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In this present study, a production inventory model with partial trade credit is formulated and solved
in fuzzy environment via Generalized Hukuhara derivative approach. To capture the market, a supplier
offers a trade credit period to its retailers. Due to this facility, retailer also offers a partial trade credit
period to his/her customer to boost the demand of the item. In practical life situation, demands are gen-
erally dependent upon time. Constant demand of an item varies time to time. In this vague situation,
Partial trade credit policy demands are taken as time dependent, where its constant part is taken as Left Right - type fuzzy num-
Deterioration ber. In this paper, Generalized Hukuhara derivative approach is used to solve the fuzzy inventory model.
a-cut Four different cases are considered by using Generalized Hukuhara-(i) differentiability and Generalized
Economic production quantity Hukuhara-(ii) differentiability. The objective of this paper is to find out the optimal time so as the to-
tal inventory cost is minimum. Finally the model is solved by generalized reduced gradient method. The
proposed model and technique are illustrated by numerical examples. Some sensitivity analyses both in
tabular and graphical forms are presented and the effects of minimum cost with respect to various in-
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ventory parameters are discussed.
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This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The classical economic order quantity (EOQ) model was first de-
veloped by Harris [16]. Lot of researcher works on inventory con-
trol system are available in the literature (e.g., Chang and Dye [27],
Mandal and Maiti [38,39] etc). Lots of works has been done in the
area of inventory control by considering multi items and multi pe-
riod such as Mousavi et al. [56,57,60-62], Pasandideh et al. [58],
Mousavi and Pasandideh [59], Roozbeh [2], Nobil [3] etc.

Demand has been always one of the most effective factors in
the decisions relating to EOQ model as well as Economic Pro-
duction Quantity (EPQ) model. Due to this reason, various forms
of consumption tendency have been studied by inventory control
practitioners, such as constant demand (Wee et al. [28]), customer
credit period dependent demand (Maiti, [39]), etc. All of them de-
veloped their models in crisp environment, i.e.,, demand coeffi-
cients are considered as crisp number. But, it is better to estimate

* Corresponding author.
E-mail addresses: pinki.mjmdr@rediffmail.com (P. Majumder), sankar.mondal02@
gmail.com (S.P. Mondal), uttamkr.math@nita.ac.in, bera_uttam@yahoo.co.in (UK.
Bera), mmaiti2005@yahoo.co.in (M. Maiti).

http://dx.doi.org/10.1016/j.0rp.2016.08.002

the demand coefficients as imprecise with fuzzy numbers. A no-
table work was done by Sadeghi and Niaki [34] by taking demand
as a trapezoidal fuzzy number.

The presence of fuzzy demand and fuzzy production rate lead
to fuzzy differential equation (FDE) of instantaneous state of inven-
tory level. Till now fuzzy differential equation is little used to solve
fuzzy inventory models though the topics on fuzzy differential
equations have been rapidly growing in the recent years. The first
impetus on solving fuzzy differential equation was made by Kandel
and Byatt [1]. After that different approaches have been made by
several authors to solve fuzzy differential equations (Kaleva [44];
Buckley and Feuring, [32]; Chalco-Cano and Roman-Flores [65]).

The first publication accommodating the uncertainty in non-
stochastic sense was in 1965 by Prof. Zadeh [36]. But applications
of fuzzy sets in inventory control problems are around 15-20 years
back. Among these works, one can refer the works of Maiti [41],
Mandal and Maiti [38], Wee et al. [28], Harish [19-22,25], Har-
ish et al. [23,24] etc. Till now, FDE and fuzzy integration are lit-
tle used to solve fuzzy inventory models [51,54], though the top-
ics on fuzzy differential equations have been rapidly growing in
the recent years. The first impetus on solving FDE was made by
Kandel and Byatt [1]. One of the notable paper in this direction is

2214-7160/© 2016 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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due to Buckley and Feuring [32]. Wu [26] introduced the concept
of fuzzy Riemann integral and its numerical integration. Generally,
fuzzy inventory models are developed considering some of the in-
ventory parameters as fuzzy in nature [28,31,45,52,53]. To reduce
the objective function, they defuzzified the fuzzy parameters to a
crisp one by either defuzzification methods or following possibil-
ity/ necessity measure of fuzzy events. Finally they solve the re-
duced crisp model to derive the decisions for the DM. In the exist-
ing literature, little attention has been paid on fuzzy demand and
fuzzy production rate. Recently, Sarkar and Chakraborti [53] devel-
oped an EPQ model, where demand is considered as time depen-
dent fuzzy number and followed FDE approach to formulate the
model. They found the « -cut of total variable cost and formulated
the problem as multi-objective minimization problem by consid-
ering the two components of a-cut of total variable cost as two
objectives.

Partial trade credit financing is one of central features in sup-
ply chain management. Since in most business transactions, as the
one level trade credit financing is unrealistic, we want to investi-
gate the situation in a supply chain in which the supplier is will-
ing to provide the retailer a full trade credit period for payments
and the retailer offers the partial trade to his/her customers. Some
researcher’s like as Mahata and Mahata [17], Soni and Joshi [18],
Jaggi and Mona [11] Yan et al. [43] investigate the inventory model
under partial trade credit financing.

The concept of the fuzzy derivative was first initiated by Chang
and Zadeh [54]. The concept of differential equations in a fuzzy
environment was first formulated by Kaleva [44]. In fuzzy differ-
ential equation, all derivatives are deliberated as either Hukuhara
or generalized derivatives. The Hukuhara differentiability has a de-
ficiency (cf. [7]). The solution turns imprecise as time goes by. Bede
et al. [8] exhibited that a large class of Boundary Value Problems
(BVPs) has no solution if the Hukuhara derivative is applied. To re-
move this difficulty, the concept of a generalized derivative was
i.e. Generalized Hukuhara (gH) developed [7,9] and fuzzy differ-
ential equations were smeared using this concept. Recently, Bede
and Stefanini [6] used the concept of generalization of Hukuhara
difference for compact convex set [35]. They introduced general-
ized Hukuhara differentiability for fuzzy valued function and dis-
played that, this concept of differentiability have relationships with
weakly generalized differentiability and strongly generalized differ-
entiability.

There are many approaches for solving FDE. Some researchers
transform the FDE into equivalent fuzzy integral equation and then
solve this [33]. Another one is Zadeh extension principle method.
In this method first solve the associated Ordinary Differential
Equation (ODE) and lastly fuzzify the solution and check whether it
is satisfied or not [63,64]. In the third approach, the fuzzy problem
is converted to a crisp problem. Hiillermeier [15] uses the concept
of differential inclusion. In this way, by taking a «-cut of the ini-
tial value and the solution, the given differential equation is con-
verted to a differential inclusion and the solution is accepted as
the o-cut of the fuzzy solution. Laplace transform method is used
in linear FDE (cf. [10]). Recently, Mondal and Roy solved the first
order Linear FDE by Lagrange multiplier method [55]. Using gener-
alized Hukuhara differentiability concept, we transform the given
FDE into two ODEs, these ODEs are also differential equations in-
volving the parametric forms of a fuzzy number.

Recently Mondal et al. [40] considered a production-recycling
model with variable demand, demand-dependent fuzzy return rate
and solved the corresponding fuzzy differential equation by using
o-cut methods. First o-cut of the differential equation is taken,
then the equation is converted to two crisp differential equa-
tions. Guchhait et al. [49] considered a production inventory model
with fuzzy production and demand which are fuzzy differential
equations and solved by an interval compared genetic algorithm

approach. Different evolutionary methods have been used for dif-
ferent models [46,47], which can also be used for inventory control
systems. A two storage production-repairing model with fuzzy de-
fective rate and displayed inventory dependent demand has formu-
lated on the concept of FDE and solved by Mondal et al. [42]. In-
ventory model of a deteriorating item with price and credit linked
fuzzy demand also considered in the same concept and solved
by Guchhait et al. [50]. Jana et al. [14] considered a two plants
production-recycling-disposal inventory problem and solved the
corresponding fuzzy differential equation via genetic algorithms.
For multi objective optimization technique, weighted sum method
[29] is one of the important technique for solving multi objective
model.

1.1. Novelties

Although the contribution of above mentioned development to
the production inventory model in fuzzy environment is satisfac-
tory, but in our present study we point out some of the fundamen-
tal issue that probably need to be considered to make worldwide
development of this inventory model.

(i) Though there were some publications [c.f. 16, 40, 49, 50,
etc.] of fuzzy inventory models which were solved by fuzzy
differential equation approach, till now none has solved in-
ventory problem with fuzzy differential equation approach
by generalized Hukuhara derivative concepts. The difference
between the above mentioned works and our work is that
earlier workers solved the fuzzy differential equations with-
out considering the gH derivative approach. Here in the
above mentioned works, crisp solution is replaced by fuzzy
solution which is not realistic. In this paper, we considered
an EPQ model with partial trade credit financing in fuzzy
environment, where demand is taken as a left right type of
fuzzy number and gh derivative approach is used to solve
the fuzzy differential equation.

