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[ Forthcoming in Theoretical Economics Letters - Sepcial Issue on Industrial Economics, August 2018 |

Abstract

This paper analyzes the effect of innovation clusters on the adoption of a gen-
eral purpose technology (GPT) and on firms R&D investment levels in im-
perfect information situation. To do this, we developed a theoretical model
of vertical relation, described as a four-step game between an upstream firm
providing innovative GPT and an innovative downstream associated sector,
integrator of this technology. The downstream sector ignores the quality of the
GPT and we model the innovation cluster as a coordination mode of firms, im-
proving the probability of the downstream firm to receive information about
the quality of the GPT technology. Then, we determine firms equilibria (prices
and technological qualities) and we showed that the effect of innovation clus-
ters on the choice of qualities, the adoption behavior, levels of investment in
R&D as well as that social welfare depends on the quality of R&D activities
carried out before the establishment of the cluster and a threshold effect or
cluster critical mass; if the critical mass in terms of information sharing and in-
teraction is not reached, the cluster may have negative effects. In other words,
the consensual idea of expected positive effects of innovation clusters must be
put into perspective.
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1 Introduction

Since the Silicon Valley success story in the US, innovation clusters are seen as cen-
tral to innovation policy and economic development worldwide. In France, for
example, the cluster policy concerns various technological domains and activity
sectors. In this paper, we analyze theoretically the effect of the cluster policy on
firms behavior in technology adoption as well as on firms’ R&D levels. To do this
we will focus on nanotechnologies.

The nanotechnologies are currently qualify as general purpose technologies
(GPT). The concept of GPT was introduced by Bresnahan et Trajtenberg (1995); it
refers to all technologies characterized by their strong technological opportunities’,
their potential use as a factor of production in a large number of activity sectors,
their technological dynamism and their technological complementarity with ex-
isting or potential technologies”. Bresnahan and Trajtenberg (1995) model a ver-
tical relation between an upstream sector producing a GPT (semiconductor) and
downstream user sectors (computers, hearing aids, TV, scanners); this supplier—
customers relation is coordinated by market mechanisms without contractual re-
lations between firms. The authors described it as a simultaneous game in which
each sector chooses its level of R&D investment, thus evaluating incentives to in-
novate of firms. Bresnahan and Trajtenberg (1995) showed that incentives to inno-
vate in the two sectors remain socially weak due to the presence of technological
complementarity and vertical and horizontal externalities; these externalities raise
coordination problems between innovation actors and give strong motivations to
create and increase the degree of cooperation and contracts, on the one hand be-
tween GPT sector and associated sectors, and on the other hand between associ-
ated sectors. This result constitutes the starting point of our analysis. Indeed, for
us, an innovation cluster can be considered as a response to the coordination prob-
lem between innovators highlighted by the authors; it is supposed to be a localized
platform that allows increased information sharing and firms cooperation. As a re-
sult, the innovation cluster should play a facilitating role, the importance of which
should be assessed in knowledge creation and technologies adoption.

The literature on adoption of new technologies is abundant. In a synthesis,

n the French’s territorial configuration of clusters, nanotechnologies are developed within the
cluster MINALOGIC (Grenoble, Region Rhone-Alpes). Let us note that the technological opportuni-
ties of a sector represent the potential for technical progress in the corresponding activity; then the
notion of technological opportunity refers, for example, to the fact that 1 Euro invested in research
does not necessarily leads to the same gain of productivity according to the technological potential of
the activity in which it is invested (Astebro et Dahlin, 2005; Crampes et Encaoua, 2005). Youtie et al.
(2008) give an interesting discussion about the nature of nanotechnologies. For further reading and
discussions, refer to Menz et Ott (2011), Roco ef al. (2010), Graham et Iacopetta (2009), Thoma (2009),
Bozeman et al. (2008), Palmberg et Nikulainen (2006), Lipsey et al. (1998a), Lipsey et al. (1998b).

2Following Bresnahan et Trajtenberg (1995), other works have focused on the analysis of the char-
acteristics of GPTs; Lipsey et al. (1998b) explains that GPTs involve both enormous technological and
Hicksian complementarities, Lipsey et al. (1998a) and Jovanic et Rousseau (2005) emphasize the rele-
vant changes brought about by the discovery of a GPT (e.g, structural changes, public policy changes,
etc.), the transient decline in productivity at the macroeconomic level generally observed after the in-
troduction of a GPT, called the "Solow Productivity Paradox" (see also Jacobs et Nahuis (2002)).



Hoppe (2002) emphasizes two relevant characteristic features of theoretical mod-
els: the uncertainty and the strategic interaction in the final product market. As
regards the first, several works such as Jensen (1982), McCardle (1985) and Rein-
ganum (1989) show that uncertainty on profitability of new technology can reduce
or increase incentive for adoption according to whether beliefs are pessimistic or
optimistics; this points out the importance of gathering information®. The second
element, i.e. the strategic interaction, implies that incentive to adopt for a firm
depends on the adoption decision of rival firms®*.

The model we develop is inspired, on the one hand, by the work of Bresnahan et
Trajtenberg (1995) and, on the other, by the theoretical work on the adoption of new
technologies, notably the important contribution of Jensen (1982) and its variants
in McCardle (1985) and Jensen (1988). Then, in order to analyze the impact of inno-
vation clusters, we consider a vertical relation between a GPT supplier (upstream
sector) and GPT integrators (downstream sectors); we suppose the vertical relation
is coordinated either within an innovation cluster or by a classical market (i.e. out-
side the cluster). To capture the difference between the two coordination modes,
it is assumed that their probabilities of receiving information about the upstream
technology are different from each other. The vertical relation is described as a four-
stage sequential game in which the downstream customer sector is confronted with
the decision whether to adopt GPT innovation. We solve the game and analyze the
effect of innovation clusters on different equilibria. Our main results show that in-
novation clusters can positively or negatively influence the choice of qualities (i.e
technological levels), adoption behavior, upstream and downstream R&D invest-
ment levels as well as social welfare. However, this effect depends on the quality
of the R&D activities carried out on the territory before the establishment of the
cluster and on a threshold effect or cluster critical mass. If the critical mass is not
reached, the innovation cluster can have negative effects. It can be deduced from
this that the real issue for cluster policy is not only to increase the sharing of in-
formation and externalities of knowledge, but above all to allow this increase to be
sufficient to reach a critical mass within the cluster; it is therefore necessary to put
into perspective the expected positive effects of innovation clusters.

The rest of the paper is organized as follows; the section 2 presents the model.
Sections 3 and 4 are devoted to the resolution of the game and to the determination
of the equilibria of firms. We then analyze the effect of innovation clusters on the
choice of upstream quality, on the downstream adoption behavior and on the social
welfare in the section 5. In the section 6, we analysis an application with explicit
functions. Finally the section 7 concludes the paper.

3For example, the gathering of information by observing the experience of first adopters is named
social learning in Mariotti (1992) and Kapur (1995); these authors showed that the social learning
perspective delays adoption, except in the presence of explicit coordination of adopters.

4Reinganum (1981) and Karshenas et Stoneman (1993) argued that rivalry can therefore accelerate
adoption or delay it according to the advantage of the firm.



2 The model

Setup. Let us consider the vertical relation between an upstream sector produc-
ing a good embodying a GPT and some downstream sectors, each developing an
associated technology; there is technological complementarity between upstream
technology and each downstream technology.

Let us suppose that the upstream sector is monopolized by a firm, called GPT-
firm (indexed by g). In order to develop its technology with a quality z, z > 0
(i.e technological level), the GPT-firm invests c8(z) in R&D, with ¢ (z) > 0 and
c%.(z) > 0. To simplify matters, we assume that on the upstream market, the GPT’s
firm may choose to produce low quality (z) or high quality (Z)°; its marginal cost
of production is constant and given by ¢ whatever quality z. GPT-firm sells its
product to the user downstream sectors at a wholesale price w and realizes a net
profit 718 (w, z) = r8(w,z) — c8(z), r8(w, z) being its gross income.

Now let us suppose a given downstream associated sector (AS)® with a repre-
sentative firm (indexed by a) of all downstream firms in this sector. The down-
stream firm carries out its own R&D program enabling it to develop a technology
with quality k, k > 0, incorporated into a (semi-finished) product. The adoption
of the GPT, combined with associated technology, allows the downstream firm to
produce and sell a final good on the downstream market. The example of nanotech-
nology illustrates the technological complementarity in this vertical relationship’.
Note that the downstream firm does not necessarily know GPT true quality be-
cause of imperfect information (or uncertainty); it only knows that z can take two
values, z or z. It has however an a priori belief 6, 0 < 6 < 1, that the upstream GPT
innovation is high quality z; 6 is assumed to follow a f(6) distribution, f(0) is a
probability density function.

Before deciding whether to adopt, the downstream firm receives or not infor-
mation in form of a signal on the quality of the GPT; the signal arrives randomly
with a probability 4, 0 < h < 1; once the signal arrived, it is perfect and reveals
the true quality of the GPT. In other words, in the presence of the signal, the down-
stream firm is, ex post, in perfect information. In the model, we assume that the
occurrence probability / of the signal depends on the coordination mode of the ver-

5This assumption makes abusive all derivation notations with respect to z; but we maintain them
to recall the general case.

As mentioned in the introduction, a general purpose technology (GPT) is used in several ap-
plication sectors. However, if we consider that these application sectors (AS) are not necessarily
interconnected and are independent of each other, they can be analyzed separately. Because of that,
we do not model the horizontal externalities that could possibly exist.

