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Disagreement and Optimal Security Design

Abstract

We study optimal security design when the issuer and market participants agree to disagree
about the characteristics of the asset to be securitized. We show that pooling assets can be
optimal because it mitigates the effects of disagreement between issuer and investors, whereas
tranching a cash-flow stream allows the issuer to exploit disagreement between investors.
Interestingly, pooling and tranching can be complements. The optimality of debt with or without
call provisions can be derived as a special case. In a model with multiple financing rounds,
convertible securities naturally emerge to finance highly skewed ventures.
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1 Introduction

Which security does a firm optimally issue when firm and market participants agree to
disagree about the firm’s cash-flow distribution? Several earlier papers have employed the
assumption of belief disagreement between firm and investors — and in particular of optimistic
issuers — to explain capital structure choices, investment decisions, the choice of debt matu-
rities, or the emergence of intermediaries. By contrast, this paper studies how differences in
beliefs influence a firm’s optimal security design in the sense of Allen and Gale (1988), i.e., in
a model that imposes only minimal restrictions on the shape of the contract. We show that
disagreement in beliefs can generate various commonly observed financial contracts, includ-
ing the pooling and tranching of securities. Our model also explains empirical patterns in
the dynamics of securities issuance that are more difficult to reconcile with existing theories.

We consider an issuer who owns an asset that will pay uncertain cash-flows at a future
date. To raise capital, the issuer designs a security which is backed by the asset’s cash-flows.
Following DeMarzo and Duffie (1999), we assume the issuer discounts future cash-flows more
than the market does. We allow for different types of investors in the market, who may have
different beliefs about the asset’s cash-flow distribution. Our main assumption is that the
issuer is more optimistic than market participants about the asset’s cash-flow distribution.!
The issuer’s problem is to design the monotonic securities (one for each type of investor)
backed by the underlying asset that maximize her expected payoff, which is is given by the
sum of the market prices of the securities she sells and the expected discounted value of
retained cash-flows.

Our model generates four sets of results. First, we provide conditions under which it is

optimal for the issuer to sell different tranches to the different types of investors. Second,

IThis assumption is different from assuming difference in the success probability of a project with binary
payoff, as has been employed in the previous literature. The difference is meaningful as it leads to a distinction
between outside equity and debt, among others.



we show that selling a security backed by a pool of several underlying assets can be strictly
preferred to selling individual asset-backed securities. Third, we provide conditions under
which pooling and tranching are complements: there are situations in which pooling is strictly
optimal only when the issuer expects to tranch the pooled assets at a later stage. Fourth, we
show that, in a model with multiple financing rounds, the optimal security can be convertible
preferred stock, a security commonly used in venture capital (VC) financing.

The intuition behind the optimality of tranching is simple, and related to Garmaise
(2001): when there are differences in beliefs among investors, it is optimal for the issuer to
design different securities, targeted to the different investor types, and to retain the most
junior tranche.?

We then specialize to the case in which effectively all investors in the market share the
same beliefs and show that, under standard conditions, the optimal security is debt. The
intuition is similar to that driving earlier results on capital structure choice and investment
amid disagreement between issuer and market, including De Meza and Southey (1996);
Heaton (2002); Hackbarth (2008): the issuer finds it optimal to only sell cash-flows in the
left tail of the cash-flow distribution, which the market values relatively more, and to retain
the right tail of the distribution, which the issuer values relatively more. Our model also
predicts that pre-existing debt may lead the firm to optimally stop selling securities. This
prediction contrasts with that of the traditional “pecking order” model (Myers and Majluf,
1984), in which firms never issue equity or do so only as a “last resort” — firms in our model
sell equity when investors are confident. The fact that firms issue equity when stock prices
and sentiment are high (e.g., Marsh, 1982; Baker and Wurgler, 2002; Erel et al., 2011; McLean
and Zhao, 2014; Farre-Mensa, 2015) and when agreement between issuer and market is high

(Dittmar and Thakor, 2007) is in line with our model’s predictions.

2The latter prediction depends on the assumption that the issuer is more optimistic than the market. The
prediction would be reversed in a (perhaps trivial) twist on the model that involves allowing some investors
to be more optimistic than the issuer.



For our result on pooling, we consider an issuer who owns two underlying assets.®> We
start by assuming that there is a single type of investor in the market. In this setting, we show
that an optimistic issuer may strictly prefer to sell a security backed by the pool of assets to
selling individual asset-backed securities. Intuitively, while outside investors might be very
pessimistic (relative to the issuer) about the probability of an individual asset delivering high
profits, they will typically be less pessimistic about the event that at least one of several
assets pays off a high return. As a result, an issuer who owns multiple assets may find it
strictly optimal to combine them and sell a “senior” security backed by the pool of assets.

The following example illustrates the mechanics.

Example 1. Consider first an issuer who owns a single asset, which can either pay a return

of 1 or a return of 0. The market believes that the probability of the asset paying off is %;

the issuer believes in an upside probability of % The issuer discounts future cash-flows with
a factor of 0.6, whereas the market does not discount. The market is therefore willing to pay
% for the asset. Since the asset is worth % -0.6 = 0.4 to the issuer, she retains it.

Consider now an issuer who owns two of these assets with iid returns. The issuer’s payoff
from retaining the two assets is 0.8, which is strictly larger than her payoff from selling
two individual securities, each backed by an asset. Suppose instead that the issuer sells a
“senior” security backed by the pool of assets that pays 1 if at least one asset pays off and

2

zero otherwise. Investors are willing to pay 1 — (5)2 = g for the security, while the issuer

assigns to it a value of (1 — (%)2) - 0.6 = % < g. Because the issuer retains a cash-flow

of 1 in the event that both assets pay off, her expected payoff from selling this security is
5 2)2 ~
2+(2)70.6 ~ 0.822.

We stress that differences in beliefs between the issuer and the market are crucial for pooling

to be optimal in this setting. Indeed, because the issuer discounts future cash-flows more

3For simplicity we focus on the case of two assets, although the results extend to the case in which the
issuer owns several assets.



than the market, with homogenous beliefs it is always optimal for the issuer to sell the entire
firm. As a result, when issuer and market share the same beliefs, the issuer is indifferent
between pooling her assets or selling them as separate concerns. Moreover, our model has
the feature that the optimality of pooling assets breaks down when the correlation of the
underlying assets increases. This mechanism can explain empirically observed dynamics of
securitization, discussed below.

Next, we consider the case of an issuer who owns two assets, and who faces different types
of investors in the market. We impose assumptions on the primitives such that an issuer who
does not pool the assets will find it optimal to sell a single tranche (designed for one type
of investors), and under which an issuer who does not tranche (i.e., sells to only one type
of investors) will find it optimal not to pool. We show that, in this setting, it can still be
strictly optimal for the issuer to pool the assets and sell different tranches. In other words,
we show conditions under which pooling and tranching are complements.

Finally, we consider a model with multiple financing rounds and show that convertible
securities commonly used in VC financing become optimal (see, e.g., Gompers and Lerner,
2001; Kaplan and Stromberg, 2003, 2004). We assume that the issuer (here: the entrepreneur)
is more confident about the project’s prospects than the financier (here: the VC).* Because
the entrepreneur assigns a relatively low probability to states in which performance is bad, she
finds it relatively cheap to rescind cash-flows to the VC in such states. At the time of initial
contracting, the entrepreneur also secures an option for a future financing round that enables
her to expand the project conditional on good interim performance.” Given her optimistic

beliefs, the entrepreneur assigns a relatively high value to this option. By contrast, the VC

4See Cooper et al. (1988); Bernardo and Welch (2001); Moskowitz and Vissing-Jgrgensen (2002);
Koellinger et al. (2007); Puri and Robinson (2007) for discussions of entrepreneurial optimism.

50ur predictions do not rely on assuming that the strike of the refinancing option is determined with
certainty at the time of initial contracting. Indeed, the fact that disagreement is reduced by learning about
project quality over time is one of the key reasons for using convertible securities in early-stage financing,
rather than securities that require a precise agreed-upon valuation of the project at the time of contracting.