In real-life inventory system sometimes demands are taken
as time dependent. Generally constant part of the demand
is not crisp. The constant part varies due to stock, adver-
tisement of the store, etc. So fuzzy demand is more real-
istic than the crisp demand. There are some research pub-
lications of various types of demand [c.f. 28,43,etc],but till
now none has considered constant part of the demand of
a item as Left-Right type fuzzy number and solved by gH
derivative approach. This situation motivated us to formulate
one model where constant part of the demand of an item is
taken as Left-Right type fuzzy number and gH derivative ap-
proach is used to solve the fuzzy differential equation.

In practice, partial trade credit financing to a retailer is more
matched to real life supply chains. For example, in India, the
TATA Company can delay the full amount of purchasing cost
until the end of the delay period offered by his supplier. But
the TATA Company only offers partial delay payment to his
dealership on the permissible credit period and the rest of
the total amount is payable at the time when the dealer
places a replenishment order. There are some research pub-
lications about partial trade credit financing [c.f. 11,17,18,43
etc.].In the above mentioned works the concept of partial
trade credit financing is also applied. But we claim that our
work is more realistic than the earlier works. It is due to
the fact that, along with the partial trade credit financing,
we have considered the fuzzy EPQ model where demand
is taken as left right type fuzzy number. Moreover fuzzy
derivative approach like gH derivative approach is used in
our work. For solving any fuzzy differential equation, fuzzy
derivation is very much important. So we can claim that our

(ii
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(iii
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work is more novel than the others. Till now none has in-
vestigated the inventory level under partial trade credit fi-
nancing in fuzzy environment using gH derivative approach
for solving the fuzzy differential equation. This situation mo-
tivated us to formulate one model where partial trade credit
financing is considered along with gH derivative approach.
Four different cases are considered with respect to the gH-
(i) differentiability and gH-(ii) differentiability.

In this paper, we formulated the inventory problem with first
order fuzzy differential equation (FDE). We solve the inventory
model using FDE concepts. Presence of fuzzy demand and quan-
tity the model leads to a FDE. Now the question arise in the read-
ers, mind that, “what is new approach for solving this fuzzy in-
ventory model?”. In the last few decay’s many researchers consid-
ered the inventory models in fuzzy environment. They solved the
inventory model with crisp number and then substitute the con-
cerned parameter by a fuzzy number. Here the concept of fuzzy
differential equation is missing. Moreover the application of fuzzy
concept is violated. We consider four cases where the inventory
model is considered with fuzzy differential equation. The solution
procedure is used here namely generalized Hukuhara derivative
approach, which is more recent general concept for solving fuzzy
differential equation. Two objectives are converted to a single ob-
jective using weighted sum method and then the single objective
is solved by the generalized reduced gradient method using the
LINGO 13.0 software.

The paper is organized as follows: Section 2 describes about
the multi-objective optimization technique followed by Weighted
Sum Method. In Section 3 assumptions and notations of the pro-
posed inventory model are listed. Section 4 contains mathemat-
ical formulation of the model. Numerical examples are taken in
Section 5 and corresponding results are expressed in both tabu-
lar and graphical forms. Results and some sensitivity analyses are
discussed in Section 6. Managerial insights of the current model is
discussed in Section 7. Brief conclusions and future research works
are drawn in Section 8. Lastly, preliminaries and basic concepts on
fuzzy number, left right type fuzzy number, fuzzy derivative are
given in last section named as appendix.

2. Multi-Objective Programming (MOP) problem in crisp
environment

The world has become more complex and almost every impor-
tant real-world problem involves more than one objective which
may be linear or non-linear in nature. In such cases, decision mak-
ers find imperative to evaluate best possible approximate solution
alternatives according to multiple criteria.

A general multi-objective non-linear programming problem is
of the following form [29]:

Find x = (X1, X2, X3, ..,xn)T
which minimizes F(x) = (f; (x), f2(X), f3(X), f4(X), ... f (x))"
subject to x € X
{X_ g(x)<0, j=1,2,3,..... m
x;>0, i=1,2,3,...,n
(1)

where f; (x), f5(x), f3(x), f4(x), ... f (x) are k(> 2) objectives.
2.1. Weighted sum method

The weighted sum method scalarizes a set of objectives into a
single objective by multiplying each objective with user’s supplied
weights. The weights of an objective are usually chosen in propor-
tion to the objective’s relative importance in the problem. However

setting up an appropriate weight vector depends on the scaling of
each objective function. It is likely that different objectives take
different orders of magnitude. When such objectives are weighted
to form a composite objective function, it would be better to scale
them appropriately so that each objective possesses more or less
the same order of magnitude. This process is called normalization
of objectives. After the objectives are normalized, a composite ob-
jective function F(x) can be formed by summing the weighted nor-
malized objectives and the MOP given in Eq. (1) is then converted
to a single-objective optimization problem as follows [29]:

k
Minimize F(x) =) Aifi(x), A =[0,1], xeX (2)

i=1

Here, A; is the weight of the i-th objective function. Since the
minimum of the above problem does not change if all the weights
are multiplied by a constant, it is the usual practice to choose
weights such that their sum is one, i.e. Zf‘:] Ai=1.

3. Notations and assumptions

The following parameters are taken as notations

D(t): @— bt; the annual demand as a decreasing function of
time where @ = (a;, ay, a3) be a triangular fuzzy number, is fixed
demand and b (0 < b <1) denotes the rate of change of de-
mand(variable).

Cp: Unit purchase cost.

GCs: Unit selling cost.

h: Inventory holding cost per year excluding interest
charges.

A: Ordering cost per order.

0: Constant deterioration rate where 0 <6 <1.

Q: Ordered quantity (variable).

oq: Customer’s fraction of the total amount owed payable
at the time of placing an order offered by the retailer
0 <aq<1.

M: Retailer’s trade credit period offered by the supplier in
years(decision variable).

N: Customer’s trade period offered by the retailer in years
(decision variable).

Ic: Interest charges payable per $ per year to the supplier.

Ie: Interest earned per $ per year.

TVC: Total inventory cost per time period for fuzzy inventory
model (decision variable).

TVCr(a): Upper « —cut of total inventory cost TVC. Let Z; =
TVCr () (decision variable).

TVC (x): Lower « —cut of total inventory cost TVC. Let Z, =
TVC, (o) (decision variable).

K: Production rate per year.

t: variable time.

ti: Production time in years (decision variable).

T: Cycle time in years (decision variable).

T*: Optimal cycle time (decision variable).

o A real number which lies between 0 &1.

The following assumptions are taken to formulate the
present inventory model

Rate of replenishment is finite. Annual demand is a decreas-
ing function of time. q; (t) is the inventory level that changes with
time t during production period and g, (t) is the inventory level
that changes with time during nonproduction period. I > I.. Time
horizon is infinite. Shortages are not allowed.
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4. Mathematical formulation of the model of deteriorating
items

A constant production starts at t = 0 and continues up to
t = t; when the inventory level reaches maximum. Production
then stops at t = t; and the inventory gradually is depleted to
zero at the end of the production cycle t = T due to deteriora-
tion and consumption. Therefore, during the time interval (0, t;),
the system is subjected to the effect of production, demand and
deterioration.

Then the change in the inventory level can be described by the
following differential equation:

d‘gt(t) + 01 (t)y=k—(@-bt), 0<t<ty (3)
with the initial condition
qi1(0)=0 (4)

On the other hand, in the interval (t;, T), the system is effected
by the combined effect of demand and deterioration.

Hence, the change in the inventory level is governed by the fol-
lowing differential equation:

BO | oG =-@-b. t<t=T (5)
with the ending condition
q(T)=0 (6)

The Generalized Hukuhara derivative [65] of a fuzzy valued
function f: (a, b) — Nf at ty is defined as

f'(to) = lim w

—

In parametric form we say that

f(t) is gH-(i) differentiable at ty if [f'(to)]e =[f](to. ),
fito, )] and

f(t) is gH-(ii) differentiable at to if [f'(to)]a = [f3(to. ),
fi(to. )]

Four different cases arise

Case 1: ¢ (t) and q,(t) is gH-(i) differentiable

Then differential Eq. (3) is converted to the following differen-
tial equations

W=79qm(t,a)fkfaR(oe)+bt, 0<t<t (7)
W =-0q(t,a) +k—a (@) +bt, 0<t<ty (8)
with initial condition

q1.(0, ) = 0 and qir(0, ) =0 9)

The differential Eq. (5) is converted to the following differential
equations

dq(t,)

T =—0qr(t, ) —ar(a) +bt, t; <t <T (10)
WD) fguito) —a@) +bt b =t =T ()
with initial condition
@2 (T, ) = 0and qr(T, ) = 0 (12)

and the «a-cut of §;(t) is and d is

[ap (@), ag(@)]

[q1L(t, @), qir(t, )]

The solutions of above differential equations are given by

a(a) _ lﬁ(e—ﬁt 1)

