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Abstract
This paper analyzes how the combination of borrowing constraints and idiosyncratic risk affects the equity premium in an overlapping generations economy. I find
that introducing a zero-borrowing constraint in an economy without idiosyncratic
risk increases the equity premium by 70 percent, which means that the mechanism
described in Constantinides, Donaldson, and Mehra (2002) is dampened because of
the large number of generations and production. With social security the effect of
the zero-borrowing constraint is a lot weaker. More surprisingly, when I introduce
idiosyncratic labor income risk in an economy without a zero-borrowing constraint,
the equity premium increases by 50 percent, even though the income shocks are independent of aggregate risk and are not permanent. The reason is that idiosyncratic
risk makes the endogenous natural borrowing limits much tighter, so that they have
a similar effect to an exogenously imposed zero-borrowing constraint. This intuition
is confirmed when I add idiosyncratic risk in an economy with a zero-borrowing
constraint: neither the equity premium nor the Sharpe ratio change, because the
zero-borrowing constraint is already tighter than the natural borrowing limits that
result when idiosyncratic risk is added.
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Introduction

Asset prices are subject to large fluctuations that directly change a household’s wealth.
To what extent the fluctuations translate into consumption and welfare depends on the
extent to which households can insure against them. The degree of insurance in turn
is a main determinant for the average return that agents require to hold an asset. The
study of asset prices, and the equity premium, is of continued interest, because it helps
economists understand to what degree households are exposed to risks, to what degree
they can insure against them, and what the mechanisms behind it are.
More specifically, much of the applied and theoretical literature studies under what
circumstances agents can or can’t efficiently self-insure when markets are incomplete.
Two forms of incompleteness that have received much attention are missing insurance
markets for labor income risk and borrowing constraints. In standard economies with
infinitely-lived households, they typically do not affect asset prices much, implying that
consumers achieve a large degree of self-insurance. For life-cycle economies, on the
other hand, an exogenous borrowing constraint (Constantinides, Donaldson, and Mehra
(2002), hereafter CDM) and idiosyncratic income risk (Storesletten, Telmer, and Yaron
(2007)) can each individually increase the equity premium by a potentially large amount.
This paper analyzes how the combination of these two forms of market incompleteness affect asset prices in an overlapping generations (OLG) economy. I first ask whether
the large effect of the zero-borrowing constraint in CDM quantitatively survives in a
richer environment with a large number of generations, production, and social security.
These features should dampen their mechanism, but to what extent is an open, quantitative question. I then add idiosyncratic labor income risk that does not depend on
aggregate risk. Given that the zero-borrowing constraint by itself can have a notable
impact on the equity premium, the presence of idiosyncratic risk might or might not
reinforce that.
The intuition for why the CDM mechanism should be mitigated by a large number
of generations, production, and social security is straight-forward. CDM analyze a
model with only three generations: the young, the middle-aged, and the retired. This
limits intertemporal consumption smoothing, as any capital income shock to the retired
directly translates into a consumption shock for a third of the population. Similarly, the
introduction of a zero-borrowing constraint immediately affects a third of the population,
2

namely the young. A larger number of generations means that agents can smooth the
capital income shocks during retirement, and that a potentially much smaller fraction is
affected by the borrowing constraint. Essentially, increasing the number of generations
means that we approach the irrelevance results of infinitely-lived agent economies.
Introducing production allows for an endogenous response of aggregate capital to shocks.
As a consequence, the supply of assets is not fixed to an exogenous amount like in
CDM, which provides an additional margin along which the economy can respond to
the introduction of a borrowing constraint. The third dampening force, social security,
directly counteracts the high covariance of retirement consumption with stock returns,
which is the crucial feature of the three-generations economy. The first question of the
paper is by how much the three factors will mitigate the large increase in the equity
premium that CDM find in their quantitative exercise.
The second question asks how the results change when households face uninsurable
idiosyncratic labor income risk. Contrary to what might be expected, idiosyncratic
risk in the present model increases the equity premium, even if there are no exogenous
borrowing constraints. This is somewhat surprising given that the idiosyncratic risk is
independent of aggregate risk. I show that this is due to tight natural borrowing limits
which arise endogenously and act in a similar fashion as the exogenous borrowing limit.
These natural borrowing limits arise because the household is not allowed to die in debt,
which is similar to the No-Ponzi-scheme condition for infinitely-lived agents. Thus,
when the exogenous borrowing constraint is introduced in an economy with idiosyncratic
risk, the impact on the equity premium is not clear ex-ante. Given that both increase the
equity premium individually, it could be that the combination of idiosyncratic risk and
the exogenous borrowing constraint drive it even higher. On the other hand, one could
offset the other, because they both prevent the young from holding stock.
To address the two questions, I build a large-scale OLG model with production
and aggregate uncertainty. At every point in time, there are 65 generations, which
differ due to a deterministic life-cycle profile for labor productivity. Households within
a generation are identical ex-ante. In economies with idiosyncratic uncertainty there
will be ex-post intragenerational heterogeneity caused by idiosyncratic shocks to labor
income. Households choose how much to consume and how much to save in bonds and
stock. The bond is one-period risk free, while the stock return depends on the realization
of next period’s aggregate shock. Trade is limited to these two assets by assumption and
3

markets against aggregate risk are incomplete. Agents retire at the age of 65 and are not
allowed to die in debt. In economies with a zero-borrowing constraint, agents cannot
borrow in either asset. The social security system, if present, is a pure Pay-As-You-Go
system with a fixed contribution rate. As an extension, I also look at an economy where
the idiosyncratic labor income risk has a countercyclical variance (CCV).
There is a single consumption good produced by a representative firm with a CobbDouglas production function. The firm issues bonds and stock at an exogenously fixed
debt-equity ratio to finance its capital requirements. The reason for modeling the firm’s
capital structure in this very simple way is that I want an exogenous supply of both assets
so that there will be trade in both assets even with a zero-borrowing constraint.1 Each
period, the production function is hit by a TFP shock which directly affects the aggregate
wage and the marginal product of capital. The latter is also affected by stochastic
depreciation, which is a well-known mechanism to increase the variance of asset returns.
The model is parameterized in a similar way as the related literature and calibrated to
match key asset pricing statistics in the U. S., in particular the covariance of aggregate
consumption growth with stock returns. The baseline economy, which has production
and a large number of generations, but no idiosyncratic risk and no zero-borrowing
constraint, features an equity premium of 1.6 percent. When the borrowing constraint
is introduced, this increases to 2.7 percent. At the same time, the Sharpe ratio, which
measures the market price per unit of risk, goes up from 0.14 to 0.23. While, as expected,
this is is less than the increase that Constantinides, Donaldson, and Mehra (2002) report,
it is more than the typical finding with infinitely-lived agents. However, when social
security is added, the equity premium drops again to 2.0 percent. Thus our intuition that
social security directly counteracts the asset pricing effect of borrowing constraints is
confirmed.
When I introduce idiosyncratic labor income risk in the economy without a zeroborrowing constraint, I find that the equity premium increases to 2.4 percent, slightly
less than when the zero-borrowing limit is introduced. In view of the fact that the shocks
are neither permanent nor correlated with the aggregate shock, this seems surprisingly
1

An additional effect is that the stock return will be leveraged, which increases its mean and variance.
The more standard case where the bond is in zero net supply and only the stock constitutes a claim on the
firm’s capital is nested for a debt-equity ratio of zero. Cf. e. g. Boldrin, Christiano, and Fisher (1995), or
Croce (2010).
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much.2 I elaborate on this by showing that the natural borrowing limits, which are
implied by the requirement that agents can’t die in debt, are tight and act in a similar
manner to the exogenous zero-borrowing limit. This claim is further substantiated when
I look at an economy with both a zero-borrowing constraint and idiosyncratic risk: here,
the equity premium and the Sharpe ratio are exactly the same as in the economy with
only the exogenous borrowing constraint (and without idiosyncratic risk). The reason
is that the zero-borrowing constraint is tighter than the natural borrowing limit, so the
latter is ineffective. Consequently, we get an irrelevance result like in the case with
infinitely-lived agents.
Finally, I perform the same experiment for labor income risk with a countercyclical
variance (CCV). I find that the results are essentially the same as for idiosyncratic risk
with a homoscedastic variance. This might seem like a stark difference to Storesletten,
Telmer, and Yaron (2007). However, that paper and the companion papers do not explicitly analyze the difference between idiosyncratic risk with CCV and with a homoscedastic
variance. One reason that CCV adds so little in the present setup is that the process does
not contain a unit root, and the mapping of CCV to the aggregate state is different, as is
detailed in the section 5.4.
Related literature. The quantitative irrelevance of borrowing constraints and idiosyncratic risk in models with infinitely-lived agents has been documented by e. g. Lucas
(1994), Telmer (1993), Heaton and Lucas (1996), and more recently Krusell, Mukoyama,
and Smith (2011).3 Krueger and Lustig (2010) obtain analytical results for the irrelevance
of idiosyncratic risk for asset pricing with general borrowing constraints that cover those
that I consider. In contrast to their setup, the present model has production, aggregate
shocks that are not i.i.d., and a productivity life-cycle.
Constantinides and Duffie (1996) show that if idiosyncratic income follows a unit
root process with a countercyclical variance, then it can have a large impact on asset
prices. Krebs and Wilson (2004) extend their results to an endogenous growth model
with production, and Storesletten, Telmer, and Yaron (2007) add the life-cycle. Krusell,
Mukoyama, and Smith (2011) provide analytical and quantitative results confirming a
2

One table in Storesletten, Telmer, and Yaron (2008) seems to show something similar, but their
numbers are inconclusive and they don’t comment on it.
3
In contrast, Krusell and Smith (1997) find a large effect of introducing borrowing constraints. This
might be due to the zero net supply of the bond.
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large impact of CCV on the equity premium. Note that in the present paper, equilibria
will not be autarkic.
Turning to OLG economies, Ríos-Rull (1994) and Ríos-Rull (1996) find that incompleteness of markets against aggregate risk do not matter much for asset prices and
business cycles. Gomes and Michaelides (2008) have a very similar setup to the present
one, but they focus on the impact of limited participation on the equity premium.
Finally, the present paper is related to the literature on endogenous borrowing limits. For the case without aggregate uncertainty, Aiyagari (1994) discusses the natural
borrowing limit arising from a no-Ponzi-scheme condition. Magill and Quinzii (1994),
Levine and Zame (1996), and Levine and Zame (2002) do this for economies with
incomplete markets against aggregate risk. Their theoretical results are relevant for the
present paper, but the approach here is a quantitative one similar to Aiyagari. Another
strand of literature looks at endogenous borrowing limits arising from the possibility
of default, or limited enforceability of debt contracts. Zhang (1997) and Alvarez and
Jermann (2001) find that the asset pricing implications of such borrowing limits are large,
which is very similar in spirit to the findings in the present paper. Alvarez and Jermann
(2000) prove existence of competitive equilibrium in such economies, and Ábrahám and
Carceles-Poveda (2010) extend the setup to include production and an infinite number of
agents, making it closer to the present paper, but they focus on taxation.
The next section presents the model. Section three gives details on the computation
and the implementation of the natural borrowing limits. Section four presents the
calibration. In section five the results are discussed, and in section six I conclude.

