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Insecure Property Rights and the Missing Middle

Abstract

We analyze a theoretical model in which entrepreneurs’ property rights are threatened by
“raiders” who can challenge them to a contest for control of their firms. Entrepreneurs have
heterogeneous productivity, and decide how much capital to invest before raiders decide whom
to attack. In equilibrium, low productivity entrepreneurs are unaffected by the existence of
raiders, while mid- and high-productivity entrepreneurs suffer. However, while raiders
essentially act like a tax for the highest productivity entrepreneurs, the investment behavior of
mid-productivity entrepreneurs who try to avoid an attack is more drastically affected. Our
model provides a novel theoretical explanation for the “missing middle” observed in many
countries with insecure property rights.
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1 Introduction

In many countries, insecure property rights are a pervasive problem that can limit economic
development. Specifically, insecure property rights may provide a severe disincentive for
entrepreneurs to grow and develop their firms if they fear that doing so will attract the
attention of other agents who can attempt to appropriate it.

Russia is an example of a country in which property rights insecurity is endemic. A
well-known case is Mikhail Khodorkovsky, who, after the dissolution of the Soviet Union,
built a successful business empire around the oil producing firm Yukos and was believed to
be the richest man in Russia. In 2003, he was arrested and subsequently convicted of likely
trumped up charges of tax evasion, thrown into prison and stripped of most of his assets, in
particular, his stake in Yukos.

While Khodorkovsky’s case is the most notorious, the general problem extends to the
Russian economy at-large. The Russian term “reiderstvo” (a loanword derived from “raider”)
refers to illegal tactics from bribery, forgery and corruption to intimidation and violence
employed to steal companies from their owners. Shelley and Deane (2016) describe the

methods and scope of reiderstvo in Russia as follows:

In the 21st century, the originators of raids have increasingly been government
officials and businessmen |[...| Reliable statistics can be hard to come by in Rus-
sia, but it is clear that raids are a big, underreported problem that is increasing
rapidly [...] One known tactic of corporate raiders is to have business owners
arrested on fabricated economic crime charges in order to take control of the
company while the owners are tangled in court proceedings. In many cases, the
victim agrees to settle the dispute with attacker, and after that, the investigation
suddenly ends. Of the 200,000 economic crime cases [that investigative author-
ities had opened in 2014], only 15% resulted in a conviction, but a full 83% of

businessmen still ended up losing control of their businesses.

A raider interviewed by Harding (2008) claimed that the profits from raiding were enormous:
“It, costs around $120,000-$170,000 to bankrupt an average company. But you can then make
$3-4 million profit.” As a consequence, the raiding industry is flourishing. “According to the
most conservative estimates, about 10000 raider attacks occur annually. [...| Only about

171 Most cases start

100 raiders are convicted each year, so the risk |for raiders| is minima
with some form of investigation by a governmental agency, which ends once the victim agrees

to settle with the attacker.

!See Center for Political Technologies (2008).



While the Russian example of property right insecurity may be relatively extreme, sim-
ilar issues certainly exist in many developing countries. Laying low and enjoying a quiet
life rather than growing conspicuously may often be a healthier strategy for entrepreneurs
in environments with insecure property rights, with obvious negative consequences for the
economy at-large. Imperfect protections of property rights has been shown to be costly for
growth of the economy through various channels (Shleifer and Vishny, 1993; Banerjee et al.,
2013). The literature of rent-seeking explains the equilibrium allocation of rent seekers and
producers (Acemoglu, 1995). We take the existence of raiders in the economy as given and
focus on the non-homogeneous effect raiding may create for firms. Our central contribution
is to develop a framework in which the insecurity of property rights affects productive in-
vestment decisions by heterogeneous entrepreneurs, and where the offensive and defensive
investments by raiders and owners during the attack stage determine who ends up in control
of the firm.

In our model, entrepreneurs are heterogeneously productive and choose how much capital
to invest in their firm. After the investment has occurred, criminal and/or politically con-
nected agents — whom we call “raiders” — get to observe the firms’ potential profit and decide
whether to challenge an entrepreneur for control of his firm. If the challenge is successful,
the attacking raider takes over the entrepreneur’s firm and its profits go to the raider.

In order to initiate a challenge, raiders have to pay a fixed cost, which may be random from
the point of view of entrepreneurs. If a challenge is initiated, the fight for control is modeled
as a (possibly asymmetric) Tullock contest in which both the defending entrepreneur and
the attacking raider spend resources in order to increase their respective winning probability.

In equilibrium, the lowest productivity entrepreneurs are unaffected by the existence
of raiders because they do not provide a sufficiently attractive target. In contrast, mid-
and high-productivity entrepreneurs suffer, but their reaction to the raider threat is quite
different. Very high productivity entrepreneurs have to accept that they will most likely
be challenged, and treat the existence of raiders essentially like a distortionary tax. Their
optimal capital level is therefore somewhat reduced because some of the rewards may go to
successful raiders while they do not get to offset their investment cost, but, fundamentally,
the existence of raiders does not change their behavior all that much.

In contrast, mid productivity entrepreneurs also consider the option that, if they choose
to stay small, their firms are less appealing targets for raiders, which reduces the probability
that the firm is attacked. For many mid-productivity entrepreneurs, insecure property rights
act as a particularly severe form of taxation, with marginal tax rates reaching more than
100 percent, in the sense that an entrepreneur would be worse off if his firm’s equilibrium

profit exogenously increased by a dollar.



Furthermore, if a mid-productivity entrepreneur’s ability increases, their capital invest-
ment goes down. In contrast, among both low and high productivity entrepreneurs, pro-
ductivity and capital investment are complements. The perverse effect for mid-productivity
entrepreneurs stems from their equilibrium behavior of choosing capital investments that
ensure that their firm does not attract an attack.

The relationship between property rights and economic performance has been widely
discussed in the literature. Besley and Ghatak (2010) discuss the relevant literature, and,
in particular, different theoretical frameworks that connect expropriation risk to economic
development. One important feature that separates our model from the literature are en-
dogenous property rights, which link profit (as well as investment size) to the likelihood
of expropriation, thus connecting the firm size distribution on the aggregate level to the
property rights protection of the country.

Acemoglu and Johnson (2005) analyze the impact of two different dimensions of prop-
erty rights on growth—expropriation risk and contract enforcement. They argue that main
causal factor affecting income per capita is the expropriation risk. In line with Acemoglu
and Johnson (2005), we connect expropriation risk to firm performance, by constructing
a micro founded model that can further help understanding the differences in income per
capita. Our model is agnostic on whether the central government itself is the source of un-
certainty of property rights, or whether it lacks sufficient enforcement mechanisms to protect
entrepreneurs from the risk generated by private raiders. Instead, we focus on the potential
costs and consequences of this threat, in particular, the under-investment by entrepreneurs
resulting in a “missing middle.”