4



finds it cheap to write this option to the entrepreneur, because the VC finds good interim
performance relatively unlikely. In addition to the optionality, the model also predicts that
the VC obtains a stake of the upside of the project conditional on refinancing and expanding
the project at the interim stage. It is the upside part of the contract that allows the VC to
break even.

Importantly, the key assumption that leads to the financier securing part of the upside
is that both the project’s required investment and its upside potential are high — in other
words, the payoff profile is highly skewed. Indeed, in practice many safer entrepreneurial
ventures are financed with straight (bank) debt, whereas VC financing with convertibles
are used only for projects with relatively high investment needs and high potential payoffs
(Cochrane, 2005). The model’s mechanics are also strongly consistent with practitioners’

accounts of the drivers of the use of convertibles in the financing of young firms.%

2 Related Literature

The idea that belief disagreement can shape the securities that firms issue goes back at least
to Modigliani and Miller (1958), who write “Grounds for preferring one type of financial
structure to another still exist within the framework of our model. If the owners of a firm
discovered a major investment opportunity which they felt would yield much more than [the
market’s discount rate], they might well prefer not to finance it via common stock. A better
course would be to finance the project initially with debt. Still another possibility might
be to [issue| a convertible debenture.” (excerpts from p. 292) This paper offers a formal
investigation into the role of disagreement in optimal design of securities.

Following a long literature in economics, our model assumes that there is open disagree-

SEntrepreneurs seeking VC funding are overoptimistic: “Guy Kawasaki, a venture capitalist, says that
when an entrepreneur promises to make $50m in four years he adds one year to the delivery time and divides
the revenue by ten.” (Economist, 2014). “Convertible[s] remains an attractive way to bridge the [resulting]
valuation gap.” (http://www.cognitionllp.com/convertible-debt-panacea-or-pain/)



ment between issuer and market, and that there are no informational frictions. Our model’s
mechanism is thus sharply different from contributions that rationalize particular securities
(including debt, convertible debt) and pooling with informational asymmetries.” Our model
also makes no use of moral hazard as a driver of the optimal security. In particular, the
alignment of incentives to exert effort plays no role in generating convertibles in our model.
This is in contrast to earlier contributions by Green (1984); Admati and Pfleiderer (1994);
Schmidt (2003); Cornelli and Yosha (2003).°

Several more papers than those cited above have invoked differences in beliefs to explain
stylized facts of entrepreneurship as well as corporate investment, financing, payout and
capital structure choices.” By contrast, we allow for a much less restricted state space (N
states instead of two) and/or contracting space (all monotonic securities, rather than a choice
between equity and debt, debt of various maturities, or similar) and study the question which
security is optimal under these more general conditions.'® Our paper also relates to Garmaise
(2001), who shows that tranching can be optimal in a model in which there is disagreement
among investors and in which the prices of securities are determined through a first price
auction and Coval and Thakor (2005), who show that rational actors can arise to intermediate
between optimistic entrepreneurs and pessimistic investors, issuing safe debt and retaining

a mezzanine tranche of the projects they finance (see also Gennaioli et al., 2013).!

"See, for instance, Myers and Majluf (1984); Noe (1988); Innes (1990); Nachman and Noe (1990); Gorton
and Pennacchi (1990); Stein (1992); Nachman and Noe (1994); Manove and Padilla (1999); DeMarzo (2005);
Inderst and Mueller (2006); Axelson (2007). As a result, our predictions are less sensitive to changes in
distributional assumptions, as emphasized by Nachman and Noe (1990); Fulghieri et al. (2013). We discuss
differences in predictions throughout the paper.

8For other models linking moral hazard and security design, see Bergemann and Hege (1998); Winton
and Yerramilli (2008); Antic (2014); Hébert (2014).

9De Meza and Southey (1996); Boot et al. (2006, 2008); Landier and Thesmar (2009); Malmendier et al.
(2011); Boot and Thakor (2011); Bayar et al. (2011); Thakor and Whited (2011); Huang and Thakor (2013);
Adam et al. (2014); Bayar et al. (forthcoming). See also Simsek (2013), who studies how differences in beliefs
among investors affect asset prices in the presence of collateral constraints.

10¥ang (2013) shows that limited channel capacity can render debt and pooling optimal; Yang and Zeng
(2015) explain the use of convertibles in venture capital financing with endogenous information choice.

1 Our paper is also related to a literature on corporate financial choices amid an ambiguity-averse pool
of investors (e.g. Dicks and Fulghieri, 2015), because ambiguity aversion on behalf of the market collapses



3 Basic Model

3.1 Payoffs, Beliefs, and Objectives

At date t = 0, an issuer owns a risky asset yielding state-contingent payoffs at date t = 1.
For now we treat this as a single asset, but this could be a pool of several assets. There is a
finite set of possible states of nature S = {1,.., K} at t = 1, and the asset pays an amount
X, € R, in state s € S.'2 We assume that X, > 0 for all s € S and that there exists at
least one pair of states s, s € S such that X, # X,. Without loss of generality, we order the
states so that X; < X, < ... < Xg.

We let 7! be the probability distribution over S that represents the issuer’s beliefs, and
assume that 7/ > 0 for all s € S. Market participants have different beliefs about the cash-
flow distribution of the underlying asset than the issuer. In particular, we assume that there
are two types of investors in the market, 7 = t1,t5.'* The two types of investors differ in
their beliefs about the cash-flow distribution of the asset that the issuer owns. For j =1, 2,
let 7 be the probability distribution over S representing the beliefs of investors of type 7;.
We assume that the issuer is more optimistic than both types of investors: for j = 1,2, n!
first-order stochastically dominates 7.

The issuer has to design securities (F', F?) € Rf backed by the cash-flows X = (X;)ses
to sell in the market. Thus, securities (F', F?) must be such that 0 < F! 4+ F? < X,
for all s € S. Following DeMarzo and Duffie (1999) we assume that the issuer discounts

retained cash-flows at a rate that is higher than the market rate (which is normalized to

to disagreement between issuer and market. Lee and Rajan (2017) study optimal security design when both
issuer and market are ambiguity averse.

12The assumption that states are finite is for simplicity. Our main results are robust to having a continuum
of states.

13The assumption that there are two types of investors is for simplicity; all of our results extend to the
case with n > 1 types of investors. In particular, the number of tranches will depend on the number of
investors with different beliefs.



1)."* Thus, the issuer attaches a value of § Y o 7! (X, — F} — F2) to retained cash-flows,
where ¢ € (0,1) is the issuer’s discount rate. The payoff of an issuer who sells to the market
securities (F', F'?) at a prices p' and p* (including the value of the retained cash-flows) is
then given by p' +p* + 8> ol (X, — F} — F2).

The price that investors of type ¢; are willing to pay for security F is p/(F) := > nIF.
For any security F, let p(F) = max {p'(F), p*(F)} be the highest price that market partic-
ipants are willing to pay for F. Overall, the issuer’s payoff from selling securities (£, F'?)
is

U(F', F?) = p(F") + p(F*)+6 Y xl (X, F! - F2). (1)

ses

As is standard in the literature of optimal security design (e.g. DeMarzo and Duffie,

1999), we assume the issuer is restricted to sell monotonic securities.®

Definition 1. Say that securities F'' and F? are monotonic if F! and F? are increasing in

s and if X, — F! — F? is increasing in s.

Let F be the set of feasible securities
F={F F?eR:0<F+F<X,Vs €S and F' and F? are monotonic}.  (2)

The issuer’s problem is to find the securities (F', F?) € F that solve

sup U (F', F?). (3)
(FLF?)eF

14The assumption that the issuer discounts future cash-flows at a higher rate than the market is a
metaphor, for example for a situation in which the issuer has some profitable investment opportunity. Also,
the assumption will hold if the issuer faces credit constraints or, as in the case of financial entities, minimum-
capital requirements.