1
qi(t,a) = %[Lleﬁt +L2e*9t] _

0 0
b bt
Tty (13)
1 0 o] WR(@) kg
Qir(t.@) = 55[~Lie” + Loe "] = == — Z (e~ 1)
b bt
+ m + y (14)
1 ~T)0 Y} aL(Ol) b 08
qZL(t7 Ol) = %[Lle(t b +L2€(T t) ]_T + g(t _ Te(T t) )
+ g%(e(T't)e - 1) (15)

1 ) o1 GR(@) b -1y
Qar(t. o) = 55 [~LieC 7 + e ] - 2022 4 2 (c — TeT07)

+ %(e(r,f)e 1) (16)

where Ly = ag() — a(a), Ly = ag(@) + a;(a).
Total relevant costs are given by

(i) Lower a-cut and upper a-cut of ordering cost (OC;, OCr) are
given by

OCL = OCR =0 (17)
(ii) Lower «-cut and upper «-cut of stock holding cost
(THC (o), THCR(@x)) are given by
t T
THC (o) =h|:/ qir(t, o) dt-i—/ qar(t, o) dtj|
0 t

_ E[l{h (1 _ efer)een 7L2(1 _ eQT)e*%} —0Ta;(a)

0212
+ k(e +0t; — 1) +bT(1 - eT7)
+ geTz — g(] — e(T*fl)Q +9T)i| (18)

t T
THC (o) = h|:./0 qir(t, o) dt +/ qor(t. @) dt]
t
=3l n( ey e
— OTag(a) + k(e + 0t = 1) +bT( 1T )
+ g@TZ — g(] _ e(T-t1)0 + 0T )i| (19)

(iii) Lower a-cut and upper a-cut of annual cost due to deterio-
rated units (DCp (), DCr()) are given by

t T
DCp(«) = cpb |:/ qu(t.a) dt+ | qa(t, @) dt]
0 2]

= 2[5 (L -e e (1= eM)e " | - 6Ta@)

0L2
+ k(e 40t — 1+ bT(l _ e(Lr,)&) + geTz
- gli—err +9T)} (20)

t T
DCr(a) = cp0 |:/ qir(t, @) dt + / qar(t, o) dt]
0 t

- %”[%{—Ll( 1—e T )ef —[,(1—eT)e 1}
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— OTag(a) + k(e +6t; — 1) + bT( 1T
+ §0T2 - g(l —eT-t0 4 GT)} (21)

(iv) According to given assumptions, there are three sub cases to
occur in the interest charged for the items kept in stock per
year.

Sub case 11: N<M <t; <T
Lower «-cut and upper «-cut of interest payable
(TIP (), TIPg (@) ) are given by

.
TIPg () = [cplc / qZR(t,a)dt:| = CpleA
M

where,
M= g5 [3 (1= e 77) — (1 - e 00))
— (T — Myag(cr) + bT (1 — %) 4 ge(T2 — M?)
- g(l — e(T-M)0 +9(T—M))] (22)

T
TIPL(Ol) = |:Cp15f Q2L(t,(¥)dt] = CpICAz
M

where,

A, = % [% {Li(1—e™D) —1(1 - eT-M9)}
— O(T — M)a(a) + bT(1 —eTM9) 4 ge(ﬂ —-M?)
- g(l — e(T-My? +9(T—M))] (23)

Sub case 1.2: N<t; <T<M
In this case Lower «-cut and upper w«-cut of interest
payable (TIP; (&), TIPg(c¢)) are zero.

Sub case 1.3:t; <T <N <M
In this case Lower «a-cut and upper «-cut of interest
payable (TIP; (&), TIPg(«)) are zero.

(v) According to given assumptions, three cases will occur in in-
terest earned per year.

Sub case 1.1: N<M<t; <T
Lower a-cut and upper «-cut of annual interest earned by the
retailer (TIE; (), TIEg()) are given by

TIEr (o) = CSIe|:C(] (T - l'])v/‘t1 (ar(a) — bt)dt +o1(T —N)
0

N M
x (aR(oz)—bt)dt+(T—M)/N (ag(c) — bt)(M — t)dt

rlT
+ / (ag(a) — bt) (T — t)dti|

M
= Csle[a1 (T — t1)B1 + a1 (T — N)B, + (T — M)B3 + B4] (24)

where,

t; t2
B, = fo (ag(at) — bt)dt = o1 (T — t1)<aR(o¢)t1 - b21>

N 2 2
Bz:/; (aR(Ol)*bt)dt = ((IR((){)(NH)I)(A;;))

M
B =fN (ar(er) = bt)(M - t)dt = (ag(ex)(M - N)?

- b(%(z\/l2 SN - %(1\/13 —N3)))

By = /MT (ar(@) — bt)(T — t)dt = (ag(er) (T — M)?
L)

TIE, (o) = e |:ot1 (T —t1) /0“ (a(@) — bydt + oy (T — N)

N M
/ (a(@) — btydt + (T—M)/N (a(@) — bt)(M — t)dt
t

T
+/ (ag (o) — bt)(T — t)dti|
M

= Csle[ot1 (T —t1)B1 + o1 (T — N)By + (T — M)B3 + B4] (25)

where,

t tZ
Bs =/ (aL(Ol)—bf)df=0l1(T—f1)(aL(a)t1 —b1)
0 2

N 2 :
BSZ/t (ar(er) — bt)dt = (aL(a)(N—fl)— b(ﬁ‘%))
M
B7:/N (@(er) = bt)(M — tydt = (a(@)(M - N)
1
300 =)
T
Bs:/M (ar(er) — bt)(T — t)ydt = (ay(or)(T — M)?

- b(%(TZ M) — %(73 —1\/13)))

Sub Case 1.2: N<t; <T<M
Lower a-cut and upper «-cut of annual interest earned by the
retailer (TIE. (), TIER(¢)) are given by

M
_ 17(5(1\/12 _N?) -

TIER (@) = Csle |:o¢1 (M —ty) /tl (ag(c) — bt)dt + oy (M — N)
0

N T
(ap(a) — bt)dt + (M — T)/N (ag(a) — bt)(T — t)dti|

t
=C51e[051 (M—t1)B1 + 0 (M—N)Bz-i— (M—T)Bg] (26)
Where,

By = (aR(a)(T —N)? - b(g(r2 —N?) — %(T3 - N3)>>

TIEL () = Cle [m M —t)) /ﬁ (ay(a) — bt)dt + (M — N)
0

N T
x / (a, () — bt)ydt + (M — T)f (ay(a) — bt)(T — t)dti|
ty N

= Csle[ot1 (M — t1)Bs + oy (M — N)Bg + (M — T)Byp] (27)
where,
2 T o vy 13 3
By = (aL(oz)(T—N) - b(i(T ~N) - (=N )))
Sub Case 1.3:t; <T<N<M

Lower «-cut and upper «-cut of annual interest earned by the
retailer (TIE; (), TIER(¢)) are given by

T[ER(OI) = CSIe |:O[1 (M — t]) /tl (GR(OK) — bt)dt —+ 0 (M — T)
0

fT (ag(ar) — bt)dt:|
t

= Csle[a; (M — t1)By + a1 (M — T)By] (28)
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where,

2 2
B = (aR(a)(T —t)- b(Tz - 2))

TIEL (@) = Csle [m M—ty) /[l (ap(a) — btydt + a; (M —T)
0

T
/ (a(@) — bt)dt]

= Csle[aty (M — t1)Bs + o1 (M — T)By3]

where,

2 2
By = <aL(a)(T —t]) _b<2 — 2))

The annual total cost incurred by the retailer for all sub cases
of all cases is

(29)

TVC = %(THC +DC + OC + TIP — TIE) (30)

Therefore total variable cost per unit time is a fuzzy quantity
and is defined by

TVCr (@)

TVC, () (31)

TVC:{

where
TVCr() = sup{x e R: prvc(x) > o} & TVC ()
=inf{x e R: prvc(X) > o}

Here
TVCr(a) = %(THCR(a) + DCr(er) + OCr(cx) + TIPR(ar) — TIER (ax))
and
TVC () = % (THC () + DCp () + OC (&) + TIP (o) — TIE (&v))

Therefore this model mathematically can be written as
Minimize {TVCg(e), TVCL(x)}

subjectto 0 < <1

Therefore the problem is a multi-objective optimization prob-
lem. Weighted sum method is used to solve this multi-objective
optimization problem.