“Indeed, many research programs are currently being undertaken in the field of microprocessors
composed of integrated circuits on the molecular or nano-metric scale by exploiting the properties of
individual silicon atoms. If they are actually produced and marketed, the use of these next-generation
processors by computer manufacturers could enable to manufacture computers with ultra-low power
consumption. In this example, the GPT product is the microprocessor integrating nanotechnology
whose quality z would be measured by its ability to lower energy consumption; the downstream
semi-finished good would be all the technological environment of the computer (CPU and everything
in it) without the microprocessor; the technological level of this environment is given by k. The
performance of the final good (i.e. the complete computer) will therefore depends on the associated
technological levels k and z.



tical relation; by this, we model the difference between two modes of coordination
of innovation actors, i.e the arm’s length market mechanism and the innovation
clusters.

Let us suppose that on the market product of the downstream firm, all eco-
nomic agents (downstream firm and customers) negotiate an efficient arrangement
in order to maximize the gross surplus of the sector®. This assumes in particular
that there is a monetary transfer from the customers to the downstream firm which
ensures firm viability when gross profits do not cover fixed costs; our purpose here
is to leave outside the scope of analysis all market imperfections. Thus, the gross
surplus of the downstream sector is given by:

Cs(p k,z) + (p" — 7 —w) X" 1)

with CS(p”, k, z) the net consumer surplus, v > 0 the unit production cost, p* > 0
the unit selling price of the downstream product; p* > v+ w. To simplify notations,
it will be assumed in the rest of the paper that v = 0 without loss of generality. The
demand of the GPT is given by X* = —CS,« with CS,« < 0. We suppose that one
unit of GPT’s good leads to one unit of the downstream good.

The definition of z and k implies derivatives CS, > 0 and CS; > 0. We also
suppose that CS;; > 0, CSix > 0, CSpepe > 0, CSpaz < 0, CSpa < 0, CSy; > 0
and CSy — ¢, < 0. The hypothesis CSpape > 0 implies that the demand X* is
decreasing with respect to p”. Otherwise, we note c?(k) the R&D investment level,
with ¢f >0, ¢, > 0.

Timing of the game. We describe the vertical relation GPT and AS sectors as a
four-stages sequential game:

- Stage 1 (R&D and upstream innovation). The upstream sector develops a
product composed by GPT technology with quality z > 0, z € {Z,z} and
choose a wholesale price w > 0.

- Stage 2 (signal on the quality). The associated sector receive or not informa-
tion related to quality z as a signal; the signal is perfect and comes with a
probability i depending on the coordination mode. In the presence of the
signal, the downstream firm is in perfect information; but in the absence of
the signal, it is in imperfect information.

- Stage 3 (adoption decision and downstream R&D). The downstream sector
observes the GPT’s wholesale price and decides or not to adopt the GPT. If it
adopts, it choose the level k > 0 of its own associated technology and invests
c(k) in research and development’. Then, it fixes its price p? > 0.

8Hence, in the rest of the paper, when we write gross profit (or respectively net profit) of the
downstream firm, it is actually the gross profit (or respectively net profit) of surplus of the down-
stream sector.

9There is an offset between stage 3 and stage 4 because R&D requires time.



- Stage 4 (revelation of z and downstream GPT demand). the quality z is re-
vealed to all downstream sector’s agents (seller and final consumers); Con-
sumers express their demands X* of downstream good; the AS-firm buys the
necessary quantity of the GPT input and satisfies the demand of its product.

Remark 1. One can verify that even if the price p* is decided at stage 4, it would be
the same as in stage 3; otherwise, we note that stage 4 suppose the GPT technology
was adopted at stage 3.

We use backward induction to determine equilibrium of the game. First, we de-
termine price and quality of the downstream sector in stage 3 for any value of w
chosen by the upstream firm in stage 1 (we will deduce the demand and the profit
in stage 4). Then, we determine the fist stage ’s equilibrium of the upstream sector
(expected demand, profit, quantity, price). Finally we proceed by static compara-
tives to analyse the effects of innovation clusters.

3 Downstream firm equilibrium

Perfect information. In the presence of the signal, the downstream firm ob-
serves the true quality of GPT. If it adopts technology, it chooses its technologi-
cal level k(w, z) and fixes its optimal price p**(w, k, z) which maximizes its profit
i (w, p*,k,z). The choice of price is made by solving the maximizing problem of
the downstream sector:

r(w, p*, k,z) = max {CS(p*, k,z) + (p* —w)X"} ()
pﬂ
The first order condition leads to (p* — w)(— %;Cﬂs) = 0; we verify that the price is

given by:

pa* =w (3)
The downstream sector’s gross surplus becomes r*(w, k,z) = CS(w, k,z) and its
net profit 7%(w, k,z) = CS(w, k,z) — c*(k); from assumptions on CS, we deduce
the following properties: 7 > 0, r{ > 0, rj, < 0; the inter-sectoral technological
complementarity is given by r{, > 0.

The optimal quality k is given by:

k(w,z) = argkmax {n"(w, k,z)} 4)

respecting the first order condition [CSy — c¢f = 0] and the second order condition
[CSix — Cllzk < 0].

Note " (w,z) = max; {n"(w,k,z)}; then the GPT of quality z is profitable
(and will be adopted) iff 77" (w, z) > 0'°.

101f 7m4% (w, z) < 0, the downstream sector does not adopt the GPT and chooses an opportunity ac-
tion. We will normalize the opportunity cost to zero if technology z is an essential input; contrariwise
if z is not an essential input, the downstream sector use an alternative technology.



Note that k(w) = k(w,z) and 7" (w) = 7" (w,z) respectively the opti-
mal level of k and the associated maximum profit when the signal reveals z and
k(w) = k(w,z) and 7" (w) = 7™ (w, z) the optimal level of k and the associated
maximum profit when the signal reveals z.

Remark 2. 1 (w) and 77" (w) are decreasing with respect to w.
Assumption 1. 77*(0) > 0, 7" (+00) < 0 and 77" (0) > 0, 77"** (4-00) < 0.

By assuming 77"**(0) > 0 and 77"**(0) > 0, we suppose there is always a price
low enough for the downstream firm to be ready to adopt the low quality; for
this low price, the downstream firm is ready to adopt even if it does not know the
quality. In this case, the GPT is always profitable regardless the quality''. However,
by assuming 71" (+c0) < 0 et 77" (+00) < 0, we suppose that for extremely high
prices, adoption of GPT by downstream firm becomes unprofitable regardless of
quality.

Lemma 1. There are two reserve prices, w and w, with w > 0and w < +oo, such that: (1)
the downstream firm adopts low-quality GPT technology z iff w < w, (2) the downstream
firm adopts high-quality GPT technology z iff w < .

We will see that w < w; in other words, in perfect information, the willingness
to pay high quality (Z) is higher than the willingness to pay for low quality (z).

Remark 3. We verify here the first part of the technological complementarity hy-
pothesis highlighted by Bresnahan et Trajtenberg (1995). Indeed, we show that
k.(w,z) > 0 for all given w; in other words, in perfect information, the incentive
to R&D in the downstream sector increases with the level of quality of the GPT
technology.'?

Proof. The first order condition CS; — ¢ = 0 implies CSy, + k.CSy — ko, = 0;

which in turn implies that k, = c;kc—sézskk' By hypothesis CSy, > 0and ¢, — CSi > 0,

thus k,(w,z) > 0. O

We deduce the demand X" expressed by the downstream firm. It is a function of
the both revealed quality z and wholesale price w of GPT good. Note that X*(w) =
X%(w, z, k) when the GPT good is of low quality and X" (w) = X“(w,Z, k) when it is
of high quality; we distinguish the following three cases:

1 if w < w then X' (w) = —CSp(w,k Z) and the profit is given by 7 (w) =

CS(w,z,k) — c(k) while X*(w) = —CSp(w,zk) with a profit given by
7' (w) = CS(w, k, z) — c(k);

11t is quite possible to assume that 7% (0) < 0 < 77"%*(0), which means that the adoption of GPT
is profitable to the downstream firm if the quality is high (Z) and unprofitable if the quality is low
(z). Jensen (1982) adopted this posture in its pioneering model of adoption and diffusion, a model
generalized by McCardle (1985).

12Tn our model and at this stage, we assume that the choice of z and w is exogenous. In their article,
Bresnahan et Trajtenberg (1995) also model the choice of the GPT’s sector and show that the techno-
logical level of the GPT increases with k through the demand X, i.e z{(c,k) > 0. The technological
levels {k,z} are thus characterized as strategic complements.



2. ifw <w < Wthen X" (w) = —CSpe(w, k, Z) and the profit is given by 7@ (w) =
CS(w,z,k) — c(k) while X*(w) = 0 et r*(w) = 0;

3. if w > w, the firm does not adopt whatever the quality of the GPT; X" (w) =
X" (w) = 0 and profits are zero.

Imperfect information. In absence of a signal, the associated firm is in imperfect
information; it does not observe the quality z of the GPT. So, the firm’s adoption
decision is based on its a priori belief  that the technology is of high-quality. If it
adopts, it choose its technology level k*(w, 0) and its optimal price p?(w, k, 0) so as
to maximize its expected profit I1°(p?, k, 6).

The choice of p*(w,k, @) is solution of the maximizing problem of the firm’s
expected gross profit:
max R*(w, p°, k,0) 5)
p/’

with R%(w, p*,k,0) = 0[CS(p", k,Z) + (p* — w)X"| + (1 —0)[CS(p", k,z) + (p" —
w)X“]. The resolution leads to a optimal price p* = w; using this expression, the
expected profit becomes IT%(w, k,0) = 6CS(w, k,z) + (1 — 0)CS(w, k,z) — c*(k).

The optimal k is given by:

k*(w,0) = argmax {I1"(w, k,0) } (6)
k

Let us note IT"**(w,0) = max;I1°(w,k,0). The GPT technology is profitable iff
T4 (1, 6) > 0.

