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Abstract: The 2008 credit crisis changed the manner in which derivative trades are
conducted. One of these changes is the posting of collateral in a trade to mitigate the
counterparty credit risk. Another is the realization that banks are not risk-free and, as
a result, cannot borrow at the risk-free rate any longer. The latter led banks to introduced the
controversial adjustment to derivative prices, known as a funding value adjustment (FVA),
which is interlinked with the posting of collateral. In this paper, we extend the Cox, Ross
and Rubinstein (CRR) discrete-time model to include collateral and FVA. We prove that this
derived model is a discrete analogue of Piterbarg’s partial differential equation (PDE), which
describes the price of a collateralized derivative. The fact that the two models coincide is
also verified by numerical implementation of the results that we obtain.
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1. Introduction

The 2008 credit crisis emphasized the importance of managing counterparty credit risk correctly.
One of the ways to mitigate counterparty credit risk is by posting collateral within a derivative trade.
Collateral is a borrower’s pledge of specific assets to a lender, to secure repayment of a liability.

For exchange traded derivatives, i.e., stock options, counterparty credit risk is reduced, because the
two counterparties in the trade are required to post margins to the exchange. However, this does not
fully eliminate counterparty credit risk. Central counterparty clearing houses (CCPs) are responsible for
facilitating trades between the two counterparties. CCPs benefit both parties in a transaction, because
they bear most of the credit risk; however, CCPs are not risk-free. As a result, counterparty credit risk is
present in exchange traded derivatives. This paper focuses on over-the-counter (OTC) traded derivatives.

Mitigation of counterparty credit risk in OTC derivatives requires collateral, but the posting of
collateral is not mandatory. The posting of collateral in a derivative trade is regulated by a credit
support annex (CSA). A CSA is a contract that documents collateral agreements between counterparties
in trading OTC derivative securities. The trade is documented under a standard contract, called a master
agreement, developed by the International Swaps and Derivatives Association (ISDA).

Prior to the 2008 credit crisis, the London Interbank Offered Rate (LIBOR) was seen as an acceptable
proxy for the risk-free rate. LIBOR is the rate at which banks could freely borrow and lend. The LIBOR
rate includes a spread for the credit risk of the banks. An overnight interest rate swap (OIS) is a swap for
which the overnight rate is exchanged for a fixed interest rate for a certain tenor (see Hull and White [1]).
An overnight index swap references an overnight rate index, such as the Fed funds rate, as the underlying
one for its floating leg, while the fixed leg would be set at an assumed rate.

The difference between LIBOR and the OIS rate is known as the LIBOR-OIS spread. Prior to the 2008
credit crisis, this spread was only a few basis points; it was stable and not significant (see Gregory [2]
(p. 286)).

Hunzinger and Labuschagne [3] reports that the default of banks, such as Lehman Brothers and Bear
Stearns, disproved the myth in the 2008 credit crisis that banks are risk-free. As a result, the LIBOR-OIS
spread spiked to hundreds of basis points in the aftermath of the Lehman default in September 2008,
and has remained significant ever since. The LIBOR-OIS spread reached 364.42 basis points (see
Gregory [2]). These shifts made it apparent that LIBOR incorporates an adjustment for the credit risk of
the banks; therefore, LIBOR is an imperfect proxy for the risk-free rate. The OIS rate appears to be the
preferred choice as a proxy for the interest-free rate (see Hull and White [1]).

The 2008 credit crisis drove home the realization that banks are not risk-free, and banks became
unable to borrow at preferential rates. This resulted in banks charging a funding value adjustment (FVA)
on transactions. FVA is the difference between the price of the derivative and the collateral posted in the
trade, multiplied by the difference between growing this amount at the funding rate and the collateral
rate. This amount is then discounted back to the initial time. In essence, FVA is a correction made to the
risk-free price of an OTC derivative to account for the funding cost in a financial institution.

The inclusion of FVA in pricing financial instruments is a controversial issue. Hull and White [4]
argue against it. They argue that the funding costs and benefits realized in a trade violate the idea of
risk-neutral pricing and should not be included in the pricing of the derivative. Inclusion of FVA into the
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price of a derivative trade violates the law of one price in the market, because the two counterparties will
price a trade differently (also see Hull and White [1]).

Standard pricing theory ignores the intricacies of the collateralization of the market. The posting of
collateral in a derivative trade changes the traditional way in which a derivative is priced. Piterbarg [5]
notes fundamental facts regarding derivative pricing when collateral is posted. Posting collateral in
an OTC trade may mitigate counterparty credit risk and funding costs; however, this depends on the
collateral posted in the trade and how often this collateral is readjusted according to market movements.

Piterbarg [5] extends the Black-Scholes-Merton continuous-time model to include collateral in
a derivative trade and also shows how the posting of collateral in a derivative trade affects the price.
Piterbarg’s paper won him the Quant of the Year Award in 2011.

For more information on FVA and collateral, the reader is referred to Hull and White [6], Piterbarg [7]
and Laughton and Vaisbrot [8].

In practice, a continuous-time model is difficult to implement and is usually discretized to facilitate
implementation. The aims of this paper are to extend the Cox, Ross and Rubenstein (CRR) discrete-time
model to include dividends and collateral, to discretize Piterbarg’s model, which includes collateral and
dividends, and to show that the two resulting models coincide. Furthermore, we show that the difference
in price of a CSA trade and a non-CSA trade is a funding value adjustment. The paper concludes with
a numerical implementation of our results.

The paper is organized as follows: In Section 2, we extend the CRR model to include collateral on
a dividend paying stock. In Section 3, we illustrate one of the main results in the paper, which is that the
amount of collateral posted within a derivative trade will change the rate used to discount future expected
cash flows. In Section 4, Piterbarg’s PDE, which represents the value of a collateralized derivative trade,
is presented in a theorem. Next, in Section 5, the Feynman-Kac is applied to Piterbarg’s PDE in order
to write the PDE as an expectation. A numerical implementation is provided in Section 6, followed by a
concluding section.

2. The CRR Model with Collateral and Dividends

In this section, we extend the CRR model to include collateral on a dividend paying stock. The type
of derivative replicated in this model is not specified, and it is assumed that the trade is between two
counterparties that cannot default during the life of the trade.

