~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Krause, Marko Volker

Article

Effects of a capital gains tax on asset pricing

Business Research

Provided in Cooperation with:

VHB - Verband der Hochschullehrer fiir Betriebswirtschaft, German Academic Association of
Business Research

Suggested Citation: Krause, Marko Volker (2018) : Effects of a capital gains tax on asset pricing,
Business Research, ISSN 2198-2627, Springer, Heidelberg, Vol. 11, Iss. 1, pp. 115-148,
https://doi.org/10.1007/s40685-017-0058-7

This Version is available at:
https://hdl.handle.net/10419/177280

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

.: BY http://creativecommons.org/licenses/by/4.0/
Mitglied der
WWW.ECOMSTOR.EU K@M 3
. J . Leibniz-Gemeinschaft


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1007/s40685-017-0058-7%0A
https://hdl.handle.net/10419/177280
http://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Business Research (2018) 11:115-148 @ CrossMark
https://doi.org/10.1007/s40685-017-0058-7

ORIGINAL RESEARCH

Effects of a capital gains tax on asset pricing

Marko Volker Krause'

Received: 21 April 2016/ Accepted: 23 November 2017/ Published online: 4 December 2017
© The Author(s) 2017. This article is an open access publication

Abstract 1 extend and generalize the work of Kruschwitz and Loffler (BuR—
Business Research 2(2):171-178, 2009). I find that, with a zero risk-free rate, the
implicit price of capital gains tax payments is zero. I provide conditions in
stochastic discount factor language when a capital gains tax has no effect on asset
prices for the case of a zero risk-free rate. A sufficient condition for price equality
with a zero risk-fee rate is that agents consume the same in any state with and
without taxes. Equilibria exist that guarantee equal consumptions, and they imply
the same portfolio rules that Kruschwitz and Loffler (BuR—Business Research
2(2):171-178, 2009) find for the CAPM. Furthermore, for an exogenous non-zero
risk-free rate, I show that exponential utility with multivariate normal payoffs, as
well as linear marginal utility leave prices unchanged. Equilibrium prices are
independent of capital gains taxes in those cases. However, total wealth of agents is
different between the tax and the no-tax economy.
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1 Introduction

I build on the work of Kruschwitz and Loffler (2009) who assumed a single-period
mean-variance capital asset pricing model (CAPM) with a flat tax on capital gains
and tax transfers back to investors. They find that prices in a world with taxes on
returns are the same as prices in a world without taxes if the risk-free rate is zero or
investors have constant absolute risk aversion mean-variance utility. Instead of
regarding a mean-variance CAPM as in Kruschwitz and Loffler (2009), I construct a
model with agents that value expected utility over consumption, i.e., a consumption
CAPM with heterogeneous agents. The fundamental results from Kruschwitz and
Loffler (2009) also hold for such economies, but I find important extensions.

First, I look at economies with consumption at two times, and I examine the
effect of the risk-free rate on asset pricing. I find that a non-zero risk-free rate leads
to non-zero prices of tax payments. Even though not traded, prices of tax payments
can be constructed from tradeable assets. For a zero risk-free rate capital gains taxes
and the respective transfer payments have a zero (implicit) price. I construct two
economies that have agents with equal endowments with shares of financial assets
and consumption goods, equal utility functions and payoffs. I impose a tax on
capital gains on one economy. I show that, for any tax economy, there is a no-tax
economy with equal prices. This holds for two economies in which individual
consumption of agents in one economy is the same as the consumption in the other
economy in every state. Then, the stochastic discount factor in the no-tax economy
of any agent is the same as in the tax economy. Since taxes are not priced this leads
to the same asset prices in both economies. Furthermore, I obtain the same portfolio
rule as in Kruschwitz and Loffler (2009). This rule makes consumption profiles of
investors equal in both economies with a zero risk-free rate. It follows that this rule
is not just applicable to mean-variance CAPM economies but also to economies
with expected utility maximizing agents, and in which a risk-free asset is traded and
has a zero return. Without a zero risk-free rate price equality does not generally
hold. For linear marginal utility it can be shown that it never holds.

I also regard the case of economies with consumption only in the future. In this
case the risk-free rate is exogenous. For a zero risk-free rate price equality can be
obtained again. For a non-zero risk-free rate, I show that exponential utility and
multivariate normal payoffs lead to a pair of economies with equal prices. It is only
necessary to pick equal prices of the risk-free assets in both economies. In contrast
to Kruschwitz and Loffler (2009), who use mean-variance utility arguments, I use
SDF arguments to derive this result. Furthermore, I show that aggregate wealth after
initial consumption in the no-tax economy is different to the one in the tax
economies - even though prices are the same. In the tax economy aggregate wealth
is different from wealth in the no-tax economy by the price of aggregate transfer
payments, which do not have zero prices as with a zero risk-free rate. The portfolio
rule for risky assets is again the same as the one proposed in Kruschwitz and Loffler
(2009). However, the rule for the risk-free asset differs. Furthermore, I find that
utility functions that lead to marginal utility linear in consumption also lead to price
equality. The reason here is that individual pricing equations can easily be
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aggregated to a pricing equation that does not depend on the tax rate. With nonlinear
marginal utility prices cannot generally be obtained since aggregation regularly does
not lead to a pricing equation that is independent from the tax rate.

I contribute to the asset pricing literature that is especially concerned with tax
effects on asset pricing. Much of the literature is concerned with the classic mean-
variance CAPM such as Kruschwitz and Loffler (2009) and Eikseth and Lindset
(2009), who consider tax transfers back to the investors. Sialm (2006), in turn, uses
a representative agent model with an uncertain tax on consumption and tax
transfers. He finds that aggregate consumption and therefore marginal utility growth
is not affected when all taxes are transferred back. With certain and constant taxes
there would not be an effect on asset prices versus no taxes. Brennan (1970) is a
classic paper that incorporates various personal tax rates into the CAPM to arrive at
pre-tax expected returns, but it does not consider transfers. Wiese (2007) builds on
Brennan’s work to develop a model that reflects the German tax code. I especially
include SDF and consumption arguments into my analysis in the fashion of
Cochrane (2014).

In Sect. 2, I introduce the basic economy without taxes and the economy with a
flat and certain tax rate on capital gains. In the following Sect. 3, I show that for
every no-tax economy there is a tax economy with equal asset prices in the cases
when the risk-free rate is zero. When consumption only takes place in the future and
therefore the risk-free rate is exogenous, equal prices are obtained when agents have
exponential utility with normal consumption or when they have linear marginal
utility. I continue to discuss the results and the limitations of the analyses in Sect. 4,
where I also provide a simple numerical example. I conclude in Sect. 5.

2 The two basic economies
2.1 The basic finance economy without taxes

Payoff space 1 model an endowment economy with financial assets. The economy
exists at dates = 0, when decisions are made and initial consumption takes place,
and at r = 1, when payoffs are paid out and consumed. I add to the model of
Kruschwitz and Loffler (2009) consumption at t = 0. I denote X, as an N X S matrix
of tradeable, risky and elementary payoffs, in which N is the number of payoffs and
S the number of possible states at # = 1. With elementary or basic payoffs, I mean
non-redundant payoffs. Non-redundant, in turn, means that any single elementary
payoff cannot be constructed through linear combinations of other payoffs. This
matrix is augmented by a risk-free payoff X, which is also non-redundant, so that,
X = (Xo X,) is an N 4 1 x S matrix of non-redundant payoffs. Thus, the payoff
space is spanned by N elementary risky asset payoffs and a risk-free payoff. The
number of states S can be greater than the number of assets so that an incomplete
market is possible. I use the subscript s for individual states and the subscript j for
the different financial assets so that the payoff j pays Xj, in state s. To simplify
notation, I put time subscripts only when necessary, such as for consumption, which
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is possible at + =0 and at # = 1. I use all random variables as row vectors of
dimension 1 x S. Constants such as prices of a single asset j, denoted p;, can also be
written as a 1 X S vector of constant values.

Characterization of the agents and their maximization problems There are i =
1,...,1 agents in the economy. Agents are rational and have the same complete set
of information, i.e., they know the distributions of the payoffs. They are
characterized through a time separable utility function ;(-) over consumption and
through initial (pre-trade) portfolio holdings n;. At date r = 1 and in state s agent i
consumes c;; units of a composite consumption good. One unit of a consumption
good has a price of one at all times so that a payoff of one can buy exactly one unit
of the consumption good. To address random variables such as agent i’s
consumption or the j’th payoff at t = 1, I leave out the subscript s for states and
write ¢;; and Xj, respectively. I denote ¢ the endowment of agent i with
consumption goods at time ¢ = 0.

Agents maximize expected utility of consumption,

maxE[ﬁiui(cil)} + M,‘(Ci()), (1)

Ci0,Cil

subject to the budget constraints at t = 0,

np + o = njp + cio (2)

and atr =1
cis = niX, 3)
fors =1,...,S. Tuse all collections of prices and asset weights as column vectors. I

denote E[-] the expected value at time zero of its argument, p=
(pop1 -+ pj -+ py) is the price vector of the N+ 1 assets, m; =
(nio miy -+ ng -+ niN)' is a vector of after-trade portfolio weights (I use n; for pre-
trade portfolios.), f5; the subjective time discount factor (or impatience factor), and
u;(+) the utility function. The expected value operator with a single random variable
means a probability inner product. With a random variable z that means

Elz] = Zf:, T,Zs, in Which 7t is the probability of state s. For prices I mostly use the
short notation so that p; is the price of a payoff X;. When necessary, I also use prices
as operators to make more clear what is priced, for example p; = p(X;) is again the
price of the payoff j. Furthermore, I use the subscript r to refer only to the risky
assets p, = (p1 -+~ pj -+~ pN)/ and n; = (nyy -+ nyj - niN)/, the subscript zero
is related to the risk-free asset.' The utility function is differentiable and strictly
monotonously increasing at a decreasing rate. Therefore, any additional unit of
consumption adds to utility, and it is optimal to consume all of the payoffs, which
justifies to write the budget constraints as equalities (Lengwiler 2004, p. 52). The
equality of the budget constraints allows to substitute out consumption and to restate
the maximization problem with respect to the portfolio weights and initial
consumption.

