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Abstract

In social interaction models, the identification of the network effect is based on either group
size variation, structure of the network or the relative position in the network measured by the
Bonacich centrality measure. These identification strategies imply the use of many instruments
or instruments that are highly correlated. The use of highly correlated instruments may lead to
the weak identification of the parameters while, in finite samples, the inclusion of an excessive
number of moments increases the bias. This paper proposes regularized versions of the 2S5LS and
GMM as a solution to these problems. The regularization is based on three different methods:
Tikhonov, Landweber Fridman, and Principal Components. The proposed estimators are consis-
tent and asymptotically normal. A Monte Carlo study illustrates the relevance of the estimators

and evaluates their finite sample performance.
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Non-technical summary

This paper considers the estimation of social interaction models with network structures and
the presence of endogenous, contextual, correlated and group fixed effects. In network models, an
agent’s behavior may be influenced by peers’ choices (the endogenous effect), by peers’ exogenous
characteristics (the contextual effect), and/or by the common environment of the network (the
correlated effect)( see Manski (1993) for a description of these models).

As discuss in Manski (1993) work on reflection problem in network model, identification and
estimation of the endogenous interaction effect are of major interest in social interaction models.
Following Manski,recent works have shown that identification of the parameters of the model is
based on the structure or the size of the group in the network. For example, identification of the
network effect can be achieved by using individuals’ Bonacich (1987) centrality as an instrumental
variables. However, the number such instruments increases with the number of groups; leading
to the many instruments problem. Identification can also be achieved using the friend of a friend
exogenous characteristics. Unfortunately, if the network is very dense, the identification is weakened.
The variation in group size is another source of identification of the network effect. However, if
the groups are very large the identification power is lowered. This paper uses high-dimensional
estimation techniques, also know as regularization methods, to estimate network models. The
regularization is proposed as a solution to the weak identification problem in network models.

The proposed regularized two stage least square and generalized method of moments based on
three regularization methods help to deal with many moments or/and weak identification problems.
We show that these estimators are consistent and asymptotically normal. Moreover, the regularized
two stage least square estimators are asymptotically unbiased and achieve the asymptotic efficiency
bound. The regularized estimators all involve the use of a regularization parameter. An optimal
data-driven selection method for the regularization parameter is derived.

A Monte Carlo experiment shows that the regularized estimator performed well. The regularized
two stage least square and generalized method of moments procedure substantially reduce the many
instruments bias for both the two stage least square and generalized method of moments estimators,
specifically in a large sample. Moreover, the qualities in term of bias and precision of the regularized
estimator improves with the increase of the network density and the number of groups. These results
show that regularization is a valuable solution to the potential weak identification problem existing

in network models estimation.



1 Introduction

This paper considers the estimation of social interaction models with network structures and the
presence of endogenous, contextual, correlated and group fixed effects. The model considered has
the specification of a spatial autoregressive (SAR) model. In network models, an agent’s behavior
may be influenced by peers’ choices (the endogenous effect), by peers’ exogenous characteristics
(the contextual effect), and/or by the common environment of the network (the correlated effect)(
see Manski (1993) for a description of these models).

As discuss in Manski (1993) work on reflection problem in network model, identification and
estimation of the endogenous interaction effect are of major interest in social interaction models.
Following Manski (1993), Lee (2007) shows that both the endogenous and exogenous interaction
effects can be identified if there is sufficient variation in group sizes. However, with large group
sizes, identification can be weak in the sense that the estimator converge in distribution at low
rates. Bramoulle et al. (2009) use the structure of the network to identify the network effect.
Their identification strategy relies on the use of spatial lags of friends’ (or the friends of the friends)
characteristics as instruments. But, if the network is highly transitive ( a friend of my friend is
likely to be my friend) the identification is also weak. More recently, Liu and Lee (2010) have
considered the estimation of a social network model where the endogenous effect is given by the
aggregate choice of an agent’s friends. They showed that different positions of the agents in a
network captured by the Bonacich (1987) centrality measure can be used as additional instrumental
variables (IV) to improve estimation efficiency. The number of such instruments depends on the
number of groups and could be very large. Liu and Lee (2010) proposed 2SLS and GMM estimators.
The proposed estimators have an asymptotic bias due to the presence of many instruments. As
shown by Bekker (1994), the use of many instruments may be desirable to improve asymptotic
efficiency. However, finite sample properties of instrumental variable estimators can be sensitive to
the number of instruments.

In a linear model framework without network effect, Carrasco (2012) has proposed an estimation
procedure that allows the use of many instruments, this number may be smaller or larger than the
sample size, or even infinite. Moreover, Carrasco and Tchuente (2016) show that these methods
can be used to improve identification in weak instrumental variable estimation.

The present paper proposes regularized two-stage least squares (2SLS) and generalized method

of moments (GMM) estimators for network models with SAR representation. High dimensional



reduction techniques are used to mitigate the finite sample bias of the 2SLS and GMM estimators
coming from the use of many instruments or highly correlated instruments. The regularized 2SLS
and GMM estimators are based on three ways to compute a regularized inverse of the (possibly
infinite dimensional) covariance matrix of the instruments. The regularization methods are taken
from the literature on inverse problem, see Kress (1999) and Carrasco, Florens, and Renault (2007).
The first estimator is based on Tikhonov (ridge) regularization. The second estimator is based the
iterative Landweber Fridman method. The third estimator is based on the principal components
associated with the largest eigenvalues.

The regularized 2SLS and GMM estimators are consistent and asymptotically normal and un-
bias. The regularized 2SLS achieved the semiparametric efficiency bound. However, the consistency
and asymptotic normality require more regularization compared to Carrasco (2012). The regular-
ized GMM estimators for SAR models are also consistent, asymptotically normal and without
asymptotic bias. Moreover, the same level of regularization as for the 2SLS is needed to achieve
consistency. A Monte Carlo experiment shows that the regularized estimators performed well. In
general, the quality of the regularized estimators improve with the density of the network.

The large existing literature on network models has focused its attention on two main issues, the
identification and estimation of the network effect. In his seminal work, Manski (1993) showed that
the linear-in-means specification suffers from the reflection problem so that endogenous and contex-
tual effects cannot be separately identified. Lee (2007) and Bramoullé, Djebbari, and Fortin (2009)
in a local-average network model propose identification strategies based on the difference in group
size and group structure. Liu and Lee (2010) show that Bonacich (1987) centrality measure can
be used as additional instruments to improve identification and estimation efficiency. Liu and Lee
(2010) propose generalized method of moments (GMM) estimation approaches following Kelejian
and Prucha (1998, 1999) who have proposed 2SLS and GMM approaches for the estimation of SAR
models. The use of these moment methods usually implies the use of many moment conditions(
see Donald and Newey (2001), Hansen, Hausman, and Newey (2008) and Hasselt (2010) for some
recent developments in this area). We assume, in this paper, that there are many instruments and
used a framework that enables us to have more instruments than sample size or even an infinite
number of instruments. We, therefore, complement works done in models where the number of
instruments exceeds the sample size. For instance, Kuersteiner (2012) considers a kernel weighted
GMM estimator, while Okui (2011) uses shrinkage. Bai and Ng (2010) and Kapetanios and Mar-

cellino (2010) also assume that the endogenous regressors depend on a small number of factors



which are exogenous, and use estimated factors as instruments, they assume that the number of
variable from which the factors are estimated can be larger than the sample size. Belloni, Chen,
Chernozhukov, and Hansen (2012) propose an instrumental variable estimator under first stage
sparsity assumption. Hansen and Kozbur (2014) propose a ridge regularized jackknife instrumental
variable estimator in the presence of heteroskedasticity which does not require sparsity and provide
tests with good sizes.

Another important direction of research in the IV estimation literature is on weak instruments
or weak identification (see, e.g., Chao and Swanson (2005), Carrasco and Tchuente (2016)). In
this paper, we assume that the concentration parameter grows at the same rate as the sample size.
Hence, we restrict our attention to scenarios where instruments are stronger than assumed in the
weak-instrument literature.

The paper is organized as follows. Section 2 presents the network model. Sections 3 discusses
identification and estimation in network models. It proposes the regularized 2SLS and GMM ap-
proaches for the estimation of the model. The selection of the regularization parameter is discussed
in Section 4. Monte Carlo evidence on the small sample performance of the proposed estimators is

given in Section 5. Section 6 concludes.

2 The Model

The following social interaction model is considered.
Y, = AMW,Y, + X181 + W Xop 82 + bm,Yr + Uy (1)

with w, = pM,u, + €, and r = 1...F where 7 is the total number of groups, m, is the number of
individual in the group 7.
Y, = (y1r, ...,ymﬂ)’ is an m,-dimensional vector, it represents the outcomes of interest. y;, is

the observation of the individual ¢ in the group r. The total number of individuals in the sample is

7
n = Z my..

V[r/jland M, are m, X m, are sociomatrices of known constants. In principle, W, and M, may
or may not be the same.

A is a scalar, it captures the endogenous network effects, we assume that this effect is the same

for all groups. Outcome of individuals influences those of their successors in the network graph.



X1, and X9, are respectively m, x k1 and m, x ks. They represents individuals exogenous
characteristics. (1 is the parameter measuring the dependence of individuals’ outcomes on their
own characteristics. The outcomes of individuals may also depend on the characteristics of their

predecessors via the exogenous contextual effect measured by (2. ¢, is an m,-dimensional vector

of ones and -, represents the unobserved group-specific effect. It is treated as a vector of unknown
parameter that we are not going to estimate.

Aside from the group fixed effect, p captures unobservable correlated effects of individuals with
their connections in the network. &, is the m,-dimensional disturbance vector, ;. are iid mean 0

and variance o2 for all i and r. We define X, = (X1p, W Xop).
For a sample with 7 groups, the data is stack up by defining V = (V{,....,V)) for V=Y, X, ¢ or

We also define W = D(Wy, Wy, ..., Wr) and M = D(My, Ma,...; Mz), t = D(tmyslmgy -y by )
where D(Ay,.., Ak) is a block diagonal matrix in which the diagonal blocks are mj x nj matrices
Ays, k=1.. K.

The full sample model is

Y =AY + X3+ 1y+u (2)

where u = pMu + €.
We define R(p) = (I — pM), Cochrane-Orcutt type transformation of the model is obtained by

multiplying equation (2) by R = R(pg) where py is the true value of the parameter p.
RY = ARWY + RXJ + Ry + Ru
Which lead to the following equation
RY = ARWY + RXB + Ry +e. (3)

When the number of groups is large, we have the incidental parameter problem ( see Neyman
and Scott (1948), Lancaster (2000) for the consequences of the incidental parameter problem).

To eliminate the unobserved group heterogeneity, we define

Jr = I, — (tmps Mytm,)[(tm,, MTLmr)/(Lmr’ Mitim,)]™ (b Merr),

where A~ denotes a generalized inverse of a square matrix A. In general, J,. represents the projection
of an m,-dimensional vector on the space spanned by ¢, and Myt if they are linearly independent.

