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Abstract

It is often argued that intraday returns can be used to construct covariance estimates that are more accurate than those based on
daily returns. However, it is still unclear whether high frequency data provide more precise covariance estimates in markets more
contaminated from microstructure noise such as higher bid-ask spreads and lower liquidity. We address this question by investigating
the benefits of using high frequency data in the Brazilian equities market to construct optimal minimum variance portfolios. We
implement alternative realized covariance estimators based on intraday returns sampled at alternative frequencies and obtain their
dynamic versions using a multivariate GARCH framework. Our evidence based on a high-dimensional data set suggests that realized
covariance estimators performed significantly better from an economic point of view in comparison to standard estimators based
on low-frequency (close-to-close) data as they delivered less risky portfolios.
© 2017 The Authors. Production and hosting by Elsevier B.V. on behalf of National Association of Post-
graduate Centers in Economics, ANPEC. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

JEL classification: C58; G11
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Resumo

Argumenta-se frequentemente que retornos intradiários podem ser usados para construir estimativas de covariâncias mais precisas
em relação àquelas obtidas com retornos diários. No entanto, ainda não está claro se os dados de alta freqüência fornecem estimativas
de covariância mais precisas em mercados mais contaminados pelo ruído da microestrutura, como maiores spreads entre ofertas
de compra e venda e baixa liquidez. Abordamos essa questão investigando os benefícios do uso de dados de alta freqüência no
mercado de ações brasileiro através da construção de portfólios ótimos de variância mínima. Implementamos diversos estimadores de
covariâncias realizadas com base em retornos intradiários amostrados em diferentes frequências e obtemos suas versões dinâmicas
usando uma estrutura GARCH multivariada. Nossa evidência baseada em um conjunto de dados de alta dimensão sugere que
os estimadores de covariâncias realizadas obtiveram um desempenho significativamente melhor do ponto de vista econômico em
∗ Corresponding author at: Department of Economics, Universidade Federal de Santa Catarina, Florianópolis, SC 88049-970, Brazil.
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omparação com os estimadores baseados em dados de baixa freqüência (baseados em dados de fechamento) uma vez que geraram
ortfólios menos arriscados.

 2017 The Authors. Production and hosting by Elsevier B.V. on behalf of National Association of Post-
raduate Centers in Economics, ANPEC. This is an open access article under the CC BY-NC-ND license
http://creativecommons.org/licenses/by-nc-nd/4.0/).

alavras-chave: Especificação BEKK; Bootstrap; Liquidez; Dados negócio a negócio; Turnover

.  Introduction

Modeling the covariation among financial time series is a fundamental task to numerous applications including
erivative pricing, risk management and portfolio allocation. In this context, the search for a framework that allows

 more precise estimate of the covariance matrix of financial assets returns has led to the analysis of high-frequency
ntraday data. The so-called realized covariance estimation initially proposed by Andersen et al. (2003) and Barndorff-
ielsen and Shephard (2004) has emerged as a viable candidate for more accurate covariance estimation. The use of

ntraday observations should improve estimation accuracy, however, data sampled at higher frequencies are affected
y microstructure noise, which could cast doubts on the usefulness of high frequency data.

A large body of literature aims at investigating the advantages, from an economic standpoint, of using realized
ovariance estimators as opposed to traditional estimators based on low-frequency data. For instance, Bollerslev and
hang (2003) demonstrate how high-frequency data may be more effectively measuring and modeling the systematic

isks in factor pricing models. Fleming et al. (2003), Bandi et al. (2008), de Pooter et al. (2008), Bannouh et al. (2009),
iu (2009), Chiriac and Voev (2011), Hautsch et al. (2013), and Jin and Maheu (2013) employ alternative realized
ovariance estimators and conclude that the use of high-frequency data can improve the performance of mean-variance
ortfolios. Altogether, the empirical evidence suggests that realized covariance estimators improve volatility timing.
his results in a better performance of optimal portfolios in terms of risk and/or portfolio turnover.

Even though the literature on realized volatility measures has been rapidly increasing, the empirical evidence
vailable so far is mainly focused on developed markets (specially US), with limited attention to the applicability and
otential gains from using these estimators in emerging markets. An obvious reason for this gap in the literature is the
navailability of high frequency data for these markets. This situation, however, has been changing as researchers now
ave more access to data from emerging markets and started addressing the benefits of using intraday information in
olatility modeling. This raises the question of whether or not high frequency data also leads to more accurate estimates
f the (co)variation among asset returns in less developed markets. One can argue that the increased microstructure noise
oming from higher bid-ask spreads and lower liquidity in these markets might neutralize part of the gains from using
igh frequency data. The limited empirical evidence suggest that the use of intraday data is also beneficial in emerging
arkets. For instance, Bildik (2001) studies the intraday patterns of the volatility in the Istanbul stock exchange,
hile Kayahan et al. (2002) find that realized volatility outperforms a GARCH model in modeling the volatility of

hat market. Carvalho et al. (2006) and Wink Junior and Pereira (2011) construct realized volatility measures for
he Brazilian equities market. The authors corroborate the evidence that realized measures provide better fit for the
olatility dynamics.