Using data from developing countries, the seminal work of Tybout (2000) analyzes the
distribution of firm sizes, measured by their employment shares, for several developing coun-
tries and shows that they differ significantly from their OECD counterparts. In particular,
Tybout (2000) argues that the middle of this distribution is “missing” in developing countries.
While this diagnosis is not uncontested (see Hsieh and Olken (2014) and Tybout (2014) for a
discussion of this issue), it has spawned a large empirical literature that analyzes the missing
middle phenomenon for a large number of countries; see, e.g., Sleuwaegen and Goedhuys
(2002); Pages et al. (2009); Pages (2010); Krueger (2013). Our contribution to this litera-
ture is that our model provides a positive explanation of how insecure property rights can
generate a missing middle in the firm size distribution, and helps us understand why such
an effect is indicative of a significant problem for the development of the economy.

Glaeser et al. (2016) emphasize the importance of property rights for development and
point out that people in many developing countries do not believe that property rights are

effectively protected by institutions such as courts and police. Their formal model focuses



on the efficiency of different legal institutuions — injunctive relief versus compensation for
property rights infringements — in a setting in which some agents are powerful and can
subvert judicial actions.

The avoidance of taxes and regulations, such as the official minimum wage, has been
suggested as a powerful incentive for many firms in the developing world to remain small
and in the informal sector (Rauch, 1991; Levy, 2008; La Porta and Shleifer, 2014). In these
“dual economy” models, entrepreneurs trade off these costs against the benefits of entering
the formal economy, such as better access to credit and more efficient technology. Our model
focuses on a different channel, namely the threats that arise from insecure property rights,
although it is also possible to interpret this channel as related to taxes and regulations:
The claim of non-compliance with some regulation or tax law may, in practice, provide the
“raiders” with a pretext to attack a firm.

On the theoretical side, our model builds on the literature on contests (Tullock, 1967;
Konrad, 2009), but in contrast to most of this literature, our main interest is not so much
on the contest stage, but rather on the effect that the possibility of a conflict influences
entrepreneurs’ actions taken before the actual contest, thus endogenizing the size of the
prize. When considering the welfare effects of contests, the contest literature focuses on
the contestants’ direct fighting costs in different types of contests (see, e.g., Nitzan (1994);
Moldovanu and Sela (2001); Sisak (2009); Fu and Lu (2012)). While fighting costs also arise
in our model, the central welfare effect in our model is related to the detrimental incentive
effect that the presence of raiders has on the entrepreneurs’ investment choice.

Substantively, our paper is also related to the literature on extortion and gang activity.
Konrad and Skaperdas (1998) model extortion in a multi-stage game with three participants
— gangs, shopkeepers and police. In contrast to the entrepreneurs in our model, shopkeepers
in Konrad and Skaperdas (1998) cannot affect their risk of being targeted for extortion by
the gangs (they only decide whether or not to pay off the gangs), and the main focus is on the
interaction between gangs and the police. Choi and Thum (2004) focus on the effects that
arise because gangs or corrupt officials may lack the ability to commit (i.e., after receiving a
first installment of protection money, they may come back to demand further payment). In
this context, they show that lower ability entrepreneurs may choose technologies with lower
fixed costs because it provides them with more flexibility to exit the market if the protection
money demand is higher than expected.

Zingales (2017) argues that the interaction of concentrated corporate power and politics
is a threat to the functioning of the free market economy, and that economic theory should
model firms, their behavior and objectives in an explicitly political framework. While Zin-

gales’s article focuses on the behavior of powerful “predator” firms that have the political



7 We are par-

ability to shape the game they are playing, our paper focuses on the “prey.
ticularly interested in the influence of the — often political — risk to entrepreneurs’ property
rights on their investment behavior.

There is also an important literature that explains why institutions that do not protect
property rights effectively may survive or even be actively chosen in order to protect the
interests of an oligarchic elite (Guriev and Sonin, 2009; Diermeier et al., 2017). This literature
is complementary to our paper in that it explains why institutional problems such as insecure
property rights protections may persist, while our contribution is to understand the economic
consequences of insecure property rights.

Finally, our paper is more peripherally related to a literature that theoretically analyzes
the determinants of the security of property rights in models where individual agents choose
whether (and to which extent) to engage in productive, defensive and/or aggressive actions
(Garfinkel, 1990; Skaperdas, 1992; Grossman and Kim, 1995; Hafer, 2006; Dal B6 and Dal
Bo, 2011). In our model, the agents’ identity as entrepreneurs or raiders is exogenously given,
and our main focus is how differentially productive entrepreneurs respond to the insecurity
of property rights, in a setting where the entrepreneurs’ actions affect their likelihood of
being in conflict.

The rest of this paper proceeds as follows. Section 2 builds the theoretical setup for the
model, Section 3 solves for the equilibrium strategies of entrepreneurs and raiders, and ana-

lyzes welfare effects of raiders’ presence. Section 5 discusses the main results and concludes.

2 The model

There is a continuum of entrepreneurs whose productivity parameter a is distributed accord-
ing to density ¢(-), with associated cumulative distribution function ®(-).
If an entrepreneur with productivity a invests capital K (whose price we normalize to 1),
the firm will later generate a cash flow of 7 = av/K, and thus a net profit of avK — K.2
An (untaxed) entrepreneur with fully secure property rights to his firm would simply
maximize

WK — K = K*(a) = a?/4. (1)

Unfortunately, the economy is also populated by “raiders” who do not produce anything,
but can “challenge” an entrepreneur and, if successful, appropriate his firm (i.e., the cash

flow aV'K specified above). Specifically, challenging first requires that the raider pays a

20ne can think of this as a reduced form approach of a more elaborate model in which both capital and
labor (or other short run factors) are used to produce output, but capital is chosen first. Adding a labor
choice would complicate notation without adding qualitatively new insights.



fixed cost ¢; this cost is drawn from a cumulative distribution F'(-) with associated density
f(-) when the opportunity to attack a specific target arises, i.e. before the raider makes a
decision whether to attack, but after the entrepreneur’s effort choice and the corresponding
realization of profit.

