (1C%") is binding is that since a high type must be given his
expected cost following failure, a low type will have to be given a rent to truthfully report his
type as his expected cost is lower. That is, the RHS of (IC*) is strictly positive since
Acpny, = cH > 0. We denote by U’ the rent to the low type by the LHS of the

THy1 ™ TH+1
(ICH)Y:

UL = By TTE 68 (1 — A1 abyE 4+ 8T Plyxt > 0.

2.2.1. (Ic"1) binding.

Interestingly, it is also possible that the high type wants to misreport his type such that
(ICHE) is binding too. While the low type’s benefit from misreporting is positive for sure
(AcpHy, > 0), the high type’s expected utility from misreporting his type is a gamble. There is a
positive part since he has a chance to claim the rent U~ of the low type. This part is positively
related to Ac,u_, adjusted by relative probability of collecting the low type’s rent. However,

there is a negative part as well since he runs the risk of having to produce while being

25 We prove this result in a Claim in Appendix A.
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undercompensated since paid as a low type whose expected cost is lower when experimentation

fails. This term is positively related to Ac,.., adjusted by probability of starting production

after failure. This is reflected in STLP;?LACTLHqF on the RHS of (IC™*). The (IC**) is binding
only when the positive part of the gamble dominates the negative part.?®

The complexity of the model calls for an illustrative example that demonstrates that
(ICHE) might be binding in equilibrium. Consider a case where the two types are significantly
different, e.g., AL is close to zero and A7 is close to one so that, in the first-best, T> = 0 and
TH > 0.27 Suppose the low type claims being high. Since his expected cost is lower than the
cost of the high type after T# unsuccessful experiments (c;H < c;’H), the low type must be given
a rent to induce truth-telling. Consider now the incentives of the high type to claim being low. In
this case, production starts immediately without experimentation under identical beliefs about
expected cost (ﬁog + (1 - Bo) E). Therefore, the high type simply collects the rent of the low
type without incurring the negative part of the gamble when producing. And, (1C**) is binding.

In our model, the exact value of the gamble depends on the difference in expected costs
and also the relative probabilities of success and failure. These, in turn, are determined by the
optimal durations of experimentation stage, 7% and T*. To see how Tt and T# affect the value
of the gamble, consider again our simple example when the principal asks the low type to (over)
experiment (by) one period, T* = 1, and look at the high-type’s incentive to misreport again.
The high-type now faces a risk. If the project is bad, he will fail with probability (1 — 5,) and
have to produce in period t = 2 knowing almost for sure that the cost is ¢, while the principal is
led to believe that the expected cost is ¢k = Bic + (1 — L) © < c. Therefore, by increasing the
low-type’s duration of experimentation, the principal can use the negative part of the gamble to

mitigate the high-type’s incentive to lie and, therefore, relax the (IC*'1).

% Suppose that the principal pays the rent to the low type after an early success. The high type may be interested in
claiming to be low type to collect the rent. Indeed, the high type is more likely to succeed early given that the
project is low cost. However, misreporting his type is risky for the high type. If he fails to find good news, the
principal, believing that he is a low type, will require the agent to produce based on a lower expected cost. Thus,
misreporting his type becomes a gamble for the high type: he has a chance to obtain the low-type’s rent, but he will
be undercompensated relative to the low type in the production stage if he fails during the experimentation stage.

27 In this example, we emphasize the role of the difference in As and suppress the impact of the relative probabilities
of success and failure.
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Another way to illustrate the impact of T and T* on the gamble is to consider a case
where the principal must choose an identical length of the experimentation stage for both types
(TH =TY =T).%8 We prove in Proposition 1 below that, in this scenario, the (1C*) constraint
is not binding. Intuitively, since the relevant probabilities P¢ and the difference in expected cost
Acr., 4 are both identical in the positive and negative part of the gamble, they cancel each other.

This implies that misreporting his type will be unattractive for the high type.?°

Proposition 1.
If the duration of experimentation must be chosen identical for both types, T = TL, then

the high type obtains no rent.

Proof: See Supplementary Appendix B.

Based on Proposition 1, we conclude that it is the principal’s choice to have different
lengths of the experimentation stage that results in (1C*'*) being binding. Since the two types
have different efficiencies in experimentation (1 > AL), the principal optimally chooses
different durations of experimentation for each type. This reveals that having both incentive
constraints binding might be in the interest of the principal.

In our model, the efficiency in experimentation (A7 > AL) is private information and the
principal chooses T and T* to screen the agents. This choice determines equilibrium values of
the relative probabilities of success and failure, and the difference in expected costs which
determine the gamble. The non-monotonicity of the first-best termination dates (section 2.1) and
also non-monotonicity in the difference in expected costs (Figure 1) make it difficult to provide a
simple characterization of the optimal durations. This indicates the challenge in deriving a
necessary condition for the sign of the gamble.

We provide below sufficient conditions for the (1C*1) constraint to be binding, which
are fairly intuitive given the challenges mentioned above. To determine the sufficient
conditions, we focus on the adverse selection parameter A. These conditions say that the
constraint is binding as long as the order of termination dates at the optimum remain unaltered

from that under the first best. Recalling the definition of 1 from the discussion of first best, for

28 For example, the FDA requires all the firms to go through the same amount of trials before they are allowed to
release new drugs on the market.
29 We prove formally in Supplementary Appendix B that if T is the same for both types, the gamble is zero.
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small values of 1 (AL < A¥ < 1) this means T* < T, while the opposite is true for high values

of L (A > AL > 1).3°

Claim. Sufficient conditions for (I1C*'*) to be binding.

—H
For any AL € (0,1), there exists 0 < A¥(A%) < 4 (AF) < 1 such that the first best order
of termination dates is preserved in equilibrium and (I1C#'*) binds if

either i) A < min{2# (A%), 1} for AL < A orii) A > ZH(AL) > AL for AL > 1.
Proof: See Appendix A.

The optimal contract is derived formally in Appendix A, and the key results are presented
in Propositions 2 and 3. The principal has two tools to screen the agent: the length of the
experimentation period and the timing of the payments for each type. We examine each of them
first, and later in section 3.2, we let the principal screening by choosing the optimal outputs
following both failure and success.

2.2.2. The length of the experimentation period: optimality of over-experimentation

While the standard result in the experimentation literature is under-experimentation, we
find that over-experimentation can also occur when there is a production stage following
experimentation. Experimenting longer increases the chance of success, and it can also help
reduce information rent. We explain this next.

To give some intuition, consider the case where only (1C%#) binds. The high type gets

no rent while rent of the low type is UL = STHPﬁHAcTHHqF. In this case, there is no benefit

from distorting the duration of the experimentation for the low type (Tt = T%). However, the
principal optimally distorts T# from its first-best level to mitigate rent of the low type. The
reason why the principal may decide to over-experiment is that it might reduce the rent in the
production stage, non-existent in standard models of experimentation. First, by extending the
experimentation period, the agent is more likely to succeed in experimentation. And, after
success, the cost of production is known, and no rent can originate from the production stage.

Second, even if experimentation fails, increasing the duration of experimentation can help reduce

30 As we will see below, when As are high, the Ac, function is skewed to the left, and its shape largely determines
equilibrium properties as well as our sufficient condition. When As are small, the Ac, function is relatively flat, and
the relative probabilities of success and failure play a more prominent role.
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the asymmetric information and thus the agent’s rent in the production stage. This is because the
difference in expected cost Ac; is non-monotonic in t. We show that such over-experimentation
is more effective if the agents are sufficiently different in their learning abilities.3! This does not
depend on whether only one or both (1C)s are binding.

When both (1C)s are binding, there is another novel reason for over experimentation. By
increasing the duration of experimentation for the low type, T, the principal can increase the
high type’s cost of lying. Recall that the negative part of the high-type’s gamble when he lies is
represented by 5TLP7’3’LACTL+1qF on the RHS of (IC*'1). Since Ac, is non-monotonic, the
principal can increase the cost of lying by increasing T'~.

In Proposition 2, we provide sufficient conditions for over-experimentation. In Appendix
A, we also give sufficient conditions for under-experimentation to be optimal for the high type.

We also provide a numerical example of over-experimentation in Figure 4 below.

Proposition 2. Sufficient conditions for over-experimentation.

For any A% € (0,1), there exists 0 < A7 (Al) < 1 (A1) < 1 such that the high type over-
experiments if Ais different enough from AL:
TH > TH if 21 > 7 (Ab),
and the low type over-experiments if A is not too different from A%:
Tt > Ty if AH < AH(AD).
Proof: See Appendix A.

In Figure 3 below, we use an example to illustrate that increasing T# is more effective
when Af is higher (relative to AX). Start with case when the difference in expected cost is given
by the dashed line, and there is over-experimentation (T5 = 10, while T& = 11). By
increasing T*, the principal decreases PTLHACTH +1, Which in turn decreases the positive part of
the gamble and makes lying less attractive for the high type. This effect is even stronger for a
higher A7 (see plain line), where the difference in expected cost is skewed to the left with a
relatively high Ac, s, at the first best T/ = 5. Now, increasing T is even more effective

- - L -
since the decrease in P uAcn 4 is even sharper.

31 The opposite is true when the As are relatively small and close to each other. Then, the principal prefers to under-
experiment which reduces the difference in expected cost.
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1 7 11 t, amount of failures

Figure 3. Difference in the expected cost with A = 0.35(= 0.82), A* = 0.2, B, = 0.7, ¢ = 0.1, ¢ = 10,
V(g) =35/q,6 =09,andy = 1.
Finally, as in the first best, either type may experiment longer, and T* can be larger or

smaller than T*.

2.2.3. The timing of the payments: rewarding failure or early/late success?

The principal chooses the timing of rewards and the duration of experimentation at the
same time as part of the contract, and, in this section, we analyze the principal’s choice of timing
of rewards to each type: should the principal reward early or late success in the experimentation
stage? Should she reward failure?

Recall that the low type receives a strictly positive rent, UX > 0, and (IC*) is binding.
The principal has to determine when to pay this rent to the low type while taking into account the
high type’s incentive to misreport. This is achieved by rewarding the low type at events which
are relatively more likely for the low type. Since the high type is relatively more likely to
succeed early, he is optimally rewarded early, while the reward to the low type is optimally
postponed. Furthermore, since the high type is more likely to fail if experimentation lasts long
enough, rewarding the low type after late success or failure will depend on the length of the
experimentation stage, which is determined by the cost of experimentation ().

We will next characterize the optimal timing of payments. There are two cases

depending on whether only (I1C%*) or both IC constraints are binding.
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Proposition 3. The optimal timing of payments.
Case A: Only the low type’s IC is binding.

The high type gets no rent. There is no restriction on when to reward the low type.
Case B: Both types’ IC are binding.

The principal must reward the high-type for early success (in the very first period)

yI>0=x"=vylforallt > 1.
The low type agent is rewarded
M after failure if the cost of experimentation is large (y > y™):
xt'>0=ylforallt < Tt and
(i) after success in the last period if the cost of experimentation is small (y < y*):

yh>0=xt=ylforallt < Tk
Proof: See Appendix A.

