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Traditional methods of investment appraisal, like the Net Present Value, are not able to include the value
of the operational flexibility of the project. In this paper, real options, and more specifically the option
to expand, are assumed to be included in the project information in addition to the expected cash flows.
Thus, to calculate the total value of the project, we are going to apply the methodology of the Net Present
Value to the different scenarios derived from the existence of the real option to expand. Taking into
account the analogy between real and financial options, the value of including an option to expand is
explored by using the binomial options pricing model. In this way, estimating the value of the option to
expand is a tool which facilitates the control of the uncertainty element implicit in the project.

© 2017 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license.
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

Real options have been widely studied from an academic point
of view. A certain consensus has been reached among analysts,
who recognize the fact that the use of real options can make a very
interesting contribution to business practice. As a consequence of
the absence of a single formula to calculate the option value, only
the largest companies have studied the value of real options given
that a high level of mathematical knowledge is required for its cal-
culation [15]. Real options provide a tool capable of dealing with
abstract concepts [16,24]. This enables decision-makers to have the
flexibility necessary to respond to changing scenarios [19]. Real op-
tions improve the dynamic and proactive management since they
allow for the incorporation of some aspects of a strategic nature in
investment projects [18,32].

The option to expand a project offers the possibility (not the
obligation) of increasing the productive scale of the project by
making an additional investment. It is equivalent to an American
call option, given that it allows for the consideration of making ad-
ditional follow-on investments (e.g. in order to increase the pro-
duction rate) if the project is profitable [7].

This type of option has a high strategic value since the decision-
maker has the possibility to decide the size of the project, and
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mous referees.
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E-mail addresses: scruz@ual.es (S. Cruz Rambaud), amsanchez@ual.es (A.M.
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even organize the necessary investment in successive stages, thus
dividing the project into a sequence of smaller units [5]. Indeed,
in the case of a multi-stage project, the element of risk for the
company is reduced, since before increasing the investment in the
project, the original forecasts for the results of the project can be
reconsidered in the light of actual market developments [22].

Examples of such options are the opportunity of introducing a
new product, or entering a new market without barriers to com-
petitive entry [29]. Moreover “expanding into new geographic ar-
eas and investing in research and development also involve staged
investments of this kind” [6]. The option to expand is considered
when the market conditions are better than initially expected. In
response to positive market conditions, the company may decide
to expand production, which in turn requires additional investment
[1].

According to Kogut [17], the investment in a new market may
be considered as the right to a future purchase. In those sectors
where the investment facilitates access to future opportunities, the
option to expand may represent a substantial element in assessing
the project’s viability. There are even some projects with a negative
Net Present Value (NPV) which provide the company with the pos-
sibility to implement this option in the future. In these cases, the
option to expand may represent a major part of the overall value
of the project for potential investors [27].

In general terms, the consideration of real options should be
included in the initial presentation of any project. Driouchi and
Bennett [12] reveal that “the real option attention, knowledge and
management can be more crucial for organizations than real op-

2214-7160/© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license. (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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Table 1
Relationship between real options and project mag-
nitudes. Source: Own elaboration.

Magnitude Real option

Cash flow To expand/reduce
Residual value To abandon
Maturity To defer

tions opportunities”. In this paper our aim is to derive a formula
to calculate the value of the real option to expand as a part (per-
centage) of the actual value of the project. All the steps of this pro-
cedure are explained in detail throughout this paper. The nomen-
clature used is that found in the NPV formula since it is familiar to
all companies.

After defining the concept of a real option and specifically the
option to expand, in Section 2 we explain the NPV method to as-
sess investment projects, in order to introduce the nomenclature.
In addition, Section 3 explains the multiplicative binomial model
to calculate the value of an option. Later, we develop the expres-
sion of the option to expand in one, two and n periods, in the
Sections 4, 5 and 6, respectively. Finally, Section 7 summarizes and
concludes.

2. Some limitations of the Net Present Value methodology

Traditional methods to assess investments are characterized by
the lack of flexibility when implementing the project. Some meth-
ods such as the NPV (one of the most common expressions em-
ployed in project appraisal) are not able to take into account the
value of the operative flexibility when managing a project. The
well-known expression of the NPV is given by:

n k n

NPV = —lo+ Y CRJ] (1 +ip + RG] (A +i0~".
k=1 j=1 k=1

where:

« Iy is the initial investment at the present moment.