If a raider attacks, then the entrepreneur and the raider play a generalized Tullock contest
game. That is, if the entrepreneur spends v and the raider spends w, then the probability
that the entrepreneur will prevail and keep ownership of his firm is /er(q—U—Mw’ while the
raider wins with the complementary probability. Here, p is a parameter that measures the
effectiveness of defense spending relative to attack spending. If p = 1/2, then both players’
spending is equally effective, while if p < (>)1/2, the raider (entrepreneur) has an advantage.

Whoever wins the contest gets the firm’s cash flow, and, of course, winner and loser both

have to pay their respective fighting expenditures.

Discussion. While our model assumes that any raider challenge results in a fight between
challenger and entrepreneur, this assumption is not required for our main results. Shelley
and Deane (2016) detail that a raid typically begins with a preparation stage, where raiders
collect information about the target, followed by a negotiation stage, when raiders intimidate
the legal owner and try to achieve a settlement with the original owner. Only if negotiations
break down, this is followed by an execution stage, where violence and quasi-legal activities
play a more prominent role.

Our model captures the essential characteristics of this situation as follows: First, raiders
face costs before the actual attack in terms of acquiring information and creating a credible
threat scenario for the entrepreneur. In practice, this often involves forging documents to
support an assertion that a financial crime has been committed, and other documents that
suggest that the raider has a legitimate claim on the firm. Furthermore, the raider often
needs to bribe one or several officials in order for them to open an investigation. The raider’s
costs at this stage are captured by the fixed cost ¢ in our model.

The first-stage activities generally occur before the entrepreneur knows that he is under
attack. From the entrepreneur’s point of view, these raider costs may be random or deter-
ministic: While entrepreneurs probably do not accumulate too much direct experience in
being attacked, in economies in which raiding is a severe problem, they probably learn some
information about the phenomenon through word of mouth from other entrepreneurs.

We assume that each firm is matched with (at most) one raider, but this is without much
loss of generality: First, it is plausible that the preparation stage cost is quite similar for
different raiders, but even if there is cost heterogeneity among raiders, the model applies: In

this case, all that is required is to interpret F'(-) as the cdf of the minimum fized cost over



all raiders.

Turning to the second stage of an attack, the important features to be modeled are that
a challenge lowers the entrepreneur’s (expected) continuation utility, relative to the case
that he is not challenged, and also involves an efficiency loss, in the sense that the value
of the reallocated assets to the raider is less than their value to the entrepreneur, and/or
that fighting is costly at this stage. Our basic model generates these features by assuming
that a challenge is followed by a costly fight,® but we could alternatively assume that there
is a negotiated split of the firm between the owner and the raider that also leads to some
inefficiency (i.e., the owner loses more than the raider gains). The latter arises naturally in
a world with credit constraints because the owner generally has to transfer some productive
assets to the raider in order to pay him off, and those assets are generally worth less to the

raider (who often resells them) than to the owner.

3 Analysis

3.1 The contest phase

We start with the analysis of the contest phase. When challenged, the optimization problem

of an entrepreneur with cash flow x, is

r~ (2)
max ——————7 — U,
vopv+ (L= pw

which yields the following first-order condition:

plpv + (1 = p)w) — p*v

ot (-pu " " )

Similarly, the raider’s problem is

_A=pw
B (1= p)w W

which yields first-order condition

(1=p)(pv+ (1 —pw) — (1 —p)*w
(pv + (1= p)w)?

3However, see Section 4.2 where we extend the model such that the firm is less valuable for the raider
than the entrepreneur.

T =1. (5)




Solving equations (3) and (5) for v and w yields v = w = p(1 — p)m. Since both contestants
spend the same amount of money for fighting, the entrepreneur’s winning probability is
simply p, and substituting v = w = p(1—p)7 into the objective functions of the entrepreneur

and of the raider, respectively, yields a continuation utility of

EUsttacked = pT0 — p(l - p)7r = p27T (6)
for the entrepreneur, and
EUriier = (1= p)m — ¢ ™)

for the raider. Because fighting is wasteful, the combined share of cash flow that goes to the
raider and the entrepreneur is [p? + (1 — p)?]m = [1 — 2p(1 — p)]7 < 7. This will be part of
the welfare loss associated with raiders, but we will see that there are additional negative
welfare effects that might well exceed this effect.

A raider will spend the fixed cost for challenging an entrepreneur if and only if (7) is
non-negative, hence with probability F' ((1 — p)27r). This probability is decreasing in p and
increasing in 7.

One can think of p as being related to the quality of institutions in a country that
determine how likely it is that the entrepreneur is victorious against the raider. In a country
with a perfect rule of law,* p is close to 1, which not only implies that, if an attack were to
happen, it would very likely end with a victory of the rightful owner, but also that attacks
are, in expectation, very unattractive for raiders, and are therefore unlikely to occur. In
contrast, in a country with low p, attacks occur more often and are, on average, more likely
to be successful.

Unless p = 1, the probability of attack is weakly increasing in 7, so an entrepreneur
building a more successful firm increases the risk that he is targeted by a raider, and this ex-
posure effect will potentially significantly diminish the marginal return of capital investment

or even make it negative.

3.2 The investment decision

We now turn to the investment stage when the entrepreneur decides how much capital to
invest in building his firm, knowing that this affects raiders’ attack decision.

The simplest case to analyze arises if all raiders have the same cost of attacking ¢; we call
this the point distribution case. Clearly, there are only two different regimes for entrepreneurs

to consider here: First, an entrepreneur can avoid an attack for sure by staying below the

4See Haggard and Tiede (2011) for an excellent summary of the literature on rule of law.



profit threshold that makes an attack worthwhile for raiders. By (7), this profit threshold is
equal to ¢/(1 — p)2. Alternatively, if the profit exceeds this threshold, an attack is certain to
come.

If the entrepreneur’s productivity is such that a*/2 < ¢/(1 — p)?, he can simply choose
his optimal level of investment K = a?/4, generate a cash flow of av/K = a?/2, and be
unconcerned about the existence of raiders, because his cash flow remains below the attack
threshold.

If, instead, (1 — p)%a®/2 > ¢, the entrepreneur has two choices: fight or hide. If the
entrepreneur invests so much that the cash flow is above the attack threshold, then the

entrepreneur’s maximization problem is
pha?
m[?XanvK—KﬁK:T, (8)
so that the entrepreneur’s ex-ante expected utility is

a2 pla? pra?
EUsign = e[ == = =5~ = 4~ 9)

Alternatively, the entrepreneur can under-invest so that his cash flow remains just small

enough not to draw any raider’s attention, by choosing K such that® av K = ¢/(1 — p)?, so

=2

c
Kpige = ————. 10
e = T i (10
Choosing a capital level of Kj;q. yields an expected utility level of
= =2
EUpige = ——— — —° (11)

1—pp (-p)ia

for the entrepreneur.