! Without too much abuse of notation, I also use the subscript zero for consumption at r = 0.
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The risk-free asset is in zero net supply Zf;l nj = 0. Therefore, I define a vector
of aggregate asset holdings n = 3% m;, whichisn’ = (0 1 1 --- 1) because the
risk-free asset is in zero net supply.

Equilibrium The equilibrium is given through a vector of prices p, consumption
profiles ¢y, ¢;1 and portfolios n; for i = 1,.. ., so that each agent maximizes utility
subject to his budget constraint, given prices p. Furthermore, the market for the
consumption good clears: Ele Ciop = Zf:l cio and Zf:l cs=n'X;fors=1,...8.
Financial assets are in positive net supply and markets clear so that Ele nj =
Zl{:l nj=1forj=1,...,N and Zle njo = 0 for the risk-free asset. I assume that
at least one equilibrium exists. Notice that equilibrium prices imply the absence of
arbitrage opportunities (Lengwiler 2004, p.50).

Pricing equations 1 write the agent’s optimization problem in terms of a
Lagrangian:

L; = E[fui(ci)] + ui(cio) — Zi(njp + cio — AP — Cp), (4)
where 4; is a Lagrange multiplier. I substitute in Eq. (3) and take the partial

derivatives with respect to portfolio weights and to initial consumption. Combining
the results I obtain,

ul(cir)
=E|Xp;- . 5
’ [ g u;<cl~o>] ®)
I denote more compactly,
u'-(cil)
;=B 6

as agent i’s stochastic discount factor (SDF). Using this, I can price any single
payoff X; through:

P = E[miX;]. (7)
Here the expected value means that probabilities are induced to the inner product of
X;j and m;: E[m;Xj] = Zle nym;Xjs. Through trading, agents find a price vector on
which everyone agrees, i.e., p = E[m;X] for i =1,...,1, and which maximizes
utility.

In complete markets, X is a square matrix with full rank, i.e., there are as many
basic assets as states. The equation p = E[m;X] can be written as: p = Xk;, in which
state prices are: k;; = myng for s =1,...,S and 7, are objective probabilities of
states s. When X has full rank, there is a unique solution for «;. Since probabilities
are objective probabilities, there is a unique SDF, i.e., every agent has the same
SDF. It also follows that the state price vector can be expressed as a linear

combination of basis assets and therefore lies in the payoff space. The same is true
for the SDF.?

2 For properties of the SDF under different assumptions such as market incompleteness, see (Cochrane
2005, pp. 61-73).
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With incomplete markets, i.e., with S > N + 1, X does not have full rank. The
system of equations p = Xx; has less equations than unknowns so that there is more
than one solution to the system. That means state prices and SDFs among agents
may differ.

Pricing a risk-free payoff of one, I define the risk-free rate as Ry = 1/E[m;] =
1/po for i =1,...,1. The term Ry is the gross risk-free rate: Ry = 1 + r¢. Thus, the
pricing Eq. (7) can be restated as:

py =254 covim, x)), )

Ry

in which Cov(m;, X;) is the covariance between the SDF and the payoff. As stated in
Cochrane (2014), in incomplete markets the SDFs of agents m; can differ and do not
have to be within the payoff space. But there is one SDF m within the space of
tradeable assets that prices all assets. This SDF is the probability induced projection
of all of the agents’ SDFs onto the payoff space. The relation between the unique
SDF within the payoff space and any individual SDF is m; = m + ¢;, where ¢; is an
error term orthogonal to the (probability induced) payoff space and therefore does
not influence prices: p; = E(m;X;) = E((m + €;)X;) = E(mX;), because E(e;X;) =0
holds for all payoffs of the payoff space (Cochrane 2005, p. 66). The unique SDF
within the payoff space can be used to price all payoffs but it will not necessarily
lead to a possible portfolio rule for all agents, i.e., to a consumption profile that is
within the payoff space. In complete markets the SDF is the same for every agent. In
the standard CAPM, which does not require complete markets, the SDF is a linear
combination of the market return: m = a + bR™, where R™ is the return on the
market portfolio and a and b are constants (Cochrane 2005, p. 152). In those two
cases the single SDF leads straightforwardly to consumption rules within the payoff
space.

2.2 The finance economy with taxes

I introduce another economy that has, compared to the no-tax economy, equal utility
functions of agents u;(-), equal impatience factors f3;,, and an equal (pre-tax)
distribution of payoffs of financial assets X. The initial or pre-trade portfolios of
agents with shares of assets are also the same, as well as the agents’ perfect
information about the payoff distributions. I introduce taxes on capital gains. To
account for possible differences in prices, after-trade portfolios, and consumption
profiles from the ones in the no-tax economy, I add an asterisk to them. Prices of
taxed payoffs are denoted as, p;* = p* (Xf) and prices of pre-tax payoffs are denoted
as, pj = p*(X;).

Taxes 1 define the tax base as the difference between the payoff and the price of
the payoff: Xj; — p;*, in which p;™ is the price of the after-tax payoff, i.e., of the
payoff Xj = Xj; — Tjs = Xjs — 7(Xjs — pj’-”), in which T are taxes on the asset j =
0,1,...,N in states s = 1,...,S. Any observed prices reflect possible tax effects.
Investors consider the taxes they have to pay on the payoff when pricing the asset. I
use 7€ (0,1) as the tax rate and also as a superscript to denote after-tax
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figures when necessary. The tax rate is certain, constant, and the same for all agents.
This is a simplification since tax rates can be observed to have an uncertain element
and they often depend on certain characteristics of agents such is their income.’
Introducing an uncertain tax rate may introduce an additional covariance as well as
an expectation into the pricing equation. An agent i pays capital gains taxes at the
amount Tj =1 ]N: o1 (Xjs — pj") = m’(X; —p**), and they receive transfer
payments Q;; = to;n' (X; — p**) for i =1,...,1, in which w; is the share of total
tax revenues that is transferred to agent i with ZLI w; = 1. Transfer payments are
predetermined amounts, i.e., they cannot be influenced by the agents. Positive and
negative capital gains are taxed the same way. I discuss issues of this simplified tax
system versus more realistic tax systems in Sect. 4. Aggregate tax payments are
T, = Zle T;s. They must be equal to aggregate transfer payments: T; = Q.
Individual transfer payments can also be written as Q;; = a)iTs.4

The introduction of taxes and transfers does not introduce any new basic asset so
that the payoff space is the same as in the no-tax economy. Any tax payment
Tjs =X — 1(X5 — pjf) =X;(1—1)+ tp;” is just a linear combination of the pre-
tax payoff X; and a risk-free payoff.

Characterization of the agents and their maximization problems Any agent
maximizes expected utility of after-tax (and transfers) consumption,

max Efu;(c;y)] + ui(cjp), (9)

0771

subject to the budget constraints at t = 0

np* +co =n'p + ¢ (10)

and atr =1
cis =0 (X = 7(X; = ™)) + Qis; (11)
fors =1,...,S. The variable n; is a vector of after-trade portfolio weights. I denote

financial wealth that is left after initial consumption as W;/* = np** and total
financial wealth after initial consumption, i.e., financial wealth including transfers as
Wi*F — Wi*Fr +p*(Qi)-

Equilibrium The equilibrium is given through a vector of prices p**, consumption
profiles ¢}y, ¢;, and portfolios n} fori = 1,...,I so that each agent maximizes utility
subject to his budget constraint, given prices p**. Furthermore, the market for the
consumption good clears: 31 o= ¢ and I ¢, =n"X, for
s =1,...,S. That this holds comes from the fact that taxes are just redistributions

3 See for example Sialm (2006) for a theoretical treatment of tax rate uncertainty on asset prices and
Sialm (2009) for an econometric treatment.

4 A case when agents receive transfers exactly at the amount they pay taxes is when Tj, = Qj, or
m(X; — p**) = o' (X; — p*7). This implies (n} — w;n’)(X,; — p**) = 0. Since (X; — p**) includes
risky assets, it cannot be a zero matrix. The vector nj’ — w;n’ is a vector of zeros for n;’ = w;n’, which is
a very special case. With the risk-free asset in zero net supply this requires the first element of n; be zero
and all of the remaining elements be equal to the constant w;. If the risk-free asset is in positive net
supply, all elements of n; must be equal to w;.
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and do not change aggregate values. Financial assets are in positive net supply and
clear so that Y7;_ nf; = Y"{_ ;= 1forj=1,...,N,and Y_;_, nj = O for the risk-
free asset.

