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Abstract 

This paper addresses an airport gate assignment problem with multiple objectives. 
The objectives are to minimize the number of ungated flights and the total passenger 
Walking distances or connection times as well as to maximize the total gate assignment 
preferences. The problem examined is an integer program with multiple objectives (one 
ofthem being quadratic) and quadratic constraints. Ofcourse, such a problem is inher-
ently difficult to solve. We tackle the problem by Pareto simulated annealing in order 
to get a representative approximation for the Pareto front. Results of computational 
experiments are presented as well. To the best of our knowledge, this is the first attempt 
to consider the airport gate assignment problem with multiple objectives. 

Keywords: quadratic assignment problem, multiple criteria optimization, Pareto simu
lated annealing 

1 Introduction 

Since the early seventies a large number of papers has been written on different topics which 
have to be addressed by airport managers. We refer the reader to the recent survey [11], 
where one can find a comprehensive description of the problems arising in gate scheduling, a 
key activity in any airport. 
The main purpose of classical airport gate scheduling is to find an assignment of flights to 
their stand positions at the terminal that must satisfy a set of constraints. Moreover, it should 
be suitable for airport services and convenient for passengers. The aircraft stand positions 
are commonly referred to as "gates", and they designate the terminal portal for passengers to 
enter and exit aircraft. 
Traditionally, a well-constructed flight gate schedule must satisfy two restrictions: 

• no two aircrafts may be assigned to the same gate simultaneously, i.e. one gate can 
process only one aircraft at the same time, 

• every flight must be assigned to exactly one gate, that is, an aircraft cannot be moved 
or reassigned to another position once it has been located at a terminal gate. 

Sometimes, special constraints are introduced mainly because of a particular airport configura-
tion. The most commonly used such constraint is that any two large-type aircrafts cannot be 
assigned to neighboring gates. Models covering such restrictions can be resolved using branch 
and bound [1] or problem-oriented heuristics [29]. 
At the same time, a suitable flight gate schedule has to be simultaneously oriented on comfort 
for passengers and convenience for airport services, that is, it has to reflect several goals: 

• the number of ungated (open) flights has to be minimized, 

• total passenger Walking distances or connection times have to be minimized, 

• total airport preference scores of assigning certain aircrafts to particular gates have to 
be maximized. 

Let us describe each goal in more detail: 

• When an aircraft arrives at the airport, it can be either assigned to the terminal gates 
or, if no terminal stand position is available, it can be assigned to the apron. All the 
terminal gates are usually equipped with passenger bridges, whereas passengers from 
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flights assigned to the apron can be transferred to the terminal building by transfer 
busses. Such bus transfer may increase connection time and can hardly be regarded as 
desirable if we want to minimize total passenger Walking distance and connection time. 
Thus, our first goal is to minimize the number of flights assigned to the apron. 

• Passenger Walking distance minimization is the most frequently used goal, presented 
not only in gate assignment, but also in the design of airport terminals. In particular, 
the Walking distance for arriving passengers is the distance between the gate and the 
baggage delivery area. The Walking distance for departing passengers is the distance 
between check-in and the gate. Finally, the Walking distance for a transferring passenger 
is equal to the distance between gates where two connecting flights are assigned to. For 
the case when the number of aircrafts exceeds the number of available terminal gates, 
we also include the distance from the apron to the terminal for passengers from aircrafts 
assigned to this area. 

• We attach a preference value to every flight gate combination as well as a priority value 
to every gate. The goal is to maximize the total flight gate assignment preference score, 
in order to improve convenience for airport services as much as possible. It is evident 
that the preferences may have a substantial influence on the optimal gate schedule. 
The task of proper choosing suitable preference parameters is based on the detailed 
characteristics of flights and terminal gates. 