2
2.1

The Model
Demographics and Uncertainty

Time is discrete and runs from t = 0, . . . , ∞. At the beginning of each period t, an
aggregate shock zt hits the economy. For a given initial z0 , a date-event is uniquely identified by the history of shocks z t = (z0 , z1 , . . . , zt ). The shocks zt follow a Markov chain
with finite support Z and nonnegative transition matrix πz . So πz (zt+1 |zt ) represents the
probability of the shock next period given the current shock, and πz (z t |z t0 ) represents
6

the probability of reaching date-event z t from a given date-event z t0 .
At every point in time t, the economy is populated by J overlapping generations
indexed by j = 1, . . . , J. Each generation consists of a continuum of households of unit
mass.4 Agents within a cohort are ex-ante identical but receive an idiosyncratic shock sj
each period so that there is (ex-post) intragenerational heterogeneity with respect to the
history of idiosyncratic shocks sj . Like the aggregate shock, sj follows a Markov chain
with finite support S and strictly positive transition matrix πs . The transition probabilities
are πs (sj+1 |sj ) and the probability of a specific idiosyncratic shock history is πs (sj ). I
assume that a Law of Large Numbers holds, so that πs (sj ) represents both the individual
probability for sj as well as the fraction of the population with that shock history; the
same obtains for the transition probabilities πs (sj+1 |sj ). Finally, πs (sj ) denotes the
unconditional probability of shock sj .

2.2

Households

At any date-event z t , a household is fully characterized by their age j and their history of
idiosyncratic shocks sj . Preferences over consumption c are represented by a recursive
utility function Uj (c, ·) of the Epstein-Zin form (Epstein and Zin (1989), Kreps and
Porteus (1978)):

i 1−θ

h

j
t
Uj (c, sj , z t ) = 
 cj (s , z )

γ

(1)



+β 

X X

h

i1−θ

πz (zt+1 |zt )πs (sj+1 |sj ) Uj+1 (c, sj+1 , z t+1 )

zt+1 sj+1

γ
 1  1−θ
γ
 


,

UJ (c, sJ , z t ) = cJ (sJ , z t ) ,
c>0,
where β is the discount factor and θ controls risk aversion. The parameter γ is defined as
1−θ
γ = 1−
1 with φ denoting the elasticity of intertemporal substitution. The CRRA utility
φ

specification is nested for θ = φ1 which gives γ = 1.
Households inelastically supply one unit of labor until they retire at the fixed re4

In contrast to the previous chapter, there is no population growth or survival risk.
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tirement age jr . They are endowed with a deterministic life-cycle productivity profile
ej . Every period, each household receives an income shock η, which depends on his
realization of sj and may also depend on the current aggregate shock zt . Labor income
yj (sj , z t ) is then given as
yj (sj , z t ) = w(z t )ej η(sj , zt ) ,

(2)

where w(z t ) is the real, aggregate wage in terms of the consumption good at z t . By
construction, the unconditional expectation of idiosyncratic income shocks is equal to one,
P
i.e. letting Π(st ) be the stationary distribution of st , we have that st Π(st )η(st , zt ) = 1
for all zt . The idiosyncratic income shock η(sj , zt ) is the only channel through which st
affects the household. Insurance markets against this risk are closed by assumption.
There are two assets that agents can trade to transfer wealth from one period to
the next, called stocks and bonds. Since by assumption the cardinality of Z is greater
than two, markets against aggregate risk are incomplete. Both the stock and the bond
constitute a claim on the firm’s capital in the following period. They only differ in
their returns: the stock has a risky return rσ (z t+1 ) that depends on the realization of
the aggregate uncertainty in the following period, whereas the bond pays an interest
rate rb (z t ) that is one period risk-free. Households buy amounts σj (sj , z t ) of stock and
bj (sj , z t ) of bonds by selling the consumption good to the firm. The firm transforms the
consumption good into next period capital. The sequential budget constraint is standard:
cj (sj , z t ) + σj (sj , z t ) + bj (sj , z t ) = (1 + rσ (z t ))σj−1 (sj−1 , z t−1 )

(3)

+ (1 + rb (z t−1 ))bj−1 (sj−1 , z t−1 )
+ (1 − τ )yj (sj , z t )I(j) + yss (z t )(1 − I(j)) ,
where τ is a fixed social security contribution rate, yss (z t ) is pension income from social
security, and I(j) is an indicator function which takes the value 1 if j < jr and 0 else
(recall that jr is the retirement age and that the process for labor income yj (sj , z t ) is
given in eq. 2). All households are born with zero assets, i.e. σ0 (s0 , z t ) = b0 (s0 , z t ) = 0.
In addition to the budget constraint, households face one of two borrowing constraints,
which both are very common in the literature. The first constraint requires that households

8

can not die with debt, or more precisely, with a negative net asset position:
σJ (sJ , z t ) + bJ (sJ , z t ) ≥ 0.

(NNB)

This is a standard constraint to rule out Ponzi-schemes in economies with finite lifetimes.
Together with the requirement of positive consumption c > 0∀z t , it implies a sequence of
endogenous borrowing constraints on the net value the household can borrow at each date
event.5 Somewhat loosely, we can say that the household cannot borrow more than the
present value of his worst future income stream. The second constraint an exogenously
imposed zero-borrowing limit:
σj (sj , z t ) ≥ 0
bj (sj , z t ) ≥ 0

(ZB)

Households will face either the nonnegative bequest (NNB) constraint or the tighter
zero-borrowing (ZB) constraint.

2.3

Firms

There is a representative firm that uses capital K(z t ) and labor L(z t ) to produce the
consumption good Y (z t ). The production technology is Cobb-Douglas with capital share
α and deterministic, labor-augmenting productivity growth λ. At each date-event, it is
subject to a multiplicative shock to total factor productivity ζ(zt ) which depends only on
the current aggregate shock:
Y (z t ) = ζ(zt )K(z t )α ((1 + λ)t L(z t ))1−α .

(4)

Households purchase the produced goods to satisfy their consumption needs. Alternatively, the firm can use the goods to invest in capital. Assuming zero capital adjustment
costs and a stochastic depreciation rate δ(zt ), the capital stock evolves according to:
K(z t+1 ) = I(z t ) + K(z t )(1 − δ(zt ))
5

Of course, we also need full enforceability of contracts, so that default is precluded.
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(5)

The firm finances its capital requirements K(z t+1 ) by issuing stock and bonds. Both
one share of stock and a bond give the holder a claim on one unit of tomorrow’s capital
stock. The capital structure of the firm is exogenous and determined by a constant
¯
debt-equity ratio d:
¯ ,
K(z t+1 ) = Σ(z t+1 ) + B(z t+1 ) = Σ(z t+1 )(1 + d)

(6)

where Σ and B are the amount of stock and bond issued by the firm.6 The return on
capital has to equal
¯
r(z t+1 )K(z t+1 ) = r(z t+1 )Σ(z t+1 )(1 + d).
Out of this, bondholders receive
t+1
¯
rb (z t )B(z t+1 ) = rb (z t )dΣ(z
)

and stock holders receive the rest, which is
t+1
¯ − rb (z t )dΣ(z
¯
rσ (z t+1 )Σ(z t+1 ) = r(z t+1 )Σ(z t+1 )(1 + d)
).

Consequently, the bond and stock returns can be calculated directly from the return on
capital as
i
1 h
¯ − rσ (z t+1 )|z t
rb (z t ) = ¯E r(z t+1 )(1 + d)
d
t+1
¯ − dr
¯ b (z t )
rσ (z ) = r(z t+1 )(1 + d)

(7)
(8)

As one can see, the stock return is leveraged. This increases both its expected value as
well as its variance. For d¯ = 0 we are back to the standard case where the return on
capital equals the return on the risky asset.
6

See, for example, Boldrin, Christiano, and Fisher (1995) or Croce (2010) for modeling capital
structure this way.
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2.4

Social Security

Social security is a pay-as-you-go system with a fixed contribution rate τ that is levied on
labor income. Pension income yss (z t ) adjusts to ensure that the social security budget is
balanced in every date-event. By assumption yss (z t ) does not depend on the idiosyncratic
history, which means that every household receives the same pension income.7 The case
τ = 0.0, i.e. an economy without a social security system, will be the baseline case.

2.5

Equilibrium

I will first define a competitive equilibrium, because it is economically intuitive and
directly refers to the model as it has been set up. Also, we know that such equilibria
exist. Then I will define the special case of a recursive competitive equilibrium, which is
used in the quantitative experiments. There, I will restate all model elements in recursive
form.
Definition 1. For an initial aggregate state z0 , an initial distribution {Π0 (sj )}j and
associated initial stock and bond positions {σj (sj , z0 ), bj (sj , z0 )}j , a competitive general equilibrium consists of sequences for household choices {cj (sj , z t ), σj (sj , z t ),
bj (sj , z t )}j , firm choices {K(z t ), L(z t )}, social security settings {τ, yss (z t )}, factor
prices {w(z t ), r(z t )}, and asset returns {rb (z t ), rσ (z t )} such that for all (sj , z t ):
a) given prices and returns, household choices solve the households’ problem of maximizing (1) subject to (2), (3), and either (NNB) or (ZB)
b) factor prices and firm choices are related by
K(z t )
w(z ) = (1 − α)(1 + λ) ζ(zt )
L(z t )
t

t

K(z t )
r(z ) = αζ(zt )
L(z t )
t

!α

(9)

!α−1

− δ(zt )

(10)

c) asset returns are given by (7) and (8)
7

As discussed in the previous chapter, one can argue that this is a reasonable approximation to the U.S.
pension system.
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d) the social security budget is balanced, i.e.
jX
r −1 X

(1 − τ )yj (sj , z t )πs (sj ) = (J − (jr − 1))yss (z t )

(11)

j=1 sj

e) all markets clear:
Y (z t ) + (1 − δ(zt ))K(z t )
=

J X
X

cj (sj , z t )πs (sj ) + K(z t+1 )