Solving EUyight = EUpqe for a yields a critical value of @y poine. Entrepreneurs with lower
productivity than as peine prefer to hide, while those with a > ag poins accept that they will
be attacked by a raider and invest accordingly. This is shown formally in the proof of the

following Proposition 1 in the Appendix.

Proposition 1. Suppose that the raiders’ cost is ¢ with probability 1. Then, the optimal

5 As mentioned, we assume that raiders do not attack when indifferent between attacking and not attack-
ing. Nothing of importance would change for other tie-breaking assumptions, except that, in order to hide,
entrepreneurs would choose profits that are close to the threshold, but do not quite reach it.
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Figure 1: Capital investment and cash flow by productivity type for ¢ = 1 and p = 0.75
(Proposition 1)

investment decision for an entrepreneur is given by the function

T for a < a1 point

4
* _ &2 ~ ~
K (a) - (1—p)%a? fOT' ac (al,Pointy a2, Point)| » (12)
4.2
pla -
4 fOT a > A2, Point
2¢(1 1—p*
P )
wnere a1, point = 1-p A2 Point = 02(1—p) .

Figure 1 illustrates Proposition 1 for the case ¢ = 1 and p = 0.75. For these parameters,
a1, point = 9.60 and ag point ~ 13.6. The left panel shows the optimal choice of capital
investment for different types of entrepreneurs, and the right panel the corresponding cash
flow values.

Between a; and as, capital investment is decreasing in a, and cash flow is flat. Intuitively,
more productive entrepreneurs need to invest less in order to keep their firm’s cash flow at
a level that does not attract the raiders’ attention.

Note that there is a large range of possible cash flows — between 18 and about 50 — that
no entrepreneur chooses to have in equilibrium. This can be interpreted as the “missing
middle” in the firm size distribution.

We now turn to the more complicated case that raiders have different costs distributed
according to F(c). Since an attack occurs if and only if (1 — p)?av/K > ¢, the probability of

11



this event is F((1 — p)?aV K). The entrepreneur’s objective function is then

max [ <(1 — p)za\/f) paVK +[1 - F ((1 — p)Qa\/K)]a\/E— K =

me [1 P (1 pPaVE) (- VB -k

The interpretation of the second line is that the entrepreneur gets to enjoy the fruits of his
labor, unless he is attacked, which happens with probability £ ((1 — p)?m), and in case of an
attack, the entrepreneur loses, in expectation, a fraction 1 — p? of his profit.

Differentiating (13) with respect to K yields, as a first-order condition,

[1 .y ((1 - p)Qa\/?) (1— pz)] a
2VK
The first term in (14) is reminiscent of a standard tax term, where the expected “tax rate”

to be paid due to the raider, is F ((1 - p)za\/f) (1 — p?), the probability of being attacked

times the fraction of profit lost in case of an attack. The second term, —1, is simply the

¢ ((1 - p)Qaﬁ) (1= '0>2(21 — o

marginal cost of investing capital.
The key effect, though, is embodied in the last term and does not correspond to stan-
dard effects in tax models. This term captures the effect that increased capital investment

increases the probability of an attack by raiders. It is useful to write this term as

2
[(1 - p>2#} £ (0= 0PavE) [0 - avE] = DT p (1 pp) (1 o)
When the entrepreneur increases his investment, this leads to an increase of the raider’s
expected gross rent when fighting (the first term) which is then multiplied by the increase
in the probability of attack that is due to a marginal increase in the raider’s rent. Thus, the
product of the first two terms captures the marginal increase in the probability of attack.
Since the rent of the entrepreneur falls from 7 to p?r if attacked, (1 — p*)7 measures the

utility impact of these marginal attacks on the entrepreneur.

Proposition 2 summarizes these results.

Proposition 2. Suppose that the cumulative distribution of raider fized costs F(-) is strictly
increasing. Then, at the entrepreneur’s optimal level of investment, (14) holds, and, if f > 0
at the point where (14) is satisfied, then the optimal level of investment is smaller than in
the first-best.

While (14) is, of course, a necessary condition that holds at the optimal level of K, the

maximization problem (13) is, in general, not guaranteed to be globally concave, so (14) may

12



be satisfied at several different levels of K. To see this, differentiate (14), which yields

(1—p)*(1 = p*)a?
2

(1-p)'(1 = p*)a’

AWK

1-F()1=p*)a

which may locally be positive if f’ is sufficiently negative.

- 1)

As an example for Proposition 2, suppose that the raider’s ¢ is drawn from a Pareto
distribution with minimal value ¢,, and a = 1, so that F(c) = 1 — = for ¢ > ¢, (and 0

otherwise). Using f(c) = ¢,,/c* for ¢ > ¢,, in (14), the first order condition becomes

_ Y . ©°m
1-= (1 <1fp>2ax/F> e =p)A—p)Pa? _ ap?

WK gk ayr 0 W)

a

Obviously, there is a unique solution of the first-order condition, K = "44“2, which is the
same level as in (8). Note that this solution also satisfies the second-order condition, so the
solution is a local optimum.

Observe that, for this distribution of ¢, the effect that more effort increases the probability
of being challenged just exactly offsets the fact that not all firms with a profit larger than
ui—mp)g are challenged. Consequently, all the entrepreneurs for whom (15) characterizes an
optimum choose their effort as if they were sure to be challenged by a raider, although each
of them has a positive, and sometimes large, chance of escaping a challenge altogether.

While the optimal choice of entrepreneurs who accept a positive probability of being
attacked is given by (15), there is another potentially attractive path of action available to
entrepreneurs: Remember that the minimal possible raider fixed cost realization is ¢,,, which
implies that staying at a level of profit not higher than c,,/(1 — p)? guarantees that there
is no challenge.® By choosing K = ﬁ, a challenge can be prevented for sure, and this
investment level results in a utility level for the entrepreneur that is given by (11).

In the proof of the following Proposition 3, we show that this course of action is the

optimal one for mid-productivity entrepreneurs.

Proposition 3. Suppose that the raider’s c is distributed according to F(c) = 1 — = for

¢ > ¢yp. Then, the entrepreneur’s optimal investment is given by

2

aj fOT’ a < dl,Pareto
2 N A
K*(CL) = u,cp% fOT a < (al,Paretm aQ,Pareto] ’ (16)
4,2 R
p4a fOT @ > a3 Pareto

6As above, we assume as a tie breaking rule that raiders do not attack when indifferent.
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Figure 2: Capital investment and cash flow by productivity type for ¢,, = 1 and p = 0.75
(Proposition 3)

A~ _V/2c ~ _ \/2c
where Gy pareto = 1=y < U2,Parcto = Li_py-

Observe that, among mid-productivity types in (16), more productive types invest less
capital, while the opposite is true among both low and high productivity entrepreneurs. In
this sense, insecure property rights and the presence of the raider threat particularly affects
the middle of the productivity distribution.

