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Abstract: The article presents a solution of a problem that is critical from a practical point of view: 
how to share a higher than usual discount of $10 million among 5 importers. The discount is a result 
of forming a coalition by 5 current, formerly competing, importers. The use of Shapley value as a con-
cept for co-operative games yielded a solution that was satisfactory for 4 lesser importers and not satis-
factory for the biggest importer. Appropriate modification of Shapley value presented in this article 
allowed to identify appropriate distribution of the saved purchase amount, which according to each 
player accurately reflects their actual strength and position on the importer market. A computer pro-
gram was used in order to make appropriate calculations for 325 permutations of all possible coalitions. 
In the last chapter of this paper, we recognize the lasting contributions of Lloyd Shapley to the coopera-
tive game theory, commemorating his recent (March 12, 2016) descent from this world.  

Keywords: characteristic function, coalition, cooperative game, core of game, imputation, Shapley val-
ue. 

JEL: C71, F51, F12. 
 

1 Introduction 
 
We consider the decision problem that the importers 
of raw materials face while minimizing their costs 
by means of cooperation with their competitors. 
It has been communicated to the first author by an 
employee of a Polish consulting company. The solu-
tion of the problem that we present here enables the 
importers to make substantial savings commensurate 
with their actual contributions to the cooperating 
group. It turns out that the proposed solution based 
on the original concept of the Shapley value for co-

operative games has one weakness  it discriminates 
the biggest importer who did not accept that solution. 
Our approach eliminates this weakness. 

The problem we solve in this article has both practi-
cal and theoretical ramifications.  In particular, it is 
satisfactory for all the grand coalition members, 
and not just to some or majority of them. Our im-
provement is based on appropriate modification 
of the Shapley value concept for cooperative games 

(see Comment 1); it was carried out by a computer 
program used to perform the necessary calculations. 

Politics of collective rationality, to which this article 
is related, has been discussed at several occasions 
in the economic literature of the subject (cf. Weirich, 
2012) where cooperation and rationalism in the lan-
guage of game theory has been broadly investigated. 
Some authors pointed out (e.g., Ott, 2016) the prob-
lems arising from conflict solving and competitor 
cooperation by means of strategic alliances and joint 
decision making.  

A popular mathematical model used in problem solv-
ing that incorporates cooperative games has been 
presented in Peleq (2007). Lloyd Shapley (1923 

2016) played a major role in the development 
of those games. He was awarded a Nobel Prize 
in 2012 in Economics together with Alvin Roth. 
A fairly thorough account of Shapley’s achievements 
may be found in Roth (2005), where lasting contri-
bution of Shapley to cooperative game theory was 
recognized in a form of 20 papers written by 24 au-
thors, who either reviewed or continued the research 
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initiated by Shapley’s five remarkable 1953 papers 
listed in the bibliography. A shorter presentation 
of Shapley’s role in the development of cooperative 
game theory is given in the last chapter of this arti-
cle. 

Another type of antagonistic games constitutes 
2-person, zero-sum games. They may be either static 
in their nature or dynamic. The last category includes 
2-person, zero-sum games where the actions of play-

ers are governed by differential equations; see Za-
remba (1979,1980, 1982, 1984a, 1984b, 1986, 1989). 
In such games, there is no place for cooperation, 
however. 

Coming back to our main topic, we assume that the 
amount of discount offered to each importer by the 
exporter depends on the total value of the import 
according to the Table 1. 

 
Table 1. Discount correlation to the import value in millions of PLN 

Company size Bottom limit of the import value Percentage of discount 

very large 700 4 

large 300 3 

medium 125 2 

small 50 1 

very small 0 0 
 

The information contained in Table 1 can also be presented graphically, as shown in Fig.1. 

 

 
Figure 1. Discount function in millions of PLN 

 
The solution method presented below does not de-
pend on numeric parameters shown in the table 
above; it may be straightforwardly implemented for 
any other table presenting the correlation between 
the discount and the amount of import amount. 

We assume that there are a number of importers 
of the raw materials operating on the market, includ-
ing the existing competitors A, B, C, D and E, whose 
annual expenditure on purchasing the raw material 
are shown in the first version in the Table 2a. 

 

Table 2a. The amounts of import for particular companies in millions of PLN 

A B C D E 

310 150 130 100 60 

 

We also consider a version Table 2b of the above 
scenario in order to illustrate the influence of slightly 

different import quotas on final solution. 
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Table 2b. The amounts of import for particular companies in millions of PLN 

A B C D E 

290  150  130  100  60  

 
A consulting company that provided services to A, 
B, C, D and E importers recommended that they 
combine their forces and act as one large importer. 
This should enable them to obtain the biggest 4% 
discount as they are going to import raw material 
totaling 750 million PLN (Table 2a) or 730 million 
PLN (Table 2b). However, this recommendation 
gave rise to a complicated problem: how to divide 
the 4% discount as each of the 5 importers had 
a different idea of how to share the saved amount 
of purchase. The said problem may be formulated 
as follows: 

Problem 1: Propose a formula, or a methodology, 
for the division of saved money by a coalition of 5 
importers resulting from obtaining a 4% discount 
among the coalition members, so that each of them 
perceives the share he cashes is reflecting adequately 
their contribution to the coalition and position on the 
importer market. 