Pricing equations The first-order conditions lead to a similar pricing equation as
for the no-tax economy, except that after-tax payoffs are priced:

P = E[mix;). (12)

The after-tax risk-free payoff is Xj = Xo — t1(Xo — p’) = 1 — ©(1 — p{*), and the
after-tax risk-free rate is:

1—tl-py) 1 1—t(1-py)
E[m:(1 —<(1=p5)]  Em] P '

The second equality follows from the fact that 1 — 7(1 — p{F) is a constant, which
can be taken out of the expectations in the denominator and therefore cancels with
the term in the numerator. The third equality just restates that the denominator is
actually the price of the cash flow XJ = 1 — (1 — p). The pre-tax risk-free rate is
then,

*T
R =

(13)

. 1 1
BB (<] A ()
Using R} = 1/p{" the after-tax return can also be written as Rf* = 1 + rf(1 — 7). If
the risk-free rate is not taxed, it is Rf = 1/E[m}]. Notice that since the risk-free asset
is traded, every agent agrees upon the risk-free rate. It follows that the expected
individual SDFs must be equal, which, in turn, are equal to the expected SDF within
the payoff space: Em*]| = E[m}] fori=1,...,I
In an economy with capital gains taxes, the expectations of the SDFs E[m]] play a
special role. This is summarized in the following proposition:

Proposition 1 Assume an asset j with a pre-tax payoff X;, and with an after-tax
payoff X with positive prices. Capital gains are taxed at a certain tax rate
t© € (0, 1). Assume further that 1/E[m;] > t. The prices of the pre-tax payoff p; and
of the after-tax payoff p;“are only equal as long as Emfl=1fori=1,...,1. With
E[m}] greater (less) than one the price of the after-tax payoff p;* is greater (less)
than the price of the pre-tax payoff pj’.‘.
Proof  After tax payoffs are defined as X; = (1-17X+ tp;*. The respective price
of this payoff is:

P = EmXj] = E[m; ((1 — 1)X; + 1p;")]

= (1~ Em X + v} Elm].

(15)

This can be rewritten as:
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Pt =pj (1 =) + ] Elm;], (16)
which can be rearranged to:
w  Pi(l—1) .
Mt 7
P T T Em] (17)

Thus, when E[m]] = 1, the tax terms cancel and prices of the pre-tax payoff and the
one of the after-tax payoff are the same. In any other case the prices are not the
same. Equation (17) shows further that for E[m}] > 1, it follows that (1 —7)/(1 —
tE[m{]) > 1 so that p;* > p; and vice versa. Equation (17) also shows that, given
E[m}], i.e., the price of a payoff of one in every state, one can derive prices of pre-
tax from after-tax payoffs and vice versa. The condition 1/E[m}] > 7 ensures that
the denominator of Equation (17) is positive. O

I assume that 1/E[m}] > 7 holds throughout the paper.

Notice that those pre-tax-after-tax price relations use an SDF of the tax economy
m}. Any relations to the SDFs of the no-tax economy, i.e., to m;, are still to be
obtained.

Notice also that E[m}] =1 implies that E[Z:E%{')ﬂ = 1/p,. Expected growth of
marginal utility of consumption is exactly equal to the inverse of the impatience
factor. Higher growth implies a lower risk-free rate and lower growth a higher one.
A simple log-normal model such as in (Cochrane 2005, pp. 10-12) allows for more
interpretations of the risk-free rate in terms of consumption growth. In this case the
risk-free rate is low when expected consumption growth is low or impatience is low,
i.e., when beta is high.

The prior proposition has several implications.

Corollary 1 When the risk-free rate is not taxed, then, according to Eq. (13),
Rf = 1/E[m}], and it follows that E[m{] =1 and rf =0 are equivalent for all
i=1,...,1. Furthermore, Em] greater (less) than one is equivalent with the risk-
free rate rf being less (greater) than zero.

Corollary 2 When the risk-free rate is taxed, then, according to Eq. (13),
Ri* = 1/Em}], and Elmi] =1 and r;i" =0 are equivalent for all i=1,...,1I.
Furthermore, E[m}] greater (less) than 1 is equivalent with the after-tax risk-free
rate 17" being less (greater) than zero.

Corollary 3 In the case of a zero risk-free rate, the tax on capital gains has a zero
price. From the above proposition follows that pre- and after-tax prices are the
same, i.e., p;" =p; —p*(Ij) = p;, so that p*(T;) = 0. Furthermore, whether the
risk-free rate of return is taxed as well does not matter when it is zero because taxes
on that asset would also be zero.

In the following section, I continue to analyze equilibrium effects, i.e., how taxes
affect prices and quantities in the no-tax and the tax economy.
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3 Asset prices and portfolios in the no-tax and the tax economy
3.1 General conditions for price equality

I use the endowment economies, the one without and one with a tax on capital gains,
that I have outlined in the prior section. I explore the general conditions under which
prices are the same in the two economies.’

I continue to state the general conditions for asset prices be equal. I start with
individual pricing equations and then continue with aggregate pricing equations and
projections.

3.1.1 Individual pricing equations

Proposition 2 Asset prices in the no-tax and in the tax economy are equal, i.e.,
p =p*, if and only if:

R*‘E
E[mX] = E[me Rf* ] (18)
f

fori=1,...,1.

Proof 1 start with the vector of after-tax prices. Similar to the derivation of
Eq. (17) for a single price, the price vector is given by:

P = E[mX"] = Elm; ((1 — 1)X* +1p™)]

! 19
= (1 = )Em;X) + wp" Elm. (1)
This can be rearranged to,
1—1
= _FE[mX].
L [mX] (20)

From Eq. (13) we know that Rf* = 1/E[m}]. Substituting that into the prior equation
I obtain:

-1
T =———EmX].
P = kX @)
I multiply the numerator and the denominator by Rf®, which yields:
Ri*(1—7)
T =—— " FEmX]. 22
P R < [m;X] (22)

The  denominator is Rff—t=14+rf(l-1)—t=(1-1)+rf(l—1)=
R} (1 — 1), so that the 1 — 7 terms cancel. This leads to:

5 Notice that price equality concerns the tradeable financial assets. Transfer payments are not tradeable
and do not belong to financial assets.
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RY*
T=E\mX— 23
b =
which T set equal to p = E[m;X] to obtain the condition in the proposition. O

Corollary 4 From Eq. (14), i.e., from the fact that R} = 1/p{’, and from Ry =
1/po as well as from price equality of the risk-free assets follows that the risk-free
rate in the no-tax economy is equal to the pre-tax risk-free rate in the tax economy:
Ry = R}. Furthermore, Ry =R} implies E[m;] = E[m}] and vice versa, which
follows from the definition of the risk-free rates.

For example from a pre-tax risk-free gross rate of return greater one, i.e., Rf > 1,
follows that the after-tax rate is less than the pre-tax rate: R{* <Rf = R;. After
accounting for taxes, agents would require less return than they would in the no-tax
economy. They value a unit payoff more than in the no-tax economy. For a zero
risk-free rate pre- and after-tax rates are the same so that the valuation of a unit
payoff would not change.

Corollary 5 Equation (18) can also be rewritten in terms of covariances:

E[X EX R;*
B+ Covlms X) = Covlon )7 (24)
With Ry = R} from Corollary 4, I simplify to obtain:
R*‘t
Cov(m;,X) = Cov(m;,X) R—f*, (25)
£

fori=1,...,1.

Furthermore, Proposition 2 implies a condition that guarantees that the
proposition holds.

Corollary 6 The relation of the individual SDFs

R
fori=1,...,1 is sufficient to obtain price equality for all assets.

This relation constitutes a strong assumption in that the SDF of any agent in the
tax economy is proportional to the SDF of an equal agent in the no-tax economy in
every state. I assume the agents’ preferences to be the same in both economies so
that a comparison makes sense. That means the agents’ individual impatience
factors and the parameters and functional form of their utility functions are the
same. That also means it is consumption at # = 0 and consumption in the different
states at t = 1 that determine the SDFs and possible differences in the SDFs of the
two economies. Equation (26) can be restated as:

u;(cn) = Luj(c;)), (27)

in which { = u}(ci)/u}(cy)Rf*/R} is a constant that collects the ratio of the risk-
free rates and the first derivatives of the utility functions of consumption at ¢t = 0.
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This relation shows that Eq. (26) implies that marginal utility at r =1 be
proportional.
With a zero risk-free rate the condition in Eq. (18) simplifies to,

EmX] = E[mX], (28)

and m; = m; is sufficient to fulfill this condition, which is the same as condition (26)
for a zero risk-free rate. Notice that the above conditions are derived from the price
equations, which, in turn, are the rearranged first order conditions, i.e., the opti-
mality conditions, of the agents. Thus making those equations hold guarantees
optimality. Together they form an aggregate pricing equation.

3.1.2 Aggregate pricing equation

To obtain an aggregate demand function, I sum the individual equations of the form

p*ui(ch) = E[fu(c;;)X] over all agents. Rearranging for prices I obtain:

Soiy Bidi(ci)X;
Zzl‘:l ui(co)

pT=E (29)

The aggregate SDF is then:

I 1( ok
m* — > i—1 Bii(ciy) . (30)

iy (i)
This aggregate SDF prices all assets just as good as the individual SDFs. Given
utility functions, it may help to find an aggregate pricing function.

Consumption, be it individual or aggregate, must lie within the payoff space.
Even with taxes, when there are non-tradeable transfer payments, those payments
can be replicated by tradeable payments because they are linear functions of
tradeable payments. If marginal utility is linear in consumption, the quadratic utility
case, all individual SDFs must lie within the payoff space. Since there can only be
one SDF within the payoff space, all individual SDFs must be the same.
Furthermore, it is well-known that this SDF can be written as a linear function in
terms of aggregate consumption ¢y and c¢;, when all agents have the same time
discount factor. Appendix B shows a derivation. I come back to this important
special case later.

3.1.3 Projections of SDFs

As pointed out in Sect. 2.1, there is a unique SDF within the payoff space that prices
all assets, and which is related to the individual SDFs through m = m; + ¢;, with ¢;
being an error term orthogonal to the probability induced payoff space (for the tax
economy with an asterisk, respectively).