15As is well known, this assumption can be microfounded with a moral hazard problem. To avoid high
payments implied by a non-increasing security, the issuer could easily inflate cash-flows, e.g., by borrowing
privately, and thus decrease payments to the investor.



3.2 Optimal Security Design with Divergent Beliefs

In this section we present the solution to problem (3). We introduce additional notation
before presenting our results. For any s € S, let Ay := {s,s+1,..., K} be the event that
the asset yields cash-flows weakly larger than X,. For all s € S, let 7 (A,) := Doerss wl, and
I (Ag) == Doerss 7T§/ be, respectively, the probability that the issuer and investors of type j

assign to event A,. The assumption that 7! first-order stochastically dominates 7/ implies

that m!(A) > 79 (A,) for all s € S and for j = 1,2.

Lemma 1. Let (F*, F2) be a solution to (3). Then, there exists (F*, F?) € F with U(F*, F?) =

U(F', F?) such that, for j = 1,2, p(F7) = pi (F7).

By Lemma 1, it is without loss of optimality to consider solutions (F'!, F?) to (3) such
that, for j = 1,2, security FV is bought by investors of type ¢;.
The following result characterizes the optimal security. In what follows, for j = 1,2, we

use —j to denote the investors of type t; # ¢;.

Proposition 1. The optimal securities (F'*, F?) satisfy: F} + F? = X1, and for j = 1,2 and
for all s € S\ {1},

‘ st—l + Xy — X1 if Wj(As) > max {W_j(AS)a 571'](143)} )
Fi— (4)

S F7 if m(A,) < max {777 (A,),0nl (A,)} .

The key value that determines the shape of the optimal securities (F', F'?) at each state s
is the difference between o7 (A,) and max {m*(A,), 7%(A,)}; i.e., the difference between the
probability that the issuer and market assign to profits being larger than X,. If 7™ (A,) <
max {m!(A,), m2(A,)}, the optimal securities (F', F'?) pay the largest possible amount (sub-

ject to monotonicity constraints) in state s; i.e., F} + F? = F! | + F2, + X, — X,_;. In

9



contrast, if 67 (A,) > max {m!(4,), m2(A,)}, the optimal securities pay the least possible
amount (again, subject to monotonicity constraints) at state s; i.e., F} + F2 = F! | + F? .

The following corollaries immediately follow.
Corollary 1. Suppose that there exists s1,ss € S, 81 < So, such that
(i) ™ (As) > max {7?(Ay),6n! (As)} if and only if s < s1, and
(it) 7 (As) > max {7 (Ay), 0 (Ay)} if and only if s € (s1, s2).

Then, the optimal securities (F*', F?) are F} = min{X, X, } (i.e., F' is debt with face value
X5, ) and
0 if s < sq,
2 :
Fe=4 X,—X,, ifs€(s1,8),

Xy — X, if s > so.
Under the conditions in Corollary 1, the issuer sells a senior tranche F'!, which is bought
by investors of type t;, and a mezzanine tranche F?, which is bought by investors of type
to. Finally, the issuer only retains the most junior cash-flows X, — Xst2 at states s > s,. The

real-world correspondence of the mezzanine tranche may be preferred equity or junior debt.

3.3 Single Investor

A special case of the model is one in which there is effectively a single investor in the market.
To formalize this, suppose that 7! FOSD 72, so investors of type 1 are relatively more

optimistic than investors of type 2. We use the convention that Fy = Xy = 0 for any security

F.

Corollary 2. Suppose that 7 FOSD 7. Then, the optimal securities (F'', F?) have F? =0

10



for all s, and

Flo+X,— X, if m(Ay) > ol (Ay),
VS € S, Fsl = (5)

F!, if m(A) < ol (Ay).

Corollary 2 characterizes the optimal security in the case in which all (relevant) investors
share the same beliefs. By Corollary 2, when the ratio % is decreasing in s, the optimal
security is given by a debt contract with face value s* = min{s € S: 7'(A4,) > ér'(4,)}.
Holding ¢ fixed, the face value of debt s* depends on how different the beliefs of the issuer
and market are. When the market is extremely pessimistic, the firm issues only risk-free debt.
(Once that option is exhausted, it stops issuance altogether, as we show below.) By contrast,
the issuer sells the whole firm when the market is optimistic and there is less disagreement.

This prediction is strongly consistent with the timing of securities issuances to meet
market sentiment (e.g., Marsh (1982); Baker and Wurgler (2002), and in particular Dittmar
and Thakor (2007)). At the same time, our prediction is in stark contrast to several theories of
security design based on asymmetric information. Most prominently, the traditional “pecking
order” hypothesis holds that firms issue equity only as a “last resort” (e.g., Myers, 1984) —
hence, only the worst firms that have run out of other options issue equity. Contrasting that
prediction is the empirical evidence, which indicates that firms issue equity also (and indeed
predominantly) when not in financial distress (Frank and Goyal, 2003; Fama and French,
2005). The empirical evidence is arguably more consistent with the disagreement prediction
that the relative optimism of investors versus firms drives issuance decisions: Farre-Mensa
(2015) analyses firms that are hit with negative cash-flow shocks and thus face a need to

issue securities (a decrease in 0 in our model), and shows that firms whose stock is overvalued

issue equity, whereas undervalued firms issue debt. Similar in spirit, Erel et al. (2011) and

11



McLean and Zhao (2014) find that equity issuance is cyclical and higher amid positive

investor sentiment, whereas firms turn to issuing safer securities during market downturns.

Pre-existing Debt

We now briefly consider the problem of an issuer who has senior debt outstanding that is
backed by the cash-flows that her asset will generate, and who is considering to issue a new
security backed by the remaining cash-flows. For simplicity, we maintain the assumption that
there is effectively one single investor type.

Suppose the issuer has debt outstanding with face value D < Xg. The issuer’s goal is to
design a security F' € RE to sell to the market, with F' backed by the remaining cash-flows;
i.e., for all s, F satisfies 0 < Fy, < X; — min{ X, D}. As before, we restrict the issuer to
design monotonic securities; that is, securities F' such that F, and X, — F, — min{X,, D}
are increasing in s. Let Fp denote the set of feasible securities.'® The issuer’s problem is

supper, Up(F'), where for any F' € Fp,

Up(F):=> miF,+6) wl(X,—min{X,, D} - F,).

seS seS

Let sp = max{s € S : X, < D}, and note that any security F' € Fp must be such that

F, =0 for all s < sp.

Corollary 3. Suppose the issuer already has debt outstanding with face value D. Then, the

Y That is, Fp := {F € RX : 0 < F, < X, —min{X,,D}Vs € S and F, and X, — F, — min{X,, D} are
increasing in s}.

12



optimal security is described by

.

0 if s < sp
VseS, Fo=qF_ +X,—X,, ifn'(4,)>0n!(A,) and s > sp, (6)
Fo 4 if T(A,) < dml(As) and s > sp.

\

Corollary 3 shows that the firm in our model may stop the issuance of all securities when
it becomes over-levered, and is thus similar to the underinvestment result in Heaton (2002).
This prediction contrasts with that of informational theories of security design as well as
with tradeoff models, in which the firm may start to issue equity instead of debt when it has
preexisting debt. The existing evidence supports the prediction made here: Erel et al. (2011)
show that low market sentiment can indeed lead firms not only to stop equity issuances but

to not access credit markets at all.

4 Pooling

This section shows how an issuer who has more optimistic beliefs than the market can
strictly benefit from pooling different assets and designing a security backed by the cash-
flows generated by the pool. By exploring a new mechanism that can lead to pooling, this
result speaks to a question in security design that has become a central item of the policy
discussion in the aftermath of the financial crisis. In particular, the mechanism helps explain
the dynamics of securitization (Chernenko et al., 2013; Fuster and Vickery, 2014) in ways
that is consistent with the empirical evidence on issuers’ relatively optimistic beliefs (Cheng
et al., 2014) and the procyclical nature of belief disagreement (see e.g. Chen et al., 2002;

Scheinkman and Xiong, 2003; Hong and Stein, 2007). Moreover, we show how pooling and
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tranching can be complements.