Definition 1. Let us consider @(8) as the reserve price of the downstream firm in
the absence of the signal; then the firm adopts iff w < @(0).

Lemma 2. @(0) is increasing with 6.

Proof. For any given w, IT"*(w,0) = 6CS(w,k*,z) + (1 — 0)CS(w, k*,z) — c*(k*).
Let us suppose that for any firm i with an a priori belief §, the GPT’s price is
such as w = @(0), then IT"*(@w(0),0) = 0 because @(0) is the price which can-
cels IT"™*(w, §). Moreover by assumption, the profit of associated firms decreases
with w. Consider a firm j with belief 6’ such as 8’ < 6; let us assess the firm j’s
profit IT/"** in @(6); we have 6'CS(w(0),k*,z) + (1 — 0")CS(@(0), k*,z) — (k") =
(0 —0)CS(w(0),k*,z) + (6 — 0")CS(w(0),k*,z) — c"(k*) + 6CS(@(0), k*,Z) + (1 —
0)CS(w(0),k*,z) = (0" —0)[CS(w(0),k*,Z) — CS(w(0),k*,z)] < O; the profit of
firm j assessed in @(0) is negative; knowing by hypothesis that the profit of j is
decreasing with w and cancels in @(6'), it is therefore necessary to reduce @(6) to
reach @(0'), which implies @w(8") < @(0). Thus, we show that @(6) increases with
6; in particular, @(0) = w < @(1) = w. O

Remark 4. In imperfect information, the reserve price depends on the a priori belief
of the downstream firm. A very pessimistic downstream firm (6 ~ 0) will have a
stricter adoption criterion because its reserve price will be lower; on the contrary
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a very optimistic downstream firm (6 ~ 1) will have a higher reserve price. Un-
certainty can reduce or increase incentives for adoption depending on whether the
firm’s beliefs are pessimistic or optimistic. The lack of signal can also lead to sub-
optimal behavior for the downstream firm; in fact, a pessimistic firm might refuse
a high-quality GPT z because the price w is such that @(f) < w < w, whereas in
reality the firm would gain ex-post to adopt the GPT because it is of high quality
z. Similarly, an optimistic firm might adopt a low-quality GPT z because the price
w is such that w < w < @(6) while it would gain ex-post not to adopt the GPT
because it is of low quality.

The purchasing behavior of the downstream firm in the absence of a signal de-
pends on its reserve price, which is itself dependent on its a priori belief 6.

1. if w < @(0), the downstream firm adopts the GPT; the anticipated de-
mand'® on which it based its adoption decision at stage 3 is given by
0(—CSpe(w, k*,Z)) 4+ (1 — 0)(—CSpe(w, k*, z)) and its expected profit is given
by IT%(w, 0) = 0CS(w,k*,z) + (1 — 0)CS(w, k*,z) — c¢"(k*);

2. if w > @(0), the downstream firm does not adopt the GPT; its anticipated
demand is zero as well as its profit.

4 Upstream firm equilibrium

The expected demand X$ of the upstream firm depends on available informations;
let us note X8 = X& when the firm produces low quality and X$ = X° when it
produces high quality.

Perfect information. In the presence of a signal, upstream and downstream firms
have same informations; so the upstream expected demand X is identical to the
downstream firm demand in stage 4. Then,

1. if w < w, we have X*(w) = X (w) = —CSp(w,Zz,k) and X8(w) = X*(w) =
—CSpe(w, z,k);

2. ifw < w<w, X (w) =X (w) = —CSp(w,z k) and X8(w) = X" (w) = 0;
3. ifw >w, X8(w) = X" (w) =0;

the corresponding profits 78 are given by (w — ¢) X8 — ¢8(z).

Imperfect information. In the absence of a signal, the expected demand X¢ of the
upstream firm corresponds to the expectation of the downstream firm demand ex-
pressed in stage 4; indeed, at this stage, consumers observe the both GPT quality z
and quality k*(w, 0) chosen by the 6-type downstream firm in the absence of signal.
Then for an observed quality Z, we have X' (w,6) = —CSp, (w,k*(w,0),z) and for
an observed quality z, we have X*(w, ) = —CS,, (w,k*(w, ), z); therefore,

BIndeed, in imperfect information situation, the expected surplus is given by CS = 8CS(w, k*,Z) +
(1—6)CS(w,k*,z), hence X*(w,0) = — [0CSpi (w,k*,Z) + (1 — 6)CSpa (w, k*, 2)].
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1. if w < w, we have:

X5 () = [ (~CSp (0, (,6),2))f(0)20 %
or 1
X$(w) = [ (=CSp(aw, k" (w,6),2)) f(6)d0 ®)
2. ifw < w < w, we have:
X (w) = /w 1l(w)(—c5pa(w, K*(w,0),)) £(0)d0 9)
or 1
X$(w) = [ oGS (@K (,0),2)) £ (0)d0 (10)

3. if w > w, there is no technology adoption and the upstream expected demand
X8 is zero.

Imperfect information with signal probability /. If the GPT firm takes into ac-
count the probability / for the downstream firm to receive a signal on quality z of its
product, its expected demand is a function of /. Indeed, GPT-firm knows that with
probability h its expected demand is the same as in perfect information, and with
a probability (1 — h), its expected demand is the same as in imperfect information;
SO :

1. if w < w, then
X(w,h) = h(—CSp(w,k2))
+(1—h) ./Ol(cs,,a(w, k*(w,0),2)) £ (6)d0 (11)
or

XS(w,h) = h(—CSp(w,k2))
Ha-n) [ (-CSp(mk @), 2)f0)d0 1)

2.siw<w<w

X8 (w,h) = h(—CSp(w,k z))
1
+(1—h)/wil(w)(—CSpa(w,k*(w,G),E))f(G)dQ (13)

or

X(oh) = (k) [ (~CSp(wk(w0),2)f@)d0 (4

@1 (w)

3. If the price of the GPT is such that w > w, then the downstream firm does not
adopt and the expected demand of GPT is zero.
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Comparative static. Let us suppose that the downstream firm adopts GPT and let
us analyze effects of the increase of 1 on the gap between the demand expected by
the upstream firm when it produces high quality and the demand expected when
it produces low quality, i.e X® — X8, To do this, let us consider two cases, either
the upstream firm chooses a unique price w™ regardless the GPT quality, either the
upstream firm sets endogenous prices depending on the GPT quality:

1) the upstream firm sets a unique price w™ = w™(h,z) = w™(h,z) for any given h;
then expected demand gap'* according to values of w™ are:

(a) if w™ < w, by using equations (11) and (12), we have
XS~ X8 =h (—cs,,ﬂ(w’",E,z)) — (~CSp(w™, k,;))) (15)

(b) if w < w™ < w, by using equations (13) and (14), we have

X* — X8 = h(—CSp(w™,k,Z)) (16)

we know by assumptions that (—CSpa(wm,EZ)) > 0, (=CSpe(w™,k,z)) > 0and
(—CSpa(wm,E,E)) - (—CSpn(wm,k,;))) > 0; so the effect of i on the demand gap
is positive, i.e. a(igaizy) > 0.

Let us calculate the profit gap, 778 — 78 = (w0 — ¢)(X® — X&) — (c8(2) — c3(2)).

The effect of i on the profit gap is given by a(ﬁi;;gg) = a(Y:;XS) (w™ — c); the previ-
ous result on the demand gap induces @ > 0.

These results show that when & increases, whatever the unique wholesale price
w™, including the one that maximizes the profit of low quality z, the gap of demand
expectations of the upstream firm increases as well as profits gap; as a result, the
incentive to sell high quality GPT rather than low quality GPT increases with the
probability & of receiving the signal. The upstream firm can therefore always have
an incentive to switch to high quality z; but this requires an increase in R&D costs,
a wholesale price adjustment and a sufficient level of /i so that the gross profit gap
to be greater than the R&D cost gap.

2) the upstream firm sets endogenous prices according to the quality of GPT; so we
will have w™(h, z) = argmax, 8 (w™, k, z, h).

Let us set respectively w™(h,z) = w™(h) and w™(h,z) = w™(h) the optimal
price for high quality and low quality for a given h.

Assumption 2. Suppose, for any given h, w™ (h) > w”(h) > 0.

With assumption 2, we assume that for a given value of &, the upstream firm
sells the high quality at a price at least equal to that of the low quality.

14T simplify notations, we write X° (w™, 1) = X® and X&(w™, h) = X8
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Let us assess the effect of a variation of /1 on the profit gap between high and
low quality; using the envelope theorem, we show that the total differential of the
profit gap is given by:

7S

d 7 0X T o
(7 — 8 = (" — ) m_ o) — (X% — X8
S - %) = (0 — ) 4 (@ ¢) (RS~ X9) 1)
Proof.
dms  o7® o ow™
R T 1
dn ~ on " owr on 19
By definition, ggfﬁ = 0, so equation (18) becomes:
dm®  oms — X®
F i T )
It’s the envelop theorem ; similarly, for the profit of low quality, we obtain:
drm8  omé " X3¢
= = = = mo__ _— 2
TR TR 7 -
Using equations (19) and (20), we write the profit differential :
d - 2 G
— (78 — 18) = (" — w™) = o) —(X® — X8 21
ST = ) = (@7 - ) T (@ ) 2 (R - ) @)
The sign of profit differential % (7t — ¥) depends on signs of % and B(YZZXX). O

S
Lemma 3. % < 0and aalh > 0.