All these requirements make a gate assignment problem (GAP) very complicated both from 
a theoretical and a practica! point of view. In fact, any practicaI GAP instance of a big 
international airport, the terminal of which is commonly referred to as 'hub', usually has to 
deal with a large number of daily flights (around 800) which have to be assigned to a pretty 
large number (around 100) of different gates. It means that our model has around 80,000 
binary variables, and moreover, both a quadratic objective and quadratic constraints make the 
problem computationally intractable for any mixed integer programming solver (the number of 
variables obtained through Standard linearization techniques is about 6,400,000,000). Due to 
such a huge size, the design of an efficient heuristic becomes of great importance. Additionally, 
the multiple criteria and multiple constraints nature of the problem make it very unlikely that a 
so-called ideal optimal Solution which simultaneously optimizes all objectives can be found and 
verified. Therefore, one has to determine a Solution that provides an appropriate compromise 
between all the different objectives while assuring a set of hard constraints. 
The basic input data for gate scheduling is a flight time-table with arrival and departure times 
and additional specifications of flights: the origin and destination of a flight, the type of aircraft, 
the number of passengers, the cargo volume, the type of flight (domestic or international) as 
well as the gate preferences, the required airport services and the inspection facilities. 
So-called Single time slot models consider the assignment of a batch of flights that arrive 
with in a single given time period (slot) at gates. In this case only one flight can be assigned to 
each gate. In multiple time slot models the entire time interval is divided into a fixed number 
of time slots. The width of the time slots must be carefully selected because it influences the 
problem size as well as possible gate utilization. 
It is well-known, that the single-slot GAP can be modelled in analogy to the NP-hard quadratic 
assignment problem (QAP) [22], which is a facility location problem where the cost of placing 
a flight at a gate depends on the placement of other facilities and transport volume between 
two facilities (see also [20]). Babic et al. [1] use branch and bound, with some enhancements 
to accelerate computation, in order to determine an optimal Solution of the GAP. The objective 
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is to reduce the number of passengers who have to walk maximum distances - at the price 
that more passengers have to walk the minimum distances, compared to random aircraft 
position assignment. Contrary to [1], Mangoubi and Mathaisel [21] take into account transfer 
passengers. Moreover, they use the LP relaxation and greedy heuristics to solve the GAP. 
Bihr [2] uses 0-1 integer programming to solve the minimum Walking distance gate assignment 
problem for fixed arrivals in a hub using a simplified formulation as an assignment problem. 
Xu an Bailey [30] propose a tabu search algorithm for a Single slot GAP with the objective 
function of minimizing the overall distances, that passengers have to walk in order to get 
connecting flights. The problem is formulated as a quadratic assignment problem and refor-
mulated as a mixed 0-1 integer linear program. A simple tabu search metaheuristic to solve 
the problem is developed. The algorithm exploits the special properties of different types 
of neighborhood moves, and creates effective candidate list strategies. Some computational 
experiments are presented and analyzed. 
Generally speaking, scheduling theory and multicriteria optimization are a topic of growing 
interest both in theory and in practice. Unfortunately, until recently these areas were studied 
separately. Probably the first serious attempt to formulate real-life scheduling problems as 
multicriteria problems was done in [28]. The topic of interest here, that is the GAP, has 
a multicriteria nature, too. This fact was expressed in [31], where the GAP was stated as 
a 0-1 integer program with the two objectives: total passenger Walking distance and total 
passenger waiting time minimization. To solve the problem practically the partial objectives 
are aggregated to one goal function. The scalarization method was adopted in [10] too, where 
the GAP was modelled as a special multi-mode project scheduling problem with generalized 
precedence constraints or time windows. 
In [7] - [9] a GAP where the number of flights exceeds the number of available gates is 
studied. The primary goals are to minimize the number of open (non-assigned) flights and 
the total connection times. A greedy algorithm and tabu search meta-heuristic improved by a 
new neighborhood search technique are proposed to solve the problem. 
The remainder of the paper is organized as follows. In section 2 we formulate the model 
initially proposed in [7] and [8] in a bicriteria framework while adding as extra criterion the 
minimization of the total flight gate assignment preference score. In section 3 we describe a 
multicriteria simulated annealing metaheuristic in general terms. Section 4 details the multi
criteria simulated annealing heuristic which has been implemented for solving the GAP. The 
results of computational experiments are provided in section 5 and supported with graphical 
illustrations in the appendix. A summary and an outlook to future work are given in section 6. 