The notation used is as in Piterbarg [5]. The three different interest rates and the dividend yield
required are:

• rC the rate paid on collateral,
• rR the rate paid on a repurchase agreement of non-dividend paying stock,
• rF the rate paid on unsecured funding, and
• rD the dividend yield on the stock.

The relationship between the rates is:
rC ≤ rR ≤ rF .

It is further assumed that in this model, the rates are nominal annual compounded continuous (NACC)
and deterministic.
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The replicating portfolio, denoted by Πt, is constructed in such a way that the portfolio perfectly
replicates the derivative trade at all times and in all states of the world. The quantities constituting the
replicating portfolio are:

• ∆ amount of stock, and
• γ amount of cash.

2.1. Cash Account of the CRR Model with Collateral

The cash amount, denoted by γ, can be split into three different accounts, namely a funding account,
a repo account and a collateral account:

1. The amount in the funding account is denoted by γF . This amount is the difference between two
cash amounts, namely the price of the hedging portfolio and the collateral amount. The cash price
of the hedging portfolio is denoted by γP , and the collateral amount is denoted by γC ; hence
γF = γP − γC . This amount is the amount needed to be borrowed or lent at the unsecured funding
rate, rF . The model makes the assumption that one can borrow or lend cash out at the funding rate
without incurring counterparty credit risk.

2. The amount in the repo account is denoted by γR. This account consists of the cash invested or
borrowed in order to fund the stock position, ∆St, through a repurchase agreement.

3. The amount in the collateral account is denoted by γC . This account contains the collateral posted
with the counterparty. This account grows at the collateral rate rC . The assumptions made about
the posted collateral in this model are that no hair cut is applied to the collateral value and that the
currency of the collateral and the settlement of the derivative are the same.

The dividend amount, γD, is the value of the dividend paid on the stock position. When the stock is
placed in a repurchase agreement, then the dividend paid by the stock is received by the counterparty
holding the stock position in the repo. The counterparty that places the stock in the repo agreement will
lose out on the dividend; however, the counterparty is compensated by only paying the repo rate less
the dividend yield on the repurchase agreement. Therefore, the repo rate of a dividend paying stock is
rR− rD. The short rate of a particular interest rate at time ti is denoted by r∗(ti). This is the interest rate
from time ti up to ti+1.

Figure 1 illustrates the three accounts that make up the cash account and the rates that are payable or
earned on each account.
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Figure 1. Illustration of the various accounts making up the cash account and the rates
payable/earned on each.

2.2. One Period Binomial Model with Collateral

The price of a derivative trade with collateral in a one period binomial is presented in the
following theorem:

Theorem 2.1. The price of a general collateralized derivative trade with the absence of counterparty
credit risk in a one-period binomial model is:

V0 = e−rF (t0)(t1−t0)
[
E0 [V1] + C0

(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)]
.

The conditional expectation operator, denoted by En, is conditioned on the stock price at time tn, where
n is a natural number.

If it is assumed that the collateral rate is a proxy for the risk-free rate, then the price of the derivative
trade is the sum of the risk-free price and a funding value adjustment,

V0 = e−rC(t0)(t1−t0)E0 [V1]− e−rC(t0)(t1−t0)(V0 − C0)
(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)
, (1)

where V1 is the payoff of the derivative at time t1, C0 is the amount of collateral posted in the trade at
time t0 and rC(t0) and rF (t0) are the short collateral and funding rates at time t0, respectively. The
expectation is made under the QrR-measure.

Proof. The derivation makes use of a replicating portfolio. If the replicating portfolio is equal to the
derivative trade at all times, then to avoid an arbitrage, the price of the derivative must be equal to the
replicating portfolio. The initial value of the replicating portfolio consists of ∆0 stock and γ cash, hence:

Π0 = ∆0S0 + γ.
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The different accounts in the cash amount are invested or borrowed in different bonds, where each bond
follows the following processes in the binomial model:

dBF (t, s) =
(
erF (t)(s−t) − 1

)
BF (t),

dBR(t, s) =
(
e(rR(s)−rD)(s−t) − 1

)
BR(t),

dBC(t, s) =
(
erC(s)(s−t) − 1

)
BC(t),

where t ≤ s and at time t all of the bonds are worth one, i.e., B(t, t) = 1. In this discrete model, t = t0.
The total growth of the cash accounts is the sum of the total growth of the individual bonds. At time
t1, the stock pays a dividend. The stock price will drop by exactly the dividend amount paid at time t1.
The dividend amount of the stock price is denoted by δ = 1 − e−rD(t1−t0). The value of the dividend is
dependent on the outcome of the stock movement. The value of the dividend at time t1 is:

γD =

{
S0uδ if the stock price moves up
S0dδ if the stock price moves down

,

where u is the upward factor and d is the downward factor in the one-period binomial tree.
Figure 2 illustrates the drop in the stock price when paying out the dividend, where p is the

real-world probability that the stock moves upwards and (1 − p) is the real-world probability that the
stock moves downward.

Figure 2. One-period binomial asset pricing model with a discrete dividend.

At t1, the replicating portfolio has two possible outcomes:

Π1(u) = ∆0uS0(1− δ) + γF e
rF (t0)(t1−t0) − γRe(rR(t0)−rD)(t1−t0) + γCe

rC(t0)(t1−t0),

Π1(d) = ∆0dS0(1− δ) + γF e
rF (t0)(t1−t0) − γRe(rR(t0)−rD)(t1−t0) + γCe

rC(t0)(t1−t0).

The parameters ∆0 and γP are now chosen, so that the replicating portfolio is equal to the derivative
price at time t1; therefore, the following two equations hold:

V1(u) = ∆0uS0(1− δ) + γF e
rF (t0)(t1−t0) − γRe(rR(t0)−rD)(t1−t0) + γCe

rC(t0)(t1−t0), (2)
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V1(d) = ∆0dS0(1− δ) + γF e
rF (t0)(t1−t0) − γRe(rR(t0)−rD)(t1−t0) + γCe

rC(t0)(t1−t0), (3)

where γF = γP − γC . We subtract Equation (3) from Equation (2) and solve for ∆0; hence, the delta of
the stock position is:

∆0 =
V1(u)− V1(d)

S0(u− d)(1− δ)
. (4)

To solve for γP , the value of ∆0 is substituted back into Equation (2), to obtain the following:

V1(u) =
(V1(u)− V1(d))u

u− d
+ γF e

rF (t0)(t1−t0) − γRe(rR(t0)−rD)(t1−t0) + γCe
rC(t0)(t1−t0).