4.1 General Framework

Consider an issuer who owns two assets, X! and X?, with #id returns.'” Let S = {1,..., K}
and let {X,}, . be the possible cash-flow realizations of asset X, a = 1,2. Without loss of
generality we assume that X; < X, < ... < Xk,

As in Section 3, we assume that there are two types of investors. Let 7! be the probability
distributions over S representing the beliefs of the issuer; let 7! and 72 be the probability
distributions over S representing, respectively, the beliefs of investors of type t; and t,. The

L and

issuer is more optimistic than the market, so 7! first-order stochastically dominates 7
72. The issuer discounts future profits at rate § < 1, whereas the market discounts future
profits at rate 1.

The timing of events is as follows. First, the issuer decides whether to pool the assets
or not. If she pools the asset, she designs securities (F'!, F?) backed by the asset pool Y =
X'+ X2 For j=1,2, let F S{S, be the money that security F’ pays when asset 1’s realized

return is X, and asset 2’s realized return is X, . We restrict the issuer to sell securities

(F', F?) that satisfy the following monotonicity requirements:

Definition 2. Say that securities F! and F? backed by asset Y = X! + X? are X'X2-

monotonic if:
(i) for j =1,2, F!, is increasing in s and s';
(i) Xs+ Xy — (Fl, + F?,) is increasing in s and .

This monotonicity restriction assumes it is difficult for the issuer to manipulate profits

1"We focus on the case of two assets for simplicity. The results can be extended to the case of n > 2
assets.
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across assets. For example, the issuer may face legal constraints that make it difficult for her

to transfer profits from one asset to another.

Let S =5 x S, and let Fy be the set of feasible securities:
Fy = {Fl, F?eRISl 0 < F', + F2, < X, + X,¥(s,¢) € § and (F', F?) are X1X2-monotonic} .

Note that the price that market participants of type j are willing to pay for security F' is
p]Y(F) = ZSES ZSIES ﬂ-gﬂg’Fsvsl'

If the issuer does not pool the assets, for each asset a = 1,2, the issuer designs securities
(Fo! F*?) backed by asset X?. In this case, securities (F!, F'»?) have to be monotonic

with respect to asset X¢, as in Section 3.

Pooled assets

The issuer’s profits from pooling the assets and selling securities (F, F?) € F(Y) are

Uy (F' F?) = py (F") + py (F?) + 6 > _wlxl(Xo+ Xo — F} = F2), (7)

s€S
where, for any security F, py(F) = max;— p{,(F ) is the highest price that investors are

willing to pay for F'. The problem of an issuer who pools the asset is then
sup Uy (F', F?). (8)
(FLF?)eFy
Separate assets

For each asset X, let Fya be the set of securities (F'', F?) backed by X that are monotonic;
i.e., that satisfy the conditions in definition 1. For any (F', F?) € Fxa, we let Uxa(F', F?)

be the profits that the issuer obtains from selling securities (F'!, F'?) (calculated as in Section

15



3). Then, an issuer who doesn’t pool the assets solves the following problem for each asset

a=1,2:

sup  Uxa(F', F?). (9)

(Fl ,FZ)G.an
The solution to this problem is characterized by Proposition 1. We are interested in whether

pooling can be preferred to selling the assets as separate concerns.

4.2 Single investor

2 5o there is one type of investor in the

We start by considering the case in which 7! = 7
market. For notational simplicity, we will assume that the issuer sells the security to investor

1. We start with a simple example:

Example 2. Suppose the issuer has two assets, X! and X?. Each of the assets can produce
cash-flows in {X7, X5}, with X, > X; > 0. Let 7/ € (0,1) and 7 € (0,1) be, respectively,
the probability the issuer and market assigns to the asset yielding cash-flows X;. The issuer
is more optimistic than the market, so 7/ < 7. We further assume that 7 > 1 — 6(1 — /).
Consider first the problem of an issuer who does not pool the assets. By Proposition 1,
for each asset X2, an optimal security F has F} = X; and Fy = X; (since (1 —7!) > 1—).
The issuer’s profits from selling the securities separately are 2X; + 25(1 — 70) (X, — X7).
Suppose instead that the issuer pools the two assets and sells a single security backed by
the pool. Let Y = X! + X2 and Fy = min{Y, X; + X5}. The market-price of security Fy is
p(Fy) = 722X, + (1 — 72)(X; + Xa2), and the issuer’s payoff from selling Fy is 2X; + (1 —

72 +6(1 —7)?) (X5 — X;). The issuer strictly prefers to pool the assets and sell security Fy

if 7 <+/1—68(1— (x7)?). Therefore, for m € (1 —6(1—7l), /1 —6(1— (7TI>2)>, pooling is

strictly optimal.
Intuitively, the market is relatively less pessimistic about the event that one of the two
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assets yields a cash-flow of X,. By pooling the two assets, the issuer is able to design a
security that pays off a high return precisely when this event occurs. The example illustrates
why changes in belief divergence between issuers and the market should relate to the time-
series variation in the issuance of asset-backed securities, as documented by Chernenko et
al. (2013).

We now present a general result. Let F be the optimal security backed by a single asset
X®. The issuer’s profits from selling the two assets separately are then 2Uxa (F ). As before,
for each s € S let Ay = {s,s+ 1, ..., K} be the event that an asset pays weakly more than
X,. Recall that 7! are the beliefs of the investors in the market. We make the following

assumption.
Assumption 1. There exists k € S\{K} such that

(i) 7H(A,) > onl(A,) if and only if s <k, and

o wl(Agy) 27! (A1)
(1) 52T Ar) ~ 2r (A

Let
Fl o= {(F17F2)e}“Y:F3:0for allsES}, (10)

denote the set of feasible securities when the issuer pools the assets and designs a single
security to investors with beliefs 7!. Note that the seller’s profits from pooling in this case
are sUppery Uy (F). Our next result shows that, under Assumption 1, pooling is strictly
optimal.

Proposition 2. Suppose that Assumption 1 holds. Then, pooling is optimal: SUPpe L Uy (F) >

A

2 (F).
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4.3 Multiple investors

We now consider a setting in which there are two types of investors. We show that belief
disagreement among them can make pooling and tranching complements.

We make the following assumptions.

Assumption 2. (i) There exists k € S such that 7' (Ay) > 72(Ay) for all s < k (with

strict inequality for all s # 1) and m(Ay) < w*(Ay) for s’ > k.
(ii) T (Ay) > onl(Ay) for all 8 < k and d7!(Ay) > n%(Ay) > m(Ay) for all 8 > k.

Assumption 2(i) implies that the c.d.f.’s of the investors’ beliefs cross at exactly one
point. When the two types of investors assign the same value to the underlying assets (i.e.,
when > 7lX® = > 72X ), Assumption 2(i) implies that 7' second-order stochastically
dominates 7.

Assumption 2(ii) implies that an issuer who sells the two assets separately finds it optimal
to not tranch the assets: for each asset a = 1,2, she will sell a single security F'* targeted
to investors with beliefs 7!. Indeed, by Proposition 1, under this assumption the optimal
securities (F', F?) when selling assets (X®),—1 2 separately are given by F}** = min { X}, X}
and F>¢ = 0 for all s and for a = 1,2. The issuer’s profits from selling the two assets
separately are then 2Uy. (F1, F24).

Our next result shows that, under further conditions, an issuer who only sells securities

designed to investors with beliefs 7! does not benefit from pooling the assets.

Proposition 3. Suppose Assumption 2 holds, and that
(A (27 (Ay) — T (A)) < 0! (A (2! (Ay) — 71 (Ay)) (11)

for all s,s" with s > k or s > k. Then, there are no gains from pooling: SUPperL Uy (F) =

2o (Fle, F2),
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Our next result shows that, in this environment, the issuer finds it strictly optimal to
pool the assets: by doing so, she can profit from selling an additional tranch to consumers

of type ts.