If (1C*1) is not binding, we show in Case A of Appendix A that the principal can use

any combination of y/ and x” to satisfy the binding (I1C"*): there is no restriction on when and
how the principal pays the rent to the low type as long as B, ¥T=, 8¢ (1 — ALYt 1ALy L +

L H - - -
5T P;LxL =67 P,IIJHACTH+1C[F. Therefore, the principal can reward either early or late success,

or even failure.

If (IC™'1) is binding, the high type has an incentive to claim to be a low type and we are
in Case B. This is the more interesting case and we focus on its characterization in this section.
The timing of rewards to the low type depends on which scheme yields a lower RHS of (I1CH'1).

We start by analyzing the case where the principal rewards the agent after success. In the
optimal timing of payments is determined by the relative likelihood ratio of success in period t,

Bo(1-2AH) 1 aH
ﬁo(l—ll‘)t_lll‘ '

which is strictly decreasing in t. Therefore, if the principal chooses to reward the low type for
success, she will optimally postpone this reward till the very last period, T, to minimize the
high type’s incentive to misreport.

To see why the principal may want to reward the low type agent after failure, we need to

H

) and failure (:;TTL) We show

TL

Bo(1-2H) "1 aH

compare the relative likelihood of ratio of success (Bo(l—AL)t—lﬂL
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in Appendix A that there is a unique period T such that the two relative probabilities are

equal:*?

=~

(1= " P

il
(1-ALTE-150 = pL -

L
This critical value T* (depicted in Figure 4 below) determines which type is relatively
more likely to succeed or fail during the experimentation stage. In any period t < T*, the high
type who chooses the contract designed for the low type is relatively more likely to succeed than
fail compared to the low type. For t > T*, the opposite is true. This feature plays an important
role in structuring the optimal contract. The critical value T* determines whether the principal

will choose to reward success or failure in the optimal contract.

2.5 -
20 - relative
probability
of success
1.5 - for H type
1.0 A
! . Y -
! relative probability of failure
0.5 - | for H type
|
1
0.0 T 1 T T T T T 1
T t, amount of failures

Figure 4. Relative probability of success/failure with A = 0.4, AL = 0.2, , = 0.5.

If the principal wants to reward the low type after success, it will only be optimal if the
experimentation stage lasts long enough. If T* > T, the principal can reward success in the last
period as the relative probability of success is declining over time and the rent is the smallest in
the last period T*. If the experimentation stage is short, T* < T*, the principal will pay the rent
to the low type by rewarding failure since the high type is relatively more likely to succeed
during the experimentation stage.

The important question is therefore what the optimal value of T* is relative to T and

consequently whether the principal should reward success or failure. The optimal value of T is

32 See Lemma 1 in Appendix A for the proof.
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inversely related to the cost of experimentation y. In Appendix A, we prove in Lemma 6 that
there exists a unique value of y* such that T* < T* for any y > y*. Therefore, when the cost of
experimentation is high (y > y™), the length of experimentation will be short, and it will be
optimal for the principal to reward the low type after failure. Intuitively, failure is a better
instrument to screen out the high type when experimentation cost is high. So, it is the adverse
selection concern that makes it optimal to reward failure.

Finally, if the high type also gets positive rent, we show in Appendix A, that the principal
will reward him for success in the first period only. This is the period when success is most

likely to come from a high type than a low type.

3. Extensions
3.1. Over-production as a screening device

In this section, we allow the principal to choose output optimally after success and after
failure, and she can now use output as another screening variable. While our main findings
continue to hold, the key new results are that if the experimentation stage fails, the inefficient
type is asked to over-produce, while the efficient type under-produces. Just like over-
experimentation, over-production can be used to increase the cost of lying.

When output is optimally chosen by the principal in the contract, g is now replaced by

by qf(c) and is determined by V"’ (qf (g)) = c. The main change from the base model is that

0

output after failure which is denoted by ¢®(c7s, ,

), can vary continuously depending on the

0

expected cost. We can simply replace g by ¢%(czo, ,

) and g by qf (g) in the principal’s
problem.

We derive the formal output scheme in Supplementary Appendix C but present the
intuition here. When experimentation is successful, there is no asymmetric information and no
reason to distort the output. Both types produce the first best output. When experimentation
fails to reveal the cost, asymmetric information will induce the principal to distort the output to
limit the rent. This is a familiar result in contract theory. In a standard second best contract a la
Baron-Myerson, the type who receives rent produces the first best level of output while the type

with no rent under-produces relative to the first best.
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We find a similar result when only the low type’s incentive constraint binds. The low
type produces the first best output while the high type under-produces relative to the first best.
To limit the rent of the low type, the high type is asked to produce a lower output.

However, we find a new result when both IC are binding simultaneously. We give below
the sufficient conditions such that both incentive constraints are binding when output is variable,
and these conditions are similar to the ones identified earlier. When both incentive constraints
bind, to limit the rent of the high type, the principal will increase the output of the low type and
require over-production relative to the first best. To understand the intuition behind this result,
recall that the rent of the high type mimicking the low type is a gamble with two components.
The positive part is due to the rent promised to the low type after failure in the experimentation
stage which is increasing in g (¢, ). By making this output smaller, the principal can

decrease the positive component of the gamble. The negative part is now given by

6TLP7I:ILACTL+1QL(C§:L+1), and it comes from the higher expected cost of producing the output

required from the low type. By making this output higher, the principal can increase the cost of

lying and lower the rent of the high type. We summarize the results in Proposition 4 below.

Proposition 4. Optimal output.
After success, each type produces at the first best level:
V' (qf(g)) =cfort<T°.
After failure, the high type under-produces relative to the first best output:
qu(CgHﬂ) < ql{"{B(CTI-"IH+1)'
After failure, the low type over-produces:
qu(C;:L+1) > qfp (C;L+1)'
Proof: See Supplementary Appendix C.
As in our main model, we now derive sufficient conditions for both /C to bind and for
over-experimentation to occur and discuss them in turn. We show below that the sufficient

conditions for (1C*1) to be binding are stricter than in our main model with an exogenous

output. This is not surprising since the principal now has an additional screening instrument to
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reduce the high type’s incentives to misreport. We introduce A7 (1Y) < min{AH (A1), 1} and

. —H
ALY > 1 (A) to provide sufficient condition for both (IC) to be binding simultaneously.

Claim. Sufficient condition for (1C*'*) to be binding with endogenous output.

For any A* € (0,1), there exists 0 < A% (1Y) < A¥(AL) < 1 such that
(ICHY) binds if either i) AT < AH(AL) for AL < A orii) A > AH(AX) > AL for AL > 1.
Proof: See Supplementary Appendix C.

The exact distortions in ¢” (cf, ,) and g*(cf., ,) are chosen by the principal to mitigate

the rent. Since the agent’s rent depends on both output and the difference in expected costs after
failure, distortions in output are proportional to Ac;u,; and Ac;.,;, which are non-monotonic in
time. This makes it challenging to derive necessary and sufficient conditions for over/under

experimentation when output is chosen optimally. We characterize sufficient conditions for over

and under experimentation for the high type below.
Claim. Sufficient conditions for over-experimentation.

: L = -
Thereexist 0 <A < A < 1 and A7 > A¥ () such that

= —H —L
TH > TH, (over experimentation is optimal) if A# > A > 21 (AY) and 2L > 1 ;

TH < T/ (under experimentation is optimal) if A < AH(AL) and AL < AL,

Proof: See Supplementary Appendix C.

3.2. Success might be hidden: ex post moral hazard

In the base model, we have suppressed moral hazard to highlight the screening properties
of the timing of rewards, which allowed us to isolate the importance of the monotonic likelihood
ratio of success in screening the two types. As we noted before, modeling both hidden effort and
privately known skill in experimentation is beyond the scope of this paper. However, we can
introduce ex post moral hazard by relaxing our assumption that the outcome of experiments in
each period is publicly observable. This introduces a moral hazard rent in each period, but our
key insights regarding the screening properties of the optimal contract remain intact. It remains

optimal to provide exaggerated rewards for the efficient type at the beginning and for the
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inefficient type at the end of experimentation even under ex post moral hazard. Furthermore, the
agent’s rent is still determined by the difference in expected cost, which remains non-monotonic
in time. Thus, the reasons for over-experimentation also remain intact.

Specifically, we assume that success is privately observed by the agent, and that an agent
who finds success in some period j can choose to announce or reveal it at any period t > j.
Thus, we assume that success generates hard information that can be presented to the principal
when desired, but it cannot be fabricated. The agent’s decision to reveal success is affected not
only by the payment and the output tied to success/failure in the particular period j, but also by
the payment and output in all subsequent periods of the experimentation stage.

Note first that if the agent succeeds but hides it, the principal and the agent’s beliefs are

0

7641 while the agent

different at the production stage: the principal’s expected cost is given by ¢
knows the true cost is c. In addition to the existing (IR) and (/C) constraints, the optimal
scheme must now satisfy the following new ex post moral hazard constraints:

(EMHQ) yf,(, > x + (cf}e+1 — g)qF for& = H,L, and

(EMPY?) vl =6yl fort <T9 —1.

The (EMH?) constraint makes it unprofitable for the agent to hide success in the last
period. The (EMP,?9 ) constraint makes it unprofitable to postpone revealing success in prior
periods. The two together imply that the agent cannot gain by postponing or hiding success.

The principal’s problem is exacerbated by having to address the ex post moral hazard constraints
in addition to all the constraints presented before. First, as formally shown in the Supplementary
Appendix D, both (1c*1) and (I1C~") may be slack, and either or both may be binding.* Since
the ex post moral hazard constraints imply that both types will receive rent, these rents may be
sufficient to satisfy the (IC) constraints. Second, private observation of success increases the
cost of paying a reward after failure. When the principal rewards failure with x? > 0, the

(EMH?) constraint forces her to also reward success in the last period (y?e > ( because of

(EMH?)) and in all previous periods (v{ > 0 because of (EMP?)). However, we show below

that it can still be optimal to reward failure.

33 Unlike the case when success is public, the (I1C%*) may not always be binding.

24



Proposition 5.

When success can be hidden, the principal must reward success in every period for each type.
When both the (IC%#) and (IC™*) constraints bind and the optimal T < T, it is optimal to

reward failure for the low type.
Proof: See Supplementary Appendix D.

Details and the formal proof are in the Supplementary Appendix D. Here we provide
some intuition why rewarding failure or postponing rewards remain optimal even when the agent
privately observes success. We also provide an example below where this occurs in equilibrium.
The argument for postponing rewards to the low type to effectively screen the high type applies
even when success is privately observed. This is because the relative probability of success

between types is not affected by the two ex post moral hazard constraints above. An increase of

$1 in x? causes an increase of $1 in yﬁg, which in turn causes an increase in all the previous v’

according to the discount factor. Therefore, the increases in y?e and y? are not driven by the
relative probability of success between types. And, just as in Proposition 3, we again find that it
is optimal to postpone the reward for the low type if he experiments for a relatively brief length
of time and both (1¢1) and (IC%) are binding. For example, when g, = 0.7y = 2, AL =
0.28, A7 = 0.7 the principal optimally chooses T# = 1, Tt = 2 and rewards the low type after
failure since TX = 3.