Proof. 1t suffices to verify that with equation (11) we have (—CSp(w,k z)) >
fol(fCSpa(w, k*(w,0),z))f(0)d6, with equation (13) we have (—CSp(w,k,
f.l,l(w) (—CSpe(w, k*(w,0),2))f(0)de,  with  equation (12) we have

w

(—CSpe(w, k,z)) < fol(—CSpa(w,k*(w,()),;))f(())df), and finally with equa-
tion (14) we have 0 < fu}},l(w)(fCSpa(w,k*(w,@),;))f(())d@. Using the ini-
tial hypothesis CSpx < 0 (i.e. —CSpe increases with k) and knowing that
k < k*(w,0) < k, we can easily verify inequalities resulting from equations
(11), (13) and (12); for the equation (14), we also verify that % < 0 because

1 *
fw,l(w)(—CSPa(w,k (w,0),z))f(6)do > 0. O
Remark 5. Lemma 3 implies a(yga_xg) > 0 but does not necessarily implies X* —

X8 > 0 when high quality and low quality are sold respectively at price w™ and
w',

Lemma 4. % > 0; i.e. the incentive of the GPT-firm to sell high quality rather than
low quality increases with the probability of receiving the signal.

Proof. Lemma 4 is the consequence of lemma 3. O
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5 Effects of innovation clusters

We assume that the probability of receiving the signal & depends on the coordina-
tion mode of the vertical relation between the upstream firm (GPT supplier) and the
downstream firm (integrator of GPT). We model innovation clusters by an increase
of h compared to the market mechanism; in other words, if /; and h, correspond
respectively to the signal probability on the market and within the cluster, then
dh = hy — h; > 0. Indeed we assume that, in the presence of a innovation cluster, it
is more likely for the downstream firm to receive information about the true quality
of GPT technology than a firm on an arm’s length market; the economic literature
on cluster policy argued that innovation clusters give an advantage to firms, not
only in terms of transaction costs, but also in terms of sharing valuable informa-
tion because of geographical proximity and localized knowledge externalities (see
e.g Baptista (1996), Stein (2008)). We will analyze innovation clusters effects on the
choice of upstream quality and on the downstream adoption behavior of the GPT
and on the social welfare.

5.1 Choice of upstream quality

We analyze here effects of an increase of h on the upstream firm behavior in its
choice to produce high or low quality. The previous analysis of the profit gap with
respect to i1 shows that this gap can become large enough for high values of #; in
this case, the GPT firm would have to pay the extra R&D cost ¢¥(z) — ¢8(z) in order
to produce high quality. On the other hand, the profit gap can sharply decrease
for low values of I; the firm would then have an interest in favoring low quality.
In particular, if & becomes zero, the GPT firm always chooses the low quality'
because of the strict increase of R&D costs, ¢3(z) > ¢3(z).

Assumption 3. Assume that, in perfect information, i.e. & = 1, the GPT firm always
chooses the high quality z.

Note that assumption 3 ensures that in perfect information, the R&D cost for
high quality always remains reasonable so that the profit 77 > 0.

Proposition 1. There exists a limit value h*, such that if h < h* the GPT firm invests in
low quality, if h > h* the GPT-firm invests in high quality.

Proof. Proposition 1 is the consequence of lemma 4 and assumption 3. O

Corollary 1. If the increase of h allows to move froma h < h* toa h > h*, the innovation
cluster switches the GPT firm from low quality to high quality.

15Tn the absence of a signal, the GPT firm has no interest to choose the high quality because the
downstream sector ignores the quality. If the GPT firm chooses high quality, it invests more fixed
cost in R&D while it receives the same demand and income as low quality. However, in a dynamic
model integrating reputational aspects, one could imagine that the GPT firm chooses the high quality
in the absence of signal to build or preserve its reputation.
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5.2 Downstream adoption behavior

From the point of view of the upstream firm, the expected level of R&D investment
and the expected level of use of the GPT product in downstream depend on 7, i.e.
the probability of observing the signal in downstream.

Let us consider a downstream firm with a given type 6; note k(h, 6) its expected
level of R&D investment and X%(h,0) its expected level of GPT product utiliza-
tion'®. We analyze below the effect of increasing of 1, dh = hy — hy > 0 on k(h, 0)
and X“(h,0).

5.2.1 Investment level in downstream quality.

The expected quality of downstream technology is given by k(h,6) = hk(w™,z) +
(1 — h)k*(w™, 0); the total differential'” with respect to  is :

dk . ow™  dz dw" ok ok* ok* 0z ok
an ~ k=K + ( oh o oz ) <h(awm ~ ) T me> +h<8haz> @2)
We distinguish here three effects of 1 on the expected quality of downstream

technology:

1. (k — k*) is the direct effect of h

2. (% + 5 %) (h (G — g

) + &) is the indirect effect of h through price.

3. h(£%) is the indirect effect of i through change of upstream quality.

For this analysis of effects of an increase of /1, one can distinguish two cases: the
increase of h does not lead to a change in upstream quality, i.e by < hy < h* or
h* < hy < hy; and the increase of h causes a switch from low quality to high quality
upstream, i.e by < h* < hy.

First case : the increase of h does not result in a change in upstream quality.

In this case, z(l) = z(hy) = z or z(l1) = z(hy) = Z. Note kiys(h,0) the ex-
pected downstream quality when the upstream quality is z and ks (1, 0) when the
upstream quality is z; we have :

dki . Jw™ Jk ow™ ok*

= (k—k ”h(ahauﬂn) +a h)(ahawm) 23)
dksup  — ., ow™ ok ow™ ok*

an K=k )+h(ahawm> +(1_h)(ahawm) @4

Knowing that k — k* < 0 and k — k* > 0, the overall effect of & on lsz and on
ksup depend on the both effect of i on the upstream wholesale price and effect of

16We note that k(h,8) = k(w, k, k*,z,h,6) and X (h,0) = X*(w, k,k*,z,h,8), because variables w =
w™(h,z),z = z(h), k = k(w, z) et k* = k*(w, §) are endogenous.

171 et us recall that because the variable z takes only two values, notations g—ﬁ, ag’zm and % are
abusive.
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the upstream wholesale price on the choice of associated quality in downstream. If

these effects are negligible, we have d’,’;f =k—k" <Oet dkb“’” =k—k* > 0;in
other words, the increase of h reinforces the downstream R&D investment when
the GPT technology is of high quality and lowers it when the GPT technology is of

low quality. On the contrary, if these two effects are not negligible, then the overall
aw (h) ok

effect of h on k;, s depends on signs of and 25 while the overall effect

7 awm
Bw h ak ok*
of hon ksup depends on signs of ( ), poi and o

Assumption 4. V1 € [0,1], aw ) > 0and 221 < 0.

With assumption 4, we suppose that GPT firm raises its price with & when it
chose to produce high quality and lowers its price with & when it chose to produce
low quality. We suppose that the model fundamentals, i.e functions of demand,
cost, profit, surplus, ensure this assumption.

Given assumption 4, let us reassess the overall effect of h on kin rand lzsup :

Overall effect of 1 on k;, £

- if ag)—km > 0and gw% > 0, we verify that the indirect effect through price is
negative; so there is a reinforcement of the direct negative effect of /1 on

Kinf-
- if 8?0"’ < 0and aazﬁm < 0, we verify that the indirect effect through price

is positive; which leads to a smaller decrease or an increase of k;,r as h
increases.

Overall effect of l on I~csup

if 5 ak > 0 and i > 0, we verify that the indirect effect through price
is pos1t1ve this remforces the positive direct effect of 1 on k.

o ok ok*
- if S < Oet 5=

is negative; this leads to a smaller increase or a decrease of ksup with
respect to h.

< 0, we verify that the indirect effect through price

Second case : The increase of h results in a switch from low quality to high quality in
upstream

Let us evaluate the sign of Izsup(hz, 0) — kin £(h1,8). We know that:
I?sup(h,(?) = hk(w™(h)) + (1 — h)k*(w™(h),6) (25)
king(h,0) = hk(w™(h)) + (1 — h)k* (w™(h),6) (26)
We can decompose and write:

Izsup(hbe)_icinf(hl/e) = (icsup( k (hllg))
p(h1,

0) —
+ (keup (1, 0) = King (h1,0)) 27)
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If the effect of the upstream price on the downstream quality and the effect of / on
the upstream price are negligible, then k(w™ (hy)) = k(w™(hy)) = k, k(w™(hy)) =
(™ (1)) = k k(0" (h2),0) = k(w7 (11),0) = K'(@(h2), ) = k" (@"(1n),6) =
k*, with k > k* > kand w™(hy) = w"(hy) = w", w(hy) = w?(hy) = w with
w™ > w, In this case, using equations (25) and (26), we show that the two right-
side terms of the equation (27) are positive; indeed:

Izsup(h2/ 0) — sup(hl/ 0) = (ha— hl)(E —k*) >0 (28)
Tcsup(hll ) kinf(h1/ 9) = hl(E*k) >0 (29)

Thus, we show that lzsu,,(hz,(?) — lsz(hl,(?) > Izsu,,(hz,f)) — I~<sup(h1,6) > 0; the
switch from low quality to high quality reinforces the cluster’s positive impact on
R&D investments in downstream.

On the contrary, if the effect of the upstream price on the downstream quality and
the effect of /1 on the upstream price are not negligible, we can assess the overall
effect of 1 on the expected investment in downstream; by using assumption (4), we
have:

-if 2 > 0and 2
tion (27), i.e ksup(hz, ) — Izsup (h1,0), has an indefinite sign whereas the sec-
ond term, Esup(hl,(?) — kin £(hy,8), is positive; we conclude that the sign of
Izsup(hz,f)) — kin £(h1,0) is indefinite. However, if the increase in upstream
quality following the increase in the upstream price is very important, then
we Verify that l?sup (I’lz, 9) — l?mf(hl, 9) >0

> 0, we show that the first right-side terms of the equa-

Proof. See appendix A O

- if ;,?Tkm < 0 and aawi; < 0, we show that the first right-side terms of the
equation (27), ksup(h2, 9) ksup(h1,8), has an indefinite sign whereas the sec-
ond term, ksup(hl, 0) — mf(hl, ), is negative. We conclude that the sign of
kup (h2,0) — kiy 7(h1,0) is indefinite. However, if the decrease in upstream
quality following the increase in the upstream price is very important, then
we verify that kyp(h2,0) — king(h1,0) < 0.

