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CESifo Working Paper No. 6891
Category 1: Public Finance

Optimal Mixed Taxation, Credit Constraints and the
Timing of Income Tax Reporting

Abstract

We study optimal income and commodity tax policy with credit-constrained low-income
households. Workers are assumed to receive an even ow of income during the tax year, but
make tax payments or receive transfers at the end of the year. They use their disposable income
to purchase multiple commodities over the year. We show that differentiated subsidies on
commodities can be optimal even if the Atkinson-Stiglitz Theorem conditions apply. When the
optimal policy leaves low-income households with binding credit constraints, it is optimal to
subsidize the good that is consumed in higher proportion by them. We show that this involves
subsidizing more goods that fulfill basic needs, such as food or dwelling. The benefits of such
subsidies have to be balanced with the costs of financing them, since unconstrained households
also benefit from the rebate early in the fiscal year.
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1 Introduction

Many government transfer programs are income-tested and delivered through the tax system.
Examples include refundable tax credits that decline in income, such as the Earned Income
Tax Credit, the Additional Child Tax Credit and the Health Coverage Tax Credit in the U.S.;
the Working Income Tax Benefit, the Canada Child Benefit and the Goods and Services Tax
Credit in Canada; and the Working Tax Credit, the Child Tax Credit, and the Universal
Credit in the U.K. A key feature of these transfer programs is that entitlements cannot be
fully determined until the taxpayer’s income tax form has been filed and approved by the tax
authorities. In the above examples, transfer payments are paid periodically in a given year
based on taxable income (or family income) of the previous year. In some cases, adjustments
can occur while the transfers are being received if the taxpayer’s circumstances change in a
way that can be verified by the government, such as childbirth or change in employment or

disability status.

The consequence is that transfer recipients’ income flow is lumpy. Those with low enough
income to be eligible for a transfer from the government will have low—possibly zero—income
during the year and a large transfer starting after the year ends. Individuals who anticipates a
transfer would like to smooth their consumption stream over the year by borrowing. However,
they may be precluded from doing so by a credit constraint. Financial institutions may be
unwilling to lend to them except at exorbitant interest rates, especially if they do not have

a credit rating or if the financial institution cannot verify the expected transfer.

We adopt an optimal income and commodity tax perspective to study policy responses to
this issue. The informational assumptions of optimal taxation accord well with the problem.
The model we use is stylized and meant to capture the essential features of the information
constraint faced by the government and the credit constraint faced by transfer recipients.
Unlike in the standard optimal income tax setting, we assume that individuals receive an

even flow of income during the tax year, but make tax payments or receive transfers at the



end of the year.!

Individuals use their disposable income to purchase a flow of multiple
commodities over the tax year. The government knows only the workers’ labor incomes at
the end of the year. However, following Guesnerie (1995), we assume that the government
observes all anonymous transactions on commodity markets and can impose a set of linear
commodity taxes or subsidies at the time the purchases occur. Therefore, if the government
wants to undertake some redistribution before the end of the fiscal year, implicit transfers

can be made through commodity subsidies and could be targeted to the intended individuals

by a differential rate structure.

Our main focus is on the case where individuals are credit constrained which can pre-
vent them from smoothing their consumption over the fiscal year. The credit constraint
becomes especially relevant when the government’s redistribution scheme implies paying
transfers at the end of the year. With perfectly functioning credit markets, those antici-
pating transfers would borrow throughout the year to smooth the consumption financed by
their future transfer. Then, the standard results of optimal tax theory would hold, including
the well-known Atkinson & Stiglitz (1976) theorem when labor and consumption are weakly
separable. However, when transfer recipients face a binding credit constraint that precludes
them from smoothing their consumption, giving transfers at the end of the year does not
achieve the government’s redistributive objectives earlier in the year. And, the government
cannot provide optimal transfers before the end of the tax year since it does not have the
required information to determine who is entitled to them. We show that differentiated
subsidies on commodities can be welfare-improving even if the Atkinson-Stiglitz Theorem

conditions apply.

The idea that consumption tracks income due to credit constraints is well established.
For example, in the buffer-stock model of Deaton (1991), consumers’ inability to borrow

and impatience predicts that consumption will track income and that credit constraints can

'In practice, tax remittance are often made throughout the year by employers through payroll deductions,
but this only applies for taxpayers and not transfer recipients. Ignoring these remittances will have no effect
on our analysis since those who pay taxes face no credit constraint.



be binding. Various studies using U.S. data confirm this. Using evidence on caloric intake
of food stamp recipients, Shapiro (2005) finds that the short-term discount rate of these
individuals is very high and hardly reconciliable with geometric discounting. Studying the
effect of stimulus payments from the 2001 tax cut episode to explain the phenomenon of
‘wealthy hand-to-mouth’ who own mostly illiquid assets, Gruber (1997) finds evidence that
unemployment insurance, which is paid on a frequent basis, significantly smooths household
consumption. Parker (1999) finds that consumers do not perfectly smooth their demand for
goods when they expect a change in their income (although, in their case, the complexity
in the tax code may be at stake). More recently, Aguila et al. (2017) found in a natural
experiment that smoothing cash-transfers over the year facilitates consumption smoothing.
In particular, they find that more frequent cash-transfer programs are associated with more

consistent spending on basic needs, such as food and doctor appointments.

Another source of evidence comes from household behavior during the months when the
Earned Income Tax Credit (EITC) is received. McGranahan & Schanzenbach (2013) find
that households who are eligible for the EITC spend relatively more on healthy items during
the months when most refunds are paid. Among these healthy items one finds vegetables,
meat, poultry and dairy products. In a recent survey paper, Nichols & Rothstein (2016) stress
that “[households] are often unable to borrow at reasonable interest rates (as evidenced by
the high take-up of extremely high interest refund anticipation loans). If credit constraints
are binding, a lump-sum payment has a smaller effect on the household’s utility than would
a series of smaller payments throughout the year.” They also note that until 2010, EITC
recipients could apply for a partial advance payment throughout the year. Although a small
proportion of individuals opted-in, the most plausible explanation for taking up the credit

would be that individuals are severely credit constrained.

In a recent work, Baker (2017) finds that the income elasticity of consumption is signifi-
cantly higher for highly indebted households (after controlling for net assets). He concludes

that “credit constraints play a dominant role in driving differential household consumption



responses across households with varying levels of debt.” Also, using data from house-
holds who experienced a temporary income reduction during the U.S. federal government
shutdown in 2013, Baker & Yannelis (2015) find indications that households who have better
access to credit or who have accumulated more savings exhibit significantly smaller spending

reductions during the transitional shock.

In the following sections, we study optimal income and commodity tax policy with credit-
constrained low-income households in a standard nonlinear income taxation setting. The
model features several skill-types of households who supply labor and consume two com-
modities. To simplify matters, we assume that transactions can occur at two discrete points:
in the middle of the period and at the end. Preferences are weakly separable so in the ab-
sence of credit constraints, optimal commodity taxes will be uniform at indeterminate rates
given that proportional commodity taxation is equivalent to proportional income taxation.
The two commodities are not consumed in the same proportions by different skill-types, and
this will lead to differential commodity subsidization in the presence of credit constraints.
The credit constraint will take the simplest of forms. As well, for reasons to be explained,
it will be costly for the government to make budgetary expenditures before the end of the

period. Doing so requires it to borrow against its end-of-period tax revenues.

In principle, the government could make a uniform lump-sum payment to all persons
at the beginning of the period. Combining a lump-sum transfer with non-differentiated
commodity taxes would be equivalent to a linear progressive tax system and would allow
the government to redistribute at the beginning of the period even if it had no information
on individuals incomes. If preferences were weakly separable in goods and labor and quasi-
homothetic in good — the Deaton (1979) conditions — non-differentiated commodity taxes
would be optimal, and this would have implications for our analysis. In our analysis, we
assume that the government does not use a uniform lump-sum transfer at the beginning of
the period. In particular, we assume that all components of the direct tax-transfer system

are implemented at the end of the period. We return to a discussion of beginning-of-period



lump-sum taxes at the end.