One common point in the existing empirical evidence on the use of high-frequency data in emerging markets is that
he authors consider only univariate realized measures, with no account on the study of multivariate realized estimators.
his seems to be gap in the literature since many practical problems such as portfolio selection depends intrinsically
n measuring the covariation among many assets. We fill this gap by implementing alternative realized covariance
stimators in the Brazilian equities market, and check its usefulness in building optimal minimum variance portfolios.
ur empirical strategy proceeds as follows. First, we use tick data of the 30 mostly traded stocks in the São Paulo

tock exchange (BM&FBovespa) to build five alternative realized covariance estimators similar to those considered in
e Pooter et al. (2008) and Liu (2009) and based on aggregating 5-min, 15-min, 30-min, 60-min, 90-min, and 120-min
ntraday returns. These estimators include not only intraday data but also the overnight volatility (Martens, 2002;

ansen and Lunde, 2005). Additionally, we also implement the realized covariance estimator proposed in Barndorff-
ielsen et al. (2011), which is the first to simultaneously address market microstructure effects and asynchronous
rice observations. Second, we consider a parsimonious multivariate GARCH specification to obtain a conditional
ynamic version of each of the realized covariance estimators. Third, we use both unconditional and conditional

http://creativecommons.org/licenses/by-nc-nd/4.0/
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realized covariance estimators to obtain optimal minimum variance portfolios. Following Liu (2009), the impact of
the choice of the estimation windows is also assessed in the empirical research. We formally test the differences
in portfolio risk with respect to the standard covariance estimator based on low-frequency (close-to-close returns)
using a bootstrap-based test proposed in Politis and Romano (1994). Finally, we conduct a subsample analysis in
which minimum variance portfolios are obtained for two alternative data sets comprised of the 10 stocks with highest
liquidity (measured in terms of trading volume) and the 10 stocks with lowest liquidity among the 30 stocks considered
in the paper. In this sense, we are able to assess the robustness of our results by checking the effects of liquidity on the
performance of optimal portfolios and on the choice of the most appropriate sampling frequency.

Our results suggest that the gains coming from using realized covariance estimators can be substantial. We find
that realized measures do a better job in delivering minimum variance portfolios with both lower risk and lower
turnover in comparison to low-frequency covariance estimators. Moreover, dynamic realized covariances modeled
with the multivariate GARCH specification outperform their static counterparts. This result is robust to the choice of
the estimation window and is further corroborated in the subsample analysis. This favorable evidence to the conditional
estimators suggests that volatility timing can lead not only to better performance in terms of portfolio risk. Sampling
frequency, however, plays an important role. We find that the 5-min sampling interval seems to be more appropriate to
generate portfolios with lower portfolio risk and lower turnover. Our evidence also suggest that the use of a realized
measure robust to microstructure effects and asynchronous price observations yields mixed results in terms of optimal
minimum variance portfolios, since in very few instances this specification outperform the competing ones in terms of
portfolio standard deviation but it delivers improved results in terms of portfolio turnover. Similar to de Pooter et al.
(2008), we conclude that selecting the appropriate sampling frequency and size of the rolling windows appears to be
fundamental in obtaining optimal portfolios with better performance, and this is also the case for two liquidity-sorted
data sets considered in our subsample analysis.

The article is organized as follows. Section 2 describes the data used in the paper. Section 3 describes the uncondi-
tional and conditional realized covariance measures that are implemented in the paper. Section 4 discusses an empirical
application along with the results. Finally, Section 5 concludes.

2.  Data

The data for this study comprise of trade fills (tick by tick) for the Brazilian equities market. We select 30 assets
that have the highest number of trades in the period between 2009 and 2012 resulting in a total of 631 trading days.
These assets have significant liquidity and their notional volume represent a large proportion of the whole volume
negotiated in the Brazilian stock market. The Brazilian equity market operates at São Paulo’s BM&FBovespa stock
exchange with normal1 trading hours starting at 10:00 and closing at 17:00.2 In the first minutes of the trading day,
BMFBovespa’s trading system performs an auction procedure in order to set the market opening price for all stocks.
The practical effect in the data is that the first trades of the day always have the same time and price. This adds noise to
the information set by artificially decreasing price volatility. In order to avoid this effect we follow a common practice
in the literature and sample the prices 15 min after the opening of the market. We also adjust for daylight saving time
when necessary.

Table 1 reports descriptive statistics for the daily returns of the 30 stocks included in our dataset along with the ticker
of each asset. Assets appear in decreasing order of trading volume. We observe that the individual assets included in
the dataset have both positive and negative average returns, positive and negative skewness and excess kurtosis in the
vast majority of instances.