Proof. See appendix A O
Proposition 2. If ag’ =0or awm >0or awm < 0 with ‘awm | ~ 0, the innovation cluster

increases the expected investment in downstream quality when the GPT firm invests in
high quality and lowers it when the GPT firm invests in low quality'®.

18In proposition 2, k represents the both k and k* and w™ represents w™ when GPT firm invests in
high quality. Alternatively, when GPT firm invests in low quality, then k represents the both k and k*
and w™ represents w.
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Corollary 2. If the increase of h results in a switch from low quality to high quality in
upstream, we have two cases:

(i) if we neglect the effect of h on the upstream price and/or the effect of the upstream
price on the downstream quality, then the innovation cluster’s positive effect on R&D in-
vestments in downstream is reinforced.

(ii) if we do not neglect the effect of h on the upstream price and/or the effect of the
upstream price on the downstream quality, then the innovation cluster increases the down-
stream R&D investment iff the consecutive increase in the upstream price positively and

strongly influences the choice of downstream quality, i.e. k> 0and 2 > 0; but

ow™ ow™
the innovation cluster reduces the downstream R&D investment iff the increase in the up-

stream price has a negative and strong influence on the choice of quality downstream, i. e.
% < 0et 2 <0

ow™ ow™

5.2.2 Level of use of GPT good in downstream.

The total differential of X”(h,0) with respect to h is given by:

an on T on 9z Jown Tanaz T on
N (awm+%awm> ok +aj% 875(“
on T on 9z owm T anaz ) ok

dxe B (aw’" azawm>af(ﬂ 0z 0X* 9X*°

N (aw’" N ajawm) ok* \ 9X°
oh oh dz /ow™ ) ok*

Equation (30) expresses four effects of variation of & on the deamnd of downstream
firm :

(30)

1. % is the direct effect of h on the demand.

2. (%= 4 zun) g%; is the indirect effect of /i through price variation.
2

3. 5 aa)ia is the additional indirect effect of i through the variation of GPT quality.

ow™ 9z ow™\ ok 9z 9k 9X“ ow™ 9z Jw™\ 9k* \ 9X“ : fg :
4 (%7 + 5 %8 ) qur + 5i3) 9 + (% + 5 %) dm) G 1 the additional in-
direct effect of /1 through the variation of downstream product quality.

The first effect is interpreted as the observed upstream quality effect, the second as
the price effect, the third as the upstream quality variation effect and the fourth as the
downstream quality variation effect.

First case :  the increase of h does not result in a change in upstream quality.

Let us note X, f(h,G) the expected quantity when the GPT quality is z and
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X&,,(h,6)" when the quality of GPT is z. We have :

dXsaup _ ow™ aXsuup axgup n ow™ ok axgup n ow™ ok* aXsaup 31)
dh oh ow™ oh oh ow™ 9k oh Jw™ ok*

dX?nf _ ow™ aX?nf aX?ﬂf + Jw™ dk aX:znf ow™ ok* aX?nf
dh oh oJwm oh oh ow™ Jk oh ow™ ok*

(32)

What is the overall effect of I on the adoption behavior of a downstream 6-type
firm?

(1). If the effect of the change in upstream price on the choice of downstream
quality or the effect of the increase of & on the wholesale price is negligible, then
only the direct effect and the indirect effect through price remain.

Remark 6. With assumption 4 and lemma 3, we verify that in the two demand
cases X;‘up and X?, fr the two remaining effects of /1 are opposite: (i) when the quality
is high (Equation 31), the direct effect is positive whereas the indirect price effect
is negative; (ii) when the quality is low (Equation 32) the direct effect is negative
whereas the indirect price effect is positive. The global direction of variation will
therefore depends on the strongest effect; in other words, if in the both cases, the
direct effect is stronger than the indirect effect, then Xgup overall increases with h
while X4, ¢ overall decreases with .

In order to determine the global direction of variation of downstream demand
with respect to h, let us evaluate and compare demands X%,,(h,0) for extremes
values of 1, i.e. h = 0 and h = 1, other things being equal.

up

Firstly, considering Equations (11) and (13); demands in stage 4 are:

X3,p(0,0) = —CSp(w™(0),k*(w™(0),6),%) (33)

X&,p(1,0) = —CSpe(w™(1), k(w™(1),0),Z) (34)
We verify with assumption CSpe < 0 that XZ,,(0,6) > 0 and X¢,,(1,6) > 0. We
assume CS o, < 0, which implies that XZ,,(1,6) > X,,(0,6) > 0.

Secondly, considering Equations (12) and (14), let us evaluate and compare de-
mands Xl‘.’n f(h,G) for the extreme values of i1, i. e. h = 0 and i1 = 1. Let us begin
with equation (12).

Xing(0,0) = —CSpe(w™(0),k" (w™(0),0),2)) (35)

Xiyp(1,0) = —CSpe (w™ (1), k(w™(1),6),2) (36)

1We note that Xfup(h, 0) = X% (h) and anf(h, ) = X8 (h) for a given 0-type firm.
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We also verify with CS,« < 0 that X”f(O 6) > 0and X“f(l 0) > 0. With CSyep <
0 and assumption 4, we show that 0 < X?, f( 0) < X¢, f(O 6). This result is also
verified for equation (14) and in this case, X}, (1,6) = 0 < X4 £(0,0).

(2). If the effect of the change in the upstream price on the downstream quality
is not negligible as well as the effect of h on the wholesale price, then given assump-
tion (4) and knowing that > 0, the overall effect of I on the expected level of
use of GPT good in downstream depends on the effect of the wholesale price on
the downstream technology quality.

Overall effect on X7, :

- if 32%" > 0 and i > 0, then the additional indirect effect of /1 through
the variation of the downstream quality is negative, leading to a rein-

forcement of the negative direct effect.

- if aw'” < 0Oand aazi(;m < 0, then the additional indirect effect of h through
the variation of the downstream quality is positive, reinforcing the posi-
tive price effect. In total, there is a smaller decrease or an increase in the

downstream level use of the GPT good when / increases.

Overall effect on X%y, :

- if aakm > 0 and ;km > 0, then the additional indirect effect through the

variation of the downstream technology quality is positive; which rein-
forces the positive direct effect of /1 on k.

- if aj‘ 5o < 0, the additional indirect effect through the vari-
ation of the downstream quality is negative, reinforcing the (negative)
indirect price effect. In total, we have a smaller increase or a decrease in

the downstream level use of the GPT good when / increases.

Second case : The increase of h results in a switch from low quality to high quality in
upstream

Let us calculate the sign of Xsup(hZI ) — anf(hl, 6). We know that :

Xoup(h2,0) = ho(=CSpa(w™ (ha), k(w"™ (2)))
+(1 = o) (—CS o (W™ (h2), K* (@™ (I12), 6)) (37)

Xiyr(h1,0) = hi(=CSps(w™(h), k(w™(h1)))
+(1 = 1) (=CSpe (w™ (), k* (w™(h1),0)) (38)
We can decompose and write

sup(th ) — X;an(hllg) = ( sup(hzlg) sup(hlr ))
( sup(hlr )_ inf(hllg)) (39)
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(1). If we neglect the effect of the upstream price on the downstream quality and
the effect of I on the upstream price and using Equations (37) and (38), we show
that the first and the second right-side terms of Equation (39) are positive; in fact,

Xgup(hZI 6) - Xgup (hllg) = (hZ - hl)(_CSP“ (wm,E) - (_CSP“ (wm/ k*))) >0 (40)

Xy (1, 0) — X3, p(h1,0) = hy(—CSpe(w™, k) — (_cspa(wﬁ,k))) >0 (41

We have just shown that X, ,(h2,6) — mf(hl, ) > X&,,(h2,0) — X&,,(h1,0). Thus,
by shifting the upstream firm from low quality to high quality, the innovation clus-
ter improves further its positive effect on the downstream level of use of GPT prod-
uct.

(2). If we do not neglect the effect of the upstream price on downstream quality and
the effect of & on the upstream price, then given assumption (4), let us calculate the
overall effect of 1 on the expected level of use of the GPT product in downstream :
if a% > 0 and afw > 0, we show that the sign of the first right-side term
of equation (39) sup(hZ/ ) — X;’up (hy1,0), is indefinite while the second term,
X8,y (h1,0) — X2, f(hl, ) is positive' from this, we can deduce that the over-
all sign of X oup(h2,0) — X2, f(hl, ) is indefinite. However, we show that if
the increase in downstream technology quality following the increase in the
upstream price is very important, we have f(gup(hz, ) — X4, f(h1, 6) > 0.

Proof. See Appendix B. O

- if azfm < 0Oand ak < 0, we show that the sign of the first right-side term of
equation (39), Xsup(hz, ) — sup(hl,e), is indefinite while the second term,
SMp(hl, ) — Xin f(hl, ) is negative. We conclude that the overall sign of
X¢,p(ha, 0) — X3, f(h1/ 6) is indefinite. However if the decrease of the down-
stream technology quality following the increase in the upstream price is very
important, we have Xgup (hy,0) — mf(hl' ) <

Proof. See Appendix B. O
Proposition 3. If X¢,,(h,0) and X7, (h 6) are strictly monotonous with respect to h, if
ag”;:" = 0or 5, k> 0 or aak <0 wzth | 2 2| = 0, then the cluster policy increases the

downstream expected level of use of the GPT good when it is high quality and lowers it
when it is low quality®.