1
Otherwise, J, = I, — —tm, leT , which is the deviation from group mean projector.
my



The matrix J = D(J1, Ja, ..., J5), is then used to pre-multiplied the (3) to gives a model without

the unobserved group effect parameters
JRY = AJRWY + JRXB + Je. (4)

This is the structural equation and we are interested in the estimation of A\, 51, B2 and p.
We define S(A\) = I — AW. Under the assumption that the model (2) represents an equilibrium
equation and S = S(\g) is invertible at the true parameter value. The equilibrium vector Y is

given by the reduced form equation.
Y =8 XB+wy)+S 'R e (5)

It follows that WY = WS~ XA+ t7y) + WS 'R 'e and WY is correlated with ¢ Hence, in
general, (4) cannot be consistently estimated by OLS. Moreover, this model may not be considered
as a self-contained system where the transformed variable JRY can be expressed as a function of
the exogenous variables and disturbances, and, hence, a partial likelihood type approach may not
be feasible base only on (4).

In this paper, we consider the estimation of (4) using regularized 2SLS and regularized GMM."

3 Identification and estimation of the network model

This section presents the identification and estimation of the network model parameters using
regularization techniques. The following assumptions are needed.

Assumption 1. The elements of ¢;. are i.i.d. with zero mean, variance o2 and that a moment
of order higher than the fourth exists.

Assumption 2. The sequences of matrices {W}, {M}, {S™'} and {R™'} are Uniformly
Bounded (UB). And Sup||AW]|| < 1.2

!An extension would be to estimate the same model using LIML (the least variance ratio (LVR) ) of Carrasco and
Tchuente (2015). In models with independent observations, the LIML estimator can also be derived based on the least
variance ratio principle (see, Davidson and MacKinnon (1993)). The LVR estimator is not equivalent to the LIML
estimator for the SAR model. This is analogous to the difference between the 2SLS and maximum likelihood estimators

for the SAR model Lee (2004)

*Uniformly bounded in row (column) sums in absolute value of a sequence of square matrices { A} will be abbreviated
as UBR (UBC), and uniformly bounded in both row and column sums in absolute value as UB. A sequence of square
matrices {A}, where A = [4;;], is said to be UBR (UBC) if the sequence of row sum matrix norm of A (column sum

matrix norm of A) is bounded.



We take £(po, ) = JR(Y — Z68) = f(6o — 6) + JRW ST R e(Ng — \) + Je

with f = JRW S (X By + t70), X] where g, By and g are true values of the parameters and
§=\p3).

Under the Assumption 2 that Sup||A\W|| < 1, the f can be approximated by a linear combination
of (WX, W?3X,..), (Wi, W?,..) and X. This is a typical case where the number of potential
instruments is infinite.

Define Q = J[Qo, M Qo] with Qo = [WX,W?X,..W.,W?.,...,X] be the infinite dimensional
set of instruments. we can also consider the case where only a finite number of instruments®, let

say m1 < n, is used. For the finite number of instruments case, we define

Qm1 - J[QOml y MQOml]

with Qom, = WX, WX, . W™ X, Wi, W2, .., W™, X].

As discussed in Liu and Lee (2010), ¢ is identified if @, f has full column rank k + 1. This
rank condition requires that f has a full rank k + 1. Note that this is under the assumption that
Qm, is full rank column (meaning no perfect collinearity between ilrlstruments).4 If W, does not
have equal degrees in all its nodes and W, is not row-normalized, then the centrality score of each
individual in his group helps to identify 6. This is possible even if 5y = 0. However, if W, has
constant row sums then f = J R(WS_IX Bo, X) and the identification can not hold for fy = 0.
Under Assumption 3 ¢ is identified.’

The identification in the general case with infinite number of instruments is possible if the infinite
number of row matrix Q' f is full rank column. The identification is based on moment condition
E(Q'e(po,d)) = 0ie Q' f(6o — d) = 0. For any sample size, n, rank(Q) < n. If we assume that
rank(QQ") = n, which is not always true, then the rank condition requires only that f has a full

rank k + 1.5 An the same identification conditions as in the finite dimensional case follow.

3The finite set of instrument can be the case when the network effect is very small such the \™ — 0 as m — oo at a

very fast rate.
4Section 3.1 discusses the consequences of near perfect collinearity on identification of the network effect.
These identification results are from Liu and Lee (2010) our work generalized the result to infinite instruments.
6Section 3.2 proposes regularization tools that that can insure identification of § in a regularized version of the orthogonal

condition.



3.1 Weak identification and many instruments in a network model

Since Manski (1993), the identification problem in network model has been a major concern. Fol-
lowing his negative result on the ability to separately identify endogenous and exogenous interaction
effects, in a linear-in-mean models, many studies have investigated structures in which identifica-
tion is possible. The identification of the network effect is achieved through group size variation or
by using the structure of the network. It is notable that, in all cases, we need to have additional
information to overcome the reflection problem.

Lee (2007) uses variations in group sizes to identify both the endogenous and exogenous interac-
tion effects. His identification relies on sufficient variation in group size. Unfortunately, with large
group sizes, the identification can be weak in the sense that the estimates converge in distribution
at low rates. Using Bramoulle et al. (2009) comments on Lee’s identification with two groups of
different size, we can show the a large group size implied near perfect collinearity between WX and
W2X.

Bramoulle et al. (2009) use the structure of the network to identify the network effect. Their
work proposes a general framework that incorporates Lee’s and Manski’s setup as special cases.
The identification strategy proposed in their work relies on the use of spatial lags of friends (or
the friends of the friends) characteristics as instruments. The variables WX, W2X and W3 X... are
used as instruments for WY. The condition for identification is that I, W and W? (or I,W, W2
ande W3, in the presence of correlated effects) are linearly independent. Variation in group size
ensures that I, W and W? are linearly independent. However, if the sizes of the group are large WX
and W?2X are nearly linearly dependent leading to weak identification. Moreover, if the network is
highly transitive (friend of my friend are likely to be my friend; W ~ W?2) the identification is also
weak. In practice, as pointed out by Gibbons and Overman (2012), the used of WX, W2X and
W3X... as instruments can lead to near perfect collinearity which implies weak identification.

Liu and Lee (2010) have, more recently, considered the estimation of a social network model.
As in Bramoulle et al. (2009) they use the structure of the network to identify the network effect.
In addition WX, W2X and W3X..., the Bonacich centrality across nodes in a network is used as an
1V to identify network effects and improve estimation efficiency. The use of the Bonacich centrality
measure usually leads to the use of many instruments. The 2SLS obtained with those instruments
is biased because of the use of many instruments. Liu and Lee (2010) propose a bias corrected

2SLS to account for the many instruments bias.



In this paper, we use regularization techniques. These high dimensional reduction techniques
enable the use of all instruments and deliver efficiency with better finite sample properties (see
Carrasco (2012) and Carrasco and Tchuente (2015)). In this case, the asymptotic efficiency can be
obtained by using many ( or all potential) instruments. We use both the Bonacich centrality measure
and WX, W2X and W3X..., as IVs and apply a high-dimensional technique to mitigate the problem

of near perfect collinearity resulting from network structure or the bias of many instruments.

3.2 Regularization methods

The estimation of the parameters of interests can be achieved by using instrumental variables.
We can use a finite number of instruments or all potential instruments. In the many instruments
literature, with an increasing number of instruments, estimation is asymptotically more efficient.
However, with a large number of instruments relative to sample size, we have the many instruments
problem (see, e.g., Bekker (1994); Donald and Newey (2001); Han and Phillips (2006)). It is possible
to use a fixed number of instrumental variables to avoid this problem. The 2SLS estimator with a
fixed number of instrumental variables will be consistent and asymptotically normal but may not
be efficient. In order to be able to use all potential instruments (Q), we use regularization tools.

We take 7 to be a positive measure on N.” and we denote 1?(7) as the Hilbert space of square
summable sequence with respect to 7 in the real space. We define the covariance operator K of the
instruments as

K :%(n) — %(n)

(Kg); =Y E(QjiQrimk)

keN

Where Qj; is the j™ column and i** line of Q. Under the assumption that |Q;iQki| for all j, k and
i is bounded, K is a compact operator (see Carrasco, Florens, and Renault (2007) for a definition).
We consider A\; and ¢; j = 1,2,... to be respectively the eigenvalues (ordered in decreasing

order) and the orthogonal eigenvector of K. The operator K can be estimated by K, defined as:

K, :(n) = %(m)

(Kng)j =Y % > QjiQuimk

keN =1

"For a detailed discussion on the role and choice of 7, see Carrasco (2012), Carrasco and Florens (2014) when 7 is a

k
with £ € N.

measure on R. In the present case model, 7 can be for example 7, = ﬁ
keN

10



In the SAR model, the number of moment conditions can be infinite. Therefore, the inverse
of K, needs to be regularized because it is nearly singular. By definition (see Kress (1999) , page

269), a regularized inverse of an operator K is
Ry : (7)) — 1*(m)

such that lim R Ky = ¢, Vo € I*(n).
a—0
We consider three different types of regularization schemes: Tikhonov (T), Landwerber Fridman

(LF) and Principal Components (PC). They are defined as follows:

e Principal Component (PC)

This method consists in using the first eigenfunctions:

where — is some positive integer.® The use of PC in the first stage is equivalent to projecting
o

on the first principal components of the set of IVs.

e Tikhonov (T)
Also known as the ridge regularization

(K lr = (K? +al) 'Kr

()t = Y (r65)6;

2
Fl/\j—i-a

where o > 0 and [ is the identity operator.

e Landweber Fridman (LF)
Let 0 < ¢ < 1/||K||* where || K|| is the largest eigenvalue of K (which can be estimated by the
largest eigenvalue of K,,).
1
. N[ (1= ceAf)a]
(K*) e =) 1 = (r, 9;)9;-
- Y

J=1

1. e
where — is some positive integer.
o

8<., > represents the scalar product in ?(7) and in R™ (depending on the context).

11



In the case of a finite number of moments, P, = Qm, (ngle)_Q;nl is the projection matrix
on the space of instruments. The matrix Q’leml may become nearly singular when m; gets large.
Moreover, when m; > n, Q;ﬂlle is singular. To cover these cases, we consider a regularized
version of the inverse of the matrix Q;,,, Qm, -

We take 1, to be the eigenvectors of the n x n matrix Qum, Q’, ,/n associated with eigenvalues
A;j. For any vector e, the regularized version of P, Py, is:

n

P2e= % > ala, X)) e, v)¢y

j=1

A2
where for T: q(a,)\?) = /\? j_ >
for LF: q(or, A2) = [1 — (1 — eA?)M],
for SC: q(a, A}) = I(A; > «), for PC (o, A7) = I(j < 1/a).
The network models suggest the use of an infinite number of instruments. This can be done

based on Carrasco and Florens (2000) works. Following their approach, we define the counterpart

of P* for infinite number of instruments by

P* = G(K2)~tg*

where G : [*(7) — R" with

Gy = ((Q1.9)(Q2.9) s (Qn,9))

and G* : R™ — [*(r) with
* 1 .
G v = H;lel

such that K, = G*G and GG* is an n X n matrix with typical element M Let gz;j, A >
n

Ao > > 0, j = 1,2,... be the orthonormalized eigenvectors and eigenvalues of K, and v; the

eigenfunctions of GG*.