Proposition 3 Asset prices in the no-tax and in the tax economy are equal, i.e.,
p =p*, if and only if:
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E[mX] = E[mXI;—fJ , (31)

in which m and m* are the SDFs in the payoff space in the no-tax and the tax
economy, respectively.

Proof 1 use the relations m = m; + ¢; and m* = m; + ¢; with errors orthogonal to
the probability induced payoff space, i.e., E[¢;X] = 0 and E[e;X"] = O for all i. The
price vector of the tax economy is:

P = E[mX’] = E[(m" — ¢)X"]

= E[m*X"] - E[¢'X]
= E[m'X).

The term E[e;X"] is zero since the error term is orthogonal to the payoff space. For
the no-tax economy the derivation is similar. The remainder is similar to the proof
of Proposition 2. O

Since the error terms do not affect the pricing of the assets, the corollaries follow
just as before.

Corollary 7 Corollaries 4-6 also follow for the SDF within the payoff space, i.e.,
for m and m*.

3.1.4 Budget constraints and market clearing

So far I have found a necessary and sufficient condition for price equality in
Proposition 2 and a sufficient condition in Corollary 6. For an actual equilibrium
allocation, budget constraints have to be met and markets need to clear as well. In
the following, a tax and an equivalent no-tax economy will compared, which are in
equilibrium. Thus, apart from meeting conditions of price equality the budget
constraints and market clearing need to hold, so that this step is also included in the
following analyses.

I will continue as follows: under the assumptions that the no-tax economy is in
equilibrium, I will derive sufficient conditions for the existence of a tax equilibrium
with prices equal to the ones in the no-tax economy. To do that, I will draw on the
conditions established herein.

3.2 Economies with consumption at t =0 and r = 1

3.2.1 A zero risk-free rate and equal consumptions in both economies

In the following I will show that, with a zero risk-free rate, for an equilibrium in the
no-tax economy there exists an equilibrium in the tax economy in which agents

circumvent redistribution through the capital gains tax and through the transfer
payments using the same portfolio rule as in Kruschwitz and Loffler (2009). As
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Kruschwitz and Loffler (2009) point out, equilibria need not be unique so that other
equilibria may exist that are not consistent with such an allocation.

From the prior section it is obvious that with a zero risk-free rate Rj*/R} = 1.
Then, the equality m] = m; for i =1,...,1 is sufficient to obtain price equality,
since Corollary 6 is met. Since consumption at the different dates is the only
variable argument in the SDFs of the agents, it is clear that equal consumption of
agents in both economies leads to equal SDFs. This follows from observation of
Eq. (27).

It remains to show that there is a portfolio rule that makes equal consumption
possible. Budget constraints have to hold and markets have to clear. I show that the
portfolio rule that ensures equal consumption is the same as the one in Kruschwitz
and Loffler (2009).

Before I turn to the portfolio rule, I will make some remarks. With equal
individual SDFs, i.e., with m! = m; for i = 1,...,1, and with a zero risk-free rate,
which makes prices of taxes and transfers zero, asset prices in both economies must
be the same and pre-tax prices are equal to after-tax prices: p = p** = p*. Asset
prices in the tax economy are p** = E[m;X‘| = E[m;(X — T)]. Using this and
noting that E[m;T] =0, it follows that p** =EmX]|=Em(X-T)]=
E[m;X] = p. With equal initial portfolios equal prices imply that agents have the
same financial wealth after initial consumption in both economies:
WE =wit = wi.

Agents receive the same utility as in the no-tax economy. With a zero price of
taxes the initial budget constraints of the agents are also equal to the ones of the no-
tax economy. Thus, agents maximize utility and obey their budget constraints.

I continue to construct the portfolio rule so that consumption is equal in both
economies and that markets clear. With equal initial portfolios and wealth, i.e.,
agents have the same initial characteristics in both economies, equal consumption
means that an optimum in the no-tax economy is equivalent to an optimum in the
tax economy.

Initial consumption is just a constant, which is set equal for any agent in both
economies. Consumption at = 1 needs more attention.

Proposition 4 Given equal prices in the tax and the no tax economy,
consumptions at t = 1 of all agents i = 1,...,I are the same in both economies if
and only if risky portfolios of all agents i for the no-tax and the tax economy are
related through

n;, =n,(1 — 1) + w;tn,, (32)
and weights on the risk-free assets are related through

noi = ng;(1 — 1) + T(WiF —oWh). (33)

Proof Consumption of any agent i at t =1 in the no-tax economy is simply
cil = ngX. Consumption in the tax economy is;
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¢y =n'(X = t(X - p)) + o' (X - p). (34)
I use the no-tax price notation because, p = p** must hold for the portfolios that are
implied. Every investor consumes the same in both economies if ¢;; = ¢j; or

nX =n'(X—t(X—-p)) +om'(X-p). (35)

Since W/ = n}’p and W¥ = n'p, I restate the equation as:
nX =n’(1 — )X + W' + o;m'X — o Wr. (36)

For complete markets given n; there is a unique solution for n; since X is a square
matrix of full rank. For incomplete markets the system of equations is overdeter-
mined, i.e., a system with more equations (number of states) than unknowns
(number of portfolio weights). Overdetermined systems need not have a perfect
solution at all.® However in this case there is a unique perfect solution, which will
be verified below. I separate into risky and constant parts, which leads to:

no +n,X, = njy(1 — 1) + W — wtWh + (0 (1 — 1) + o;m)X,. (37)

Now, simple observation shows that,

n, =n; (1 — 1)+ ton, (38)

i

in which the vector n/. is the same as n’ without the first element, i.e., a vector of
ones, and

nip = nly(1 — 1) + (W' — ;wF) (39)

is a solution to the system of equations. Systems of linear equations can have zero,
one or infinitely many solutions. I found that there is at least one solution to this
system of linear equations. It is also exactly one since the payoffs in the matrix X
are linearly independent, so that infinitely many solutions are not possible. O

This is the same relation of shares of risky assets that Kruschwitz and Loffler
(2009) propose for the mean-variance CAPM with taxes on capital gains, with
transfers, and with a zero risk-free rate, to obtain equilibria at equal prices in a tax
and a no-tax economy. Since I do not assume any specific utility function that would
imply the mean-variance CAPM, I conclude that their proposition for portfolio
weights is not limited to the mean-variance CAPM.

In the CAPM, I can further simplify because every investor holds the market
portfolio7 so that all elements within the vectors n;. and nj, are equal, i.e., n;; =
Np=---=nj=-=myandnj =nj=---=nj=-- =nj.

6 One can still obtain an approximate solution in the least squares sense (see also Williams 1990).

7 Kruschwitz and Husmann (2012, pp. 186—189) present the Tobin Separation Theorem together with the
Mutual Fund Theorem, which state that every investor holds a share of the market portfolio and of the
risk-free asset.
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3.2.2 The case of linear marginal utility

A special case is marginal utility linear in consumption of all agents, i.e., something
like u}(ci1) = a; + bici1, and equal time discount factors § = f§; for all i. Then, all
individual SDFs are equal and lie within the payoff space. With equal time discount
factors, the SDF depends on aggregate consumption in t = 0 and # = 1 and some
constants (see Appendix B). In equilibrium agents consume all what they have since
it is optimal to do that. Aggregate consumption must be the same in the no-tax and
the tax economy, because agents are given the same endowments, and pre-tax
payoffs are the same. Thus, for linear marginal utility and equal time discount
factors the SDF(s) are the same in the no-tax and the tax economy. Given zero risk-
free rates, asset prices must be the same as well. An example of this case for
quadratic utility is given in Sect. 4.2.1. Furthermore, with equal SDFs in both
economies, if the risk-free rate is not zero, there is no price equality, because
Proposition 2 does not hold anymore.®

3.3 Economies with consumption only at r = 1
3.3.1 General remarks

I continue to look at economies that have no time zero consumption. Kruschwitz
and Loffler (2009) limit their analysis to this kind of economies. In this case the
risk-free rate is assumed to be exogenous to the economy. It is not the result of the
trade-off of current and future consumption as in the model with consumption at
t=0 and at t = 1, because consumption at r =0 does not take place.” I also
simplify to assume that all of the agents have a time discount factor of 1.
An agent’s maximization problem is:
max Efui(cjy)]; (40)

subject to the budget constraints at t = 0
Fiopy + D) = nigpy + mipy* (41)
and at t =1
ciy = mp(Xo — 1(Xo — pp")) + 0/ (X, — 1(X; — ) + i (X, — p7). (42)

As in Kruschwitz and Loffler (2009), I rearrange the time zero budget constraint for
the quantity of the risky asset to obtain:

8 Withm = m*, in which I leave out the subscript since all individual SDFs are the same, the equation in

.. . Ri™ . .
Proposition 2 turns into EmX]| = E [mX ﬁ}’ a statement which is not true for non-zero r;.
f

° The definitions in terms of prices of a pre- or after tax cash flow of one still hold: R{* and

k1
Ri =k

Py

_1=t(1=pfY)
= o
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n?O = 1/178 ( 10[)0 +nzrpr _nT;p:T)’ (43)

and substitute this expression into the one for consumption and solve the maxi-
mization problem to obtain:

E[ui(c))((Xo(1 = 1) +1p5")p; /g (1) + X, (1 — 1) +7p]7) | =0.  (44)
The equation can be restated as:
Elu(c)) (X} — p"Ri")] =0 (45)
so that rearrangement leads to,

o Elifep)X]
P Rl (e o

with the SDFs m; = % An apparent question is whether and in which cases

¢; = ¢ for all i would lead to price equality. In this case the SDFs can be rewritten

ﬁ Multlplylng by R{*/R} gives m} I;\,* == E[u (>¢ Ik SDFs in the no-
ReE [ ( )]’
i.e., p;' = po as it is done in Kruschwitz and Loffler (2009). Now the condition in
Eq. (26) holds and prices must be equal. Notice that with consumption only at ¢t = 1,
equal consumption does not lead to equal SDFs, but rather to proportional SDFs.