3.  Realized  covariance  estimators
The initial attempts to extend the theory of univariate realized variation to the multivariate setting were made by
Andersen et al. (2003) and Barndorff-Nielsen and Shephard (2004). In this setting, realized covariances for a given day
are constructed by summing intraday returns as follows. Let pt−1+ih denote the (N  ×  1) vector of log close transaction

1 There is also the after market period that occurs after the normal hours. However, this period has substation lower volume of trades.
2 This is equivalent to UTC (coordinated universal time) minus 3 (2) hours for normal (summer) time.
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Table 1
Descriptive statistics of daily returns.

Ticker Mean (%) Std. dev. (%) Maximum (%) Minimum (%) Skewness Kurtosis

VALE5 −0.027 2.561 11.67 −14.94 −0.300 3.771
USIM5 −0.107 3.129 15.26 −15.37 0.122 3.897
GGBR4 −0.058 3.087 16.78 −18.65 −0.145 3.647
BBDC4 −0.020 2.529 16.75 −11.66 0.010 5.049
CSNA3 −0.052 3.167 13.96 −24.15 −0.539 6.594
PETR3 −0.085 2.714 13.65 −18.10 −0.299 5.137
AMBV4 0.095 1.958 11.11 −16.45 −0.257 9.401
MMXM3 −0.103 4.656 40.18 −39.95 0.203 15.95
BBAS3 −0.026 2.743 12.74 −17.35 −0.278 4.724
CMIG4 0.001 2.310 10.95 −28.85 −2.505 28.77
ALLL11 −0.033 3.124 23.81 −28.34 −0.424 14.21
RDCD3 0.002 2.857 17.99 −16.18 −0.025 4.153
BRAP4 −0.039 2.903 15.82 −16.52 −0.183 4.058
LREN3 0.031 3.202 18.16 −16.85 0.169 3.857
CCRO3 0.057 2.367 14.03 −12.00 0.337 4.899
CYRE3 −0.046 3.924 18.81 −26.46 −0.502 6.460
ITSA4 −0.003 2.671 19.25 −14.47 0.294 7.465
TNLP4 −0.067 2.662 13.72 −13.09 0.184 5.000
GFSA3 −0.132 4.048 18.55 −27.26 −0.471 6.003
HYPE3 −0.003 2.871 13.09 −11.67 −0.058 2.408
NATU3 0.077 2.295 12.94 −7.081 0.305 1.621
ELET3 0.015 2.299 11.99 −8.680 0.479 3.354
LAME4 −0.007 3.028 16.80 −16.48 0.096 4.414
GOLL4 −0.126 3.425 14.59 −24.02 −0.375 4.621
RSID3 −0.103 4.141 16.94 −32.29 −0.887 8.476
EMBR3 −0.056 2.529 11.44 −15.27 −0.123 4.122
MRVE3 −0.021 4.041 23.76 −27.93 −0.324 6.412
JBSS3 0.002 3.620 26.32 −22.71 0.084 5.628
PDGR3 −0.001 3.714 19.19 −21.87 −0.182 3.139
BISA3 −0.077 3.177 23.80 −16.91 0.515 6.540
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he table reports descriptive statistics of daily returns for the 30 mostly traded Brazilian stocks. The sample covers the period from January 2009
nd 2012 resulting in a total of 631 trading days. Assets appear in decreasing order of liquidity.

rices and let rt−1+ih,h = pt−1+ih −  pt−1+(i−1)h denote the (N  ×  1) vector of returns for the ith intraday period on day t,
or i = 2, . .  ., I, where N  is the number of stocks and I  is the number of intraday interval of length h  = 1/I. The return for
he first intraday period, rt−1+h,h, is defined as the difference between the log close and open transaction prices during
hat interval. The daily realized covariance matrix, RCOVt,h, is defined as

RCOV t,h =
I∑

i=2

rt−1+ih,hr
′
t−1+ih,h. (1)

arndorff-Nielsen and Shephard (2004) show that under the assumption of no market microstructure noise, the realized
ovariance matrix in (1) is a consistent estimator of the daily covariance matrix, i.e.√

I

h

[
vech(RCOV t) −  vech

(∫ ih

(i−1)h
�(u)du

)]
p→N(0,  �t, )

here vech  is an operator that stacks the lower triangular part of a matrix into a column vector, �  is the instantaneous
ovariance matrix, and �t is a positive definite matrix (see Barndorff-Nielsen and Shephard, 2004, for further details).

After Barndorff-Nielsen and Sheppard’s seminal contribution, a large number of alternative estimators have been

roposed in the literature; see, for instance, Martens (2004), Bandi and Russell (2005), Sheppard (2006), Bandi and
ussell (2008), Bannouh et al. (2009), Christensen et al. (2010), Bauer and Vorkink (2011), Chiriac and Voev (2011),
oureldin et al. (2012), Hautsch et al. (2012), Fan et al. (2012b), and Jin and Maheu (2013), amongst others. In this
aper, we initially follow de Pooter et al. (2008) and Liu (2009) and consider a class of realized covariance estimators
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that includes not only intraday data but also the overnight volatility. In this case, the daily realized covariance matrix
RCOVt,h is defined as