Definition 1: The characteristic function of an n-
person cooperative game with a set C of players 
(referred to as a grand coalition in this paper) assigns 
to each subset S of C the maximum value v(S) that 

coalition S can guarantee itself by coordinating 
the strategies of its members, no matter what the 
other players do (Thomas 1986, p.86).  

Cooperation Games (cf. Malawski, Wieczorek, Sos-
nowska, 2006, pp.127-150) provide a mathematical 
model for solving this kind of decision problems. 
Our approach will benefit from this formalism with 
discounts playing the role of payouts v(S) for all 
possible coalitions S. Discounts that each coalition is 
entitled to are presented in Tables 3a and 3b in ac-
cordance with the data presented in Table 1 and Ta-
bles 2a, 2b, respectively. 

In this paper, we are also going to use two classic 
concepts that are useful while solving the coopera-
tive games, that is, a core, first defined explicitly 
by (Gillies, 1959), and the Shapley value, which 
always exists, is unique and belongs to the core 
of the game; see Shapley (1953a, 1953d) and for 
example, Malawski, Wieczorek, Sosnowska (2006, 
pp.134-136). In the next paragraph, we are going 
to present a solution to the problem raised by the 
consulting company by calculating the Shapley value 
for this cooperative game. 

 

Table 3a. Characteristic function v(S) in case of Table 2a in millions of PLN 

coalition discount v(S) coalition S discount v(S) coalition S discount v(S) 

 A, B, C, D, E 30  A, B, E 15.6  B, C 5.6 

 A, B, C, D 20.7  A, C, E 15  B, D 5 

 A, B, C, E 19.5  B, C, E 10.2  B, E 4.2 

 A, B, D, E 18.6  A, D, E 14.1  C, D 4.6 

 A, C, D, E 18  B, D, E 9.3  C, E 3.8 

 B, C, D, E 13.2  C, D, E 5.8  D, E 3.2 

 A, B, C 17.7  A, B 13.8  A 9.3 

 A, B, D 16.8  A, C 13.2  B 3 

 A, C, D 16.2  A, D 12.3  C 2.6 

 B, C, D 11.4  A, E 11.1  D 1 

     E 0.6 
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Table 3b. Characteristic function v(S) in case of Table 2b in millions of PLN 

coalition discount v(S) coalition discount v(S) coalition discount v(S) 

 A, B, C, D, E 29.2  A, B, E 15  B, C 5.6 

 A, B, C, D 20.1  A, C, E 14.4  B, D 5 

 A, B, C, E 18.9  B, C, E 10.2  B, E 4.2 

 A, B, D, E 18  A, D, E 13.5  C, D 4.6 

 A, C, D, E 17.4  B, D, E 9.3  C, E 3.8 

 B, C, D, E 13.2  C, D, E 5.8  D, E 3.2 

 A, B, C 17.1  A, B 13.2  A 5.8 

 A, B, D 16.2  A, C 12.6  B 3 

 A, C, D 15.6  A, D 11.7  C 2.6 

 B, C, D 11.4  A, E 10.5  D 1 

     E 0.6 

 

However, the resulting solution was not accepted 
by the biggest Polish importer who argued that their 
biggest input in the 5-person coalition had been un-
derestimated in the Shapley value. 

So, we will modify the Shapley value concept 
for cooperative games in the 3rd chapter (Commen-
tary 1) with the aim to develop a new discount distri-
bution (pay-outs to individual players), which – we 

claim  will not be questioned by any of the players. 
The obtained solution is unique and always exists. 
We will demonstrate that it also belongs to the core 
(see, Definition 3) of the studied game. 

 
2 Solution of the Problem by means  

of the Shapley Value 
 
In each n-person game, the following natural ques-
tion arises: When a coalition is formed, how does 
it share its payout (reward) between its own individ-
ual members? 

Definition 2a: (Thomas, 1986, p.90) An imputation 
in an n-person game with characteristic function v(S) 
defined for all coalitions S is a vector: 

),...,,( 21 nxxxx    

satisfying: 

 (i)  54321 xxxxx  = v(N), where N is the 

set of all players;  

 (ii)   )i(vxi   for i = 1, 2,…, n.  

In the context studied here, the conditions (i)  (ii) 
can be formulated as follows: 

 (a)  EDCBA xxxxx  = v{A, B, C, D, E};  

 (b)  )A(vx A  ; )B(vx B  ; )C(vxC  ; 

)D(vx D  ; )E(vx E  . 

Definition 2b: (Thomas, 1986, p.92) We say that an 

imputation )x,...,x,x(x n21  is rational for coali-

tion S if, and only if the sum of payouts it generates 
for all members of S is greater or equal to v(S).   

Let’s note that if a certain imputation: 

)x,...,x,x(x n21   

does not satisfy the condition stated in Definition 2b 
for some coalition S, then S will have no monetary 
incentive to participate in such share of rewards (dis-
counts in our case). Therefore, we restrict our analy-
sis, without loss of generality, to imputations that are 
rational for all coalitions S.  

Definition 3: (Thomas, 1986, p.92) The set of all 
imputations which are rational for all coalitions S is 
called the core of game. 

The natural candidate for the solution of problem 1 is 
the Shapley value (see Shapley 1953a and for exam-
ple Thomas 1986, pp.101-103).  It is a concept that 
in some rational way takes into account what (how 
much) each of player “contributes” to the largest 
coalition’s reward. In the studied case with 5 players, 
the Shapley value: 

x* = *)x*,x*,x*,x*,x(x EDCBA   
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is such an imputation whose coordinates represent 
an “average” contribution (savings) each of these 5 
players brings when it joins the coalition {A, B, C, 
D, E} at all possible stages of its creation.  