2 Model

There are N types of individuals who are indexed by ¢ € {1, ..., N}. The number of type—i
individuals is n;, each of whom has exogenous productivity w’. The whole population is
normalized to one so that Zf\il n; = 1. The economy lasts for one period, which we can
think of as a tax year. We divide the period into two sub-periods ¢t = 1,2, and assume that
each individual works with the same intensity in both sub-periods and earns a gross income
Y?/2 in each. At the end of t = 2, a type—i individual pays an income tax 7" (or receives a
transfer if it takes a negative value). When individuals choose their labor supplies ex-ante,
they know their end-of period income tax liability and therefore their disposable income over

both sub-periods.

We use the methodology of Christiansen (1984) to introduce consumption of commodities
into the model. In each sub-period ¢, type—: individuals choose a consumption bundle
consisting of two goods (¢!, d!). The producer prices of goods ¢ and d are set to unity, and
the consumer prices can include a commodity tax, which can equivalently be either per unit
or ad valorem: ¢. = 1+t. and g4 = 1 +t4. Commodity taxes t. and ¢, are the same for both
sub-periods and for all individuals since otherwise arbitrage opportunities would exist. An
individual’s utility function is assumed for simplicity to take the following additive form:

o S yi
el i) = St = e~ 1 () 1)
t
where Y /w" is labor supply in each of the two sub-periods, and h(-) is a strictly convex cost
or disutility function. The function u(-, -) is the per-period utility of consuming the bundle of

goods. To ensure that commodity tax differentiation is not a by-product of nonlinear Engel

curves, we sometimes assume that u(-,-) is quasi-homothetic in ¢, and di by introducing a



basic need ¢ on good ¢ and letting u(-, -) be homothetic in ¢! — ¢ and di. The quantity ¢ could
stand for a minimal quantity of food or shelter.? For simplicity, we assume that individuals
do not discount their utility across periods, which does not restrict our results. Note that
although individuals supply labor in both sub-periods, the disutility of labor supply is defined
over total (annual) labor supply. Since commodities are separable from labor or leisure in the
utility function (1), the Atkinson-Stiglitz Theorem would apply in this model in the absence

of a credit constraint, as we confirm below.?

We introduce imperfections in the credit market in the form of a credit constraint. The
credit constraint applying in the first sub-period is

i

i ;Y
qcCy + qady < ) + 9, (2)

where ¢ is exogenously given. In what follows, we assume ¢ = 0 so individuals are precluded
from borrowing. Individuals have access to a competitive credit market if they want to save
or are able to borrow. Those who save do so at rate r and those who borrow do so at
rate 7, with r < 7. This reflects the cost of financial intermediation. For an individual ¢,
we denote by r; € {r,7} depending on whether, in the optimum, he is respectively a net
saver or borrower at ¢t = 1. If the government borrows, it can do so at rate v, > r, meaning
that it borrows at a higher rate than the risk-free rate at which individuals can invest their

short-term savings.?

Under these assumptions, we shall see that the two sub-period setting gives the same
solution as a standard Mirrlees problem when there is no credit spread, that is, when r =
7 = rq. This is our benchmark case which we study first. Then, we introduce a borrowing

constraint that prevents individuals from using more than ¢ dollars of their end-of-year

2 All results follow with a basic consumption level on both goods. The important feature for differentiation
is strict quasi-homotheticity of consumption utility, requiring that basic needs differ across goods.

3The model assumes that individuals commit to their labor supply and that labor supply is the same
across periods. This does not drive the results and simplifies the analysis.

4In particular, this prevents the fiscal policy from being a Ponzi scheme and eliminates arbitrage oppor-
tunities.



transfers as a collateral when applying for a loan. As mentioned, a simple case is when
¢ = 0, which mimics the corner solution one would obtain if borrowers faced an interest
rate 7 that is prohibitively high. Given that our model abstracts from solvency issues and
financial risks related to lending to individuals, this is a simple way to introduce credit

market frictions without explicitly modeling solvency risks.?

To be precise, in the case where there is no credit constraint, the annual budget constraint

for a type—i individual is (from an end-of-year standpoint)

@q+%%kaﬂ+%é+%@<E{ng+3~41

Since individuals earn Y /2 every sub-period and only pay their taxes (get their transfers) T*
at the end of the year and they can make transactions in the financial markets, the nonlinear

tax problem amounts to choosing annual disposable income defined as

PE(QZ”)W—Tﬁ (3)

Therefore, one can rewrite the individual’s annual budget constraint as

(gt + qady) (1 +73) + qech + qady < I (4)

2.1 Tax normalizations

In the standard static optimal income and commodity tax analysis, uniform commodity
taxes are equivalent to a proportional income tax. This implies that the absolute level of
commodity taxes is indeterminate: reducing commodity tax rates proportionately and in-

creasing the income tax rate by the same amount will have no effect on equilibrium outcomes.

5 A more complex model would involve risk. Then, it would be costlier to banks to lend to individuals and
the interest rate for borrowers would be high. This would give us the same intuition, but would significantly
complicate the problem.



Commodity taxes can then be normalized by, for example, setting one commodity tax rate
to zero. In our setting, this is not possible if credit constraints are binding. That is because
while commodity taxes are paid on purchases in both sub-periods, income taxes apply only

at the end of the periods.

To illustrate, suppose the government imposes undifferentiated commodity taxes t. = tg4.
In the absence of binding credit constraints and assuming no interest rate spread between
borrowing and lending, it can reach the same allocation by taxing everyone’s yearly income
at the proportional rate ty = t./(1 +t.) = tq/(1 + t4). In this case, we can normalize one
consumption tax to zero and let the flat revenue-collection component be captured by the
proportional tax on income (leisure). Recall, however, that income taxes are collected at
the end of the period, while commodity taxes apply in each sub-period. Thus, the time
stream of tax liabilities will differ under the two systems. A uniform commodity tax system
will generate tax liabilities in both sub-periods while income tax revenues will be paid at
the end of the period. This difference in timing has no real effect in the absence of credit
constraints and interest rate spreads. The analogous result applies in the case where a

uniform commodity subsidy is applied.

However, when an individual’s borrowing constraint binds, this equivalence does not hold.
The income tax is not paid in the first period, so with ¢ = 0 the binding credit constraint
(2) becomes

) ) Y
(1+t)cl + (1 +tg)d} = 5 (5)
A proportional increase in commodity tax rates will tighten the credit constraint in (5), while
a corresponding proportional decrease in the income tax rate will not undo this tightening.
Therefore, proportional commodity taxes or subsidies are not equivalent to proportional

income taxes or subsidies. The absolute level of commodity tax rates matters so we cannot

normalize one rate to zero.

Note further that (5) does not contain a tax on its right-hand side. Therefore, if the



government want to tax income specifically in the first period, it has to do it through the
taxation of goods. Similarly, if he wants to redistribute in the first period, it has to do it
either through a subsidy on goods or through a uniform lump-sum subsidy to all individual

in the first sub-period (since it cannot identify individuals by type then).

In what follows, we treat the absolute levels of commodity tax rates as government
policy variables along with the nonlinear income tax system. Unlike in the standard models

of optimal income and commodity taxation, our analysis yields a well-defined tax mix.

2.2 Government’s budget constraint

The government’s budget constraint in absolute terms in end-of-period values is

7 7 7

3 ((2;’"’)1/1‘ —F’) ()@= 1)) e+ (g —1) Y ey + (1+7ry)(ga— Dzi:dil

Fa-)Y 4= ©)

where R is an exogenous revenue requirement. Note that the discount factor r, is used to
obtain the end-of-period values of commodity tax receipts in the first sub-period. That is
because we are assuming that the government is a net borrower. If it subsidizes commodities
in the first sub-period, it must borrow at the rate r, to finance those subsidies. Some of
the benefit of the subsidies accrues to high-income individuals who are savers and obtain a
return r on their savings. The fact that r;, > r makes it socially costly to transfer resources
to them in ¢ = 1. By the same token, if the government taxes commodities in the first sub-
period, it reduces its borrowing and the saving of high-income individuals also decreases,
which again saves resources since r, > r. However, the credit constraint is tightened for

low-income individuals for whom it binds.