Figure 2 illustrates Proposition 2 for same parameters as Figure 1 above. For these
parameters, a1 poreto ~ 5.6 and s pareto ~ 7.5. Again, the left panel shows investment, and
the right panel the equilibrium cash flow level. For comparison purposes, Figure 2 displays
the results for both Pareto and Point distribution.

For both distributions of raider costs, both entrepreneurs’ utility and cash flows are the
same for a < Gj pgreto because these entrepreneurs are unconstrained. For a > @ pareto,
utility and cash flow is smaller under the point distribution than under the Pareto distri-
bution because in the former case, all entrepreneurs with cash flow larger than the critical
level are attacked, while that is not the case under the Pareto distribution. This implies
that coming out of hiding is more attractive under the Pareto distribution, which in turn
increases the hiding interval (since hiding, evidently, yields the same utility for both raider
cost distributions, as no attacks take place in equilibrium in the hiding interval).

The distribution of firm sizes in the economy, in terms of the capital invested, follows in
a straightforward way from combining the distribution of productivity in the economy with

the optimal investment functions derived in Propositions 1 and 3, respectively. Corollary 1
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provides the cumulative distribution functions of firm sizes when entrepreneurs’ productivity
is distributed according to ®(-), for both fixed and Pareto-distributed raider costs.

Corollary 1. 1. Suppose that the raiders’ cost is ¢ with probability 1. Then the resulting

size distribution of firms has the following cumulative distribution function GP(-).

((I)<2\/K) fOT’ K S Kl,Point

o Zﬁ + q)(d ,Point) — d(a 7Poin) fOT K e (IA( ,Poin 7}% ,Poini|
ar(icy < | POV i) = R pon e )

CI)(dQ,Point) fOT K e (KQ,Point7 K3,Point:|

\(I)<%?) fO?" K > [A(3,Point

4

cp
2(1-p)?(14/1-p%)

c(1+4/1-p*)

N B . N B
K2,Pomt = 51_52 and Kg,Poz’nt = To1-,2 -
2(1-p) 2(1-p)

where K1 point =

2. Suppose that the raiders’ cost ¢ is distributed according to F'(c) = 1 — “= for ¢ > cy,.

Then the resulting size distribution of firms has the following cumulative distribution
function GPoreto(K).

@(2\/?) fOT' K S Kl,Pm‘eta
GPareto(K) — @(2\/?) + P (2?) ) <—2(17i:;2\/g> f07" K c (kl,Paretoa [A(Q,Pareto]
(I)(pr/f) Jor K > KQ,Pareto
(18)
where [A(l,Pareto = ﬁ% and K2,Pareto = 2(10Tp)2 .

We illustrate Corollary 1 in Figure 3, by assuming that productivity a is distributed
according to ®(a) = 1 — % In an economy without raiders, this setting generates a size
distribution of firms that follows “Zipf’s law,” a regularity well documented for many different
developed economies.

Notice that the probability density function of the firm size distribution is 0 in the interval
[K>, K3) (and, accordingly, the cdf is flat) when all raiders have the same cost. While there
is no such “gap” in the distribution of firm sizes when raiders’ costs are Pareto distributed,
there is still a marked difference between this distribution and the one that would arise in
an economy without raiders. In particular, smaller firms are considerably over-represented
in the economy with raiders, whereas large firms are not affected by the same magnitude.

It is instructive to compare the reaction of entrepreneurs to productivity or interest shocks
in a raider economy on the one hand to that of entrepreneurs in an economy without raiders.

Specifically, suppose that the productivity of capital of any type a entrepreneur is multiplied
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Figure 3: Probability density function (left) and cumulative distribution function (right) of
the firm size for ®(a) =1 — %

by a factor =, so that the cash flow given investment K is yav K. In an economy without

raiders, entrepreneurs would simply maximize

7&\/?—[(7

72q2
4

by the same percentage for all types of entrepreneurs.

by choosing K = . Thus, a particular increase in v changes the optimal level of capital

In an economy with raiders, the same increase in ~ leads to the same percentage change
in optimal capital for those entrepreneurs who are too small to be bothered by raiders, and
for those firms that are certain to be attacked, such as the group of the largest firms for the
case where all raiders have deterministic costs.

In contrast, a small increase in v will induce most of those entrepreneurs who would
have chosen to hide before the shock to decrease their capital as a reaction to the produc-
tivity shock, in order to stay below the hiding threshold. However, the most productive
entrepreneurs in the hiding group now find it attractive to switch to the “daring” regime
instead, and thus to invest a lot more capital. Our model therefore generates the empirical
prediction that, in a raider economy, the variability of the change in investment level should
be higher among mid-productivity firms than among both small and large firms.

This prediction is illustrated in Figure 4, which depicts changes in the optimal choice

of investment size after a uniform productivity increase to v = 1.05. The entrepreneurs
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Figure 4: Investment size before and after v = 1.05 shock(left) and the percentage difference
in optimal investment size after the shock (right)

already daring to fight even before the productivity increase, change their investment size
by a factor of 42 — 1. Most of those who were previously unconcerned can choose the same
percentage increase in investment (i.e., by a factor of v* — 1). The exception to this are
those entrepreneurs with the very highest productivity in the unconcerned group. For them,
the cashflow resulting from the previous choice of investment size and the new productivity
level is now greater than the hiding threshold (1_%)27 which means they need to reduce their
investment in order to hide from raiders.

A similar effect applies to those entrepreneurs who were already hiding before the change.
If they want to avoid going over the hiding threshold, they need to reduce their investment
to a proportion of 712 of the previous level.

However, for those entrepreneurs who were previously almost indifferent to coming out of
hiding, the productivity increase makes it more attractive to switch to the “daring” regime

instead. As Figure 4 shows, the highest productive entrepreneurs among hiding types, start-

ing from the point where 72622”4 > (1fp)2 - (1fp§‘21a272’ experience a large jump in the optimal

investment size.