20In proposition 3, k represents the both k and k* and w™ represents w™ when the GPT-firm invests

in high quality. Alternatively k represents the both k and k* and w™ represents w” when the GPT-firm
investsin low quality.

20



Corollary 3. If the increase of h results in a switch from low quality to high quality in
upstream, we have:

(i) if we neglect the effect of h on the upstream price and/or the effect of the upstream
price on the downstream quality, the positive effect of the cluster on the level of use of the
GPT good in downstream R&D is strengthened.

(ii) if we do not neglect the effect of h on the upstream price and/or the effect of the
upstream price on the downstream quality, then the innovation cluster increases the ex-
pected level of use of GPT good in downstream iff the consecutive increase in the upstream

price positively and strongly influences the choice of downstream technology quality, i. e.

ai’u—kﬁ > 0and gw% > 0; but the innovation cluster lowers it iff this increase of upstream

price negatively and strongly influences the choice of downstream technology quality, i.e.
%k < 0and 2 < 0.

awm oW 1

In sum, we note that Propositions 2 and 3 show that the positive effect of innovation
clusters on the level of use of new technology and on the level of R&D investment in
downstream is subject to conditions, in particular that the increase of / has no effect
on the upstream price and/or that the effect of the increase of the upstream price
on the downstream technology quality is either positive or negative but negligible.

5.3 Welfare implications

We suppose for the social planner, initiator of the innovation cluster policy, that the
social welfare is the sum of the expected surpluses of upstream and downstream
sectors; it depends on /1 and on the quality of the GPT product observed by the
downstream sector in stage 4. Let W(h) be this surplus; we note that W(h) =
W(w, k, k*,z, h) because w = w™(h,z),z = z(h), k = k(w, z) and k* = k*(w, 9).

W(h) = n8(h)+ " (h) (42)

Following the implementation of the innovation cluster policy, the increase of &
induces a variation of the social welfare given by:

AW _drs  dr
dh  dh dh

(43)

First case : the increase of h does not result in a change in upstream quality.

Let us note W(h) and W(h) the social surplus when final consumers observe
low quality z and high quality z, respectively. The upstream profits 7t8(h) and
78 (h) are known but the downstream profits 7 (h) and 7t (h) expected by the so-
cial planner are given by:

'(h) = h[CS(w™(h), k(w™(h)),z(h)) — " (k(w™(h)))]
+(1—h /(CS H(h), K (w™(h),0),2(h)) — (k" (w™(h),0)) f(0)d6
(44)
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() = I [CS(@"(h), k(™ (), Z(h)) - ¢ (K(w™ (1))

+(1=h) /(CS(wm(h)rk*(wﬁ(h), 0),2(h)) — c" (k" (w™ (), 0)) £ (6)d0
(45)
Remark 7. In the expression of downstream profits according to the social planner,

we deliberately assume that the downstream sector always adopts, that is, w™ < w;
in all other cases where it does not always adopt, analyses remain the same.

Let us determine the sign of Clih = ddT,Zg +4 < " and the sign of €% dW = d;f + dﬁa We

showed previously that S < 0et df > 0; in other words, the mformatlon gain is
beneficial to the upstream flrm only when it produces high quality. Otherwise, we
calculate:

drm®  Jw™ dn” n Jw™ Jk dm” n ow™ ok* Jrt* n art*
dh  oh Jwm = Oh Jw™ ok oh ow™ Jk* oh

(46)

d7’  ow™ 97" n ow™ ok o’ n ow™ ok* oTT" n o’
dh  Oh Jw™ = 9h Jw" gk oh ow™ Jk* oh

(47)

In each of the two equations, there are three effects: the direct effect ( "), the

indirect effect through the variation of upstream price (ag;, aagm) and the 1nd1rect

effect through the downstream quality (2%~ 506 9% | dwr JkT gy

We also assume that the profit of the downstream sector increases with the level

of investment in downstream quality, that is to say that >0, %k > 0,837;( >0
and %Z* > 0.

(1). If we neglects the effect of the change in the upstream price on the choice of
the downstream quality or the effect of the variation /1 on the upstream wholesale
price, then Equations (46) and (47) become respectively:

a a a
R )

Using Equations (44) and (45), we show that:
O (CS( k) ()] - [ [CS(h k. 2) ~ ()] f@)de (60
dCZ = [CS(wﬁ,Ez) e (E)] - / [CS(w™, k*,Z) — c*(k*)] £(6)d0 (51)

By definition of k and k, we know that in Equation (50), CS(w™, k, z) — c* (k) is larger
than CS(w™, k*,z) — ¢*(k*) and in equation (51), CS(w™, k,z) — c*(k) is larger than
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CS(w™,k*,Z) — c*(k*), thus showing that < dh > 0 and 97 h > 0. The information
gain is always beneficial to the downstream sector; indeed, this provides to the
downstream sector to approach its optimal investment level and improve its profit
by reducing either the risk of under-investment or the risk of over-investment due
to imperfect information on GPT technology

In sum, if we neglect the effect of i on the upstream price or the effect of the up-

stream price on the downstream quality, then W > 0 while the sign of 4 d? his in-
definite; in other words, the innovation cluster 1mproves social welfare and allows
alignment of upstream and downstream sectors’ incentives when the GPT good is
high quality. On the contrary, when the GPT good is low quality, the overall ef-
fect of the innovation cluster is ambiguous because the upstream and downstream
incentives are not aligned.

(2). If we do not neglect the effect of the change in the upstream price on the
choice of downstream quality or the effect of a variation of & on the wholesale price,
and given the assumption (4), we calculate:

Overall effect of 1 on 1 and W

- if aazﬁ,,, > 0 and a%{m > 0, then the price effect is positive and reinforces
the direct effect while the indirect quality effect is negative, leading toa
smaller increase or decrease of 1. However if ak,,, > 0 and awm > 0,

we will have < 0; we deduce that W 0.

- if aazlém <0 and < 0, we have a p051t1ve quality effect as well as an

positive price effect reinforcing the direct effect. In sum ddZ > 0. We
deduce that the overall effect of the increase of 1 on W is indefinite.

Overall effect of h on 77" and W
- if aau]im > 0 and af > 0, the quality effect is positive, reinforcing thus
the positive direct effect while the indirect price effect is negative. So,

we have a smaller increase or a decrease of 77°. However if aa£m > 0and

ok >0, we have SN 0, 1nvolv1ng > 0.

ow

- if 5—’5,,, < 0and azfﬁ,, < 0, the quality effect is negative as well as the price

effect; there is therefore a smaller increase or a decrease in the down-
stream profit. However, if 2 < 0 k<0, then < 0. We deduce

— dw™ rra
that the sign of % is indefinite.

In sum, we showed that if the increasing of the upstream price significantly
increases the downstream quality, the social surplus increases iff the upstream firm
produces high quality.
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Second case : The increase of h results in a switch from low quality to high quality in
upstream

Let us calculate W(hy) — W(hy), with W(hy) — W(hy) = (78 (hy) — 8(hy)) +
(7" (h2) — 7" (1))

We rewrite in the form:
W(hy) =W(h) = (7 (ha) — 78 (1)) + (T8 (h1) — m8(m))

(+) (+)
+ (') =7 () + (" () — ()~ (52)

(+/-)? (+)

In other words,

(1). If we neglect the effect of the change in the upstream price on the choice of
the downstream quality or the effect of the variation of & on the wholesale price,
then the third right-hand term of equation (52), that is to say 7" (hy) — 7t (h1), is
positive, involving that W (hy) — W(hy) > W(hy) — W(h) = (@8 (h) — 78 (hy)) +
(7T (hy) — 7" (hy)) > 0.

(2). If we do not neglect the effect of the change in upstream price on the choice
of downstream quality or the effect of the variation of & on the wholesale price, and
given Assumption 4 and the signs of 7t (hy) — 77" (h1) in the previous section, we
have:

° W(I’lz) — w(h1> > W(hz) *W(I’ll) > 0 iff

ok .
507 very large;

E;Z‘};, > 0 and a?fﬂ > 0, with aau% and

e W(hy) — W(hy) indefinite sign, otherwise.

In sum, if we ignore the effect of 1 on the upstream price or the effect of the up-
stream price on downstream quality, the shift from low quality to high quality in
upstream reinforces the positive effect of innovation cluster on the social welfare.
On the contrary, if the effect of /1 on the upstream price or the effect of the upstream

price on the downstream quality is not neglected, the switch to high quality in up-
stream reinforces the positive effect of the cluster iff % > 0and % > 0, with %
ok

and 5%

very large.

™ w™ __ ok* _ ok __ ok* ok it Ok*
Proposition 4. IfS =0o0r 55 =455%=00r55>0and 5% > 0 with 3 = and
ok

5.7 very large, then the innovation cluster improves the social welfare if and only if the
GPT good is high quality and/or if there is switching from low quality to high quality in

upstream.

In this section, we have developed and solved a model with general forms of de-
mand and cost functions. The resolution is based on assumptions, in particular on
equilibrium wholesale prices; now we must ensure that these assumptions are con-
sistent with other assumptions of the model. In the next section, we use specific
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demand and cost functions and then, we verify these assumptions on equilibrium
prices as well as the innovation cluster effects on the choice of GPT product in up-
stream, on the downstream adoption behavior and on the social welfare.