10



3 Optimal tax mix

We derive the government’s optimal tax structure using a standard mechanism design prob-
lem for income taxes augmented by a choice of commodity tax rates. The government offers
bundles of income and disposable income (Y, I) intended for types i, where income is earned
equally over the two sub-periods. Then, using (3) taxes paid at the end of the period are
residually given by T* = (2 + r;)Y?/2 — I, where T* can be negative for low-productivity
types. The government also chooses t. and t4, or equivalently ¢. and g4. As we shall see,
when an individual is credit constrained in the optimum, the optimal price ratio g./qq will
generally differ from unity. We begin by characterizing individual behavior, and then turn

to the government’s problem.

3.1 Individual behavior

We solve the type-¢ individual’s problem in two steps in reverse order. In the second step,
knowing Y, I', q. and qq, the individual chooses bundles (ct, d!) for ¢t = 1,2. In the first step
and anticipating the outcomes of the second step, the individual chooses from the bundles

of income and disposable income (Y, I') offered by the government.”

3.1.1 Step 2: Choice of commodity bundles

Given Y I*, q., q4, individuals of type i choose commodity bundles (ci, d?) to maximize utility
(1) subject to the annual budget constraint (4) and the credit constraint (2). The value

function for this problem is:

VY T e qa) = max Y u(c; —&,di) + 0" [T = > (1+70)" " (qeci + qad;)

tot=1,2 t=1,2

SFor a similar approach, see Edwards et al. (1994)

11



) ) ) V&
—p {qccﬁ + qady — (7 + 925)] : (7)
where the credit constraint takes the values ¢ € {0, 00}, depending on the specific case under

study. Applying the envelope theorem to the value function °(-),

Gh=0 = =0 Y () T i, ), = =00 (L) T g
t=1,2 t=1,2
(8)
Note that di)'/d¢ = u'. Since consumer utility is non-decreasing in the size of the credit
constraint ¢, that implies ' > 0 with the inequality applying when the constraint is binding,.
Note also that, by definition, p! = 0 Vi when ¢ — oc.

3.1.2 Step 1: Choice of income and net income bundles

Given commodity tax rates (., %) and anticipating step 2 above, the government on behalf
of individuals of the two types offers income-consumption bundles (Y, I'). In an optimum,

individuals choose the bundles intended for them. This yields total utility for a type-i person:

VZ(Y17]Z7qcan) = wZ(YZa [Z7QC7Qd) —h (a) . (9)

7

Using the envelope results (8) on ¢%, V(-) satisfies the following properties:
P 1 v i i i i i i
=l (D) Vil Vimuh Vi (10

Preferences of an individual of type i in (Y, I)-space have a slope:
it Ve LT (YR
Ay Vi |w w' 2

Finally, denote Vi as the total indirect utility of a type ¢ who mimics a type —i. The

mimicker will have the same income stream so will face the same credit constraint as the

12



individual being mimicked. Analogously to V¥ in (9), indirect utility is given by:

W'

i —i y—i i(y—i 7t v
VZ(QCanay 7-[ ):¢(Y 7] 7QC7Qd)_h( ) (11)

Similar envelope properties to (10) apply, and the slope of the mimicker’s indifference curves
will be: N R R

drl’ _ _V_; _ 1 ih/ Z B T

dyi \711 0=t | w? w' 2

3.2 Tax implementation

Tax implementation involves finding marginal tax rates that implement the optimality con-
ditions derived using mechanism design analysis. Doing so involves relating marginal tax
rates to individual behavior as follows. The government implements a nonlinear tax function

T(Y"). Using (3), we can rewrite the expression for indirect utility in (9) as

2+’I"i

Vi() =4 (Yi, ( 5 )Yi - T(Yi),qc,qd> —h (%) :

The individual chooses income Y to maximize V*(-). Using the envelope conditions (8), the

first-order condition can be written

% zap Yi /Li % 2+ri ! 1 / Yi
¢Y+¢Iﬁ—hy<ﬁ):—+9-< —T(Y))——.h (—.):0.

2 2 w? w?

[solating the marginal tax rate gives

- 241 1 y? 1t
T(Y") = ———h' | — == 12
(¥7) 2 Olw (w’) * 20 (12)

This expression for 7"(Y?) defines the marginal tax wedge facing a type-i individual in terms
of the individual’s preferences. The appearance of u’ means that, everything else being

equal, an individual is willing to supply more labor in the first period at a given marginal

13



tax rate. This happens because increasing Y provides a constrained individual with cash-
on-hand early in the year. However, a binding constraint means that the individual derives
less marginal utility from his second-period net income I*. This will reduce the government’s

incentive to redistribute using the income tax schedule.

3.3 Government’s problem

In our problem, the government redistributes from more productive to less productive indi-
viduals. We use the methodology developed by Hellwig (2007) — also applied by Bastani
(2015) — to derive optimal tax schedules with a finitely large number of types. The govern-

ment maximizes social welfare:

W=> n®(V')

subject to the budget constraint (6) and to N — 1 incentive compatibility (IC) constraints

that take the form of downward adjacent constraints,
VYT e qaw) 2 VYL T e qaiw’) Vi ()

where ®(V") is a concave social utility function, with ®'(V?) > 0 and ®”(V?) < 0. The
function Vi(Yi_l, I'7' qe, qz;w?) in the IC constraints is the indirect utility obtained by a
type ¢ who mimics the adjacent lower type i — 1, so is given by (11). The equation indicators
~* represent the Lagrangian multipliers of the incentive constraints in the government’s
problem, and A is the Lagrangian multiplier for the budget constraint (6). Note that for R

small enough, at least one type (the lowest) receives a transfer.

Given our assumption about preferences, all individuals would smooth their consumption
across sub-periods 1 and 2 in the absence of credit constraints, albeit imperfectly. Credit
constraints will be binding only for those expecting a transfer at the end of the period since

then they will want to borrow in sub-period 1. Those who pay positive taxes will save at

14



t =1 to spread their tax liabilities across sub-periods.

We consider the government problem in three successive settings of increasing complexity:.
We begin with the benchmark case in which no one is credit-constrained and there is no
credit spread. We then assume a credit constraint with ¢ = 0 that is binding on at least
one type (the lowest), but restrict the government to using a nonlinear income tax. The
credit spread is irrelevant in this case since no individuals will borrow, and the government
gets all its revenues at the end of the period. In the final case, both credit constraints and
a credit spread apply, and we let the government choose differentiated commodity taxes or
subsidies alongside the nonlinear income tax. We denote by L£(-) the Lagrangian function
of the government. The first-order conditions for the government’s problem in the third,
most general, setting where the credit constraint is binding for at least one type and the

government chooses commodity tax rates are listed in Appendix A.

3.3.1 Benchmark case: unconstrained individuals and no credit spread

This case corresponds to the standard optimal nonlinear income tax problem with linear
commodity taxes. All individuals and the government can borrow and lend at the common
interest rate r. First, we establish that the government need not use commodity taxation at

all, and then we characterize the optimal income tax system.

The government can normalize commodity taxes by setting ¢. = 1, and then optimize
on relative commodity prices which we denote by a = ¢4/¢g.. Choosing « is equivalent to
choosing ¢ = 1+ t4. Since individuals are not credit-constrained, p‘ = 0, in the individual’s
value function (7). Using the envelope properties for the individuals in (8) and (10), the
government’s first-order conditions shown in Appendix A lead to the standard Atkinson-

Stiglitz theorem:

Proposition 1. When i =1, ..., N are unconstrained and there is no credit spread, then the

Atkinson-Stiglitz Theorem holds and commodity taxes are undifferentiated.

15



Proof: See Appendix B.

Thus, the Atkinson-Stiglitz theorem continues to apply even though consumption and
labor supply occur sequentially over the tax year. The theorem stipulates only that com-
modity taxes should be uniform if used, but since uniform commodity taxes are equivalent to

a proportional income tax in this benchmark case, they are redundant and thus unnecessary.