Simplifying and rearranging terms and making the substitution γF = γP − γC yields:

γP = e−rF (t0)(t1−t0)
[
V1(d)u− V1(u)d

u− d
+ γC

(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)
+ γRe

(rR(t0)−rD)(t1−t0)
]
.

(5)
The repo account can be written as:

γR = S0∆0 =
V1(u)− V1(d)

(u− d)(1− δ)
; (6)

therefore, substituting Equation (6) into Equation (5) and simplifying yields:

γP = e−rF (t0)(t1−t0)

([
V1(u)

(
e(rR(t0)−rD)(t1−t0) − d(1− δ)

)
(u− d)(1− δ)

]

+

[
V1(d)

(
u(1− δ)− e(rR(t0)−rD)(t1−t0)

)
(u− d)(1− δ)

]

+

[
γC
(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)])
.

The parameters ∆0 and γP have been chosen, such that the replicating portfolio perfectly replicates
the derivative payoff. If a contingent claim can be perfectly replicated, then to avoid an arbitrage, the
price of the derivative has to be equal to the cost of the replicating portfolio; therefore, the price of the
derivative is:

V0 = e−rF (t0)(t1−t0)

([
V1(u)

(
e(rR(t0)−rD)(t1−t0) − d(1− δ)

)
(u− d)(1− δ)

]

+

[
V1(d)

(
u(1− δ)− e(rR(t0)−rD)(t1−t0)

)
(u− d)(1− δ)

]

+

[
γC
(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)])
. (7)

If we define q as:

q =
e(rR(t0)−rD)(t1−t0) − d(1− δ)

(u− d)(1− δ)
=
erR(t0)(t1−t0) − d

u− d
, (8)

where 0 ≤ q ≤ 1, then d ≤ erR(t0)(t1−t0) ≤ u. Equation (7) can then be written as:

V0 = e−rF (t0)(t1−t0)
[
qV1(u) + (1− q)V1(d) + γC

(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)]
.
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If we interpret q, in Equation (8), as the probability of an upward movement in the stock price, then the
expectation of the stock price at time t1 can be written as:

E0 [S1] = qS0u+ (1− q)S0d = e(rR(t0)−rD)(t1−t0)S0; (9)

therefore, under this measure, called the QrR-measure, the stock price drifts at the repo rate less the
dividend yield. The value of the derivative trade at time t0 can be written as:

V0 = e−rF (t0)(t1−t0)
[
E0 [V1] + C0

(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)]
, (10)

where the expectation is taken under the QrR-measure and C0 is the amount of collateral posted in the
trade at time t0. We can rearrange the terms in the above equation in order to write the price of the
derivative trade as:

V0 = e−rC(t0)(t1−t0)E0 [V1]− e−rC(t0)(t1−t0)(V0 − C0)
(
erF (t0)(t1−t0) − erC(t0)(t1−t0)

)
. (11)

If we assume that the collateral rate is a proxy for the risk-free rate, then the price of the derivative trade
is the sum of the risk-free price and a funding value adjustment. The risk-free price is obtained by pricing
the derivative trade using the CRR model (see Cox et al. [9]).

2.3. n-Period Binomial Model with Collateral

Next, the one-period model is extended to an n-period model.
A two-period binomial asset pricing model with discrete dividends is illustrated in Figure 3.

Figure 3. Two-period binomial asset pricing model with discrete dividends.

The price of a collateralized derivative trade in an n-period model is presented in the
following theorem:

Theorem 2.2. The price of a general collateralized derivative trade with the absence of counterparty
credit risk in an n-period binomial model is:

V0 = E0

[
e−

∑n
j=0 rF (tj)(tj+1−tj)Vn

]
+ E0

[
n−1∑
i=0

e−
∑i
j=0 rF (tj)(tj+1−tj)Ci

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
,
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where the expectation is under the QrR-measure. If the collateral rate is assumed to be a proxy for the
risk-free rate, then the price of the derivative trade in an n-period binomial model can be written as the
sum of the risk-free price and a funding value adjustment,

V0 = E0

[
e−

∑n
j=0 rC(tj)(tj+1−tj)Vn

]
− E0

[
n−1∑
i=0

e−
∑i
j=0 rC(tj)(tj+1−tj)(Vi − Ci)

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
,

where Vi is the value of the derivative at time ti, Ci is the amount of collateral posted in the trade at time
ti and rC(tj) and rF (tj) are the short collateral and funding rates at time tj , respectively.

Proof. The proof makes use of the Tower property to extend the one-period model to n periods. The
one-period binomial model in Equation (10) holds for the i-th-period; therefore,

Vi = e−rF (ti)(ti+1−ti)
[
Ei [Vi+1] + Ci

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
, (12)

where i ∈ {0, 1, . . . , n− 1}. The price of the derivative at time tn−1 is:

Vn−1 = e−rF (tn−1)(tn−tn−1)
[
En−1 [Vn] + Cn−1

(
erF (tn−1)(tn−tn−1) − erC(tn−1)(tn−tn−1)

)]
(13)

and the price of the derivative at time tn−2 is:

Vn−2 = e−rF (tn−2)(tn−1−tn−2)
[
En−2 [Vn−1] + Cn−2

(
erF (tn−2)(tn−1−tn−2) − erC(tn−2)(tn−1−tn−2)

)]
. (14)

Substituting Equation (13) into Equation (14) gives us:

Vn−2 = e−rF (tn−2)(tn−1−tn−2)En−2

[
e−rF (tn−1)(tn−tn−1) [En−1 [Vn]]

]
+ e−rF (tn−2)(tn−1−tn−2)En−2

[
e−rF (tn−1)(tn−tn−1)

[
Cn−1

(
erF (tn−1)(tn−tn−1) − erC(tn−1)(tn−tn−1)

)]]
+ e−rF (tn−2)(tn−1−tn−2)En−2

[
Cn−2

(
erF (tn−2)(tn−1−tn−2) − erC(tn−2)(tn−1−tn−2)

)]
. (15)

The Tower property states that if 0 ≤ n ≤ m, where n and m are natural numbers, then:

En [Em[V ]] = En [V ]

(see Shreve [10], Theorem 2.3.2, p. 33). Applying the Tower property to the conditional expectations
and because the rates are deterministic, Equation (15) becomes:

Vn−2 = e−(rF (tn−2)+rF (tn−1))(tn−tn−1)En−2 [Vn]

+e−(rF (tn−2)+rF (tn−1))(tn−tn−1)En−2

[
Cn−1

(
erF (tn−1)(tn−tn−1) − erC(tn−1)(tn−tn−1)

)]
+e−rF (tn−2)(tn−1−tn−2)Cn−2

(
erF (tn−2)(tn−1−tn−2) − erC(tn−2)(tn−1−tn−2)

)
.