« CE, is the expected cash flow corresponding to period k, where
k=1,2,....n

- i; is the interest rate corresponding to period k, where k =
1,2,...,n

« ij is the interest rate corresponding to period j, where j < k.

+ RV, is the residual value of the project at moment n.

The method of the NPV has many limitations since its main pa-
rameters are of a random nature: cash flows, interest rate, resid-
ual value and project maturity. Following the evolution of any of
the above magnitudes makes a compound model whose complex-
ity increases as the project duration increases. In spite of this, NPV
continues to be a universally used model.

As previously defined, the NPV is a static method which as-
sumes that the basic conditions of the project cannot be modi-
fied [5]. The discount rate used will be greater only in investment
projects with a high degree of uncertainty, making the project NPV
lower. So, the use of traditional methodologies to assess projects
associated with different alternatives and changing scenarios re-
sults in an undervalued project appraisal [25].

However, some investment projects incorporate several kinds of
flexibility as a consequence of the options which they contemplate.
Specifically, some project magnitudes may be related to a particu-
lar type of operational flexibility which may appear at any moment
during the project: they are called real options [25]. Table 1 shows
how each random magnitude is related to a real option:

In order to solve this problem, in this paper we are going to
study the option to expand, which is most frequently used in busi-
ness practice together with the option to defer and abandon [9].

NPV + option

NPV

/ lexibility
I

Fig. 1. NPV -+real option depending on NPV. Source: Own elaboration.

Real options are used as a complement to the static methodology
of NPV in that both methods have to be used sequentially. Real
options assessment offers a fundamental modification with regard
to traditional methods: the incorporation of uncertainty as an ele-
ment which adds value to the project [11], provided that this flex-
ibility is identified and used to respond to any new information
which may arise [2]. The increasing interest in the study of real
options is justified by the current situation of investment opportu-
nities which is characterized by a high level of risk.

3. The binomial options pricing model

The primary aim of this research is to derive an expression to
calculate the value of the option to expand from a theoretical point
of view. The procedure to be used is as follows:

1. First, to value the investment project, by including the real op-
tion.

2. Second, once it is mathematically proved that this value is
higher than the project value without the real option, the value
of the real option is obtained by the difference between the val-
ues including and not including the real option in the project.

Previous studies on real option assessment have been con-
ducted using discrete and continuous approaches, depending on
the degree of complexity and the nature of the option [3,8,23,26].
Specifically, given the greater manageability of discrete methods
[4,30,31,34], in this paper we use the discrete model known as bi-
nomial multiplicative, first for one period, then for two periods, and
finally for n periods.

The binomial options pricing model is one of the most fre-
quently used methods in the field of financial options appraisal
[28,33]. Given the conceptual analogy between financial and real
options, in this work we will develop a new expression to assess
the option to expand based on the multiplicative binomial method.
Some authors, for example Damodaran [10] and Mascarefias [21],
have already started to apply this simple and intuitive method to
real options assessment.

In Fig. 1, the value represented by the curve in blue can be
divided into two components: the static NPV (in green) and the
value of the real option, graphically treated as the flexibility of the
project [29].

Real options are ideal when the basic NPV of the project is close
to zero, the risk is high and the options contained in the project
are exclusive, that is to say, when flexibility brings an additional
value to the whole investment project [14]. In this way, the project
assessment using real options allows the integration of traditional
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Fig. 2. Evolution of the project in one period. Source: Own elaboration.
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Fig. 3. Evolution of the additional expenditure in one period. Source: Own elaboration.

financial theory and strategic planning, thus obtaining a more ap-
propriate valuation of projects with a high level of uncertainty [13].

The value of a project with the option to expand depends on
the evolution of its future value. Specifically, the exercise of the
option to expand at any moment is only justified when the value
of the project with the option is greater than the value of the
project without it. Observe that we are referring to the “value”
of the project and not to its “net value”. So, hereinafter and for
the sake of simplicity, our reasoning will be made on the “present
value” and not on the “Net Present Value”, i.e. without taking into
account the initial investment.