G(;ASJ- = /Ay and Gy = \/)\jggj. Note that in this case for e € R", P% = Zq(a, A?)(e,d)j>wj.
j=1
And

VP = o'G(K2)T'G*w

- <(K3)_1/ Y5 Qi () (K750, <.>wz->' (©)

i=1 i=1

12



All the regularization techniques presented in this section depend on a regularization parameter
a, the choice of this parameter is very important for small sample behavior of the estimator. In
Section 4 we discuss the selection of the regularization parameter. The following section presents

the regularized 2SLS for network model.

3.3 Regularized 2SLS estimators

This section proposes the regularized 2SLS using three regularized methods (Tikhonov, Landweber
Fridman and Principal Component). They are presented in a unified framework covering a finite
number of instrument and an infinite number of instruments. The main focus is the estimation
of endogenous and contextual effects under the assumption of a preliminary estimator of the un-
observable correlated effects of individuals with their connections in the network. The asymptotic

properties are also derived.

1
Assumption 3. H = lim —f'f is a finite nonsingular matrix.
n—oo N
Assumption 4. (i) The elements of X are uniformly bounded constants, X has the full rank
1
k, and lim —X'X exists and is nonsingular.

n—oo n

(ii) there is a w > 1/2 such that

2
< 00

A E(Z(,2i) fal@i)), ¢5)
Z 2o FL
j=1 J

Under Assumption 2, the operator K is a Hilbert-Schmidt operator; we assume that it has
nonzero eigenvalues. Assumption 4 (ii) ensures that the use of regularization enables us of to have
a good asymptotic approximation of the best instrument f.

Let (pg,d) = JR(Y — Z6) with § = (\,3') and Z = (WY, X). The estimation is based on

moments corresponding to the orthogonality condition of @ and Je given by

E(Q"(po,0)) =0

Our identification results are conditional on pg. We should then first have a preliminary estimator

pof p. We take R =1 — pM to be an estimate of R.
n

1 . . . ~ . ~
We consider S, (k) = — > (¥i - Zi6)Qi with Y = RY and Z = RZ.

i=1

9The set of instrumental variables is Q = J[Qo, M Qo] with Qo = [WX, W2X,.. Wi, W2, ..., X].

13



We denote (K2)™! the regularized inverse of K, and (K2)~'/% = ((K&)~")'/2.

The regularized 2SLS estimator of ¢ is defined as:
drasts = argmin((K;) ™28, (), (K7)7/28u(.)) (7)
Solving the minimization problem gives,
Orosts = (Z/R'P*RZ)"'Z'R' P*RY. (8)

Equation (8) defines the regularized 2SLS. The regularized 2SLS for SAR is closely related to the
regularized 2SLS of Carrasco (2012) and the 2SLS of Liu and Lee (2010). It extends Carrasco
(2012) by considering SAR models and is of the same form as Liu and Lee’s (2010) 2SLS with the

difference that the projection matrix P is replaced by its regularized counterpart P<.

3.4 Consistency and asymptotic distributions of the regularized

2SLS

The following proposition shows consistency and asymptotic normality of the regularized 2SLS

estimators.

Proposition 1 Under Assumptions 1-4 , p — po = Op(1/y/n) and o — 0. Then, the T, LF and

SC' estimators satisfy:
1. Consistency: 532513 — &g in probability as n and ay/n go to infinity.

2. Asymptotic normality: \/E(SRQSZS —dp) 4N (O,U?Hil) as n and av/n go to infinity.

The convergence rate of the regularized 2SLS for SAR is different from those obtained without
spatial correlation. For consistency in the SAR model, we need a/n to go to infinity. The Carrasco
(2012) regularized 2SLS estimator is consistent with convergence rate naz. The asymptotic nor-
mality is obtained if a®\/n goes to infinity which is also different from Carrasco (2012)’s asymptotic
normality condition for 2SLS. The regularization parameter « is allowed to go to zero less faster
than for the Carrasco (2012) in for consistency. Compare to Carrasco (2012), more regularization is
needed in order to achieve appropriate asymptotic behavior. The reinforcement of these conditions
is certainly due to t regularization taking into account the spatial representation of the data.

In Liu and Lee (2010), the 2SLS estimator has a bias due to the increasing number of instrumental
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variables. Interestingly, the regularized 2SLS for SAR models is well centered, under the assumption
that an/n go to infinity.
The bias of the 2SLS in Liu and Lee (2010) is of the form

Vnbags = o*tr(P*RWS IR Y)(Z'RP*RZ) e;.

1
Using Lemma 1 and 2 in appendix, we show that the 2SLS bias is of order v/nbags = Op(——)

ayn

which goes to zero as ay/n goes to infinity.

4 Selection of the Regularization Parameter

This section discusses the selection of the regularized parameter for network models. We first derive
an approximation of the mean square error using Nagar-type expansion. The dominant term of the
mean square error is estimated and the selected regularization parameter is the one achieving the

minimum of this term.

4.1 Approximation of the Mean Square Error (MSE)

The following proposition provides an approximation of the MSE.

Proposition 2 If Assumptions 1 to 4 hold, p — po = Op(1/v/n) and na — oo for LF, PC and T

reqularized 25LS estimators, we have

~

n(dp2sis — 00) (Or2sts — 00) = Q(a) + R(a),
E(Q(a)|X) =0ZH™" + 5(a), )

r(a)/tr(S(a)) = op(1),

with r(a) = B(R(a)|X)
2

'(1—P)? 1
f( ) f"’o—?ﬁ qu €1L/D/DL€€|_ H—l.
J

— 2H—1
S(0) = o E

For LF, SC, S(a) = O, <m112+04“> and for T, S(a) = O, <1+amin<w72>>, with D =

no?
JRWSIR™L.
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The relevant, for the selection of a, dominant term S(a) will be minimized to achieve the
smallest MSE. S(a) account for a trade-off between the bias and variance. When « goes to zero,
the bias term increases while the variance term decreases. The approximation of the regularized
2SLS estimator is similar to Carrasco (2012) regularized 2SLS. However, the expression of the MSE

is more complicated because of the spatial correlation.

4.2 Estimation of the MSE

The aim of this section is to find the regularized parameter that minimizes the conditional MSE of
¥ 52315 for some arbitrary £ 4+ 1 x 1 vector 4. This conditional MSE is:
MSE = E[:}/(SZSIS - 50)<(§2sl5 - 50)/:}/’X]
~ 7'S(a)y
STY(O[).

S5(a) involves the function f which is unknown. We need to replace Sy by an estimate.

Stacking the observations, the reduced form equation can be rewritten as
RZ = f +w.

This expression involves n X (k + 1) matrices. We can reduce the dimension by post-multiplying
by H™'5:
RZH '3y = fH Y5 +vH 'y & RZs = f5 + vy (10)

where v5; = viH 15 is a scalar.
We take 0 to be a preliminary estimator of § obtained, for instance, from a finite number of
instruments. And denote p as a preliminary estimator of p obtained by the method of moments as

follow:
p = arming(p)'g(p)
where §(p) = [M1£(p), M2Z(p), M3&(p)]'E(p),
My = JWJ = tr(JW ) tr(J),
My = JM.J — tr(JMJ)I Jtr(J),

My = JMW.J — tr(JMW.J)I /tr(J),

16



E(p) = JR(p)(Y — Z'9).

6 =[Z7'Q1(Q\Q1) Q2171 Z'Q1(Q1Q1) QY with Q a single instrument. We obtain the residual
é(p) = JR(P)(Y — Z9).

Let us denote 62 = &(p)'é(p)/n, 5 = (I — P*)R(p)ZH 5 where H is a consistent estimate of
H, oy = (I = PY)R(p)ZH ' and, 67 = td5/n

We consider the following goodness-of-fit criteria:

Mallows C,, (Mallows (1973))

1
(1)

n

Leave-one-out cross-validation (Stone (1974))

. 1, s ;
&' (a) = - Z(RZ% — f2)?
i=1
where RZ> = WH™'5, RZ, is the i'" element of RZ5 and f,—?ﬂ = P%RZ-_,. The n x (n — 1)
matrix P%, is such that the P%, = T(K®_,)T*, are obtained by suppressing the i'® observation from
the sample. R~Z:H is the (n — 1) x 1 vector constructed by suppressing the it" observation of Wi-

Using (9), S5(a) can be rewritten as
/ 2 2
o | T -PY) [y

1
Sy(a) = oz — + U?H Z qj | eist’D'Dieys
J

Using Li’s results on C, or cross-validation procedures, note that @w(«) approximates

_BU=P | o (PP
n n

@(a)

Therefore, S, () is estimated by the following equation.

X tr ((P)? 1 .
So(a) =62 |&(a) — (ﬁwr((n)) + 6525 (tr(P%))? ey’ D' Duey,
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where D is a consistent estimator of D.

Our selection procedure is very close to Carrasco (2012), the optimality of the selection procedure
can be established using the results of Li (1986) and Li (1987).

The regularized 2SLS and the selection of the regularization parameters are based on a prelim-
inary estimator of p. This means that if we are not able to estimate correctly p the estimation of
6 could be biased in an unpredictable direction.

The following section introduces the regularized GMM to jointly estimate p and J.

4.3 Regularized GMM estimator

The regularized 2SLS can be generalized to the GMM with additional quadratic moment equations.
The use of quadratic moments for the estimation of SAR models has been proposed in Kelejian and
Prucha (1999) and Liu and Lee (2010). Identification of § and p follows the same strategy as in
Liu and Lee (2010). The use of quadratic moments helps in the identification of all the parameters
of the model. But, the challenge with the use of GMM is that the derivation of the approximation
of the MSE is very difficult. '* However, we use the same regularization parameter obtained from
the data-driven procedure for the regularized 2SLS.

The moments are g1(0) = Q'(6) with 6 = (p, ) and

£(0) = JR(p)(Y — Z5) = f(p)(do — 0) + JR(p)WS™ R Le(Ng — \) + JR(p)R™ e where f(p) =
JR(p)E(Z).

The additional quadratic moments are

g2(0) = [Ure(0), ..., U,e(0)]'e(0), where U, are constant square matrices such that ¢r(JU;) = 0.

The number of quadratic moments is fixed (¢). An example of U; matrix is for any n xn constant
matrix U, define M as M = U — tr(JU)I/tr(J), then tr(JM) = 0. For notational simplicity, we
take U; to replace JU;J.

The vector of combined linear and quadratic empirical moments for the GMM estimation is
given by g(0) = [g1(0), g5(0)]’. For analytic tractability, we impose uniform boundedness on the
quadratic matrices U;’s.

Assumption 5. The sequence of matrices {U;} with ¢r(JU;) = 0 are UB for j =1, ...,4q.

Assumption 3°. nh—>Holo % f(p) f(p) is a finite nonsingular matrix for any p such that R(p) is

nonsingular.

10 A5 a solution in a recent work, Kotchoni (2012) uses a bootstrap procedure to select the regularization parameter.
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Under assumption 3’, dg is identified. Knowing &g, pg can be identified based on the quadratic
moment conditions.
Assumption 6.

limnﬁm%tr(UjMR_l + U;MR™") # 0 for some j, and
limnﬁoo%[tr(UlMR_l +UMR™), .. . tr(UgMR™ + UMR™")]
is linearly independent of
um,HC,o%[tr(zrl’1\4'(/*11\41%*1 + R VM UMR™), ...tr(R"YM'UMR™ + R™YM'UMR™)).