(12)

j=1 sj

K(z t ) =

J X
X



σj (sj−1 , z t−1 ) + bj (sj−1 , z t−1 ) πs (sj−1 )

(13)

j=1 sj
J X
X
1
t
)
=
K(z
σj (sj−1 , z t−1 )πs (sj−1 )
¯
(1 + d)
j=1 sj

L(z t ) =

jX
r −1

ej

(14)
(15)

j=1

Recall that by the law of large numbers, πs (sj ) represents the fraction of of households
with that specific idiosyncratic shock history, and that each generation has unit mass.
The capital market clearing equation (13) shows that next period’s capital is financed by
both stocks and bonds, and the following stock market clearing equation (14) states that
total stock is always a constant fraction of aggregate capital, with bonds making up the
¯
remainder. This follows from our assumption of a constant debt-equity-ratio d.
While we know that such competitive equilibria exist, we generally can’t compute
them.8 To make the solution computationally feasible, the literature usually defines a
recursive competitive equilibrium. I first de-trend the economy by dividing all aggregate
and individual variables by the level of technology (1 + λ)t . Since in a recursive
equilibrium all endogenous variables are functions of the current state, one needs to
define a state space that is sufficient for solving the households’ maximization problem.
8

See Kubler and Polemarchakis (2004) for an existence proof in an OLG economy with stochastic
production and a finite number of heterogeneous households. Miao (2006) considers the case of a
continuum of infinitely-lived heterogeneous households subject to the zero-borrowing constraint zero
borrowing (ZB), also with stochastic production. Alvarez and Jermann (2000) provide an existence proof
for an economy with endogenous, state-dependent borrowing constraints that are similar in spirit to (NNB).
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I follow the applied literature and use the current asset distribution, together with current
idiosyncratic and aggregate shocks as the state.9 Let the current probability distribution
over current stock and bond holdings, current idiosyncratic shocks, and age be denoted
by Φ.10 The set of measures Φ is defined over M, which is a family of subsets of
{[σ, ∞] × [b, ∞] × S × J }, where σ and b are implied by (NNB) or (ZB). In addition
to Φ, each household needs to know their own current idiosyncratic state (σ, b, s) and
the current aggregate shock z. Since a recursive equilibrium does not depend on the
date-event, I drop the time index t, and use a prime for next period’s variables.
Definition 2. A recursive competitive equilibrium consists of a distribution Φ, measurable functions for household choices {cj (σ, b, s; Φ, z), σj0 (σ, b, s; Φ, z), b0j (σ, b, s; Φ, z)
and an associated value function U (σ, b, s; Φ, z), firm choices {K(Φ, z), L(Φ, z)}, social
security settings {τ, yss (Φ, z)}, factor prices {w(Φ, z), r(Φ, z)}, asset returns {rb (Φ),
rσ (Φ, z)}, and a law of motion H(Φ, z) such that:
a) given functions for prices and returns and the law of motion, the households’ policy
functions {cj (σ, b, s; Φ, z), σj0 (σ, b, s; Φ, z), b0j (σ, b, s; Φ, z) solve
max Uj (σ, b, s; Φ, z)

c>0,σ 0 ,b0






=



c

1−θ
γ

+ β̃

P P
z0

s0

0

πz (z |z)πs (s

0

1−θ
|s) Uj+1

0

0

0

γ
 1  1−θ

(σ , b , s ; H(Φ, z), z )

γ

if j = J

c

s. t.

0

c + σ 0 + b0 = (1 + rσ (Φ, z))σ + (1 + rb (Φ))b
+ (1 − τ )yj (s, Φ, z)I(j) + yss (Φ, z)(1 − I(j)) ,
yj (s, Φ, z) = w(Φ, z)ej η(s, z) ,
σ 0 + b0 ≥ 0

if j = J.

(NNB’)

9
See, e. g. Ríos-Rull (1996) or Krusell and Smith (1998). In general, only the existence of ’generalized
Markov equilibria’ can be proven, see e. g. Kubler and Polemarchakis (2004). However, Cao (2012)
proves the existence of recursive equilibria with such a minimal state space consisting of the current
distribution of wealth and shocks.
10
We need a distribution which is continuous over (b, σ) because there is a continuum of agents in each
generation. If there was a finite number of households, we could instead track each households’ current
asset holdings.
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b) functions for prices and for firm choices are related by
K(Φ)
w(Φ, z) = (1 − α)ζ(z)
L(Φ)
K(Φ)
r(Φ, z) = αζ(z)
L(Φ)

!α

!α−1

− δ(z)

c) functions for asset returns are given by
i
1 h
¯ − rσ (Φ, z)|z
rb (Φ) = ¯E r(Φ, z)(1 + d)
d
¯ − dr
¯ b (Φ)
rσ (Φ, z) = r(Φ, z)(1 + d)

d) the function for social security settings ensures a balanced budget, i.e.
jX
r −1 X

(1 − τ )yj (s, Φ, z)πs (s) = (J − (jr − 1))yss (Φ, z)

s

j=1

e) all markets clear:
ζ(z)K(Φ)α (L(Φ))1−α + (1 − δ(z))K(Φ)
=

J XZ Z
X
j=1 s

K(Φ) =

b

σ

J XZ Z
X
j=1 s

b

cj (σ, b, s; Φ, z)Φ(σ, b, s, j) db dσ + K(H(Φ, z))
(σ + b)Φ(σ, b, s, j) db dσ

σ

J XZ Z
X
K(Φ)
σ Φ(σ, b, s, j) db dσ
=
¯
b σ
(1 + d)
j=1 s

L(Φ) =

jX
r −1

ej

j=1

f) the law of motion H is generated by the policy functions and the Markov transition
matrix πs so that
Φ0 = H(Φ, z)
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1−θ

In the households’ utility, β̃ = β(1 + λ) γ because of the normalization with the
deterministic trend. As before, agents are born with zero assets, so that for j = 1, σ = 0
and b = 0. The condition of nonnegative bequests in the recursive equilibrium is (NNB’);
recall that either this or the stricter zero-borrowing constraint (ZB’) will be imposed:
σj0 (σ, b, s; Φ, z) ≥ 0
b0j (σ, b, s; Φ, z) ≥ 0

(ZB’)

By the law of large numbers, unconditional probability of receiving shock s, πs (s), is
R R
equal to the corresponding marginal distribution of Φ, i.e. πs (s) = b σ Φ(σ, b, s, j) db dσ,
∀s, j. This equilibrium is not stationary in the sense that Φ is not time-invariant.

3
3.1

Computation
Computational Solution

The computational procedure is the same as in the previous chapter. I restate the main
elements with a focus on the application at hand, because the model notation differs.
I compute the recursive equilibrium using global solution methods.11 I follow the
recent, applied literature and use the Krusell and Smith (1998) procedure to approximate
the distribution Φ with a finite number of moments, and to approximate the law of
motion H(·) by a specific functional form Ĥ.12 Intuitively, households need to know
next period’s prices w0 , rσ0 , rb0 in order to solve their maximization problem, and the
approximate law of motion Ĥ(·) should enable them to forecast these prices. Let the
expected equity premium be µ(Φ, z) = E [rσ (H(Φ, z), z 0 ) − rb (H(Φ, z))|z]. The laws
of motion households use are linear forecasts of next period’s capital K 0 and next periods
11
To be precise, all one can do is to approximate the recursive equilibrium numerically. So in general
we compute -equilibria as defined by Kubler and Polemarchakis (2004). These are known to exist.
12
Krueger and Kubler (2004) show that this method can yield a bad approximation if the number of
generations J is not large. However, in a model with a large number of generations, like the present one,
the method should perform better, since the model is more similar to an infinite horizon model.
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expected equity premium µ0 :
K̂ 0 = ψ0K (z) + ψ1K (z) ln(K) + ψ2K (z) ln(K)2 ,
µ̂0 (z 0 ) = ψ0µ (z 0 ) + ψ1µ (z 0 ) ln(K̂ 0 ) + ψ2µ (z 0 ) ln(K̂ 0 )2 ,

(16)
(17)

0
where {ψ(z)}K,µ
0,1,2 are state-contingent coefficients. By forecasting K households can
calculate tomorrow’s marginal productivity of capital and labor. Combining this with a
forecast of µ0 enables them to calculate the expected stock and bond returns.13 The approximate law of motion (16-17) is close to the ones employed by Gomes and Michaelides
(2008) Storesletten, Telmer, and Yaron (2007), and Krusell and Smith (1997). Note that
one µ0 is forecast for each z 0 , and that the forecast depends on K̂ 0 . This mirrors the
true equity premium one period ahead µ0 (H(Φ, z), z 0 ), which also depends on the the
transition of Φ and on z 0 .
The coefficients {ψ(z)}K,µ
0,1,2 are estimated from simulations. Like Gomes and
Michaelides (2008), I simulate the economy for T = 5000 periods and discard the
first 500 to avoid the impact of initial values. The initial distribution and the aggregate
grids are initialized with the help of a degenerate equilibrium, which I call ’mean-shock’
equilibrium and describe in the appendix A.1.1. In each simulation period, I explicitly
solve for the equity premium that clears bond and stock markets. While this is a timeconsuming step, it improves the regressions. I use the quasi-Newton method described




in Ludwig (2007) to find the fixed-point of {ψ(z)}K,µ
{ψ(z)}K,µ
0,1,2 i+1 = Ψ
0,1,2 i . The
goodness of fit for the final approximation is R2 ≥ 0.99 for all experiments computed,
which is in the usual range in the literature.14
For the solution of the household problem, I first transform the model so that the
individual state space consists of cash-at-hand instead of stocks and bonds. This reduces
the dimension of the state by one. The details on the transformations and the resulting
equilibrium definitions can be found in chapter A.2.1. I apply the endogenous grid
method of Carroll (2006) when solving the household problem backwards. The wellknown advantage is that Carroll’s method avoids expensive root-finding steps in the
13

Using the equity premium instead of the bond return has two advantages: the equity premium
fluctuates less, and we can prevent it from becoming negative.
14
While this is the usual measure reported in the literature, it is not necessarily a good one to evaluate
how close the solution is to a true equilibrium. Two complementary measures are the N-step-ahead forecast
error Den Haan (2010), and the average and maximum Euler equation errors (see Judd (1992)).
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consumption Euler equation. In the case of two assets, it has the additional advantage that
instead of solving simultaneously for the optimal amount of two assets, which is a twodimensional root-finding problem, I can keep the total savings amount fixed and solve
for the optimal share invested in stock, which is only a one-dimensional problem. See
appendix A for details. The Fortran 2003 code and compiled binaries will be published
on-line under the GNU General Public license, because its full object-orientation and
parallelization contains some originality.