In general terms, the present value of a project with the op-
tion to expand by a percentage x, by incurring an additional ex-
penditure Ié”) at moment n (denoted by V(E)(()”)), using continuous
stochastic processes, is given by:

‘l —00
VED = mfm max{Vy (1 +%) — I, V,}f(Va)dVa,

where:

« V, is the random variable which describes the value of the
project at moment n,

» f(Vp) is the probability density function of V;;, and

* 1y is the risk-free interest rate.

In this paper, we will employ the multiplicative binomial pro-
cess where the value, v, of the project at an instant k is assumed
to fluctuate between an upper value v :=uv (where u > 1) and
a lower value v~ :=dv (where d =1/u), with probabilities p =
“Zr_fs*d and q =1 — p, respectively. Fig. 2 displays the stochastic
process for two arbitrary consecutive periods (k > 0).

The accompanying evolution of the additional expenditure for
two arbitrary consecutive periods (k > 1) is shown in Fig. 3.

4. Option to expand in the first period

In this case, the evolution of the present value, Vj, of the project
is represented in Fig. 4.

Fig. 4. Evolution of the project in the first period. Source: Own elaboration.

Thus, the corresponding possible values of the project with the
option to expand are:

v(E)* = max{uVp(1 +x) — I, uVp} = uVp + max{uxvy — I{", 0}
and
v(E)~ = max{dVo(1 +x) — IV, dVo} = dVp + max{dxVp — IV, 0},

where their probabilities of occurrence are p and g = 1 — p, respec-
tively. Therefore, the present value of the total project is given by
the following expression:

pv(E)" + qu(E)~

V(E) = T+r;

(1)
In this way, the value of the option to expand will be positive
when the additional expected benefits of the investment (at least
in the best case, viz uxVy) exceed the additional payment neces-
sary to finance its expansion. Thus, the present value of the project
depends on whether this condition holds, resulting as follows:

(1)
1 Vo(1+x) — 1'Tf if 1V < dxvg
1
VB = | Mttt hsat if gy, < V) < uwtfy (2)
Vo, if uxVy < IS)

As a first step to study the value of the option to expand, we
will prove that, as expected, the project value including the option
is greater than the value of the project without it.

Proposition 1. The present value of an investment project with the
option to expand in one period is always greater than or equal to V.

Proof. We will consider all cases displayed in expression (2):

1 If Iél) < dxVy, the present value of the investment project
) O
with the option to expand is Vp(1 +x) — 1Ifo As 1lf7f < IEU <
dxVp < xVjp, it is proved that:

(1) (1)

I
V0(1+X)7lirf=V0+XV0* 1—E|—rf > V.

M
2. If dxVy < Ié.” < uxVp, V(E)(()l) is equal to %Jff]wdv". Ac-

cording to Copeland et al. [7], the absence of arbitrage condi-
tion (pu +qd = 14 ry) leads to:
qd pu
=1- .
1+ Iy 1+ Ty

3)

Therefore,

p(uxVp —IV)

V()" =Vo+ T+r;
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As Ié” < uxVp, the following inequality holds:

p(uxVp — 1)

Vi
o+ 1+rf

> Vp.

3. Finally, if uxVy < Iél), the project value with the option to ex-
pand in one period is:

V() =V,
which confirms the required equality/inequality. O

In this way, the three following scenarios may arise when valu-
ing a project with the option to expand within the first period:

+ The first scenario, when Ié” < dxVj, is favorable to the expan-
sion as the increase in the value of the project exceeds the ad-
ditional expenditure. Therefore, the option value will be posi-
tive.

On the other hand, if dxV, < Ié” < uxVp, the investment could
become profitable, given that the incremental benefits obtained
by the expansion may be greater than the required additional
investment costs. Therefore, in this case, the value of the option
to expand will also be positive.

Finally, if uxVy < Ié”, expanding the project is not feasible. In
this way, the additional investment would not be undertaken
since the corresponding investment costs are greater than the
increase in value of the project, even in the most favorable sit-
uation. Thus, in this case, the value of the option to expand
is 0.

Example 1. We will now consider the present value of the project
and the value of the option to expand for each period studied. To
do this, we will discuss the example of an investment project of
an oil company [20] which provides the following information (in
millions of euros):

Initial investment to carry out the project, Iy = 104.

Present value of the project, Vy = 100.

Risk-free interest rate, ry = 5%.

Up and down factors affecting the project value, u=1.8 and
d = 0.56, respectively. Thus, the risk-neutral probabilities [7] are
p=395%and q=1- p =60.5%.