Let us explain it. The idea is that the players arrive 
at game in random order. When any player, for ex-
ample D, arrives at some already existing coalition S, 
he brings (contributes) an extra amount to it, namely:  

 v( DS  ) – v(S).  

Note 1: We should use {D} rather than D, but for 
simplicity we will not be doing it, hoping it will not 
cause any misunderstanding. 

Suppose that the grand coalition of all 5 importers 
has been formed in such a way that at first, player D 
joined player E, next C joined the coalition {E, D}, 
next B arrived to the coalition {E, D, C}, and finally 
A joined the coalition {E, D, C, B}. Therefore, when 
importer E started the creation of coalition {E, D, C, 
B, A}, his contribution to this largest coalition’s 
reward was just v({E}) = v(E) = 0.6, according to 
Table 2a.  

Note 2: We should remember that coalition {E, D, 
C, B, A} is the same as coalition {A, B, C, D, E}. 

When importer D joined E, he brought an additional 
award (discount) of v{E, D} – v({E}) = 3.2 – 0.6 = 
2.6 million PLN. Similarly, when C joined the coali-
tion {E, D}, he brought an extra discount of v({E, D, 
C}) –  v({E, D}) = 5.8 – 3.2 = 2.6 million according 
to Table 2a. When B arrived at coalition {E, D, C}, 
he brought additional discount of:  
 v({E, D, C, B}) – v({E, D, C}) = 13.2 – 5.8  
 = 7.4 million.  

Finally, when A joined coalition {E, D, C, B}, 
he brought the largest discount of:   
 v({E, D, C, B, A}) – v({E, D, C, B}} = 30 – 13.2 

= 16.8 million. 

It is easy to notice that the grand coalition can also 
be formed in 119 = 5! – 1 different ways than the 
one {E, D, C, B, A}. 

Note 3: The foregoing is a sequence and not a set 
of players that we have examined; for example, {C, 
B, D, A, E} is another sequence of the same grand 
coalition.   

Performing analogous calculations as above for {C, 
B, D, A, E}, one can summarize the results obtained 
above in  the Table 4. 

 
Table 4. Contributions of players to greater discount 

order of creation 
of grand coalition 

contribution 
of player A 

contribution 
of player B 

contribution 
of player C 

contribution 
of player D 

contribution 
of player E 

total 

{E, D, C, B, A} 16.8 7.4 2.6 2.6 0.6 30 

{C, B, D, A, E} 9.3 3 2.6 5.8 9.3 30 

 
Following this procedure of Shapley for all 118 = 5! 
– 2 remaining permutations, and next averaging the 
results obtained in each column (for each importer), 
we arrive at the Shapley imputation: 

*)x*,x*,x*,x*,x(x EDCBA .   

Proposition 1: The Shapley value for the coopera-
tive game with characteristic function presented in 

Table 3a is the imputation *,x*,x*,x*,x(x DCBA  

*)x E  = (11,68; 5,89; 5,14; 4,11; 3,18). Dividing the 

coordinates of this vector by the amounts of import 
for the companies A, B, C, D, E, one obtains the 
Shapley value in percentage terms (3.77%; 3.93%; 
3.95%; 4.11%; 5.29%). One could understand why 
the biggest importer A felt disappointed and discrim-
inated when he was told that the Shapley imputation 

for him was considerably less than 4.12%4310   
million he was almost certain to receive, hoping 
for even more because he had the largest contribu-
tion to the import value of 750 million. It is known 
(see, e.g., Malawski, Wieczorek, Sosnowska, 2006, 
pp.134-136) that the proposition below is true. In 
order to gain a greater insight, we will however 
demonstrate a proof in this particular case. 

Proposition 2: The Shapley value for the coopera-
tive game with characteristic function presented in 
Table 3a belongs to the core of this game. 

Proof. It is enough to verify (see Table 5a below) 
that the discounts (11.68; 5.89; 5.14; 4.11; 3.18) 
offered by Shapley solution: 

*)x*,x*,x*,x*,x(x EDCBA  
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to each importer sum up for all 31 = 12 5   coali-
tions to greater amounts than those specified by the 
characteristic function (Table 3a). We leave to the 
reader a verification of this claim just for one coali-
tion {A, C, E}. In fact, Shapley’s solution offers 
for {A, C, E} the total discount of:  

20 million = 11.68 + 5.14 + 3.18  

while the characteristic function is not so much gen-
erous. Indeed, according to assumptions made in 
Table 1 and Table 2a, we have v{A, C, E} = 15 mil-
lion = %3)60130310(  . Let us recall that v(S) 

is the maximum value that coalition S can guarantee 
itself by coordinating the strategies of its members, 
no matter what the other players will do.  
 

 

Table 5a. Discounts attributable to each coalition according to Shapley value and Table 2a 

coalition discount v(S) coalition discount v(S) coalition discount v(S) 

 A, B, C, D, E 30  A, B, E 20.75  B, C 11.03 

 A, B, C, D 26.82  A, C, E 20  B, D 10 

 A, B, C, E 25.89  B, C, E 14.21  B, E 9.07 

 A, B, D, E 24.86  A, D, E 18.97  C, D 9.25 

 A, C, D, E 24.11  B, D, E 13.18  C, E 8.32 

 B, C, D, E 18.32  C, D, E 12.43  D, E 7.29 

 A, B, C 22.71  A, B 17.57  A 11.68 

 A, B, D 21.68  A, C 16.82  B 5.89 

 A, C, D 20.93  A, D 15.79  C 5.14 

 B, C, D 15.14  A, E 14.86  D 4.11 

     E 3.18 

 

This way we proved the proposition with the help of 
a computer program which performed all the calcula-
tions. One can carry out a similar reasoning for the 
data presented in Table 2b, thus arriving at the fol-
lowing proposition. 