While we have focused on how the ex post moral hazard affects the benefit of rewarding
failure, those constraints also affect the other optimal variables of the contract. For instance, the
constraint (EMP?) can be relaxed by decreasing either T9. So, we expect a shorter

experimentation stage and a lower output when success can he hidden.

3.3. Learning bad news

In this section, we show that our main results survive if the object of experimentation is
to seek bad news, where success in an experiment means discovery of high cost ¢ = ¢. For
instance, stage 1 of a drug trial looks for bad news by testing the safety of the drug. Following
the literature on experimentation we call an event of observing ¢ = ¢ by the agent “success”
although this is bad news for the principal. If the agent’s type were common knowledge, the
principal and agent both become more optimistic if success is not achieved in a particular period
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and relatively more optimistic when the agent is a high type than a low type. Also, as time goes
by without learning that the cost is high, the expected cost becomes lower due to Bayesian
updating and converges to c. In addition, the difference in the expected cost is now negative,
Ac, = ¢ — ¢t < 0 since the H type is relatively more optimistic after the same amount of
failures. However, Ac, remains non-monotonic in time and the reasons for over experimentation
remain unchanged.

Denoting by 8¢ the updated belief of agent 6 that the cost is actually high, the type 6°s

expected cost is then c¢f = gfc + (1 — ) c. An agent of type 8, announcing his type as 9,
receives expected utility U® (w?) at time zero from a contract @?, but now y? = wé () —

qu (¢) is a function of c.

Under asymmetric information about the agent’s type, the intuition behind the key
incentive problem is similar to that under learning good news. However, it is now the high type
who has an incentive to claim to be a low type. Given the same length of experimentation,
following failure, the expected cost is higher for the low type. Thus, a high type now has an
incentive to claim to be a low type: since a low type must be given his expected cost following

failure, a high type will have to be given a rent to truthfully report his type as his expected cost is

H
TLl+1

L

lower, that is, ¢ < CrLyq-

The details of the optimization problem mirror the case for good
news of Propositions 2, 3, and 4 and the results are similar. We present results formally in
Proposition 6 in Supplementary Appendix E.

We find similar restrictions when both (IC) constraints bind as in Propositions 2, 3 and 4.
The type of news, however, determines length of experimentation decisions. The parallel
between good news and bad news is remarkable but not difficult to explain. In both cases, the
agent is looking for news. The types determine how good the agent is at obtaining this news.
The contract gives incentives for each type of agent to reveal his type, not the actual news.

4. Conclusions

In this paper, we have studied the interaction between experimentation and production
where the length of the experimentation stage determines the degree of asymmetric information
at the production stage. While there has been much recent attention on studying incentives for

experimentation in two-armed bandit settings, details of the optimal production decision are
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typically suppressed to focus on incentives for experimentation. Each stage may impact the
other in interesting ways and our paper is a step towards studying this interaction.

There is also a significant literature on endogenous information gathering in contract
theory but typically relying on static models of learning. By modeling experimentation in a
dynamic setting, we have endogenized the degree of asymmetry of information in a principal
agent model and related it to the length of the learning stage.

When there is an optimal production decision after experimentation, we find a new result
that over-experimentation is a useful screening device. Likewise, over production is also useful
to mitigate the agent’s information rent. By analyzing the stochastic structure of the dynamic
problem, we clarify how the principal can rely on the relative probabilities of success and failure
of the two types to screen them. The rent to a high type should come after early success and to
the low type for late success. If the experimentation stage is relatively short, the principal has no
recourse but to pay the low type’s rent after failure, which is another novel result.

While our main section relies on publicly observed success, we show that our key
insights survive if the agent can hide success. Then, there is ex post moral hazard, which implies
that the agent is paid a rent in every period, but the screening properties of the optimal contract
remain intact. Finally, we prove that our key insights do hold in both good and bad-news

models.
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Appendix A (Proof of Sufficient conditions for (ICH**) to be binding,

Propositions 2 and 3)

First best: Characterizing /.

~ 0 ~ 9 ~
Claim. There exists A € (0,1), such that 22 < 0 for 2° < 2 and ZZ2 > 0 for 2° > 1.
Proof: The first-best termination date t is such that
ﬁt/l[V(QS) - EQS] + (1= BMDIV(gr) — ce41q9r] = v + [V(qr) — cqr].
Rewriting it next we have

BtA[V(QS) — C(qs — V(CIF)] + qrlct — ces1 (L= B )] =y,

which given that ¢; — ¢4 (1 — f:4) = BAc, can be rewritten next as

B L

th = (v(as)-cas)-(vap)—car)

which implicitly determines t as a function of 4, t(A1). Using the Implicit Function Theorem

ABo(1—)t—1
1-)-14(1-
ﬂ__ Bo( )az +(1-Bo)
dr R ABg(1—-A)t—1
Bo(1-DE-1+(1-Bp)

at

a[ﬁo(l—l)t_lﬂl—ﬁo)
oA

ABo(1-t~1 ]

Since
Bo((1 =D 421 = D)= D) (8,1 - D7+ (1-8,)) = B2 = D (8,1 =D + (1-5,))
(30(1 -+ (1- ﬁo))2

Bo(1-M1[1-Bo+Bo(1-)t-1 - 1-EQALD

(Bo(1-D)t=1+(1-Bp))"

2

ABo(1-nt1 ] s

P 2t SO 1-Lo)A(1-D " in(1-2
and —Eea=DT+a-p)] _ Bo(1=Bo)AA-D)""" In( - )’ we have

ot (Bo(1-Dt=1+(1-B0))
Bo(1-2)t"1[1-go+Bo(1-2)t~1 -E=FOA=L)]
2

at _ (Bo1-DE1+(1-B0)) _ (1-B)A-20)+Be(1-1)*
ar Bo(1-B)A(1-H "1 in(1-1) T @-B)A1-D) In(1-1)

(BoG-Dt=1+G-B0))"
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For % < 0 it is necessary and sufficient that (1 — B,)(1 — At) + By (1 — 2)* < 0. Since

d[(1-Be)(1-2At)+Bo(1-)]
dt

Bo(1—2)% <0 forany A > A. Since (1 — Bo)(1 —21) + Bo(1 = 1)? =

B, (A - ﬂ) (/1 - “—““*’) we define A = Y 1-Fo 3¢ O.E.D.
Bo Bo Bo

< 0 for any 2 it is sufficient to find A such that (1 — 8,)(1 — 24) +

Sufficient conditions for (IC*1) to be binding.

—H
Claim. For any AL € (0,1), there exists 0 < A7 (AL) < 4 (A%) < 1 such that the first best order

of termination dates is preserved in equilibrium and (1C**) binds if
either i) A% < min{AH (A1), A} for A& < A or i) A% > 1 (L) > AL for AL > 4.

Proof: We will prove later in this Appendix A (see Optimal payment structure) that when the
(ICHE) binds, the principal will pay UL by only rewarding failure (x“ > 0), or only rewarding
success in the last period T~ (y;L > 0). Instep 1 below, we characterize a function {(t) that
determines the sign of the high-type’s gamble, i.e., if (IC*'1) is binding, regardless of whether
the agent is optimally paid after failure or success. In step 2, we characterize values of AL and A#
such that {(t) is monotonic. These two steps together imply that the gamble is positive under
this set of A% and A" if the order of optimal termination dates (T* and T*) is the same as in the
first best. In step 3, we prove that under this set of AL and A" it is indeed optimal for the principal
to make the (1C*'L) binding in equilibrium. Therefore, the sufficient conditions characterize
values of AL and A¥ such that the principal finds it optimal to preserve the first best order of
termination dates in equilibrium.

We begin by deriving the gamble if the agent is optimally rewarded after failure and after
success in the last period TL. If the principal rewards the low type after failure, the high type’s
expected utility from misreporting (i.e., the RHS of the (1C*'*) constraint) is:

H
P
L

L
P
TH L _ TL H _ H TH Y'rH _ TL
PLL5 PruAcpnyqr — 68 PrilAcpiyqr = qrPri (5 PL, Acpryy — 8" Acrryy ).
T

T

% Note that P—V[:_BO is well defined and 0 < l_—vﬁl_ﬁ" <1forB, < 1.

0 0
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If the principal rewards the low type only after success in period T*, the high type’s
expected utility from misreporting (i.e., the RHS of the (1C*'1) constraint) is:

L_
Bo(1— AH)T 5T

Bo(1-AL)TE-12L THACTH+1QF 5T P LACTLCIF =

(- AH)T ) TH pL TL
qr md P HACTH+1 o' P LACTL+1

Step 1. The gamble for the high type is positive (regardless of the payment scheme) if
and only if {(TH) > ¢(T"), where {(t) = §*PE(BE, — BE. ).

PL
a) Consider the case of reward after failure first, g P/} (STH PLLHACTH+1 - STLACTL+1>. Given
TL

that Ac, = (¢ — ¢) (B¢ — BE), the gamble is positive if and only if
HPLy L
ST PTTACTH+1 - 67 Acpry, >0,
TL
6THP#H(:3;H+1 - 'B’II:IH+1) > 5TLP7€L (ﬁ;L+1 - ﬁ’II:IL+1)’
which can be re-written as {(T#) > {(T1).

TL-1
()" i

b) Consider now the case of reward after success, qr <(1_,1L)TL-1,1L rHACTH 1 —

6TLP,II:ILACTL+1>. Similarly, the gamble is positive if and only if

(12"

TH L TLpH
mé\ PTHACTH+1 ) PTLACTL+1 > 0,

TL-1 L TL oL (oL H
(1-aH) AHPh 8 PTL(‘BTL+1_BTL+1)

_3LyTL-1,1 pH TH 5L L _pH :
(-abyrt-1aL pl "~ TRl (pL, g, )

We will prove later in this Appendix A (see Optimal payment structure) that when gamble

TL_1
for the high type is positive, the low type is rewarded for success if and only if (()LLle)LL
PrL (- T arpl, - .
P— or, alternatlvely - > 1. Therefore, a sufficient condition for the gamble to be

LYTL-1,LpH
L 1-A%)T"1AkP

.. . . STLPLL(ﬁLL -BH, ) .
positive when the low type is rewarded for success is 1 > —————L+—T*12 Gijven that
8T Pl (Bhy, . ~By, )

TH\FTH41 PrHyq

rh
g(rHy

57" PL ('BTL+1 'B;IL+1) — (th)
STHPTE ('BTH+1 B'II:IH+1) grHy

the condition above may be rewritten as 1 > —>—=
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Therefore, we have proved that a sufficient condition for the gamble to be positive
(regardless of the payment scheme) is {(T#) > {(T*%).
We now explore the properties of {(t) function.
—H —H
Step 2. Next, we prove that for any A € (0,1), there exist A (1*) and A#(AL), 1>1 >
A >0 such that ©2 < 0if 2# > 7" and €2 > 0/if 2 < 24,

. o(1-20)" o(1-2H)"
To simplify, {(£) = 6°(1 — fo + fo(1 — 2°)°) (ﬁo(lli/l(Ll)tHi—ﬁo) B ﬂou[ia(;)w(i—ﬁo))

/zo((1—1L>t(ﬁo(HH)f+<1—ﬁo>>-<1‘ﬂ”>t(1—ﬁo+ﬁo(1—”))
Bo(1-AH)t+(1-Bo)

_ 6tﬁo(1—50)((1—/1L)t—(1—7t”)t) _ sePoap((1 -21) - (1- A”))
(Bo-2H)t+(1-B0)) Pf!