If one repeats this methodology, then the initial price of the derivative trade is:

V0 = E0

[
e−

∑n
j=0 rF (tj)(tj+1−tj)Vn

]
+ E0

[
n−1∑
i=0

e−
∑i
j=0 rF (tj)(tj+1−tj)Ci

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
.

(16)
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If Equation (12) is written as:

Vi = e−rC(ti)(ti+1−ti)Ei [Vi+1]− e−rC(ti)(ti+1−ti)(Vi − Ci)
(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)
, (17)

and the same methodology that was applied to Equation (12) is applied to Equation (17), and provided
that the collateral rate is used as a proxy for the risk-free rate, then the price of the collateralized derivative
trade can be written as the sum of the risk-free price and a funding value adjustment,

V0 = E0

[
e−

∑n
j=0 rC(tj)(tj+1−tj)Vn

]
− E0

[
n−1∑
i=0

e−
∑i
j=0 rC(tj)(tj+1−tj)(Vi − Ci)

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
, (18)

We will show that this is the discrete analog of the model presented in Piterbarg [5].
By examining Equation (18), we see that the price of the derivative is the risk-free price plus a funding

value adjustment. The funding value adjustment can be split into two terms, namely a funding benefit
adjustment and a funding cost adjustment:

FVA = −E0

[
n−1∑
i=0

e−
∑i
j=0 rC(tj)(tj+1−tj)(Vi − Ci)−

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
. . . FBA

−E0

[
n−1∑
i=0

e−
∑i
j=0 rC(tj)(tj+1−tj)(Vi − Ci)+

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
. . . FCA.

Consider two counterparties, B and C. Let us assume that Counterparties B and C enter into a trade.
The funding benefit (cost) adjustment term is the extra benefit (cost) gained (paid) in a trade from
investing (borrowing) cash at a higher rate than the risk-free rate.

Let us also assume Counterparty B is a bank and enters into a trade that has an unfavorable
mark-to-market. Counterparty B will receive a premium when entering into the trade. If B has to give
back this premium by a CSA, then there is no funding benefit. However, if the trade is entered into with
no CSA, then B will place the premium of the trade on the money market desk and earn a rate better than
the collateral rate earned if B had to place these funds as collateral to C. This discounted value of the
spread earned by B on the value of the derivative is known as the FBA. It is determined by B whether or
not to give some portion of the FBA back to C , as depicted by Figure 4.

Let us assume now that the two counterparties enter into another trade. This time, Counterparty B
enters into a trade that has a favorable mark-to-market to the bank. In this case, B will pay a premium to
Counterparty C. If full collateral is required by a CSA, then C will pay back the premium as collateral,
and no funding cost is incurred. In this case, Counterparty B will be effectively funding the premium at
the collateral rate. However, if no collateral is posted by C , then the premium paid by B will have to be
funded through the bank’s treasury desk at a funding rate. This funding rate will be greater than the rate
paid on the collateral. This discounted value of the spread paid on the value of the derivative is known
as the FCA(see Figure 5).

These arguments only hold if rehypothecation is possible. Rehypothecation means that banks and
brokers use, for their own purposes, assets that have been posted as collateral by their clients. Hull and
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White [4] argue that this excess cost has to be absorbed by the trading desk and not passed to the client,
as suggested in this example.

Figure 4. Illustrating a trade graphically between Counterparties B and C when
Counterparty B is out-of-the-money.

Figure 5. Illustrating a trade graphically between Counterparties B and C when
Counterparty B is in-the-money.

Next, we show that the amount of collateral posted in the trade will determine which rate must be
used to discount future expected cash flows.

3. Collateral and Determining a Discount Factor

Consider two different values of collateral for Equation (12). When Ci = Vi for i = 0, 1, 2, . . . ,

n− 1, which is the case when the seller has to place collateral toward the value of the derivative at every
node in the tree, then Equation (18) becomes:

V0 = e−
∑n
j=0 rC(tj)(tj+1−tj)E0 [Vn] . (19)

On the other hand, if no collateral is placed, i.e., Ci = 0 for i = 0, 1, 2, . . . , n − 1, then
Equation (16) becomes:

V0 = e−
∑n
j=0 rF (tj)(tj+1−tj)E0 [Vn] . (20)
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The result that emerges is that if full collateral is posted at each node, then to value the derivative
trade, future expected cash flows are discounted using a collateral curve. However, if no collateral is
posted throughout the life of the trade, then to value the derivative trade, future expected cash flows are
discounted using a funding curve of the bank. We want to stress that this model is a function of market
rates only. The theoretical risk-free rate is not present in the pricing formula.

Next, we consider the case when the amount of collateral posted in the trade is some fractional amount
of the derivative’s value.

3.1. Partial Collateralization

When entering into a CSA agreement, the two counterparties have to agree on what collateral will
be posted, i.e., cash or bonds, and how much collateral needs to be posted. The above model can be
generalized by letting the amount of collateral posted in a derivative trade become a fractional amount
of the value of the derivative. Letting the collateral amount be some fractional amount of the derivative
value in Equation (12) yields:

Vi = e−rF (ti)(ti+1−ti)
[
Ei [Vi+1] + θVi

(
erF (ti)(ti+1−ti) − erC(ti)(ti+1−ti)

)]
. (21)

Solving for Vi, we get:

Vi =
Ei [Vi+1]

erF (ti)(ti+1−ti) + θ (erC(ti)(ti+1−ti) − erF (ti)(ti+1−ti))
. (22)

The rate rθ(ti) is defined as:

rθ(ti) = rF (ti) +
log
(
1 + θ

(
e(rC(ti)−rF (ti))(ti+1−ti) − 1

))
(ti+1 − ti)

, (23)

so that:
e−rθ(ti)(ti+1−ti) =

1

erF (ti)(ti+1−ti) + θ (erC(ti)(ti+1−ti) − erF (ti)(ti+1−ti))

and we can write:
Vi = e−rθ(ti+1−ti)E [Vi+1] .