7% (Ag41)

Proposition 4. Suppose that the conditions in Proposition 3 hold, and that 57l (Any)

%. Then, pooling is strictly optimal: sup(e p2yez, Uy (F', F?) > 2Uxa (FH9, F>%).

The results above show that pooling and tranching may be complements: while neither
pooling nor tranching and beneficial on their own, the issuer finds it stricly optimal to pool
the assets and then tranche them.

We conclude this section by briefly discussing two extensions. For simplicity, we focus on
the case in which there is a single investor. Consider first the case in which the underlying
assets’ returns are not 7id. In Appendix B we generalize Example 2 to the case of non-
zero correlations. Consistent with the time-series variation in the issuance of asset-backed
securities discussed above, pooling remains optimal as long as the correlation between the
underlying assets is not too high relative to the disagreement in beliefs.

Second, our model assumes that issuer and market disagree about the return distribution
of each of the underlying assets, but agree on the correlation between these assets. We stress
that disagreement about the correlation in the assets’ return can strengthen the investor’s
incentives for pooling. To see this, consider again the setting in Example 2. Suppose that
the market believes that the two assets are 7¢d, while the issuer believes that the two assets
are perfectly correlated. Assume again that 7 > 1 — §(1 — ), so that the optimal security
backed by asset X* has F; = X for s = 1,2. The issuer’s profits from selling the securities
separately are given by 2X; + 20(1 — «!)(X, — X), while her payoff from selling security
Fy = min{Y, X; + X5} now is 2X; + (1 =72 +6(1 —7!)) (X2 — X;). Pooling is strictly optimal

whenever 7 € (1 — (1 —7l), /1 —6(1 — «1)).
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5 Convertibles

This section provides a simple dynamic extension of the disagreement framework. The styl-
ized version of the model presented here introduces the possibility of financing a project in
multiple stages and contracts between the issuer (here called an entrepreneur) and investor
(the bank or venture capitalist) that can depend on interim performance. Given that in-
formation about the characteristics of novel types of entrepreneurial ventures tends to be
scarce, we find the assumption that beliefs may differ across market participants particularly
realistic in this setting. In what follows, we show that a conversion option can be a natural
feature of optimal securities when the issuer and investor’s beliefs differ. Aside from differ-
ences in beliefs, a key assumption needed for the optimality of convertibles (as opposed to
straight debt) is that the investment project requires a relatively large investment and has
high upside potential — i.e., a highly skewed payoff profile.!®

The setup is as follows. The entrepreneur is endowed with an investment opportunity,
which requires an initial investment [ at time ¢ = 0, and offers in period ¢ = 2 a risky payoft.
There are two states of nature, {H, L} (high or low). In the interim period, t = 1, a public
and contractible signal is observed, which we specify below. In response to the signal, there

are two options for the project:
e the project can be left as is, in which case the returns of the investment at state
s€{H, L} are X, with Xy > X > 0;
e the project can be expanded by way of an interim investment /; > 0, in which case

the returns of the investment at state s € {H, L} are K x X, where K > 1.

Let 7€ € (0,1) and 7V¢ € (0, 1) be, respectively, the entrepreneur’s and the venture capi-

talist’s initial beliefs that the realized state at ¢ = 2 will be H. We assume that 7% > 7V,

18To be able to most clearly illustrate the role of belief differences, we abstract away from many frictions
that are relevant for VC contracting, like moral hazard, adverse selection, taxes, etc., which may help explain
other features of contracts used in VC financing.
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so the entrepreneur is more optimistic about the project’s outcome than the VC.
The interim signal at time ¢ = 1, o, can take either of two values: o € {h,[}. We assume
that signals ¢ = h, [ are informative about the state of nature: the entrepreneur and the VC

believe that

Plo=hls=H)=Plo=lls=L)=a> —. (12)

For o € {h,l} and for i = E,VC, let 7'(c) denote the probability that i assigns to the state
being H after observing signal o; 7'(l) = % <7l < W’;M = 7'(h).

The contract, in exchange for which the entrepreneur receives funding from a competitive

VC sector, specifies:

(i) an expansion decision 1(c) € {0,1} to be made at ¢ = 1 as a function of the signal o;
1(0) = 1 denotes expanding the firm and 1(o) = 0 denotes not expanding the firm;

and

(ii) repayments z = (z1(0), zg(0)) from the entrepreneur to the VC to be made at t = 2:
for s € {H,L} and o € {h,l}, z5(0) x (1+ (K —1)1(0)) is the repayment at state s if

signal o was observed at the interim stage (with z4(o) € [0, X,]).

We make the following assumptions:

Assumption 3. (i) the VC believes that the project is profitable enough to invest I at

t =1 only after observing signal o = h:

(K—=1) (7" Xu+Q—-7"h)X) > L > K (7" Xy + (1 —7"°(1)X.).
(13)
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(ii) the VC believes that the project is profitable but risky:
Xy 4+ (1 —-7"NXp > 1) > Xy (14)
The entrepreneur’s expected payoff from contract (z,1) is

U (2,1) = [(1- )78 (X — 2 (1)) + (1 — 78) (X, — 2 ()] 1+ 1(1)(K — 1))

+[am®(Xpg =z () + (1 = a)(1 = 7%)(Xp — 20 (h))] (1 + 1(h)(K — 1]}15)
The VC’s payoff from this contract is

UV (2,1) == [1—a)n"2x(1) + a(l = 7")2r()] (1 + 1(1)(K — 1))
+ [ar"Czg(h) + (1 — a)(1 =792 (h)] (1 + L(h)(K — 1))  (16)

_pll(l)ll - Ph1<h)[1 — Iy,

where p; and p, denote, respectively, the probability that the VC assigns to the signal taking

values [ and h, respectively, i.e., py = (1 — )7V +a(1 —7"%) and pp = anVC + (1 —a)(1 -

7VY). The problem of the entrepreneur is

r(nal))c UF (2,1) s.t. (17)
Uve (2,1) >0, (BE)
K (7Y (0)zu(o) + (1 — 7V%(0))2(0)) > L if 1(0) = 1. (EC)

Constraint (BE) is the VC’s break-even condition. Constraint (EC) requires that, if the VC

expands the project at ¢ = 1, her expected return should cover the investment cost.

Proposition 5. If Assumption 3 holds, the solution to (17) is such that:
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(i) the project is expanded if and only if o = h; i.e., 1(1) =0 and 1(h) = 1;
(”) fO?” g e {la h}; ZL(U) = XL;'

(iii) zg (1) and zg(h) are such that (BE) holds with equality.

Proposition 5 characterizes the main properties of the solution to (17). Part (i) follows
immediately from Assumption 3. Part (ii) follows from the fact that the entrepreneur is
relatively more optimistic than the VC, and so the cheapest way to satisfy the VC’s break-
even condition is to repay the entire cash-flows at the low state. (This feature is reminiscent
of the results in the optimality of debt in Section 3.2.)

Proposition 5 does not pin down what the exact payments at state H are.!” However,

under further parametric conditions, convertible preferred stock is an optimal contract:
KX +pXe < Li+pi < K[(1—a)r“Xg+a(l—7"9)X ] + pXp. (18)

The first inequality in equation (18) states that the VC does not break even under a contract
that specifies repayments z;(c) = X, for s € {L, H} and o € {l, h}. The second inequality
in equation (18), on the other hand, states that the VC makes a strict profit under a contract

that specifies repayments zg () = z1(l) = z(h) = X and zg(h) = Xg.

Corollary 4. Suppose Assumption 3 and (18) hold. Then, the following contract solves (17):
(i) the project is expanded if and only if o = h; i.e., 1(I) =0 and 1(h) = 1;
(ii) zp(0) = Xp, for o € {l,h}.

(11i) zy(l) = X1 and zy(h) € (X1, Xy) such that (BE) holds with equality.