2 Mathematical model 

In this section we formulate a multiple criteria version of the model originally proposed by Ding 
et al. in [7], [8]. Following their approach the airport gate assignment problem is modelled as 
QAP using the following parameters: 
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N set of flights arriving at and/or departing from the airport 
M : set of available gates at the airport 
n : total number of flights, i.e. n = |JV| 
m : total number of gates, i.e. m = \M\ 
a,i arrival time of flight i 
di departure time of flight i (<% < di) 

wk,i Walking distance for passengers from gate k to gate l 
fij number of passengers transferring from flight i to flight j 

uitk normalized preference value of assigning flight i to gate k 
Vi : priority value for flight i 

Additionally, two dummy gates are introduced. Gate 0 represents the entrance/exit of the 
airport. Gate m + 1 represents the apron where flights arrive when no terminal gates are 
available. The binary variable ir^k = 1 denotes that flight i is assigned to gate k, 0 < k < 
m+ 1, and = 0 otherwise. Then the objectives can be expressed as follows: 

n 
Minimize zx = ̂  n,m+\ (la) 

i=1 
n n m+1 m+1 

Minimize 22 = ̂  + 
i=l j=l fe=1 z=i 
n m+1 n m+1 

yi yi /o,iw0,fc7riifc+^2 fiflwwiri,k (ib) 
i=l A;=l i=l fc=l 
n m+1 

Maximize z3 = ̂  ̂  ViUi!kiritk (lc) 
i=l k=1 

Objective (la) addresses the number of flights which are not assigned to any terminal gate 
(i.e. to the apron). Objective (lb) represents the total passenger Walking distance. It consists 
of three terms: the Walking distance of transfer passengers, originating departure passengers 
and disembarking arrival passengers. Objective (lc) represents the total flight gate assignment 
preference value. Note that the last objective can be converted into a minimization objective 
by simply changing its sign. 
The set of restrictions is defined by the following system of constraints. The first constraint 

m+1 
^2 ̂  = 1 i -i -n (2) 
fc=i 

assures that every flight must be assigned to exactly one gate including the apron. 
The second constraint 

7Ti,&7Tj,&(dj - Oi)(di ~ aj) < 0 1 < i, j < n, k ^ m + 1 (3) 

prohibits schedule overlapping of two flights if they are assigned to the same terminal gate. 
The last constraint 

G {0,1} 1 < i < n, 1 < k < m + 1 (4) 

defines the variables to be boolean. 
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The mathematical model can be supplemented with several observations. First, it is natural 
to set fiti = 0. Second, in practise for two distinct flights i and j, fij and fjti exclude each 
other, that is, fij > 0 induces /y = 0 and vice versa. Moreover, the model does not take 
into account the buffer time between two consecutive assignments explicitly (which is usually 
required for airport services and in order to have schedule flexibility to cope with unexpected 
earliness or tardiness of flights). However, this can be achieved easily by appropriately changing 
arrival and departure times. 
It is well-known that many diverse planning tasks of practical importance can be formulated 
as QAP instances [4], [23]. The QAP is an NP-hard combinatorial optimization problem that 
dates back to the early sixties. Applications include, among others, back-board wiring of 
electronic circuits, facility location problems, and certain kinds of scheduling problems. Even 
the Single criterion QAP is a notoriously difficult problem, that is, small-sized instances can 
in general not be solved to optimality in a reasonable amount of time. As a consequence, 
the QAP has been important in stimulating research in approximate methods, among which 
simulated annealing is one of the prominent candidates. To the best of our knowledge the 
first simulated annealing algorithm for the single criterion QAP has been published in [3], 