RCOV t,h =  rt,c−or
′
t,c−o +

I∑
i=2

rt−1+ih,hr
′
t−1+ih,h (2)

where rt,c−o is the (N  ×  1) vector of close-to-open (overnight) returns from day t  −  1 (close) to day t  (open). Martens
(2002) and Hansen and Lunde (2005) point out that the inclusion of the overnight volatility is important because during
the close-to-open hours, no data are recorded but the price of the asset will still be responding to news. We obtain
realized covariances according to (2) for sampling frequencies of h  = 5, 15, 30, 60, 90, 120 min such that in all cases
the corresponding I  intraday intervals completely cover the trading day. These estimators are labeled as RCOV5min,
RCOV15min, RCOV30min, RCOV60min, RCOV90min, and RCOV120min, respectively. For the daily frequency, the
realized covariance matrix, RCOVdaily, is defined as the outer product of the daily (close-to-close) returns, denoted
by rt, that is RCOVdailyt =  rtr

′
t .

One of the drawbacks of the standard multivariate realized estimator based on the sum of the outer product of
intraday returns defined above is that under the presence of microstructure noise the realized covariation estimator in
(1) is not consistent; see Bandi and Russell (2005). Because of that, we also consider the realized multivariate kernel
(RMK) proposed by Barndorff-Nielsen et al. (2011), which is the first to simultaneously address market microstructure
effects and asynchronous price observations while guaranteeing consistency and positive semi-definiteness of the
resulting estimator. The RMK estimation is a two part process. Similar to Hautsch et al. (2012), the observations are
synchronized via refresh time sampling (RTS). Refresh times are defined as the time it takes for all the assets in a set
to trade or refresh posted prices. Once all the assets have traded, the most recent new price is used to form the RTS
time scale. More formally, the first refresh time sampling point can be defined as τ1 =  max(t(1)

1 , .  . ., t
(d)
1 ), and then

subsequent refresh times as

τj+1 =  max(t(1)

N
(1)
τj

+1
, .  . ., t

(d)

N
(d)
τj

+1
)

So τ1 is the time it has taken until all the assets have been traded, i.e. all posted prices have been updated. Having defined
the common time clock, {τj}, we can now construct the vector returns series that the multivariate realized kernel will
be based on. Let n,  m  ∈ N, with n  −  1 +2m  = N, and define the vector observations X0, X1, . .  ., Xn as Xj = X(τj+m), j = 1,
2, .  . ., n  −  1, and

X0 = 1

m

m∑
j=1

X(τj)and Xn = 1

m

m∑
j=1

X(τN−m+j),

where X0 and Xn are constructed by jittering initial and final time points. Refresh time synchronization allows us to
define high frequency vector returns as xj =  Xτj −  Xτj−1 , where j = 1, 2, . .  ., N  and N  is the number of refresh time
observations. Finally, the RMK is defined as

RMK(X) =
H∑

h=−H

k

(
h

H  +  1

)
�h, (3)

where k(x) is the weight function of a Parzen kernel, H  is a bandwidth parameter, and �h is the h-th realized
autocovariance matrix given by

⎧⎪ n∑

�h =

⎪⎪⎪⎨
⎪⎪⎪⎪⎩

j=|h|+1

xjx
′
j−h, h  ≥  0

n∑
j=|h|+1

xj−hx
′
j,  h  <  0.

(4)



J.F. Caldeira et al. / EconomiA 18 (2017) 328–343 333

Table 2
Mean and variance of realized variances and covariances.

Realized variance Realized covariance

Mean Variance Mean Variance

RCOV5min 9.264 39.799 2.283 3.610
RCOV15min 5.756 5.272 2.265 2.874
RCOV30min 5.207 4.735 2.125 2.790
RCOV60min 4.787 4.667 2.003 2.838
RCOV90min 4.591 5.005 1.943 3.129
RCOV120min 4.387 4.999 1.869 3.244
RMK 4.713 3.539 1.619 1.760
RCOVdaily 6.445 6.994 2.860 5.092
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he table reports the mean and variance of the realized variance and covariance of each of the unconditional realized covariance estimator considered
n the paper.

arndorff-Nielsen et al. (2011) show that this estimator is consistent, guaranteed to be positive semi-definite, can
ccommodate endogenous measurement noise and can also handle non-synchronous trading.3

In order to illustrate the characteristics of each of the daily realized covariance estimators discussed above, we
eport in Table 2 the mean and variance of the realized variance and covariance for each of the realized covariance
stimators. We observe that the choice of the time interval for the aggregation has a clear impact in the average variance
nd covariance. Higher sampling intervals are associated to lower average realized variance and lower average realized
ovariance. This finding is consistent with the results of de Pooter et al. (2008). The explanation for the inverse
ssociation between sampling interval and average realized variance is that the bid/ask bounce of traded prices is lower
or higher sampling times. This means that the autocorrelation of returns calculated based on trade prices is lower when
he sampled time interval is higher, therefore decreasing the variance of the empirical returns, which in turn gives the
esult we see at Table 2.