Assumptions 5 and 6 are sufficient for the identification condition for pg via the unique solution
of E(g2(0)|6 = do) = 0 for a large enough sample size.

For any n x n matrix A = [a;;], we denote vecp(A) = (a11, ..., ann)’- Let g and py denote, re-
spectively, the third and fourth moments of the error term ¢;. Let also ¢ = [vecp(Uy), ..., veep(Uy)]
and g (6) = 56/ Pe(6) - 2(0)

The optimal GMM objective function can be treated as a linear combination of the objective
functions of the 2SLS and the optimal GMM based on moments g2(f) ( see Liu and Lee (2010)
for the proof). Following the same arguments, the regularized GMM with an infinite number of
instruments is the sum of the objective functions of the regularized 2SLS and the optimal GMM
based on moments g(f) which has a fixed dimension. The advantage of such a representation is
that it uses the same regularization operators in both estimation procedures.

The regularized GMM estimator of 6 is defined as:

Orgmm = argmin 072<(K3)71/2§n(.), (Kg)*l/QS*n(.» + %92(0)/‘/@2(9) (11)

with V = [Var(g2(0))] ™" while S, (k) =

SRS

Z(YZ — Z:6)Qqx where Y = R(p)Y and Z = R(p)Z.
i=1

2 2
Lemma 5 in appendix shows that V! = %¢/P2¢ + (g — 30 ¢ + o' — 2%¢’P¢

1
with T' = 5[vec(Ul +Uy), ..vec(Uy + U,)] vec(Ur + UY), ..vec(Uy + Uy)]

Assumption 7. lim, _,,nV exists and is a nonsingular matrix.

Assumption 8. The true parameter 6y is in the interior of the compact parameter space ©.
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Proposition 3 Under Assumptions 1-2, 8°, 4-8 , with 052, w3 and py replaced by their consistent
initial estimators then the feasible optimal regularized GMM estimators for T, LF and PC satisfy
érgmm — Op in probability as n and av/n go to infinity.

Interestingly, the regularized GMM are consistent and converge with the same rate as the 2SLS.
The following proposition result gives the asymptotic distribution of the feasible regularized GMM

estimators.

Proposition 4 Under Assumptions 1-2, 3’, /-8 , with 03, u3 and g replaced by /n-consistent
initial estimators, the feasible optimal reqularized GMM estimator for T, LF and PC satisfied
V1 Brgmm — 60) 4N (0,[022D(0, H) + plimD4V Do) ™) as n and a*v/n go to infinity; with

Dy =D; — M%(O, ¢'f)

O¢

tr[(Uy + U)MR™Y tr[(Uy + U)RWS™'R™1] 0
tr[(Uy + UYMR™Y tr[(Us + U)RWS 'R™1] 0

tr(Ug + Uy MR™'] tr[(Ug+ U)RWS™T'R™'] 0

The regularized GMM is well centred, under the assumption that o®y/n go to infinity. This
results were expected given that the regularized 2SLS estimators do not suffer from many instru-
ments asymptotic bias. The regularized GMM proposed in this paper have the advantage that they

can be computed with the same regularization parameter as in the regularized 2SLS estimators.

5 Monte Carlo simulations

To investigate the finite sample performance of the regularized 2SLS and GMM estimators, we

conduct a simulation study based on the following model.
Y = AWY + X B9+ WX B + tag +u

with u = poMu + €.
There are four samples with different numbers of groups 7 and group sizes m,. The first sample

contains 30 groups with equal group sizes of m,, = 10. The second sample contains 60 groups with
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equal group sizes of m, = 10. To study the effect of group sizes, we also consider, respectively, 30
and 60 groups with equal group sizes of m, = 15. For each group, the sociomatrix W, is generated
as follows. First, for the i'" row of W, (i =1,...,my), ky; is generated uniformly at random from
the set of integers [0, 1, 2, 3], [0, 1, ..., 6] or [0, 1, ..., 8]. Allowing for a difference in the maximum
number of friends helps to study the effect of the density of the network on the estimator.

The sociomatrix W, is constructed as follows:
-Set the (i 4 1)th, ..., (i + kri)th elements of the i*" row of W, to be ones and the rest of elements
in that row to be zeros, if i + k.; < m,;
-Otherwise, the entries of ones will be wrapped around.
-In the case of k,.; = 0, the it" row of W, will have all zeros. M is the row-normalized W.

X ~ N(0,1), agr ~ N(0,0.01) &,; ~ N(0,1). The data are generated with S19 = [0 = 0.2
Ao = po = 0.1.

The estimation methods considered are:
e 2SLS with few instruments, the set of instrument is given by Q1 = J[X, WX, M X, MW X],
e 2SLS with many instruments where the instrument set is Q2 = [Q1, JW .

e the regularized 2SLS estimator T 2SLS (Tikhonov), LF 2SLS (Landweber Fridman), PC 2SLS
(Principal component) with many instruments Qg. QQ is a matrix of instruments with Q2’s

instruments normalized to unit variance.'!

e Liu and Lee (2010) Bias-corrected 2SLS with many instruments

e Optimal GMM with g(0) = [Q1, U1e(0), U2e(0)]'e(0) for few moments, with U; = JMR™'.J —
tr(JMR™YJ)I/tr(J) and
Uy = JRWSR™YJ — tr(JRWS 'R™LI)I /tr(J)

e Optimal GMM with g(6) = [Q2, U1£(0), Use(6)) €(0) for many moments, with Uy = JMR™'.J—
tr(JMR™'J)I/tr(J) and
Uy=JRWSR™YJ —tr(JRWST*R™Y)I /tr(J)

e Liu and Lee (2010) Bias-corrected GMM, Bias-corrected GMM with many instruments

e the regularized GMM estimators TGMM (Tikhonov), LFGMM (Landweber Fridman), PCGMM

(Principal component) with many instruments Q.

1 As pointed out by Newey (2013) the choice of identity as regularization matrix for the Tikhonov regularization method

does not take into account difference in location and scale.
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For all 2SLS estimator, a preliminary estimator of p is obtained by the method of moments,

!~

p = arming(p)'g(p) where g(p) = [M1&(p), Maé(p), M3 (p)]'E(p),

My = JWJ — tr(JWJ)I /tr(J),
My = JMJ — tr(JMJI)I/tr(J),

My = JMW.J — tr(JMW J)I /tr(J),

£(p) = JR(p)(Y — Z'9)

and
0 =[Z'Q1(@101) ' Q1 2] Z'Qu(@1Q1) QLY.

Before presenting the simulations results, it important to note that the data generating process in
this experiment exhibit a very low transitivity level. Moreover, the reduced form model is sparse (for
example, when the maximum number of friend is 3, W% = 0 for ¢ > 4). The instruments coming
from the relative position in the network are independent of each other. This means that high
dimensional reduction techniques should not going very effective in summarizing the information.

Mean, standard deviation (SD) and root mean square errors (RMSE) of the empirical distribu-
tions of the estimates are reported.

The simulation results are summarized as follows.

1. The used on additional linear moment conditions reduce SDs in 2SLS estimators of \g and
P20 and GMM estimators of \g , f20 and pg. The 2SLS and GMM (large iv) have smaller
standard deviation compare to the 2SLS and GMM (finite iv).

2. The additional instruments in ) introduce biases into 2SLS estimators of A\g and fsy and
GMM estimators of g , B20 and pp. The 2SLS and GMM (finite iv) have a mean value of

estimators closer to the true value of the parameter than 2SLS and GMM (large iv).

3. The regularized 2SLS and GMM procedures substantially reduce the many instruments’ bias
for both the 2SLS and GMM estimators, specifically in large samples. The bias-correction
estimators are similar to regularized estimators in term of bias correction for large sample
with a relatively more dense network. But, in a small sample, the bias of the bias-corrected
estimator is smaller than those of the regularized estimators. Relative to the 2SLS with many
instruments, the regularized 2SLS estimators reduce the many instruments bias and have

comparable standard deviations.
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Table 1: Simulation results for maximum number of connections 3 (1/2)

m = 10

g =30

Ao = 0.1

B1o = 0.2

B20 = 0.2

po =0.1

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.098(0.207)[0.207
0.015(0.100)[0.131
0.106(0.131)[0.131
0.040(0.110)[0.1
0.052(0.121)[0.1
0.052(0.121)[0.130
0.097(0.150)[0.1
0.075(0.078)[0.082
0.095(0.095)[0.096
0.085(0.097)[0.099
0.088(0.136)[0.1
0.096(0.183)[0.1

OU(

O

\1

]
]
]
25]
30]
]
50]
]
]
]
37]
83]

0

.200(0.071)[0.071

o O O O O O O O © O o

190(0.068)[0.068
198(0.069)[0.069
187(0.079)[0.080
188(0.083)[0.084
188(0.083)[0.084
198(0.070)[0.070
195(0.069)[0.069
197(0.069)[0.069
198(0.080)[0.080
204(0.110)[0.110

]
]
]
]
]
]
]
]
]
]
]
243(0.555)[0.556]

0.208(0.071)
0.220(0.060)
0.205(0.063)
0.216(0.065)
0.215(0.067)
0.215(0.067)
0.206(0.065)
0.208(0.059)
0.205(0.061)
0.208(0.066)
0.207(0.074)
0.208(0.128)

0.071
0.063
0.064
0.066
0.068
0.068
0.065
0.060
0.061
0.066
0.074
0.129

]
]
]
]
]
]
]
]
]
]
]
]

0.128(0.231)[0.233]

0.116(0.227)[0.227]
0.051(0.139)[0.147]
0.098(0.169)[0.169]
0.090(0.166)[0.167]
0.121(0.232)[0.233]
0.115(0.251)[0.251]

g =60

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.104(0.136)[0.136]
0.032(0.081)[0.105]
0.108(0.099)[0.099]
0.055(0.088)[0.099]
0.064(0.095)[0.101]
0.064(0.095)[0.101]
0.092(0.106)[0.106]
0.078(0.058)[0.062]
0.092(0.071)[0.071]
0.086(0.077)[0.078]
0.088(0.100)[0.101]
0.088(0.162)[0.163]

0.203(0.047)[0.047
0.196(0.046)[0.046
0.202(0.047)[0.047
0.193(0.051)[0.052
0.193(0.053)[0.054
0.