3 Pareto simulated annealing: a general description 

Simulated annealing (SA) is a generic probabilistic heuristic approach originally proposed in 
[17] and [18] for global optimization. Usually, SA locates a "good" approximation of the global 
optimum of a given objective function z in a large search space. At each Iteration, SA considers 
some neighbors of the current Solution nr, and probabilistically chooses either to accept a new 
Solution 7r' or keeping ir. The probabilities are chosen so that the problem ultimately tends to 
move to solutions with better objective function value. Typically this process is repeated until 
a Solution which is "good enough" has been determined, or until a given time limit has been 
reached. SA uses several basic concepts: 

• Neighborhood concept 

At each Iteration q the neighborhood N(ir) of Solution 7r is specified (usually problem-
specific). N(ir) represents the subset of solutions ir' which can be reached in one 
Iteration emanating from ir. Generally, it is not possible to störe the neighborhood 
structure, because the set of feasible solutions has an exponential size. To overcome 
this difficulty a set AM of allowed modifications F or neighborhood search moves is 
introduced. In this case for a given Solution 7r the neighborhood N(TT) can be defined 
by N(TT) = {F(ir) | F e AM}. 

• Probabilistic acceptance of a new neighborhood Solution 

In each Iteration q Solution ir' is accepted with probability 

P(TT, TT', Tq) = min 11, exp j . 

This probability is decreased during the course of the algorithm. In other words, we can 
escape a local optimum, but the probability for doing so is low after a large number 
of iterations. It guarantees that there is a high probability to locate a global optimum 
while avoiding to be trapped in local optima. 
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• Parameter (temperature) dependent acceptance probability 

The probability of making the transition to the new Solution depends on a global time-
varying parameter T called the annealing temperature: (Tg)^ is a sequence of positive 
control parameters with lim = 0. 

q—t-oo 

• Cooling schedule 

Generally, the sequence (Tqis created by a function g, i.e. Tg+1 = g(Tq) for all q. 
The initial annealing temperature T0 has to be defined in advance. 

• Termination criterion 

One has the freedom to introduce different stopping criteria. Typically, SA is repeated 
until the system reaches a State which is "good enough", or until a given time limit 
has been reached. The annealing temperature decreases to (nearly) zero short before 
termination. 

In order to apply SA to a particular problem, we must specify the search space, the neigh-
borhood search moves, the acceptance probability function, the cooling schedule and the 
termination criterion. These choices can significantly affect the method's effectiveness. Un-
fortunately, there is no unique choice that will be good for all problems, and there is no general 
way to find the best choice for a given problem (see, e.g., [15], [16] and [19]). 
Before giving the description of a multicriteria SA technique, we Start with necessary definitions 
of optimality in the multiple criteria case. In the multiobjective case we are interested in 
values for a set of variables which optimize the objective functions. Contrary to the single 
criterion case, where the structure associated with the set of feasible solutions is totally ordered 
(i.e. there is no incomparability between two solutions, and the definition of optimality is 
straightforward) in the multicriteria case this definition is no longer trivial, because partial 
criteria, which have to be optimized simultaneously, are often in conflict with each other (that 
is, incomparable). 
Let II C M7 be the set of feasible solutions. Moreover, let R5 D Z = {zp}sp=1 be the mapping 
of 5 criteria in the space of II. The concept of optimality is based on the dominance relation 
between two vectors in the criteria space. In case of minimization 