.1.  Conditional  realized  covariance  estimators

An important use of realized quantities is to forecast future volatilities and correlations of daily returns. The empirical
pplication considered in this paper, based on a volatility-timing strategy and a risk measurement exercise, also depend
n forecasts of future variances and covariances. Fleming (2001) and Fleming et al. (2003) provide evidence that
ensible volatility timing leads to better mean-variance portfolios. In this sense, we consider the problem of forecasting
he daily covariance matrix using the realized covariance estimators discussed in Section 3 as lagged explanatory
ariables. We follow de Pooter et al. (2008) and Barndorff-Nielsen et al. (2011) and consider a class of multivariate
ARCH specifications of the form

rt =  �
1/2
t εt,

here εt ∼  N(0, I) and �t is a positive definite conditional covariance matrix modeled as a multivariate GARCH
rocess. We specify �t as a scalar BEKK process proposed by Engle and Kroner (1995), which is given by

�t =  C′C  +  αrt−1r
′
t−1 +  β�t−1.

nstead of estimating N(N  + 1)/2 unique elements of C, we employ the variance targeting technique as suggested in
ngle and Mezrich (1996). The general idea is to estimate the intercept matrix by an auxiliary estimator that is given
y

Ĉ′Ĉ = S̄(1 −  α  −  β), S̄ = 1

T

T∑
t=1

rtr
′
t ,

3 We follow the methodology discussed in Barndorff-Nielsen et al. (2011) in order to optimize the bandwidth parameter H.
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which ends up yielding the variance targeting scalar BEKK model:

�t = S̄(1 −  α  −  β) +  αrt−1r
′
t−1 +  β�t−1, (5)

which is covariance-stationary provided that α  + β  < 1.
As suggested in de Pooter et al. (2008) and Barndorff-Nielsen et al. (2011), it is most natural to replace the daily

update rt−1r
′
t−1 in (5) by the daily realized covariance estimators discussed in Section 3. By doing so, we are able to

define eight alternative specifications for the daily conditional covariance matrix based on intraday data:

1. RCOVdaily-BEK

�
daily
t = S̄(1 −  α  −  β) +  αRCOVdaily′

t−1 +  β�t−1

2. RCOV5min-BEKK:

�5 min
t = S̄(1 −  α  −  β) +  αRCOV  5min′

t−1 +  β�t−1

3. RCOV15min-BEKK:

�15 min
t = S̄(1 −  α  −  β) +  αRCOV  15min′

t−1 +  β�t−1

4. RCOV30min-BEKK:

�30 min
t = S̄(1 −  α  −  β) +  αRCOV  30min′

t−1 +  β�t−1

5. RCOV60min-BEKK:

�60 min
t = S̄(1 −  α  −  β) +  αRCOV  60min′

t−1 +  β�t−1

6. RCOV90min-BEKK:

�90 min
t = S̄(1 −  α  −  β) +  αRCOV  90min′

t−1 +  β�t−1

7. RCOV120min-BEKK:

�120 min
t = S̄(1 −  α  −  β) +  αRCOV  120min′

t−1 +  β�t−1

8. RMK-BEKK:

�RMK
t = S̄(1 −  α  −  β) +  αRMK′

t−1 +  β�t−1.
In order to estimate the parameters of each of the multivariate GARCH specifications defined above, we employ
the composite likelihood (CL) method proposed by Engle et al. (2008). As pointed out by Engle et al. (2008), the
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L estimator provides more accurate parameter estimates in comparison to the standard quasi maximum likelihood
stimator, specially in large problems.

.  Portfolio  selection  using  tick  data

In this section we address the application of the realized covariance estimators discussed in Section 3 to port-
olio selection. In particular, we consider the unconditional realized covariance estimators RCOVdaily, RCOV5min,
COV15min, RCOV30min, RCOV60min, RCOV90min, RCOV120min, and RMK  as well as their corresponding condi-

ional versions discussed in Section 3.1, thus yielding a total of 16 alternative covariance estimators. Next we discuss
he portfolio selection problem. This problem will provide an economic metric for the alternative information sets.

.1.  Minimum  variance  portfolio  construction

The mean-variance framework introduced by Markowitz (1952) is one of the milestones of modern finance theory.
his approach is widely used to support managers in portfolio construction and to develop quantitative asset allocation
trategies. In this framework, individuals choose their allocations in risky assets based on the trade-off between expected
eturn and risk. In order to implement the mean-variance optimization in practice, it is common to obtain estimates
f the vector of expected returns and its covariance matrix and plug these estimators in an analytical or a numerical
olution to the mean-variance problem. The classic Markowitz (1952) portfolio problem is formulated as

minwt w
′
t�twt

subject to w′
t�  =  μ0

w′
t1  =  1

(6)

here wt is the k  ×  1 vector of portfolio weights for time t chosen at time t  −  1, �t is the N  ×  N is the conditional
ovariance matrix of a vector of excess returns for time t, μ  is the assumed vector of excess returns with respect to the
isk-free asset, μ0 > 0 is the required return, and 1  is a conformable vector of 1′s. This problem is known to be very
ensitive to estimation of the mean returns (e.g. Michaud, 1989; Jagannathan and Ma, 2003). Very often, the estimation
rror in the mean returns degrade the overall portfolio performance and introduces an undesirable level of portfolio
urnover. In fact, existing evidence suggest that the performance of optimal portfolios that do not rely on estimated