However, in equilibrium, the budget constraints have to hold as well. If and only
if the portfolio rules derived in the prior part hold, will there be equal consumptions
in both economies. It turns out that this only holds for a zero risk-free rate. To show
this, I start with the budget constraint in the no-tax economy denoted as in Eq. (43),
and I substitute in Eq. (32). This leads to,

as m; =

tax economy are m; = Since the risk-free rate is exogenous, I set Rf = Ry,

)Pr

no: = g + (M, — 0’ (1 — 7) + w;,
Po

(47)
Now, I use the budget constraint nj; = i1p; + (0}, — 0},)p,/po rearranged to ip; =
ny; — (n;/ —@l,)p,/po and WF = np, and substitute both into the prior equation,
which leads to,

1
no; = I’lai + r(ni*r'p, — C!)iWF) — (48)
Po
1
=ng(1 — 1) + (W' —w,WF)p (49)
0

Notice that this is different from Eq. (33) when py is not 1, i.e., when the risk-free
rate is not zero. Thus, portfolio rules consistent with equal consumptions of agents
cannot be obtained when prices are equal in both economies.

Even though this path is closed, there are some cases when price equality can be
obtained. However, consumptions are not equal anymore. Notice that for a zero
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risk-free rate the equal consumption approach still leads to price equality the same
way as in the model with initial consumption.

3.3.2 Multivariate normal payoffs and exponential utility

If the risk-free rate is not zero, condition (18) has to hold to make prices in the no-
tax and the tax economy equal. Kruschwitz and Loffler (2009) discover that for the
CAPM with constant absolute risk aversion (CARA), for every no-tax economy
there is a tax economy with equal prices. They use arguments from a mean-variance
utility approach. I use exponential utility, which is a CARA utility, and normal
consumption, which lead to the CAPM (Cochrane 2005, pp. 154-155), and SDF
arguments to derive the result that CARA utility together with multivariate normal
payoffs works to obtain for every no-tax economy a tax economy with the same
prices. I will keep the risk-free asset in zero net supply. With multivariate normal
payoffs, I have to relax the assumption of a finite and discrete payoff space.

I use exponential utility of the form:

wi(e;) = _M7 (50)
%
in which o; > 0 is agent i’s coefficient of absolute risk aversion.

Consumption is a linear combination of multivariate normal payoffs so that
consumption is normal as well. Therefore, I rewrite the expected value in the
maximization condition as:

exp(—wE[c;] + 0.502Var(c}))

Elu(c)] = - , (51)

with the budget constraints as in Egs. (41) and (42). I maximize with respect to asset
weights to obtain the first-order conditions. For risky assets I obtain:

. e Xo — ©(Xo — pg°)
I — DE[X,] +1pi — pr i A0 = Po)
(1~ 91X, - -

—o;(1 —7)Q((1 — )n}; + w;n,) = 0,
in which Q is the covariance matrix of the payoffs of risky assets. Using Rf* =

w and cancelling the 1 — 7 terms leads to,

Py
EX,] — pI"R; — 4Q((1 — 7)n; + w;m,) =0, (53)
which can be rearranged for portfolio weights,
* 1 1 -1 *T Dk
n,; = —Q (EX,] — p"Rf) — wiTn, |. (54)
— T \%;

The equation shows that individual portfolio weights depend on the tax rate 1, the
coefficient of absolute risk aversion o;, and the share in transfer payments w;.
Rearranging and summing Eq. (53) over all agents leads to,
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1

1
EX 'R} — = QOn,. 55
(EX.] —p; );ai n (55)
This is the same as Equation (26) in Kruschwitz and Loffler (2009) when
— Z, |2 2 Z, | U;E = holds, in which Uy is the derivative of a mean-variance

utility function with respect to the expected value of consumption and Uiy, is the
first derivative of a mean-variance utility function with respect to the variance of
consumption.'” Notice that Eq. (51) is a mean-variance utility function. The
derivatives with respect to the expected value and the variance of consumption are

Uigl = exp(—aE[ch] + O.Sa?VaI(Cfl)) and Uar(e) = — exp(—aE[ch |+
0.50¢2Var(c},))0.5¢;. It follows that UL{(]) = —2. Summing this expression over
agents shows that — Zle 2= Z{ ! Uv - - holds. It turns out that the ratio ;== ;on ly

depends on the coefficient of absolute risk aversion ;. Notice that Kruschw1tz and
Loffler (2009) state that this ratio depends on the individual agents’ variances of
consumption and that this is also stated in Meyer (1987) and Lajeri-Chaherli and
Nielsen (1993). However in those two sources the ratios presented are a bit different
in that the denominator uses the derivative of the mean-variance utility function

with respect to standard deviation, i.e., U’E[;) in which Std(-) stands for standard

deviation. For the case at hand this denvatlve yields  Uisw) =
—exp(—oE[c}] + 0.50¢2Var(c};))Std(c}; )os. It follows that Sd(): Std() , which

actually does depend on the standard deviation of consumption.

It turns out that for exponential utility with multivariate normal payoffs, capital
gains taxes under the tax system described herein do not influence asset prices at all.
As Eq. (55) shows, all of the tax terms and dependencies on the tax rate disappear in
the aggregate pricing equation. That leads to the following proposition:

Proposition 5 In the tax-economy set up above, in which agents have exponential
utility and in which consumption only takes place at t = 1, the product p;*R;, i.e.,
the ratio p;* /p§T, does not depend on the tax rate. Furthermore, the corresponding
no-tax economy will have the same product as the tax-economy p*Rf = p,Ry, i.e.,

the same ratio p;*/p" = P,/po.
Proof 1 rearrange Eq. (55) to

Qn,
s

The rhs of this equation is exactly the same for the no-tax economy. The same rhs
for both economies must lead to the same lhs. O

p*rR* E [Xr] _

(56)

1 There is a minor typo in Equations (25) and (26) in Kruschwitz and Loffler (2009). In Equation (25)
the mathematical sign in front of the variance term should be positive as in Equations (13) and (16).
Equation (26) has to be adjusted accordingly.
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Notice that the relation p;*R; = p,R; just follows from the model. However,
price equality is only there if the Ry = R;. Otherwise, prices would only be
proportional but not equal. Since consumption takes place only at t = 1 the risk-free
rate does not say something about the trade-off of consumption today versus
consumption tomorrow. It is exogenous to the economy and will be chosen so that
prices of risk-free assets are equal.

Corollary 8 Asset prices are equal in the tax and the no-tax economy set up
above, with exponential utility, multivariate normal payoffs and with consumption
only at t = 1, when Ry = Ry, i.e., when p§* = po.

Proposition 6  Given equilibrium prices, risky portfolios of all agents i for the no-
tax and the tax economy are related through,

n;, =ny;(1 — 1) + w;n,, (57)

and risk-free weights are related through,

1
no; = ng(1 =) + (W — o,W")—. (58)
Po

Proof Equation (54) for a zero tax rate shows that the equation for the no-tax case
is,

n; = SO U(EX,] - p,Ry). (59)

o

Regarding the tax case, Eq. (54) can be rearranged to,
1
n,; (1 — 1)+ wym, = —Q ' (EX,] — p/"R}). (60)
oy

From Proposition 5 we know that p/*Rf = p,.Ry, and it follows that the rhs of
Eqgs. (59) and (60) are equal. Thus, the lhs of the two equations are equal as well.

For the weight on the risk-free asset, I use the budget constraint of Eq. (43) but
for the no-tax economy, and I substitute in Eq. (32). This leads to,

no; = No; + (ﬁ;r — l'ljl/(l — ‘L') — (,l)i‘Cl'l,r)Il:—; (61)
I use the relations 7; + 0,p,/po = W' /po and W = n/p, and substitute both into

the prior equation, which leads to:

1 1
— (1 - = (62)
Po Po Po

no; = WF

l

Now, I add a constructive zero in the form of n;(1 — 1)po/po — ng;(1 — 1) and

rearrange to obtain the weight on the risk-free asset from the proposition,
1
noi = ny (1 — 1) + t(WF — wiWF)p—. (63)
0

O
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The portfolio rule for risky assets is the same as for the case with the zero risk-
free rate and equal consumption and it is the same as the one presented in
Kruschwitz and Loffler (2009) for the constant absolute risk aversion case. Different
from Kruschwitz and Loffler (2009) I find that one only needs equal prices of the
risk-free assets and price equality of risky assets follow. The weight on the risk-free
assets is now different from the one presented before (Eq. 33) in that the price of the
risk-free asset appears in the equation. That means individual consumptions of
agents are not equal in the no-tax and the tax economy. The budget constraints are
used in constructing portfolio rules and the resulting portfolio rules sum over agents
to one for risky assets and to zero for the risk-free assets. It follows that budget
constraints are met and markets clear

From Eq. (26) we know that m! <% = m; is a sufficient condition to obtain price

i R*

equality for the tax and the no-tax economy. However, the converse does not have to

be true. There may be other relations of SDFs that also lead to price equality.

However, under the specifications made in this section price equality also leads to
R

* f
m; %o

= m,.