Since credit constraints are not binding in this case, u’ = 0, so the definition of the

marginal tax wedge in (12) simplifies to

(Vi) = (2;7”') ! h’(Yi) (13)

G \wi

Using the first-order conditions in Appendix A to rewrite the right-hand side of (13), we

obtain the following marginal tax formulas in an optimum:

n; Qi Qiitl

As shown by Hellwig (2007), the term in parentheses is always positive when the single-
crossing condition is satisfied and when leisure is an normal good. Moreover, YN+t = 0
since there is no downward incentive constraint at the top. Therefore, marginal tax rates
are everywhere positive except at YV, for which 7"(w") = 0 so there is no distortion. These

are the standard optimal income tax results.

3.3.2 Case with binding credit constraints and no commodity taxes

Suppose now that transfers to the lowest types are sufficiently large that the credit constraint
on at least one type is binding, so u* > 0 for at least some i. Those whose credit constraint
does not bind pay taxes at the end of the period and save for it, whereas the poorest ones

would have liked to borrow using future transfers as collateral but they cannot. Since there
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are no commodity taxes in this case, the government has no revenues and no expenses in the
first sub-period so r, does not need to be specified. Those who save do so at rate r; = . In
the optimum, the marginal income tax rate for individual i is again given by (14), which we

can rewrite as:

T’*(yi) _ ,Yz‘+1 (h/(Yi/wi) B h/(yi/wz‘+1)) . (15)

)\ni w? witl
Substituting the first-order condition of the government with respect to I, which is (27) in

Appendix A, into the first-order condition with respect to Y, (28), we obtain

oL 1 y? 1 Y? , 1 Yy?
- = - 7;(1)/ VZ —.h/ e - Z—.h/ Iy 1 - h/ -
oYt n ( )wz (wz> v wt (wz> + v w’L+1 (w1+1)

2+ 1 i
+A ( ZT) n; + )\ni% =0, Vi (16)

The last term in (16) is strictly positive for constrained individuals, and equals zero when
individuals are unconstrained. It is the additional benefit of increasing constrained individu-
als’ cash-on-hand in the first-period by making them work more and earn more income, and
thereby relaxing their credit constraint. Everything else being equal, increasing Y means,
from (15), that the optimal marginal tax rates will be pushed down for constrained agents
whenever h(-) is strictly convex. Since mimicking becomes less attractive when credit con-
straints are binding, /! falls and this argument is reinforced. The Lagrange multiplier on

the government’s budget constraint, A\, must also be higher when credit constraints bind.

3.3.3 Case with binding credit constraints and income and commodity taxes

When the government has access to commodity taxes or subsidies, it can use them to relax the
binding incentive constraints by subsidizing consumption in sub-period 1. But, this comes
at a cost since it must borrow at the rate r, to finance the subsidies. Given that commodity
subsidization also benefits the unconstrained individuals, saving of the latter is increased.

Since 74 > r government saving accompanied by private dissaving results in a resource cost.
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In this case, two outcomes are possible. First, subsidization of commodities may be sufficient
to eliminate the credit constraint of all low-income individuals. Alternatively, the cost of
commodity subsidization may be sufficiently large that in an optimum, some low-income
individuals remain credit-constrained. Since the qualitative results differ in the two cases,

we consider them separately.
Case A. Credit constraints eliminated in the optimum

In this case, which happens when r, —r is small enough, the government can use commodity
taxes to undo the credit constraint of all individuals. The following proposition is proved in

Appendix B.

Proposition 2: If in the optimum ' = 0, Vi, so policy relaxes all credit constraints in the

economy, then t; =t} < 0.

Thus, both goods are subsidized at the same rate. The commodity subsidy system acts as a
proportional subsidy on income. Since credit constraints are not binding, the equivalent of a
second-best is recovered, although with interest rates higher for borrowers (the government)

than for savers.

To ensure that the entire tax system maximizes social welfare in an incentive-compatible
way, income tax rates are adjusted to reflect the fact that uniform commodity subsidies are
equivalent to a subsidy on income. In the optimum, the effective marginal income tax rate
of individual 7 taking account of both income tax and commodity subsidy distortions is iden-
tical to the one obtained in the benchmark case without credit constraints and commodity

subsidies.

In particular, the optimal marginal tax rate faced by individual i is now

" ; 6i7i+1 h/ Yi wi h/ Yz‘ wi+1 . B . ; aci adi
) = An; ( (eiu{i . (Qiu{iﬂ )> -t Z(H'TQ)Q (m=Tm(0) (8[2 * 812) ’
v t

(17)
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where t* =t} =t} and z; = (2 + r;)/2. This tax formula, analogous to that derived by Ed-
wards et al. (1994), shows that when the government subsidizes consumption proportionally,
this creates purchasing power that is identical to an increase in net income. Therefore, a
share (z — T'(Y")) of the “income value” of the subsidy has to be left in the individuals’

pockets, adjusted for the funding cost of the subsidies r,.

The tax formula in (17) reflects the fact that the wedge between labor and consumption
must encompass the marginal incentives and disincentives generated by all tax instruments.

This can be seen by rewriting (17) as a marginal effective tax rate:

TP =T (V) 4+ (1471, (7 — T*(Y")) (ﬁ + adi)

or-  or
B 9i7i+1 h/(yz/wz) B h/(yi/wi+1>
)\ni ’

(18)

Qi Qiquitl

where the righthand side is the optimal labor wedge in (14). This shows that subsidies on
consumption goods must be clawed back by increases in marginal income tax rates. It also
shows that the standard properties of the optimal tax systems still apply, including non-
negative marginal tax rates at all income levels and a zero effective marginal tax rate at the

top.

Finally, note that the most extreme case of such an optimum would be when subsidies
can be funded at no opportunity cost for the government, or when r, = r. Then, transferring
purchasing power from the second to the first period is done at no cost for the government,
and it can always lower the prices of commodities so as to make all credit constraints in
the economy slack. In this unrealistic example, the timing of income-tested payments has
no effective consequence on the overall tax policy and social optimum. As soon as subsidies
become costly, there is a threshold level of the cost beyond which the government will leave

some individuals credit constrained.
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Case B. Some credit constraints binding in the optimum

When the costs of funding commodity subsidies in the first period are high enough, it may
be optimal for the government to leave some individuals’ credit constraints binding. In this
case, differential subsidy or tax rates should apply, but it may be optimal either to subsidize
both goods, or to subsidize one and tax the other. Because the objective of subsidization
is to transfer purchasing power to the first-period, commodity tax income (if any) is always

smaller than subsidies expenses for the government.

Going back to the intuition that underlies the Atkinson-Stiglitz theorem helps us to
understand this result. In a standard optimal taxation model without credit constraints,
commodity taxes are a redundant policy instrument if labor and consumption are weakly
separable in the utility function. If used, all commodity taxes (or subsidies) are undifferen-
tiated, and they are equivalent to a proportional tax on income. Redundancy arises because
differentiated commodity taxation generates both income and substitution effects. The in-
come effects can be entirely cancelled out by adjusting the income tax schedule.” Therefore,
differential commodity taxes or subsidies would be optimal if substitution effects were de-
sirable. Since these distortions play no role in relaxing incentive-compatibility constraints,

commodity taxes are proportional if used.

When the government finds it optimal to leave some credit constraints binding at the
bottom of the skills distribution, this intuition fails. Because constrained individuals receive
a transfer later in the fiscal year and cannot smooth consumption, a government that uses
commodity taxation cannot adjust its optimal income tax schedule to offset income effects
created by commodity taxes (subsidies) in the first period. When the government wants to
increase constrained individuals’ purchasing power in the first period, subsidization becomes
a non-redundant, and potentially useful, policy tool. However, because of the opportunity

cost of financing subsidies early in the year, the government wants to use this tool as econom-

"In a way, the government can therefore repay itself for the subsidies granted, or reduce average tax rates
to compensate individuals when commodities are taxed.
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ically as possible, which involves subsidizing more intensely the good that is proportionately

consumed more by those who are constrained (good c).

This may happen even when utility-of-consumption functions u(-) feature linear Engel
curves. Our simple case in which there is a basic need for good ¢, ¢, justifies either subsidizing
good c at a higher rate, or simply subsidizing ¢ and taxing d if r, — r is very high. These
results are illustrated in the numerical section below. Proposition 3, whose proof is given in
Appendix B, gives the general condition under which differentiation happens under linear

Engel curves.