Repeating the previous arguments, we get that:

V0 = e−
∑n−1
i=0 rθ(ti)(ti+1−ti)E0 [Vn] . (24)

The two special cases are when Ci = Vi and Ci = 0, for all i; this corresponds to values of θ = 1

and θ = 0, respectively. The discount factor rate will be rθ(ti) = rF (ti) if no collateral is posted
and rθ(ti) = rC(ti) if collateral toward the value of the derivative is posted at each discrete time point
throughout the tree.

The following section derives the continuous analogue of the model presented in this section.
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4. Black-Scholes-Merton PDE with Collateral and Dividends

In this section, Piterbarg’s Black-Scholes-Merton PDE, which includes collateral on a dividend paying
stock, is considered. The stock price process St is assumed to follow:

dSt = (rR − rD)Stdt+ σStdWt, (25)

where S0 is a constant, σ is the volatility of the stock and Wt is a standard Brownian motion; and the
stock pays a continuous dividend yield.

A self-financing (i.e., no money is injected or extracted) replicating portfolio of the derivative is
constructed. The replicating portfolio consists of a stock position and cash,

Πt = ∆St + γ.

As in the discrete analog, the cash account is invested or borrowed in different bonds, which satisfy the
following bond processes:

dBF (t, s) = rF (s)BFds, (26)

dBR(t, s) = (rR(s)− rD)BRds, (27)

dBC(t, s) = rC(s)BCds, (28)

where t ≤ s and, at time t, the value of each of the bonds is worth one. In order to compute the change
in the derivative’s price, Itô’s lemma (see Itô [11] and Itô [12]) is used. Itô’s lemma is stated in terms of
the stock process in Equation (25).

Lemma 4.1. Let St, t ≥ 0, be an Itô process determined by Equation (25) and V (t, St) ∈ C1,2([0, T ]×
Rd) 1. Then, the process V (t, St) follows the stochastic differential equation (SDE):

dV =
∂V

∂t
dt+

∂V

∂S
dS +

1

2
σ2S2∂

2V

∂S2
dt.

=

(
∂V

∂t
+ (rR − rD)S

∂V

∂s
+

1

2
σ2S2∂

2V

∂s2

)
dt+ σS

∂V

∂s
dWt,

and is also an Itô process, provided that:∫ T

0

∣∣∣∣∂V∂t + (rR − rD)S
∂V

∂s
+

1

2
σ2S2∂

2V

∂s2

∣∣∣∣ ds <∞
and ∫ T

0

∣∣∣∣∣
(
σS

∂V

∂S

)2
∣∣∣∣∣ ds <∞,

(see Björk [13], Theorem 4.10, p. 47).

1 Here, C1,2 means that the first partial derivative with respect to time of the function V (t, St) is continuous and that the
second derivative of the function with respect to the space variable, i.e., St, is also continuous.
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Piterbarg’s Black-Scholes-Merton PDE with collateral (see Piterbarg [5]) is given in the
following theorem.

Theorem 4.2. The value of a general collateralized derivative trade with the absence of credit risk on
a dividend paying stock satisfies the following PDE:

∂V
∂t

+ (rR − rD)S ∂V
∂S

+ 1
2
σ2S2 ∂2V

∂S2 = V rF − C(rF − rC)

VT is the final payoff of the derivative
.

We refer the reader to Piterbarg [5] for a proof of Theorem 4.2.
If r = rC = rF = rR, where r is the risk-free rate, i.e., secured lending and unsecured lending occur

at the same rate and at the risk-free rate, then Theorem 4.2 reduces to the original Black-Scholes-Merton
PDE for a dividend paying stock.

5. Discretizing the Piterbarg Model Yields the CRR Model with Collateral

In this section, the aim is to show that discretizing the Piterbarg model yields the CRR model with
collateral as derived in Section 2. This is achieved by applying the Feynman-Kac theorem to Piterbarg’s
PDE, which yields the PDE in the form of an expectation. This shows that the price of a derivative, in
both the discrete-time and continuous-time case, can be written as an expectation and makes it easy to
compare the two models.

The Feynman-Kac theorem (see Karatzas and Shreve [14]) can be stated as:

Theorem 5.1. Suppose that:

1. V (t, St) : [0, T ] × Rd → Rd is continuous, is of class C1,2([0, T ] × Rd) and satisfies the
Cauchy problem:

−∂V
∂t

+ kV = (rR − rD)S
∂V

∂S
+

1

2
σ2S2∂

2V

∂S2
+ g; in [0, T ]× Rd,

V (T, ST ) = f(ST ); St ∈ Rd,

where the function f(ST ) is the final payoff of the derivative contract and St is the stock process,
and

2. V (t, St) also satisfies the polynomial growth condition:

max
0≤t≤T

|V (t, St)| ≤M
(
1 + ‖St‖2µ

)
; St ∈ Rd,

for some M > 0, µ ≥ 1.

Then, V (t, St) admits the stochastic representation:

V (t, St) = Et
[
f(ST )e−

∫ T
t k(u,Su) du +

∫ T

t

g(r, Sr)e
−

∫ v
t k(u,Su) du dr

∣∣∣∣Ft] ,
on [0, T ]× Rd, where Ft is the filtration generated from the Brownian motion in the stock price process
and the expectation is under the QrR-measure. In particular, such a solution is unique.
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Next, we write the PDE in Theorem 4.2 in the form of an expectation:

Corollary 5.2. The price of a general collateralized derivative trade with the absence of counterparty
credit risk is:

V0 = E0

[
VT e

−
∫ T
0 rF (u) du +

∫ T

0

e−
∫ s
0 rF (u) duCs(rF (s)− rC(s)) ds

]
,

where the expectation is under the QrR-measure 2. If the collateral rate is assumed to be a proxy for the
risk-free rate, then the price of the derivative trade can be written as the sum of the risk-free price and
a funding value adjustment:

V0 = E0

[
VT e

−
∫ T
0 rC(u) du −

∫ T

0

e−
∫ s
0 rC(u) du(Vs − Cs)(rF (s)− rC(s)) ds

]
.