0.201(0.047)[0.047
0.199(0.047)[0.047
0.201(0.047)[0.047
0.200(0.053)[0.053
0.203(0.075)[0.075
0.192(0.516)[0.516

]
]
]
]
]
193(0.053)[0.054]
]
]
]
]
]
]

0.204(0.049)[0.049]
0.217(0.043)[0.046]
0.204(0.045)[0.045]
0.213(0.046)[0.048]
0.212(0.048)[0.049]
0.212(0.048)[0.049]
0.205(0.045)[0.045]
0.207(0.041)[0.042]
0.204(0.043)[0.043]
0.206(0.046)[0.047]
0.204(0.049)[0.050]
0.201(0.109)[0.109]

0.116(0.177)[0.178]
0.119(0.184)[0.185]
0.066(0.090)[0.096]
0.101(0.109)[0.109]
0.100(0.125)[0.125]
0.118(0.172)[0.173]
0.112(0.221)[0.222]

Mean (SD) [RMSE]
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Table 2: Simulation results for maximum number of connections 3 (2/2)

m =15

g =30

Ao = 0.1

B1o = 0.2

B20 = 0.2

po =0.1

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.098(0.155)[0.155]
0.069(0.094)[0.099]
0.101(0.105)[0.105]
0.086(0.106)[0.107]
0.089(0.114)[0.115]
0.089(0.114)[0.115]
0.092(0.122)[0.122]
0.091(0.072)[0.073]
0.096(0.078)[0.078]
0.094(0.091)[0.092]
0.098(0.123)[0.123]
0.087(0.177)[0.177]

0.203(0.052)[0.052]
0.200(0.052)[0.052]
0.202(0.052)[0.052]
0.199(0.059)[0.059]
0.200(0.062)[0.062]
0.200(0.062)[0.062]
0.202(0.051)[0.051]
0.201(0.051)[0.051]
0.201(0.051)[0.051]
0.201(0.061)[0.061]
0.210(0.096)[0.097]
0.202(0.399)[0.399]

0.202(0.055)
0.209(0.044)
0.202(0.047)
0.207(0.049)
0.207(0.053)
0.207(0.053)
0.203(0.050)
0.202(0.043)
0.201(0.044)
0.203(0.049)
0.201(0.060)
0.207(0.179)

0.055]
0.045]
0.047)
0.050]
0.054]
0.054]
0.050]
0.043]
0.044]
0.049]
0.060]
0.179]

0.115(0.204)[0.205)

0.113(0.171)[0.171]
0.090(0.116)[0.116]
0.100(0.123)[0.123]
0.105(0.139)[0.139]
0.106(0.177)[0.177)
0.092(0.179)[0.179]

g =60

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.093(0.103)[0.103]
0.066(0.061)[0.070]
0.096(0.072)[0.072]
0.079(0.069)[0.072]
0.082(0.074)[0.076]
0.082(0.074)[0.076]
0.087(0.079)[0.080]
0.090(0.050)[0.050]
0.095(0.053)[0.053]
0.090(0.062)[0.062]
0.091(0.086)[0.087

]
0.078(0.153)[0.155]

0.198(0.037)[0.037]
0.197(0.038)[0.038]
0.198(0.038)[0.038]
0.196(0.043)[0.043]
0.196(0.046)[0.046]
0.196(0.046)[0.046]
0.198(0.038)[0.038]
0.198(0.038)[0.038]
0.198(0.038)[0.038]
0.197(0.044)[0.044]
0.200(0.067)[0.067]
0.185(0.331)[0.331]

0.200(0.039)[0.039]
0.206(0.034)[0.035]
0.199(0.036)[0.036]
0.204(0.037)[0.037]
0.203(0.040)[0.040]
0.203(0.040)[0.040]
0.201(0.036)[0.036]
0.199(0.033)[0.033]
0.198(0.034)[0.034]
0.200(0.036)[0.036]
0.199(0.042)[0.042]
0.211(0.157)[0.158]

0.109(0.143)[0.143]
0.118(0.134)[0.135]
0.085(0.085)[0.087]
0.096(0.089)[0.089]
0.105(0.102)[0.102]
0.111(0.140)[0.141]
0.111(0.172)[0.173]

Mean (SD) [RMSE]
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Table 3: Simulation results for maximum number of connections 6 (1/2)

m = 10

g =30

Ao = 0.1

Bio = 0.2

B20 = 0.2

po =0.1

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.102(0.118)[0.118
0.052(0.056)[0.074
0.109(0.078)[0.078
0.065(0.063)[0.073
0.071(0.069)[0.075
0.071(0.069)[0.075
0.101(0.101)[0.101
0.078(0.050)[0.055
0.090(0.057)[0.058
0.087(0.063)[0.064
0.092(0.104)[0.104
0.077(0.162)[0.164

]
]
]
]
]
]
]
]
]
|
|
|

0.196(0.074)[0.074
0.183(0.069)[0.071
0.196(0.072)[0.072
0.172(0.079)[0.083
0.167(0.085)[0.091
0.167(0.085)[0.091
0.195(0.073)[0.073
0.189(0.071)[0.071
0.192(0.071)[0.072
0.184(0.083)[0.085
0.185(0.147)[0.147
0.161(0.396)[0.398

0.206(0.049)[0.049
0.206(0.047)[0.047
0.202(0.048)[0.048
0.203(0.051)[0.051
0.203(0.053)[0.053
0.203(0.053)[0.053
0.204(0.049)[0.049
0.204(0.047)[0.048
0.204(0.048)[0.048
0.203(0.051)[0.051
0.202(0.057)[0.057
0.210(0.145)[0.146

]
]
]
]
]
]
]
]
]
]
]
]

0.103(0.187)[0.188]

0.076(0.204)[0.205]
-0.047(0.145)[0.207]
0.073(0.180)[0.182]
0.030(0.178)[0.191]
0.067(0.209)[0.212]
0.064(0.238)[0.241]

g = 60

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.099(0.090)[0.090]
0.053(0.038)[0.060]
0.099(0.064)[0.064]
0.066(0.044)[0.056]
0.072(0.049)[0.057]
0.072(0.049)[0.057]
0.097(0.082)[0.082]
0.077(0.035)[0.042]
0.089(0.042)[0.043]
0.088(0.046)[0.048]
0.092(0.083)[0.084

]
0.077(0.115)[0.118]

0.204(0.051)[0.051]
0.193(0.047)[0.048]
0.203(0.049)[0.049]
0.184(0.054)[0.056]
0.180(0.058)[0.061]
0.180(0.058)[0.061]
0.203(0.050)[0.050]
0.199(0.048)[0.048]
0.201(0.049)[0.049]
0.198(0.058)[0.058]
0.200(0.104)[0.104]
0.186(0.291)[0.291]

0.207(0.034)[0.035]
0.209(0.032)[0.034]
0.205(0.034)[0.034]
0.205(0.035)[0.035]
0.204(0.036)[0.036]
0.204(0.036)[0.036]
0.207(0.034)[0.035]
0.207(0.033)[0.034]
0.206(0.033)[0.034]
0.205(0.035)[0.036]
0.204(0.038)[0.038]
0.210(0.130)[0.130]

0.118(0.158)[0.159]

0.094(0.209)[0.209]
-0.031(0.112)[0.172]
0.073(0.141)[0.144]
0.051(0.138)[0.146]
0.097(0.196)[0.196]
0.094(0.223)[0.223]

Mean (SD) [RMSE]
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Table 4: Simulation results for maximum number of connections 6 (2/2)

m =15

g =30

Ao = 0.1

B1o = 0.2

B20 = 0.2

po =0.1

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.104(0.068)[0.069]
0.081(0.043)[0.047]
0.100(0.065)[0.065]
0.092(0.048)[0.049]
0.095(0.053)[0.053]
0.095(0.053)[0.053]
0.098(0.060)[0.060]
0.090(0.038)[0.039]
0.098(0.042)[0.042]
0.095(0.046)[0.046]
0.095(0.065)[0.065]
0.096(0.105)[0.105]

0.205(0.053)[0.053]
0.199(0.052)[0.052]
0.203(0.053)[0.053]
0.198(0.060)[0.060]
0.198(0.062)[0.062]
0.198(0.062)[0.062]
0.203(0.052)[0.053]
0.201(0.052)[0.052]
0.202(0.052)[0.052]
0.201(0.062)[0.062]
0.195(0.102)[0.103]
0.192(0.355)[0.356]

0.203(0.038)
0.207(0.035)
0.204(0.037)
0.207(0.039)
0.207(0.041)
0.207(0.041)
0.204(0.037)
0.204(0.035)
0.203(0.035)
0.205(0.039)
0.204(0.043)
0.206(0.098)

0.038]
0.036]
0.037]
0.040]
0.041]
0.041]
0.037]
0.035]
0.035]
0.040]
0.044]
0.099]

0.116(0.144)[0.145)

0.117(0.189)[0.190]
0.076(0.103)[0.105]
0.090(0.109)[0.109]
0.096(0.139)[0.140]
0.121(0.207)[0.208]
0.137(0.226)[0.229]

g =60

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.103(0.050)[0.050]
0.086(0.030)[0.033]
0.105(0.035)[0.035]
0.094(0.035)[0.035]
0.097(0.038)[0.039]
0.097(0.038)[0.039]
0.100(0.045)[0.045]
0.094(0.027)[0.028]
0.102(0.031)[0.031]
0.098(0.035)[0.035]
0.099(0.053)[0.053

]
0.102(0.095)[0.095]

0.200(0.039)[0.039]
0.196(0.039)[0.039]
0.200(0.039)[0.039]
0.193(0.043)[0.043]
0.193(0.044)[0.044]
0.193(0.044)[0.044]
0.199(0.038)[0.038]
0.198(0.038)[0.038]
0.199(0.038)[0.038]
0.196(0.045)[0.045]
0.194(0.080)[0.080]
0.203(0.352)[0.352]

0.200(0.026)[0.026]
0.202(0.024)[0.025]
0.199(0.025)[0.025]
0.201(0.027)[0.027]
0.201(0.028)[0.028]
0.201(0.028)[0.028]
0.200(0.026)[0.026]
0.200(0.024)[0.024]
0.199(0.024)[0.024]
0.200(0.027)[0.027]
0.199(0.030)[0.030]
0.198(0.079)[0.079]

0.108(0.100)[0.100]

0.104(0.125)[0.126]
0.077(0.070)[0.074]
0.089(0.074)[0.075]
0.093(0.083)[0.084]
0.107(0.129)[0.129]
0.121(0.170)[0.172]

Mean (SD) [RMSE]
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Table 5: Simulation results for maximum number of connections 8 (1/2)

m = 10

g =30

Ao = 0.1

Bio = 0.2

B20 = 0.2

po =0.1

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.092(0.108)[0.108
0.064(0.043)[0.056
0.099(0.062)[0.062
0.073(0.049)[0.056
0.077(0.054)[0.058
0.077(0.054)[0.058
0.093(0.093)[0.094
0.080(0.040)[0.045
0.088(0.044)[0.045
0.086(0.050)[0.052
0.087(0.091)[0.092
0.073(0.143)[0.146

]
]
]
]
]
]
]
]
]
]
]
]

0.191(0.073)[0.074
0.188(0.069)[0.070
0.194(0.071)[0.071
0.180(0.083)[0.086
0.177(0.093)[0.096
0.177(0.093)[0.096
0.191(0.073)[0.073
0.190(0.073)[0.073
0.191(0.073)[0.073
0.187(0.086)[0.087
0.184(0.128)[0.129
0.183(0.412)[0.412

]
J
]
]
]
]
]
]
]
]
]
]

0.204(0.047)[0.047
0.206(0.045)[0.046
0.203(0.048)[0.048
0.201(0.049)[0.049
0.200(0.051)[0.051
0.200(0.051)[0.051
0.204(0.048)[0.048
0.204(0.047)[0.047
0.203(0.047)[0.047
0.202(0.050)[0.050
0.200(0.059)[0.059
0.200(0.118)[0.118

]
]
]
]
]
]
]
]
]
]
]
]

0.111(0.211)[0.211]