Proposition 3: The Shapley value for the coopera-
tive game with characteristic function presented in 
Table 3b is the imputation = (10.47; 6; 5.24; 4.22; 
3.27). Dividing the coordinates of this vector by the 
amounts of import for particular companies A, B, C, 
D and E, one obtains the Shapley value in percentage 
terms (3.61%; 4%; 4.03%; 4.22%; 5.47%). 

In this case, the disappointment of importer A was 
smaller than previously because according to Table 
2b, he himself was not entitled to receive a 3% dis-
count. However, he still questioned why the smallest 
importers got the highest discounts. Let’s note here 
that the 5 payoffs (discounts) to the players A, B, C, 

D and E do not sum up this time to 30 million PLN, 
but to 29.2 million PLN because 2.29%4730  . 

Proposition 4: The Shapley value for the coopera-
tive game with characteristic function presented in 
Table 3b belongs to the core of this game. 

Once again, knowing that the fact above is true, 
we will demonstrate it in the particular example stud-
ied. Clearly, the proof will again follow the same 
lines as in the case of Proposition 2 with Table 3a 
and Table 5a replaced by Table 3b and Table 5b 
(below), respectively.  

Commentary 1: In Chapter 3, we modify the Shap-
ley idea, by taking into account not only all possible 
ways (permutations) by which the full coalition can 
be created (as Shapley did), but also we take into 
account all possible ways by which the remaining 
(smaller) coalitions could have been created. 
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Table 5b. Discounts attributable to each coalition according to Shapley value and Table 2b 

coalition discount v(S) coalition discount v(S) coalition discount v(S) 

 A, B, C, D, E 29.20  A, B, E 19.75  B, C 11.24 

 A, B, C, D 25.93  A, C, E 18.99  B, D 10.22 

 A, B, C, E 24.99  B, C, E 14.52  B, E 9.28 

 A, B, D, E 23.97  A, D, E 17.97  C, D 9.46 

 A, C, D, E 23.21  B, D, E 13.5  C, E 8.52 

 B, C, D, E 18.74  C, D, E 12.74  D, E 7.5 

 A, B, C 21.71  A, B 16.47  A 10.47 

 A, B, D 20.69  A, C 15.71  B 6.00 

 A, C, D 19.93  A, D 14.69  C 5.24 

 B, C, D 15.46  A, E 13.75  D 4.22 

     E 3.28 

 

3 Solution of Problem 1 by means of market 
strength (MS) method  

 
Now we will propose another solution concept to 
Problem 1 by means of the so-called market strength 
method. This method will produce such imputation 

)x̂,x̂,x̂,x̂,x̂( EDCBA  of discounts which fully takes 

into account the real strength of each of importers A, 
B, C, D and E on the raw material market. It turns 

out that the solution )x̂,x̂,x̂,x̂,x̂( EDCBA  assigns 

higher discount to the largest importer than the Shap-
ley solution. 

Similarly, as in the Shapley’s approach, the MS 
method requires the computation of average margin-
al discount (contribution) that each importer brings 
to the existing coalition when he joins it. But unlike 
as in Chapter 2, this time we take into account all 
325 coalitions (of all possible sizes), not just the 
biggest one, as was the case with the methods based 
on the Shapley value. The information gained this 
way therefore yields more information about 

the strength of each importer on the raw material 
market than in the Shapley’s approach.  

That information (knowledge) is next utilized in the 
construction of a new imputation: 

)x̂,x̂,x̂,x̂,x̂( EDCBA   

we propose as a solution. Consider thus:  

1 = 







0

5
 5-member coalition,  

5 = 







1

5
 4 - member coalitions,  

10 = 







2

5
 3-member coalitions,  

10 = 







3

5
 2-member coalitions and finally  

5 = 







4

5
 importers A, B, C, D and E, which for-

mally may be viewed as 1-member coalitions.  

The number of all sizes’ coalitions is: 

3251521061024512011
4

5
!2

3

5
!3

2

5
!4

1

5
!5

0

5













































 

Our computer program thus analyzed 325 permuta-
tions, averaging all marginal contributions the play-
ers bring when they join an already existing 
coalition. We demonstrate this by examining just 10 
listed below permutations representing 10 ways 
to create a coalition:  

ACEBD (9.3; 4.5; 3.9; 10.5; 1.8);  
ACEDB (9.3; 12; 3.9; 3; 1.8);  
EBCA (9.3; 3.6; 6; -; 0.6);  EBCD (-; 3.6; 6; 3; 0.6); 
EBD (-; 3.6; -; 5.1; 0.6);  ECA (11.2; -; 3.2; -; 0.6); 
CA (10.6; -; 2.6; -; -);  DB (-; 4; -; 1; -);  
B (-; 3; -; -; -);  D (-; -; -; 1; -). 