6 An application

Let us suppose that the consumer surplus is given by CS = kz/p, with p, > 0,
z > 0 and k > 0, thus implying that the consumer demand function is given by
X = kz/pg; we verify assumptions CS; = k/p, > 0; CSx = z/ps > 0; CS,; = 0;
CSi = 0; CSp, = —kz/p2 < 0; CSp,p, = 2kz/p3 > 0; CSp,- = —k/p2 < 0;
CSpk = —2/p5 < 0;CSz =1/pa > 0.

Let us choose ¢?(k) = 0,5k? the R&D cost of the downstream firm; we also
verify that cf = k > 0and cf;, = 1 > 0; the cost function reflects a decreasing return
of R&D investments. The objective function of the downstream sector, i.e. its total
gross surplus, is given by:

r"(pak,2) = kz/pa+ (pa — w)kz/ pi

6.1 Downstream firm equilibrium

Perfect information. In the presence of the signal, let us calculate the price, qual-
ity, profit and the demand expressed by the downstream sector at equilibrium.

The maximization of the gross surplus r*(p,, k, z) = kz/pa + (pa — w)kz / p? with
respect to p, leads to the optimal price p*(w) = w; we rewrite r*(w, k,z) = kz/w
and the profit is given by 7*(w,k,z) = kz/w — 0,5k*>. We show that the level of
quality k which maximizes the profit is given by k(w, z) = z/w with k(w) = z/w
and k(w) = z/w. Note that here we can verify the technological complementarity,
i.e ky(w,z)=1/w > 0.

The maximum value of the profit is given by 7" (w,z) = 0,5z%2/w? with
" (w) = 0,5z2/w? and 7T"*(w) = 0,5z%/w?. We remark that 77" (w) > 0,
" (w) > 0 and T})i_% " (w) = 7},@0 7" (w) = +oo; that implies that the down-
stream firm always adopts whatever the price of GPT technology; in other words,
w=w = +o0.

From the above, it is possible to deduce the demand of the GPT good expressed
by the downstream sector: X*(w) = kz/w? = z?/w? and Xa(w) =kz/w? = Z%/ud.

Imperfect information. In the absence of the signal, the downstream firm bases
its decisions on its a priori belief 6 that GPT technology is high quality. In order to
choose its price, the firm maximizes its expected surplus R?(p,, k, p) = 0(kz/pa +
(pa —w)kz/p%) + (1 — 0)(kz/ pa + (pa — w)kz/p?). We verify that p?(w) = w and
the expected profit is given by I1*(w, k, p) = 0(kz/w) + (1 — 0)(kz/w) — 0,5k?. The
level of quality k which maximizes this profit is given by k*(w,0) = (6z + (1 —
6)z)/w. By replacing k* with its value in the expected profit function, we obtain
the maximum value of the profit, IT"**(w,6) = 0,5(6z + (1 — 0)z)?/w?.
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We thus remark that I (w,6) > 0 et linr}) 1" (w,0) = +oo0. We thus note
w—
that even in the absence of a signal, the downstream firm always adopts; therefore
W(0) = +oo. In addition, the anticipated demand on which the downstream firm
bases its decision to adopt at stage 3 is given by 0(k*z/w?) + (1 — 0)(k*z/w?) =
(0Z+ (1 —0)z)?/ws.

6.2 Upstream firm equilibrium

Perfect information. The demand expected by the upstream firm corresponds to
the demand expressed by the downstream firm. When the upstream firm chooses
low quality, we have X8 (w) = X*(w) = z?/w? with a profit 8(w) = (w — ¢) X8 —
c8(z); on the contrary, when it chooses to produce high quality, X* (w) = X" (w) =
7% /w® and the associated profit is 728 (w) = (w — ¢)X® — c8(2).

Imperfect information. The demand expressed at stage 4 by the 0-type down-
stream firm is either X*(w,6) = k*(w,8)z/w? when it observes z or Xa(w, 0) =
k*(w,0)z/w? when it observes z. Knowing that X8 (w) = fol X*(w,0)f(6)dé and
X (w) = fol X" (w,0)f(0)d6, we show that the upstream firm expected demands

' X8(w) = (22E(0) + (1 — E(0))) /0 (53)

X8 (w) = (Z%E(0) +2zz(1 — E(6)))/w® (54)

The corresponding profits are 78(w) = (w — ¢)X& — c8(z) and 78 (w) = (w —
¢)X® — c8(2), respectively.

Imperfect information with signal probability #. The demand expected by the
upstream firm is:

X8(w, h) = h(z*/w*) + (1 — h)((zzE(0) + 2*(1 — E(0))) /w®) (55)
X3 (w,h) = h(Z2/w?) + (1 — k) ((Z2E(0) +zz(1 — E(0))) /w?) (56)
The associated profits are t8(w,h) = (w —c)X& — c3(z) and 7 (w,h) = (w —

¢)X® — ¢8(Z), respectively. Let us note w” = argmax,, m8(w,h) the price of low
quality and w™ = argmax, 7t8(w,h) the wholesale price of high quality. After
calculations, we show that w” and w™ are identical and independent of / and
constant: w” = w" = w = %c. Thus Equations (55) and (56) respectively be-
come X3 (h) = h(822/27¢%) + (1 — h)(8(2zE(0) + z2(1 — E(0))) /27¢®) and X* (h) =
h(82%/27¢®) + (1 — h)(8(Z*E(0) +zz(1 — E(6))) /27¢%). The expressions of expected
profits are &(h) = h(4z2/27¢*) + (1 — h)(4(zzE(9) + z*(1 — E(0)))/27¢%) — ¢(z)
and 728 (h) = h(4z%/27¢%) + (1 — h)(4(Z®E(0) + zz(1 — E(0)))/27c2) — c(2).
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6.3 Effects of innovation clusters

Choice of upstream quality. It is easy to show that the gap of expected demand
in upstream increases with h because dX$(h)/dh = 8E(6)z(z —z)/27¢®> < 0 and
dX®(h)/dh = 8(1 — E(0))Z(Z — z)/27¢® > 0; similarly, the expected profit gap of
the upstream firm increases with . Indeed, dz8(h)/dh = 4E(0)z(z —Z)/27¢*> < 0
and d7e8(h)/dh = 4(1 — E(0))z(z — z) /27¢* > 0; thus we verify that the innovation
cluster encourages the GPT firm to sell high quality rather than low quality.

Assuming that R&D costs in upstream ensure positive profits to the upstream
firm, we can easily verify that there is a limit value #* beyond which the GPT firm
switches from low quality z to high quality z. The innovation clusters therefore
influence the choice of upstream quality.

Figure 1 below illustrates this analysis.

79

Figure 1: Profit gap

Remark 8. We note that, for h = 0,78 > r8 iff E(6) > 0,5. h* is solution of w8 (h) =
78 (h).

Downstream adoption behavior. Let us analyze the effect of the increase of 1 on
the expected level of investment in downstream quality and on the expected level
of use of the GPT product by a given 6-type downstream firm.

1. The expected qualities in downstream when the upstream firm produces
low quality and high quality are respectively given by ki, s(h,6) = hk +
(1 — h)k*(0) and keup(h,0) = hk + (1 — h)k*(0); once rewritten, we have
king(h,0) = (2/3c)(hz+ (1 —h)(6z + (1 —0)z)) and ke (h,6) = (2/3c)(hz +
(1—=h)(6z + (1 -6)z)).
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- If the increase of I does not produce a change in upstream quality, we
show that dk;,¢/dh = (2/3¢)6(z —Z) < 0 and dksp/dh = (2/3c)(1 —
60)(z — z) > 0. In other words, the cluster encourages R&D investment
in downstream when the GPT is high quality and discourages when the
GPT is low quality.

- If the increase of h leads to a change from low quality to high qual-
ity in upstream, we calculate l}sup(hz, 0) — kin £(h1,0) and we show that
ksup(h2,0) — king(h1,0) = (2/3c)(6h1 + (1 — 0)h2)(Z — z) > 0. Thus we
thus verify that ke (h2,0) — kins(h1,0) > dkeuy/dh; the shift from low
quality to high quality reinforces the cluster’s positive impact on R&D
investment in downstream.

2. The levels of expected use of the GPT good in downstream when it is high
quality and low quality are respectively given by X%, £(h,0) = (8/27¢3) (hz* +
(1—h)(62z + (1 —60)z%)) et X%, (h,0) = (8/27¢%)(hz* + (1 — h) (02" + (1 —
0)zz)).

- If the increase of 1 does not produce a change in upstream quality,
we show that df(fnf/dh = (8/27¢%)6z(z —z) < 0 and ng’up/dh =
((8/27¢%)(1 — 0)z(z — z) > 0; the cluster thus increases the expected
demand of GPT good when it is high quality and reduces it when it is
low quality.

- If the increase of h leads to a change from low quality to high
quality in upstream, we show that X, (hy,60) — X7, s(h,0) =
(8/27¢%) [(Z — z)(Oh1 + (1 — 0)h2) + (Z — z)(6z+ (1 — 0)z)] > 0; so we
verify that X, (h2,60) — f(fnf(hl, 6) > dX{,,/dh. The variation in qual-
ity, following the establishment of the cluster policy, reinforces the pos-
itive effect of the cluster on the expected demand for the GPT good in
downstream.