0.078(0.261)[0.262]
-0.110(0.184)[0.279]
0.064(0.225)[0.228]
0.001(0.231)[0.252]
0.059(0.295)[0.297]
0.068(0.277)[0.278]

g=60

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.096(0.065)[0.065]
0.071(0.028)[0.040]
0.102(0.039)[0.039]
0.080(0.032)[0.037]
0.084(0.036)[0.039]
0.084(0.036)[0.039]
0.095(0.062)[0.062]
0.084(0.027)[0.031]
0.092(0.029)[0.030]
0.091(0.032)[0.033]
0.096(0.065)[0.065

]
0.081(0.109)[0.111]

0.202(0.048)[0.048]
0.198(0.047)[0.047]
0.202(0.048)[0.048]
0.194(0.056)[0.057]
0.192(0.063)[0.063]
0.192(0.063)[0.063]
0.201(0.049)[0.049]
0.199(0.049)[0.049]
0.201(0.049)[0.049]
0.199(0.058)[0.058]
0.200(0.088)[0.088]
0.190(0.469)[0.469]

0.204(0.033)[0.033]
0.207(0.032)[0.032]
0.202(0.033)[0.033]
0.203(0.034)[0.034]
0.201(0.035)[0.035]
0.201(0.035)[0.035]
0.204(0.033)[0.033]
0.205(0.033)[0.033]
0.203(0.033)[0.033]
0.203(0.035)[0.035]
0.202(0.039)[0.039]
0.204(0.118)[0.118]

0.113(0.162)[0.162]
0.096(0.181)[0.181]
-0.062(0.119)[0.201]
0.073(0.148)[0.151]
0.040(0.151)[0.162]
0.073(0.192)[0.193]
0.080(0.207)[0.208]

Mean (SD) [RMSE]
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Table 6: Simulation results for maximum number of connections 8 (2/2)

m =15

g =30

Ao = 0.1

B1o = 0.2

B20 = 0.2

po =0.1

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.102(0.052)[0.052]
0.087(0.028)[0.031]
0.101(0.036)[0.036]
0.093(0.032)[0.033]
0.095(0.036)[0.036]
0.095(0.036)[0.036]
0.100(0.048)[0.048]
0.091(0.027)[0.028]
0.097(0.030)[0.030]
0.096(0.033)[0.033]
0.100(0.054)[0.054]
0.099(0.094)[0.094]

0

o O O O O O O O © O o

.203(0.053)[0.053

198(0.051)[0.051

.202(0.052)[0.052

]
]
]
195(0.058)[0.058]
193(0.061)[0.061]
193(0.061)[0.061]
202(0.053)[0.053]
199(0.051)[0.051]
201(0.051)[0.051]
198(0.060)[0.060]
196(0.114)[0.114]
195(0.261)[0.261]

0.203(0.033)
0.204(0.032)
0.202(0.032)
0.204(0.034)
0.204(0.035)
0.204(0.035)
0.203(0.033)
0.203(0.032)
0.202(0.032)
0.203(0.034)
0.202(0.036)
0.209(0.108)

0.033]
0.032]
0.032]
0.034]
0.035]
0.035]
0.033]
0.032]
0.032]
0.034]
0.036]
0.108]

0.112(0.136)[0.137)

0.096(0.164)[0.164]
0.057(0.099)[0.108]
0.084(0.108)[0.109]
0.076(0.115)[0.117]
0.087(0.153)[0.153]
0.110(0.179)[0.179]

g =60

2SLS (finite iv)
2SLS (large iv)
Bias-corrected 2SLS
T 2SLS

LF 2SLS

PC 2SLS

GMM (finite iv)
GMM (large iv)
Bias-corrected GMM
TGMM

LFGMM

PCGMM

0.103(0.038)[0.038]
0.091(0.020)[0.022]
0.104(0.026)[0.026]
0.096(0.023)[0.023]
0.098(0.026)[0.026]
0.098(0.026)[0.026]
0.101(0.035)[0.035]
0.095(0.019)[0.020]
0.101(0.021)[0.021]
0.099(0.024)[0.024]
0.101(0.043)[0.043

]
0.099(0.080)[0.080]

o O O O O O O O O O O O

199(0.039)[0.039]
195(0.038)[0.039]
199(0.039)[0.039]
191(0.043)[0.043]
190(0.044)[0.045)
190(0.044)[0.045]
199(0.039)[0.039]
197(0.038)[0.039]
199(0.039)[0.039]
195(0.044)[0.045)
192(0.085)[0.086]
178(0.224)[0.225)

0.199(0.022)[0.022]
0.200(0.021)[0.021]
0.198(0.021)[0.021]
0.200(0.022)[0.022]
0.200(0.023)[0.023]
0.200(0.023)[0.023]
0.199(0.021)[0.021]
0.200(0.021)[0.021]
0.199(0.021)[0.021]
0.199(0.022)[0.022]
0.198(0.025)[0.025]
0.197(0.078)[0.078]

0.105(0.097)[0.097]

0.099(0.158)[0.158]
0.062(0.072)[0.081]
0.083(0.078)[0.080]
0.083(0.088)[0.090]
0.101(0.125)[0.125]
0.114(0.157)[0.158]

Mean (SD) [RMSE]
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4. The regularized GMM estimators reduce the bias in the estimation of pg relative to bias
corrected GMM and GMM with a large number of instruments. However, the precision of the

regularized GMM estimators of p is not as good as the bias correction.'?

5. The performance of the regularized estimators increases with the higher density of the network
and the larger number of groups. The behavior of the regularized estimator with respect to
the network density suggests that the regularized estimators are good candidates to improve
the asymptotic behavior of the estimator of network effect when the level of transitivity in

the groups is very high.

6 Conclusion

This paper uses the regularization methods for the estimation of network models. The regularization
is proposed as a solution to the weak identification problem in network models. Identification of the
network effect can be achieved by using individuals’ Bonacich (1987) centrality as an instrumental
variables. But, the number such instruments increased with the number of groups; leading to the
many instruments problem. Identification can also be achieved using the friend of a friend exogenous
characteristics. However, if the network is very dense or the group size is very large, the identification
is weaken. The proposed regularized 2SLS and GMM based on three regularization methods help
to deal with many moments and weak identification problems. These estimators are consistent and
asymptotically normal. The regularized 2SLS estimators achieve the asymptotic efficiency bound.
We derive an optimal data-driven selection method for the regularization parameter. A Monte
Carlo experiment shows that the regularized estimator performed well. The regularized 2SLS and
GMM procedures substantially reduce the many instruments bias for both the 2SLS and GMM
estimators, specifically in a large sample. Moreover, the qualities in term of bias and precision
of the regularized estimator improves with the increase of the network density and the number
of groups. These results show that regularization is a valuable solution to the potential weak

identification problem existing in network models estimation.

12Note that, with some moment selection method applied to the same type of models, the problem of precision of the
estimator is observed, for example, in Liu and Lee (2013) the decile range of the C2LS-op and 2SLS-op seems to be the

largest.

29



References

Bai, J., AND S. Na (2010): “Instrumental Variable Estimation in a Data Rich Environment,”

Econometric Theory, 26, 1577-1606.

BEKKER, P. A. (1994): “Alternative Approximations to the Distributions of Instrumental Variable

Estimators,” Econometrica, 62(3), 657-81.

BELLONI, A., D. CHEN, V. CHERNOZHUKOV, AND C. HANSEN (2012): “Sparse models and meth-
ods for optimal instruments with an application to eminent domain,” Econometrica, 80(6), 2369—

2429.

BoNAcICH, P. (1987): “Power and centrality: A family of measures,” American journal of sociology,

pp. 1170-1182.

BRAMOULLE, Y., H. DJEBBARI, AND B. FORTIN (2009): “Identification of peer effects through

social networks,” Journal of econometrics, 150(1), 41-55.

CARRASCO, M. (2012): “A regularization approach to the many instruments problem,” Journal of

Econometrics, 170(2), 383-398.

CARRASCO, M., AND J.-P. FLORENS (2000): “Generalization Of Gmm To A Continuum Of Mo-

ment Conditions,” Econometric Theory, 16(06), 797-834.

(2014): “On the asymptotic efficiency of GMM,” Econometric Theory, 30(02), 372-406.

CARRASCO, M., J.-P. FLORENS, AND E. RENAULT (2007): “Linear Inverse Problems in Structural
Econometrics Estimation Based on Spectral Decomposition and Regularization,” in Handbook of
Econometrics, ed. by J. Heckman, and E. Leamer, vol. 6 of Handbook of Econometrics, chap. 77.

Elsevier.

CARRASCO, M., AND G. TCHUENTE (2015): “Regularized LIML for many instruments,” Journal

of Econometrics, 186(2), 427-442.

(2016): “Efficient estimation with many weak instruments using regularization techniques,”

Econometric Reviews, pp. 1-29.

30



CuAO, J. C.; AND N. R. SWANSON (2005): “Consistent Estimation with a Large Number of Weak
Instruments,” Econometrica, 73(5), 1673-1692.

CRAVEN, P., AND G. WAHBA (1979): “Smoothing noisy data with spline functions: Estimating the
correct degree of smoothing by the method of the generalized cross-validation,” Numer. Math.,

31, 377-403.

DaviDsoN, R., AND J. G. MACKINNON (1993): FEstimation and Inference in Econometrics, no.

9780195060119 in OUP Catalogue. Oxford University Press.

DoNALD, S. G., AND W. K. NEWEY (2001): “Choosing the Number of Instruments,” Economet-

rica, 69(5), 1161-91.

GIBBONS, S., AND H. G. OVERMAN (2012): “Mostly pointless spatial econometrics?*,” Journal of

Regional Science, 52(2), 172-191.

HaN, C., anD P. C. B. PHILLIPS (2006): “GMM with Many Moment Conditions,” Econometrica,
74(1), 147-192.

HANSEN, C., J. HAUSMAN, AND W. NEWEY (2008): “Estimation With Many Instrumental Vari-

ables,” Journal of Business € Economic Statistics, 26, 398-422.

HANSEN, C., AND D. KozBUR (2014): “Instrumental variables estimation with many weak instru-

ments using regularized JIVE,” Journal of Econometrics, 182(2), 290-308.

HasserLT, M. v. (2010): “Many instruments asymptotic approximations under nonnormal error

distributions,” Econometric Theory, 26(02), 633-645.

KAPETANIOS, G., AND M. MARCELLINO (2010): “Factor-GMM estimation with large sets of pos-

sibly weak instruments,” Computational Statistics and Data Analysis, 54, 2655-2675.

KELEJIAN, H., AND I. R. PRUCHA (2001): “On the asymptotic distribution of the Moran< i>

I</i> test statistic with applications,” Journal of Econometrics, 104(2), 219-257.

KELEJIAN, H. H., AND I. R. PRUCHA (1999): “A generalized moments estimator for the autore-

gressive parameter in a spatial model,” International economic review, 40(2), 509-533.

KorcHONI, R. (2012): “Applications of the characteristic function-based continuum GMM in fi-

nance,” Computational Statistics €4 Data Analysis, 56(11), 3599-3622.

31



KRrESS, R. (1999): Linear Integral Equations. Springer.

KUERSTEINER, G. (2012): “Kernel-weighted GMM estimators for linear time series models,” Jour-

nal of Econometrics, 170, 399-421.

LANCASTER, T. (2000): “The incidental parameter problem since 1948,” Journal of econometrics,

95(2), 391-413.