Proposition 3: Define B; = (u;/A\)(®' (V) + v /n; — 4"+ /n;) — (ry — ;). Also denote by
C # () the subset of types whose credit constraint bind in the optimum: i € C < u* > 0.

Then, the optimal policy has t; > t. if and only if, at the optimal tax system,

ZZEC n;ch ZiEC n;dj

. B.ct n: B.dt
(sz G 2 ”) > 0. (19)

Overall, Proposition 3 states that the optimal policy involves differentiating commodity

taxes, with t. < 4, if we find a higher benefit/cost ratio of subsidizing good ¢ than good d.

When the sign of (19) is positive, the government finds a positive net benefit of favoring
good c. It is instructive to see how this condition can be reinterpreted, and when we may
expect it to be satisfied with strict inequality. Denote the ratio of the quantities of each good

consumed by all constrained type-i individuals to the aggregate quantities they consume as:
VielC, (20)

Note that for low-income individuals, £ > £ when good c is subject to a minimum need
level ¢. Denote by b; = @' (V') +~'/n; — " /n; the marginal social weight associated with
giving one individual ¢ € C one dollar lump-sum in the first period. We presume that,

at least at the bottom of the distribution, b; is decreasing with ¢ due to the redistributive
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objective of the social planner and strict concavity of utility functions. Then, substituting

these expressions into (19), the optimal policy involves ¢} < ¢} if

1 , o o
S5 uib — €~ (ry 1) (ZZ“’”C* - Zue” ) > 0. (21)
A ieC Zjec njc{ Zjec ”jdl

_ (. /

Eqﬁity Efficiency

The equity term applies only to constrained individuals who have u* > 0, confirming the
redistributive role of differentiation only when some credit constraints bind at the optimum.
For a type 1, it is increasing with the marginal social weight b;, with the marginal cost of
being constrained p’, and good c is favored when poorer constrained individuals consume
proportionately more of it. The efficiency term in (21) is the relative cost of favoring good c.
It is proportional to the credit spread r, —r, and is greater than zero when all unconstrained
individuals consume a larger share of good ¢ in the economy than of good d. Notice that
(21) is not a tradeoff, but the net benefit at the optimum of commodity taxation
favoring good ¢ over good d. The equity and efficiency terms are both positive when ¢ > 0,

and move in the same direction when ¢ increases.

Corollary 1, which is stated below and proven in Appendix A, shows that if Engel’s curves
are linear and there are no basic needs, then it is optimal for commodity tax rates to be
undifferentiated. When ¢ = 0, all individuals consume goods ¢ and d in same proportions.
The Corollary implies that credit constraints or basic needs alone are not sufficient to justify

differentiation.

Corollary 1: If ¢ = 0, then there is no differentiation and ¢ = ¢; < 0. This result is

independent of the specific social welfare function ®(-) used by the social planner.

Finally, when commodity taxes are differentiated, the government must adjust its optimal

income tax schedule in consequence. The optimal effective marginal tax rate, which is
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obtained from the government’s and agents’ first-order conditions, is

T/E* (Yz) = T/(yz) 4 t:

oct . oct
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4 Numerical examples

We illustrate our results with some numerical simulations. We assume that utility of con-
sumption and disutility of labor functions in (1) are constant elasticity, and the utility of

consumption is quasi-homothetic. These functions are given by

NG B e
ity . 2
u(c, dy) = K =, —l—f<&1_p7 (23)
61—0—0'
h(f) = (=Y/w. 24
O =1 (=Y )

We set the values of the parameters to p = 0.9 and 0 = 2. Recall that the case without
credit constraints is analogous to a standard second-best, but with the fiscal year divided
into two subperiods. For convenience, we choose k = (1/4)?, which implies that with r = 0
and ¢ = 0 the simulations give the same optimal tax system as if the fiscal year were not

divided into subperiods.

The number of workers at each wage level, n;, follows a lognormal distribution with
parameters (u,0) = (2.757,0.5611). It is taken from Mankiw et al. (2009), who estimate
these parameters from the 2007 March wave of the Current Population Survey (CPS). A
discrete version of the distribution is used to obtain 100 wage levels with a fixed distance
between any two wage levels. The probability mass function is rescaled so that ), n; = 1.

We initially set the interest rate spread to 15 percentage points (which is a bit lower than
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borrowing rates on credit cards), with r = 0 and r, = 0.15, although sensitivity analyses are

are also computed.

The year 2007 is used to calibrate our simulations to make them comparable with Mankiw
et al. (2009). We use the basic need ¢ = 5, which at a unit consumer price approximately
represents $5.75 daily, or $2,100 annually. This is a conservative amount, and compares with
the average Supplemental Nutrition Assistance Program (“food stamp” program) payment
of about $3 a day in 2007. This is well below the Federal poverty line of $10,210 ($28 per

day) for a single-person household.

We compute total taxes paid by individuals at given levels of income, and the effective
marginal tax rates as in Edwards et al. (1994). The cumulative total tax payment by a
worker with labor income Y* evaluated from the government’s point of view at the end of
the period is

TEY) =TY') +t |y (1+7,)"q

t

+ 14

>+ rg)2—td;'] . (25)

t
Baseline simulations

We compute baseline simulations for each of the three scenarios considered in Section 3
and leading to Propositions 1-3. The first one is the No credit constraint scenario where
individuals (and the government) can save and borrow at the same rate. The government
can implement a nonlinear income tax as well as linear commodity taxes. This first scenario
is a useful benchmark as it is analogous to a standard second-best optimal tax regime. Note
that unlike the following cases, the government could reallocate funds costlessly between

periods, although there is no need to do so since individuals have the same opportunity.

In the second scenario (Credit constraint) individuals are precluded from borrowing so

¢ = 0. The government is restricted to nonlinear income taxation implemented at the end
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of the period to achieve its redistributive objective. With r = 0, individuals who expect to
have negative tax liabilities at the end of the fiscal year (T(Y") < 0) may want to borrow

and will be unable to do so.

In the third scenario (Credit constraint with subsidies), the government can use commod-
ity taxes or subsidies in addition to nonlinear income taxation. Commodity subsidization
enables the government to reallocate funds from the end of the period to the beginning, but

this entails government borrowing which is socially costly because of the credit spread.

In our baseline case, we use a utilitarian social welfare function, W = g n; V" along with

i
needs ¢ = 5 and credit spread r, — r; = 0.15. Besides our baseline calculations we examine
the sensitivity of optimal tax policies to variations in the aversion to inequality, in needs ¢,

and in the credit spread r, — r;. The results are summarized in Tables 1-2 and Figures 1-2.

Scenario qe qa | qa/qc | % Constrained | > n; V" BALE

No Credit Constraint 1 1 1 0% 16.399 10.22%
Credit Constraint 1 1 1 62.23% 16.346 7.01%
Cred. Const. and Subsidies | 0.858 | 0.881 | 1.028 42.96% 16.35 7.28%

Source: Authors’ calculations. Numbers rounded.

Table 1: Characteristics of Optimal Allocation under Different Scenarios

The key characteristics of the baseline case are shown in Table 1. In the third sce-
nario, Credit constraint with subsidies, the two commodities are subsidized at rates between
12% and 14%, with the subsidy being greater for good ¢, which is consumed in higher
proportions for low-skilled credit-constrained persons. The government is willing to distort
consumption patterns of all persons in order to target subsidies more toward those who are
credit-constrained. Compared with scenario two where commodity subsidization is ruled
out, the proportion of individuals who are credit-constrained falls from about 62% to 43%
when the government can deploy commodity subsidies. The utilitarian social welfare lev-
els are reported for all three scenarios. The case with credit constraints and commodity

taxes/subsidies dominates scenario two with credit constraints but no commodity subsidies.
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The table also presents as an alternate measure of social welfare the welfare gains starting
from the laissez-faire allocation. This gain is calculated as the minimal percentage increase
in consumption from the laissez-faire, required to attain the same welfare levels as in the
relevant scenarios (%AX). This percentage is fixed across individuals and time-periods.®.
Once more, we observe that the case with commodity taxes is preferred to that without,
though the difference is relatively small because the utilitarian social welfare function com-

bined with limited curvature of the utility-of-consumption function restricts the weight put

on lower-skilled workers.