3.2

Implementation of Borrowing Constraints

Two types of borrowing constraints are central to this paper, and in general they are
not trivial to implement computationally. The baseline economy requires the condition
of nonnegative bequests (NNB’) to hold. Together with c > 0, this condition implies
a sequence of age- and state-dependent endogenous borrowing constraints, the natural
borrowing limits Mj (s, Φ, z). They can be interpreted as the capitalized value of the
worst future income stream and have to be calculated explicitly to guarantee that during
the simulations there are no negative bequests. The reason that agents might want to take
more debt than Mj (s, Φ, z) is that the worst labor income may be very small, and agents
expect high income at later ages due to the deterministic life-cycle component ej . So if
the Mj (s, Φ, z) are not explicitly calculated, then during the simulations it could happen
that agents die in debt or have implicit negative consumption. However, the Mj (s, Φ, z)
are endogenous objects, since they are a combined restriction on asset positions, asset
returns, and labor income. To calculate them, I make the following assumption.
Assumption 1. ∀ (j, σ, b, s, Φ, z) :




σj0 (σ, b, s; Φ, z) + b0j (σ, b, s; Φ, z) → −Mj (s, Φ, z) ⇒ σj0 (σ, b, s; Φ, z) → 0

This does not seem a strong assumption, since all it says is that as the agent approaches
his maximum borrowing capacity, he will reduce his investment in the risky asset. This
is plausible, because the agent only takes up so much debt to keep consumption positive.
Also, if he was borrowing using the risky asset, he would reduce this short position,
because in expectation borrowing in stock is much costlier than in bond. I check this
assumption both in the household solution as well as in the simulations and never find it
17

violated. Under assumption 1, the natural borrowing limits can be calculated recursively
as
MJ (s, Φ, z) = 0
Mj (s, Φ, z) =

h
1
Mj+1 (s, H(Φ, z), z)
1 + rb (Φ)

(18)
i

−(1− τ )yj+1 (s, H(Φ, z), z)I(j + 1) − yss (H(Φ, z), z)(1 − I(j + 1)) ,
where s is the smallest element of S, which by construction yields the smallest value of
the stochastic income component η(s, z). Likewise, z is the smallest element of Z and
by construction yields the smallest value for ζ(z). The equation formalizes the notion of
the capitalized value of the worst future income stream: for every state today, I calculate
the endogenous borrowing limit by subtracting the worst possible income realization
tomorrow from the tightest possible borrowing constraint tomorrow and discounting
that at the one-period risk-free rate rb (Φ).15 Assumption 1 essentially ensures that I
can use rb (Φ) for discounting. Of course, in the computation I replace Φ and H(·) by
their approximations given in (16-17). The natural borrowing limits are never binding,
because a binding constraint would imply zero consumption at some date-event. Since
they never bind, they do not affect the Euler equations in the solution, and during the
simulations, I check that the fraction of agents at this lower bound of the distribution Φ
is tiny.
When implementing the zero-borrowing constraint (ZB’), one usually faces the
numerical difficulty of finding the ’kink point’, i. e. the line in the state space where the
constraint just binds. This is particularly problematic for high-dimensional state spaces
like the present one. However, another advantage of Carroll’s method of endogenous
gridpoints is that it can deal well with exogenous constraints. We can simply set the
lower bound of the grid for total savings a0 = σ 0 + b0 to zero. More interestingly, note that
we can deal with the lower bounds {Mj (s, Φ, z)} in a very similar manner, by setting
the lowest gridpoint of a0 slightly above the corresponding natural borrowing limit (see
Hintermaier and Koeniger (2010) for a similar argument).
15

Agents are allowed to borrow against future pension income, if there is any. This does not correspond
to the law in the U.S., which prohibits pension income to be pledged for debt. However, since in the model
there is perfect enforcement of contracts, there is no reason to distinguish labor income from pension
income. Davis, Kubler, and Willen (2006) have a similar specification.
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In the following, whenever I talk of an economy without an exogenous borrowing
constraint, it means that (ZB’) is not imposed, but the nonnegativity of bequests (NNB’)
is. On the other hand, note that (ZB’) implies (NNB’).

3.3

Computational Experiments

The experiments are designed to expose the effects of idiosyncratic risk and borrowing
constraints on the equity premium and to explain the mechanisms behind it. Markets
against aggregate risk are incomplete in all economies, so that we have an explicit market
price of risk. All economies are recalibrated to have the same capital-output ratio, which
implies that the exogenous supply of stocks and bonds remains constant. The details of
the (re-)calibrations are described in the next section.
The conceptual sequence of experiments is the following. The baseline economy
features complete insurance markets against idiosyncratic risk and no exogenous borrowing constraint. Then I first impose the exogenous zero-borrowing-constraint, and
in the tables I call it the ZB economy. This is the thought experiment carried out by
Constantinides, Donaldson, and Mehra (2002), so the results can be understood as a
quantitative evaluation of their mechanism in a large-scale model. Next, I look at an
economy without an exogenous borrowing constraint and without insurance markets
against idiosyncratic risk. I will say that idiosyncratic risk is present and call it the
IR economy. Note that the nonnegativity of bequests (NNB’) has to hold and that the
implied endogenous borrowing constraints will differ from the baseline economy. The
third economy features both an exogenous zero-borrowing constraint and idiosyncratic
risk. So insurance markets against idiosyncratic risk are closed, and I call it the ZB,IR
economy.
Then, all the exercises are repeated with a social security system. The corresponding
economy names will have an SS attached. As discussed in the introduction, the reason
for this specific extension is that social security directly counteracts the forces underlying
the mechanism of Constantinides, Donaldson, and Mehra (2002). As can be seen from
the equilibrium description, I limit attention to a defined contribution system with a flat
pension scheme.
Finally, I will also analyze the effect of a counter-cyclical variance of the idiosyncratic income risk. The experiments will be analogous to the cases where I allow for
19

idiosyncratic risk, and I call the economies the CCV economy and the ZB,CCV economy,
respectively. Note that in the model description, the possibility CCV was included as the
idiosyncratic income shock η(s, z) was allowed to also depend on z.

4

Parametrization

4.1

Parametrization and Calibration Strategy

Most of the model parameters are directly set to the values in Gomes and Michaelides
(2008) (GM) and Storesletten, Telmer, and Yaron (2007) (STY) to stay comparable to
them, since both papers analyze similar asset pricing questions in a large-scale OLG
economy with idiosyncratic and aggregate uncertainty. I then calibrate the model to match
three statistics in the data that are crucial for asset pricing: the variance of aggregate
), the covariance of aggregate consumption growth with
consumption growth var( CCt+1
t
Ct+1
the stock return cov( Ct , rσ,t ), and the capital-to-output ratio E( K
).16 The variance
Y
and covariance of aggregate consumption growth are at the heart of the equity premium
puzzle as originally stated by Mehra and Prescott (1985). In section 4.3, I describe how I
calibrate the model to match them.
The capital-to-output ratio has a strong impact on the level of returns: when it
increases, the stock and the bond return decrease by roughly the same amount. The ratio
also determines average aggregate output and the exogenous supply of stocks and bonds,
as is clear from eq. (6). Therefore, I keep this ratio constant at the value of 3.3 across all
economies. This is achieved by varying the discount factor β as shown in table 1.
Table 1: Values for discount factor β for all economies

β

baseline ZB
0.97
0.96

IR
0.91

ZB,IR SS
0.90 0.99

ZB,SS
0.99

CCV
0.90

ZB,CCV
0.90

Notes: The names for the different economies are explained in section 3.3 and as well as in the
results section.

16

STY also match var



Ct+1
Ct



and E

K
Y



, but not cov( CCt+1
, rσ,t ).
t
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4.2

Demographics, Technology, and Preferences

A model period corresponds to one year. Households enter the model at biological age
22, retire at the age of 65, and die at 85. The deterministic life-cycle productivity profile
{ej }J1 is estimated from PSID data and displayed in figure 1. The remaining parameters
are standard and their value is shown in table 2 together with the source where they are
taken from.
1.15
1.1
1.05

productivity

1
0.95
0.9
0.85
0.8
0.75
0.7
0.65
20

30

40

50
age

60

70

80

Figure 1: Deterministic life-cycle productivity profile {ej }J1 estimated from PSID data.

4.3

Aggregate Shocks

There are two types of aggregate shocks: the TFP shock ζ(z) and the depreciation shock
δ(z). Each can take on two values. I specify a symmetric 2x2 transition matrix for each,
πζ and πδ , and from this construct the 4x4 transition matrix for the aggregate shocks
πz .17 This allows me to match the autocorrelation of TFP shocks together with the
covariance of TFP and depreciation shocks. I jointly calibrate πζ , πδ , and the variance of
the depreciation shocks σδ to match the autocorrelation of TFP shocks, the variance of
17

Details on the construction of the transition matrices can be found in section A.1.2.
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Table 2: Values for preference and technology parameters
Parameter
Value
Discount factor, β
cf. table 1
Coefficient of relative risk aversion, θ
8.0
Elasticity of intertemporal substitution, φ
0.5
Capital share, α
0.36
Debt-equity-ratio, d¯
0.66
Technological growth, λ
0.00

Source
–
STY
GM
STY
Croce (2010)
GM

Notes: These parameters are directly set for all economies. If not stated otherwise, the values
are taken from Gomes and Michaelides (2008) (GM) and Storesletten, Telmer, and Yaron (2007)
(STY).

consumption growth var( CCt+1
), and cov( CCt+1
, rσ,t ). The target values for var( CCt+1
)=
t
t
t
Ct+1
0.00127 (corresponding to a a standard deviation of 0.036), and cov( Ct , rσ,t ) = 0.00219
are those from Mehra and Prescott (1985).18 The autocorrelation for TFP cor(ζt , ζt−1 ) =
0.43 is estimated from NIPA data after linearly detrending the the Solow residual. The
values are shown in table 3.
Table 3: Parametrization of aggregate uncertainty
Parameter
Mean of TFP shocks, ζ̄
Std. dev. of TFP shocks, σζ
Mean of depreciation shocks, δ̄
Std. dev. of depreciation shocks, σδ
Transition prob. TFP, π ζ (1, 1)
Cond. prob. depreciation, π δ (1|ζ)

Value
1.00
0.02
0.08
0.07
0.66
0.50

Target/ Source
GM
GM
GM
Ct+1
var( Ct ) = 0.00127
cor(ζt , ζt−1 ) = 0.43
cov( CCt+1
, rσ,t ) = 0.00219
t

Notes: The first three parameters are taken from Gomes and Michaelides (2008) (GM); the last
three parameters are jointly calibrated to match the three targets.