264 Leszek  Zaremba, Cezary S. Zaremba, Marek Suchenek  

Let us now explain what do we mean by writing 
EBD (-; 3.6; -; 5.1; 0.6). Dash on the place of the 
first coordinate means that the first importer (A) does 
not participate in this coalition. Similarly, dash on 
the place of third coordinate means that the third 
importer (C) does not participate in coalition EBD 
either, which is obviously true. The second coordi-
nate (equal to 3.6) indicates that the second importer 
(B) contributes (brings marginal discount) at average 
of 3.6 million when joining an existing coalition 
of any size (4 or 3 or 2 or 1 or 0). 

Computing the average strength of player A (the 
same remark applies also to any other importer) 
on the raw materials market, the computer program 
adds up the marginal contributions (extra discounts) 
that importer A brought to the already existing coali-
tions when he joined them. The sum of all the mar-
ginal contributions divided by the number of such 
instances yields the average strength of importer 
A on the market.  

To clarify this point even further, let us assume that 
there are only 10 (listed above) ways the coalitions 
can be formed; in reality, there are 325 of them. 
Then the average contribution of player A would be 
equal to (9.3+9.3+9.3+11.2+10.6)/5 = (49.7)/5 = 
9.94. Indeed, we divide by 5 (not by 10) the sum 
of all contributions of player A because A joined 
existing coalitions only 5 times. 

We are now about to define this new solution deter-
mined by the MS method. In case of data displayed 
in Table 2a, our computer program calculated the 
average strengths for importers A, B, C, D and E 
on the raw material market obtaining the following 
imputation (10.99; 4.99; 4.29; 3.18; 2.32) of dis-
counts. Since the sum of such calculated contribu-
tions (extra discounts) equals 25.77, which is less 

than 30 = )60130150310(%4  , we should 

proportionally increase all coordinates of the vector 
(10.99; 4.99; 4.29; 3.18; 2.32) to receive another 
imputation for which the sum of its coordinates will 
be equal to 30. As a result, we will obtain the impu-
tation (12.795; 5.81; 4.995; 3.70; 2.70).    

Proposition 5: The solution )x̂,x̂,x̂,x̂,x̂( EDCBA  of 

the cooperative game problem 1 with characteristic 
function given in Table 3a, determined according to 

the MS method proposed in this article, is the follow-
ing imputation of discounts (12.795; 5.81; 4.995; 
3.70; 2.70). Dividing the coordinates of this vector 
by the amounts of import for companies A, B, C, D 
and E, one arrives at the solution (4.13%; 3.87%; 
3.84%; 3.70%; 4.50%). 

Comparing this new imputation (12.795; 5.81; 4.995; 
3.70; 2.70) with the Shapley value (11.68; 5.89; 
5.14; 4.11; 3.18), one can see that importer A be-
came the key beneficiary of MS method. Clearly, 
the same conclusion holds when we compare these 
two solutions in percentage terms, that is, (4.13%; 
3.87%; 3.84%; 3.70%; 4.50%) with the Shapley 
solution (3.77%; 3.93%; 3.95%; 4.11%; 5.29%).  

Note 4: One might argue that it is not altogether 
clear that A should be the main beneficiary. Assum-
ing so seems similar to the Marxian economy that 
distributes rewards according to the investment effort 
and resources. However, if E with its “small” contri-
bution increased everybody else's reward by a large 
margin, he would be in a good negotiating position 
to command a lion’s share of these rewards. If, how-
ever, he has to compete with other “small” importers, 
then his rewards should be equal to the minimum 
acceptable by any of these “small” importers. Per-
haps, the assumption that coalitions split their re-
wards regardless of what other actors on the market 
are doing is a root cause of this flaw. 

In this way, we have arrived at a new result. 

Proposition 6: The solution )x̂,x̂,x̂,x̂,x̂( EDCBA  of 

the cooperative game problem 1 with characteristic 
function given in Table 2a, determined according to 
the MS method, belongs to the core of the game. 

Proof. It is enough to make sure that the discounts 

)x̂,x̂,x̂,x̂,x̂( EDCBA = (12.795; 5.81; 4.995; 3.70; 

2.70) sum up for all 31= 12 5   coalitions to greater 
amounts (Table 6a) than those featured in Table 3a.  

We leave to the reader justification of this claim for 
coalition {A, C, E} only. In fact, by summing up the 

coordinates Ax̂ , Cx̂ , Ex̂ , we obtain 12.79 + 4.99 + 

2.70 = 20.48, which is more than the discount v{A, 
C, E} = 15 million = %3)60130310(   listed 

in Table 3a.  
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Table 6a. Discounts attributable to each coalition according to Shapley value and Table 2a 

coalition discount coalition discount coalition discount 

 A, B, C, D, E 30  A, B, E 21.3  B, C 10.8 

 A, B, C, D 27.29  A, C, E 20.48  B, D 9.51 

 A, B, C, E 26.29  B, C, E 13.5  B, E 8.51 

 A, B, D, E 25  A, D, E 19.19  C, D 8.69 

 A, C, D, E 24.18  B, D, E 12.21  C, E 7.69 

 B, C, D, E 17.2  C, D, E 11.9  D, E 6.40 

 A, B, C 23.59  A, B 18.6  A 12.79 

 A, B, D 22.3  A, C 17.78  B 5.81 

 A, C, D 21.48  A, D 16.49  C 4.99 

 B, C, D 14.5  A, E 15.49  D 3.70 

     E 2.70 

 
One can carry out a similar reasoning for data pre-
sented in Table 2b. 