Option to expand by 50% (x = 0.50) its productive capacity in a
given period.

Starting from this information, the project value with the option
to expand in one period, V(E)(()l), can be expressed according to
the additional investment required to undertake such an expansion

(see Eq. (2)):

150 — 0.9524I", if IV <28
V(E))" = 1133.83 - 0.37621(", if 28 <" <90
100, if 90 < IV

whose graphical representation is as follows:

In Fig. 5, we can confirm that the project value decreases as
the value of the additional expenditure required to carry out the
project expansion increases. Once the project value with the real
option has been calculated, the value of the option to expand
within the first period can be obtained.

150
|

140
|

V(E){"

110 120 130
| | |

100
|

0 50 100 150

le

Fig. 5. Project value with the option to expand in the first period. Source: Own elab-
oration.

Corollary 1. The value of the option to expand in one period (Og))
is equal to:

(1)

e (1)
XVo — 1_5Hf, if IV < dxVy
0" =1 pluxvp — IV
£ % if dxVo < IV < uxVy
f
0, if uxvp < 18V

Proof. To calculate the option value, we have to use the formula
Og) = V(E)g” — Vp. The proof of the third case is obvious (see the
proof of Proposition 1), from which we can deduce the situations
corresponding to the first and second case:

- If 1V < dxvy,
) o

0 =Vo(1+x) — —E— —Vo=xVp— —E—.
E o(1+x) Tor, xVo T+7,

. If dxvoglén < uxVy, one obviously has (see the proof of
Proposition 1):
p(uxVp —Ir)

OI(:-U =V + -V

_ p(uaVo —Ir)
1+ Ty - ’

1+Tf

O

Example 2. The value of the option to expand the productive ca-
pacity of the oil company by 50% in one period is:
50 — 0.9524I, if IV <28
0" = 133.83-037621", if 28 < I <90
0, if 90 < ItV
Fig. 6 displays the option value.
Observe that the value of the option to expand is decreasing

with respect to the investment necessary to expand the project
scale.

5. Option to expand in the second period

The value of the option to expand the investment project within
two periods from the present moment (denoted by Oéz) ) can be
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Fig. 6. Value of the option to expand in the first period. Source: Own elaboration.

calculated by the difference between the present value of the
project with the option to expand (denoted by V(E)(()z)) and the
present value of the project without this option:

0 =V(E)P — V.

For this calculation it is necessary to consider the possible evo-
lution of the project value in the first two periods. In this way, the
possible values are given by:

v(E)* = max{utVo(1 +x) — I[P, uVp)

= u?Vp + max{u®xV, — ¥, 0},

v(E)* : = max{udVo(1 +x) — I{¥, udVp}
= udVp + max{udxVy — IEZ), 0}

and

v(E) : = max{d®Vo(1 +x) — I¥, d?Vp)
= d?V, + max{d®xV, — I?), 0},

where their probabilities of occurrence are p?, 2pq and g2, respec-
tively, and 115.2) represents the additional investment to implement
the project expansion at instant 2. The evolution of the project
value in the two first periods can be represented as in Fig. 7.

On the other hand, the evolution of the additional investment
required to implement the expansion in the second period can be
seen in Fig. 8.

The equation to calculate the present value of the project with
the option to expand within two periods is the following:

P?v(E)"" +2pqu(E)"™ + q*v(E)

V()P =
( )0 (1 +Tf)2

: (4)

Fig. 8. Evolution of the additional expenditure in the second period. Source: Own elab-
oration.

Table 2
Possible intervals for IV and I®. Source: Own elaboration.

1Y <dxVy (1)) dilVy < I <l (1) wcVy < I (1)
IQ <d’xV, d’xV, <IP < xV, XV, <1 <u’xV, wxV, <1
(121) (1) (1) (124)

which can be detailed by the following piece-wise function:

v(E)P

@
o +x - —E—,
(1+7y)

if I?) < a2V,

2[uVy (1 + %) — 1P ] + 2pqludVy (1 + %) — 2] + ¢2d2V,
pAuVo (1 +x) = I + 2pqludVp (1 +x) = I ] +q 0 if d2xvp < 19 < udev,

= 1+ rf)z
2[u2Vy (1 + %) — 12 + 2pqudVy + q2d2V,
pluVo(1+x) - Ig”] 2Pq o +4%dVo. if udxvp <12 < 2y,
(A+1p)
Vo. if u2xvp < 1P

We are going to prove that the present value of the project
with the option to expand after two periods is greater than the
present value of the project without this option and greater than
the present value of the project with the option to expand within
one period. Subsequently, we will be able to deduce the expression
to obtain the value of the option to expand the project.