18

See also the values in Kocherlakota (1996).
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4.4

Idiosyncratic Shocks

An idiosyncratic shock s affects the household only through the stochastic idiosyncratic
component of income η. Consequently, use estimates of the empirical income process to
set the transition matrix for idiosyncratic shocks, πs . Specifically, I take the estimates
from Storesletten, Telmer, and Yaron (2004), because as an extension, I analyze the case
of a countercyclical variance of the income risk CCV (see section 5.4). They estimate an
income process of the following kind:
ln(η)i,t = ρ ln(η)i,t + i,t

2
, i,t ∼ N (0, σ,t
)

(19)

2
The CCV enters through the time-dependence of the variance of the innovations, σ,t
.
19
However, note that in all experiments but the CCV extension,  will be homoscedastic.
Their estimates are displayed in table 4. I then use the Rouwenhorst method to create
the transition matrix πs and the values for η(s, z).20 It is important to point how the
CCV maps into the aggregate state of the economy: a high TFP shock is associated with
the low CCV and v. v. Thus, the booms in Storesletten, Telmer, and Yaron (2004) are
mapped to TFP shocks, not to depreciation shocks. However, I calibrate the correlation
between TFP and depreciation shocks explicitly.

Table 4: Parametrization of idiosyncratic uncertainty
Parameter
Value
Autocorrelation of ln(η), ρ
0.95
Std. dev. of idios. income shock, σ
0.17
Std. dev. of idios. income shock with CCV, σ (z) {0.21, 0.13}
Mean of idios. income shock, η̄
1.00

Source
STY
STY
STY
–

Notes: These parameters are directly set for all economies. The values are taken from Storesletten, Telmer, and Yaron (2007) (STY).
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The homoscedastic variance for  is calculated as σ = (σ (1) + σ (2))/2.
Kopecky and Suen (2010) show that the Rouwenhorst method usually yields a better approximation
to the continuous process than traditional methods like Tauchen. More importantly, it fits the CCV case
very well, because it will yield different the values for η(s, z) for each z, but will leave πs unchanged.
20
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5
5.1

Results
Asset Prices

The asset pricing effects of zero-borrowing constraints and of idiosyncratic risk are
displayed in table 5. The third column shows the data for the U. S. (1970-1998) as
reported by Campbell (2003). There, one can see the well known stylized facts of a low
risk-free rate - which here is the bond return rb,t - and a high equity premium E(rσ,t −rb,t ).
E(r −r )
The Sharpe ratio, defined as √ σ,t b,t , is a measure of the market price of risk and
V ar(rσ,t )

amounts to 0.31 in the U. S. over this period. Since consumption-based asset pricing
models typically can’t generate a high equity premium, the Sharpe ratio is helpful in
understanding to what extent this is a failure of generating a high price of risk (as opposed
to having a too small amount of risk in the economy). Finally, the standard deviation of
the bond return much smaller than the standard deviation of the stock return (by a factor
of about 10). The table does not report the values for the calibration targets, specifically
var( CCt+1
) = 0.00127, cov( CCt+1
, rσ,t ) = 0.00219, and E( K
) = 3.3, because all model
Y
t
t
versions match them very closely. These and other aggregate statistics are relegated to
appendix B.
Table 5: Asset pricing moments
Variable
Bond return, rb,t

Stock return, rσ,t

Equity premium
Sharpe ratio

Moment Data Baseline ZB
IR
Mean 1.49
1.63 1.31 1.51
Std. Dev. 1.69
1.13 1.13 1.05
AR(1) 0.57
0.92 0.91 0.90
Mean 6.93
3.23 4.05 3.86
Std. Dev. 17.5
11.7 11.7 11.7
AR(1) 0.05
0.03 0.03 0.03
Mean 5.44
1.60 2.74 2.38
Mean 0.31
0.14 0.23 0.20

ZB, IR
1.17
1.03
0.90
3.91
11.7
0.03
2.74
0.23

Notes: The empirical moments for the U. S. (1970-1998) are from Campbell (2003). The model
E(r −r )
equity premium is E(rσ,t − rb,t ), and the model Sharpe ratio is √ σ,t b,t .
V ar(rσ,t )

The model-generated moments of the baseline economy are shown in the second
column. The mean and standard deviation of the bond return at 1.63 percent and 1.13
24

percent, respectively, are reasonably close to the data. The mean stock return, on the
other hand, amounts to less than half the empirical value of 6.93 percent, and the standard
deviation of stock returns is about two thirds that of the data. The classic ’equity premium
puzzle’ is apparent: the model-value of 1.60 percent is far below the empirical 5.44
percent. The Sharpe-ratio of the baseline economy of 0.14 is also far below its empirical
counterpart, which implies that even if the standard deviation of stock returns did match
the data, the model wouldn’t get close to the empirical equity premium.
The picture changes when a zero-borrowing constraint is introduced. The equity
premium goes up by more than one percentage point, which represents an increase of 71
percent. This translates into a substantial increase in the Sharpe ratio: at a value of 0.23,
the distance to the empirical value is half that of the baseline economy. Consequently,
the mechanisms laid down by Constantinides, Donaldson, and Mehra (2002) in their
stylized model survive to this much richer environment. Due to the large number of
generations and production with physical capital accumulation, the impact of zeroborrowing constraints on the equity premium is somewhat more moderate than in their
quantitative exercise. However, the impact on the Sharpe ratio is similar.
The sixth column shows the numbers for the economy with only idiosyncratic risk
(IR), but no exogenous zero-borrowing constraint. Compared to the baseline, the equity
premium increases by 0.8 percentage points, which represents an increase of 50 percent,
somewhat less than the increase in the ZB case. The same goes for the Sharpe ratio. This
result opposes the many studies with infinitely-lived agents that report basically zero
changes in the equity premium (see, e. g. Lucas (1994), and Heaton and Lucas (1996)).
Storesletten, Telmer, and Yaron (2008) find very similar numbers for the equity premium,
but in their case, the Sharpe ratio actually decreases.21 Before analyzing the reasons, let’s
look at the last column, which shows the economy with both a zero-borrowing-constraint
and idiosyncratic risk (ZB,IR). The equity premium and the Sharpe ratio are essentially
the same as in the economy with only the zero-borrowing constraint (ZB). This is the
most striking finding and a crucial stepping stone to understanding the mechanisms at
work. To this aim, I will next show the effect that the exogenous zero-borrowing limit
(ZB) and the endogenous natural borrowing limit have on portfolio choices.
21

Note that this is a different paper from the better known Storesletten, Telmer, and Yaron (2007), in
which they only look at the asset pricing implications of CCV. I elaborate on the reasons for my different
finding in section 5.4.
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5.2

Borrowing Limits and Portfolio Choices

Recall that in all economies households are subject to the nonnegative bequest constraint.
In the baseline and IR case, it leads to state-dependent, endogenous natural borrowing
limits, which are computed according to (18). Figure 2 shows these natural borrowing
limits for the baseline and the IR case, together with the zero-borrowing limit and a
natural borrowing limit for an infinitely-lived agent. Note that the limits are defined
on total savings, i. e. b0j + σj0 ≥ Mj , and that the graph shows the average over all
states, i. e. the mean of state-dependent limits. The dotted line for the infinitely-lived
agent is calculated like in Aiyagari (1994), using the idiosyncratic income shocks, the
average wage, and the average bond return from the IR economy.22 The three lines for
the baseline, the IR, and the ZB case meet at zero when the agent retires, since he does
not have retirement income. Before retirement, the natural borrowing limit in the IR
economy is much tighter, because the worst possible income realization is much closer to
zero, due to the presence of idiosyncratic shocks. Indeed it is closer to the ZB line, which
could help explain why the equity premium in the IR case increases not quite as much as
in the ZB case. The (ZB,IR) case is not shown in the figure, because its line corresponds
to the ZB line. As was just discussed, the equity premium and the Sharpe ratio are also
the same for ZB and (ZB,IR). Finally, the line for the infinitely-lived agent looks like
a lower bound. It is, but only to the IR line, not necessarily to the ZB line. The reason
that ZB lies above the line for the infinitely-lived agent is the numerical calibration. This
sheds light on why idiosyncratic risk in infinitely-lived economies does not have an
impact on the equity premium: even with idiosyncratic risk, the Aiyagari-style natural
borrowing limit is very lax (see, e.g. Zhang (1997)).
The essence of figure 2 and the preceding paragraph is that it seems as if the endogenous, natural borrowing limit is responsible for the high equity premium and Sharpe ratio
in the IR case. This is supported by the fact that the ZB case and the (ZB,IR) case have
the same borrowing limit and the same equity premium and Sharpe ratio. To understand
how the borrowing constraints affect the household, I now turn to portfolio choices.
Figure 3 shows the average total savings, b0j + σj0 , and the average share invested
in stock,