9Indeed, given the linearity of the entrepreneur and the VC’s payoffs, there is a continuum of optimal
contracts. Increasing zy(l) by A allows the entrepreneur to reduce zy(h) by %%A (so that the break
even constraint is still satisfied with equality). This change in the contract leaves the entrepreneur indifferent
since —AmP(1— ) + =2 L AarPK = 0.
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The optimal contract in Corollary 4 can be implemented by a convertible security that
promises min{ R, K x X} (where R is the return of the project) to the VC, and gives the
VC the following options: (i) after observing interim performance, choose whether or not to
invest in expanding the project; and (ii) if the project is expanded, choose whether or not
to convert the original security into a fraction zy(h) of equity after observing profits.

The intuition for the result is simple: because the entrepreneur is relatively optimistic
about the project’s success probability, she finds it relatively valuable to secure the option
to expand the project in the future. The VC, on the other hand, finds it relatively cheap
to write that option. Of course, both VC and entrepreneur also find it optimal to leave the

cash-flows to the VC in case of failure.

Discussion

The above model illustrates that a disagreement-based theory of security design can explain
convertible contracts between entrepreneurs and financiers in a natural way. Optimism may
not only be a driving force behind the entrepreneur’s venture, but also behind the financing
vehicle that helps her realize the project. Aside from its simplicity, an attractive feature of
the model presented here is that highly skewed projects (those with high investment needs
and high potential payoffs) receive financing with convertible securities as typically used
in VC, whereas optimistic entrepreneurs with less ambitious and risky projects optimally

finance their ventures with straight debt.?°

200ur results are derived in a simplified framework with only two states of nature; the VC shares in on the
upside because the compensation on the downside does not allow her to break her even. In a model with more
states, the VC’s stake would be capped on the upside — unlike in straight convertible preferred contracts.
Kramer and Tran (2016) document that 40% of participating convertible preferred stakes are indeed capped.
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6 Conclusion

This paper offers a simple but broadly applicable theory of security design based on the
premise that issuer and market openly disagree about the asset’s cash-flow distribution.
We show that issuing securities backed by a pool of assets (instead of issuing one security
for each asset) can be optimal. In addition, when there is disagreement among investors,
the issuer optimally sells different tranches to the market. Importantly, the possibility of
tranching can make pooling more opportune, and vice versa. This result appears useful for
our understanding of the procyclical dynamics of securitization.

Straight or callable debt can arise as special cases of our model, namely when disagree-
ment between investors is negligible but issuers are significantly more optimistic than the
market. Moreover, when disagreement between issuers and markets is low, the issuer may
choose to sell the entire firm. These features are strongly consistent with existing empirical
results on the dynamics of issuances in general, and the dynamics of the debt-equity mix
in issuances in particular. Viewing a corporation as a pool of assets through the lense of
our model can potentially also help shed light into the dynamics of corporate events such as
mergers and splits, the dynamics of the conglomerate discount, and the issuance of mezzanine
tranches.

Finally, in a stylized setting with multiple financing rounds, we show that conversion
features similar to those observed in venture capital contracts are optimal to finance high-
risk projects with right-skewed payoff profiles. Consistent with empirical realities, the same
model also predicts that lower-risk projects or projects run by less optimistic entrepreneurs
are financed with straight debt.

In sum, we find that disagreement between issuer and market can help explain a variety of
real-world security designs that have thus far required multiple distinct models and frictions

as explanations. For tractability, our model abstracts away from other frictions that are
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known to be important for security design, such as moral hazard, adverse selection, taxes,
etc. Combining disagreement with these frictions may help researchers explain other features
of real-world financial contracts that the present study leaves unaddressed. Testing the new

empirical predictions arising from our model is also left for future research.
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A  Proofs

Proofs of Section 3

Proof of Lemma 1. Let (F', F?) € F be a solution to the issuer’s problem. Note that the
lemma clearly holds if the two securities (F', F'?) are bought by different types of investors.
If the two securities (F'', F'?) are bought by investors of type t;, then the issuer’s payoff from

selling security (F', F?) is

UF' F?) =p'(F") + p'(F*)+ 6 Y al(X, - F! - F?)

seS
:Zﬂl(Fsl—i_Ff)—i_éZWi(XS_Fsl_FSQ)
seS seS

Consider the pair of securities (F', F?) with F? = F! + F2 for all s and FJ = 0 for all s.
Since investors of type t; buy the two securities F'!, F2, it must be that p‘(F7) > p~*(FY)
for j = 1,2. Note that p'(F?) = p*(F') 4 p'(F2) and p~i(F%) = p~*(F") + p~#(F?). Hence,
p(F?) = pi(F?). Moreover, pi(F—i) = 0 for j = 1,2, and p(F~*) = p~i(F~%). Finally, note

that

UF' F?) =p'(F)+ 6> nl(X, - F} - F?)

ses

=Y wUF + F§)+6) wl(X,—F! = F})=U(F", F?).

seES seS

Proof of Proposition 1. Fix a pair of securities (F', F?) € F such that, for j = 1,2, security
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F7 is bought by investors of type ¢;. The issuer’s payoff from selling this pair of securities is

K K
U(F', F?) = Z?T +ZW§F3+5Z7T£(XS—F51—F3)

s=1 s=1
=Fl + F} + Z —onl(Ay) (FF = FLy)
s=2
K K
+ ) (7(AL) = onT(A)) (F2 = F2,) +6) wiX.. (19)
s=2 s=1

Note that any pair of securities (F'', F?) € F must be such that: (i) F} +F? € [0, Xy], (ii) for
alls>1, F!+F?e[F} |+ F2 F! |+ F>,+X,— X, 1] and (iii) fori = 1,2, F' > F! |.
From equation (19), it is optimal for the issuer to set F\! + F2 = X;. Moreover, for s € S\ {1}
and j = 1,2, it is optimal to set FJ = F/_| + X, — X, if 77 (A,) > max {67/ (A,), 779 (A,) },

and to set FJ = F’_| otherwise.

Proof of Corollary 3. The proof uses arguments similar to those in the proof of Proposition

1. For any security F' € Fp, the issuer’s payoff is

K K
=> al'F,+6) wl(X, - min{X,, D} - F,)
s=1 s=1

=F+ Y (7"(A,) = o7'(Ay)) (Fo — Foor) +6 Y 7l (X, — min{X,, D}),  (20)

s=1

Note that any security F' € Fp must be such that F, = 0 and for all s < sp, Fy, €
[Fo 1, Fs 1+ Xy — X, 4] for all s > sp and Fy, > F, ; for all s. Moreover, any security
that satisfies these conditions belongs to Fp. Mechanically, any optimal security F' must

have F; = 0 and for all s < sp. From equation (20), for any s > sp it is optimal to set

Fo=F, 1+ X, — X, 1 if tM(A,) > drl(A,), and to set Fy = F,_; if 7 (A,) < drl(A,).
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Proofs of Section 4

Proof of Proposition 2. By Proposition 1, under Assumption 1 the optimal security backed
by a single asset X is F' = min{ X, X }. Note that selling two individual securities F', each

backed by one of the assets, is the same as selling security £ € Fy such that

(

X, + Xy if 5,8 <k,
~ X+ Xy if8>l{378/§]{?7
X+ X, ifs<k, s>k,

2X} if s>k s >k.

Consider the following alternative security F' € Fy:

X, + Xy if 5,8 <k,

Xk+1—|—XS/ if8>k,8/§k‘,
F,o= (22)
Xe+ Xy ifs<k, s >k,

L Xk‘l'Xk—H ifS>k,$l>k’.