ean returns is better; see, for instance, DeMiguel et al. (2013). Following Fan et al. (2012a), to avoid the difficulty
ssociated with estimation of the expected return vector, from now on, we consider the global minimum variance
ortfolio (GMVP) which is the solution to:

min w′
t�twt subject to w′

t1  =  1. (7)

rovided that �t is positive definite, the solution to the GMVP problem is

wt = �−1
t 1

1′�−1
t 1

. (8)
inally, we consider the case in which shortsales are restricted by adding to (7) a constraint to avoid negative weights,
.e. wt ≥ 0. Previous works show that adding such a restriction can substantially improve performance, especially
educing the turnover of the portfolio, see Jagannathan and Ma (2003), among others. The solution to the shortselling
onstrained GMVP is obtained with numerical methods.
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Assessing  minimum  variance  portfolio  performance
The performance of the GMVP is evaluated in terms of average return (Rp), standard deviation (volatility) of returns

(σ̂), and turnover. These statistics are calculated as follows:

Rp = 1

T  −  1

T −1∑
t=1

w′
tRt+1

σ̂ =
√√√√ 1

T  −  1

T −1∑
t=1

(w′
tRt+1 −  Rp)2

Turnover = 1

T −  1

T −1∑
t=1

N∑
j=1

(|wj,t+1 −  wj,t|),

where wj,t is the weight of the asset j in the portfolio in period t  before the re-balancing, while wj,t+1 is the desired
weight of the asset j in period t + 1. As pointed out by DeMiguel et al. (2009), the turnover as defined above, can be
interpreted as the average fraction of wealth traded in each period.

In order to assess the relative performance of the covariance estimators considered in the paper, we consider as
main benchmark strategy the GMVP obtained with the RCOVdaily  covariance specification discussed in Section 3.
The stationary bootstrap of Politis and Romano (1994) with B=1000 resamples and block size b  = 5 was used to test
the statistical significance of differences between portfolio standard deviation of optimal portfolios relative to the
benchmark portfolio. The methodology suggested in Ledoit and Wolf (2008, Note 3.2) was used to obtain p-values.

4.2.  Implementation  details

In order to implement the models, we employ a recursive estimation strategy based on a rolling window scheme.
First, departing from the first t observations, all realized covariance models discussed in Section 3 are estimated and
the one-step-ahead estimate of the conditional realized covariance models discussed in Section 3.1 are obtained. Next,
we use these expressions to obtain optimal minimum variance portfolios. We add a new observation to the end of the
sample, exclude the oldest one from it, and re-estimate all realized covariance models. This process is repeated until
the end of the data set is reached. Therefore, we end up with a sample of T  −  t out-of-sample observations, where T is
the length of the data set. In order to check the sensitivity of the results, we follow Liu (2009) and consider a rolling
window approach with alternative sizes of the estimation window. In particular, we consider estimation windows that
includes the past 18, 12, 6, and 3 months of data. In each case, the resulting realized covariance estimator is the average
of the daily realized covariance over the estimation window; see Liu (2009, Eqs. 13–14) for details.

4.3.  Results

In this section we discuss the main results regarding the performance of the optimal minimum variance portfolios.
We report in Table 3 the performance statistics for the minimum variance portfolios based on the alternative realized
covariance estimators discussed in Section 3. Panels A to D of Table 3 report the results considering a rolling estimation
window that includes the past 18, 12, 6, and 3 months of data, respectively. The tables report the average portfolio
return, portfolio standard deviation, and turnover. All figures are based on out-of-sample daily returns. Asterisks indicate
that the standard deviation is statistically different at the 10% level with respect to the one obtained with benchmark
unconditional covariance estimator RCOVdaily. The gray box indicate outperformance in the estimation window in
terms of standard deviation. The transaction costs related to the re-balancing frequency might degrade the performance
of the portfolios and hinder its implementation in practice. Thus, the performance of optimized portfolios is evaluated
in the case of daily, weekly and monthly re-balancing frequencies. A potentially negative effect of adopting a lower
re-balancing frequency is that the optimal compositions may become outdated.
When looking at the standard deviations of the minimum variance portfolios, we observe that the usage of conditional
realized covariances leads to better results in terms of lower standard deviation when comparing to the unconditional
case. This suggests that conditional estimators tend to improve volatility timing, and this translates to better portfolio
performance. As reported in Panel A of Table 3, the best overall performance in terms of portfolio standard deviation
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Table 3
Out-of-sample performance of optimal minimum variance portfolios.