σj0
0
bj +σj0

, over the life-cycle.23 Negative total savings mean that the agent is

22

It is correct to take the average, aggregate wage and bond return, instead of the worst realizations,
because in the graph we average over all states.
23
Averages are taken over the distribution Φ.
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Figure 2: Natural borrowing limits Mj for the baseline economy, the economy with
a zero-borrowing-constraint (ZB), the economy with idiosyncratic risk (IR), and an
economy with infinitely-lived agents and idiosyncratic risk (IR, Inf.lived).
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borrowing to increase consumption. But he can also borrow to invest in stock, which
is the case whenever the share invested in stock is larger than one. Generally speaking,
both total savings and the share invested in stock correspond to the typical life-cycle
profile. Households accumulate savings until retirement, then they dissave and reach zero
in the final period. The young invest heavily in stock, because their life-time expected
income is relatively safe and they want to benefit from the large returns on equity. As
their capitalized value of labor income diminishes over age, they reduce their share in
stock.
First, I want to highlight that in the baseline economy, the households do have
negative total savings, i. e. net debt positions. Recall that only the average is plotted,
so individual households might be taking up much more debt. They can do so because
the natural borrowing limit in this economy is very lax. They want to do so in order to
smooth consumption, both in response to aggregate income fluctuations, and in view of
the larger future income due to the steeply increasing deterministic productivity profile.
Turning to the economy with a zero-borrowing constraint, we see in figure 3 that the
young now are stuck at zero total savings. They would like to borrow by short-selling
the bond and invest in stock, but are not allowed to. Consequently, the share invested in
stock is flat at one until the age of 50, and only then starts decreasing. After the age of 45,
households in the ZB economy hold a substantially larger fraction of their assets in stock
than in the baseline economy. The reason is the following: since the young can’t hold as
much stock as in the baseline, but the stock supply remains constant, the equity premium
has to rise to induce the middle aged and old to hold the stock. In fact, it has to rise
substantially, because the middle-aged and old households do not like stock as an asset to
save for retirement. Since they have no social security income, their consumption growth
will covary strongly with returns, thus the large equity premium. This is the essence of
Constantinides, Donaldson, and Mehra (2002).
Now we come to the most interesting part of figure 3, the economy with idiosyncratic
risk (and no zero-borrowing constraint). The total savings graph shows only very few
negative total savings. This is in line with the much tighter natural borrowing limit
displayed in figure 2. At the same time, the young invest less in stock and the old
more than in the baseline case. In other words, the share invested in stock in the IR
case is right in between the baseline and the ZB case. This highlights the similarity
of introducing a zero-borrowing constraint to introducing idiosyncratic risk. The tight
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endogenous borrowing limits not only prevent the young households from borrowing,
but also shift the life-cycle of portfolios in a fashion similar to that of the zero-borrowing
constraint. The young hold less stock to avoid being pushed to the endogenous borrowing
limit by bad returns. This means that they accumulate assets less quickly, so that the
older households have to hold a larger share of equity to realize enough consumption
in retirement. However, this means that the covariance of consumption growth of the
households facing or being in retirement with stock returns increases. This increases the
equity premium. Obviously, the channel is basically the same as with the zero-borrowingconstraint.
Figure 4 displays the average life-cycle profiles for the economy with both a zeroborrowing constraint and idiosyncratic risk. The lines for the ZB economy are plotted
as a reference, because the two economies yield the same equity premium and Sharpe
ratio. When households face both idiosyncratic risk and a zero-borrowing constraint,
they start to accumulate positive savings immediately. The reason is that they want
to avoid a binding borrowing constraint, because then a sequence of bad idiosyncratic
shocks will directly translate into diminishing consumption. As a consequence, the
(ZB,IR) line runs above the (ZB) line until the age of 55. On first glance, it might seem
surprising that the life-cycle profiles of the share invested in stock differ so much, given
that the two economies yield the same results for the equity premium and the Sharpe
ratio. Specifically, households reduce their share invested in stock quickly when they
also have idiosyncratic risk, which can be explained again by their desire to avoid the
borrowing constraint. Thus the prefer the safer bond. However, from the age of 60
onward, the two curves differ only very slightly, which is not surprising, since there is no
more idiosyncratic labor income risk after retirement at 65.24 The drop in the relative
demand for stock of the households aged 30 to 60 puts an upward pressure on the equity
premium, even if the drop is smaller than those observed in 3. The fact that the premium
doesn’t move means that it is still the households aged 60 and over who price the stock.
Therefore, the mechanisms laid down by Constantinides, Donaldson, and Mehra (2002)
are robust to the introduction of idiosyncratic risk.
24

In the graph for the share invested in stock, one line seems to lie below the other everywhere. At the
same time the total savings curve shifts, so that the aggregate demand for both assets doesn’t change and is
equal to the constant aggregate supply for each.
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5.3

Social Security

The previous section has shown that the mechanism of Constantinides, Donaldson, and
Mehra (2002), namely that the households facing retirement price the stock, survives
to richer environments with production, long life-spans, and idiosyncratic risk. Their
argument seems to crucially depend on the absence of social security, because only then
does the consumption growth of the retired covary strongly with stock returns. If, on
the other hand, the retired receive social security benefits, then they have a potentially
very efficient way of smoothing their consumption, because the shocks to stock returns
display a very low persistence in both the data and the model, as was shown in table 5.
The results in table 6 confirm this intuition. The value for the social security contribution rate τ is set to the current value in the U. S. of 12 percent. Social security
strongly decreases the equity premium if a zero-borrowing constraint is present, but it
has basically no effect on the premium in the baseline economy. In the baseline economy,
Table 6: Asset pricing moments with social security
Variable
Bond return, rb,t
Equity premium
Sharpe ratio

Moment
Mean
Mean
Mean

Baseline
1.63
1.60
0.14

SS
ZB ZB,SS
1.93 1.31
1.56
1.58 2.74
2.07
0.14 0.23
0.17

Notes: The numbers in columns 3 and 5 are the same as in table 5. Columns 4 and
6 show the baseline economy with social security (SS) and with a zero-borrowing
constraint and social security (ZB,SS). The social security contribution rate is set to
the U. S. value of 12 percent. See table 5 for further explanations.

there are two opposing forces: the older households don’t require such a high equity
premium, because their retirement consumption covaries less with stock returns if they
receive social security income. This decreases the equity premium. On the other side, the
young invest a smaller share in stock, because they do not need to accumulate as much
savings for retirement. This increases the equity premium. The net effect in the present
calibration is zero. However, with zero borrowing constraints, only the first channel is at
work, while the second is basically shut down. As can be seen in figure 5, the reduction
of the share invested in stock is small, because both in (ZB) and (ZB,SS) the upper bound
is binding. Figure 5 shows that households save less for retirement in the SS economy.
However, they start saving much earlier because of the higher average returns, whereby
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they achieve a much flatter lifetime consumption profile. It is worth pointing out that
figures 4 and 5 look qualitatively very similar, but lead to opposing effects on the equity
premium. The reason for the different results is of course the differing effects on the
consumption growth of the retired: idiosyncratic risk does not affect its covariance with
stock returns, whereas social security does.
In order to evaluate whether the tight natural borrowing limits in an economy with
idiosyncratic risk again play a similar role to the zero-borrowing constraints, I repeat the
same comparison for the IR economy and the (IR,SS) economy. I find results similar, but
less strong than the once just reported. The equity premium decreases by 0.4 percentage
points (as opposed to 0.67 in table 6), and the life-cycle profiles shift in a similar way as
in figure 5. This again lends support to the hypothesis that the natural borrowing limits
play an important role.

5.4

Countercyclical Variance of Income Risk

As an extension, I analyze how the results change when the idiosyncratic income risk has
a countercyclical variance (CCV). This is very similar to Storesletten, Telmer, and Yaron
(2007) and Storesletten, Telmer, and Yaron (2008), but they do not look at zero-borrowing
constraints. Table 7 compares the economy with homoscedastic idiosyncratic risk (IR)
to the one with a countercyclical variance (CCV), and then compares these two cases
with borrowing constraints present, i. e. (ZB,IR) to (ZB,CCV). I find that the equity
premium and the Sharpe ratio don’t change much in the first comparison, and even less
in the second. The result that CCV does not have a strong impact in this model is also
reflected in the portfolio choices of the household in figure 6, which barely change.
Table 7: Asset pricing moments with CCV
Variable
Bond return, rb,t
Equity premium
Sharpe ratio

Moment
Mean
Mean
Mean

IR
CCV
1.51 1.74
2.38 2.49
0.20 0.21

ZB,IR
1.17
2.74
0.23

ZB,CCV
1.06
2.78
0.23

Notes: The numbers in columns 3 and 5 are the same as in columns 6 and 7 of
table 5; economy with countercyclical variance of idiosyncratic income risk (CCV),
and economy with a zero-borrowing constraint and CCV (ZB,CCV). See table 5 for
further explanations.
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economy with idiosyncratic risk (IR) and economy with idiosyncratic risk and a
countercyclical variance of the idiosyncratic income shocks (CCV).
The reason I find a smaller effect of CCV than Storesletten, Telmer, and Yaron (2008)
lies in a slightly different calibration.25 They have two aggregate states: the economic
25

Note that table 3 in Storesletten, Telmer, and Yaron (2008) shows results that are similar to the ones
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expansion features a ’good’ TFP shock together with a small depreciation shock, and
v. v. for the recession. The variance of idiosyncratic income shocks is larger in a
recession. In contrast, I calibrate the co-movements of TFP and depreciation shocks
to match the covariance of consumption growth with stock returns in the data. Like in
STY, the variance of the income risk is high when the TFP shock is ’bad’, but this does
not necessarily imply a large depreciation shock in my case. It is then clear that the
effect of CCV must be stronger in STY, because households can receive a larger, adverse
idiosyncratic income shock if and only if the aggregate wage and stock returns are low.
To sum up this section, the main new finding regarding CCV is that it does not increase
the equity premium if there is an exogenous zero borrowing constraint. This should not
be too surprising given the previous results on homoscedastic, idiosyncratic risk.

6

Conclusion

This paper has shown that in an overlapping generations economy, idiosyncratic risk has
a similar effect to an exogenous borrowing constraint, because it tightens the natural
borrowing limit. As a consequence, idiosyncratic risk increases the equity premium
by a similar amount like an exogenously imposed zero-borrowing-limit. This seems to
oppose several irrelevance results, like Constantinides and Duffie (1996) or Krueger and
Lustig (2010), which state that a countercyclical variance is necessary for idiosyncratic
risk to have asset pricing effects. However, the present setup differs in several respects.
Probably the most important difference the life-cycle, which gives rise to asset trading
that results in a subgroup of the population holding most of the stock. Another interesting
finding was that when idiosyncratic risk is added in an economy with a zero-borrowing
constraint, then the equity premium does not increase. This is so because the zeroborrowing constraint is tighter than the natural borrowing limit, so that the latter is
ineffective, and only the first affects the pricing of the assets.
I also looked at the case with an idiosyncratic variance of the income risk. In contrast
to most of the quantitative literature, I find that it does not add much on top of the case
presented here for a risk aversion coefficient of 3. Specifically, in that case, they find that idiosyncratic
risk without CCV accounts for most of the increase in the equity premium and the Sharpe ratio. Their
results are qualitatively different for a risk aversion of 8, but in that case adding idiosyncratic risk actually
decreases the equity premium and the Sharpe ratio. So overall their evidence is inconclusive. The better
known paper Storesletten, Telmer, and Yaron (2007) does not report the case with homoscedastic variance.
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of a homoscedastic variance. The reason is that I calibrate the depreciation and TFP
shocks to match the covariance of aggregate consumption growth with stock returns.
However, this implies that aggregate wages and returns are not perfectly negatively
correlated like in Storesletten, Telmer, and Yaron (2007), but instead are closer to the
empirical correlation. As a consequence, it can happen that in a recession, i. e. when
an adverse TFP shock hits the economy, the stock return goes up. Then, agents do
not mind the countercyclical variance as much, because they are somewhat hedged by
the less-than-perfect correlation of wages with stock returns. In future work, it would
be interesting to analyze the sensitivity of the countercyclical variance of income risk
quantitatively in a structured way.
Finally, I have shown that the equity-premium effect of the borrowing constraint
largely disappears when the retired receive social security income. However, I looked
only at one specific system, namely a Pay-As-You-Go system with a constant contribution
rate and full redistribution. While a constant benefits system should yield similar results, a
system that does not fully redistribute and instead ties benefits to contributions might yield
different results. If, for example, benefits are tied only to very few income realizations,
then the system might even increase the equity premium. This is left for future research.
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Appendix
A