Proposition 2. The present value of the project with the option to
expand within two periods is always greater than or equal to Vg, as
well as greater than or equal to the corresponding value when there
is the option to expand within one period.

Proof. In order to facilitate the understanding of the proof of this
proposition, Table 2 shows the possible values of 122) in period 2
(in orange) and their correspondence with the possible values of
IS) in period 1 (in green).

In effect,

2
1. If Iéz) < d2xV,, it is proved that IS) < ‘iﬁ/fo < dxV;, given that

d <1+ry5. So, Iy implies Iy.
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1(2) < xVp, it is proved that ‘L"VO <I(1) < % S0

I“) < xVp, given that 1 + re>1.So, I implies I U I15.
3.If XV <

2. If dZXVO

udxVy < I(]) u?xVy
T4y T+rp

Iél) > dxVp, given that u > 1+ry. So, I3 implies Ijp Ulj3.
4. Finally, if u?xV <1, it is proved that ‘;"VO <1V, so IV =
uxVp, given that u > 1 +ry. So, L4 implies I3.

I( ) <u 2xVp, it is proved that

SO

We will now consider the proof of the proposition for all pos-
sible cases.

1 If Iéz) < d2xVp, the project value is:

@
V() +XVO — 572
1+ Tf)
P @ _p
(1+Erf)2 < I < d*xVy < xVp, then
@
V(E)(()Z) =Vo+xVp — Eiz >
(1 + Tf)

In this case, the incremental value of the project is higher than
the additional investment needed for its implementation. In
this way, we conclude that the expression which represents the
present value of the total project satisfies the required inequal-
ity/equality.

2. Ifd%xVp < Iéz) < udxVy, the present value of the project with the
option to expand within two periods is:

P2 (u2xVo — 1) + 2pq (udxVy — 1(2))

V(E)? =
( ) (1+T'f)

As Iéz) < udxVy < u?xVy, we can confirm that, in this case, the
present value of the project is greater than Vj.
In the following paragraphs, we are going to demonstrate that
the present value of the project with the option to expand
within two periods is greater than the value of one with the
option to expand within one period:

. If IS) < dxVp, the present value of the project with the op-

tion to expand at instant 1 is:

1

VE)P =Vo(1+x) -

1+r

Moreover, the present value of the project with the option
to expand at instant 2 can be written as:

V(E)(z) (pu +qd)? Vo 2d2xV02
1+ rf) (T +r1y)
P+’ ¢l
)’ A
As d2xV, < 1(2) V(E)(Z) is obviously greater than
(1)
V()(] -I—X) —

E
1+rf

If dxVy < Ié” < uxVy, the present value of the project with
the option to expand within one period is:
uxVo — 1
Vot p(uxVp E).
1+ Ty

On the other hand, by using inequality (3), we can re-write
the expression of the present value of the project with the
option to expand within two periods:

pqudxVy — p*It* — 2pql¥
(1+1p)°

puxVy
1+ Iy

VE)P = Vo +

)

which is greater than or equal to
- P’ —2pql??
(+rp)?

puxVy  pql éz)

1+Tf

puxVo — I)
1+rf

Vo = Vo =+

)

which is the present value of the project with the option to
expand within one period.
3. If duxVy < Iéz) < u2xV;, the present value of the project with the
option to expand within two periods is:

P u2Vo(1 +x) — IP] + 2pqudVp + q2d2V0

V(E)? =
= (1471p)°

This expression can be written as:

P2 (WxVy — IP)

Vo +
(1 +rf)

As If) < u?xVj, one has:

24,2 27(2)
u=xVp — p°1
Vo + % > V.