Proposition 7 For the type of economy set up herein, given equality of prices of a
tax and a no-tax economy, the condition in Eq. (26) holds.

Proof To use the SDF language I use the budget constraint (43) in the
consumption part of Eq. (40) and take derivatives with respect to nj,.. I obtain:
0 = E[u}(c}))(XT — Rf"p;™)]. I rearrange the expression to,

(e
*T — E 15 15 XT
b [R#E[uxcm] } (64

in which m; = % is the stochastic discount factor. Without taxes the SDF is
u}(cin)

m; W I start with the SDFs of the tax economy and rewrite them to obtain:
/ *
R E[ui(c}y)]
exp(—o;c’
_ p( l ll) (65)
R{*Efexp(—aic)]

B exp(—a;ch))
 RiTexp(—wE[c)] + 0.507 Var(cy))

The second equality uses the first derivative of the utility function (50) with respect
to consumption. The third equality uses the fact that consumption is normally
distributed. Consumption from Eq. (42) consists of a risky part cj;, and a risk-free
part cjt ¢y =iy, + ¢y, in which ¢, = /(1 - 1) + o)X, and
iy = ng (Xo — 1(Xo — p§7)) + mj/pi" — w;mnlpit. From Eq. (32) we know that the
risky part of consumption in the tax and the no-tax economy are equal for any agent:

¢}, = ci1r- That also means that Var(c};) = Var(c;1). Using that I rewrite the SDF to
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o exp(—a;city) exp(—oc,-c;.*lf)
TRy exp(—%iEleq]) exp(—2Elch]) exp(0.50¢ Var(ci))
exp(—a;city)
" R exp(—oE[ci,]) exp(0.502Var(ci))

In the second equality the exp(—;E|c},;]) terms cancel out. That leads to,

R, exp(—a;city)
m
R R exp(—a;E[ci1,]) exp(0.502 Var(c;))

The SDF of the no-tax economy can be written as:
(Cll)
ReElui(cit)]
_exp(—ocir)
 RiE[exp(—oic;1)]
B exp(—a;cir)
 Rrexp(—wE[ci] + 0.5 Var(c;1))
_ exp(—a;ciyr) exp(—oiciyy)
 Rrexp(—wElci,]) exp(—ociE[c,-lf]) exp(0.50?Var(c;1))
exp(—aica,)
" Rrexp(—wE[ci]) exp(O 502Var(c;1))

m; =

With price equality Ry = Ry so that Eq. (68) is equal to Eq. (67). ([

Some remarks on wealth are appropriate. It turns out that aggregate consump-
tions are the same in both economies because aggregate payoffs are the same.
However, individual consumptions differ as was noted before. Consumption is also
valued differently so that wealth differs between the economies. For example an
agent i would value aggregate wealth as follows:

* *
W = E(mic,) = E(m,-cl)]I:*fT =wF ]I:*fr (69)
f f

Equation (69) shows that, with a positive risk-free rate, wealth in the tax economy is
greater than in the no-tax economy. Individually, equal initial portfolio holdings and
price equality imply that the values of the pre-trade portfolios are the same in the
tax-economy and the no-tax economy:

np = np. (70)
The increased aggregate wealth in the tax economy is due to transfer payments. I
price the sum of the after-tax portfolio payoff n}"XT and transfer payments

0= w,-m’,(X, — p,), which is an agent’s total wealth, i.e., the tradeable and the
nontradeable part of wealth:
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*T ok *T *
“F X p.'Rf p e wFr QiTly
w; n;p’Jra),-m’r(;e—?T—Ié)Wi 4 TR_FT (71)
w;Try
_ ‘/Vi*Fr + WF I;F‘Ef (72)

Notice that due to price equality n/p;* = WF' = W+,
To obtain price equality agents must value the after-tax payoffs in the tax
economy equally to the untaxed payoffs in the no-tax economy. For this reason the

different values of total wealth must result.
3.3.3 Marginal utility linear in consumption

I treat the case of marginal utility linear in consumption, i.e., marginal utility of the
form u!(c;) = a; + b;c;. That implies a quadratic utility function. Integration yields
ui(c;) = ajc; + 0.5b;c? + d;, in which d; is a constant. The constant d; just shifts the
utility function up or down and has no impact on marginal utility. To have risk-
averse agents the second derivative has to be negative, which leads to,
u!(c;) = b;<0."" T additionally assume that consumption is nonnegative (c; > 0)
and less than or equal to bliss point consumption at ¢; < cf’ = —a;/b;, which is the
extremum of the utility function. Since b; <0, for a positive bliss point, a; must be
positive as well. Those conditions also ensure positive marginal utility
(a; + bic; > 0).

For an important special case of marginal utility b; = —1, so that a; = ¢? is the
bliss point consumption. Agents have quadratic utility of the form:
ui(ci) = —0.5(c; — )% (73)

This leads to marginal utility linear in consumption of the form,
u(c;) = c? —c;. (74)

I use this specification for the tax economy in Eq. (44) and simplify to obtain:

E[(c] = ¢))(X, = p;"/pe))] = 0. (75)
Summing over agents leads to,
E[(c” — ) (X, — p}*/pi)] = 0. (76)

This leads to the following proposition:

Proposition 8 In the tax-economy set up above, in which agents have quadratic
utility and in which consumption only takes place at t = 1, the product p;*R;, i.e.,
the ratio p;* /p§T, does not depend on the tax rate. Furthermore, the corresponding

" With risk-loving agents it is hard to ensure the existence of equilibrium because of non-convexity of
preferences. Araujo et al. (2014) show examples of equilibria of economies with risk-averse and risk-
loving agents.
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no-tax economy will have the same product as the tax-economy p.*Ri = p,Ry, i.e.,
the same ratio p’* /p" = p,/po.

Proof Since aggregate consumptions are the same in the tax and the no-tax
economy, i.e., ¢* = ¢, the term p’*/p;* in Eq. (76) also does not depend on a tax
rate. ([

Quadratic utility implies a mean-variance utility function and the CAPM. It was
not mentioned in Kruschwitz and Léfﬂer (2009) as producing equilibria with equal

Uieig
i= 1UN r(c)

quadratic utility. Taking expectations of Eq. (73) and expanding the quadratic
expression leads to,

Elui(c;)] = —0.5E[c?] + c?Ec;] — 0.5¢2* (77)

prices. However, the term Z is also independent from the tax rate for

= —0.5Var(c;) — 0.5E[c)]* 4 ¢PElci] — 0.5¢22. (78)

It follows that =2(E[¢;] — ¢?) and 31, Uvd, =2(E[c] — ¢). Aggregating ¢}
this way Would lead to aggregate consumption in the tax economy, i.e., to c*. But
aggregate consumptions are the same so that Z, . U;Ec]) = ZII':1 UUVE[()

2(E[c] — cb) = 2(E[c*] — ).
This can be generalized to any function with marginal utility linear in
consumption:

Proposition 9  In the tax-economy set up above, in which agents have utility that
leads to linear marginal utility and in which consumption only takes place att = 1,
the product pi*R}, ie., the ratio p*/pi’, does not depend on the tax rate.
Furthermore, the corresponding no-tax economy will have the same product as the
tax-economy pi'Rf = p,Ry, i.e., the same ratio p:*/p{" = p,/po.

Proof A single agent’s pricing equation is:

E[(Cli + biC%)X,«}
*T [ KT __ i
pr /p() - a; 4 blE[Cj] N (79)

I aggregate in a fashion similar to Appendix B

*T [ %T Z 1 b ;¢
P /py = E|X, =———|, (80)
g+ Ele]]
The remainder is the same as in the proof of Proposition 8. O

For the portfolio rule it suffices to look at consumption, since marginal utility is a
simple linear function of consumption. I use the budget constraint (43) in Eq. (42),
which leads to,
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* — 1 —, * —, *
i = s+ (i (1= )0, — )+, o
0

+ /(1 — 1) + wom))X, — w;mnp;’

(81)

The term n;/(1 — 1) 4+ w;mn, attached to X, shows that the portfolio rule for risky
asset shares is the same as in Proposition 6. Substituting that into the budget con-
straint also leads to one for the risk-free asset as in Proposition 6. Thus, budget
constraints are considered and markets clear as before.

3.4 Other utility functions

The cases presented before led to aggregate pricing functions that were independent
from the tax rate. Therefore, together with the convenience that the price of the risk-
free asset can be chosen, asset prices are the same in the tax and the no-tax
economy. For other utility functions, which lead to nonlinear marginal utility,
aggregation does not generally lead to an aggregated SDF that is linear in aggregate
consumption. For example for power utility of the form u;(c;) = (¢;)' ™ /(1 — &)
marginal utility is ¢; . Aggregation leads to S°i_, ¢; ™, which does not generally
allow a statement in terms of aggregate consumption. Thus, if I use consumption in
the tax economy c;, the tax terms remain in the pricing equation, and prices remain
dependent on taxes.

4 Discussion of the results and limitations of the analyses
4.1 Some general remarks

I begin with a general discussion of the results especially with regard to the results
derived in Kruschwitz and Loffler (2009). I show in particular that the results in
Kruschwitz and Loffler (2009), which are derived for mean-variance optimizing
agents, also hold for agents maximizing expected utility over consumption. I
additionally stress the result, that a zero risk-free rate leads to tax payments with a
price of zero. That makes pre- and after-tax prices as well as wealth before and after
taxes and transfers equal. For expositional reasons, I chose to compare an economy
with a tax rate of zero and one with a non-zero tax rate. However, the argumentation
above can be carried out for any pair of different tax rates. There is no need that one
has to be zero. That should be already clear from the fact that to obtain price
equality in the tax and the no-tax economy it does not matter what the value of 7 is.