z(ir) = z2(ir),..., zs( 7r)) -+ min 
TrGlI 

we say that 7r' dominates 7r if zp(ir') < zp(x) for all p = with at least one strict 
inequality, and it is non-dominating otherwise. A set of solutions is said to be Pareto optimal 
if, in moving from Solution 7r belonging to the set of Pareto optimal solutions (or briefly, the 
Pareto set) V5 C II to another Solution 7r' € II in the feasible set, an improvement of the 
value of one criterion would at least deteriorate the value of one other criterion. 
In terms of vector dominance the definition of Pareto optimality can be reformulated as follows: 
7r € IT is a Pareto optimal Solution (Pareto Optimum) if and only if there exists no Solution it' 
that dominates n. Any ir which is not Pareto optimal cannot represent an optimal Solution, 
because 3TT' e II such that zp(ir') < zp(ir) for all p = 1, ...,<S with a strict inequality in 
at least one case. Thus, roughly speaking, the Pareto set is the set of all non-dominated 
solutions. 
The method used commonly for solving a multicriteria problem is called weighting method. It 
takes each objective function zp and multiplies it by the corresponding weighting coefficient 
Ap. The modified functions are then added together to obtain a Single cost function, which 
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can easily be solved using any single objective method. Mathematically, the new function is 
written as 

S 5 
z\(TT) — ^ ] \>zp(T)» 0 5: Ap ^ ^ ] Ap = 1, A = (Ai,..., A<j). 

P=I P=I 

If the problem is convex, i.e. the set of feasible solutions and the objective functions are convex, 
then a complete set of proper Pareto optimal solutions can be found ('proper' in the sense of 
[13]; see, e.g., [12] and [28], too). However, if the problem is not convex, then there is no 
guarantee that this method will yield the entire Pareto set. Usually, the weighting coefficients 
are initialized somehow, and they are varied afterwards to generate the entire Pareto set. 
For solving the multicriteria GAP one might suggest to proceed as follows: (1) aggregate 
all objectives into one goal function and (2) use Standard SA for resolving the new problem 
with the aggregated objective function. Döing so is possible, of course, but it is inferior to a 
multicriteria SA heuristic as will be shown in the sequel. 
Pareto simulated annealing (PSA) proposed in [5], [6] is a multiple criteria metaheuristic that 
uses the concepts sketched out above for single objective simulated annealing. Additionally it 
has several specific characteristics which take into account the multiple criteria nature of the 
problem (see [14]): 

Use of aggregation function-based probabilities for acceptance of new neighborhood solutions 

PSA uses the concept of multiple objective acceptance rules proposed by Serafini [24], [25]. 
He was able to show that the acceptance rules guarantee that the algorithm achieves one of 
the Pareto optimal solutions if the temperature is decreased sufficiently slow. In the multiple 
criteria case while moving from Solution 7r to some randomly generated Solution n' 6 N(ir) one 
of the following three mutually exclusive situations may arise: (i) ir' dominates or is equivalent 
to TT, (ii) 7r' is dominated by 7r, (iii) 7r' is non-dominated with respect to ir. In the first 
case the new Solution may be considered to be not worse than the current one and, hence, 
accepted with probability one. In the second case the new Solution may be considered to be 
worse than the current one (7r is considered as potentially Pareto optimal) and accepted with 
probability less than one in Order to avoid getting trapped in local optima. In the third case 7r 
and 7r' are incomparable (and initially non-dominated). It follows that we have to introduce 
a multicriteria probabilistic acceptance rule which can be defined in various ways, interpreted 
as a local aggregation of all objectives with the weighted Tchebycheff scalarizing function 
or weighted linear scalarizing function with reference point z(n). Thus, the probability of 
accepting the new Solution 7r' is defined by either of the following two expressions: 

PL(TTJ A, Tq) = min jl, exp j 

P2{TT, 7T', A, Tq) = min jl, exp ^ J 

The concept of generating solutions or agents 

Initially a set (sample) G of generating solutions with fixed cardinality |G| = 0 is randomly 
produced to provide a sufficiently large search space for PSA. With each of the generating 
solutions a separate weight vector Xw = (A£,..., AJ) is associated. For each 7T & G the weight 
vector can be generated easily by the following iterative procedure: 
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1. Let I — {1,..., <5} and Q, = 1; 