Proof. The Feynman-Kac theorem is now applied to Theorem 4.2 by rearranging the terms in the PDE
as follows:

− ∂V

∂t
+ V rF = (rR − rD)S

∂V

∂S
+

1

2
σ2S2∂

2V

∂S2
+ C(rF − rC), (29)

The application of the Feynman-Kac theorem yields:

V0 = E0

[
VT e

−
∫ T
0 rF (u) du +

∫ T

0

e−
∫ s
0 rF (u) duCs(rF (s)− rC(s)) ds

]
. (30)

We can also write Equation (29) as:

−∂V
∂t

+ V rC = (rR − rD)S
∂V

∂S
+

1

2
σ2S2∂

2V

∂S2
− (V − C)(rF − rC),

and using the Feynman-Kac theorem, the price of the derivative can be written as:

V0 = E0

[
VT e

−
∫ T
0 rC(u) du −

∫ T

0

e−
∫ s
0 rC(u) du(Vs − Cs)(rF (s)− rC(s)) ds

]
. (31)

If Equations (30) and (31) are compared to Equations (16) and (18) and the values of rF and rC are
calculated in the left endpoints of the intervals under consideration, then the discretized Piterbarg model
coincides with the CRR model with collateral (which was derived in Section 2).

6. Numerical Implementation

We provide a numerical implementation of Piterbarg’s model. The model is implemented using a PDE
approach and a binomial lattice approach. We show how the two methods converge to a unique price
when pricing a collateralized European put option. The difference in price between a collateralized
derivative and non-collateralized derivative is shown numerically. Finally, an analysis is provided to
show that there still exists significant credit risk, even when collateral, to the value of the mark-to-market
of derivative, is posted within a trade.

2 The filtration is not included in the expectation operator for ease of notation. The subscript in the conditional expectation,
i.e., Et, indicates that the expectation is conditioned on the filtration at time t.
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6.1. PDE Approach

Finite difference schemes are used to approximate the solutions to differential equations, which is
a parabolic partial differential equation in this case. We use an implicit Euler scheme to approximate
the price surface of a general derivative trade (see Brandimarte [15]) satisfying Piterbarg’s PDE.
The implementation of the implicit Euler scheme is based on the work by Richardson [16].

The asset value discretisation is given by {0, ds, 2ds, . . . ,Mds = Smax}, and the time discretisation
is given by {0, dt, 2dt, . . . , Ndt = T}. The value of the derivative at each grid point is denoted by

V i
j = V (ids, jdt),

where i = 1, 2 . . .M and j = 1, 2 . . . N . Figure 6 is an illustration of the time and space grid used to
approximate the PDE.

Figure 6. Discrete grid of time and space.

We are solving backwards in time from expiry of the option; therefore, a backward difference
approximation is used for the first time derivative. A central difference is used for the first space
derivative, because it yields a more accurate approximation than a forward or backward difference, and
a second-order difference approximation is used for the second space derivative. In order to give more
insight into the workings of implementing this PDE numerically, we refer the reader to Appendix A.

The terminal and boundary conditions for a European put option are the following:
V i
N = max(K − ids, 0)

V 0
j = Ke−rθ(N−j)dt

V Mds
j = 0

,

where rθ is defined in Equation (23).
Figure 7 illustrates the price surface of a European put option with parameters: S0 ∈ [0, 20], K = 10,

dt = 0.0001 (5000 time increments), ds = 0.02 (1000 space increments), T = 0.5, t ∈ [0, T ], rC = 0.04,
rR = 0.05, rF = 0.06, rD = 0.01, σ = 0.3 and θ = 1.
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Figure 7. Collateralized European put option surface using the PDE approach with
parameters: S0 ∈ [0, 20], K = 10, dt = 0.0001 (5000 time increments), ds = 0.02

(1000 space increments), T = 0.5, t ∈ [0, T ], rC = 0.04, rR = 0.05, rF = 0.06, rD = 0.01,
σ = 0.3 and θ = 1.

6.2. Binomial Lattice Approach

The price of the same European put option is computed using the binomial asset pricing model derived
in Section 2.

Let u be the upward factor and d the downward factor of the stock price. When constructing
a binomial tree to represent the movements in a stock price, the parameters u and d are chosen to match
the volatility and the drift of the stock price process. The parameters u and d are estimated using the
method of moments (see Higham [17]) in order to match the drift and volatility of the stock price.

In order to give more insight into the workings of the method, the values of u and d are derived from
first principles. The derivation of the parameters in the binomial asset pricing model are provided in
Appendix B.

The up and down factors of a dividend paying stock in the binomial tree are:

u = e(rR−
1
2
σ2)(ti+1−ti)+σ

√
(ti+1−ti)(1− δ)

and:
d = e(rR−

1
2
σ2)(ti+1−ti)−σ

√
(ti+1−ti)(1− δ).

The probability of an upward movement is:

q =
e(rR−rD)(ti+1−ti) − u

(u− d)
.

The time difference between each node in the tree, i.e., ti+1 − ti, is constant; therefore, we do not
index u, d and q.
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The parameters for the stock price process are: S0 = 10, ti+1 − ti = 0.0001 for all i, rR = 0.05,
rD = 0.01 and σ = 0.3. Figure 8 illustrates a binomial asset price lattice.

Figure 8. Stock price binomial lattice with parameters: u = 1.039576, d = 0.962091,
P(up) = 0.5 and n = 30.

The binomial asset pricing model is used to price the same European put option as in the PDE
approach with the parameters: S0 ∈ [0, 20], K = 10, dt = 0.0001 (5000 time increments), T = 0.5,
rC = 0.04, rR = 0.05, rF = 0.06, rD = 0.01, σ = 0.3 and θ = 1.

In Figure 9, the difference between the PDE and binomial model approaches are graphically illustrated
for varying initial stock prices. This shows that the two approaches converge to within 0.4 basis points of
each other for the given parameters. The case when no collateral is posted also has similar convergence.