3.3 Measuring the burden from raiders through tax equivalents

One can view the presence of raiders in the economy as akin to a tax on entrepreneurs.
Specifically, define the utility equivalent taz rate, tV, as the tax rate on profit that would
impose the same burden (in terms of utility reduction) as the presence of the raider threat.
While a proportional tax on profits imposes the same proportional burden on entrepreneurs

of different productivity types in a standard economy, the effect of raiders can be quite
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Figure 5: Equivalent tax rates for an economy with raiders with deterministic and Pareto
distributed costs

non-uniform for different productivity types.

Clearly, because the lowest types (those with a < a;) are not under any threat from
raiders, their utility equivalent tax rate is equal to zero.

We now turn to the middle and high type entrepreneurs whose behavior is affected by the
presence of raiders. Observe first that, if, instead of a raider threat, there was a proportional
tax rate t, entrepreneurs would maximize (1—t)[av/ K — K], which is maximized at K = a?/4.

Substituting this back into the objective function yields

2

EUs = (1= )7 (19)

as the entrepreneurs’ indirect utility function. Consider an economy in which all raiders have

a fixed cost of ¢. Solving for the equivalent tax rate, we can find t = 1 — (1_452@2 + (1f§)24a4, or

) 2
t = <1 — ujg#) > 0, which is increasing for a > a1 pyins. Similarly, if raiders have Pareto

distributed costs, hiding types face a tax rate of t = 1 — (ﬁ#)z. For all daring types,
on the other hand, t = 1 — p%.

Figure 5 displays the utility equivalent tax rates by productivity type, for the same pa-
rameter values as in the previous figures (p = 0.75, ¢ = 1, ¢,, = 1). Note that, whether the
raiders’ costs are drawn from a Pareto or a point distribution, does not affect the utility-
equivalent tax rates of unconstrained and hiding types, while they differ for daring types.
Specifically, because there always is a chance that a particular entrepreneur is not attacked
when costs are Pareto distributed, the utility-equivalent tax rate for a given daring en-

trepreneur type in such an economy is smaller than in an economy where raiders have
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deterministic costs.

While the presence of raiders affects the behavior of mid-productivity entrepreneurs
more severely than that of high-productivity entrepreneurs, the economic burden here is
monotonically increasing in type. For example, for the point distribution, this is the case
because all daring types have the same proportional burden from the presence of raiders in
expected terms, while those types who choose to hide could choose an investment that leads
to an attack (and thus the same burden as for the daring types), but optimally choose a
different investment level and therefore must be better off.

However, as we will show in Section 4.1 below, the result that the burden from raiders is
increasing in type depends on the assumption that all types have the same fighting efficiency.
Once we allow for firms to invest in their defensive power, it may well be the case that the
raider burden is highest for mid-productivity entrepreneurs.

An interesting — albeit quite obvious — observation is that the utility-equivalent tax rate
is positive for all entrepreneurs who are hiding in equilibrium. Note that these types do
not actually fight in equilibrium, so measuring the welfare loss from raiders merely by the
fighting expenditures that occur is misleading. In fact, for a productivity distribution that
puts considerably more of the probability mass on entrepreneurs in the middle rather than
the high range, the actual fighting expenses can be an arbitrarily small percentage of the

total welfare loss.

4 Extensions

4.1 Endogenizing Fighting Efficiency

So far, we have assumed that an entrepreneur’s strength in a potential fight with a raider
is exogenously given, and the same for everyone independent of the size of the respective
firm. We now consider the case when entrepreneurs have an option to invest in fighting
technologies. One can think of building up a legal department in the firm for defensive use
in case of an attack, or investing in building up the goodwill of a local authority in the hope
that this may provide some protection in case of a raider attack.

To see how much a given type of entrepreneur is willing to pay for an increase in p, it is
useful to derive the value function of the entrepreneur’s problem. For simplicity, we focus

in this section on the case that all raiders have the same cost ¢. Substituting the optimal
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Figure 6: Marginal value of p for different productivity level.

investment choice K from (12) into the objective functions for the respective ranges yields

< for a < a1 point

4
2
N &2 z R R
V(CL, P C) - (1—p)2 - (a(lfp)Q) for a € (al,Poinb a2,Point] ) (20)
42 R
& for a > as point
e s v B 1/25(1+\/17p4>
Where a1 point = 1-p < Q2,Point = 02(1—p) .

We first analyze the value of a marginal increase in fighting efficiency. Differentiating

(20) with respect to p, we get

0 for a < &I,Point
2
/ = é é N A
Vp(avpv C) = (13‘;)3 - (1%,2) <a(lip)2) for a € (al,PoinbaQ,Point : (21)
pla? for a > Ga_point

Clearly, unconcerned entrepreneurs do not value an increase in fighting efficiency at all. More
interestingly, while “hiding” types do not use a marginal increase in p for actually fighting,
the higher p is valuable for them because it increases the amount of cash flow that is still safe
from attack. Of course, “daring” types, i.e., those who are actually attacked in equilibrium,
also value a marginal increase in p, and value it the more, the more productive they are.
Figure 6 depicts the marginal value of p by productivity level, for ¢ = 1 and an initial
value of p = 0.75. Most interestingly, while the marginal value of an increase in p is increasing

in productivity among both hiding and daring types, the highest productivity types among
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those who hide may value a marginal increase in p more than the lowest types of those
who fight. Whether or not this occurs depends on parameters. In particular, there is a
nonmonotonicity in the marginal value of p at sufficiently high initial values of p.

Specifically, the critical value of p is approximately 0.68 (independent of the level of ¢).
For values of p higher than this critical value, a marginal increase in p leads to an increase in
the hiding threshold ag peins. Intuitively, if the marginal value of p is larger for the highest
hiding types than for the lowest daring types, hiding becomes more attractive relative to
daring for the entrepreneur types in the neighborhood of the previous cutoff type, and hence
the new hiding threshold ag pein: shifts to the right.

We now consider what happens if there is an opportunity to buy, at a cost L, a dis-
crete increase in fighting strength from pg to p;. Note that an increase in p allows more
entrepreneur types to be unconcerned, and both hiding and fighting also become more at-
tractive for entrepreneurs with a higher p. Thus, whether the thresholds G point and @z point
increase or decrease depends on which individuals buy the improvement (determined by the

cost L), and on which effects are stronger.
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Figure 7: The opportunity to buy better fighting technology: Increasing p from pg = 0.5 to
pr=075atacostof L=7

Moreover, the improved defense technology may either increase the size of the gap in the
size distribution, or create a second gap, as Figures 7 and 8 demonstrate.