Computational Solution

A.1

Aggregate Problem

A.1.1

Mean Shock Equilibrium

As an initialization step, I solve for a degenerate path of the economy where the realizations of all aggregate shocks are at their respective means. I accordingly set z = z̄ = Ez
and δ = δ̄ = Eδ. I assume that households accurately solve their forecasting problem
for each realization of the aggregate state. This means that I approximate the above
approximate law of motion as
ˆ
(k 0 , µ0 ) = Ĥ(k, µ, z̄, z̄ 0 )

(20)

Observe that in the two stationary equilibria of the model, I have that fixed point relation
ˆ
(k 0 , µ0 ) = Ĥ(k, µ, z̄, z̄ 0 ) = (k, µ)

(21)

With these assumptions, I can solve the mean shock path by standard Gauss-Seidel
iterations as, e.g., described in Auerbach and Kotlikoff (1987). I adopt the modifications
described in Ludwig (2007). While the numerical methods are the same as in the solution
to a deterministic economy, the actual behavior of households fully takes into account
the stochastic nature of the model. This also means that I solve the household problem
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using recursive methods and store the solutions to the household problem on grids of the
idiosyncratic state x. The fixed-point computed in this auxiliary equilibrium gives k ms
and µms as aggregate moments and cross-sectional distributions of agents as induced by
the mean shock path. I denote these distributions by Φms .
A.1.2

Recursive Equilibrium

In order to solve for the stochastic recursive equilibria of the model, I use simulation
methods. To this end, I specify the approximate law of motion as:
ln(kt+1 ) = ψ0k (z) + ψ1k (z) ln(kt ) + ψ2k (z) ln(kt+1 )

(22a)

ln(µt+1 ) = ψ0µ (z 0 ) + ψ1µ (z 0 ) ln(kt+1 ) + ψ2µ (z 0 ) ln(kt+1 )

(22b)

Like in Krusell and Smith (1997), the forecast for kt+1 is used to forecast µt+1 . Intuitively,
kt+1 contains a lot of information on the savings choice of the agent and therefore on the
returns next period. Note that, in each period, µt is an “endogenous state”, the realization
of which has to be pinned down in that particular period (in contrast to kt which is given
in period t from decisions t − 1). As in the standard application of the Krusell and Smith
(1998) method, the coefficients also depend on the realization of the aggregate state, z.
To construct the grids for the the aggregate states k and µ, G k , G µ , define scaling
factors sk and sµ and the number of grid points, n. I set sk = 0.8 sµ = 0.6, and n = 7.
Using these factors, I construct symmetric grids around k ms , µms .
I assume that aggregate risk is driven by a four state Markov chain with support Z = {z1 , . . . , z4 } and transition matrix π = (πij ). Each aggregate state maps
into a combination of low or high technology shocks and low or high physical capital
depreciation. To be concrete, I let

ζ(z) =



1 − ζ̄

for z ∈ z1 , z2


1 + ζ̄

for z ∈ z3 , z4

and δ(z) =



δ0

+ δ̄ for z ∈ z1 , z3


δ0

− δ̄ for z ∈ z2 , z4 .

(23)

With this setup, z1 corresponds to a low wage and a low return, while z4 corresponds to a
high wage and a high return.
To calibrate the entries of the transition matrix, denote by π ζ = π(ζ 0 = 1 − ζ̄ | ζ =
1 − ζ̄) the transition probability of remaining in the low technology state. Assuming that
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the transition of technology shocks is symmetric, I then also that π(ζ 0 = 1 + ζ̄ | ζ = 1 +
ζ̄) = π ζ and, accordingly 1−π ζ = π(ζ 0 = 1− ζ̄ | ζ = 1+ ζ̄) = π(ζ 0 = 1+ ζ̄ | ζ = 1− ζ̄).
To govern the correlation between technology and depreciation shocks, let the probability of being in the high (low) depreciation state conditional on being in the low (high)
technology state, assuming symmetry, be π δ = π(δ 0 = δ0 + δ̄ | ζ 0 = 1 − ζ̄) = π(δ 0 =
δ0 − δ̄ | ζ 0 = 1 + ζ̄). I then have that the transition matrix of aggregate states follows
from the corresponding assignment of states in (23) as


πz =

πζ · πδ




 πζ · πδ


(1 − π ζ ) · π δ





π ζ · (1 − π δ )

(1 − π ζ ) · (1 − π δ ) (1 − π ζ ) · π δ 

π ζ · (1 − π δ )

(1 − π ζ ) · (1 − π δ ) (1 − π ζ ) · π δ 


ζ



δ

ζ

δ

ζ

δ

(1 − π ) · (1 − π )

π · (1 − π )

π ·π

(1 − π ζ ) · π δ (1 − π ζ ) · (1 − π δ )

π ζ · (1 − π δ )

πζ · πδ







In sum, the Markov chain process of aggregate shocks is characterized by four
parameters, (ζ̄, δ̄, π ζ , π δ ). All of these parameters are second stage parameters which I
calibrate jointly to match the following targets: (i) an average variance of the cyclical
component of TFP, again estimated from NIPA data, (ii) the average fluctuation of the
risky return which features a standard deviation in the data of 0.16, (iii) the autocorrelation
of the cyclical component of TFP in the data and (iv) the estimated correlation of the
cyclical component of TFP with risky returns.

A.2

Household Problem

To define equilibrium I adopt a de-trended version of the household model. I therefore
first describe transformations of the household problem and then proceed with the
equilibrium definition.
A.2.1

Transformations

Following Deaton (1991), define cash-on-hand by Xi,j,t = Ai,j,t (1 + rtf + κi,j−1,t−1 (rt −
rtf )) + Yi,j,t . The dynamic budget constraint then rewrites as
f
f
Xi,j+1,t+1 = (Xi,j,t − Ci,j,t )(1 + rt+1
+ κi,j,t (rt+1 − rt+1
)) + Yi,j+1,t+1
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(24)

I next transform the problem to de-trend the model and work with stationary variables
throughout. That is, I de-trend with the deterministic trend component induced by
technological progress. Along this line, define by xi,j,t = XΥi,j,t
transformed cash-ont
wt
hand and all other variables accordingly. Using ωt = Υt to denote wages per efficiency
unit I have


(1 − τ )j ωt ηi,j,t for j < jr
yi,j,t =

 bt
for j ≥ jr.
Now divide the dynamic budget constraint (24) by Υt and rewrite to get
xi,j+1,t+1 = (xi,j,t − ci,j,t )R̃i,j+1,t+1 + yi,j+1,t+1 .
(1+rf

(rt+1 −rf

+κ

(25)

))

i,j,t
t+1
t+1
where R̃i,j+1,t+1 =
.
1+g
Transform the per period utility function accordingly and take an additional monotone
transformation to get
γ

1−θ
γ





h

ui,j,t = ci,j,t + β̃j+1 Ei,j,t (ui,j+1,t+1 )
where β̃j+1 = β (1 + g)
A.2.2

1−θ
γ

1−θ

i 1  1−θ
γ

(26)

.

Recursive Solution

I iterate on the Euler equation, using ideas developed in Carroll (2006). The transformed
dynamic programming problem of the household reads as
u(j, ·) = max
c,κ

(

c

1−θ
γ

 h

0

0

1−θ

+ β̃ E u(j + 1, (x − c)R̃ + y , ·)

where x0 = a0 R̃0 + y0 , with R̃0 =

0

γ
i 1  1−θ

0

(1+rf +κ(r0 −rf ))
,
(1+g)
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)

γ

and β̃ = βςj+1 ((1 + g))

1−θ
γ

(27)

.

The first-order conditions can be rewritten as
c: c

1−θ−γ
γ



h

− β̃ E u(j + 1, ·)1−θ



· E u(j + 1, ·)


κ : E u(j + 1, ·)

(1−θ)(γ−1)
γ

(1−θ)(γ−1)
γ

(c0 )

(c0 )

i 1−γ
γ

1−θ−γ
γ

1−θ−γ
γ



...


R̃0 = 0

r0 − rf

0



(28a)
=0

(28b)

With respect to the numerical solution, I interpolate the functions u(j, ·) and c(j, ·). Note
that I can expect u(j, ·) to be approximately linear, since in period J it is simply given
by u(J) = cJ = xJ .
Next, notice that u(j + 1, ·) and c0 are functions of (x − c) so that c shows up on both
sides of the equation in (28a). This would require calling a non-linear solver whenever I
solve optimal consumption and portfolio shares. To alleviate this computational burden I
employ the endogenous grid method of Carroll (2006). So instead of the usual exogenous
grid for x (and the usual endogenous grid for savings, s = x − c), the exogenous grid is
s = x − c and the endogenous grid is x.
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B
B.1

Additional Tables
Moments of Endogenous Variables
Table 8: Aggregate statistics, baseline economy

Variable
Capital, Kt
Output, Yt
Investment It
Excess return, (rσ,t − rb,t )
Stock return, rσ,t
Bond return, rb,t
Consumption, Ct
− 1)
Cons. growth, ( CCt+1
t
Wage rate, wt
TFP shocks, zeta
Capital-output-ratio, K
Y

AVG
STD
CV
6.94E+00 1.20E+00 1.73E-01
2.00E+00 1.26E-01 6.29E-02
6.25E-01 5.94E-02 9.50E-02
1.60E-02 1.16E-01 7.25E+00
3.23E-02 1.17E-01 3.62E+00
1.63E-02 1.13E-02 6.96E-01
1.38E+00 1.07E-01 7.76E-02
4.72E-04 3.15E-02 6.25E+01
1.28E+00 8.06E-02 6.29E-02
1.00E+00 2.00E-02 2.00E-02
3.44E+00 3.74E-01 1.09E-01

AR(1)
9.27E-01
8.72E-01
1.91E-01
-5.36E-03
3.15E-02
9.20E-01
9.27E-01
-3.84E-02
8.72E-01
4.38E-01
9.26E-01

Notes: AVG: average, STD: standard deviation, CV: coefficient of variation, AR(1): autocorrelation
coef.