(] + rf)
Observe that the previous paragraph can also be used to
demonstrate that the value of the option to expand a project
within two periods is greater than the value of the option to
expand it within one period, if uxVy < IS). Now we are going to
see whether this inequality holds if dxVy < Iél) < uxVp, i.e. when
the project value with the option to expand within two periods
is:
P? (u2xV, — 1(2))

V(E)(Z)
(1 + Tf)
Again, by inequality (3), V(E)(()]) can be re-written as follows:

pqudxV, — p*It?
(+1p)°

uxV
VO+P 0
1+Tf

which is greater than

puxVo — pqlg — p*Ig

p(uxVo — Ir)
1+ Ty '

Vi
o+ 1+rf

=W+

Therefore, the inequality V(E)(()Z) > V(E)(()” is shown.

4. 1f uxV, < Iéz), the present value of the project with the option
to expand within one and two periods is:

V() =V(E)P =V,

so the required inequality/equality is thereby demonstrated. O

Example 3. Assuming that the oil company of Example 2 has the
option to expand its productive capacity by 50% within two peri-
ods, the project value with this option is given by the following
piece-wise function:

150 — 0.90701,
144.74 - 0.5751%,  if 15.68 < ¥ < 50.4
122.88 - 0.14151%,  if 50.4 < I{* < 162
100, if 162 < I

if I[* <15.68
VE)P =

whose graphical representation is (see Fig. 9):

Fig. 9 shows that the value of the project with the option to
expand within two periods (in green) is greater than, or at least
equal to, the value of the project with the option to expand within
one period (in blue), as shown in Proposition 2.
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Fig. 9. Present value of the project with the option to expand within one and two
periods. Source: Own elaboration.

Corollary 2. The value of the option to expand within two periods
(denoted by Oéz)) is:

o
@
Vo — —E—, if I < d?xVy
1+ Tf)
Vo (p2u? + 2pqud) — IP (p? + 2
o(p7u” + 2pqud) E (P + pq), if d2xVp < I < udxVy
= 1+ rf)
212xVe — 2@
% if udxVp < I < 12XV
1+ rf)
0, if u2xVy < IV

Proof. The proof is obvious in every case since the option can
be calculated as the difference between the present value of the
project with the option (V(E)((Jz)) and the value of the project with-
out this option (Vy):

0% =V(E)P - V.
g

Example 4. The value of the option to expand within two periods
of the oil company hypothesized in Example 3 is given by:

50 — 0.90701%,
4474 - 05751,  if 15.68 < I{¥ <50.4
22.88 - 0.1415”, if 50.4 < I < 162
0. if 162 < I?)

if I¥ < 15.68

0@ _

whose graphical representation is (see Fig. 10):
Fig. 10 shows that the value of the real option is increasing with
respect to the option maturity.
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Fig. 10. Value of the option to expand in one and two periods. Source: Own elabora-
tion.

6. Option to expand in the nth period

First, the present value of the project with the option to expand
within n periods (denoted by V(E)(()”)) is (Ié”) =1+ rf)"‘lllf:])):

VE)P

I
Vo(1+x) — ,
0 A +rp)"

if IV < d"Vy

s n k An—k
& (k (f +q oy 140 - V1
= —0 f

n n k An—k
> ( ) L 7 Vo,
k=s+1 \k/ (1 +rf)

if dH“uHVO < 1‘(571) < dmsusv,

Vo, if unVp < I

Example 5. The present value of the project with the option to
expand by 50% the productive capacity of the oil company of
Example 2 within five periods is given by:

150 — 0.78351),

153.78 — 0.72001,
151.94 — 0.51271%,
144.24 — 0.242012,

if I <2.75

if 275 < I <8.85

if 8.85 < I <285

if 28.5 < I <9145
128.08 — 0.06521”, if 91.45 < I <293.93
111.12 - 0.00751,  if 293.93 < I®) < 944.78
100, if 944.78 < I

VE)Y =

whose graphical representation is (see Fig. 11):
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Fig. 11. Value of the project with option to expand in one, two and five periods.
Source: Own elaboration.