Note that, for any beliefs 7w over S,

k K K K
Z Zﬁsws’<Fs,s’ — Fs,s’) - Z T < Z 7Ts’()(k—&—l - Xk)) + Z Ts Z Tt (Xk+1 — Xk)
s s’ s=1

§'=k+1 shil 5=l

= (2 = T(Ap41)) 7 (Apr1) (X1 — Xi). (23)
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Note then that

Uy (F) — 2Uxe(F) = Uy (F) — Uy (F)

= py(F) _pY(F) + 52 Zﬂiﬂ-;’(ﬁ&y — Fis)

= ZZW;W;/(FS’S - ﬁs,s’) -+ (SZ Z?Tiﬂ'g/(ﬁ&s/ — Fs,s’)

= ((2 = 1 (App))m (Apsr) — 6(2 — WI(AkH))WI(AkH)) (Xp1 — Xi) >0,

where we used equation (23) and Assumption 1.

Proof of Proposition 3. Let F' be the optimal security when the issuer pools the two assets
and sells a single security to market participants with beliefs !. Since the two assets have iid
returns, it is without loss to assume that F"' is symmetric: F}} , = F},  for all 5,5" € 5.*' We
show that FS{S, = F’S{S, for all s,s" € S, where F! is the security that the issuer will effective

sell if she were to sell two individual securities, each backed by its own asset:

(

X+ Xy if 5,8 <k,

o Xe+ Xy ifs>ks <k, 21
X+ X, ifs<k, s>k,

2X, ifs>k s >k

\

We start by showing that !, = F1,, for all s, s’ such that s < k and s’ < k. Towards a

contradiction, suppose not, and let §, 5 < k be such that Fsls, #* ﬁ’é{g, = X; + Xy. Note that

21To see why, suppose the seller finds it optimal to sell a security F I that is not symmetric. Let F' be
the security such that, for all s,s" € S, F} , = F); .. Since the two assets have iid returns, securities F'' and

! yield the same profits to the issuer. Since F'! satisfies the monotonicity requirements, so does F'. Let G
be a security such that, for all s,s', G5 5 = %(Fsl,s, + F} ). Note that security G is symmetric, satisfies the
monotonicity requirements, and give the same profits to the issuer as security Fj.
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it must be that F}, = X; + Xy — € for some € > 0. Consider the security F' such that

. Fly s<sands <¥
Fs,s’ - (25)

Fl,+e otherwise.

Note that F satisfies the monitonicity requirements.

For any beliefs 7,

5—1 K K K
Z Z WSWS/(FS,S/ — Fsl’s,) = Z e Z M€+ Z s g€
s s’ s=1 s'=§' EEH s'=1
= [(1 = m(A))m(Ag) + 7(A3)]. (26)

Note that

Uy (F) = Uy (F') = py (F) = py(F') + 8 ) Y wlnl(Fly — Foy)

= Z ZW;W;’(F&S' - Fsl,s’) + 52 Zﬂ-iﬂ-i/(FSl,S’ - FS,S/)

=€ [(1 — 7T1(A§))7T1(A§/) + 7T1(A§) — 5(1 — WI(Ag))ﬂ'I(Agl) — 67TI(A§)} s

where we used equation (26). By Assumption 2, 7t(A;) > dm!(4;) (since § < k). More-
over, since 7! fosd 7w, w(As) > 7w'(Az). Since 7'(Az) > onl(Ay), it follows that (1 —
7 (Ag))m (Ag) > 6(1 — ! (As))n! (A ). Therefore, Uy (F) > Uy (F'), a contradiction to the
fact that F'' is optimal. Hence, F"' is such that F,, = X, + X for all 5, 5" < k.

Next we show that F!, = F!, for all s,s' with s > k or s’ > k. Since F, = F},, =
X, + Xy for all s,s" with s < k and s < k, by monotonicity it must be that that FS{S, >
min{ X, X;}+min{ Xy, X;} = ﬁ’sl,s, for all s, 8" with s > k or s’ > k. Towards a contradiction,
suppose that there is s,s" with s > k or s’ > k such that F,,, > FS{S,. Let & := min{s' > k :

F!, > F!, for some s}, and let § := min{s : F!;, > F!,}. By monotonicity, it must be that
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Fl

s,s’

> F;S, for all s,s" with s > § and & > §. Moreover, since F' and F' are symmetric, it
must also be that F, > ﬁ’s{s, for all s, s’ with s > & and s’ > 5. Lastly, by symmetry of F'!,

it must be that §’ > s.

Let S = {s,s € S?:s>8ands > § ors>§ and s > §}, and ¢ = min, ;¢ Fl,
FS{S, > 0. Let F be an alternative security with
R Fl'y s5¢8
Fs,S’ = > ’ (27>

Fly—¢€ s,5d¢€S

One can check that, since F'! satisfies the monotonicity requirements, so does F'. Note that,

for any beliefs 7

K K -1

Zzﬂsﬂs/(ps,s’ 55 Z’/Ts Z 7Ts’ _'_ Z’/TSZT(S

Note that

Uy (F) = Uy (F') = py(F) — +6ZZW Fl,—Fyy)
= Z Z?T;W;/(F&s/ )+ 52 Z T As,s/)

= —e [ (Ay)(27"(As) — 7' (Ay)) — o' (Ag) (27 (A5) — 7' (Ay))]

where we used equation (28). By the conditions in the Proposition, 7!(As)(27!(As) —

A

mH(Ay)) < onl(Ay)(2n!(As) — 71 (As)), and so Uy (F) > Uy (F'), which contradicts the

fact tha F'!' is optimal. Hence, it must be that F 81’5, = F;S/ for all s, s’, and so there are no
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gains from pooling.

Proof of Proposition 4. By the arguments in the main text, under Assumption 2 the optimal

securities (F'1Y, F2%) backed by a single asset X® are F*' = min{X,, X} } and F2' = 0. Note

that selling two securities F'1, each backed by one of the assets, is the same as selling security

Fl ¢ Fy such that

4

X+ Xy if 5,8 <k,
X+ Xy if8>k,81§k‘7
X+ X, ifs<k s>k,

2X} if s>k s >k

\

Suppose the issuer pools the assets and sells securities <F L F 2) € Fy, with

- 0 if 5,5 <k,

Xp1 — Xp ifs>kors >k

Note that, for any beliefs 7,

Do) e FLy = m(Ak) (2 = T(Ak)) (X — Xa).

(29)

(30)

(31)

The issuer’s payoff from selling the two assets as separate concerns, issuing for each asset

X securities (F'M, F29) with F}* = min{X,, X3} and F?® = 0, is equal to

2Uxa(F F3%) = Z ZW;W;/FS{S/ + (52 Zﬂiﬂg,(Xs + Xy — Fs{s,).

(32)

On the other hand, the payoff that the issuer gets from pooling the assets and selling securities
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(ﬁl, ﬁ2) c Fy is

Uy( ) ZZWlﬂl,Fl +ZZ7T27T2/F2 —1—52277 (X —|—X/—F FS%S,).
(33)
Comparing (32) and (33), it follows that

Uy (Fl,FQ)  Uxa(Fha, F20) = ZZW 5ZZW

= (T (A1) (2 = 7 (Agp1)) = 67" (A1) (2 = 7 (A1) (X1 — Xi)

where the second equality follows from (31) and the strict inequality follows from the as-

sumption in the statement of the Proposition.

Proofs of Proposition 5 and Corollary 4

Before presenting the proofs of Proposition 5 and Corollary 4, we establish two useful lemmas.

Lemma 2. Let (z,1) be a solution to (17). If zy (o) > 0 for o € {l, h}, then it must be that

zr(0) = Xg.

Proof. Suppose by contradiction that zg(o) > 0 and zp(0) < X for o € {l,h}. Suppose

first that o = h, and consider a contract (2 1) such that Z,(1) = z() for s = H, L, Z;(h) =

zp(h) + € and Zy(h) = zy(h) — =21 r %, with € > 0. Note that contract (,1) gives the

«

VC the same expected payoff as contract (z,1). Note further that

l1—al—7xv¢
e €T (1—a)(1 —WE)E)

UE(2,1) = UF (2,1) = (1 + 1(h)(K — 1)) (cer

(11 — 1)t

WT (7TE(1 — 7TVC) — 'ﬂ'vc(l — 7TE)> > 0,
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where we used 7% > 7V¢. This contradicts the assumption that (z,1) is optimal.