By using Weighted sum method, the above problem reduces
to

MinimizeZ = }\.]Z] + )\222
subject to 0 <« < 1 where
Z1 =TVC (), Z =TVGr(), A+ Ax) =1

Case 2: g (t) is gH-(i) differentiable and ¢ (t) is gH-(ii) dif-
ferentiable

Then differential Eq. (3) is converted to the following differen-
tial equation

(32)

(33)

W = —-0qir(t,o) —k—ag(a) +bt, 0<t<ty (34)
W =-0q(t,) —k—a(ax)+bt, 0<t<ty (35)
with initial condition

q1.(0, ) =0and qiz(0, ) =0 (36)

Then differential Eq. (5) is converted to the following differen-
tial equation

quL (t7 a) _

T —O0qu(t, ) —a(e) +bt,ty <t <T (37)

1) gt ) — ape) + bty <t <T (38)
with initial condition
@ (T, ) = 0and qor(T, ) = 0 (39)
and the o«-cut of §;(t) is [q (t,«),qr(t,)] and d is
[ap (@), ar(a)]
The solutions of above differential equations are given by
1
qu(t, @) = 5[ (ar(@) — ar(@))e” + (ar(@) + ay(a))e "]
@) ko gy, b bt
5 9(6 1)+ i (40)

Qur(t, @) = 5 [~(@r(@) — au(0))e” + (@r(@) +ar(e))e"]

aR(a) k _ot b bt
T " NrEg (41)
Gar(t, ) = |:aLéOl) n sz] (E(T—t)ﬁ _ 1) _ ’%Te(r,t)g . % (42)

Total relevant costs are given by

(i) Lower a-cut and upper a-cut of ordering cost (OC;, OCg) are
given by

OCL = OCR =0 (44)

(ii) Lower «-cut and upper «-cut of stock holding cost
(THC, (o), THCR (@) ) are given by

THCR(@) = h] gy (S {-Lr(e" © ~ 1) = La(e ~ 1))
— 60 tiag(a) + k(e + 6t — 1) + bty )

—91—3(911;2(01) +b)(1 -7+ (T — 1))

+Z—Z(1 —e0) 4 2beT2] (45)
THC, (o) = h[l<1{_L (e9 to_ 1) _L (6*9“ _ ])}
L =Mag2\3 1 2
-0 tiap (o) +k(€70[1 + 6t — ]) + bt])
- 9173(9(&(0!) +b) (1-e™ 1 6(T - 1))
+ g%(l —eTtf) 4 zberz] (46)

(iii) Lower a-cut and upper a-cut of annual cost due to deterio-
rated units (DC («), DCg(v)) are given by

DCr(@) = 0] gy (511 (¢ @ ~1) ~La (e - 1))
-0 tlaR(ot) +k(€70[1 +9t1 — l) + btl)
—917(9%(0!) +Db) (1-eT9 10T —1y))

bT

+92

N b
(-l _ e(T [1)9) + 29’1"2]

DC (o) = c,ﬂ[%(%{—h (69 t_ 1) _ Lz(e*"“ _ 1)}
-0 tiap (o) +k(€70t1 +0t; — ]) + bt1)
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—917(9GL(W) +b) (1-eT 1 0(T —ty))

bT b

(T-t1)0 D

+gz(1—el" )+29T] (48)

(iv) According to given assumptions, there are three sub cases
to occur in interest charged for the items kept in stock per
year.

Sub case 21: N< M <t; <T
Lower «-cut and upper «-cut of interest payable (TIP (),
TIPr(x)) are given by

T
TIPr(x) = I:CPIC/M q2R(t,Ol)dti|
= [CpIcA3] (49)

where,
A3 = [ g5 Gan(@) +b) (1T M7 10T — )

ZZ( e(T—M)H) + %(TZ _MZ)}

T
TIPL(Ol) = [CPIC/I;A qZL(t,Ol)dt}
= [cpleAd] (50)

where,

Ay = [—0% (Bay (@) +b)(1—eTM7 1 6(T — M))

ZZ( —eTMe) 4 Zbe(Tz_Mz)}

Subcase22: N <t; <T<M

In this case lower «-cut and upper a-cut of interest payable
(TIP (@), TIPg(x)) are zero.

Sub case 2.3:t; <T <N <M

In this case lower o-cut and upper «-cut of interest payable
(TIP_ (@), TIPg(cx)) are zero.

(v) According to given assumptions, three cases will occur in inter-
est earned per year.

In this case, upper and lower «a-cuts of interest earned in all
sub cases are same as the all sub cases of case-1.

Case 3: g (t) is gH-(ii) differentiable and ¢ (t) is gH-(i) dif-
ferentiable

If §; (t) is gH-(ii) differentiable and ¢, (t) is gH-(i) differentiable,
then proceeding as in the previous cases, we get the corresponding
solutions as

R N (R -
it =[£G 5 1) )
a(t.0) = [ 5 (@(@) (@)™ + (@x(@) + a1 (@)

(e™% —1) (53)

o(T-00 _ % n g(t ~Te(-00) 4 922

n(t.0) = o [~ (@(@) — ay(@)e " +

o106 _ IR(X)
0

(ar(a0) +ar(a))

(e —1) (54)

+ g(t —TeT=1%) 4 e—bz

Total relevant costs are given by

(i) Lower a-cut and upper «-cut of ordering cost (OC;, OCg) are
given by

0C, = OGk = ¢ (55)

(ii) Lower «-cut and upper o«-cut of stock holding cost
(THCR(ar), THCR (@x)) are given by

" %{%{—Lla - e<”1>"> ~L(1 - eT0))
0T~ tag(@) + 2O T2 ~ 1)
£ 27— Ty - D (1 e )

+ 9(T—t1))” (56)

THCKa):hIi(% 9b2>(tl+; _ot, 1)> be?

+ g [l (=) (1 e

0T - t)ae) + SO - 1)
4+ 2T(1 — ety _ g((l — e(T-0)8)
+0T-t)|] (57)

(iii) Lower « -cut and upper « -cut of annual cost due to deteri-
orated units (DCp(«), DCr(cx)) are given by

Du(@) = (=@ D)y L ) o

0]2 { {-L;(1 - e(trT)@) —L,(1 - e(T—tl)O)}
— 0T —t)ag(er) + g(e(rz —t3)

+2T(1 —eT-00)) — g(a — (18

+ 9(T—t1))}] (58)

DQ(a):c,,e[(% 9b2>(t1 +;(79t, 1)> b2

+i{ {(~Li(1 = e@D%) — (1 - eT0%)}

- 0T -ty)ay(a) + g(G(TZ )
2T = e 00)) - D (1 - e
+ 9(741))}] (59)

(iv) According to given assumptions, there are three sub cases
to occur in interest charged for the items kept in stock per
year.

Sub case 31: N<M <t; <T
Lower «-cut and upper «-cut of interest payable (TIP.(«),
TIPR(cx)) are given by
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B T
TIPr(a) = CpIc/ Q2R(taa)dti|
M

= [cpleAi] (60)

B T
TIP (@0) = | cple / qZL(t,a)dt:I
M

[cplcAz] (61)

Subcase3.2: N<t; <T<M

In this case lower o-cut and upper a-cut of interest payable
(TIP (@), TIPg(x)) are zero.

Sub case 33:t; <T<N<M

In this case lower a-cut and upper «-cut of interest payable
(TIP (o), TIPg(x)) are zero.

(v) According to given assumptions, three cases will occur in inter-
est earned per year.

In this case upper and lower o—cut of interest earned in all sub
cases are same as the all sub cases of case 1.

Case 4: ¢, (t) and ¢, (t) is gH-(ii) differentiable

If ¢ (t) is gH-(ii) differentiable and g, (t) is gH-(i) differentiable,
then proceeding as in the previous cases we get the corresponding
solutions as

hellre) = _k_i# - 9172](1 e ")+ g (63)

G (t. ) = aLgx) " 0b2j|(e(T—t)9 ~1) - I%Te(r—r)@ +% (64)

0 62

Gon(t. o) = ag(a) + bi|(e(rt)0 ~1) - %e(T—t)Q " b@l (65)

(i) Lower a-cut and upper «-cut of ordering cost (0C;, OCg) are
given by

0C, = 0Cg = ¢y (66)

(ii) Lower «-cut and upper «-cut of stock holding cost
(THC.(«¢), THCr(x)) are given by

. T
THCr () = h|:/0 qir(t, o) dt+/t Qr(t, o) dti|

2
= Z(ktl —ag(a) T+ b; ) (67)

t T
THC, () = h[/ qut.a) dt+ [ qu(t.o) dt]
0 4

2
= Z(kt] 7(1)_(0[) T+ b; ) (68)

(iii) Lower «-cut and upper a-cut of annual cost due to deterio-
rated units (DC (o), DCg()) are given by

DCr(@) = ¢p <kt1 —ap(a) T+ b;z) (69)
DCi(«) :C,,(ktl —ag(ar) T+ bgz) (70)

(iv) According to given assumption, there are three cases to oc-
cur in interest charged for the items kept in stock per year.

Case 41N <M <t; <T
Lower «-cut and upper «-cut of interest payable (TIP.(«),
TIPR(cx)) are given by

T
TIPr () = |:cpIC/M qar(t, o) dti|
= [cpleAs] (71)

T
TIP (&) = |:CPIC/M qar(t, @) dt]
= [ cplcA4] (72)

Case42.N <t; <T<M

In this case Lower a-cut and upper a-cut of interest payable
(TIPy (), TIPR(x)) are zero.