=t

@
dt

_ o (@ =AY -2 - (-2 in(1 - 27)PY - Bo(l - ")'n(1 - 2)((1 -2 - (1-2"))
( H)z

B, (1 8,)
PH((1 = A1) — (1 A1)
.1
(R B T =B

in(1-2L)+in 8] (1-AL) PH - (1- /1H) (PLin(1- /1H)+PtHlné‘)

+8tIné

= stl

(P Fotipmy
Function {(t) decreases with t if and only if ¢ (A#) < 0, where
o) = [In(1 = AL) + In8]1(1 — AB)EPH — (1 — AU (PEIn(1 — AP) + PHInS).
We prove first that ¢ (A#) < 0 for any t if A7 is sufficiently high.
Since both (1 — AX)tPH and (1 — AH)t(PEIn(1 — 2) + PEInéd) are increasing in t, we have
¢ < (1= Bo)(A = 29T In[8(1 = 21)] = (1 = 2")(PHin(1 = 2") + P{'Iné),
where T = max{TH, T*}.
Next, (1 — ) (PFin(1 — A1) + PHInS) > (1 — AM)(1 — BoAb) In[8(1 — A*)] and

ln[6(1—AH)] (1—ﬁo)(1—ll‘)f °
TBaAb] > 1. Therefore, A (=) >1= ¢(1") <0.

(1-Bo)(1-24)"

Rearranging the above, we have ¢p(17) < 0 forany t if A > 1 — D)
~—Po
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Denote

o (=B =0T
PECT TR

Therefore, for any t, (A7) < 0 if A7 > 1 and, consequently,

z()<0foranyt1fAH >

We next prove ¢ (A7) > 0 for any ¢ if A is sufficiently low.
Similarly, because both (1 — AX)tPH and (1 — AH)*(PEin(1 — A7) + PHInéd) are increasing in t,
¢ > P (1 = 1) In[8(1 — A1)] — (1 — AT (PEin(1 — A1) + P2 Ing).

ln[6(1 AH)]
n[6(1-AL)]

Therefore, (1 — BeAH)(1 — AF) < (1 — AH)T(l — Bo + Bo(1 = 2")T) = (") > 0.

Next, (1 — AH)TPTH In[s(1-2H]> 1 - /’l”)T(P—ln(l A1) + Pfing) and > 1.

Rearranging the above, we have ¢(A") > 0 for any t if

(1-Bo2 )(1 AL < (1 — Bo + Bo(1 — AH)T)

(1-A)T
The left-hand side of the above inequality, (( i‘jﬂ) (1 — AL), is increasing in A
4| a=po?")
(=" | _ —Bo(1-A"Ta-po"y _
dat (1-AH)T+1 :

The right-hand side of the above inequality, 1 — By + Bo(1 — A¥ )7, is decreasing in A7

a[1-Bo+Bo(1-2) |

— = —B,T(1 — A)T-1 < 0.

Therefore, there exists a unique value of A = A#, such that if A# < AH: % 1-2H)<

(1= Bo+ Bo(1 = A1) and L2 i‘j)} (1= 22 > (1= Bo + Bo(1 — A1) if AH > A¥.

Denote A" as the unique value of A that makes the LHS and RHS equal

21 ER) (1=t = (1= o + o1 - 27) )

= -y

()

Therefore, for any t, p(A¥) > 0 if A7 < A¥ and, consequently, =—— > 0 for any t if A7 < A,

. . _H
Step 3. We now prove by contradiction that for A# < min{A"#(2*),A}and A < ¥ <1 <

AH it is optimal to have (1C"'F) binding, i.e., pay rent to both types rather than the low type only.
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We consider 4 < AL < 7 < A and argue later that case 0 < A* < A < min{A#, 1} can
be proven by repeating the same procedure.

Step 3a. Assume (ICH'1) is not binding and it is optimal to pay rent only to the low type.
Denote optimal duration of experimentation stage for both types Td; and T%, respectively. We
prove later in this Appendix A (see Optimal length of experimentation, Case A) that in this case
TH < T& and TE; = T,

. . . . H L dq(t) g 0 .
Since gamble for the high type is positive if (T") > {(T*) and ——<0fora">2 it
must be that T{, > Tk, (otherwise the gamble for the high type would be positive and both types

would collect rent). Denote the expected surplus net of costs for 8 = H, L by Q° (w") =
t—-1 .
BoXTZ 8 (1-2%)2°[V(as) — cqs — 1] + 67" PLo[V(ar) — cfo,,,ar — o] Since the
principal optimally distorts T*, it must be that
v (T{E) + (1 —v)QH(Tp) — (1 = v)UH(TR) >
vQI(Tip) + (1 = v)Q"(Tg) — vU" (T, Teg) — (1 — vIU(Té5, Tip),

where UM (TH,, TLy) and UL (T, TEg) appear on the RHS because the T, < TEy and, given and

aq()
dt

< 0, the gamble is positive (so the principal has to pay rent to both types).
Given that TE, = T, the condition above simplifies to

vU (T, Trg) + (1 = v)UH (T, Trp) — (1 = v)UR(TSR) > vIQH (TH) — QF (Tdh)].
Step 3b. We now show that our assumption (that (1C*'1) is not binding and it is optimal to pay
rent only to the low type) leads to a contradiction by proving that the principal can be better off
by paying rent to both types instead.

Consider another contract with Tt = Tz and TH = Tkz — €, where agent’s rewards are
chosen optimally given these T's.* With TL = Tk and TH = Tk, — &, the principal’s expected
profit becomes

v (Tip — &) + (1 = v)Q (Tg) — vU" (T — &, Tg) — (1 = v)UH(Tip — &, Tip).

Therefore, the principal is better off with the newly introduced contract (Tt = Tk, and
TH = Tk — ¢) than with (Tkg, TE) if
v (Tiy — &) + (1 = v)Q (Trp) — vU" (Tip — & Trg) — (1 = v)U (T — &, Tfg) >

% Since we consider A sufficiently higher than A, we can always choose T/ < Tk, + 1 for 4 < A* and, there
always exists ¢ such that T4, — ¢ > T,
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v (TE) + (1 —v)QE(TE) — (1 —v)UE(TE) or, equivalently
v[QH (Tip — ) — Q7 (T{H)] >

vUH(Tgg — &, Tig) + (1 = VUM (T — &, Tiig) — (1 = v)UH(TER).
Since vU (T, Tig) + (1 = VUM (TG, Tip) — (1 = v)UH(TE) > v[QP (TE) — QY (TR)] by
assumption (see step 3a) and v[QH (TE5) — QH(TH)] > v[QH (TE; — &) — QH (TLE)] because
THE — TH > TH — (Tk; — €), the principal is better off with the newly introduced contract
(Tt =Tky and TH = Tk — ¢) than with (Tkg, TLL) if

vUH(TE, Thg) + (1 = VUM (T, Tig) — (1 = v)UH(TSE) >

vUH(Tgg — &, Tig) + (1 = VUM (T — &, Tiig) — (1 = v)UH(T4R).

The above inequality holds for any € < Tk, — TE;, since we prove later in this Appendix A (see

aut(tTHTL)

—H
Sufficient conditions for over/under experimentation) that for 4 < A# both > < 0and
aul(rH k) C .
—m < 0. Therefore, the principal is better off by paying rent to both types rather than to

the low type only.

Consider now 0 < AL < A" < min{A”, 1}. Repeating the same procedure with T% =

TH, — e and TH = T, and given that for ¥ < A¥ < min{A¥, 1} both %(:) <O0andTH > Tk a

similar conclusion follows.

Q.E.D.

Proof of Propositions 2 and 3

We first characterize the optimal payment structure given T and T, x,, {y} {il, xy and
{y}TZ (Proposition 3), then the optimal length of experimentation, T~ and TH (Proposition 2).

Denote the expected surplus net of costs for 8 = H, L by Q° (@) = g, ¥l 5t (1-
/’le)t_l/'le [V(gs) —cqs — I] + STOPﬁg [Vigr) — C,?g_'_qu — Ih6]. The principal’s optimization
problem then is to choose contracts @ and @’ to maximize the expected net surplus minus rent

of the agent, subject to the respective IC and IR constraints given below:

Max E, {Qg (@) — By T2, 8t (1 —29)" 2670 — 6T9P7?9x9} subject to:

(IC™E) Bo B2y 8 (1 = A2yl 4 677 Pyt
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> Bo N121 85 (1 — A 121y L 4 6T PLL[x" = Acyygr],
(UCHH) Bo B2, 85 (1 = A1yl 4 6T Plct
> Bo XI2, 8° (1 — A2y + 8T Ply [ + Acyn, 1 qr],
(IRSH) yf = 0fort < TH,
(IRSH) yE = 0fort < T,
(IRFfly) x" = 0,
(IRFf.) x> 0.
We begin to solve the problem by first proving the following claim.
Claim: The constraint (IC*) is binding and the low type obtains a strictly positive rent.

Proof: If the (IC%) constraint was not binding, it would be possible to decrease the payment to
the low type until (IRS}) and (IRF}) are binding, but that would violate (1C#) since
Acru,,qF > 0. Q.E.D.

. Optimal payment structure, x,, {y:}7=,, x, and {y}7,
(Proof of Proposition 3)

First we show that if the high type claims to be the low type, the high type is relatively
more likely to succeed if experimentation stage is smaller than a threshold level, T*. In terms of

PH

notation, we define f;, (¢, TX) = 2= (1 — AL)E=12L — (1 — AH)t=1AH to trace difference in the
Pl

likelihood ratios of failure and success for two types.

Lemma 1: There exists a unique T* > 1, such that £,(7%,T%) = 0, and

fZ(t TL) {< 0fort < TL

>0fort>TL
PH
Proof: Note that PTTL is a ratio of the probability that the high type does not succeed to the
TL

probability that the low type does not succeed for T periods. At the same time,

Bo(1 - Ae)t_ll" is the probability that the agent of type 6 succeeds at period t < T* of the

Bo(1-AH)TIAH  (1-pH)TaH
ﬁo(l—ll‘)t_lll‘ - (1—AL)yt-13L

experimentation stage and is a ratio of the probabilities of success at

period t by two types. As a result, we can rewrite f,(t,T*) > 0 as
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1—50+30(1—AH)TL (1-2H) " aH
1-Bo+Bo(1-A1T ~ (1-2H)t-1ak

TL TL
1-Bo+Bo(1-21) 1-Bo+Bo(1-2F)
(1_AH)t—1AH (1_AL)L“—1AL

for 1 <t < T* or, equivalently,

for1 <t <T*h

TL
1-Bo+Bo(1-29)
( _ )t 1 9

We will say that when £, (¢, TY) > 0 (< 0) the high type is relatively more likely to fail

where

can be interpreted as a likelihood ratio.