Next, the value of the corresponding option to expand (denoted
My i
by O¢") is:

(n)
-
(‘1+Tf)n’

i n pkukqn—kdn—k XV07
oW =L\ \k) a+rp)"

ok if dn—s+1us—lvo < Iéﬂ) < dsusV,
oy pq"t
e |
kzzs (k) A+rp)"E

Vo if I < d"V,

0, if u"vp < I

Example 6. The expression of the option value to expand by 50%
the productive capacity of the oil company within five periods is:

50 — 0.78351, if I < 2.75

49.78 — 0.72001, if 2.75 < I < 8.85
47.94 - 051271, if8.85 <1 <285

0y = {4024 - 024201, if 285 <I <9145
24.08 - 0.06521), if 91.45 <1 <293.93
7.12 - 0.00751,  if 293.93 < I{” <944.78
0, if 944.78 < I

whose graphical representation is (see Fig. 12):
7. Conclusions

The primary objective of this paper has been to determine the
present value of a project with the option to expand its productive
capacity by a given percentage within one, two and, in general, n
periods of time. It has been shown that this value is increasing
with respect to the maturity option. The methodology employed
has been the binomial options pricing model. As a result of this,

o
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o - og)
I [ I T I I
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Ie

Fig. 12. Value of the option to expand in one, two and five periods. Source: Own elab-
oration.

the value of the option to expand has been derived, and it has been
demonstrated that this value is also increasing with respect to the
option expiration.

More specifically, the procedure adopted has consisted in de-
riving a piece-wise function depending on the relative position of
the additional investment needed to implement the expansion of
the project. It has been based on a detailed reconstruction of all
possible future scenarios and their respective probabilities of oc-
currence.

This analysis has been initially made on the basis of real op-
tions to expand whose maturity is one and two periods. This has
allowed us to derive, by recurrence, the expression of an option ex-
piring in n periods. In all cases, it has been shown that the value
of the option to expand is greater than or equal to zero, and that,
as the maturity of a real option increases, its value also increases,
as is the case with put and call options. The mathematical analysis
has been completed with the graphical representation of both the
project value and the option value, by using a numerical example
based on the information from a hypothetical oil company.

In summary, this paper provides an important quantitative
analysis of the value of the option to expand, being one of the real
options most commonly used in business practice. Defining the
boundaries of the option value is a useful tool which allows an in-
creased control over the uncertainty which surrounds any project,
which in turn reduces the element of risk for companies.

Acknowledgements

This paper has been partially supported by the project “La
sostenibilidad del sistema nacional de salud: reformas, estrate-
gias y propuestas”, reference: DER2016-76053-R, Ministerio de
Economia y Competitividad.

References

[1] Arango Arango MA, Arroyave Catafio ET, Hernandez ]D. “Valoracién de proyec-
tos de energia térmica bajo condiciones de incertidumbre a través de opciones
reales. Revista Ingenierias Universidad de Medellin 2013;12(23):83-100.

[2] Bérard C, Perez M. “Alliance dynamics through real options: the case of
an alliance between competing pharmaceutical companies. Eur Manage |
2014;32(2):337-49.


http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0002
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0002
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0002

20 S. Cruz Rambaud, A.M. Sdnchez Pérez/Operations Research Perspectives 4 (2017) 12-20

[3] Black F, Scholes M. The pricing of options and corporate liabilities. ] Political
Econ 1973;81(3):637-54.

[4] Brandao L, Dyer J, Hahn W. Using binomial decision trees to solve real options
valuations problems. ] Decis Anal 2005;2(2):69-88.

[5] Calle Fernindez AM, Tamayo Bustamante VM. Decisiones de inver-
siébn a través de opciones reales. Estudios Gerenciales Universidad ICESI
2009;25(111):107-26.

[6] Copeland TE, Keenan PT. Making real options real. McKinsey Q
1998;1(3):129-41.

[7] Copeland TE, Koller T, Murrin J. Valuation: measuring and managing the value
of companies. 3rd ed. New York: Ed. Wiley; 2000.

[8] Cox J, Ross S, Rubinstein M. Option pricing: a simplified approach. J Financial
Econ 1979(3):229-63.

[9] Cruz Rambaud S, Sinchez Pérez AM. Assessing the option to abandon an
investment project by the binomial options pricing model. Adv Decis Sci
2016;2016(7605909):12. doi:10.1155/2016/7605909.

[10] Damodaran A. Investment valuation: tools and techniques for determining the
value of any asset. 2nd ed. New York: Wiley Finance Publishers; 2002.

[11] Dixit AK, Pindyck RS. The options approach to capital investment. Harv. Bus
Rev 1995;73:105-15.

[12] Driouchi T, Bennett DJ. Real options in management and organizational strat-
egy: A review of decision-making and performance implications. Int ] Manage
Revi 2012;14:39-62.