The table reports performance statistics for minimum variance portfolios using 30 mostly traded Brazilian stocks. The portfolios are obtained using unconditional and conditional realized covariance
estimators. The rolling estimation window used to obtain the portfolios varies from 18 months (Panel A) to 3 months (Panel D). The statistics of average returns (“Mean”) and standard deviation
(“Std. dev”) are based on daily returns. Optimal portfolios are re-balanced on a daily, weekly and monthly basis. Asterisks indicate that the standard deviation is statistically different at the
10% level with respect to the one obtained with benchmark unconditional covariance estimator RCOVdaily. The gray box indicate outperformance in the estimation window in terms of standard
deviation.
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across all estimation windows and re-balancing frequencies is obtained with the conditional RCOV5min  realized
covariance specification when using an estimation window of 18 months of data and daily portfolio re-balancing (0.869).
This figure is statistically different with respect to the one obtained with the benchmark RCOVdaily  unconditional
estimator (0.928). We also find that lowering the portfolio re-balancing is detrimental to the performance of the
minimum variance portfolios. Nevertheless, the conditional realized covariance estimators consistently outperform
their unconditional counterparts in the case of daily, weekly, and monthly re-balancing frequencies.

We also see in Table 3 that the overall value of the standard deviation of portfolio returns is higher as the size of
the rolling windows decreases, and this holds for both conditional and unconditional realized covariance estimators.
This is expected since the use of longer estimation windows tend to increase the precision of the covariance estimates,
which translates to minimum variance portfolios with lower risk. Consequently, the worse performance in terms of
portfolio standard deviation is obtained when using a 3-month estimation window (Panel D) in comparison to those
obtained with the 18-month estimation window (Panel A).

The comparison of the results for the different sampling strategies shows that realized covariance estimators based
on intraday returns sampled at the 5-min frequency seem to deliver portfolio with the lowest risk in the majority of the
cases. Specifically, the conditional RCOV5min  estimator achieved the best performance in terms of portfolio risk in all
estimation windows considered.

As for the turnover measure, the results in Table 3 suggest that, as expected, lowering the portfolio re-balancing
frequency leads to a substantial decrease in turnover. Moreover, we also find that the turnover of portfolios obtained
with high-frequency realized covariance estimators is lower with respect to those obtained with low-frequency ones in
the vast majority of instances, suggesting that the use of intraday data yields not only reduces portfolio risk but also
contributes to generate more stable portfolio compositions. We observe, however, that the turnover of portfolios obtained
with unconditional estimators are usually lower with respect to those obtained with their conditional counterparts. For
instance, the results in Panel A show that the turnover obtained when the conditional RCOV5min  estimator is used is
0.19 under daily re-balancing whereas the same figure for the unconditional RCOV5min  estimator is 0.02. This result
indicate that the better volatility timing of conditional estimators might come at cost of a more intense trading activity.
Finally, we observe that, among unconditional estimators, the best result in terms of turnover is obtained with the RMK
specification, whereas among the conditional family the best result is obtained with the RCOV5min  estimator.

In order to provide a visual inspection of our results, we plot in Fig. 1 the boxplot of the minimum variance portfolio
compositions obtained when the RCOV5min  realized covariance specification is used along with a 18-month (left-hand
side) and 3-month (right-hand side) estimation windows. The figure reveals that (i) changing the length of the estimation
window has an impact in the resulting portfolio compositions; (ii) few assets retain the most relevant portfolio weights;
(iii) many assets have portfolio weights equal to zero. This result is expected since we include a shortselling constraint
to the minimum variance portfolio problem in (6). As Jagannathan and Ma (2003) show, included this constraint is
equivalent to imposing a shrinkage to the resulting portfolio weights.

In summary, the results in Table 3 leave three important messages. First, we conclude that realized covariance
estimators based in high-frequency returns are able to generate minimum variance portfolios with lower risk and lower
portfolio turnover with respect to those obtained with low-frequency estimators based on close-to-close returns. This
is in line with existing empirical evidence such as those reported in de Pooter et al. (2008) and Liu (2009), among
others. However, the sampling frequency plays an important role. We find that the realized covariance estimators based
on returns sampled at the 5-min frequency usually outperform those obtained with alternative sampling strategies.
Second, we find that conditional realized covariance estimators seem to do a better job in delivering minimum variance
portfolios with lower risk in comparison to unconditional realized covariance estimators, although at the cost of a
higher portfolio turnover. This favorable evidence to the conditional estimators suggests that volatility timing can lead
to better performance in terms of portfolio risk. Third, our evidence also suggests that the use of a realized measure
robust to microstructure effects and asynchronous price observations such as the RMK specification does not seem to
bring much improvement in terms of optimal portfolio risk, although the results in terms of portfolio turnover obtained
with this specification is promising in many instances.
4.3.1. Subsample  analysis
The results reported in Table 3 suggest that realized covariance estimators based on intraday returns sampled at the

5-min frequency yields the best results in terms of minimum variance portfolios with lower risk. One potential concern
that arises from these results is whether or not this sampling frequency is also appropriate for stocks with alternative
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ig. 1. Boxplot of minimum variance portfolio compositions. The figure plots the minimum variance portfolio composition obtained with the
onditional RCOV5min realized covariance specification under a 18-month (left) and 3-month (right) estimation windows.

haracteristics such as high or low liquidity (measured in terms of average trading volume). In order to assess the
obustness of our results with respect to the liquidity of the underlying stocks, we run a subsample analysis and obtain
inimum variance portfolios for data sets comprised of the 10 most liquid and the 10 less liquid stocks among the 30

tocks considered in the paper. By doing so, we are able to assess the effects of liquidity on the choice of the most
ppropriate sampling frequency.