In this case, the computer program determined the 
following average marginal contributions of 5 im-
porters: (9.65; 5.15; 4.44; 3.34; 2.48). Since the sum 
of these is equal to 25.06 < 29.2 = 

)60100130150290(%4  , we increase pro-

portionally all coordinates of the vector (9.65; 5.15; 
4.44; 3.34; 2.48) in order to receive another imputa-
tion for which the sum of its coordinates will be 
equal to 29.2. As a result, we obtain the imputation 
(11.24; 6; 5.17; 3.89; 2.89).   This way, with the help 
of our computer program, we have arrived at the 
following result.  

Proposition 7: The solution )x̂,x̂,x̂,x̂,x̂( EDCBA  of 

the cooperative game problem 1 with characteristic 
function given in Table 3b, determined according to 
the MS method, is the following imputation of dis-
counts (11.24; 6; 5.17; 3.89; 2.89). Dividing these 
discounts by the amounts of import for companies A, 
B, C, D and E, one gets a solution (3.88%; 4%; 
3.98%; 3.89%; 4.82%).   

Comparison of the imputation (11.24; 6; 5.17; 3.89; 
2.89) with the Shapley imputation (10.47; 6; 5.24; 
4.22; 3.28) shows that importer A became the key 
beneficiary of the MS method. The same conclusion 
holds if we compare these two solutions in percent-
age terms, that is, (3.88%; 4%; 3.98%; 3.89%; 
4.82%) with Shapley solution (3.61%; 4%; 4.03%; 
4.22%; 5.47%).  

It is clear that in case of data shown in Table 2b, 
importer A did not expect discount as high as in the 
case of Table 2a because this time he was not eligi-
ble to get a 3% discount by itself (290 < 300); see 
Table 1. 

Proposition 8: The solution )x̂,x̂,x̂,x̂,x̂( EDCBA = 

(11.24; 6.00; 5.17; 3.89; 2.89) to the cooperative 
game with characteristic function given in Table 2b, 
determined according to MS method, belongs to the 
core of the game. 

The proof follows the same lines as the proof 
of Proposition 2 with Table 3a and Table 5a replaced 
by Table 3b and Table 5b, respectively. 

Corollary 1: Propositions 1 and 3 show that the 
Shapley value concept, although successful in many 
applications, was not acceptable by importer A in the 
problem studied. However, a natural modification 
of this notion has led to a solution that – as we claim 
– is now acceptable to all players (importers) since 
it was derived based on the full information concern-
ing the strengths of all players on the raw material 
market. 
 
4 Contribution of Lloyd Shapley to game 

theory 
 
In Roth’s opinion (see Roth, 2005), who is a Nobel 
prize winner in Economics in 2012, in the years fol-
lowing the work of von Newmann and Morgenstern, 
Lloyd Shapley became the very personification 
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of game theory due to the role he played in shaping 
the agenda for game-theoretic research. 

The authors of this paper feel an obligation to honor 
L. Shapley, who left this world in March 2016, 
for his lasting contributions to cooperative game 
theory. The below description of Shapley’s achieve-
ments is partially drawn on a comprehensive survey 
given in Roth (2005), supplemented by publications 
which appeared after 2005. 

In 1953, it was Shapley who for the first time pro-
posed to assign in a numerical way to each player 
in an n-person game the “value” of playing that 
game. The function he derived for this purpose be-
came known as the Shapley value. In consecutive 
years, the same value function was rederived from 
apparently different assumptions by other people. 

An interesting example of an n-person game where 
the Shapley value can be easily implemented is the 
United Nations Security Council. It consists of 15 
members among whom five of them are permanent 
members having a veto, while 10 are rotating mem-
bers. The voting rule means that a motion is passed 
if it receives 9 votes and 0 vetoes. This game can be 
modeled by assigning v(S) = 1, if S contains all 5 
permanent members plus   4 rotating members, 
and v(S) = 0 otherwise. It can be shown (Roth, 2005, 
p.7) that the Shapley value of a rotating member is 
0.00186, while the Shapley value of a permanent 
member is 0.196; clearly, those 15 numbers sum up 
to 1.  

Analogous calculations, based on the existing 
in 1954 rules of the Security Council, are presented 
in Shapley and Shubik (1954).  That article was the 
first in which the Shapley value was applied to sim-
ple games that are natural models for voting rules. 
By definition, a simple game is one represented 

by a characteristic function )(v  which takes only 

the values 1 and 0. In such games, a coalition S is 
said to be winning if v(S) = 1, and loosing if v(S) = 0. 
When the Shapley value is employed to simple 
games, it is called the Shapley-Shubik index.  

In an article (Shapley 1953e), he began to study 
games where the actions of the players determine not 
only their payoffs but also the transition probabilities 
to a subsequent stage of the game. It was in fact 
an extension of the Markovian decision processes 

known from the operations research literature. 
He proved the existence of a value for such games 
as well as stationary optimal strategies. A quite large 
amount of publications followed this paper; see Gil-
lette (1957) who extended Shapley’s results to un-
discounted games under ergodicity assumptions, 
and many other articles, for example, by Blackwell 
and Ferguson (1968), who solved the problem stated 
by Gillette. Almost 30 years later, Mertens (1981) 
and Newman proved the existence of a value for 
infinitely repeated stochastic games continuing 
the research initiated by L. Shapley.   