Table 9: Variance-covariance matrix, baseline economy

rσ,t
wt
ζt
Yt
It
Ct
cg,t
δt

rσ,t
wt
1.37E-02
-8.62E-04 6.50E-03
6.87E-05 4.63E-04
-1.35E-03 1.00E-02
-4.78E-03 2.49E-03
3.43E-03 7.55E-03
2.53E-03 -3.64E-04
-8.15E-03 7.61E-05

ζt

Yt

It

ERt

4.00E-04
7.23E-04 1.59E-02
7.23E-04 3.89E-03 3.52E-03
5.57E-07 1.18E-02 4.91E-04
5.24E-05 -5.69E-04 -1.18E-03
2.84E-06 1.19E-04 2.82E-03

4.53E-03
-2.41E-04
-8.14E-03

Notes: δt is the depreciation shock, cg,t = ( CCt+1
− 1), ERt = (rσ,t − rb,t ), all other variables
t
explained in table 8.
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Table 10: Aggregate statistics, zero-borrowing (ZB) economy
Variable
Capital, Kt
Output, Yt
Investment It
Excess return, (rσ,t − rb,t )
Stock return, rσ,t
Bond return, rb,t
Consumption, Ct
− 1)
Cons. growth, ( CCt+1
t
Wage rate, wt
TFP shocks, zeta
Capital-output-ratio, K
Y

AVG
STD
CV
6.56E+00 1.06E+00 1.62E-01
1.96E+00 1.17E-01 5.97E-02
5.91E-01 5.19E-02 8.79E-02
2.74E-02 1.16E-01 4.25E+00
4.05E-02 1.17E-01 2.89E+00
1.32E-02 1.13E-02 8.62E-01
1.37E+00 1.10E-01 8.00E-02
4.21E-04 3.05E-02 6.59E+01
1.26E+00 7.50E-02 5.97E-02
1.00E+00 2.00E-02 2.00E-02
3.32E+00 3.39E-01 1.02E-01

AR(1)
9.16E-01
8.57E-01
1.67E-01
-5.41E-03
-3.37E-02
9.14E-01
9.39E-01
1.02E-01
8.57E-01
4.38E-01
9.15E-01

Notes: AVG: average, STD: standard deviation, CV: coefficient of variation, AR(1): autocorrelation
coefficient.

Table 11: Variance-covariance matrix, zero-borrowing (ZB) economy

rσ,t
wt
ζt
Yt
It
Ct
cg,t
δt

rσ,t
wt
1.37E-02
-7.88E-04 5.62E-03
6.88E-05 4.61E-04
-1.23E-03 8.55E-03
-4.22E-03 1.35E-03
2.98E-03 7.21E-03
2.53E-03 -1.83E-04
-8.15E-03 9.04E-05

ζt

Yt

It

ERt

4.00E-04
7.21E-04 1.37E-02
6.30E-04 2.10E-03 2.69E-03
9.11E-05 1.13E-02 -3.63E-04
9.34E-05 -2.86E-04 -8.42E-04
3.45E-06 1.41E-04 2.55E-03

4.11E-03
2.85E-04
-8.14E-03

Notes: δt is the depreciation shock, cg,t = ( CCt+1
− 1), ERt = (rσ,t − rb,t ), all other variables
t
explained in table 10.
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Table 12: Aggregate statistics, idiosyncratic risk (IR) economy
Variable
Capital, Kt
Output, Yt
Investment It
Excess return, (rσ,t − rb,t )
Stock return, rσ,t
Bond return, rb,t
Consumption, Ct
− 1)
Cons. growth, ( CCt+1
t
Wage rate, wt
TFP shocks, zeta
Capital-output-ratio, K
Y

AVG
6.58E+00
1.97E+00
5.92E-01
2.36E-02
3.86E-02
1.51E-02
1.37E+00
6.54E-04
1.26E+00
1.00E+00
3.33E+00

STD
CV
9.92E-01 1.51E-01
1.11E-01 5.63E-02
5.91E-02 9.97E-02
1.16E-01 4.93E+00
1.17E-01 3.03E+00
1.05E-02 7.00E-01
1.14E-01 8.32E-02
3.52E-02 5.37E+01
7.08E-02 5.63E-02
2.00E-02 2.00E-02
3.18E-01 9.54E-02

AR(1)
9.08E-01
8.43E-01
1.39E-01
-4.75E-03
-3.36E-02
9.02E-01
9.10E-01
-4.66E-02
8.43E-01
4.38E-01
9.07E-01

Notes: AVG: average, STD: standard deviation, CV: coefficient of variation, AR(1): autocorrelation
coefficient.

Table 13: Variance-covariance matrix, idiosyncratic risk (IR) economy

rσ,t
wt
ζt
Yt
It
Ct
cg,t
δt

rσ,t
wt
1.37E-02
-6.85E-04 5.02E-03
6.93E-05 4.70E-04
-1.07E-03 7.84E-03
-5.37E-03 8.57E-04
4.30E-03 6.99E-03
3.07E-03 -4.16E-04
-8.15E-03 7.25E-05

ζt

Yt

It

ERt

4.00E-04
7.34E-04 1.23E-02
6.98E-04 1.34E-03 3.49E-03
3.61E-05 1.09E-02 -2.15E-03
6.85E-05 -6.49E-04 -1.50E-03
2.52E-06 1.13E-04 3.30E-03

5.38E-03
-3.52E-04
-8.14E-03

Notes: δt is the depreciation shock, cg,t = ( CCt+1
− 1), ERt = (rσ,t − rb,t ), all other variables
t
explained in table 12.
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Table 14: Aggregate statistics, zero-borrowing and idiosyncratic risk (ZB,IR)
Variable
Capital, Kt
Output, Yt
Investment It
Excess return, (rσ,t − rb,t )
Stock return, rσ,t
Bond return, rb,t
Consumption, Ct
− 1)
Cons. growth, ( CCt+1
t
Wage rate, wt
TFP shocks, zeta
Capital-output-ratio, K
Y

AVG
6.67E+00
1.98E+00
6.00E-01
2.74E-02
3.91E-02
1.17E-02
1.38E+00
7.07E-04
1.26E+00
1.00E+00
3.36E+00

STD
CV
9.86E-01 1.48E-01
1.09E-01 5.54E-02
6.02E-02 1.00E-01
1.16E-01 4.24E+00
1.17E-01 2.99E+00
1.03E-02 8.74E-01
1.17E-01 8.48E-02
3.66E-02 5.18E+01
7.00E-02 5.54E-02
2.00E-02 2.00E-02
3.14E-01 9.35E-02

AR(1)
9.05E-01
8.38E-01
1.49E-01
-5.07E-03
-3.37E-02
9.00E-01
9.06E-01
-4.69E-02
8.38E-01
4.38E-01
9.04E-01

Notes: AVG: average, STD: standard deviation, CV: coefficient of variation, AR(1): autocorrelation
coefficient.

Table 15: Variance-covariance matrix, zero-borrowing and idiosyncratic risk

rσ,t
wt
ζt
Yt
It
Ct
cg,t
δt

rσ,t
wt
1.37E-02
-6.58E-04 4.91E-03
6.85E-05 4.73E-04
-1.03E-03 7.66E-03
-5.56E-03 6.44E-04
4.53E-03 7.02E-03
3.23E-03 -4.27E-04
-8.15E-03 7.14E-05

ζt

Yt

It

ERt

4.00E-04
7.39E-04 1.20E-02
6.82E-04 1.01E-03 3.62E-03
5.70E-05 1.10E-02 -2.62E-03
7.89E-05 -6.67E-04 -1.60E-03
2.52E-06 1.12E-04 3.43E-03

5.60E-03
-3.74E-04
-8.14E-03

Notes: δt is the depreciation shock, cg,t = ( CCt+1
− 1), ERt = (rσ,t − rb,t ), all other variables
t
explained in table 14.
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B.2

Estimates of the Approximate Law of Motion
Table 16: Coefficients of law of motion, baseline economy

z
1
2
3
4
z0
1
2
3
4

Dependent variable: log(K 0 )
constant
log(K) log(K)2
1.86E-01 8.10E-01 2.97E-02
2.37E-01 8.76E-01 1.59E-02
1.84E-01 8.30E-01 2.31E-02
2.47E-01 8.82E-01 1.31E-02
Dependent variable: µ0
constant
log(K 0 ) log(K 0 )2
1.28E-02 1.61E-04 6.60E-04
1.34E-02 -2.87E-04 8.24E-04
1.26E-02 3.05E-04 6.21E-04
1.39E-02 -8.62E-04 9.74E-04

R2
0.9999
1.0000
1.0000
1.0000
R2
0.9965
0.9970
0.9969
0.9963

Table 17: Coefficients of laws of motion, zero-borrowing (ZB) economy

z
1
2
3
4
z0
1
2
3
4

Dependent variable: log(K 0 )
constant
log(K) log(K)2
2.02E-01 7.95E-01 3.20E-02
2.43E-01 8.75E-01 1.39E-02
2.41E-01 7.68E-01 3.78E-02
2.25E-01 9.11E-01 2.98E-03
Dependent variable: µ0
constant
log(K 0 ) log(K 0 )2
4.29E-02 -2.15E-02 6.90E-03
4.44E-02 -2.45E-02 8.19E-03
3.90E-02 -1.79E-02 6.06E-03
4.46E-02 -2.53E-02 8.45E-03
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R2
0.9998
0.9999
0.9998
0.9998
R2
0.9127
0.9028
0.9117
0.8939

Table 18: Coefficients of law of motion, idiosyncratic risk (IR) economy

z
1
2
3
4
z0
1
2
3
4

Dependent variable: log(K 0 )
constant
log(K) log(K)2
1.95E-01 8.12E-01 2.49E-02
2.82E-01 8.39E-01 2.19E-02
2.24E-01 8.00E-01 2.68E-02
3.06E-01 8.29E-01 2.32E-02
Dependent variable: µ0
constant
log(K 0 ) log(K 0 )2
1.73E-02 1.66E-03 7.69E-04
1.82E-02 9.64E-04 1.03E-03
1.71E-02 1.66E-03 7.81E-04
1.88E-02 1.33E-04 1.25E-03

R2
1.0000
1.0000
1.0000
1.0000
R2
0.9981
0.9983
0.9980
0.9981

Table 19: Coefficients of law of motion, zero-borrowing and idiosyncratic risk

z
1
2
3
4
z0
1
2
3
4

Dependent variable: log(K 0 )
constant
log(K) log(K)2
2.09E-01 8.04E-01 2.61E-02
2.93E-01 8.31E-01 2.28E-02
2.36E-01 7.92E-01 2.79E-02
3.16E-01 8.22E-01 2.41E-02
Dependent variable: µ0
constant
log(K 0 ) log(K 0 )2
2.21E-02 4.90E-04 1.10E-03
2.30E-02 -2.90E-04 1.38E-03
2.07E-02 1.70E-03 8.08E-04
2.33E-02 -7.76E-04 1.51E-03
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R2
1.0000
1.0000
1.0000
1.0000
R2
0.9587
0.9708
0.9576
0.9694
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