A zero risk-free rate leads to zero prices of capital gains taxes.'” By the same
token, one could argue that a risk-free rate going to zero makes prices of tax
payments going to zero as well. This suggests that price distortions through the tax
can be reduced and even be eliminated through changing the risk-free rate towards

12°A zero risk-free rate is difficult to obtain. Even though rates are currently very low especially in
Europe, this is not the usual condition. There are many further issues such as that we only observe proxies
of risk-free rates and that those rates usually have a non-flat term structure.
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to zero. However, there are some problems with this argumentation. First, when
there is the possibility of more than one equilibrium, one cannot be sure that the
introduction of capital gains taxes or a change of the tax rate will lead to the
equilibrium that corresponds to the equilibrium before the change and therefore
leaves prices unchanged. Kruschwitz and Loffler (2009) also mention that the
CAPM typically has several equilibria with different price vectors. They show that
there exists at least one equilibrium with an unchanged price vector when taxes are
introduced. The CAPM does not rely on complete markets so that there is no market
completeness that would contribute to a unique solution. For the case herein, if there
is a single solution, the portfolio changes derived herein are consistent with price
equality and with the same consumption streams of agents before and after the tax
rate change. The second problem is that the argumentation of making the risk-free
rate zero leaves the question open on how this is done. If the risk-free rate is
exogenous to the economy, one can leave all else equal and change the rate towards
zero to reduce price distortions. However, if the risk-free rate is endogenous one
cannot just change the risk-free rate leaving all else equal. Then, there exist some
more fundamental causes that change the risk-free rate.

In practice, the tax system is much more complex than the one set up here. For
example, the tax system outlined here is symmetric in the way that positive and
negative capital gains are taxed equally. This is crucial to obtain the result of a zero
price of taxes with a zero risk-free rate. In the U.S. negative capital gains can be
deducted from taxes only up to 3000 USD and there need to be taxes paid in the first
place to have something to deduct the losses from.' Introducing more periods and
tax losses that can be carried forward complicates the analysis even more. Thus, a
more realistic tax system at least weakens the conclusions drawn here. The
consequences of a more realistic tax code show scope for future research on the
topic.

For the model with consumption at + =0 and ¢t =1 the risk-free rate is
endogenous. I show that with linear marginal utility, there can never be price
equality for a risk-free rate not equal to zero. This is because the prices of the risk-
free assets differ in the tax and the no-tax economy. However, when consumption
takes place only at = 1 so that the risk-free assets’ prices are exogenous and
chosen to be equal, price equality can be established for linear marginal utility as
well.

Without a zero risk-free rate but with exponential utility (CARA utility) and
multivariate normal payoffs there is again an equilibrium that is consistent with
unchanged prices. Exponential utility implies constant absolute risk aversion and
increasing relative risk aversion (IRRA) (Lengwiler 2004, p. 92). This utility
specification is convenient because together with the normality assumption it leads
to the CAPM. But it is not how we think about the characteristics of economic
agents. Decreasing absolute risk aversion (DARA) and constant relative risk
aversion (CRRA) seem intuitively and empirically to be more realistic (Lengwiler
2004, p. 87).

'3 For further reference on rules for the treatment of capital gains and losses in the U.S. see https:/www.
irs.gov/taxtopics/tc409.html.
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Having noted this, and looking at the current situation with relatively low real
and nominal rates in Europe and the U.S., I will provide a simple numerical example
on asset price distortions through different capital gains tax rates and different risk-
free rates.

4.2 A simple example with quadratic utility and consumption at t = 0
and r =1

4.2.1 Model specification and base case with a zero risk-free rate

I use a simple model with two agents I = 2, two risky assets N = 2, and a risk-free
asset. There are three states and the payoffs are not redundant so that the asset
market is complete. I set the time discount factors of the agents to one, so that I do
not have to consider them explicitly here. I summarize the characteristics of the two
agents in Table 1.

The payoff space is specified as follows:

111
X =[0420]. (82)
003

As before rows are assets and columns are states. Since the risk-free asset is in zero
net supply, aggregate consumption in the three states is ¢; = (0.4 2 3). The linear
marginal utility of the agents leads to simple expressions for the SDFs with,

Cc: — Ci1

b
mi =L (83)
c; —Cjpo
for i = 1,2. Due to market completeness the SDFs of the two agents are equal.
Furthermore, due to the linearity of marginal utility of consumption, the SDF can
be represented through aggregate consumption and aggregate bliss point
consumption:
Cl»b — Ci1 Cb —C1
m; = =

- 84
ch—cop P —co’ (84)

for i = 1,2. To see that one can write down the vector of prices in the form:

Table 1 Characteristics of agents

Parameter Agent 1 Agent 2 Aggregate
b 1.5 2 35

Cio 0 1 1

n; 011) (000) 011)
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b

¢ —Cil
i i0

and multiply both sides by ¢? — cjp. The resulting expression is (c? — cio)p =
E[(c? = ¢i1)X] for i = 1,2. Now, one can simply add up those expressions for the
two agents to obtain (¢? — cj9 + ¢5 — c20)p = E[(c'f —cii+ch— C21)X], which is
the same as (c? — co)p = E[(c” — ¢1)X], and can be rearranged to

b
p:E[Cb_C1 X} (86)
c” — (o

I summarize statewise the probabilities 7, the elements of the SDF my and state
prices k; for s =1,2,3 in Table 2. The SDF is given through aggregate con-
sumption and the aggregate bliss points. I choose the probabilities so that I obtain a
zero risk-free rate, i.e., a gross risk-free rate of one. This can be verified through
summing up the state prices in the table, which sum up to 1.

That allows to compute the asset prices, which are p’ = (1.00 0.63 0.05). To
obtain portfolio weights I use the fact that m = (c? — ¢;1)/(c? — cip). I substitute
cyp =nX and ¢ = (Alp + Cp) —np into this expression and rearrange for
portfolio weights. This yields:

n} = (¢ + ((A}p + cio) — ¢/)m) (pm +X)~". (87)

I use this equation to compute portfolio weights n;, initial consumption c;y, wealth
after initial consumption W[F , and consumption at ¢ = 1 for the different states c;;.
Table 3 summarizes this information.

The table shows that the agents put equal weights on the risky assets. Quadratic
utility implies the CAPM (Cochrane 2005, p. 153), which, in turn, implies that
every agent holds a share of the portfolio of risky assets. Thus, every agent must
hold the same share of every risky asset.

Table 2 Summary of pricing components

States s g my Ky
0.67 1.24 0.83

2 0.25 0.60 0.15

3 0.08 0.20 0.02

Table 3 Summary of agents’ portfolios, consumption and wealth in the no-tax economy

Agent i n; Cio W/.F Ci

1 (70.03 0.44 0.44) 0.41 0.27 (0.15 0.85 1.28)
2 (0.03 0.56 0.56) 0.59 0.41 (0.25 1.15 1.72)
1+2 (0.00 1.00 1.00) 1.00 0.68 (0.40 2.00 3.00)
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Table 4 Summary of agents’ portfolios, consumption and wealth in the tax economy

Agent i n ch wi i

1 (—0.09 0.53 0.53) 0.41 0.27 (0.15 0.85 1.28)
2 (0.09 0.47 0.47) 0.59 0.41 (0.25 1.15 1.72)
1+2 (0.00 1.00 1.00) 1.00 0.68 (0.40 2.00 3.00)

In the tax economy the SDF does not change because aggregate consumption does
not change. I again use the fact that m* = m = (c? — ¢},)/(c? — c},). The tax rate 7 is
40%. 1 substitute ¢} =n;'(X — (X — p**)) + w;m’ (X — p**) and c;p = (njp** +
Cio) — n;p** into this expression and rearrange for portfolio weights. This yields:

0 = (¢ + (AP + o) — ¢ )m — oy (X — p™))

o (88)
x (p"m+X(1 —1)+1p™) .

I use this expression to compute portfolio weights n?, initial consumption c},, wealth
after consumption W;¥, and consumption at ¢ =1 for the different states. The
results are presented in Table 4.

Expectedly, the only change compared to the result in Table 2 is the change in the
portfolio weights. Alternatively to Eq. (88), one can also use the expression in
Proposition 4 rearranged for n;’, which yields exactly the same portfolios weights,
which, in turn, imply equal consumption in both economies. I continue to look at

effects of changes in the risk-free rate on prices.

4.2.2 Price distortions through a non-zero risk-free rate

In the constructed model the risk-free rate is endogenous. Thus, there must be a
change in the basic economy to induce a change in the risk-free rate. I alter the risk-
free rate through using different probabilities of the states, and I hold the remaining
parameters constant. This leaves the SDF unchanged but leads to new state prices.
Notice that with quadratic utility and ; = 1 for all i, E[m| = | means that,

b _
] (89)
c” —Co

which implies that E[c|] = ¢( or zero expected consumption growth. Changing bliss
point consumption changes prices but will eventually not lead to a zero risk-free rate.
With an impatience factor ff equal for all agents and not equal to one, it is possible to
change bliss point consumption so that a zero risk-free rate can be obtained.