A similar problem concerning the voting rules 
in European Union was tackled by Felsenthal and 
Machover (1977); see also their book published 
in 1998. Interesting results related to voting power 
and power index were obtained by Holler (1982, 
1984, 1995, 1997). However, in some cooperative 
games, the players’ choices are influenced or re-
stricted by political institutions. For such games 
Steunenberg, Schmidtchen and Kobolt (1999) stud-
ied the concept of strategic power index.  

Somewhat similar approaches to simple games were 
also offered by other authors; for example, Brams 
and Lake (1977) and Owen (1977) who modified 
the Shapley value in order to take into account the 
possibility that some players (due to personal or po-
litical affinities) are more likely to act together than 
others. See also the contributions of Johnston (1978), 
Deegal and Packel (1979), Holler and Packel (1983).  

Polish authors have some contributions in this excit-
ing area too; for example, Mercik (1997, 1999), 
Mercik and Kolodziejczyk (1986) and Sosnowska 
(1997). Her latest article published in 2016 was de-
voted to parliamentary elections in Poland in which 
she employed the Shapely value concept. Homenda 
(2009) discusses among others the difference be-
tween voting weight and voting power, as well as the 
meaning of winning and blocking coalitions, initia-
tive and preventive power of a player. An interesting 
modification of the Shapley value was offered 
by Nowak and Radzik (1994) who called their solu-
tion “solidarity” value. Their notion was introduced 
axiomatically satisfying the efficiency, additivity 
and symmetry axioms, and additionally, an extra 
postulate saying that the players who contribute 
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more than an average to a given coalition S may 
support the “weaker” players from S. 

Some authors rejected the requirement assumed 
so far that the probability of forming a coalition is 
the same for all coalitions S. Their goal was to define 
a power index for each player and a solution to such 
games. See Aumann and Dreze (1975), Owen 
(1977), and Carreras and Owen (1988).   

Assessing how much influence a voting system can 
give to voters became an important issue in evaluat-
ing the legislative reapportionment schemes when 
a USA court ruled that valid schemes must guarantee 
voters equal representation. In court decisions related 
to these issues, Banzhaf (1965, 1968) introduced 
a measure of voter influence called Banzhaf index 
which gained a measure of legal authority, particu-
larly in New York State; see also Colleman (1971), 
Lucas 1983 and Shapley (1977).  

Instead of looking at random orders of players join-
ing already existing coalitions, as Shapley did, 
the Banzhaf index takes into account only such coali-
tions S that S – {i} is losing, while S is winning; 
the full mathematical treatment of the Banzhaf index 
can be found in (Dubey and Shapley, 1979). Despite 
the fact that the Shapley-Shubik and Banzhaf index 
are very similar, it may happen in particular instanc-
es (games) that they the rank voters differently; see 
also the book by Shubik (1982). Applications 
of Banzhaf index and Shapley value in the analysis 
of European Central Bank are presented in Sosnow-
ska (2014). 

In 1994 Aumann and Hart edited the 2nd issue 
of “Handbook of Game Theory …”, which contains 
several articles on diversified areas of research 
where game theory is applicable. For example, 
Geanakoplos (1994, pp.1438-1495) devoted his arti-
cle to common knowledge; Friedman, a well-known 
expert in differential games, published his article 
on (1994, pp.782-798); Dutta and Radner showed 
applicability of game theory to moral hazard prob-
lems (1994, pp.870-900). In the 3rd volume of the 
same handbook by Aumann and Hart (2002), 
the reader will find articles on many other topics. 
They include results obtained by Aumann and Hei-
fetz (2002, pp.1665-1685) on incomplete infor-
mation, and an article of Raghavan (2002, pp. 1687-

1718) on non-zero-sum two-person games, where 
the concept of Nash equilibrium is employed. 

The reader will find there an article of Merttens 
(2002, pp.1809-1827) on stochastic games, as well as 
results of Avenhaus, von Stengel and Zamir on in-
spection games (2002, pp.1947-1984), which – 
as they demonstrate – not only concern arms control 
and disarmament issues but also theoretical ap-
proaches to auditing/accounting in insurance, as well 
as environmental surveillance topics. Let us add now 
two more articles from Vol. 3 of this handbook, 
namely a paper on variations of Shapley’s value 
by Monderer and Samet (2002, pp.2055-2075), 
and an article on analysis of legal rules by means 
of game-theoretic approaches (2002, pp.2229-2269). 

In the article “Weighted Shapley values” (Roth, 
2005, Chapter 6), the authors Ehud Kalai and Dov 
Samet report on such generalizations of Shapley’s 
approach that include non-anonymous players. 
As a matter of fact, it was Shapley who in his Ph.D. 
dissertation introduced for the first time the non-
anonymity by assigning different weights to the 
players. However, Kalai and Samet investigate 
the more general lexicographic weight systems. 

Their “partnership consistency” axiom refers to the 
players who are only valuable to a coalition S if and 
only if they all are in S together. As a result of their 
studies, different players may be viewed as “blocks” 
of various sizes. A result of Monderer, Samet, 
and Shapely (1992) demonstrate that the set 
of weighted Shapley values always contains the core 
of the game.  

A decision problem arising in the field of organiza-
tion and evolution of labor market for medical in-
terns and residents is successfully tacked by Roth 
(1984) in the framework of game theory. 