[13] Gallardo M, Andalaft A. Andlisis de la incorporacién de flexibilidad en la eval-
uacién de proyectos de inversion utilizando opciones reales y descuento de
flujos dindmico. Horizontes Empresariales 2008;7(1):41-56.

[14] Garrido M, Andalaft A. Evaluacién econémica de proyectos de inversion
basada en la teoria de opciones reales. Revista Ingenieria Industrial. Afio 2
2003(1):83-9.

[15] Horn A, Kjaerland F, Molnar P, Steen BW. The use of real option theory in Scan-
dinavia’s largest companies. Int Rev Financial Anal 2015;41:74-81.

[16] Kester WC. Today's options for tomorrow’s growth. Harv Bus Rev
1984;62:153-60.

[17] Kogut B. Joint ventures and the option to expand and acquire. Manage Sci
1991;37(1):19-33.

[18] Lamothe Ferndndez P, Pérez Somalo M. Opciones financieras y productos es-
tructurados. 2nd ed. Madrid: Ed. McGraw-Hill; 2003.

[19] Lee S, Lee B, Kim ], Kim ]. A financing model to solve financial barriers
for implementing green building projects. Sci World ] 2013;2013(240394):10.
doi:10.1155/2013/240394.

[20] Mascarefias J. Opciones reales en la valoracién de proyectos de inversién.
Monografias sobre Finanzas Corporativas 2007.

[21] Mascarefias J. Universidad Complutense de Madrid; 2011. Working paper.

[22] Mascareiias J. Universidad Complutense de Madrid; 2012. Working paper.

[23] Merton R. The theory of rational options pricing. Bell ] Econ Manage Sci
1973;1(4):141-83.

[24] Mun J. Real options analysis: tools and techniques for valuing strategic invest-
ments and decisions. New Jersey: John Wiley & Sons, Inc; 2002.

[25] Myers SC. Determinants of corporate borrowing. ] Financial Econ
1977;5(2):147-75.

[26] Rubinstein M. Implied binomial trees. ] Finance 1994;3:771-818.

[27] Schwartz E. The real options approach to valuation: challenges and opportuni-
ties. Lat Am ] Econ 2013;50(2):163-77.

[28] Shen ], Pretorius F. Binomial option pricing models for real estate develop-
ment. ] Property Invest Finance 2013;31(5):418-40.

[29] Smith H, Trigeorgis L. Strategic investment: real options and games. New Jer-
sey: Princeton University Press; 2012.

[30] Smith J, Nau R. “Valuing risky projects: option pricing theory and decision
analysis. Manage Sci 1995;5:795-816.

[31] Smith ]J. “Alternative approach for solving real options problems. Decis Anal
2005(2):89-102.

[32] Trigeorgis, L.G. (1996): Real options, managerial flexibility and strategy in re-
sources allocation. Cambridge, MA: MIT Press.

[33] Xiaoping H, Jie C. Randomized binomial tree and pricing of American-style op-
tions. Math Prob Eng 2014;2014(291737):6. doi:10.1155/2014/291737.

[34] Xue YG, Zhang ML. Valuing research investment projects based on discrete
time model: a real options approach. Adv Mater Res 2014;926-930:4073-6.


http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0004
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0004
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0004
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0004
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0005
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0005
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0005
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0006
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0006
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0006
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0007
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0007
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0007
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0007
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0008
http://dx.doi.org/10.1155/2016/7605909
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0010
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0010
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0011
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0011
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0011
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0012
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0012
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0012
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0014
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0014
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0014
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0016
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0016
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0017
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0017
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0018
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0018
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0018
http://dx.doi.org/10.1155/2013/240394
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0020
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0020
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0021
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0021
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0024
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0024
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0025
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0025
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0026
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0026
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0027
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0027
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0028
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0028
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0028
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0029
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0029
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0029
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0031
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0031
http://dx.doi.org/10.1155/2014/291737
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0033
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0033
http://refhub.elsevier.com/S2214-7160(16)30168-3/sbref0033

	The option to expand a project: its assessment with the binomial options pricing model
	1 Introduction
	2 Some limitations of the Net Present Value methodology
	3 The binomial options pricing model
	4 Option to expand in the first period
	5 Option to expand in the second period
	6 Option to expand in the nth period
	7 Conclusions
	 Acknowledgements
	 References