LEE, L.-F. (2004): “Asymptotic Distributions of Quasi-Maximum Likelihood Estimators for Spatial
Autoregressive Models,” Econometrica, 72(6), 1899-1925.

LEE, L.-F. (2007): “Identification and estimation of econometric models with group interactions,

contextual factors and fixed effects,” Journal of Econometrics, 140(2), 333-374.

L1, K.-C. (1986): “Asymptotic optimality of C;, and generalized cross-validation in ridge regression

with application to spline smoothing,” The Annals of Statistics, 14, 1101-1112.

——  (1987): “Asymptotic optimality for C,, Cp, cross-validation and generalized cross-

validation: Discrete Index Set,” The Annals of Statistics, 15, 958-975.

Liu, X., AND L.-F. LEE (2010): “GMM estimation of social interaction models with centrality,”

Journal of Econometrics, 159(1), 99-115.

Liu, X., AND L.-F. LEE (2013): “Two-stage least squares estimation of spatial autoregressive
models with endogenous regressors and many instruments,” Econometric Reviews, 32(5-6), 734~

753.
MarLows, C. L. (1973): “Some Comments on Cp,” Technometrics, 15, 661-675.

Mansk1, C. F. (1993): “Identification of endogenous social effects: The reflection problem,” The
review of economic studies, 60(3), 531-542.

NEwey, W. K. (2013): “Nonparametric instrumental variables estimation,” The American Eco-

nomic Review, 103(3), 550-556.

NEYMAN, J., AND E. L. ScOoTT (1948): “Consistent estimates based on partially consistent obser-

vations,” Econometrica: Journal of the Econometric Society, pp. 1-32.

32



Okul, R. (2011): “Instrumental variable estimation in the presence of many moment conditions,”

Journal of Econometrics, 165, 70-86.

STONE, C. J. (1974): “Cross-validatory choice and assessment of statistical predictions,” Journal

of the Royal Statistical Society, 36, 111-147.

33



A Appendix: Summary of notations

To avoid heavy notations let us use
P=P", g =q0\}, )
tr(A) is the trace of matrix A
ej is the 5 unit (column) vector
oy
= Lrta
Ay =tr(ef) and Aoy = tr(eay)
= ! [vec(Ul +Uy), ..vec(Uq + U, vec(Uy + UY), ..vec(Uy + U,)]
¢ = [UecD(Ul) . veep(Uy)]
92(0) = 2¢>'Pa £(0) — g2(0)
g2(0) = [U15(0) ., Use(0)]'e(), where U; are constant square matrices such that tr(JU;) = 0.

B Appendix: Some Lemmas

Lemma 1:

qu O(1/a) and tr(P?) = Zq]—o qu

(ii) Suppose that {A} is a sequence of n x n UB matrlces. For B = PA, tr(B) = 0((2 4;)%);

= 0((2 qj)?), and Z:BfZ = 0((2 qj)?), where By;’s are diagonal elements of B.
Proof of JLemma 1 Z
(i) proof is in Carrasco (2012) Lemma 4 (i).
(ii) By eigenvalue decomposition, AA" = TIAII', where II is an orthonormal matrix and A is
the eigenvalue matrix. It follows that PAA'P < ApawP? with A the largest eigenvalue. It
follows that tr(PAA'P) < Apastr(P?) = OP((Z qj)?). By Cauchy-Schwartz inequality tr(B) <

J
[tr(P?)]Y2[tr(PAA P)]Y/? = = op( Z q;)?). Also by Cauchy-Schwartz inequality tr(B) < tr(BB') =

tr(PAA'P) = 0((2 q)?
J
Lemma 2: Let C and D be two UB n X n matrix sequences.

(i) C'PD = O(n/a)
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(ii) €'C'PDe = O,(1/a?*) and C'PDe = O,(v/n/a)

Proof of Lemma 2

(i) By Cauchy-Schwartz inequality |e;C’P*De; < 4/eiC'Ce; \/e;-D’PQDej = O(n/a) which implies

C'PD = O(n/a)

(ii) E|e'C'PDe| < \/E(¢/C'P2Ce)\/E(¢'D'P2De) = o2\/tr(C'P2C)+\/tr(D'P2D) = 0(%) by
[0

1
Markov inequality &'C'PDe = Op(—;)
«

By Cauchy-Schwartz inequality |¢;C'PDe| < e,C'Ce;Ve'D'P?De = Op(v/n/a),thus C'PDe =

Op(\/ﬁ/a)

Lemma 3: Suppose j is a consistent estimator of py and R = R(p).
Then, %Z’R’P}?Z = %Z’R’PRZ + Op[(p — po)/a] and
%Z’R’PRR*% = %Z'RPE + O,[(p — po)/(a/n(1 + ay/n))].

Proof of Lemma 3

R=R—(p— po)M, thus

Z'R'PRZ/n = Z'RPRZ/n
— (p—po)Z'M'PRZ/n— (p— po)Z'R'PMZ/n

+ (p—po)’Z' M'PMZ/n

Let show that Z'R'"PMZ/n = Oy(1/a) and Z'M'PMZ/n = O,(1/a)
Note that Z = [WS™1(X By + t0), X] + WS R ee].

Under assumption 3, Z/R'PMZ/n = O(1/a) + Op(1/v/na) + Oy(1/na?) =
Z'M'PMZ/n = Oy(1/a) by lemma 2 (i).

Z'R'PRe/n = Z'RPe/n
— (p—po)Z'M'Pe/n— (p—po)Z’RPMR 'e/n

+ (p—po)?Z’M'PMR 'e/n

I used the same argument as in the previous case under assumption 3,

Op(1/a) and

Z'R'PMR™'e/n = Oy(1/v/na+1/na?) = Op[1/a/n(1+1/ay/n)] , Z'M'Pe/n = Op[1/ay/n(1+

1/ay/n)] and Z'M'Pe/n = Op[1/ay/n(1 + 1/ay/n)] by lemma 2 (ii).

Lemma 4: If Assumptions 1-4, are satisfied and o — 0 then:
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(i)Z'RPRZ/n = H + 0,(1) if an/n — 00
(i))Z'RPe/v/n = f'e/v/n+ 0,(1) if a®/n — oo
Proof of Lemma 4
Let v=JRWS™ 'R e, JRZ = f + ve]
1 1 1 1 1 1
(i) =Z'RPRZ = —f'f — —f'(I — P)f + —e1v' Pve}| + —f' Pve} + —e1v'Pf
Let ey = Hf’(I—P)f, exf = Ef’(I—P)Qf, Ay =tr(ef) and Aoy = tr(ezs) By Cauchy-Schwartz

inequality %\eéf’(] — P)fej| < %\/e;f’fei\/egf’(l — P)2fe; = O(\/Aay)

) Op(a®) for LF and SC
From Carrasco (2012) Lemma 5 (i) Agf = Thus, Ay = 0p(1)
Op (™M@ for T

1 1

o T\/ﬁ) = op(1)

By Lemma 2 (ii) %ew’Pve’l + %f’Pve’l lelv Pf=0,(—
(ii) Z’RPe/vn = f'e/v/n— f'(I - P)E/er e1v'Pe/v/n
By Lemma 5 (ii) of Carrasco (2012) f'(I — P)e/v/n = O,(y/Asf) and by Lemma 2 (ii)
e1v'Pe/v/n = Oy(1/a’y/n)
Lemuma 5: If Assumptions 1-4, are satisfied.
() v “3¢’P2¢>+ (1a — 30)¢/'6 + 0T — 2“3¢’P¢>
with T = & Sloec(Us + U1, ..vec(U, + Up)) [oee(Uh + UY), vee(Uy + Up)
(i) E(g2(0)g ( )) = u3d' PQ — p13¢'Q = o(1)

Proof of Lemma 5

Note that V = [Var(gg(e))}_l

VT =Var(g:00) = E[ﬁ 'Pe(0)e(0) Pgl —2E[§¢'Pe(e)gz(9)']
+  Elg2(0)g2(0)"]
It can be shown that

2 2
E[% 'Pe(0)e(0) Pg] = E[% 'PJee' JPg)

— i; /P2¢
g

Then the second term is
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B[ ¢ Pe(0)ga(0)] = SB[/ PIe ULz, ... Uy Je]]

= %EWP&[E'JU]J&,...,5’JUng]]

H3
= ﬁE[gb'Ps[tr(leUle),...,tr(e’JUqJE)]]
2
I
= J%Z@Pij[tr(e;JUlJej),...,tr(e;JUqJej)]
ij
2
= Bopr

With U;J replace by JU;J for all j. And the last term

Elg2(0)92(0)] = pad'é+ o[y —3¢'¢]
= (ua—30")¢'¢ +0'T

1
with I' = i[vec(Ul + U7), ..vec(Uq + Uy)|' vec(Uy + UY), ..vec(Uy + U,)]

C Appendix: Proofs of propositions

Proof of Proposition 1
The regularized 2SLS estimator satisfies 532315 — g = (Z’R’PRZ)AZ'R’PRRAE.
Z'R'PRZ/n = O,(1) + O,(1/a~/n) by Lemma 3 and 4.
R'PRR 'e/n = 0,(1/y/n) + Op[(1/(na(l + ay/n)) by lemma 3 and 4.
Then & R2sls — 00 = 0p(1) as ay/n — oo and o — 0 This prove the consistency of the regularized

2SLS for SAR with many instruments.

Vn(6rasis — 60) = (Z'R'PRZ/n)"'[Z'R"PRR e/ /n).

Using Lemma 3 , 4 and Slutzky theorem
Vi(Orasis — 60) S N (0,02H7")

if a?y/n — oo and o — 0
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Proof of Proposition 2

Let us considers the MSE of the estimation of the parameters.

n(6Rrasts — 00)(ORasts — 00) = H 'hi/ H

. Z'R'PRZ . Z'R'PRY
with 1 = 2 &PRz o ZRPRY

n Vn

this aim, we are going to use a Nagar-type approximation in order to be able to concentrate on the

. Our objective is to approximate the MSE. To achieve

largest part of the MSE. By Lemma 3,

H = Z'RPRZ/n
— (p—po)Z'M'PRZ/n — (j — po)Z'R'PMZ/n

+ (p—po)?Z’M'PMZ/n

And H = Z'RPRZ/n + O,((p — po)/). By Lemma 4, we have that

- 1 1 1 1 1
H=—ff——f(I-P)f+—erv'Pvey + —f'Pvey + —e1v'Pf + Op((p — po)/ )
n n n n n
Let us define 77 = T + TH + T with
1 1 1 1
TH = —f/(I - P)f, T’ = —e1v'Pve} and Tf = — f'Pve| + —e10'Pf 4+ O,((p — po)/a). Such
n n n n
that
1
H = Ef’f+T1H+T2H+Tf
= H+T{ + T + T8 1 0,(1)

= H+TH +0,(1).
Following similar arguments, we have
b= f'e/v/i = fI(I = P)e/y/ii+ exv/ Pe/v/i+ Oyl(5 — po) /(a1 + a/m))]

Let us also define, T" = T + T with

T} = —f'(I = P)e// and T = e1v/ Pe/ /it + Opl(6 — po) /(a(1 + av/n))]
We therefore have

h = fle/yn+TP+ TP
= h+ TP+ T8 +0,(1)