Interesting results can also be found in Roth (2005, 
Chapter 8), where Uriel Rothblum studies 3 formulas 
for the Shapley value. It is worth to add at this place 
that the random-order representation employed by 
Shapley has no special (important) status, although it 
proved to be useful in facilitating computations in 
certain cases, such as for example the Security 
Council.  Each of the 3 proposed by Rothblum for-
mulas is calculated as an average taken over coali-



268 Leszek  Zaremba, Cezary S. Zaremba, Marek Suchenek  

tions of the same size, and can be equally useful in 
applications for other cases of cooperative games. 

In an article of Aumann and Myerson (Roth, 2005, 
Chapter 12), the authors propose another (novel) 
approach to the question of how cooperation be-
tween players may be organized. They no longer 
look solely at disjoint coalitions but investigate 
the bilateral links between players. In their approach, 
the players may choose whether and with whom 
to establish links. They extend the concept of the 
Shapely value to evaluate payoffs to the players from 
each set of links. 

There is also a substantial amount of publications 
related to the Shapley value concerning the so-called 
large games. They arise in economic models of per-
fect information in which agents (players) are negli-
gibly small compared to the size of the market. It is 
known that as the number of players increases, 
the core shrinks in the limit to contain just the com-
petitive allocations. The literature on the Shapley 
value for large games includes, among others, the 
following papers by Shapley and his collaborators: 
Mann and Shapley (1960, 1962), Shapley (1961a, 
1961b), Shapley and Shapiro (1978), and Milnor 
and Shapley (1978). 

One of the first papers to apply the Shapely value 
to cost allocation decision problems belongs to Shu-
bik (1962). His goal was to design a reward system 
for managers. The risks they undertake must be con-
sistent with the senior management attitude to the 
expected return and its variance of the studied com-
pany. In this paper, Shubik examines the control 
problems which arise if joint costs are assigned 
by various internal pricing conventions.  

An article by Young in Aumann and Hart (1994, 
pp.1194-1230) concerns cost allocation problem 
which is presented as a kind of game in which costs 
(as well as benefits) are shared among different parts 
of an organization. The organization would like 
to have an efficient and equitable allocation mecha-
nism that provides appropriate incentives to its all 
parts. Young demonstrates in what way the coopera-
tive game theory provides tools for analysis of these 
issues. He is convincing the reader that cooperative 
game theory and cost allocation are closely inter-
twined in practical applications, and even that 

the Shapley value have long been used implicitly 
by some companies. 

This subject became interesting to game theorists 
as well as to accountants; see Moriarity (1983), Za-
remba L. and C. Zaremba (2010).  Allocation costs 
for telephone calls were studied by Billera, Heath 
and Raanan (1978) as an application of Aumann 
and Shapley’s research on nonatomic games in 
which the role of players is occupied by instants 
of telephone time.  

In Roth’s opinion, Shapley’s contributions to game 
theory would have been significant even if he would 
only introduce the value of a game with some basic 
applications of it. But he also had other research 
achievements, which we will shortly list below. 
For example, the first definition of the core of 
a game belongs to both Shapley (1953c) and Gillies 
(1953a, b). Later research of Shapley concerning this 
subject has led to the notion of balancedness, which 
is related to the theory of linear programming; see 
Bondareva (1963) and Shapley (1967a).  

In 1962, Gale and Shapley introduced a new type 
of games concerning the stability of marriage, called 
“marriage” games. A few years later, Shapley 
and Shubik (1969a) demonstrated that the so-called 
transferable utility games are “totally balanced”, 
which means that the subgame for any subset 
of players is balanced, too. These games can be for-
mulated as exchange economies with continuous 
and concave utility functions.  

In 1971, Shapley introduced a new class of games 
called convex games and proved that such games 
have non-empty core. One year later, Shapely 
and Shubik introduced and studied so-called “as-
signment” games that appeared to be a subject 
of study for economists interested in labor markets; 
see, Roth and Sotomayor (1990).  

Shapley explored the stable sets for several classes 
of games and demonstrated how to better understand 
the strategic possibilities facing coalitions of players; 
see, for example, a paper of Shapley (1953d) 
on “quota” games, and another paper by Shapley 
(1959) concerning the symmetric market games. 
In his papers on simple games with empty cores, 
which refer to modeling of political and committee 
decision making, Shapley (1962a, 1963, 1964a, 
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1967b) demonstrated how successfully he applies his 
earlier results on the stable sets. 

It is worth to mention a recent extension of the Shap-
ley value to the so-called procedural value for trans-
ferable utility games proposed by Malawski (2013), 
where the players can share their marginal contribu-
tions with their predecessors. A somewhat similar 
solutions concept, called “egalitarian” value was 
recently investigated by Casajus and Huettner 
(2013).  

Finally, as we read from the introduction to a very 
recent book by Hooler and Owen (2013), the publi-
cations on power indices and coalition forming have 
multiplied. Especially popular are the applications 
of these notions to European Union. In the closing 
remarks, they express an opinion that there is an 
edge of “aesthetics” in the study of power indices 
which attracts even pure mathematicians.  

One of the articles in this book (Mercik, 2013) pro-
poses a voting model for a legislature composed 
of several disjoint and cohesive subgroups to intro-
duce a new concept of power index. The cohesive-
ness of each subgroup is measured by a probability 
that its members vote the same way as their leader. 
The relative power of the cabinet is a function of the 
sizes and cohesiveness of the groups supporting 
that cabinet. Mercik’s theory is illustrated by 
an analysis of the Polish government. 
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