The results of the minimum variance portfolio performance for the subsamples comprised of the 10 most liquid
nd the 10 less liquid stocks are reported in Tables 4 and 5, respectively. The results for both subsamples corrob-
rate to a large extent those reported for the full data set in Table 3. First, minimum variance portfolios based on
igh-frequency realized covariance estimators outperform the ones based on low-frequency data. Second, conditional
stimators outperform unconditional ones. Third, a decrease in the length of the estimation window is detrimental to
he performance in terms of portfolio risk. Fourth, the 5-min sampling frequency emerges as the most appropriate
n order to compute realized covariance estimators for the minimum variance portfolio problem. Therefore, we con-
lude from the subsample analysis that the choice of the conditional realized covariance estimator based on 5-min
ntraday returns is a natural “rule-of-thumb” for the portfolio selection problem in the case of the Brazilian equities

arket.

.  Concluding  remarks
In this paper we look at the impact of the sampling procedure on the practical side of portfolio allocation in
n emerging market. Using high-frequency (tick-by-tick) and low-frequency (close-to-close) data for the 30 mostly
raded stocks in the Brazilian market, we build covariance matrices using eight alternative methods, of which seven
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Table 4
Out-of-sample performance of optimal minimum variance portfolios for the 10 most liquid stocks.

The table reports performance statistics for minimum variance portfolios using 10 stocks with highest liquidity among the 30 traded stocks analyzed in the paper. The portfolios are obtained using
unconditional and conditional realized covariance estimators. The rolling estimation window used to obtain the portfolios varies from 18 months (Panel A) to 3 months (Panel D). The statistics
of average returns (“Mean”) and standard deviation (“Std. dev”) are based on daily returns. Optimal portfolios are re-balanced on a daily, weekly and monthly basis. Asterisks indicate that the
standard deviation is statistically different at the 10% level with respect to the one obtained with benchmark unconditional covariance estimator RCOVdaily. The gray box indicate outperformance
in the estimation window in terms of standard deviation.
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Table 5
Out-of-sample performance of optimal minimum variance portfolios for the 10 less liquid stocks.

The table reports performance statistics for minimum variance portfolios using the 10 stocks with lowest liquidity among the 30 most stocks analyzed in the paper. The portfolios are obtained using
unconditional and conditional realized covariance estimators. The rolling estimation window used to obtain the portfolios varies from 18 months (Panel A) to 3 months (Panel D). The statistics
of average returns (“Mean”) and standard deviation (“Std. dev”) are based on daily returns. Optimal portfolios are re-balanced on a daily, weekly and monthly basis. Asterisks indicate that the
standard deviation is statistically different at the 10% level with respect to the one obtained with benchmark unconditional covariance estimator RCOVdaily. The gray box indicate outperformance
in the estimation window in terms of standard deviation.
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are based on fixed sample intervals and one is based on the dynamic sampling procedure of Barndorff-Nielsen et al.
(2011). Moreover, we obtain the conditional version of each of these realized covariance estimators by employing
a parsimonious multivariate GARCH specification, estimated based on rolling windows of different sizes. Using the
estimated covariance matrices we assess the out of sample performance of a minimum-variance portfolio in terms of
out-of-sample risk and turnover for each of the sampling methods.

The paper offers three most important messages. First, minimum variance portfolios based on realized covariance
matrices that use high-frequency data achieve better performance in terms of portfolio risk and turnover in comparison
to those based on covariance matrices that use low-frequency data, and this result is robust to portfolio re-balancing
frequency (daily, weekly and monthly) and to the length of the rolling estimation window. Second, conditional realized
covariance outperform their unconditional counterparts, suggesting that volatility timing can lead to better performance,
even though this might come at the cost of a more intense trading activity as measured by the higher turnover of the
conditional covariance estimators. Third, we corroborate the evidence in de Pooter et al. (2008) and find that sampling
frequency plays an important role. The 5-min sampling interval seems to be more appropriate to generate portfolio
with lower portfolio risk and lower turnover. Our subsample analysis reveals that the choice of this sampling interval
is also robust to the level of liquidity of the underlying stocks in the portfolio.

This paper makes a strong case to market practitioners in emerging markets towards the empirical benefits of using
high frequency data for building covariance matrices. The results suggest that the use of tick-by-tick data can provide
lower out-of-sample portfolio risk for minimum variance portfolios. Also, our results suggest that the objective of
the portfolio managers should be taken into consideration when selecting the inputs for building covariance matrices.
A portfolio manager wishing to obtain optimal portfolios with lower levels of risk would be better off using longer
estimation windows, daily portfolio re-balancing and adopting a conditional realized covariance matrix with intraday
returns sampled at the 5-min interval.
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