Social welfare. Note respectively W(h) = n8(h) + t”(h) et W(h) = 78 (h) +
70" (h) the social surplus when consumers observe low quality z and high quality z.
The upstream profits 7t8 (h) and 778 (h) are those calculated in imperfect information
with signal probability i (see the previous section 6.2). The downstream profits
7t (h) and 7t (h) are calculated according to Equations (44) and (45); we have:

a*(h) = (2/9¢%) (h;z +(1—h) /01 2002+ (1—-6)z)z — (62 + (1 — 9);)2f(9)d9)
7(h) = (2/9¢%) (hzz +(1—h) /01 2002+ (1-0)2)z— (b2 + (1 — 9);)2f(6)d9)

We showed previously that dzt8(h)/dh < 0 and dz8(h)/dh > 0; which means
that the gain of information is beneficial to the upstream firm when it pro-
duces high quality. Moreover, after computation, we show that dz’(h)/dh =
(2/9¢*)E(0)?(z — 2)? > 0 and d7t*(h) /dh = (2/9¢%)(1 — E(0))(z — z)? > 0, which
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verifies that the gain of information is always beneficial to the downstream sec-
tor. This allows it to move closer to the optimal investment level k, to improve its
profitability by reducing the risk of under-investment or over-investment due to
imperfect information.

Let us analyze the overall effect of the increase of & on the social surplus:

- If the increase of /1 does not result in a change in upstream quality, we imme-
diately note that dW(h)/dh > 0 is positive. In other words, when the GPT
good is high quality, the cluster system improves social welfare and facilitates
the alignment of incentives of upstream and downstream sectors. On the con-
trary, the sign of dW (/) /dh is not immediate because incentives of upstream
and downstream sectors are not aligned when the GPT good is low quality.
Indeed, the calculation show that dW(h)/dh = (2/9¢*)E(0)(z —z)[(2/3)z +
(z—2)E(6)] and then dW (h)/dh > 0iff E(0) > (2/3)z/(Z — z).

- If the increase of I causes a change from low quality to high quality in up-
stream, let us calculate the sign W(hy) — W(hy). We can decompose and
write that W(hz) — w(hl) = (W(hz) — W(hl)) + (W(h1) — W(l’ll)), we
know that the first right-side term (W(hy) — W(hy)) is positive. Let us de-
velop the second right-side term like that : W(hy) — W(hy) = (78(hy) —
m8(h)) + (7T (h) — °(h1)). We know that 78 (hy) — n8(hy) > 0; more-
over, we verify with the equations of profits that 77 (h;) — 1%(h1) > 0, hence
W(h1) — W(h1) > 0. In sum, we show that W(hy) — W(hy) > W(hy) — W(hy).
In other words the shift from low quality to high quality in upstream, follow-
ing the increase of &, reinforces the cluster’s positive impact on the social
surplus.

Remark 9. We note that results in the above specific case are easy to read and

understand because we find w2 = w" = w = %c, thus ag:th’ =0, % = 0 and
% = 0. Which shows that the upstream firm’s incentive to invest in R&D for high

quality comes from a volume effect and not from a price effect. In other words this
comes from an exclusive effect of 1 on demand, i.e a gain of additional information
on the demand of GPT.

7 Concluding remarks

This paper has focused on the theoretical analysis of the effects of innovation clus-
ters on adoption behavior and the firms’ incentive to innovate in a vertical relation
between a GPT provider and an associated innovative integrator. At the end of our
analysis, we highlight three important results that need to be discussed; in gen-
eral, these results show that the effect of the cluster depends on the quality of R&D
activities carried out in the territory before the establishment of the cluster and a
threshold effect or critical mass:

(a) if R&D activities before the cluster are of low quality and the establishment
of the cluster is sufficient to reach the threshold, then the cluster encourages the
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upstream firm to switch to a high quality technology. In this case, the upstream
firm invests more in R&D; and as a result of the complementarity of technologies,
the downstream firm is also encouraged to adopt and invest in high quality R&D;
we show that social welfare increases.

(b) if R&D activities before the cluster are of low quality and the establishment
of the cluster does not achieve critical mass, then the cluster has no effect on quality.
In this case, the innovation cluster has a negative effect (i.e a disincentive) since the
downstream firm will reduce its consumption of upstream technology; which will
lead to a decline in upstream profit and social welfare.

(c) if R&D activities before the cluster are of high quality, the cluster has no
effect on quality; however, it encourages upstream and downstream firms to invest
in R&D and the social welfare improves.

From these situations, we note it is in cases (a) and (c) that the establishment
of the cluster generates the alignment of incentives (i.e the best matching) of the
upstream and downstream firms in terms of R&D, and leads to an improvement in
social welfare. With regard to case (b), the establishment of the cluster leads to a
disincentive and a decline in social welfare. In other words, the consensual idea of
positive effects of clusters must be put into perspective.

It can be deduced from our results that the real issue for clusters is not only to
increase information sharing; the increase should allow to achieve a sufficient level
of information and interactions (i.e critical mass) to encourage firms to conduct
high-quality R&D. We can therefore safely maintain that there is no cluster if there
is no critical mass. In fact, if there is not a critical mass of high-quality localized in-
frastructures, information and interactions, laboratories, firms in technologies and
in given sectors, there will be no positive effects of innovation clusters.

Appendix A

Sign of lzw (hy,0) — ki f(hl, 6) when the increase of & results in a switch from low
quality to high quality in upstream.

We know that:

Izsup(th 9) - i{inf(hlr 9) = (i(sup(hZI 0) - ]zsup(hlr 6))
+(iésup hl/ 9) - Einf(hlr 9))

ok*

s ok .
-if 7% > 0and 55 > 0, we have:

Izsup(hZI 9) - ]zsup (h1,9) = hZE(wm(I’Q)) - hli(wm(hl))
(+)
+ (1= h)k" (W™ (hy),0) — (1 — hy)k* (w"™ (1), 6)
(+/-)?
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ksup(h1,0) = kinp(h1,0) = hy(k(w™ (k1)) — k(w™(hy))
(+)
+ (1 —h) (K (w™(hy),0) — k* (w(hy),0))
(+)

In other words, the overall sign of ksup (ho,0) — l?,-nf(hl,ﬂ) is indeterminate. However
if % > 0and ak > 0, then k*(w™(hy),0) > k*(w™(hy),0) possibly involving that

wﬂl ~ ~
(1 — hz)k*( m(l’lz) 9) (1 — hl)k*( (hl), ) > 0; we deduce that ksup(hZ/ 9) — k,’nf(hl,e)
becomes overall positive.

- On other hand, 1f — < 0and akm < 0, we have:

ksup (h2/ 9) sup (hlz 9) = hZE(wm(}Q)) - hlE(wm(hl))
(+/-)?
+ (1= h)k*(w™(hy),0) — (1 — hy)k*(w™(hy), 0)
(=)

ksup(h1,0) = kinp(h1,0) = hy(k(w™(hy)) — k(w™(hy))
(=)
+ (1= hy) (K (w™(hy),0) — k* (w™(hy),6))
(=)

and the overall sign of ksup (h2,0) — ki, f( 6) is indeterminate. However if % <0

and aki < 0, then k(w™(hy)) < k(w™(h

ol

hik(w™(hy)) < 0; we deduce that kep (2, 0) —

1)) possibly involving that hok(w™ (hy)) —
kin 7(h1,0) becomes overall positive.

Appendix B

Sign of X? oup(h2,0) — X5, f(hl, ) when the increase of & results in a switch from low
quality to high quality in upstream.

We know that :

sup(hZ/ ) — Xz"znf(hllg) = ( sup(hzle) sup(hlr ))
(Xgup(hlf )_ inf(hllg))

- if aakm > 0 and ak > 0, and knowing that CS i, > 0, we have :

Xup(h,0) = X3y (11,0) = hao(—=CSpe(w" (ha),k(w" (h2),8) — I (=CSpe (w" (1), k(w" (1), 6)))
(+)
+ (1= h2) (=CSpe (w" (h2), k0™ (h2),0) — (1 = 1) (= CSpa (w™ (1), k*w" (1), 6)))

(+/-)?
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Xiup(1,0) = X5 (1, 0) = I (=CSpe (@™ (), K(w™ (), 0) — I (—CSp (w" (), k(" (1), 9)))
+)
+ (1= h1)(=CSpa (@™ (hy), k* (™ (h1),0) — (—CSpa (W™ (1), k* (w™(I1),0)))

(+)

The overall sign of sup(hz,e) - X, f(hl, ) is indeterminate. However if awm > 0
and 2 > 0, then (—CSp(w”(h2),k*w™(h2),8) > (:CSM(WT(M),k* " (h1),0)))
possibly involving that (1 — hp)(=CSpe(w™(hp), k*w™(h2),0) — (1 —
h1)(=CSpa(w™(hy), k*w™ (hy),6))) > 0; we deduce that XZ,,(h,0) — mf(hl, 0) be-

comes overall positive.

- On other hand 1f = < 0and akm < 0, we have :

Xup(h2,0) = X5y (h1,0) = ha(=CSpa(w" (), k(w" (h2),0) — h1 (= CSpa (@™ (1), k(w™ (1),0)))
(+/-)?
+ (1= h2)(=CSpa (W™ (h2), K*w™ (h2),0) — (1= hy) (= CSpa (w™ (), k*w™ (1), )
(=)

Xoup(hn,0) = Xy p(h1,0) = hy(=CSpa(w™ (), k(w™ (h),0) — h1(=CSpe (@™ (1), k(w™ (h1),6)))
(=)
+ (1 - h])(fCSpa (wﬁ(m),k*(wﬁ(h]),()) — (7CSPH (wﬂ(hl),k*(wﬂ(hﬁ,(?)))
(=)

The overall sign of X{,, (h2,60) — X, £(h1,0) is indeterminate. However if % < 0and
W

K < 0, then (=CSpe (W™ (h2), k(w™ (h2),0) < (—CSpa(w™ (1), k(" (1), 6))) possibly
involving that /1 (—CSpe (w m(hz) k(w™(hy),0) — hi(—CSpa(w™ (hy1), k(w™(h1),0))) < 0; we
deduce that X2, (i, 6 ) i f(hl, ) becomes overall negative.
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