Marginal income tax rates Effective Marginal income tax rates
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Figure 1: Optimal Labor Income Tax Rates under Different Scenarios

8This way to account for welfare variations is documented in Farhi & Werning (2013) and Stantcheva

(2017).
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The characteristics of the optimal income tax systems in the baseline case are shown in
Figure 1 for all three scenarios. The No credit constraint scenario is the standard Mirrleesian
optimal income tax case. As the solid lines indicate, marginal income tax rates are high at
the bottom and decline with incomes, initially very steeply. Average income tax rates are
monotonically increasing although at a decreasing rate. Since there are no commodity taxes,
actual and effective tax rates are the same. In scenario two where there are credit constraints
but no commodity taxes, marginal tax rates at the bottom are very small and rising as shown
by the dashed lines. The intuition is that the government wants to encourage labor supply
and therefore subperiod 1 income in order to ameliorate the credit constraint. Note however
that this does not translate into significant differences in average tax rates which remain

very similar to the No credit constraint scenario.

The Credit constraint with subsidies scenario has a similar pattern of marginal income
tax rates to scenario two, but the rates are much higher. The same applies for average tax
rates. This reflects the fact that both goods are subsidized, which is equivalent to a subsidy
to labor supply whose costs must be financed by the government. The income tax system
compensates for this by increasing both marginal and average tax rates. The consequence is
that effective marginal and average tax rates are quite similar for scenarios two and three.
Looking at the optimal effective marginal tax rates, one sees that the Credit constraint
with subsidies scenario is an intermediate case between the No credit constraint and Credit

constraint scenarios where commodity subsidies are not allowed.

Sensitivity analysis

We next consider how these results change when we vary the parameters of the model. Three
sort of variations are considered: i) changes in the credit spread r, — r;, ii) changes the level
of needs ¢, and iii) changes in the weight put on lower-skilled persons. To achieve the latter,

we replace the government’s utilitarian social welfare function with a weighted utilitarian
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Figure 2: Optimal Commodity Taxes under Different Interest Rate Spreads and levels of
Basic Need

social welfare function W =), naw; V' with weights

-1

w;
W = ——— = 0; E nw; = 1 26
‘ Ziniw;n, "= i o ( )
This function puts more weight on workers with low wages as n, the aversion to inequality,

increases. The utilitarian baseline case corresponds with the case where n = 0.

Figure 2 shows how optimal commodity tax rates change with the credit spread, with
needs and with various values for the aversion to inequality. In Figure 2a, needs are kept at
the baseline level while the spread varies. For any given value of 7, increases in the credit
spread reduce the size of commodity subsidies while increasing their spread. This reflects
the fact that higher values of r, —r; increase the social cost of the government borrowing to
finance subsidies in the first sub-period. The government responds by reducing the size of
the subsidies and by targeting them more to good ¢ which is consumed in greater proportions
by low-income persons who are more likely to be credit-constrained. For small enough values
of the spread, the two commodity tax rates are the same. As Proposition 2 indicates, when

the subsidy rates are high enough, no individuals are credit-constrained and the government
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deploys a uniform subsidy. Figure 2a also shows that as aversion to inequality increases from
n =0 ton = 0.2 and then to n = 0.5 so more weight is put on low-skilled individuals, the

size of the subsidy increases thereby generating more redistribution.

Figure 2b considers variations in need holding the credit spread at its baseline level.
As © increases, subsidy rates increase reflecting the fact that an increase in ¢ increases the
marginal utility of income relatively more for low-income individuals. The interactions of
variations in ¢ and 7 lead to further interesting insights. As in Figure 2a, increases in the
aversion to inequality 7 increases subsidy rates as expected. Moreover, for n = 0.5 where
subsidies are quite large, the subsidy rates t. and t4 approach equality for high enough values
of needs. This is another manifestation of Proposition 2. Large enough values of 1 and ¢
cause the subsidy rates to be large enough to relax the credit constraint for all individuals

in which case it is optimal to set t. = t,.

n | No Credit Constraint | Credit Constraint | Cred. Const. and Subsidies
0.2 16.36% 9.95% 11.9%
0.5 51.53% 15.23% 43.07%
0.7 217.72% 19.19% 206.8%

Table 2: Welfare gains (%AL) of the difference scenarios under different levels of 7

Table 2 shows how social welfare gains relative to the laissez-faire vary with n for the
three scenarios. Naturally the gains are highest for the No credit constraint case, which
is the standard second-best optimal income tax case. Welfare gains are higher in scenario
three where commodity subsidies are used than in scenario two where they are not. But,
it is striking that welfare gains with subsidies are relatively close to those in the No credit
constraint case and much higher than in the Credit constraint case without subsidies. This

indicates the importance of subsidies as a way of addressing credit constraints.

Figure 3 illustrates how income tax schedules vary with the interest rate spread for
the Credit constraint with subsidies case holding needs and aversion to inequality at their

baseline levels (¢ = 5,7 = 0). When the differential is low so the cost to the government of
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Figure 3: Optimal Labor Income Tax Rates under Different Interest Rate Spreads
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Figure 4: Optimal Labor Income Tax Rates under Different levels of Basic Need

subsidization is minimal, the optimal tax systems features large subsidies and requires higher
labor income taxation as can been seen by both the marginal tax rates and average tax rates.
As above, when the government can transfer more money in the first period, it can also distort
the labor decision of lower skilled workers more and undertake more redistribution. This can
be seen by looking at the effective marginal tax rates. The case with the highest spread, and
thus the highest costs, also features the lowest effective marginal income tax rates since the

government encourages work especially at the bottom of the distribution.

Figure 4 illustrates the effect of variations in basic need on labor income taxes, holding

rq—r; and 7 at their baseline levels. Recall that with higher needs, consumption subsidies will



be higher. The government then requires higher income tax levels to finance the subsidies.
This is visible from the plots depicting marginal and average tax rates. The higher basic
need also increases the level of redistribution, which results in higher effective marginal
tax rates for all workers, but especially at the bottom of the income distribution. Average
effective tax rates also increase with ¢, since a higher basic need increases marginal utility
of consumption of the necessity good at a given level of consumption. This reinforces the

redistributive motive of the government.

5 Conclusions and an extension to lump-sum transfers

In this paper, we studied an optimal tax system when transactions on goods happen more
frequently than the payment of income-tested transfers. Credit constraints arise because
individuals cannot fully use future transfers as collateral. Our results show that when the
optimal policy is able to relax the constraint on all individuals, it involves proportional sub-
sidies on all goods. When the cost of providing the subsidies is too high, differentiation may
happen when constrained individuals spend a higher proportion of their disposable income
on a good (for instance a necessity) than the general population. Then, the government can
either subsidize all goods at differential rates, or subsidize some commodities while taxing

others.

As mentioned in the Introduction, if the government could make lump-sum transfers in
sub-period 1 separately from its income tax-transfer system at the end of the period, it
could use them to ameliorate binding credit constraints. This opens the door to interesting

interactions between commodity taxation and these payments.

Consider first the extreme case where r, = ¥ = r, so the lump-sum transfers could be
made costlessly by the government borrowing against future tax revenues. The government

will offer a universal lump-sum transfer at t = 1 sufficiently large to relax all credit constraints
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and reduce all tax liabilities at the end of the period by an equivalent amount. If this scheme
is available to the planner, then the allocation would be identical to our benchmark case
without credit constraints. There would be no need to use commodity subsidies and the

Atkinson-Stiglitz Theorem would hold.

Suppose instead that r;, > r so the government faces a cost of transferring money from
the second to the first sub-period. In this scenario, the government may no longer be able to
front-load completely redistribution in the first sub-period and adjust the income tax schedule
to leave all workers unconstrained. If the government uses only nonlinear income taxation
along with the universal lump-sum transfer, the situation is similar to our second case above.
Some individuals remain credit-constrained, and the standard form of the optimal marginal
income tax rates but since some individuals remain credit-constrained social welfare is less

than in the benchmark case.