(succeed) than the low type during the experimentation stage if he chooses a contract designed

for the low type.
There exists a unique time period T*(T%, A%, A%, B,) such that £,(T%, T%) = 0 defined as

~ AL ! PL H
TL =Tt (TL /1L /1H ﬁO) = 1+1—)ﬂ’
ln(l AL)

being strictly decreasing in t and = > 1> TL 351n
TL

. (1-2H)" "1 2H
where uniqueness follows from e =

addition, for t < T it follows that £, (t, T*) < 0 and, as a result, the high type is relatively more
likely to succeed than the low type whereas for t > T the opposite is true. Q.E.D.
We will show that the solution to the principal’s optimization problem depends on

whether the (IC*'1) constraint is binding or not; we explore each case separately in what follows.

Case A: The (IC™t) constraint is not binding.

In this case the high type does not receive any rent and it immediately follows that x =
0and y/ =0 for1 <t <TH, which implies that the rent of the low type in this case becomes

é THP#HACTH +19r- Replacing x; in the objective function, the principal’s optimization problem
is to choose TH, TL, {y3TL, to

Max Eg{n}?B (zzrg) - (1- U)5THP#HACTH+1C[F} subject to:
(IRSH) yE =0fort < T,

and (IRF ;L) 6T”P$HACTH+1qF Bo XL, 8t (1 — ALY 12k > 0.

% To explain, f,(t,T*) = 0 if and only if 1_B°+B°(1_AH) _ ™
1‘50"‘50(1—1]“) (1-aL)

S leen that the right hand side of the

. . . . . 1—AH . .
equation above is strictly decreasmg sinc is equal to = Slnce

H mI -1y
M <1 and = > 1 the uniqueness immediately follows. So T satisfies TL . ) A

1-Bo+Bo(1-2L)" Pri (1- /1L)
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When the (IC"'1) constraint is not binding, the claim below shows that there are no

restrictions in choosing {ytL _, except those imposed by the (IC%#) constraint. In other words,

the principal can choose any combinations of nonnegative payments to the low type
(xL, 3 ) such that B, XT2, 8¢ (1 — AL 1Akl + STLP#LxL = STHP;'HACTH_i_qu. Labeling
by {aL}TL,, a* the Lagrange multipliers of the constraints associated with (IRSL) for t < T%,

and (IRF ;1) respectively, we have the following claim.

Claim A.1: If (Ic™1) is not binding, we have a’ = 0 and af = 0 forall t < T,

Proof: We can rewrite the Kuhn-Tucker conditions as follows:

;TL =af —a"Best(1 =) =0for1 <t < T
t
aa:; =yl >0,at=0,alyl=0for1 <t <TL

Suppose to the contrary that a” > 0. Then,
H L —
s’ P#HACTHHCIF — Bo ZZ=1 8 (1 -2y =0,
and there must exist y > 0 for some 1 < s < T*. Then, we have a} = 0, which leads to a
contradiction since a% = 0 cannot be satisfied unless a* = 0.
t

Suppose to the contrary that a’ > 0 for some 1 < s < T%. Then, a* > 0, which leads to a
contradiction as we have just shown above. Q.E.D.

Case B: The (ICH!) constraint is binding.

We will now show that when the (I1C*'*) becomes binding, there are restrictions on the
payment structure to the low type. Denoting by ¥ = P;fHPL P P#H, we can re-write the

incentive compatibility constraints as:
28T = By X2, 8¢ [PRL(1 — A1) 1A — L (1 — AH)=12H] y
+Bo X1y 8¢ [PEL(1 — AM)E12H — PH (1 — A1 ]yt
PHLqF(STHP;HACTH+1 — 6TLP,IL:LACTL+1), and
8T = By BT, 8¢ [PH (1 — AR)F71AE — Py (1 — AH)E- 124yl
+Bo X121 8¢ [Pru(1 — AM)E-12H — P”H(1 — ALy

+PLuqr (87" PEyAcony, — 8T PE ACL,,).
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First, we consider the case when i # 0. This is when the likelihood ratio of reaching the

H

P
last period of the experimentation stage is different for both types i.e., when - — ;t (Case
TH TL

B.1). We showed in Lemma 1 that there exists a time threshold T such that if type H claims to
be type L, he is more likely to fail (resp. succeed) than type L if the experimentation stage is
longer (resp. shorter) than T-. In Lemma 2 we prove that, if the principal rewards success, it is
at most once. In Lemma 3, we establish that the high type is never rewarded for failure. In
Lemma 4, we prove that the low type is rewarded for failure if and only if T> < T and, in
Lemma 5, that he is rewarded for the very last success if T > T*. In Lemma 6, we prove that
TL > T(<) for high (small) values of y. Therefore, if the cost of experimentation is large (y >
v"), the principal must reward the low type after failure. If the cost of experimentation is small
(¥ <y™), the principal must reward the low type after late success (last period). We also show

that the high type may be rewarded only for the very first success.
. Phy  PH . A .
Finally, we analyze the case when == = -I= (Case B.2). In this case, the likelihood ratio
Py Plh
of reaching the last period of the experimentation stage is the same for both types and x*’ and x*
cannot be used as screening variables. Therefore, the principal must reward both types for

success and she chooses T- > TL.

Case B.1: ¢ = PjuPlL — PlLPIy # 0.
Then x/ and x* can be expressed as functions of {y/}T2,, {y}=,, TH T only from the
binding (ICH'+) and (ICYH). The principal’s optimization problem is to choose TH, {y//}TL,,
T, vt {—1 to
Qe(we) - 5T9P9 9({3’H ?51' {YL {fl'TH:TL)

Max Ey . i1 9
—302 16 (1—1) A%y

subject to
(IRS?) yf = 0fort < T°,
(IRFTG) Xg({)/t = Y= 1'TH, TL) >0for6 =H,L.

Labeling {372, {aL}Z,, £ and &% as the Lagrange multipliers of the constraints

associated with (IRS#"), (IRS}), (IRF;x) and (IRF 1) respectively, the Lagrangian is:
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£=Eg{08(@%) - fo X121 8¢ (1-2°) 2%y
s" Pﬁex ({J’t t= 1){yt}t 1:TH'TL)}
T T
£ Y alyl 4 ) abyk + (G, G T TY)
t=1 t=1

+5LXL({3’ t= 1:{3/ i 1:TH'TL)-

We assumed that T > 0 and T# > 0. The Kuhn-Tucker conditions with respect to y/”

and y} are:

t __qINt—-19L _ plL _ 9QHN\t—-19H
oL _ —v{ﬁo5t(1—/1H)t"1/1H 4 s pn, B0l [Pru(1 = 492" — Pr(1 — 2")"A ]}
9y, 8T (PfuPrL — PfiPru)

gt B P 2 P
8T (PH,PL, — PH PLY) ‘
et BostPH, (1~ AL)t_l)LL—PLL(l—)LH)t_llH] Y Bost[PH, (1-21) Ak —pLy (1-21) T 2H|
STH(PH Pk —P LP#H) 5TL(P71:IHPTI,‘L— TLPTLH) '
t HN\t—19H H _ 9L\t—-19L
a_L: _(1_U){Bo6t(1_AL)t—1AL 6TLPL 306 [ H(l—){ ) /1 —PTH(l /1 ) /1 ]
0yt s (P2, PL, — PE PL,)
i pi, BoSt[PrL(1 - A”)t‘l/lH — PH (1 — A
—-vd + a;
TH( )
s e o e (e D ] el ﬂoat[ Py )]
8T (P PrL~PFLPly ) 87" (PfPrL PPl )
We can rewrite the Kuhn-Tucker conditions above as follows:
a1 2= f(t)[UP + (1 -v)P;} ]+5 po(t)+ﬂ_0
avli Tl t Lz Bostl —
oL st L
(42) 25 =% [Pl £ (0) [vPfh + (1 = v)Phu — <] + S P () + 2] = 0,
where

L
fi(e,TH) = T (1 — A)124 — (1 — AE)E=12E, and

TH
PH
(6T = o5 (1= 2120 = (1= A1,
TL
Next, we show that the principal will not commit to reward success in two different
periods for either type (the principal will reward success in at most one period).

Lemma 2. There exists at most one time period 1 < j < T* such that ij > 0 and at most one
time period 1 < s < TH such that y/ > 0.
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Proof: Assume to the contrary that there are two distinct periods 1 < k,m < T* such that k # m
and y£, yL > 0. Then from the Kuhn-Tucker conditions (41) and (A2) it follows that

cH L
PL,f,(k, TY) [up;fH + (1 —V)PLy — ;ﬁ] + %Pﬁ,, £k, TH) = 0,

and, in addition, PL, f,(m, T) [Pl + (1 = v)PLy — 5%] + (%P;?H £,(m, TH) = 0.
Thus, £ = 2
(PRL(L = A8)m=12k — P (1 — 2)m= 12 (PLy (1 — 2H)F=228 — plly (1 — A)*1AE)
= (PIL(1 = A9*212L — PL(1 = AM)R127) (PRa (1 — AH)™=12H — Py (1 — 28)™128),
Y[ - A -2 - A -2 -] =0,
(1 =28k = AH)km = 1,

which can be rewritten as follows:

m—k

_L
(11_;},) = 1, which implies that m = k and we have a contradiction.
Following similar steps, one could show that there exists at most one time period 1 < s < T
such that y// > 0. Q.E.D.

For later use, we prove the following claim:
. fL ¢H
Claim B.1. —7 # vPl + (1 — )P}, and (;T—H # vPly + (1 —v)Plu.

L
Proof: By contradiction. Suppose L= vaL + (1 - u)PﬁL. Then combining conditions (A1)

st
and (A2) we have
PL £, (6, TH)[vPHs + (1 — v)PLy] + (%P;’H £,(6,TH)
= (PRI = AR)128 = Pr (1 = M) A") [uPfly + (1 = v) Pru]
+(Pru (1 = 2121 — PR (1 — 29128 [uPfl + (1 = v) Py ]
= —p((1 - )@ = 2AD)12E +v(1 - A1),

L
which implies that —p((1 — v)(1 — L)AL + v(1 — AH)E1AH) + Zf—;”t =0for1<t<T:L
0
L
ﬁ“;t =(1-v)(1 =) +u(1 = AF)1AH > 0 for 1 < ¢ < TF, which leads
0
to a contradiction since then x“ = y} = 0 for 1 < t < T which implies that the low type does
not receive any rent.
H
Next, assume ;ﬁ = vaH +(1- v)P#H. Then combining conditions (A1) and (A2) gives

Thus,

PR £ (6, T [0PA, + (1= v)Ph] + < PL AT
= (Pfu(1 — 2M)127 — PH, (1 — 29128 [wPfL + (1 — v)Pr ]
+(PL(1 = A1 — PL(1 — AN 1A [uPly + (1 — v)Pla]
= —((1 —v)(1 — AL + u(1 — AT)E1AH),

H
which implies that —p((1 — v)(1 — AL)F1AL + v(1 — AH)E1AH) + Zf—;{j =0for1<t<TH
0

41



Then —— = (1 — v)(1 — X)L +v(1 — A 12H > 0 for 1 < t < TH, which leads to a

Bo 6f
contradiction since then x” = y// = 0 for 1 <t < T (which implies that the high type does not
receive any rent and we are back in Case A.) Q.E.D.