Case43.t{ <T<N<M

In this case Lower a-cut and upper «-cut of interest payable
(TIP (@), TIPg(x)) are zero.

(v) According to given assumption, three cases will occur in inter-
est earned per year. In this case upper and lower a-cut of in-
terest earned in all sub cases are same as the all sub cases of
case 1.

Using Eq. (33) we can find out the optimal cycle time so as to
minimize annual inventory cost for all sub cases of all cases.

5. Numerical examples

To illustrate the results of the proposed model we solve the fol-
lowing numerical examples

Let ¢p = Rs 12/unit, ¢s =Rs 15/unit, c; = Rs 500/order,
k=2900 units/year, h=Rs 6/unit, [, =0.11, I, =0.31, « = 0.97,60 =
02, b = 05 A =041, =0.6,a=(500,1000,1500), o7 =0.4
then the optimal results for different cases are given in Table 1.

6. Result and some sensitivity analyses

Table 1 describes the optimal results of fuzzy inventory model.
In this proposed model, we observe that in sub case 1.3of case 1,
the annual inventory cost is minimum because in sub case 1.1, re-
tailer’s trade credit period is much greater than total cycle time
T. From Table 2, we observe that if the demand parameter b in-
creases, the total demand decreases and as a result annual inven-
tory cost (lower and upper « — cut) increases. Usually with the in-
crease of deterioration, the total deterioration cost increases and
as a result, the annual inventory cost increases. This real fact is
depicted from Table 3.

Sensitivity analyses are carried out with respect to the inven-
tory parameters to show the feasibility of the model. Fig. 1 shows
that with the increase of interest earned (i.), the upper and lower
a-cut of inventory cost of retailer decreases for sub case 3.1 of case
3. Fig. 2 depicts that with the increase of holding cost (h), the up-
per and lower «-cuts of inventory cost of retailer increases for sub
1.1 of case 1. Fig. 3 shows that with the increase of ¢y, the up-
per and lower «-cuts of inventory cost of retailer decrease for case
1.1 of Case 1. Because total interest earned by the retailer increases
with the increase of oy and as a result, inventory cost decreases.
Usually with the increase of «, lower a—cut of annual inventory
cost decreases and upper « cut of annual inventory cost increases.
This real fact is depicted from Fig. 4. Fig. 5 shows that with the
increase of selling price (cs), the upper and lower a-cuts of inven-
tory cost of retailer decreases for sub 2.3 of case 2.Since with the
increase of selling price the annual interest earned by the retailer
increases and annual inventory cost decreases. Fig. 6 depicts that
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Table 1
Optimal results for different cases.
Different Cases Different Sub cases t T M N Z Z; Z;
Case 1 Sub case 1.1 1.51 3.02 2.516667 2.013333 25,830.12 26,509.99 25,376.87
Sub case 1.2 0.99 2.0012 2.16 1.1 22,858.45 23,491.38 22,436.49
Sub case 1.3 1.102 2.2009 3.96 2.86 22,629.70 23,256.18 22,212.05
Case 2 Sub case 2.1 5.062250 10.12450 7.788077 6.749667 29,574.76 45,685.26 18,834.42
Sub case 2.2 4.950495 10.0143 10.80 5.55 26,576.05 42,666.80 15,848.88
Sub case 2.3 5.493250 10.98650 21.34128 15.38110 26,424.60 41,949.53 16,074.65
Case 3 Sub case 3.1 5428553 1.031425 0.8595208 0.6876167 62,634.59 62,981.79 62,403.13
Sub case 3.2 5154743 1.041258 1.124559 0.5784767 60,902.86 61,221.53 60,690.41
Sub case 3.3 0.5073921 1.014784 1.826611 1.319219 58,812.39 59,124.79 58,604.12
Case 4 Sub case 4.1 2.843728 5.687456 4.374966 3.791637 68,077.24 68,129.47 68,042.42
Sub case 4.2 4.26205 7.2455 7.317955 4.830333 48,856.23 49,163.27 48,651.53
Sub case 4.3 3.602353 6.1240 11.63560 7.9612 45,664.68 45,947.48 45,476.15
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Fig. 3. Effect of partial trade credit (o) on Z;, Z; andZ for case 1.1 of Case 1.
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Fig. 4. Effect of @ on Z;, Z, andZ of sub case 4.2 of Case 4.



Table 2

Effect of b on Z; and Z, of different sub cases of Case 1.
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with the increase of interest payable (ic), the upper and lower «-

cuts of inventory cost of retailer increase for sub 1.3 of case 1. It is
due to the fact that if the rate of interest payable increases, then
the retailer has to pay more amounts to the supplier. So the inven-
tory cost with respect to the retailer increases. Fig. 7 shows that
with the increase of purchasing price (cp), the upper and lower o-

cuts of inventory cost of retailer increases for sub 2.2 of case 2.In
real life situation, if the purchasing cost is high then the retailer
has to pay more amount for relevant inventory cost. In this case

the annual inventory cost of retailer increases. Fig. 8 shows that
with the increase of production rate (K), the upper and lower o-
cuts of inventory cost of retailer increases for sub case 1.3 of case

1.Generally, if the production rate is high, then the retailer has the
amount for the production. So in this case the annual inventory

this EPQ model of deteriorating items, with partial trade

credit financing via fuzzy differential approach, the managerial in-

Among all the cases, case 1 is more accepted in real life sit-
uation. Since in Sub case 1.3 of case 1 the retailer’s relevant

Now a day, the retailers do not agree to offer full credit pe-
riod to his/her customers. They accept full credit period from
the supplier and offer partial trade credit period to his cus-
tomers. In this situation, our proposed model is helpful for
a decision maker to make a decision to optimize the total

Solving of fuzzy differential equation with the help of gH
derivative approach is more acceptable and logical with re-

We are living in a world full of uncertainty and ambigu-
ity. We usually ask ourselves questions that we are uncer-
tain about our answers. Is it going to rain tomorrow? What
will be the exchange rate of Indian currency next month?
Why, where and how should I invest? “Fuzzy”-perhaps is
a most appropriate tool to deal uncertainty and ambiguity.
During the inventory problems, it has often observed that,
some of the inventory parameters are to be treated as un-

sub case 1.1 sub case 1.2 sub case 1.3
b
Z 7 Z 7, Z 2,
0.2 26476.29 2534317 23,458.16 22,403.27 23,22214 22,178.02
04 26/498.76 25365.64 23,480.31 2242542 2324483 22,200.71
0.6 26,521.22 25,388.10 23,502.46 22,447.57 23,267.52 22,223.40
0.8 26,543.69 2541050 23,524.60 22,469.71 23,290.21 22,246.08
Table 3
Effect of 6 on Z; and Z, of different sub cases of Case 2.
sub case 2.1 sub case 2.2 sub case 2.3
9 .
z Z Z Z Z Z cost is more.
0.3 51,841.01 35,060.10 48,778.64 31,971.38 49,134.94 33,179.13 o1 irct
0.35 55,802.05 41,859.19 52,711.38 38,733.06 53,905.84 40,722.27 7 Managerlal IDSIghts
0.4 60,519.31 48,679.43 57,39537 4551762 59,706.28 48,565.98
045 66,156.29 55,929.00 62,993.43 52,73042 66,778.85 57,197.11 In
0.5 72,913.80 63,956.08 6970527 60,717.57 75,426.78 67,065.95
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i
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Fig. 5. Effect of G on Z;, Z, and Z of sub case 2.3 of Case 2.

certain variables. There are so many practical situations in
real life where this phenomena happen. For instance, sup-
pose a decision maker (DM) wants to make a business plan
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Fig. 6. Effect of i. on Z;, Z, and Z of sub case 1.3 of Case 1.
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Fig. 8. Effect of K on Z;, Z; and Z of sub case 1.3 of Case 1.

for the upcoming month in advance. For that the DM needs
the information about the capacity of plant/production ca-
pacity, an idea about the demand that required for smooth
business, all of which are not precisely known to the DM. In
such case, DM is often rely on the expert’s opinion or prob-
abilistic statistics. In this type of situation, use of fuzziness
or stochastic or some other like that is more suitable.

8. Conclusion and future research scope

In this paper, some useful ideas were presented to deal with
inventory control problem with left right type fuzzy demand. The
main contributions can be summarized as the following six as-
pects:

(i) In this volatile situation demands are taken as fuzzy in
nature. Sometimes demands are represented as triangular
and trapezoidal fuzzy number. Left right type fuzzy demand
which was not yet applied in any fuzzy inventory problem
was applied in this paper.

(ii) gH derivative approach proposed by Bede and Stefanini
[6] were discussed and successfully applied to the proposed
model to find the total variable cost.

(iii) Partial trade credit financing which is one of the central fea-
tures in supply chain management was applied for the cur-
rent model using gH derivative approach.

(iv) According to literature survey for the first time in a sin-
gle mathematical formulation, we introduced an economic
production quantity model with time dependent demand in
fuzzy environment where demand is taken as left right type
fuzzy number. With the use of gH derivative approach the

proposed model is solved for the minimum cost of the re-
tailer.