Figure 7 depicts a situation where entrepreneurs can buy, for a cost of L = 7, an increase
in strength from py = 0.5 to p; = 0.75. At this cost, the marginal entrepreneur who buys
the increase is in the hiding range around a = 7, and he and some of his more productive

neighbors remain in hiding — albeit at a higher level of capital — even after purchasing the
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strength increase. Relative to the case of p = 0.5, more productivity types choose to dare
raiders, and since they jump to a significantly higher level of investment than in the case of
p = 0.5, the gap in the distribution of firm sizes as measured by investment increases. The
right-hand side depicts the resulting distribution of firm sizes, assuming that the distribution

of productivity is given by a standard log-normal distribution.
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Figure 8: The opportunity to buy better fighting technology: Increasing p from pg = 0.5 to
p1 = 0.75 at a cost of L = 18

Figure 8 is based on a situation with the same parameters, except that the cost is now
L = 18. Again, the left panel depicts the optimal investment as a function of type, and the
right panel the resulting distribution of investment size. At a cost of L = 18, the marginal
entrepreneur who buys the increase is in the daring range, around a = 16. Consequently,
there are two gaps in the distribution in this scenario: The first one is between hiding
entrepreneurs and those who dare, but do not buy the improvement; and the second one is
between daring entrepreneurs who do not buy the improvement, and those who do.

Figure 9 shows the effect on the equivalent tax rate, for an increase from py = 0.5 to
p1 = 0.9 at a cost L =9 (these parameters provide for better visibility of the effects).

The initial range where equivalent tax rates are increasing in type (i.e., from a level of 0
to the first peak) is the range of entrepreneurs who are hiding and do not find it worthwhile
to invest in additional strength. The first peak occurs at a point where the entrepreneur
is just indifferent between buying the strength increase and not buying it. This marginal
entrepreneur and all more productive types up to as peint ~ 22 remain in hiding, but of
course benefit by being able to invest more capital than before without attracting an attack.
The rate at which these types benefit, in terms of their equivalent tax rate, is, however, very

heterogeneous: Low types’ net benefit is quite small because for them, the cost of L = 9
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Figure 9: Equivalent tax rates for pg = 0.5, py = 0.9 and L = 9.

is relatively high compared to their benefit from being able to invest more. Thus, the tax
rate is first decreasing in a after the peak. At the higher range of hiding types, the tax
rate increases again, by the same arguments as in Section 3.3. Finally, for those types who
are under attack even after the strength increase, the utility-equivalent tax rate decreases in
type, towards a limit of 1 — 0.9* ~ 34%.7

4.2 The raider’s efficiency in running a firm

So far, we have assumed that the raider, if he is successful in the contest for control of the
firm, is able to run the firm as efficiently as the original entrepreneur, i.e., generates the same
cash flow from the firm as the entrepreneur. This is probably approximately realistic in cases
where the firm’s productivity depends primarily on characteristics that are independent of
the CEQO’s special skills — say, a firm focusing on natural resource extraction and, possibly to a
slightly lower degree, ones engaged in simple manufacturing are likely to have approximately
the same value, whether managed by the original entrepreneur or the raider. In contrast,
if the firm engages in a highly specialized activity such as software engineering, then the
entrepreneur’s identity may be essential for the success of the firm. To model such cases, let
the fraction of the original entrepreneur’s cash flow that a successful raider can obtain be
denoted by 6 < 1.

In this case, the entrepreneur’s optimization problem at the contest phase, given by

(2) remains unchanged, but the maximization problem for the raider in contest phase now

"The utility-equivalent tax rate decreases in this range because the cost L is spread over an increased
amount of profit as a increases.
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changes to

max ———————60r —w — ¢ (22)

0p(1—p)

roa—p T In this equilibrium, the

The equilibrium in contest phase is now v = w/f =

expected utility of the raider is

0*(1 — p)?

EUrai er —
o+ (1= p)o)

0T — ¢, (23)
and the challenged entrepreneur receives an expected payoff of

EUdttacked = (ﬁf T K = )2 wE-K.  (24)

( p
(p+0(1—p (p+0(1—p))

If an entrepreneur is certain to be attacked, the optimal K at the investment stage is therefore

4
given by K = % (W) , which yields indirect continuation utility of
a® ) 4
EUgtacked = — | ————— | . 25
it~ 5 (Gratr=p) )

Note that, for # = 1, the entrepreneur’s capital investment choice and indirect utility are the
same as in the basic case, while a decrease in  increases both optimal investment and the
entrepreneur’s continuation utility.

Hiding types also benefit when 6 < 1. This follows because the safe cash flow level (i.e.,
the one that prevents an attack) is now %, which is larger than the hiding threshold
of ﬂ—ﬁ in the basic model.

Finally, it is useful to compare changes in the entrepreneur’s fighting ability p and those
in the raider’s efficiency after a successful take-over, 6. Qualitatively, it is clear that the effect
on the entrepreneur and the raider of an increase in p is similar to the one from a decrease in
0: Both of these are helpful for the entrepreneur, while hurting the raider’s ability to extract
the firm’s surplus.

They are, however, not entirely equivalent. To see this, rewrite (25) as

4
a? 1
EUattacked = Z <—) . (26)

(1-p)
1+6 P

This implies that the entrepreneur’s expected utility (and behavior) depends on xk = 9@.

24



Investment Size Utility
120

-=- p=0.75,6=1.0 -=- p=0.75,6=1.0
160 =05, 0—1/3 — p=05,6=1/3
—- $p=033,0=1/6 1004 — = »=033,6=1/6

140 4

120 A

80 1

100 4

60 40

401 ./ .\. ,//
G 21
20 - ~. :
O p |
0 — T T T 0 T
0 10 20 30 40 50 40 45

Figure 10: The effect of change in 6 versus change in p on utility given fixed k.

In contrast, if we rewrite (23), we get

2 2
1 1
EUraider = <1—|——p> Or —c= (1 n %) Om — c, (27)

(1-p)o

which evidently depends on both x and 6.

Figure 10 illustrates the difference. Specifically, (p1,61) = (1,3/4), (pa2,602) = (1/2,1/3)
and (ps,05) = (1/3,1/6) lead to the same expected utility for attacked entrepreneurs, as x =
1/3 for all three parameter combinations. In contrast, the raider’s gross utility (i.e., before
subtracting ¢) increases when 6 increases. Consequently, attacking a firm is less attractive
for raiders when the parameters are (ps,f3) than in the first two scenarios. Thus, in this
case, mid productivity entrepreneurs can invest more capital without triggering an attack,
i.e., the hiding threshold increases. For the same reason, the utility of mid-productivity
entrepreneurs is larger. The figure also shows that, the smaller is 8, the bigger is the jump
in investment levels from the last hiding type to the first daring type, i.e. the range of the

missing middle.