Now we prove that the high type may be only rewarded for success. Although the proof
is long, the result should appear intuitive: Rewarding high type for failure will only exacerbates
the problem as the low type is always relatively more optimistic in case he lies and
experimentation fails.

Lemma 3: The high type is not rewarded for failure, i.e., x/’ = 0.
Proof: By contradiction. We consider separately Case (a) ¢ = ¢ = 0, and Case (b) ¢ = 0 and

&h>o.

Case (a): Suppose that ¢/ = ¢~ = 0, i.e., the (IRF}}) and (IRFy.) constraints are not binding.
We can rewrite the Kuhn-Tucker conditions (41) and (A2) as follows:

¢ H

_aay‘H = £5od [PHHfl(t TH)[vPf + (1 —v)Ph] + ;f;’; =0for1<t<TH,
0
L

oL ﬁo [ L fo (6, TR [Py + (1 — v)PLy] +;‘f—;”t =0for1<t<Th

Slnce fl(t T”) is strictly positive for all ¢ < T from Pl £, (¢, T*)[vP}L +

(1-v)P] = b’t ¥ it must be that al > 0forall t < T" and ¢ < 0. In addition, since

f2(t, TX) is strictly negative for t < T* from PL.f, (¢, TX)[vPiy + (1 — V)Pl =

be that that > > 0 for t < T* and ¥ > 0, which leads to a contradiction®’.
Case (b): Suppose that ¢/ = 0 and £- > 0, i.e., the (IRF]}) constraint is not binding but
(IRF}.) is binding.

We can rewrite the Kuhn-Tucker conditions (A1) and (A2) as follows:

9L H L a P H

2 = B [P e T 0Pt + (1 = 0)Ph — 2| + 5] = 0for 1 < e < T
a—L:ﬁO—[P o (6 TPy + (1= 0)PLa] + o PHL (6, TH) + LL] =0 for 1 < ¢ < T,
aYtL P ThJ2\" T T sTL T 1\H Bobt =Lt =

37 If there was a solution with &7 = &&= 0 then with necessity it would be possible only if TH and T are such that
it holds simultaneously P;u Pl — PyLPEy > 0 and PPl — PJLPLu < 0, since the two conditions are mutually

exclusive the conclusion immediately follows. Recall that we assumed so far that iy # 0; we study ¥ = 0 in details
later in Case B.2.
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If af = 0forsome1 <s <THthenP Hfl(s TH) [UP L+ @ —v)PLL =0,

aTL
which implies that — =vPh L+ (1 — u)PﬁL38. Since we rule out this possibility it immediately

follows that all «ff > 0 forall 1 <t < T which implies that y = 0for1 <t < TH.

L
Finally, from P Hfl(t TH) [vP + (1 - v)PLL STL = ﬂt;” we conclude that TH <

TH and there can be one of two sub-cases:3° (b.1) 3 > 0 and — TL > vP L+ (1 —=v)PE  or (b.2)

TLa

Y <O0 and — TL < vPH L+ (1 — v)PLL. We consider each sub-case next.

Case (b.1): TH < TH, ¢ >0, TL>v o+ (1—v)Pl, " =0,af >0for1<t<TH
We know from Lemma 3 that there exists only one time period 1 < j < T* such that
yj >0 (af = 0). This implies that
PLf(, TPl + (1 —v)Piw] + = 6TL Pfi(,TH) =0

L
and Pr.f> (¢, TH) [vPf + (1 —v)Pru] + LP;!Hfl(t, THY= —2¥ cofor1<t#j<TL

Bos*t
Alternatively, f,(t,T") < ?Et ;Hg

If £,j, TH) > 0 (j < TH) then
(PRL(L =28 128 — Pl (1 — A7) (Pla (1 — A1) =127 — Py (1 — 28)T1A)
< (PlL(1— 287128 — P (1 — AH) =127 (PLy (1 — AT 1A% — Pl (1 — AR)F1A).
Y[A =21 =20 — (1 - Ah) (1 =) < ofor1 <t #j < TL
1-2L\E7J
o1-(G5)
If £,(j,TH) < 0 (j > TH) then the opposite must be trueand t < j forall 1 <t = j < T* or,
equivalently, j = TL.
For j > T we have £, (j, T") < 0 and it follows that P, f, (t, T¥) [Py + (1 — v)Pru] +
3 PE.fi (6, TH) < —p((1 —v)(@ — A28 + v(1 — A7)t 22H) < 0, which implies that
ij > 0 is only possible for j < T‘H Thus, this case is only possible if j = 1.

LG, T for1<t=+j<TE

< 0, which implies that t > j forall 1 < t # j < T or, equivalently, j = 1.

Case (b.2): TH <TH 3 <0, L<v o+ (1-v)
As in the previous case, from Lemma 3 it follows that there exists only one time period
1 <s < TEsuchthat y! > 0 (af = 0). This implies that P/, f, (s, TX) [vPfl + (1 — v)Pru] +

Pl, " =0,afl >0for1 <¢<TH

% If s = TH, then both x” > 0 and ;s > 0 can be optimal.
¥ 1f TH > TH then there would be a contradiction since f; (t, T) must be of the same sign for all t < T".
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fL L Lll)
WP;’H fi(s,T") = 0 and Pl.fo (¢, TH)[vPf + (1 — V)Pl ] + (;?P;’H fi(t, TH) = _% >0

H
for 1 <t # s < TE. Alternatively, f,(¢t, Tt) > %fz(s,ﬂ).
1,

If £,(s,TH) > 0 (s < TH) then £,(t, TV £,(s, TH) > £1(t, T £, (s, T)
(PTI:IL(l _ /1L)t_1/1L _ P;—:L(l _ /lH)t—l/lH)(PTI:H(l _ /1H)S—1/1H _ PTI:IH(l _ /1L)S_1/1L)
> (PlL(1— 287128 — PL(1 — AH)s= 1247 (Pry (1 — A1) 127 — Pl (1 — AR)F1alh).

1-AH
If f,(s,TH) < 0 (s > TH) then the opposite mustbe trueand t < sforall 1 <t # s <
TE or, equivalently, s = TE.
~ . L
For t > TH it follows that P, £, (t, TX)[uPH, + (1 — v)PL,] + %P;’H £t TH

> —((1—v)(1 — A5)1AL + v(1 — A1) > 0, which implies that v~ > 0 is only
possible for s < TH, which is only possible if s = 1.
For both cases we just considered, we have

L LY)., L H (sTH L TL L
xH = 'BOSPTL(_fZ(l'T ))y1 +q PTL(6 Prulrh,,—8 PTLACTL+1)

_aL s—t
Y [1 - (1 A ) ] < 0, which implies that t > s foralll <t = s < T* or, equivalently, s = 1.

> 0;
STHII) F 6TH¢ =
H L
L _ BoSPruh(Lr)yt Prn(87" Prdern, —8" PridcL, ) -0
- TL qF TL - "
8Ty sy

Note that Case B.2 is possible only if 87" PLyAcy#,,qr — 67 PEAcL,,qp > 0%. This
fact together with x” > 0 implies that 1 > 0. Since f;(1,T#) > 0, x* = 0 is possible only if

6THPfHAcTH+1qF — 6TLPfLAcTL+1qF < 0. However, STHP#HACTHHqH(c;IHH) >

PH
87" PLLAc1,,qp implies that 67" PRy Acon,, qp > 87" ﬁP;LACTL_i_qu. Note that P} P}y —
T

PH
H pL H H H 5L H
P..P;n > 0 implies _P:LH P > P,

and then 87" P, Acm, g > 87 PHAc L., qr, which
implies x“ > 0 and we have a contradiction. Thus, ¢ > 0 and the high type gets rent only after
success (x" = 0). Q.E.D.

We now prove that the low type is rewarded for failure only if the duration of the
experimentation stage for the low type, T*, is relatively short: Tt < T*.

Lemmad4. =0 = TL<TL af > 0fort < Tt (it is optimal to set x“ > 0, vy = 0 fort <

T and aff > 0forall t > 1 and ! = 0 (it is optimal to set x’/ = 0, y/ = 0 forall t > 1 and
H

vy > 0).

40 Otherwise the (IC*1) is not binding.
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Proof: Suppose that £ = 0, i.e., the (IRF,) constraint is not binding. We can rewrite the Kuhn-
Tucker conditions (A1) and (A2) as follows:

0L _ Bod'[pH H H L oL N . Y] _ H.
m—T[PTHfl(t,T oPf + (A= 0)PL] + s Prfo (6 TH + 5] = 0for 1 < e < T,
oL _.Bogt L L H L SH 0(%1[) _ L
a_ytL_ ” [PTLfZ(t;T )[UPTH+(1_U)PTH_W]+W _OforlStST .

’SH
If at = 0 for some 1 < s < T* then Py.f5(t, TX) [Upr +(1—v)PL, — ] =0,

H
which implies that (;T—H = vP{,’H +(1 - v)PTLH41. Since we already rule out this possibility it
immediately follows that «F > 0 forall 1 < t < T* which implies that y/ =0 for 1 <t < T".

cH L
Finally, P;sz (t, TH) [UP{,’H + (1 - v)PTLH - ;T—H] = —;‘;—;”t for1 <t <T"andwe

H
conclude that X < #* and there can be one of two sub-cases:42 @y > 0and (;W < UP;’H +
cH
(1 —v)PLy, or (b) ¥ < 0 and ;ﬁ > vPlly + (1 — v)Ply. We consider each sub-case next.

H

Case (a): TX < ", ¢ > 0, ;T—H <Py + (1 —v)Ply, " =0,af >0for1 <t < Tk

From Lemma 2, there exists only one time period 1 < j < T# such that y/’ > 0 (a/ =
0). This implies that

PR £, T [vPE, + (1 — v)PE] + S LG, TE) = 0 and
TH 1 ] TL TL 5TH TL 2 ]

al'y
Bos*t

nH
Alternatively, f, (¢, TH) < % LT for1<t#j<TH
2 ’

If £,, T) > 0 (G > 7°) then £,(t, TG, TY) < £,G. T (¢, TE)
(PRL(1 = A8)I7228 — PL (1 — A1) 714 ) (Pl (1 — A2 4H — Pl (1 — 28)0120)
< (PR =292 = P (1 — A7) (Pra (1 — A1) 724H — P, (1 — 28)T712%),
1-ak\/ 7t
Yil- (1—/1H)
which implies that t < j forall 1 <t # j < T or, equivalently, j = TH.

If £,(j,TL) < 0 (j < 7") then the opposite must be trueand ¢ > jforall1 < ¢ #j < TH
or, equivalently, j = 1.
For ¢t > 7" it follows that Plifi(6, TH[vPh + (1 —v)PL] + f—ZPLL JAGYED
sTH'T
< —p((1—v)A - A28 + v - A1) < 0, which implies that y[* > 0 is only
possible for j < 7" and we have j = 1.