In the current investigation, several sub cases of different
cases with two level credit periods are formulated. A de-
cision maker can take the managerial decisions depending
upon the existing situation for minimum cost. A decision
maker choose sub case 1.3 of case 1 for minimum cost of
the retailer, it is due to the fact that in this sub case retail-
ers cost is minimum. This is justified to our real life situation
that in sub case 1.3 of case 3 the retailer’s trade credit pe-
riod is greater than the total cycle time, so in this case the
retailer has to pay less interest to the supplier and conse-
quently inventory cost will be minimum.

Some new real life based important facts are provided as
managerial decisions in this paper, which will help in de-
veloping the business management.

—

(vi)

The proposed model can be extended in several ways. For fu-
ture research work, we may extend this model with shortages,
quantity discounts and taking selling price, ordering cost as trape-
zoidal fuzzy number, Intuitionistic fuzzy number etc. As it is as-
sumed that the unit selling price is greater than the unit purchas-
ing price, the retailer must have sufficient amounts before the end
of business period and to pay the dues to the wholesaler some
time before the end of the total cycle and in this situation, he
will have to pay less interest to the wholesaler. Moreover, the re-
tailer can earn more interest after that time up to the end of the
business period. This new approach can be applied to our current
model following Majumder et al. [48]. We can also extend this
model by taking type two fuzzy number, Intuitionistic fuzzy num-
ber etc. The concept of immediate part payment and the delay-
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payment for the rest can also allowed by the wholesaler for an
item over a finite planning horizon or random planning horizon
In addition, against an immediate part payment (variable) to the
wholesaler, there is a provision for (i) borrowing money from a
money lending source and (ii) earning some relaxation on credit
period from the wholesaler. The models can also be developed
with respect to the retailer for maximum profit. We can also ex-
tend the current model by considering both partial trade credit for
supplier and retailer.

Appendix

Definition (Fuzzy Set [36]). A fuzzy set A is defined by A=
{(x. uz(x)) :x €A, uz(x) €[0,1]}. In the pair (x,uz(x)) the first
element x belong to the classical set A, the second element pi4(x),
belong to the interval [0, 1], called Membership function.

Definition (o-cut of a fuzzy set). The «-level set (or interval
of confidence at level o or a-cut) of the fuzzy set A of X is
a crisp set A, that contains all the elements of X that have
membership values in A greater than or equal to « ie A=
{x: i) =a.xeX acl0, 1]}

Definition (Fuzzy Number [37]). A fuzzy number is fuzzy set like
u:R— I=[0,1] which satisfies

(1) u is upper semi-continuous.

(2) u(x) = 0 outside the interval [c, d]

(3) There are real numbers a,b such c <a <b <d and
(3.1) u(x) is monotonic increasing on [c, al,
(3.2) u(x) is monotonic decreasing on [b, d],
33)u(x)=1,a<x<b

Let E! be the set of all real fuzzy numbers which are normal,
upper semi-continuous, convex and compactly supported fuzzy
sets.

Definition (Fuzzy Number (Parametric form) [12,13]). A fuzzy
number u in a parametric form is a pair (uq,u;) of function
uy(r),uy(r), 0 <r < 1, which satisfies the following requirments:

(1) uq(r) is a bounded monotonic increasing left continuous
function,

(2) uy(r) is a bounded monotonic decreasing left continuous
function,

(3) ug(r) =up (N, 0=r=<1

A crisp number x is simply represented by (uq(r),uy(r)) =
(x,x),0 < r < 1. By appropriate definitions, the fuzzy number space
{(u; (), uz(r))} becomes a convex cone E! which could be embed-
ded isomorphically and isometrically into a Banach space.

Properties. Let x= (x1(1),xo(1),y = (y1(1),y2(") e EL,0<r<1
and arbitrary k € R.

Then

(1) x =y iff X, (r) = y1(r) and x,(r) =y, (1),
(2) x+y = x1(1) +y1(n), x2(r) +y2(1),
(B) x—y=x1(r) —y2(r), x2(r) =y1 (1),

) (kx1(r), kx3(r)), k=0

@ =1 oy (1), ko () ke < 0

fel

Definition (L-R Fuzzy Number [30]). A function usually denoted as
L or R, is a reference function of fuzzy number iff

(1) L(x) = L(=x),
(2) L(0) =1,
(3) L is non increasingon[0, +o00).

A Fuzzy Number A = (ay, ay, a3,4a4), is called a L-R type fuzzy
number iff

0, X <a
X—a
(%), a<x=<a
Hix) =141, a; <X <das
as—x
R(Z2), as<x<aq
0, X>ay

and it is denoted by A = (a1, a3, a3, ds)ig

Definition (Generalized L-R Fuzzy Number [30]). A Generalized
Fuzzy Number

A= (ay,0ay, as,a4; w), is called a Generalized L-R Fuzzy Num-
ber if its membership function is given by

0, X <am
WL(EL), @ <x=<aq

Hi(X) = W, ay <Xx<as
WR(X), a3 <x < ay
0, X>ay

and it is denoted by A = (a7, a3, as, ds; W)ig

Definition («-cut of of L-R fuzzy number [51]). The a-cut set of a
L-R fuzzy number A is a crisp subset of R and is defined by (4)y =
{x|p5(x) = a and x € R}. Hence a-cut set of a L-R fuzzy number A
is denoted by [ak, aR], where al, = inf (A)y and a® = sup (A). ie.
if A= (a1, ay, a3, ay) is a L-R type fuzzy number, then itse-cut is

[a1 + L7 (@) (a; — ar). as — R (@) (a4 — a3) ]

Definition [4]. Let x,y € E1. If there exists z € E! such that x =y +
z, then z is called the Hukuhara-difference of fuzzy numbers x and
y, and it denoted by z=x©y.

Lemma. The point should be notated that x©y # x + (—1)y.

Definition [4]. Let f: [a,b] - E! and t; € [a, b]. We say that f is
Hukuhara differential at to, if there exist an element f’(tg)  E!
such that for all h > 0 sufficiently small, there exists f(ty +h) e
f(to), f(tg) © f(to — h) and the limits exists in metric D.

im Lot e flto) _ . fto) & fto—h)
h—0 h h—0 h
Definition [3]. Let f: (a,b) — E and xq € (a,b). We say that f
is strongly generalized differential at xq (Bede-Gal differential) if
there exists an element f’(xg) € E, such that

= f'(to)

(i) for all h > 0 sufficiently small, there exist f(xo+ h)—"f(xo)
and f(xg)—"f(xo — h) and the limits exist in the metric D

. hy-h . —h —h
}11{% f(xo+ r)l fxo) _ }11{1(]) f(x0) £(X0 ) _ F(x)
Or

(i) for all h > 0 sufficiently small, there exist f(xg)—"f(xo + h)
and f(xo — h)="f(xo) and the limits exist in the metric D

. o+ h) — )t
;11{% f(x0) jlfxo+ ) _ }11{% f(xo jh f(x0) — (%)
Or

(iii) for all h > 0 sufficiently small, there exist f(xo + h)="f(x),
and f(xg — h)="f(xp) and the limits exist in the metric D

lim f(xo + )= f(x0) — lim f(xo — )= f(x0)
h\0 h h\0 —h
Or

= f'(x0)
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(iv) for all h > 0 sufficiently small, there exist f(xo)—"f(xo + h)
and f(xg)—-"f(xo — h) and the limits exists in the metric D

lim f(x0)="f(xo+ h) —lim f(x0)="f(xo — h)
h\0 —h h\O h

= f"(x0)

(h and —h at denominators mean 1 and =, respectively).
h h

Remarks [5]. In, the authors consider four cases for derivatives.
Here we only consider the two first cases. In the other cases, the
derivative is trivial because it is reduced to a crisp element. We
say that f is (i)-differentiable on (a, b) if f is differentiable with
the meaning (i) and also (ii)-differentiable that f satisfies case (ii).

Definition [65]. Let f:R— E be a function and denote f(t)=
(fL(t, 1), fr(t, 1)), for each r € [0, 1]. Then

(1) If f is (i)-differentiable, then f;(t,r) and fr(t,r) are also dif-
ferentiable function and f'(t) = (f/(t. 1), fR(t. 7))

(2) If f is (ii)-differentiable, then f; (t,r) and fg(t,r) are also dif-
ferentiable function and f'(t) = (f3(t,r). f/(t.T)

Definition Generalized Hukuhara difference [6]. The generalized
Hukuhara difference of two fuzzy numbers u, v € % is defined as
follows

Hu=veow

USV =W < {or (i v=ue (-1)w

Consider [W]a = [wr(a), wg(a)], then
min{u (@) — v (), up(er) — vr()} and
max{u (o) — vy (@), ug(a) — vg(a)}.