The endogeneity of the risk-free rate makes clear that a change in the risk-free rate is
triggered by some fundamental change in the economy. Thus, it is not instructive to
compare the pair of a no-tax and a tax economy at a zero risk-free rate with a pair of
economies at a different risk-free rate. Furthermore, the same value for the risk-free
rate can be obtained through different changes of fundamental parameters, leading to
different prices and price differences in both economies. Therefore, I restrict the
analysis to changes in the probabilities of states one and three.
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To compute a target risk-free rate RI, 1 wuse the fact that
1/RI = E[m] = mym; + mym, + m3ms, where the subscripts in the last equality are
states. Probabilities must sum to 1 so that 1 /Rl = mym; + mymy + m3(1 — m; — my).
I rearrange for 7;:

. l/R{—n’lzﬂz — nms +M37I2. (90)
mp —ms
Probability m, remains unchanged and 73 = 1 — n; — m,.

The model with quadratic utility is very convenient to compute price differences
because the discount factor does not change when going from the no-tax to the tax
economy. Since the SDF does not change, the pre-tax price in the tax economy is
equal to the price in the no-tax economy: p* = p. That holds for any risk-free rate,
but it is special to the quadratic utility. Therefore, I can use Eq. (17), in which I
substitute in p; for p; and 1/R;™ for E[m"]:

N )

Il —t/R 1)

I rearrange Eq. (91) to an expression that yields the price difference in percent of
price in the tax economy:

. p*T 1 — R:T
! ©2)
p; 1—1

Thus, for quadratic utility the percentage change in price versus the no-tax case is
the same for any asset j. As the prior equation shows, the rhs does not depend on any
asset specific parameter.

The unchanged SDF between the no-tax and the tax economy also means that the
risk-free rate in the no-tax economy is equal to the after-tax risk-free rate in the tax
economy: Ry = 1/E[m] = 1/E[m*] = R}". I show the results for some ranges of the
after-tax risk-free rate and the tax rate in Table 5. I also provide the implied pre-tax
risk-free rates on the rhs of the table.

Table 5 Price changes through capital gains taxes for different risk-free rates

Price changes pp* Implied pre-tax risk-free rate r}
P
r;"[ = r;‘f =
-5 0 5 10 15 20 -5 0 5 10 15 20
T= 5 -03 00 03 05 07 09 -53 00 53 10.5 158  21.1

10 06 00 05 10 14 19 =56 00 56 111 16.7 222
20 -13 00 12 23 33 42 —-63 00 63 125 188 250
30 -23 00 20 39 56 71 =71 00 7.1 143 214 286
40 -35 00 32 61 87 111 -83 00 83 167 250 333

All numbers are in percent and rounded to one decimal
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Table 6 Summary of agents’ portfolios, consumption and wealth in the no-tax and the tax economy

Agent i n; Cio wF Cil

i

No-tax economy

1 (—0.02 0.44 0.44) 0.41 0.28 (0.15 0.85 1.28)
2 (0.02 0.56 0.56) 0.59 0.41 (0.25 1.15 1.72)
Agent i n; ch wite cl

Tax economy
1 (—0.13 0.54 0.54) 0.39 0.24 (0.12 0.83 1.28)
2 (0.13 0.46 0.46) 0.61 0.39 (0.28 1.17 1.72)

The assumed tax rate is 40% and r{" = 20%

The table shows that a higher risk-free rate increases the price difference between
prices in the tax economy and those in the no-tax economy. For example for
ri" =20% and a tax rate of 5% the prices in the no-tax economy are 0.9% higher
than in the tax economy. For r{* = —5% the prices in the no-tax economy are 0.3%
less than the ones in the tax economy. The columns of the table show that the
magnitudes increase with an increasing tax rate.

I show the effects of the combination 7 = 40% and r;* =20% a bit more in
detail. The price vector in the no-tax economy is then p’ = (0.83 0.55 0.14),
which means that assets are worth 0.69 (the last two prices). In the tax economy
the price vector is p*” = (0.75 0.50 0.13), so that the total value of financial
assets amounts to 0.63. The differences of the values reflect the 11.1% given in
Table 5.

Consumption in + =0 and r =1 as well as wealth are different between the
economies. Notice, however, that the agents’ consumption does not change a lot
(Table 6). They try to stick to the pattern that was optimal without taxes. The tax
transfers, which now have a non-zero price, cannot be traded at = 0 so that agents
have to rearrange what they want to consume now and what they want to save for
the next period. With quadratic utility they can do that without changing the SDF. In
the no-tax economy agents can trade all of the claims on future consumption, which
leads to a different division of endowments into initial consumption and wealth, as
well as to a changed future consumption.

Still with a complete asset market but with a more demanding utility function
such as power utility, aggregation of marginal utilities is more complicated and does
not involve just summing up consumption of agents. It involves summing over
nonlinear functions of consumption. That means introducing taxes will likely not
leave the SDF unchanged, which in turn can lead to different risk-free rates in the
two economies. Then, something like Table 5 needs a new interpretation because
ri* = ry is not likely to hold anymore.
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5 Conclusion

I extend the analysis of Kruschwitz and Loffler (2009) about the effects of capital
gains taxes on asset pricing. Specifically, they analyze cases when taxes do not
change prices in a mean-variance CAPM with consumption only at one future point
in time. I extend the analysis to agents who maximize expected utility over
consumption. I construct two economies that have equal endowments, utility
functions of investors and payoffs. I look at economies with consumption at t = 0
and t = 1. I find that, with a risk-free rate of zero, taxes on returns have zero value.
Using this result, I can show that for a no-tax economy there exists a tax economy
with the same asset prices. This is the case when investors change their portfolios to
consume the same in the tax economy in every state as in the no-tax economy. This
implies the same portfolio rule as proposed in Kruschwitz and Loffler (2009). With
a non-zero risk-free rate equilibria with equal prices and in which agents consume
the same in the tax as in the no-tax economy do not generally exist. In the case of
linear marginal utility, prices are always different in both economies for a non-zero
risk-free rate.

Furthermore, I show that with exponential utility, multivariate normal payoffs,
and consumption only in # = 1, prices are equal when the risk-free rate in both
economies are the same. But this time taxes do not have zero value so that aggregate
wealth after initial consumption is different in both economies. Individual
consumption profiles as well as SDFs are different in the two economies. I find
that the portfolio rule for risky assets is the same as in Kruschwitz and Loffler
(2009) and the same is true for the case with a zero risk-free rate and in which all
agents consume the same in both economies in every state. Additionally, utility
functions that lead to linear marginal utility also have equilibria with equal prices.
Aggregation makes the pricing equation independent from the tax rate. With
nonlinear marginal utility, price equality cannot generally be obtained since
aggregation will keep the tax rate terms in the aggregate pricing equation.
Eventually, also in the case with consumption only at r = 1, a zero risk-free rate
leads equal price vectors for the two economies.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons license, and indicate if changes were
made.

Appendix A: Alternative derivation for the exponential utility case
with multivariate normal payoffs

Another approach to obtain the same the pricing equation but to keep more track of
the SDF language is to use Stein’s lemma. The SDF is a function of consumption,
which, in turn, is normally distributed. The vector X' still contains the tax
expression so that I can rearrage p;* = E[m;X[| to obtain the known equation

p:fr = E|:m;kx Rrr:| .

r R*
Rf
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I use the definition for the SDF, i.e., m] = %
f (AN

normal payoffs, I use Stein’s Lemma for the pricing equation:

Assuming multivariate

R** E Xr R*®
pr=E\mX, | = X,] + Cov(m}, X)L
Ry R; Ry
E[X, 1
= BT Covuef), Xe) g
Ry R{E[ui(c7)] (93)
= EX] + E[u;(c))]Cov(c}}, X)) =———
)
E[X,] 1
=— +Eu(c))]Qn;(1 — 1) + oimny) o
R REE[u;(c7)]
Marginal utility of consumption at t = 1 is:
ui(ciy) = exp(—oyc). (94)
The second derivative with respect to cj; is:
uj (ciy) = =0 exp(—ociy) = —siui(cjy)- (95)
I substitute this back into Eq. (93) to obtain:
.. E[X,
P = E?;‘ I I%Q(nfi(l — 1) + o). (96)

This is the same as Eq. (53), which can be aggregated to Eq. (55). For the no-tax
economy, using Stein’s Lemma gives:

E[X] o
= — — —Q rie 97
P="p T g (97)
With equal prices so that also Rf = R¢, Egs. (93) and (97) lead to,
n;(1 — 1) + w;m, = n,, (98)

which is expectedly the same portfolio rule derived earlier. Using the budget con-
straints leads to the same rule for the risk-free asset as before.

Appendix B: Linear marginal utility and aggregation

I denote a general form of linear marginal utility as '(c¢;1) = a; + bic;1, so that the
individual SDF for the model with consumption at times t = 0 and ¢t = 1 is:
a; + biciy

. 99
a; + bici %9)

miy :ﬁ

Putting that into Eq. (5) and multiplying by (a; + b;ci), I obtain:
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p(ai + bico) = E[XB(a; + bicir)]- (100)

I divide by b; and sum over all i to obtain:

1 1
ai ai
p E b—i“rCo =E|Xp E b—i+C1 , (101)

i=1 i=1

in which ¢g = Zf:l cio and ¢| = Zl{:] ci1. Rearranging again leads to,
i=1h T €
p—E|xp=te L) (102)

Aggregate values for consumption can be used in the SDF. For the form of quadratic

utility that is used in Cochrane (2014) and also herein, i.e., for
u(cy) = —0.5(ciy — c?)2, marginal utility is ¢;, — cib, so that b; = —1 for all i and
a; = cf’. Notice that the time discount factors f§ are equal for all agents. With
different time discount factors the equation changes to,

I a
Yisgta
1 1 (a ’
2T (E + Cm)

which shows that aggregate consumption at + = 0 cannot generally be used in the
SDF.

p=E|X (103)
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