H
Case (b): T" < -, ¥ < 0, 6%> Pl + (1 —v)PLy, £ = 0,0k > 0for1 <t < T,

H H H L 7oL L : H
Prufi(t, T [vPre + A = Pr] + s Prfo(6TH) = =252 < Ofor1 <t #j < T,

<0,

“If ¢ = T*, then both x“ > 0 and y, > 0 can be optimal.
“21fTL > TL, then there would be a contradiction since f,(t, T*) must be of the same sign for all t < T*..
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From Lemma 2, there exists only one time period 1 < j < T such that yjH >0 (ajH =
0). This implies that

cH
PrafiG TP + (1= v)P] + g PLf, (G, TH) = 0 and

¢H
Prafi(6, TP + (1 = v)PL] + —w Prfo(6, TH) = Zf;’; >0for1<t#j<TH
AUTY ot TL)forl <t#j<TH

H H
Alternatively, f;(¢t, T") > 01D

L
If £,G, T >0 ( > 7 )thenlpll— 11 jH
1<t=j<THor equivalently, j = TH.
If £,(j,TY) < 0 (j < T*) then the opposite must be trueand t > jforall 1 <t #j<TH
or, equivalently, j = 1.

Fort > T* (f,(t, T) > 0) it follows that

-J
l < 0, which implies that t < j for all

fH
PEfi (6, T [vPfL + (1 —v)Plu] + WP;sz(t, Th)
> —p((1—v)(1 — A1 +u(1 - A1) 1A7) > 0,
which implies that yjH > 0 is only possible for j < " and we have j = 1.

If TL < T*, from the binding incentive compatibility constraints, we derive the optimal
payments:

H (sTL oL _sTHL )
p PH (8T Plac, L, ~6T Plydc u

Vi =4qF

TL.L _sTH HpL
> 0 xL §YARP LACTL+1 5t A PTHACTH+1 >0
BoSPL, f,(1,TL) ’ sTLpL L '
00PLf2(1, rLf2(LTY)

Q.E.D.
We now prove that the low type is rewarded for success only if the duration of the

experimentation stage for the low type, T, is relatively long: T* > 7
Lemma5: &8 >0=TE>Th af >0fort <Th ar, =0andaf > 0fort > 1, aff =0 (itis

optimal to set x* = 0, y/ =0 for¢t < Tt yr, >0andx” =0,y =0fort > 1, y{' > 0)

Proof: Suppose that ¢ > 0, i.e., the (IRF.) constraint is binding. We can rewrite the Kuhn-
Tucker conditions (A1) and (A2) as follows:

[P BACK LD [UP{?L + (1 —v)Ph — 6TL] + 5T” PLf, (6, T) + Zt;’; =0for1<t<TH:

L H L H arP] _ L
[PTsz(t,T )[UPTH + (1 —v)PLy — 5TH] + 6TLP Pufi(6 T + 2 = 0for 1 < £ < T

Claim: If both types are rewarded for success, it must be at extreme time periods, i.e. only at the
last or the first period of the experimentation stage.

Proof: Since (See Lemma 2) there exists only one time period 1 < j < T* such that ij >0
(af = 0) it follows that
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Pi LG, TH) [0Pfa + (1= V)P ;2] + 2z PG T = 0 and

SH Lw .
PlLfa(t,Th) [UPTH + (1 - V)P — ] 6TL Plufi(t, TH) = —%for 1<t#j<T:

sTH

L L s mH
: § oy _ LATHAGTH] ety L
Alternatively, pee? [fl(t,T ) o ] = —ﬁorSfPﬁH fori<t+j<T"

L :mH
Suppose ¥ > 0. Then f;(t, TH) —% <0for1<t+#j<TL
2\
R [ _aL\Jt] YA k'’
If £,G, T > 0G>T thenp |1 (=5) | < 0whichimplies 1 - (:=7)  <o0or,

1-AH

equivalently, j > tfor1 <t ;t] < T which |mplies thatj = TL > T*.
j—t

~ 1— AL ] —t] AL J
If £,(,TY) <0( <TE)theny |1 — ( ) > 0 which implies 1 — (1 AH) > 0 or,

1-AH

equivalently, j < tfor1 <t ;tj_s Tt which implies thatj = 1.

L i mH
Suppose ¥ < 0. Then f;(t, TH) —% >0for1<t#j<TL
2\

~ [ VN _aLN\J"t
If £,(,TY) >0( > TE) theny |1 — (11 ;,L{) > 0 which implies 1 — (11_;;) <Oor,

equivalently, j > tfor1 <t ¢] < T* which |mplies that j = TL > T+,
~ 1— lL J t] AL j_t
If £,(,TY) <0( <TE)theny |1 — ( ) < 0 which implies 1 — (1 AH) > 0 or,

1-7AH

equivalently, j < t for 1 < t # j < T% which implies thatj = 1.
Since (from Lemma 2) there exists only one time period 1 < s < T such that v/’ > 0
(e = 0) it follows that

H H L ¢ 7oL L
P fi(s, TH) |vPt, + (1 - U)P L= =z| + s Prfa(s, T = 0,

é‘:L H
Prafi(t, ") [uP L+ (1 —v)Pk 5TL] 6TH PLfo(te,TH) = —Zf—;’; <0for1<t#s<TH
L LTHARTT] _ e ty H
Alternatlvely, TH [fz t,T") — D) ] T fort1<t#+s<T

L H
Suppose ¥ > 0. Then f,(t, TL) —% <O0for1<t#s<TH
1\,

1—AL t t—s

If f,(s,TH) > 0 (s < TH) then ¢ [1 — (1_/1,1) ] < 0 which implies 1 — (1 jH) <O0or,
equivalently, t > s for 1 <t # s < TH which implies that s = 1.

t—s t—s
If f,(s, TH) < 0 (s > TH) then v [1 - (=) ] > 0 which implies 1 — (22) > oor,

equivalently, t < s for 1 <t # s < TH which implies that s = TH > TH,

L H
Suppose ¥ < 0. Then f,(t, TL) —% >0for1<t#s<TH
1\,
1-20\¢

If £,(s,TH) > 0 (s < TH) then ¢ [1 — (1_,1H) i ] > 0 which implies 1 — (1

equivalently, t > s for 1 <t # s < TH which implies that s = 1.

t—s

A
,1H) < Oor,
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t—s

H S H 1-24\7° 1-4
If f,(s,T") <0 (s>T")theny [1 - (1_/1,,) ] < 0 which implies 1 — ( AH) > 0 or,
equivalently, t < s for 1 <t # s < TH which implies that s = TH > TH, Q.E.D.

The Lagrange multipliers are uniquely determined from (A1) and (A2) as follows:
gL w[v(l—AH)S'1;1H+(1—v)(1—/1L)S‘1/1L]f2(j,TL)

st~ PRIAGTI (T fi(sTH £, Th)] >0,
g ¢[v(l—AH)j_1AH+(1—U)(1—AL)j_1/1L]f1(s,TH) >0
5T T PLIAGTT LT AT LG ’

which also implies that £, (j, Tt) and £, (s, T) must be of the same sign.
Assume s = TH > TH Then f,(s, T") < 0 and the optimal contract involves

L H HoL LoL
H 305T P sz(TH TL)YTH BOSPTLfZ(l )yt +q PTL(5T PTHACTH+1—5T PTLACTL_H)

5Ty F 5T
L
L _ BoP. H5f1(1 TH)yt —BosT" P;fHﬁ(TH.TH)y;’H " PTLH(5T P, HACTH+1—5T P,II:ILACTL+1) —0
X 6TL1/) QF 5TL1/J - "

Since Case B.2 is possible only if 67" PkyAcn,,q" (cfu, ) — 67 Phibcy, g (cke,,) > 0%,
we have a contradiction since —f,(1,TY) > 0 and £, (T, TL) > 0 imply that x” > 0. As a
result, s = 1. Since £, (j, T*) and £, (s, T") must be of the same sign we have j = TX > T*,

If TL > T, from the binding incentive compatibility constraints, we derive the optimal
payments:

H L1
g 87 PTI,‘HACTH+1(1—/'LH) LaH_sThp AcL,, (1-2F) -0
yl qF ﬁos)LLAH((l lL)TL 1_ (1 AH)TL_l) = ]
sTH yHpL HAC H —sT aLpH TLACL
Vil = qp ( Tt i) > 0. Q.E.D.

Bo STL/‘LL/‘LH((l_/‘LL)TL 1_(1- lH)TL—l)

We now prove that T* > T%(<) for high (small) values of y.

Lemma 6. There exists a unique value of y* such that 7% > T (<) for any y > y* (<).

(12" "

PH
e = LL for any TL. This explicitly determines T*
(1-28) A Py

Proof: We formally defined T* as:

as a function of TL:

TLTY) = 1+ log<1 AH)P

1-AL

43 Otherwise the (IC*1) is not binding.
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We will prove next that there exist a unique value of - > 0 such that T+ > T* (<) for
any Tt < Tt (>). With that aim, we define the function f(T%) = TX(T!) - Tt =1+

PH AH
10g(1—1”) pLL,l_L - Tt
1-aL) Tk
AH PH
= 1 + log(1_1H> /‘{_L + log(l_AH) PLL - TL.
1-aL 1) Tk

L L
Bo(1-21)" In(1-2H) )Pk, —pPH  Bo(1-21)" In(1-2L)
Then L = ( ) — ( ) -1

- H
()
pL 1-2L A" TL
TL

~ <30(1—/1H)TL 1n(1—/1H)>PTLL—PfL ([s’o(l—/lL)TL ln(l—/lL)>

- L nH 1—).H)
PTLPTL ln(—1—)1L

-1

L L
B Pl ln(l‘AH)<ﬁo(1—/1H)T _qu:IL)"'P—II:IL ln(l—lL)<PﬁL—ﬁo(1—ﬂL)T > B (1—[30)(P7’fL In(1-25)-P; ln(l—/lH))

- 1-2H ) 1-2H )
1-aL 1-2L

T

L pH L pH
PP, Lln( PLLPrL ln(

Since P/} < P and [In(1 — A7) > |In(1 — 24|, P/l In(1 — 2%) — Pl In(1 — AH) > 0
and, as a result, :—7{; < 0. Since £(0) > 0 there is only one point where f(7*) = 0. Thus, there

exist a unique value of T such that X > T* (<) for any T* < Tt (>). Furthermore, T >0.
Finally, since the optimal T is strictly decreasing in y, and f(+) is independent of y, it follows

that there exists a unique value of y* such that 7t > T* (<) for any y > y* (<). Q.E.D.

Finally, we consider the case when the likelihood ratio of reaching the last period of the

H

H
experimentation stage is the same for both types, ZLL” = %

TH Tk
Case B.2: knife-edge case when y = P¥, P, — PE,PL, = 0.
Pru _ (12T 1 gH
PHy  (-an)TH-12L”
Claim B.2.1. PJuPlL — PliPiy =0 & TH =Tt forany TH, TL.

- : Pl by e
Proof: Recall that T* was determined by P:TZ = ((11—/1113T1/‘1H Next, Py Pl — PHPly =0 =

Define a TH similarly to T, as done in Lemma 1, by

PL
= LHL which immediately implies that

49



(=2 T (e T e

H plL H pL __
PTHPTL PTLPTH =0= (1_/1L)’T'H—1/1L (1_/1L)'TL—1/1L’

TH-TL

(1—AH _ . SH AL
1_AL) = 1 or, equivalently T" = T*". Q.E.D.