= h+T"+0,(1).
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Using Nagar-type enpension on H!
(6 r2sts — 00) (ORasts — 00) = H Y[ — THH™Y[hA + hT" + T"W + TVT"|[I — H'THIH ™ +0,(1)

Let us define A(a) = [I — TP H YS(a)[I — H'TY] with $(a) = [hh + hT" + T"h' + 7M.
Therefore, A(a) = S(a) + THH'S()HITH — THH'S(0) — S()HITH

1 1
ES(a)|X] = o*[H —2e;+ —f'Pve} + —e1v' Pf + eyyf]
n n
1 1
— E[—f'(I — P)ee' Pve}| + —ejv'Pee’ (I — P) f|X]
n n

1
+ E[—e1v' Pee' Pvel| X]
n

E(TP"H'Y(a)|X) = —c%es + 0,(1) and
E(S()H'TH|X) = —o?e; + 0,(1)

E(TPH'S()H'TH|X) = ngop([?jL—

We have

1
E(A(a)|X) = o*H+o%eyp + E[—e1v' Pee’ Pue) | X]
n
1 1
— E[—f'(I — P)ee' Pve| + —ejv'Pee’ (I — P) f|X]
n n
v Lyped + i o ([L+L+A 1)
pt TV e PMna? * ay/n f

By Lemma 5 (viii) of Carrasco (2012), we have
1 1
E[ﬁf’(l — P)ee' Pve) + ﬁelvlpss'(f — P)fIX] = Op(y/Ags/\an)

1
and gelv'(P — P2 f = 0,(\/Ags/Van).
1 1 1
By Lemma 5 (iii) of Carrasco (2012), — f'Pve} + —e1v'Pf = Op(—).
n n no
And, by Lemma 5 (iv) of Carrasco (2012),

1 1
E - /P /P ! X _ = . 2 4 /D/D / . 2
[~ e1v'Pee' Puey /n| X] n(zj:qj) o'e1'D'Diey +0p((zj:q]) /n)
with D = JRWS'R™L.
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We can conclude that

n(gRgsls - 50)(31%25[5 - 50) = Q(O‘) + R<O‘>

with E[Q(a)|X] = H 'o? + H ! [O'262f + l( g qj)’c*e1/D'Diey | H™' and
n =
j
_ - _ 2 1 1 9 1 Agy
1(0) = BQR@IX) = 0,((30 0/ + Oyl + e + AP+ o+ 220

J

S(a) = H™' |o%eqs + :L(Z qj)?o*e1/' D' Duey | H

It can be noticed that r(a);tr(S(oz)) = 0p(1), our argument are similar to those used in Carrasco
(2012). Which means that S(«) is the dominant part of the mean squared error of the estimation
of the model using regularized 2SLS.

Proof of Proposition 3
First, we show that the minimizer of U*2<(Kﬁ‘)*1/25’n(.),(Kﬁ)flﬂgn(.» + %92(0)’1/@2(9) is a
consistent estimator of 6.

()28, (K3)250()) = Le(6)Pe(9)

n

with €(0) = JR(p)(Y — Z6), R(p) = R+ (po — p)M and S(A\) =S+ (Ag — N)W.
£(0) = v(0) + h(0)

v(0) = f(do — 9) + (po — p)F (o9 — 0) where F = JME(Z)
and h(0) = (Ao — A)JRWS 'R e+ Je 4 (po — p)JMR e + (Ng — N)(po — p) JMW S~ R~ ¢ thus
h(f) = JR(p)S(N\)S™IR e,

%5’(9)135(0) — Loy roo)

+ —w(8) Ph(8) + %h(&)’Pv(@)

3 —3

+ ~h(0)'Ph(9)
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Lu@O)Po(0) = (60— 0) 1P (0~ 5)
+ (oo — )60 — 0 f'PF(Bo — )+ = (o0 — p){bo — 8 F'PS(30 )
¥ o — )G — ) F'PE(5 )
1

= —(60—0)'f(p)'Pf(p)(d0 — 0)
= (0= 0 |11 1)+ 11T - P)f(o)] (= )

By Carrasco (2012) Lemma 5 (i) we can conclude that

1
n

(O OP0) = (o6 (1m0 151+ (50— 6) + (1)

and by Lemma 2 (ii) %U(e)'m(e) + %h(@)’Pv(&) — 0,(1/ayi) and %h(&)’Ph(@) — 0,(1/na?)
thus
L O)PE0) = (G0 = i s 1) Flp) | (G = 0) + (1) (12)

n
as n and ay/n go to infinity.
1

Under assumption 3’ li_>m —f(p) f(p) is a finite nonsingular matrix for any p such that R(p) is
n o0 N

nonsingular. Therefore,
1
(60 — 9)' limnﬁoonf(p)’f(p)—i—} (0o — ) > 0 with equality if 6 = dy.
The second part of the regularized GMM function minimized the optimal GMM function of the

moments g2(6) = ’u—g 'P%(0) — g2(0) using similar arguments,
70

%qs’pag(a) = %gf)/PQU(Q) + %qblpah(a)
- %WPaf(P)@O —0) +op(1)

= limn_ﬂx%(b’Paf(p)(éo —0) +op(1).

as n and ay/n go to infinity. Hence,%qﬁ' P“2(0) has a limit of zero at 0 = dy . Because the number
of quadratic is fixed, by a similar argument as in the proof of Proposition 4 of Liu and Lee (2010)
% g2(0) — %E [92(8)] = 0p(1) uniformly in # in any bounded set ©. The consistency follows from the
uniform convergence in probability and the identification uniqueness of the limiting function.

_ _ 1
This prove that the of 0_2<(K,?‘)_1/25’n(.), (Kg)_1/25’n(.)> + ﬁgg(e)’vgjg(e) is a consistent esti-

mator of 6.
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It remains to show that

(6720 ) OPEO 0/ Po | Bt — By | S Peto)-2e(0yPo | Ba¥ - v | Ln(0)+
%92(‘9) [53 nv — 13 nV} 92(0) = o0p(1) uniformly in § € ©.

Note that %5 (0)Pe(8) = Op(1) uniformly in 6 € ©.

1 ~ 1 ~2 2 1 , 5 5 1 ,
vy = (B %Hﬁ P26+ [(jis = 35") — (ua = 304~ 0
+ (&4—0) r— 2(@—$) ¢ Po

= op(1)

By Lemma 2 (i) and the fact that U; are UB. It follows that nV —nV = 0,(1) by the continuous

mapping theorem.
1 / 3 M3 1, 1 / 2 f3 = M3
— P —nV —=nV)| —¢'P < ||— P A(=nV — =nV
Hne’:‘(e) ¢ (~2n 5N ) n¢ E(Q)H > H {5(0) (ﬁH H(~2n 5N )H

1 1 (3 ~
as —|[£(8) P|| = O,(1) uniformly in 6 € ©. Hence, |—£(0)' Pe||%. | (5anV — E2nv)|| = 0,(1) By a
n n o o
1
similar argument in the proof of Proposition 4 Liu and Lee (2010), —||g2(6)|| = Op(1) uniformly in
n
0 €o.

1 s -~ 1 1, T 1
6 Po | (B3 = 23| 2n(®)] < 110 Poll 1 E3n¥ — 3u0 )2 )] = o300

and
I020) [ (307 = 2300)] L0a) < 1 E3n? ~ E3n LI IO = o)
uniformly in 6 € ©. It follows that
(&*2—072)%5’(0)P5(9)+%5(9)’P¢ [?gnf/ — ggnV} %¢’Ps(0)—%€(0)’P¢ [g;nv — Z;’nV] %92(0)4-
%92(0)/ [Zgnf/ - ZgnV} %92(9) = 0p(1) uniformly in § € ©. This prove the consistency of regu-
larized GMM.
Proof of Proposition 4

Let H(0) = &*2<(Kﬁ‘)*1/25’n(.), (KS)*1/25,L(.)> + l§2(c9)’f/§2(9) be the objective function of the
n

regularized GMM. By the Taylor expansion of I;)Ié@) =0 at 6y,
A 82H(0)] " dH(6))
vl =) = - [ 200'0 ] XV
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where @ is between 6 and 0.

H(0) = 67> <(6) P=(6) + _92(6) V()
1OH®O) 1 0:(0) 1952(0)

Hence §W = O'O E 80 Pg(e) + E 80 ng(e)

OH(0y) B ~72i 86((90)/ 1 8@2(00)’ ~
Vn e N T P€(90)+\/ﬁ 2 Vg2(6o)
o1 9e(6o)’ _ a1 -1 !
Uo\/ﬁ 50 Pe(by) = o \/ﬁ[MR e,RZ| Pe
= 002\}[MR 5f+vel} Pe

o %m, 7€)+ Op(1/a>v/i) + 0,(1)

And It can be shown that

\}ﬁagg(go)/‘?%(@o) = 8928(50),‘7292(90)
(U, +U)MR™] tr[(U +U)RWS™IR™!] 0
(U + UY)MR™ tr[(Uy + U)RWS™IR™Y] 0

Let Dy = p(220)y _ _ 2

and

tr[(Ug + UDMR™ tr[(Uy + U)RWS™'R™'] 0

Dy = Dz—*( ' f)

a5
1 0g2(6o)’

It can be shown that ——

1_
Y ;DIQ + Op(1/av/n) + 0p(1)
Using central limit theorem of Kelejian and Prucha (2001) as in Liu and Lee (2010).

1 0g2(8 . d = _
% 28(90) Vg2(60) = N (0, plimD4V Dy)

Moreover, by Lemma 5

\F
Thus, Jﬁafg(:()) 4N (0,04°D(0, H) + plim D4V D5)

The hessian is

(0, f’e) and \ng(Go) are asymptotically uncorrelated.

2 ) 0\’ 0 = (0Y _ A7a(H 2.(0\
GPH(B) _, [ 51 0:(0) ,0e(0) | 19g(0) 032(0) | 51 0%(0) ),

@)+ 1220
0000 n 00 oo’ n 00 oo’ n 0006 n 06000
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_ 1 2= (0 1 2 /
Under assumptions of proposition 3, 8 2 6. In addition, naa?a(g) = O,(1) and n%gg? =

Op(1) uniformly for 6 € © .

10%(0) | - 19%(0) _ — 1 10%G:(0) ~_ =
Thus, 9090 Pe(0) = 9090 PJR(p)(Y—=29)) = Op(Tﬁ) and ~ 9090 Vg2(0) = op(1)

10:(0) PGE(Q_)

n o0 L o [M(Y — Z3), R(p)Z)' PIM(Y — Z3), R(p)Z]

IM(Y — Z80), RZ)' P[M(Y — Z8y), RZ] + 0,(1)
(MR e, f +vej) PIMR ‘e, f + vei] + op(1)

(MR '¢)YPMR e (IMR '¢)P(f +wve))
(f +vel) PMR e (f +vey) P(f + ve))
= D(0,H) + Oy(1/a*n) + o,(1)

+ 0p(1)

Sl 33 I~3r

1 0g2(0) ~ 0g2(0 . = —
And . 3(9 ) Vv (919(’ ) = plim D4V Dy + Op(1/a*n) + 0y(1). )
Using the fact that 2 is a consistent estimator of oy Zand nV —nV = op(1)
PHE) S
2008 2[o52D(0, H) + plimD4V Da] + 0,(1)

The result follows by Slutzky theorem.
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