Here the parametric representation of a fuzzy valued function
f :la,b] — %r is expressed by

[f(t)]ot = [fL(t’ (X), fR(t7 Ol)],

Definition (Generalized Hukuhara derivative [6]). The generalized
Hukuhara derivative of a fuzzy valued function f: (a,b) — % at
to is defined as

fto +h)egf(to)
h

wy(a) =
wr(a) =

tela bl €]0,1].

f(to) = lim
In parametric form we say that

f(t) is (i)-gH differentiable at to if [f'(to)]«
=[fi(to. @), fr(to. )]

and

f(t) is (ii)-gH differentiable at tq if [ f'(ty)]«
=[fi(to, @), fr(to, @)].

Theorem: Existence condition for solution of fuzzy differ-
ential equation: Let us consider the fuzzy initial value problem
(FIVP)

X() = f(t.x(t)). X(to) =ZXo.
Now let, [x(£)]* = [x (¢). xg ()], [x0]* = [x§ ;. X§ &l
and

[F(E.X(@E)]" = [ (6. X (). X5 (0). fg (6. X7 (0. X (£)]

By using the extension principle we have the membership func-
tion as

fE.x(®))(s) = sup{x(t)(T)ls = f(t, 1)},
Then the result f(t,x(t)) is also a fuzzy function.
Where,

SEE X (8), X5 (£)) = min{f(t, u)[u € [x{ (£), Xz (£)]}
and

SR (& X[ (0), xg (1)) = max{f (t, w)|u & [ (). xg (D]}

a<t<b

seR

Lemma. If the solution x{(t) is an increasing function, where as
X3 (t) is a decreasing function then the solution is called strong so-
lution. Otherwise it is a weak solution.
R axe .
i.e., xg;t) >0, Xa’?—a(t) <0and x{(t, @ =1) =x§(t,a = 1) then it
is strong solution, otherwise week solution.

Lemma. If [x;(t, @), xg(t, )] be the solution of a FDE then the more
general way to find the strong solution of a fuzzy differential equation
is

X *(t, ) = min {x{' (t), x§ (t)} and xg* (t, ) = max {x.(t, o), xg (£, ct)}

Where [x.*(t, @), xg*(t, ®)] is a strong solution.

References

[1] Kandel A, Byatt W]J. Fuzzy processes. Fuzzy Sets Syst 1980;4:117-52.

[2] Roozbeh Nia A, Hemmati Far M, Niaki STA. A hybrid genetic and imperialist
competitive algorithm for green vendor managed inventory of multi-item mul-
ti-constraint EOQ model under shortage. Appl Soft Comput 2015;30:353-64.

[3] Nobil AH, Sedigh AHA, Cardenas-Barrén LE. A multi-machine multi-product
EPQ problem for an imperfect manufacturing system considering utilization
and allocation decisions. Expert Syst Appl 2016;56:310-19.

[4] Bede B. Note on “Numerical solutions of fuzzy differential equations by pre-
dictor-corrector method”. Inf Sci 2008;178:1917-22.

[5] Bede B, Gal SG. Almost periodic fuzzy-number-value functions. Fuzzy Sets Syst
2004;147:385-403.

[6] Bede B, Stefanini L. Generalized differentiability of fuzzy-valued functions.
Fuzzy Sets Syst 2013;230:119-41.

[7] Bede B. A note on “two-point boundary value problems associated with non-
linear fuzzy differential equations”. Fuzzy Sets Syst 2006;157:986-9.

[8] Bede B, Rudas IJ, Bencsik AL. First order linear fuzzy differential equations un-
der generalized differentiability. Inf Sci 2007;177:1648-62.

[9] Bede B, Gal SG. Generalizations of the differentiability of fuzzy-number-val-
ued functions with applications to fuzzy differential equations. Fuzzy Sets Syst
2005;151:581-99.

[10] Das B, Mahapatra NK, Maity M. Initial-valued first order fuzzy differential
equation in Bi-level inventory model with fuzzy demand. Math Model Anal
2008;13(4):493-512.

[11] CK. Jaggi, M. Verma 0.2012.Two echelon partial trade credit financing in a sup-
ply chain derived algebraically. Yugo ] Oper Res, 22(2),163-182, doi:10.2298/
YJOR100108017].

[12] Dubois D, Prade H. Operations on fuzzy numbers. ] Syst Sci 1978;9:613-26.

[13] Dubois D, Prade H. Towards fuzzy differential calculus part 1: integration of
fuzzy mapping. Fuzzy Sets Syst 1982a;8:1-17.

[14] Jana DK, Maiti M, Roy TK. A fuzzy differential approach to a two plants produc-
tion-recycling-disposal inventory problem via genetic algorithms. Int ] Fuzzy
Comput Model 2014;1(1).

[15] Hiillermeier E. An approach to modeling and simulation of uncertain dynami-
cal systems. Int J Uncertain Fuzz Knowl Based Syst 1997;5:117-37.

[16] Harris F. Operations and cost-factory management series. Chicago,IL: A.W.
Shaw Co.; 1915.

[17] Mahata GC, Mahata P. Analysis of a fuzzy economic order quantity model
for deteriorating items under retailer partial tradecredit financing in a supply
chain. Math Comput Model 2011;53(9-10):1621-36.

[18] Soni HN, Joshi M. A fuzzy framework for coordinating pricing and inventory
policies for deteriorating items under retailer partial trade credit financing.
Comput Indus Eng 2013;66(4):865-78.

[19] Garg H. A hybrid GA-GSA algorithm for optimizing the performance of an in-
dustrial system by utilizing uncertain data. In: Vasant P, editor. Handbook of
research on artificial intelligence techniques and algorithms. USA: IGI Global;
2014. p. 625-59. Ch. 20.

[20] Garg H. A new approach for solving fuzzy differential equations using
Runga - Kutta and Biogeography - based optimization. ] Intell Fuzzy Syst
2016;30:2417-29 10S Press.

[21] Garg H. An approach for analyzing the reliability of industrial system using
fuzzy Kolmogorov's differential equations. Arabian ] Sci Eng 2015;40(3):975-87
Springer.

[22] Garg H. Fuzzy Inventory model for deteriorating items using different types of
lead-time distributions. In: Kahraman C, Cevik S, editors. Intelligent techniques
in engineering management. Springer; 2015. p. 247-74. Ch. 11. doi:10.1007/
978-3-319-17906-3_11.

[23] Garg H, Rani M, Sharma SP, Vishwakarma Y. Bi-objective optimization of the
reliability-redundancy allocation problem for series-parallel system. ] Manuf
Syst 2014;33(2):353-67 Elsevier.

[24] Garg H, Rani M, Sharma SP, Vishwakarma Y. Intuitionistic fuzzy optimization
technique for solving multi-objective reliability optimization problems in in-
terval environment. Expert Syst Appl 2014;41(7):3157-67 Elsevier.

[25] Garg H. Multi-objective optimization problem of system reliability under Intu-
itionistic fuzzy set environment using Cuckoo search algorithm. ] Intell Fuzzy
Syst 2015;29:1653-69 10S Press.


http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0001
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0002
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0002
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0002
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0002
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0003
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0004
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0004
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0005
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0005
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0005
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0006
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0006
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0006
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0007
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0007
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0008
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0009
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0009
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0009
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0010
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0010
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0010
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0010
http://10.2298/YJOR100108017J
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0011
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0011
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0011
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0012
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0012
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0012
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0013
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0014
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0014
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0015
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0016
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0016
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0016
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0017
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0017
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0017
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0018
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0018
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0019
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0019
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0020
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0020
http://dx.doi.org/10.1007/978-3-319-17906-3_11
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0022
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0023
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0024
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0024

P. Majumder et al./Operations Research Perspectives 3 (2016) 77-91 91

[26] Wu HC. The fuzzy Riemann integral and its numerical integration. Fuzzy Sets
Syst 2000;110:1-25.

[27] Chang HJ, Dye CY. An EOQ model for deteriorating items with time varying
demand and partial backlogging. ] Oper Res 1999;50:1176-82.

[28] Wee HM, Lo CC, Hsu PH. A multi-objective joint replenishment inven-
tory model of deteriorated items in a fuzzy environment. Eur ] Oper Res
2009;197:620-31.

[29] Stanimirovi¢ IP, Zlatanovic ML, Petkovic MD. On the linear weighted
sum method for multi-objective optimization, 26. Facta Universitatis; 2011.
p. 49-63. (nis).

[30] Zhou ], Yang F, Wang K. Fuzzy arithmetic on LR fuzzy numbers with appli-
cations to fuzzy programming. ] Intell Fuzzy Syst 2016;30(1):71-87 (Impact
Factor: 1.81). doi:10.3233/IFS-151712.

[31] Sadeghi ], Niaki STA, Malekian M, Sadeghi S. Optimizing multi-item economic
production quantity model with trapezoidal fuzzy demand and backor-dering:
two tuned meta-heuristics. Eur ] Indus Eng 2016;10(2):170-95.

[32] Buckley ]JJ, Feuring T. Fuzzy differential equations. Fuzzy Sets Syst
2000;110:43-54.