When the government can use commodity taxes along with period-1 lump-sum transfers,
things change potentially dramatically. Uniform commodity taxes combined with a lump-
sum transfer is equivalent to a linear progressive tax system which transfers income from
high- to low-income individuals. Moreover, the commodity taxes generate tax revenue for
the government to finance the lump-sum transfers thereby offsetting the need to borrow. If
the government sets the commodity tax rate high enough, it would seem it could finance
an amount of lump-sum transfers sufficient to relax all credit constraints of low-income
individuals while at the same time avoiding the need to borrow. And, if the utility-of-
consumption function u(-) satisfies the Deaton conditions, it would seem to be optimal to

use undifferentiated commodity taxes.

In fact, the optimal allocation achieved in this manner appears likely to lead to more
credit-constrained workers. This is because the high level of commodity taxes must apply
in both periods. This induces the government to adjust the labor income tax schedule to
make the allocation incentive compatible. To do this, the tax burden of workers is drastically

reduced to the point where a majority of workers face net transfers from the labor income
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tax. This leads many workers to want to borrow but are unable to do so due to the credit

constraint.

We conjecture that the uniform commodity tax result obtained will break down if Engel
curves are nonlinear. Furthermore, the ability of the government to use commodity tax
revenues obtained from period-1 commodity purchases to finance the lump-sum transfer
requires that the government actually receive those revenues in period 1. In practice, the
firms collecting commodity taxes will not remit them to the government until the end of
the tax year and this will cause the above mechanism to break down. Even in the case if
linear Engel curves, we conjecture that divorcing the timing of the collection of commodity
tax revenues from the payment of the lump-sum transfer will also lead to differentiated
commodity taxes. In fact, we should be able to recover many of the results found earlier in

this paper. Proving these conjectures is left to further research.
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A First-order conditions of the general problem

The Lagrangian of the government is

N N
L= Z nZ(I)(VZ) + Z VZ[VZ(YZa Iia qc, 4d; wz) - Vi(Yi_17 Ii_la qc, 4d; wl)]
=1 =2

+A

ini ((QZT) Y’ —F') + (g — 1)ini2(1+7~g)? el

=1 =1 t

(=13 mi Y (1 + rg>2td;'] |

We present the first-order conditions in their most general form to keep the notation as
compact as possible. Note that, by the definition of the problem, v! = 0 since the lowest type
cannot mimic any lower adjacent type. Note, also, that all types that are not constrained
in the optimum have y* = 0. Those who are constrained have dct /0I* = dd’ /OI' = 0 and
those who are not constrained have dct/9Y* = 9di /0Y" = 0. The first-order conditions are:

oL PTINGE L ~dipi it g
ﬁ—nzq)(\/)e +9'0" — 470" — An; + I, (qe 8[
ad, 2t .
+ )\nz (qd — 1) oI (1 + T’g) =0 \V/Z, (27)

=n; : + B —
w
i+1 :U’i 1 1 YZ 2+f
- <E - wi+1h (wi+1>) tA ( 9 i

Ll+r)*'=0 Vi, (28)
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ge— 1 anz Ctl—i—?“g2t—|—/\ (qa—1) anz 1—1—7“9
+ /\Zni Z ci(1+r1,)* " =0. (29)
i ¢

2—t 71 i 70
s~ o) (T
N—-1
F3 o (0 S i)

t
A(ge—1 : a—‘33;1 N (g —1 : a—di1 2t
+A (g )anzaqd( +79)"" + A (4 )anzaqd( +7g)
[ t % t
FAD Y di(141,) " =0, (30)
i t

Effective marginal tax rates

By (27), obtain Vi

(ni®' (V') +~" =) 0 :)\ni< —te Zap 1+74)*" tdzap (147, ) (31)

B (Y? 1
(_/w) — ,u__ and adding and subtracting

z+101 HJ__ R S S
7 (ei > wif

Using z; = (2+71;)/2, s — T =

n (28), obtain

(e (V) 47" =) 0 (T' (YY) = 2) =76 (hl(Y.i/ w) h'(Y?’/?Uf“))

wz‘gz wz—HQZ

oct od:
+ An; <z + t, mc/g (1+7,)* " +t4 Z 8Yti (1+ rg)2—t> =0. (32)
t t
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Substituting (31) into (32) and reorganizing, one obtains

, oct act
T/(yz) + th(l _I_ Tg)Q_t ( Ct (Zz _ T/) + Ct )
t

oI oY
_, [od: od:
+ tdZ(l +1,)%" (a]’; (z = T") + aTt)
t
An; wio? witigi )

B Proofs

For further use, we present the expressions used for compensated demands. We compensate
demands by varying disposable income I’ but taking annual earnings Y as given. For an
unconstrained individual and using a tilde to denote compensated demands, the Slutsky
equations can be written

de,  9&'  9g
dg. Oq. OI

-~ ad od  ad .
1 : 2—t i t__ t o t 1 S 2—t i 34
t212< + r ) Ct7 aqc aqc (9[1 tzl2( + r ) Ct? ( )

odi ad,  adi e 0494 ad s
dqa  Oqq OI Z(l—l—n) i " Oqg O Z<1+T1) di. (35)

=1, 9qa t=1,2

If an individual is constrained, then in the first period dct /OI' = dd; /OI* = 0. Given time-
separability we can make use of the fact that first-period expenditures satisfies g.c} + qqd} =
Y'/2 + ¢, evaluated locally at ¢ = 0. Then, compensated demands at ¢ = 1 satisfy

o, o0& ,0c odi odi  ,0d:

9¢.  0q. ‘0’  0q¢.  0q. 09’

(36)

odi _ody  ,0di  Od _ 08 0
Oqa  Oqa 00’ dqa  Oqa ' 00

. (37)

Therefore, following a marginal change in one price, keeping labor effort constant, com-
pensation can be achieved by allowing the constrained individual to borrow marginally more.

In the second period,
0c, _0c) _0ch,  0dy_ 0dy ods
dq. 0Oq. OI'?% dq.  9dq. OI''%

(38)
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ody  0dy  ody i ocy _ 06 _oc

dqq  Oqq OI''?  dqg Oqq OI' %

(39)
Proposition 1: When ¢« = 1, ..., N are unconstrained and there is no credit spread, then
the Atkinson-Stiglitz Theorem holds and commodity taxes are undifferentiated.

Proof: First, define the price ratio a = g4/¢.. Set g. = 1, so the first-order condition (30)

chooses o and (29) can be ignored. Take the first-order conditions with respect to I* in (27),
multiply them by Y, (14 r)*7'd:, to obtain

n® (VOO (1477 dy + (v =40 Y (L +r)>7dy — Ang Yy (147)*'d,

t t t

ad; 2—t 2—t i :
+An; (Q_I)QCZ:WOH) Zt:(lJrr) d=0 Vi
Rearranging the last term, one gets

n® (VYOS (L4 1)y + (v =40 (L +7)* 'y — dng » (1+7)°7'd;

t t t

+An; (a—1) Z (qc

Substituting the Slutsky equations (34) and (35) into this and summing over all ¢ gives

DI LD SRS NS S CIRPEEV) SRS IPY SH o (REs
t 7 t i t

adi 2—t 2—t __ :
B ;(1 +7) dt> (14+r)*"=0 Vi

LAY
—i-)\;nz(oz—l);(aa—aa)(l—i-r) =0,
which, after substituting for (29) yields

A ni(a—1) %(1 +7r)2 Tt =0.
7 t

This requires that o™ = 0. u

Proposition 2: If in the optimum p' = 0, Vi, so policy relaxes all credit constraints in the
economy, then ¢7 = ¢ < 0.