We prove now that the principal will choose T+ and T# optimally such that ¢ = 0 only if

TL > TL.

LemmaB.2.1. PjuPjn — PlLPin =0=>TE>TL 67> 0,64 >0,af >0fort > 1and af >
0 fort < TE (itis optimal to set x“ = x" =0,y =0fort > 1and y/ = 0 fort < T*h).
Proof: Labeling {a!}T0, {a:3TE,, ¥, at, £ and £* as the Lagrange multipliers of the
constraints associated with (IRS{'), (IRSE), (IC**t), (IC-™), (IRF ;x) and (IRF ;1)

respectively, we can rewrite the Kuhn-Tucker conditions as follows:

i—LH = —v6THP{,’H + & = 0, which implies that £/ > 0 and, as a result, x’’ = 0;
% =—-(1- v)STLP;L + &&= 0, which implies that £~ > 0 and, as a result, x* = 0;

H
2L = (1= ) 4+ P PLf (6T — PR f(E TH) + - = 0for L < ¢ < T,
9y, T T 58,

L

2L = (1 - v)(1—A)EIpE - a"PEAH(E T + ot PR fi(t, TH) + = =0for1 <t < TL.
ay[ 8'Bo

Similar results to those from Lemma 2 hold in this case as well.

Lemma B.2.2. There exists at most one time period 1 < j < T such that ij > (0 and at most
one time period 1 < s < T# such that y” > 0.
Proof: Assume to the contrary that there are two distinct periods 1 < k,m < T such that k #
mand vy}, vl > 0. Then from the Kuhn-Tucker conditions it follows that
—v(1 — A2 + o Pl fo (k, TH) — o Pl fy(k, TH) = 0,

and, in addition, —v(1 — A)™ 12" + o PL, £, (m, TY) — a“ Pl fy(m, TH) = 0.
Combining the two equations together, a“P/y (f, (k, T") fo,(m, T") — fi(m, T f,(k, T"))
+w1”((1 — A1 m, TH) — (1 — AH)m‘le(k,TL)) = 0, which can be rewritten as

follows**:

H
::TTZAL((l _ AH)k_l(l _ AL)m—l _ (1 _ AH)m—l(l _ AL)k—l) — 0,
T

44 After some algebra, one could verify that £, (k, T*) f,(m, TY) — fi(m, T f,(k, T*)
H,L
= [ = 27711 = AR — (1= 25" (1 = A,
TH TL
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m—k

_2H
(i_;) = 1, which implies that m = k and we have a contradiction.
In the same way, there exists at most one time period 1 < j < T such that ij > 0. Q.E.D

Lemma B.2.3: Both types may be rewarded for success only at extreme time periods, i.e. only at
the last or the first period of the experimentation stage.

Proof: Since (See Lemma B.2.2) there exists only one time period 1 < s < T such that y > 0

(alf = 0) it follows that —v(1 — A*)s7*AH + a" Pl fo (s, T") — a"Plli f(s, TH) = 0 and
H
—v(1 = A+ o PLf (8, TE) — a Pl fi (6, TH) = —;j—; for1<t#s<TH
0

Combining the equations together, a”Pl (fi (s, T") f,(t, T*) — £i (¢, T*) fo (s, TH))

H
+uA (1 = 2H)S71f (6, TH) — (1 = A)E1f (s, TH)) = — 50:;0 f>(s, Tt), which can be rewritten
as follows:
H (1 _aHY 16t .
D L (=t = () =~ s T o1 S e s < T

If £,(s,T) > 0 (s > TH) then (1 — A7)~ — (1 — AY)S~t < 0, which implies that t < s
for1<t#s<THanditmustbethats = TH > TH If £,(s,T*) < 0 (s < TH) then
(1= 2A)s=t — (1 — AL)s=t < 0, which impliesthat t > s for 1 <t # s < TH and it must be
that s = 1. In a similar way, for 1 < j < T* such that ij > 0 it must be that either j = 1 orj =

TL > TL. Q.E.D.

Finally, from aayLH = —vA + a"PLLf,(1,TY) — Py f,(1, TH) = 0 when y;' > 0 and
1
;—yﬂ = -1 - VA —aPLf(1, T + a"Plufi(1, TH) = 0 when y/ > 0 we have a
contradiction. As a result, y{’ > 0 implies y;, > 0 with 7> > T*. Q.E.D.

I1. Optimal length of experimentation
(Proposition 2)
Since T and T# affect the information rents, U~ and U*, there will be a distortion in the
duration of the experimentation stage for both types:

oL _ 3(Eg 08 (wf)—vut-(-v)ut) _
aTo aTe -

The exact values of U¥ and U~ depend on whether we are in Case A ((IC*'*) is slack) or Case B
(both (IC%H) and (ICH'*) are binding.) In Case A, by Claim A.1, the low type’s rent

0.

5THP7{‘HACTH+1C[F is not affected by T~. Therefore, the F.O.C. with respect to T* is identical to

oL _ 9Ep0°(wf) _
L

that under first best: —— = ————= =0, or, equivalently, TE = TE; when (ICHE) is not
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binding. However, since the low type’s information rent depends on T*, there will be a

distortion in the duration of the experimentation stage for the high type:

oL _ 6(E9 Qe(w‘g)—(l—v) 5THP7I:HACTH+1QF) _ 0
aTH — aTH e

Since the informational rent of the low-type agent, 6THP$HACTH+1qF, IS non-monotonic

in TH, it is possible, in general, to have T{, > TS or TH, < TH,.

In Case B, the exact values of U and U* depend on whether T* < T* (Lemma 4) or
TL > TL (Lemma 5), but in each case UL > 0 and U¥ > 0. Itis possible, in general, to have
TE > TH or T < TH and TS, > Tk or Ty < TE.

We provide sufficient conditions for over and under experimentation next.
Sufficient conditions for over/under experimentation
Case A: If (ICH%) is not binding, Tty < TH if A% > 7' and T/, > T, if AH < 2H.
Proof: If (IC™'1) is not binding, the rent to the low type is UL = (S‘THP,IIJHACTH_i_qu. Given that
Acy = (¢ — ¢)(BE — BH), the rent becomes UL = 6THPLH(B§H+1 — Bin,,) (€ —¢)ar.

Recall the function {(t) = §PE(BE., — BE.,) from the proof for Sufficient Conditions

for (ICH1) to be binding. Rent to the low type can be rewritten as U- = {(T#)(c — ¢)qp. In

d((t)

proving sufficient condition for (I1C*'*) to be binding we proved that for any t, == < 0 for

AH ST , and —=——= d“t) > 0 for A < AP, Therefore, if A > 1 (< AH) then — < 0 (> 0) and we
have over (under) experimentation. Q.E.D.

Case B: If both (1¢*'L) and (I1CH) are binding, TH; < T if A7 > 7" and TH > TH if A7 <
A and Ty < Ty if 2 < A2,

Proof: If both (1C**) and (ICH) are binding, rent paid to the low and high type is

(12" (6™ A" PEyacyn, - APE AL, )

,—lH((l ,—LL)TL 1_(1- )LH)TL 1) and

UL:CIF

L_ L_
B O L ML Ly VI CEP L) B

AL ((1_,11,)7"11—1 _(1_/1H)TL—1)

H
6T PTLHAC

Ut = qp , respectively.

Given that Ac, = (¢ — ¢)(BE — B), we have
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TH O HLL (pL  _pH _oTLoLpH (oL _pH
<5 A PTH(BTH+1 BTH+1) o" 4 PTL(BTL+1 BTL+1)>

L — - _
Us = QF(C E) L_aH TL—1
ul (1=
A (1 (1—AL) )
TL-1
TH,L (oL _,H 1-2H H_<TLpH L
5 PTH(ﬁTH+1 ﬁTH+1)(1—AL) AT=6" Pribep, A

and U = qp(c — ¢)

_H TL-1
(- )
Recall function ¢(t) = §'PE(BE., — BEL1). Then UL and U¥ can be rewritten as

aLz(rL)pH
AH{(TH)_i(PL) TL)
TL

TL-1\
al 1 1—AH)
2 (1 (&2

L
T g(rh)pH Ak
((r)(27) an Pt

_H TL-1
(- )
Consider first T#. Both UL and U are increasing in {(T*"). In proving sufficient

H —H H
condition for (I1C™*) to be binding we proved that % <0forA” > 2 ,and % < 0 for

and

Ut =gp(c—c)

Ut = QF(E_E)

—H
A < AH | Therefore, it is optimal to let the high type over experiment (T, < T&L) if A% > 4

and under experiment (Tf, > T&L) if A% < AH,

N TE-1
Consider now T*. Since (11_;) is decreasing in T*, both U* and U* will be
N {0 L A _— J(rh)PfL —
decreasing in T* |f% is increasing in T*. We next prove that (pL) I" s increasing in T*
TL TL

for small values of AZ.

L L
S (W pota-po)( (=2 ~(2-2)"")

Tossi lif ’ Tli1r Prlsd)’T
o simplify 7 oy A
L L

[ ()" =)
alsT I |

l m

drl =

y ((1 ) (1 =) = (1= DT (1 - /1”)) PL, — g, (1= 20 m(1 - A5)((1 = AT = (1 — A1)™)

o)
(PL)’
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(1 =29 = (1 —a1)™)
(PL)°
L L TL TL
=T in(1-25)(1-24)" PfL—(lz_ A m(1-24)PY, 1 5™ s PﬁL((l_AL) _2( ) >
(P#L) (PTLL)
_ 6TL (1—1L)TL [P;:Il,ln(l—ll‘)+P;,‘L In 6]—(1—AH)TLPTI:L ln[é‘(l_lH)].

(Ph)

PL
+6T" Ins -

(=2 -2

T
5 —
TL

increases with T* if and only if k(A7) > 0,
k(M) = (1= AT [PELIn(1 — A%) + P, In 8] — (1 — AF)T"PL, In[8(1 — 2H)].
We prove next that k(A7) > 0 for any t if 2 is sufficiently low.
Since both (1 — /’IH)TLP#L and (1 — AL [Plen(l -5+ P;L In 8| are increasing in ¢, we
have k(A1) > (1 — AM)[Pfin(1 — %) + P} In 8] — (1 — AM)TPE In[§(1 — A1),

where T = max{T#, T%}.

Next, (1 — AL [PHin(1 — AY) + PE In 8] > (1 — A)PL in[8(1 — A1)] and

in[8(1-27)] (1-AL)pk i
D] > 1. Therefore, —(1—/111)713# <1=r(") > 0.
L 1
_AL\PINF
Rearranging the above, we have k(A7) > 0 forany t if ¥ < 1 — (a-2py AL)Pl T
Pr

Denote

1
JH =1 ((1—/1L)P1L>?
e e

Therefore, for any t, k(A7) > 0 if 27 < A¥ and, consequently, both UL and U are

decreasing in T. Consequently, it is optimal to let the low type over experiment (Ty < Tep) if
A< pH, Q.E.D.
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