[33] Buckley JJ, Feuring T. Fuzzy initial value problem for Nth-order linear differen-
tial equations. Fuzzy Sets Syst. 2001;121:247-55.

[34] Sadeghi ], Niaki STA. Two parameter tuned multi-objective evolutionary al-
gorithms fora bi-objective vendor managed inventory model with trapezoidal
fuzzy demand. Appl Soft Comput 2015;30:567-76.

[35] Stefanini L. A generalization of Hukuhara difference for interval and fuzzy
arithmetic. In: Dubois D, Lubiano MA, Prade H, Gil MA, Grzegorzewski P,
Hryniewicz O, editors. Soft methods for handling variability and imprecision.
Advances in Soft Computing; 2008. p. 48.

[36] Zadeh LA. Fuzzy Sets. Inf Control 1965;8:338-53.

[37] Zadeh LA. The concept of a linguistic variable and its application to approxi-
mate reasoning. Inf Sci 1975;8:199-249.

[38] Mandal M, Maiti M. Inventory of damagable items with variable replenish-
ment rate, stock-dependent demand and some units in hand. Appl Math Model
1999;23:799-807.

[39] Mandal M, Maiti M. Inventory of damageable items with variable replenish-
ment and stock dependent demand. Asia Pa J Oper Res 2000;17:41-54.

[40] Mondal M, Maiti MK, Maiti M. A production-recycling model with variable de-
mand, demand-dependent fuzzy return rate: a fuzzy differential equation ap-
proach. Comput Indus Eng 2013;64:318-32.

[41] Maiti MK. A fuzzy Genetic Algorithm with varying population size to solve
an inventory model with credit-linked promotional demand in an imprecise
planning horizon. Eur ] Oper Res 2011;213:96-106.

[42] Mondal M, Maiti MK, Maiti M. A two storage production-repairing model with
fuzzy defective rate and displayed inventory dependent demand. Optim Eng
2014;15:751-72.

[43] Yan N, Sun B, Zhang H, Liu C. A partial credit guarantee contract in a capital
constrained supply chain: financing equilibrium and coordinating strategy. Int
] Prod Econ 2016;173:122-33.

[44] Kaleva O. Fuzzy differential equations. Fuzzy Sets Syst 1987;24:301-17.

[45] Shahvari O, Salmasi N, Logendran R, Abbasi B. An efficient tabu search algo-
rithm for flexible flow shop sequence-dependent group scheduling problems.
Int J Prod Res 2012;50(15):4237-54.

[46] Shahvari O, Logendran R. An Enhanced tabu search algorithm to minimize
a bi-criteria objective in batching and scheduling problems on unrelated-
parallel machines with desired lower bounds on batch sizes. Comput Oper Res
2017;77:154-76. doi:10.1016/j.cor.2016.07.021.

[47] Shahvari O, Logendran R. Hybrid flow shop batching and scheduling with a
bi-criteria objective. Int ] Prod Econ 2016;179:239-58.

[48] Majumder P, Bera UK, Maiti M. An EPQ model for two-warehouse in unremit-
ting release pattern with two level trade credit period concerning both sup-
plied and retailer. Appl Math Comput 2016;274:430-58.

[49] Guchhait P, Maiti MK, Maiti M. A production inventory model with fuzzy pro-
duction and demand using fuzzy differential equation: an interval compared
genetic algorithm approach. Eng Appl Artif Intell 2013;26:766-78.

[50] Guchhait P, Maiti MK, Maiti M. Inventory model of a deteriorating item with
price and credit linked fuzzy demand: a fuzzy differential equation approach.
OPSEARCH 2014;51(3):321-53.

[51] Hassanzadeh R, Mahdavi I, Mahdavi-Amiri N, Tajdin A. An « -cut approach for
fuzzy product and its use in computing solutions of fully fuzzy linear systems.
In: Proceedings of the 2012 international conference on industrial engineering
and operations management, Istanbul, Turkey, July 3-6; 2012.

[52] Pasandideh SHR, Niaki STA, Yeganeh JA. A parameter-tuned genetic algorithm
for multi-product economic production quantity model with space constraint,
discrete delivery orders and shortages. Adv Eng Softw 2010;41(2):306-14.

[53] Sarkar S, Chakrabarti T. An EPQ model with two-component demand under
fuzzy environment and weibull distribution deterioration with shortages. Adv
Oper Res 2012:1-22. doi:10.1155/2012/264182.

[54] Chang SL, Zadeh LA. On fuzzy mapping and control. IEEE Trans Syst Man Cy-
bern 1972;2:30-4.

[55] Mondal SP, Roy TK. First order linear homogeneous fuzzy ordinary differ-
ential equation based on lagrange multiplier method. ] Soft Comput Appl
2013;2013:1-17.

[56] Mousavi SM, Hajipour V, Niaki STA, Alikar N. Optimizing multi-item multi-pe-
riod inventory control system with discounted cashflow and inflation: two cal-
ibrated Meta-heuristic algorithms. Appl Math Modell 2013;37(4):2241-56.

[57] Mousavi SM, Hajipour V, Niaki STA, Alikar N. A multi-productmulti-pe-
riod inventory control problem under inflation anddiscount: a parameter—
tuned particle Swarm Optimization algorithm. Int J Adv Manuf Technol
2014;70(9):1739-56.

[58] Pasandideh SHR, Niaki STA, Mousavi SM. Two metaheuristicstosolve a multi-
-item multiperiod inventory control problemunder storage constraint and dis-
counts. Int J Adv Manuf Technol 2013;69(5):1671-84.

[59] S.M. Mousavi, S.H. Pasandideh. A multi-periodic multi-productinventory con-
trol problem with discount: GA optimization algorithm. ] Optim Indus Eng,7,
37-44.

[60] S.M. Mousavi, ]. Sadeghi, S.T.A. Niaki, N. Alikar, A. Bahreininejad, H.S.C. Metse-
laar. Two parameter-tuned meta-heuristics for a discounted inventory control
problem in a fuzzy environment.Inf Sci 276, 42-62.

[61] Mousavi SM, Niaki STA, Bahreininejad A, Musa SNB. Multi-itemmulti-peri-
odic inventory control problem with variabledemand and discounts: a particle
Swarm Optimization algorithm. Sci World ] 2014;2014:16 Article ID 136047.

[62] S.M. Mousavi, J. Sadeghi, S.T.A. Niaki, M. Tavana. A bi-objective inventoryop-
timization model under inflation and discount using tunedPareto-based algo-
rithms: NSGA-II, NRGA, and MOPSO. Appl Soft Comput, 43, 57-72.

[63] Allahviranloo T, BarkhordariAhmadi M. Fuzzy Laplace transforms. Soft Comput
2010;14:235-43.

[64] Allahviranloo T, Abbasbandy S, Salahshour S, Hakimzadeh A. A new method
for solving fuzzy linear differential equations. Computing 2011;92:181-97.

[65] Chalco-Cano Y, Roman-Flores H. Comparation between some approaches to
solve fuzzy differential equations. Fuzzy Sets Syst 2009;160:1517-27.


http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0025
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0025
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0026
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0026
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0026
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0027
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0027
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0027
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0027
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0028
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0028
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0028
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0028
http://dx.doi.org/10.3233/IFS-151712
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0030
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0031
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0031
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0031
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0061
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0061
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0061
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0032
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0032
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0032
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0033
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0033
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0034
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0034
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0035
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0035
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0036
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0036
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0036
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0037
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0037
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0037
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0038
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0038
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0038
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0038
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0039
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0039
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0040
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0040
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0040
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0040
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0041
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0041
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0041
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0041
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0041
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0042
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0042
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0043
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0043
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0043
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0043
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0043
http://dx.doi.org/10.1016/j.cor.2016.07.021
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0045
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0045
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0045
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0046
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0046
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0046
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0046
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0047
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0047
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0047
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0047
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0048
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0048
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0048
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0048
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0049
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0049
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0049
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0049
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0049
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0050
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0050
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0050
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0050
http://dx.doi.org/10.1155/2012/264182
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0052
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0052
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0052
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0053
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0053
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0053
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0054
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0054
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0054
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0054
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0054
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0055
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0055
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0055
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0055
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0055
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0056
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0056
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0056
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0056
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0057
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0057
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0057
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0057
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0057
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0058
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0058
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0058
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0059
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0059
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0059
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0059
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0059
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0060
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0060
http://refhub.elsevier.com/S2214-7160(16)30011-2/sbref0060

	Application of Generalized Hukuhara derivative approach in an economic production quantity model with partial trade credit policy under fuzzy environment
	1 Introduction
	1.1 Novelties

	2 Multi-Objective Programming (MOP) problem in crisp environment
	2.1 Weighted sum method

	3 Notations and assumptions
	4 Mathematical formulation of the model of deteriorating items
	5 Numerical examples
	6 Result and some sensitivity analyses
	7 Managerial insights
	8 Conclusion and future research scope
	 Appendix
	 References