Proof: Multiply (27) by >_,ci(1 + r;)*7*, then substitute for compensated demands, and
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substitute the result it into (29). Using r; = r, Vi, obtain

+ A Z ni(ry —r)c; = 0. (40)

Multiply (27) by Y, ¢i(1 + r;)**, then use compensated demands and substitute the result
into (30). Obtain

el _ ad: _
)\thnlza—q;(l—I—rg)Q t—f—)\tdznzza—q:;(l‘i‘?"g)Z ¢
) t 7 t

+ )\Zni(rg —7)d} = 0. (41)

Equations (40) and (41) characterize (¢, ) when optimal income taxes are optimal and all
individuals are unconstrained. In matrices, the system can be expressed as

Mo X g (o)t Lo X (L ()= ( lmmazman)
Z n; Zt aCt (1 + T9)27t Zz L Zt g_;li(l + rg)27t td _(rg - f) Zl nzdll/)\

where the leftmost matrix is (2 + r,) times the per-period Slutzky matrix. With time-
separable utility, this matrix is necessarily negative semi-definite. We denote it by S and its
determinant by det(S) > 0. By Cramer’s rule

— : od ,
o ;;get ; (Z " Z 8Qd Tg)2_t Z niczl N Z L Z a_qt(l + Tg)2_t Z nzdll> <0
A i ¢ c z

(42)
and
(S s )
(43)

The properties of the Slutsky matrix directly imply that (42) and (43) are negative since
goods ¢ and d are net substitutes.

To prove differentiation differentiation, let us convert per-unit taxes into ad-valorem tax
rates (7e, 74) = (te/qe, ta/qa). Thus, we are interested in the sign of 7. — 74 = t./q. — ta/qa, or
in the difference between t.q; and t4g.. Use the identity r, = r, £ r, the the homogeneity of
the Slutzky matrix, and divide all terms by r, — r, which result tell us that differentiation
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occurs if

DB S EDINE CED WD B SEP BT 3
- - d - - . ‘ : 3} ‘ A

0qq

Cancelling similar terms and regrouping terms of the same sign together, differentiation
occurs if

- qa0d » q:0c - q:0C ~ qa0d;

c n; + c n; + d; n;—— + d n;
T
where both sides equal zero, again, by the per-period homogeneity properties of Slutzky

sub-matrices under time-separability. Therefore, the proof is completed and taxes are undif-
ferentiated and negative. |

Proposition 3: Let us denote B; = (1;/A)(®'(V?) +7*/n; ="+ /n;) — (ry — ;). Also denote
by C # ) the subset of types whose credit constraint bind in the optimum: i € C < u* > 0.
Then, the optimal policy has t; > t. if and only if

1 Bic 1 Bid
(Sl _ Ty,

Ziec nicil Zz‘ec nidil

Proof: Let us characterize the optimal commodity tax system when nonlinear income taxes
are optimal. Let us suppose that, in the optimal tax system, ¢ € C if the individual is
constrained and ¢ € U if he is unconstrained, with C # (). To characterize ¢*, multiply
(27) by >_,(1 + r;)* 'c}, substitute compensated demands into it, aggregate over all i, and
substitute the result into (29). We obtain that ¢ is characterized by:

Aznlz 1+7,)% —+>\tdz (L+74)* tad]

el

acy, 0
+)\an{6( (1+r,) 862 8612 11(1—1—7“,))

ieC

od! od,  od,
+tg (aqc(1+rg)+ 0. a1 1(1+n)>

4+ Z ni(ry — i) ch — Z(nl@’(vi) +9 =" =0
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Using compensated demands to simplify terms for ¢ € C, we use

acy,  ach e oct acy,  ach

(L41y) + 8(; + 8[2c1(1 +7i) = 8qi(1 +7y) — cla—(;(l +7,) + a—qi + 8ljcl(l )
246_5% acy |

; oc;
= ) (147, 90, + 8Iid1<1 + 1) —dy 8¢1(1 +7,)

i

i
ocy

dq.

oct och,  oct\ .
Z 2 0C 2 1) i , Nt 2L
- (14 75) g, (8[1' 8¢) Al +ri) = (rg —ri)ay 0o

Using this last expression and its equivalent for good d, and substituting into the first-

order condition with respect to q.,

oc _ ad: _
)\thniZ a—qi(l +7,) 7t + )\tdZniZ a—qi(l +1,)%"
i t i t

acy, I\ 0t ody, odi\ . od:
—i—)\thnZKap ng)cl rgclaqsl—i-)\tdiezcnl{(ap 96 cl Tgclaqs.

ieC
FAD milrg — ) = > @ (V) + = 4 el =0, (44)
Then making use of the linearity of Engel’s curves,
e 2t od; 2t

oc od;

—Atrg Z e -1 _ Atarg Z nlc’l—1

ieC 09 ec 09

+A Z ni(ry — i)y
= W (V) 4 =4 = 0. (45)

Performing the same operations on the good d and expressing the system in matrices, get

. aci . 8di
A9 _ i 9dy
Sce = Tg Dice M ¢ Sed —Tg D jec ic 99 < le )
. 8Ci . adi t
_ i % _ i 9%
Sde = Tg D ice Midy o Sdd —Tg > ice Midy 90 d

_ ( > W@ (V) + 4" = e /A = 37 ni(rg — mi)eq )
o @ (V) + o — A N =3 ni(rg — 1) dd
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Call the lefmost, 2 x 2 matrix of the system, S’. Its determinant is unambiguously positive:

det(S") = [SeeSad — sgd]

where the first line above is positive (since S is negative semi-definite and of size 2 x 2) and
the second line is also positive, since ¢ and d are normal and net substitutes.

Optimal commodity taxes

Using Cramer’s rule,

 0d; < od;
fe det [Z niBic; ( — Ty Z nzdlla_gbl> - Z n; B;d <Scd — Ty Z mclla—gb1>]

ieC 7 1eC
(46)
and
ZanZ -7 Zn&% —Zn-B-cé Sed — T anz%
i det Z gieC Zlagb i B giec 118¢
(47)
Differentiation

To extract some intuition out of these formulas, we first want to find a way to use
the homogeneity of the Slutzky Matrices. Make use of ad valorem taxes 7. = t./q. and

Ta =te/qa :

1 4
R — B.ct B
Te T g x det(S) ;nl ZCl( %; dl(%) Zm dl(c rglezcmq‘%)]
and
RN S { 0ci i ac,
T4 G x det(S") [Z niBid, (360 —Tyg iezcmCl 8gz§> - ;niBicl ( Sed — Tg ZEZC o 8¢)]

We know that 7y > 7. iff t4q. — t.qq > 0. Making use of the two equations above, obtain the
condition:

det(sl)(tdQC - thd) =

[anBd (qcscc rquanclgi;) ZmB cy (qcscd TchZm 1((;2)]

1eC ieC
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[Z n; Bicy (%de —rgqa Y nid 8¢> anB dy (qucd Tdeancl )] :

ieC ieC

Using the properties of Slutsky matrices, which implies that > n;B;d}[¢cScc + qaSca] =
0; >, niBici[qaSaa + qesea] = 0, the expression reduces to

det(S")(tage — teqa) =

a i
_ Z n; Bidiryq. Z nzcl &b + Z n; Biciryq. Z nid, 62

i€C ieC
+ anB clrqu an 1 8gb anB d rquancl 90"
ieC ieC
ac, ad: e : ,
Walras’ law tells us that ¢.— 30 + qq 90 = 1 for constrained individuals. Linear Engel’s curves
801 861
tell us that 5% i =25 5’ ,Vi € C and the same for good d. Therefore, re-expressing again,
det(S")(tage — teqa) = Z n;Bicir, Z nidy — Z n;Bidir, Z n,c;.
ieC 1eC
= tiqe — teqq = (Z n;B; cl Z nzdz Z n; B; d Z nzcl> :
i€C 1eC

Therefore, t; > t. if and only if

(Zzn 1 Zzn 1) > 0.

Ziec nicil Ziec nid?l

Corollary 1: If ¢ = 0, then there is no differentiation and ¢} = ¢ < 0. This result is
independent of the specific social welfare function ®(-) used by the social planner.

Proof: Denote by a; = ¢} /d} in the optimum. Since Engel curves are linear and affine
through the origin, o; = «, V2. Thus,

(Zz n; Bicy _ > icc nzcll) _ < > niBidy _ aZz‘eC nldzl) —0

[0 - -

This result is independent of the specific form of ®(-), which only appears in B;, Vi. |
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