5 Discussion and conclusion

In this paper, we develop a theoretical framework to link insecure property rights to the
investment decisions made by productive entrepreneurs. Specifically, we analyze a setting in

which “raiders” may attempt to steal an entrepreneur’s firm if his investment turns out to
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be too valuable.

In equilibrium, this problem affects most the investment behavior of entrepreneurs in the
middle of the productivity distribution, because they can affect their risk of being targeted
by staying small and less productive than otherwise optimal. In contrast, low productivity
firms are unaffected because they are not sufficiently attractive targets, and large firms can
be fatalistic and expect an attack to happen independent (at least at the margin) of their
investment actions. Large firms may also be able to take more effective defensive measures
than mid-level firms.

Our model provides a possible explanation for the phenomenon of the “missing middle”
in the firm size distribution of many developing countries that has been documented exten-
sively in the empirical literature. While, for some distributions of raider costs, our model
produces an actual gap in the firm size distribution (even given a continuous distribution of
entrepreneur productivity), the more robust and important point is that, for any raider cost
distribution, the presence of raiders has a systematic effect on the firm size distribution. In-
deed, as Tybout (2014) points out, the “missing middle” phenomenon should not necessarily
be interpreted as a claim that the firm size distribution is necessarily bimodal.

Our model shows that an important welfare loss — and, possibly, the most important
one — from the existence of raiders in the economy is not the amount of resources that
raiders and attacked entrepreneurs spend in their fight about who gets to control the firm,
but rather the detrimental effect that the raider threat has on the investment behavior of
entrepreneurs. Thus, if mid-sized firms are conspicuously absent from an economy, this may
be indicative of a substantial welfare loss ultimately caused by insecure property rights.

Further research could take several directions. First, our model provides a framework
in which to evaluate the effectiveness of anti-corruption measures aimed at reducing the
threat to entrepreneurs’ property rights. Second, and related, it is interesting to analyze
the effects of economic shocks and/or different economic policies that affect the productivity
distribution, or the cost of capital investment, in our framework. In particular, while the
assumption of a given distribution of raider costs is without loss of generality in any given
fixed situation, there may be (at least in the short term) “capacity constraints” on the raider
sector, in the sense that, if the number of lucrative targets changes, raiders may not have
the capacity to go after all of them, which could be captured by an endogenous shift in the

raider cost distribution.
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6 Appendix

Proof of Proposition 1. As argued in the text, entrepreneurs for whom a?/2 < ¢/(1—p)?, thus
for a < a1 point can simply choose the unconstrained optimal level of investment, K = a? /4.
Furthermore, those entrepreneurs who invest a sufficiently large amount of capital will be
attacked, and therefore will choose according to (8).

It remains to derive the critical value of a such that entrepreneurs with lower productivity
prefer to hide, while those with higher productivity accept that they will be attacked by a
raider. Equating (9) and (11) yields

pha? _ c - 2 (28)
4 (1-p?2 (A-p)a®
This simplifies to
pt(1 —p)ta* —4(1 — p)?ca® + 42 = 0,
2e(14+4/1—p*
so that the largest solution of this equation is ag point = E)Q(l_p) )
Furthermore, 8E—ggjﬂ = %a > 8Egg;ide = (1_25)24a3 for all @ > G poins. Thus, EUggn; >
EUvige for all a > &Q,Point~ ]

Proof of Proposition 3. The expected utility of an entrepreneur who accepts the possibility

C

of a challenge is, using K = ”44—“2 and F(c) =1 — ©= in (13),

2.2 4 2
Cm, pra p-a

EUgny = |1 - (1—=p*) [ 1= - =
fight [ ( p)( (1—,0)2@”;“)] 2 4

(29)
(14 p)em | p'a®
(I=p) 4
Solving for the largest a that equalizes (11) and (9) yields a = pv(ff’;).
To show that EUggn; > EUpige for all a > a, observe that
0EUyige 2c2 3
ide ___Zm__ vep for all @ > @
da (1—p)a® = (1—p)V2(1 4+ V2)15
and
OFUsgn 4 P PP\ 2(1 4+ V2)/em .
—— =ap > = for all @ > a.
da p(1—p) 2(1=p)
Thus, aEg:gl“ > aEg;ide for all @ > a, and since EUyge(d) = EUggn(a), this shows that
EUﬁght > EUhide for all @ > a. ]
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Proof of Corollary 1. Analytical distribution of K can be derived by substituting intervals
of a into intervals of K and applying corresponding transformation. This can be visualized

by looking at Figure 11. In particular, for Pareto distributed raiders, there are three thresh-

olds for K. First, when Investment levels are less than IA(me,eto = 02 = 2(‘:1"”_’;)2 ik

(1 p) G“Q Pareto

there are only unconstrained entrepreneurs w.p. Gg(K) = ®,(2v K) . Next, within the

range K € <K1 Paretos KQ} , Where K2 = . PZ’"”" = 2(17/) there are entrepreneurs from all
three types: Unconcerned entrepreneurs w.p. ®,(2v K), hiding and fighting entrepreneurs

w.p. <2‘F> P (W) After this point, all the entrepreneurs are under attack and
fighting for property rights. Namely, when K > K, G(K) = CI)(%?).

For Point distributed raiders, GP(K) can be constructed as a piecewise distribution from

4 parts. First part is populated by unconcerned entrepreneurs, with smaller productivity
levels than any hiding one, a < Gg point and have choice of investment K = a’/4. From the
fact that K = a?/4 when a < 1 point W€ Cal express a = WEK. Respectively in range K <
: Gp (K) = ®,(2VK). In range K € (Kl Points Ko pomt} there

c — cp*
(]' p)4dg Point p)2 1+\/1 K

are unconstrarned entrepreneurs w.p. ®(2V K) and hiding entrepreneurs w.p. ©(a2 point) —

al Point __
e G

distributed raiders, there is a flat part in distribution, that lies in K € (KQ Point s K37pointi|7

4 ~
p a%,Point — C(1+ V 1*P4)

where Kg’point = . e This happens w.p. ®(ag peint). Finally, all the

In case of Point

®(a1,point). Moreover, Ky Point corresponds to K, Point =

entrepreneurs under attack have productivity levels a > as point, or equivalently investment

8N0te that KQ = K27Point == K27Pa'reto
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levels K > K3 point. Since they choose K = #, then a(K) = 2)‘0/5 which implies GP(K) =
@(%ﬁ). Corollary 1 summarizes these findings.

]
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