Figure 9. Difference between the PDE price and the binomial lattice price for a collateralized
European put option with parameters: S0 ∈ [8, 12], K = 10, dt = 0.0001 (5000 time
increments), ds = 0.02 (1000 space increments), T = 0.5, rC = 0.04, rR = 0.05, rF = 0.06,
rD = 0.01, σ = 0.3 and θ = 1.
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The same European put option is priced; however, this time, the trade is not collateralized. The
difference in price of the two put options is plotted for varying initial stock prices in Figure 10. The
difference is positive; therefore, the price of a collateralized European put option is higher than that of
the non-collateralized put. The difference represents the funding value adjustment of a non-collateralized
put option.

Since:
(Vs − Cs) ≥ 0 for all s, (32)

for a European put option, the funding benefit adjustment reduces to zero, and hence, FVA = FCA. The
shape of the FCA term is similar to the initial price of a European put option. As illustrated in Figure 10,
the funding cost adjustment will increase when the underlying put option value increases. This happens
when the initial stock price decreases.

Figure 10. Difference in price between a collateralized European put option and a
non-collateralized European put option for various initial stock prices with parameters:
S0 = [8, 12], K = 10, dt = 0.0001 (5000 time increments), ds = 0.02, (1000 space
increments), T = 0.5, rC = 0.04, rR = 0.05, rF = 0.06, rD = 0.01 and σ = 0.3.

Table 1 illustrates the at-the-money prices of the European put option for the PDE and binomial model
approaches when collateral is posted and when no collateral is posted. This shows that when a European
put option is traded with collateral, then the price of the derivative will be greater than the price of the
same derivative, which does not include collateral.

Table 1. Summary of collateralized and non-collateralized European put option prices for
the PDE approach and the binomial lattice approach with parameters: S0 = 10, K = 10,
T = 0.5, rC = 0.04, rR = 0.05, rF = 0.06, rD = 0.01 and σ = 0.3.

European Put Option PDE Price Binomial Lattice Price

Full collateral 0.741011 0.740992
No collateral 0.733637 0.733619

FCA −0.007374 −0.007372
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6.3. Default Risk Caused by Readjusting Collateral at Discrete Times

Next, we investigate the default risk of adjusting collateral at discrete time points in a derivative trade.
If the market were to move substantially between two realigning (margining) dates, a significant loss

could be faced if a counterparty defaults.
We illustrate that even when a derivative trade is fully collateralized and margined daily, there still

exists significant counterparty credit risk. A specific realization path for a European put option is
simulated. The European put option that we use is a three-year put with the following parameters:
S0 = 10, K = 10, rC = 0.04, rR = 0.05, rF = 0.06, rD = 0.01 and σ = 0.3. Three different
margin periods are considered, namely a one-day period, a ten-day period and a one-month period. The
assumption is made that the seller of the option places the mark-to-market of the option as collateral at
each discrete time point. The seller earns the collateral rate on the posted margin. At the initial time
t0, the seller receives the premium for the put option and, at the same time, returns the premium as
collateral; hence, C0 = V0. Then, after t1 − t0 time, the value of the buyers position in the trade is:

V1 − V0erC(t1−t0),

where dt represents the length of the margin period.
At time t1, the collateral posted with the buyer is readjusted to the value of V1. At each of the discrete

margin time points, the difference between the exposure of the put option and the collateral amount in the
margin account before readjustment is represented as a percentage of the exposure of the option; hence:

default riski =
Vi − Vi−1e

rC(ti−ti−1)

Vi
, (33)

where i = 1, . . . , n. The default risk at each of the ith discrete margin time points is plotted in a histogram
represented in Figure 11.

Figure 11. The distribution of the default risk of a collateralized European put option for
three different recollateralization periods with parameters: S0 = 10, K = 10, rC = 0.04,
rR = 0.05, rF = 0.06, rD = 0.01, T = 3 and σ = 0.3.



J. Risk Financial Manag. 2015, 8 37

Figure 11 illustrates the distribution of the default risk for each of the ti − ti−1 values, namely one
month, one week and one day. A normal distribution is superimposed over each default risk distribution.
From Figure 11, one can see that as the margin period becomes shorter, the distribution of the default
risk becomes less disperse and the distribution becomes more normal. Even for a margin period of one
day, as in an exchange, there still exists significant default risk. If the seller of the European put option
defaults on the trade between margin periods, then the buyer could lose up to 5% of the value of the
European put option if the ti− ti−1, for all i, is one day and up to 30% if ti− ti−1, for all i, is one month.
The margin period for an OTC derivative trade between a bank and its client may be up to one month,
disproving the myth that full collateral completely mitigates credit risk exposure. Thresholds have not
been taken into account; however, if these were considered in the margining, then the dispersion of the
default risk distribution would be even wider.

7. Conclusions

A replicating portfolio is used to extend the CRR discrete-time binomial model to include collateral
on a dividend paying stock.

The continuous-time model of Piterbarg, which extends the Black-Scholes-Merton model to include
collateral on a dividend paying stock is considered. An application of the Feynman-Kac theorem to
Piterbarg’s PDE provides a description of Piterbarg’s model in terms of a conditional expectation (with
respect to the QrR-measure). The latter form of the model shows that the discrete version of the Piterbarg
model and the discrete-time CRR model (as derived in Section 2) coincide.

The description of Piterbarg’s model in terms of a conditional expectation also indicates that the
amount of collateral posted determines which discount factor is used when valuing a general derivative.
If the value of the collateral posted with the counterparty is equal to the value of the derivative during the
life of the trade, then in order to price the derivative, the future expected cash flows are discounted using
the collateral curve. If no collateral is posted, then the value of the derivative is obtained by discounting
future expected cash flows using the funding curve of the bank.

The results are numerically implemented. The discrete version and the continuous version of this
model converge when the number of periods in the binomial lattice is large and the time increments in
the PDE’s grid discretisation tend to zero. The credit risk for three margin periods in a derivative trade
is considered, and it is shown that even when a trade is fully collateralized, there still exists credit risk
within the trade, because of the period between margin dates.

Subsequent to the paper by Piterbarg [5], Hull and White [18], Burgard and Kjaer [19] and Burgard
and Kjaer [20] have extended derivative pricing to include bilateral credit risk and funding costs. These
approaches include adjustments, such as a credit value adjustment (CVA), a debit value adjustment
(DVA) and a collateral value adjustment (CollVA), in derivative pricing. However, it appears that not
all academics, practitioners and regulators agree on which adjustments should be included in pricing
a derivative.