Suppose next that o = [. Consider a contract (2, 1) such that Z;(h) = z5(h) for s = H, L,

Zr(l) = zp () + e and Zy(l) = zg(l) — 1%1;@—206, with € > 0. Note that contract (Z,1) gives

[0}

the VC the same expected payoff as contract (z,1), and

ve
g a l—m

1—a 7V€

U (2,1) - UF (z,1) = (1 +1(1)(K — 1)) ((1 —a)T e—a(l— wE)e)

= (14 1()(K = 1)) (77(1 = 7¥) = 71 = 7)) > 0.
i
Again this contradicts the assumption that (z,1) is optimal. O

Lemma 3. Let (z,1) be a solution to (17). Under Assumption 3, zp(c) = X, for o € {l,h}.

Proof. Let (z,1) be a solution to (17). The conditions in Assumption 3 imply that, in order
for the VC to break even, it must be that zy(h) > 0 and/or zgx(l) > 0. If both of these
quantities are strictly positive, then the result follows from Lemma 2.

Suppose next that zg(h) = 0 and zy(l) > 0. By Lemma 2, z,(I) = X. Towards a
contradiction, suppose z(h) < Xp. Let (2,1) be an alternative contract with 2, (o) = z.(0)
for o = h,l, 2y(l) = zy(l) — € and 2y (l) = zy(h) + %%e, with € > 0. Contract
(2,1) gives entrepreneur and VC the same expected payoff as contract (z,1), so it is also an
optimal contract. But this contradicts Lemma 2, since 21, (h) = z1(h) < X and 2y (h) > 0.
Hence, if (z,1) is an optimal contract with zy(h) = 0 and zg(I) > 0, it must that zz (o) = X,
for o € {l,h}.

Finally, consider the case with zy(h) > 0 and zy(l) = 0. By Lemma 2, z,(h) = X.

Towards a contradiction, suppose z1,(l) < Xp. Let (2,1) be an alternative contract with

21(0) = 2(0) for o = h,1, 24(1) = 2u(l) + € and 2y(1) = 2p(h) — L2 EHPE= e Again,
contract (Z,1) gives entrepreneur and VC the same expected payoff as contract (z,1), so it

is also an optimal contract. But this contradicts Lemma 2, since Z.(l) = z,(I) < X and
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Zp(l) > 0. Hence, if (z,1) is an optimal contract with zg(h) > 0 and zg(l) = 0, it must be

that z;(0) = X, for o € {l, h}. O

Proof of Proposition 5. Part (ii) follows from Lemma 3.

We now prove part (i). Note first that, under Assumption 3, any optimal contract (z,1)
must be such that 1(/) = 0: indeed, under the condition (i) in Assumption 3, there are no
feasible repayments z that satisfy constraint (EC) for o = [ when 1(1) = 1.

We now show that, under an optimal contract, 1(h) = 1. Suppose that there exists an
optimal contract (z,1) with 1(h) = 0. Let (%,1) be an alternative contract with 1(h) = 1,

i(l) = 1([) = O, EL(O') = ZL(U) = XL, ZH(Z) = ZH(Z) and

i +ar’Czp(h) + (1 — )1 =79z (h) 1—al—7"¢

Zu(h) KarV¢ T qve t (2)
i+ ar’Czp(h)+ (1 —a)(1—7V9)X, 1 —041—7TVCX
B KanV¢ o qve TP

where the second equality follows since, under any optimal contract, z;(h) = X . Note that
the VC’s expected payoff under contract (Z, i) is the same as her expected payoff under

contract (z,1). Note further that

l1—al—7a"¢ prly

_ _E
=ar |[(K—-1)Xg+ (K-1) T ve XL e

7.‘.E

= =% (K —1)ar"“Xy + (K —1)(1—a)(1—7") X — puli] >0,

where the strict inequality follows from Assumption 3. Hence, if (z, 1) is an optimal contract
it must have 1(h) = 1. This establishes part (i).
Finally, part (iii) follows since any optimal contract (2, 1) must be such that UV%(z,1) =

0. Further, we note that if there exists an optimal contract (z,1) such that UV¢(z,1) = 0
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and such that (EC) is satisfied with slack, then there exists a continuum of optimal contracts.
Indeed, increasing zp (1) by € allows the entrepreneur to reduce zy(h) by =%+¢ while still
satisfying the VC’s break even condition. This change in the contract leaves the entrepreneur
indifferent since —er®(1 — a) + =2 2ear?K = 0. O
Proof of Corollary 4. Parts (i) and (ii) follow from Proposition (5). Finally, when the first
inequality in (18) holds, the VC must get strictly more than X at state s = H when o = [
and/or 0 = h (otherwise the VC does not break even). When the second inequality in (18)

holds, there exists z € (X, Xg) such that
Li+p i =K[1-a)7"2+a(l —7")XL] + p X (34)

By equation (34), the VC breaks even under a contract (z,1) with 1(h) = 1, 1(I) = 0,
zr,(1) = zp(h) = zg(l) = X, and zy(h) = z. Finally, since Iy > p, X (by Assumption (3)),

equation (34) implies that
K[1-a)r 2+ a1l —7")XL] > pul, (35)

so that (EC) holds. Hence, by Proposition (5), contract (z,1) is optimal. O

B Generalization of the Simple Pooling Example

This appendix extends the example of section 4.2 to allow for non-zero correlation between
the assets to be securitized. As in section 4.2, suppose the issuer owns two assets, X' and X?,
each of which can generate a return in {X;, Xo} (with X; < X5). In contrast to section 4.2,
suppose that the returns of assets X' and X? are correlated. Let sk € S = {11,12, 21,22}

denote the event that asset 1’s return is X, and asset 2’s return is Xj. The beliefs of the
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issuer and market over the set of possible return realizations are, respectively, 7/ and 7M.
For j = I, M, ﬁik denotes the probability that j assigns to the event sk. We assume that
the assets are symmetric, so that 4, = 73, for j = I, M. The iid case of section 4.2 is the
special case with ﬁgk = 7r§'7r£ for j = I, M and for all sk € S.

Suppose first that the issuer sells two individual securities, each backed by an asset. By
Proposition 1 an optimal security F' has F} = X; and F, > F. The price that the market
is willing to pay for security F is p(F) = X;(7{ + 7{3) + Fo(73] + 723); the issuer’s payoff

from selling this security is

P(F) +8(Xo— Fo) (73] + 7gy) = Xa(A11 +7y) + Fa(fa) +735) +0(Xa — Fo) (73, + 75,). (36)

The issuer finds it optimal to set Fy = X if §(7l, + 7l,) > #M + a4 and F, = X, if
S(rh, + 7dy) < #M + 721, In what follows we maintain the assumption that 6(#4, + #,) >
A + 752 so that an issuer who sells individual securities F'* and F?, each backed respectively
by asset X! and X2, finds it optimal to set F! = F? = X, for s = 1,2.

Suppose next that the issuer pools the two assets and sells a single security backed by
cash-flows Y = X! 4+ X2. Consider a security Fy = min{Y, X; + X,}. The price that the
market is willing to pay for security Fy is p(Fy) = #M2X; + (1 — #M) (X, + X3), and the

issuer’s payoff from selling this security is
P(Fy) + 6750 (Xo — X1) = 11 2X1 4+ (1 — 711 (X1 + Xo) 4+ 070 (X2 — X1). (37)

Comparing (36) and (37), the issuer strictly prefers selling security Fy backed by the pool
of assets than selling the two individual securities F! = F? = X; for s = 1,2 if and only if

247 =1-7M > §(1—rl)) = 6(27L, +#L,). Combining this with § (71, +7L,) > #M +#M.
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the issuer strictly prefers to pool the assets and sell security Fy if

If the issuer and the market both perceive the asset to be perfectly correlated (so that ﬁ%l =0

for j = 1,2), the condition in (38) can never be satisfied, and hence pooling does not obtain.
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