The Basel III Accord extensively advises on CVA. However, as yet, it does not seem to provide any
substantial direction on the controversial notations of DVA and FVA. This poses problems in terms of
derivative pricing and the accounting of derivatives on the balance sheet (see KPMG [21]).
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In our view, these are currently the greatest challenges facing derivative pricing.
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Appendix: Derivations

A. Solving the Piterbarg PDE Numerically

Using the approximations described in Section 6.1, the discretisation of the Piterbarg PDE, given in
Theorem 4.2, is:

V i
j − V i

j−1

dt
+

1

2
σ2(ids)2

V i+1
j−1 − 2V i

j−1 + V i−1
j−1

(ds)2
+ (rR − rD)

V i+1
j−1 − V i−1

j−1

2ds
(ids)

−rFV i
j−1 + Ci

j−1(rF − rC) = 0,

(A1)

where Ci
j is the value of collateral posted in the trade at time jdt and stock price ids. In the

implementation of the model, throughout the various methods, we assume that all rates are constant.
We also assume that the collateral amount can be written as some fractional amount of the value of
the derivative,

Ci
j = θV i

j ,

which yields:

V i
j − V i

j−1

dt
+

1

2
σ2(ids)2

V i+1
j−1 − 2V i

j−1 + V i−1
j−1

(ds)2
+ (rR − rD)

V i+1
j−1 − V i−1

j−1

2ds
(ids)

−rFV i
j−1 + θV i

j−1(rF − rC) = 0.

(A2)

Rearranging Equation (A2) yields:

V i
j = XiV

i−1
j−1 + YiV

i
j−1 + ZiV

i+1
j−1 ,

where:

Xi =
1

2

(
(rR − rD)i− σ2i2

)
dt,

Yi = 1 +
(
σ2i2 + rF − θ(rF − rC)

)
dt, (A3)

Zi = −1

2

(
(rR − rD)i+ σ2i2

)
dt.

These equations can be written in matrix form:

V̄j = MV̄j−1, (A4)
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where the matrix M and the vector V̄j is defined as:

M =



Y1 Z1 0 . . . 0

X2 Y2 Z2 . . . 0

0 X3 Y3
. . . 0

...
... . . . . . . ZM−1

0 . . . 0 XM YM


and V̄j =


V 1
j

V 2
j

V 3
j
...

V M
j

 .

The value of V̄j is known, and V̄j−1 is the quantity we require; therefore,

M−1V̄j = V̄j−1,

for j = 1, 0, . . . , N . The two extreme cases for the value of the collateral are considered. The first case
is when the collateral amount is zero, i.e., θ = 0. In this case, Equation (A3) becomes:

Xi =
1

2

(
(rR − rD)i− σ2i2

)
dt,

Yi = 1 +
(
σ2i2 + rF

)
dt, (A5)

Zi = −1

2

(
(rR − rD)i+ σ2i2

)
dt.

The second case is when collateral toward the value of the derivative is posted continuously, i.e., θ = 1.
In this case, Equation (A3) becomes:

Xi =
1

2

(
(rR − rD)i− σ2i2

)
dt,

Yi = 1 +
(
σ2i2 + rC

)
dt, (A6)

Zi = −1

2

(
(rR − rD)i+ σ2i2

)
dt.

B. Deriving the Parameters for the Binomial Asset Pricing Model

Different authors appear to have slightly different views on how to approach this problem; however,
all are based on the original binomial method of Cox et al. [9]. We take the approach by Higham [17].
The method of moment matching is used in order to solve for the parameters u and d.

Let q be the probability of an upward movement of the stock and Ri be an i.i.d Bernoulli random
variable, such that:

Ri =

{
1 with probability q
0 with probability (1− q)

,

and E [Ri] = q and V [Ri] = q(1− q). If Ri = 1, then the stock moves up, and if Ri = 0, then the stock
moves down on the ith step; therefore, the stock price at time T =

∑n
i=0(ti+1 − ti) is given by:

ST = S0u
∑n
i=1Ridn−

∑n
i=1Ri , (A7)

where n is the number of steps in the tree. Rearranging Equation (A7), we have that:

ST
S0

= dn
(u
d

)∑n
i=1Ri

.
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Taking logs of both sides of the equation yields:

log

(
ST
S0

)
= n log(d) + log

(u
d

) n∑
i=1

Ri. (A8)

Next, we solve for the expected value and variance of the log returns of Equation (A8); hence:

E
[
log

(
ST
S0

)]
= n log(d) + log

(u
d

)
nq, (A9)

and:

V
[
log

(
ST
S0

)]
= log

(u
d

)2
nq(1− q). (A10)

Before applying the method of moment matching, we first need to calculate the expected value and
variance of the log returns of the stock process. The stock process is given by the following stochastic
differential equation:

dSt
St

= (rR − rD)dt+ σdWt. (A11)

From Itô’s lemma, we know that:

d log(St) =

(
(rR − rD)− 1

2
σ2

)
dt+ σdWt

and by integrating both sides:

log

(
St
S0

)
=

(
(rR − rD)− 1

2
σ2

)
t+ σWt, (A12)

where Wt ∼ N(0,
√
t). Taking the expected value and variance of Equation (A12) yields:

E
[
log

(
St
S0

)]
=

(
(rR − rD)− 1

2
σ2

)
t (A13)

and:

V
[
log

(
St
S0

)]
= σ2t. (A14)

We now match the expected values in Equations (A9) and (A13) and the variances in Equations (A10)
and (A14) to obtain the following two equations:

log(d) + log
(u
d

)
q =

(
(rR − rD)− 1

2
σ2

)
dt, (A15)

log
(u
d

)2
q(1− q) = σ2dt. (A16)

We have two equations and three unknowns, namely q, u and d. We fix one of the three parameters and
solve for the other two. To pick out a particular solution, the probability parameter is set to q = 1

2
, and

then, the other two parameters are solved using Equations (A15) and (A16; hence, for all i = 0, 1, 2, . . . :

u = e(rR−
1
2
σ2)(ti+1−ti)+σ

√
(ti+1−ti)(1− δ)
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and:
d = e(rR−

1
2
σ2)(ti+1−ti)−σ

√
(ti+1−ti)(1− δ),

where e−rD(ti+1−ti) = 1− δ.
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