2. Randomly choose p € I; 

3. If |/| ̂  1, then A£ := ü • Random(0,1), := ü — A£, 
eise Ap := and stop; 

4. Set I := I\ {p} and go to step 2. 

Note that Q corresponds to the total sum of weights Y^p=I ^p- Manipulating these weights 
provides good dispersion of the outcome Pareto front and makes the solutions of PSA more 
representative. The generating solutions may be treated as "spy agents" working almost inde-
pendently but exchanging Information about their positions. It allows to control the distance 
between agents, predicting the generating solutions to be very close or too far from each other. 

Management of the population of generating solutions or repulsion 

The degree of repulsion a is fixed and usually takes a very small positive value close to zero. 
The weight vector A^ associated with a given generating Solution TT is modified in order to 
increase the probability of moving ir away from its dosest neighbor 7f in the generating sample. 
This is obtained by increasing the weights of the objectives for which 7r is better than w and 
decreasing the weights of the objectives for which ir is worse than 7r: 

p |Ap — a otherwise, 

One of the following metric distances between solutions in the space of normalized objectives 
is used to determine the dosest neighbor fr of 7r: 

—• min 
PV n *€G\M 

- - „min, 

An additional requirement is that the dosest neighbor 7f has to be non-dominated with res pect 
to 7T. If there is no generating Solution that meets this requirement each weight is either 
increased or decreased with probability equal to 

P(K •= K+a) = p(K '•= K ~ <*) = 5 

Note that this mechanism never repulses the generating solutions outside the non-dominated 
set. Moreover, each repulsion Iteration also requires normalization to satisfy £)p=i A£ = 1. 

Normalization of objectives 

In real-life problems the ranges of objectives usually are quite different. The idea of PSA is 
to work with normalized weight vectors. So, the scalarization should be applied to normal
ized objective values. For each objective zp, p = 1,..., S, we introduce the so-called ränge 
equalization factor [27]: 

Vp = ~ 
Tp 

(MD1) M71-) 
P=I 

(MD2) max \zp(-

8 
(MD3) 

P=I 
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where rp is the (approximate) ränge of objective p. Objective function values multiplied by 
ränge equalization factors are called normalized objective function values. This method is 
working properly if the objective ränge is large enough. Sometimes when the exact calculation 
of the objective ränge is too difficult, one can set rp equal to the expected approximate 
maximum value of the objective. 
Another possibility to normalize objectives is to restrict criteria values to the interval [0,1]. 
This is guaranteed through the normalization: 

' ?max ym%n ' 
P V 

where the constant terms z™x and z™m are the optimal values obtained from scalar problems 
where each criterion p = 1,..., <5 is both maximized and minimized in the feasible set. 

Updating the set of potentially Pareto optimal solutions 

The set of potentially Pareto optimal solutions VpQt is empty at the beginning of the method. 
It is updated after a new Solution is generated. Updating the set of potentially Pareto optimal 
solutions with Solution ir consists of: (1) adding 7r to if no Solution in VpQt dominates ir 
and (2) removing from Vp0t all solutions dominated by ir. The process of updating V*ot may 
be very time consuming. Thus, several simple additional techniques could be used in order to 
reduce the time required for updating (for details see [14]). 

The characteristics of PSA may vary dependent on particular characteristics of the problem 
under consideration and, of course, substantially influence the effectiveness of PSA. Initial 
values of the following parameters have to be defined in advance: the number of generating 
solutions <f), the initial annealing temperature TQ, the repulsion coefficient o > 0, the cooling 
schedule and the termination criterion. A flowchart of PSA summarizing all ingredients is 
presented in Figure 1. 

4 Pareto simulated annealing: application to the GAP 

From a practica! point of view it is of utmost importance to minimize the number of flights 
which are assigned to the apron, that is, objective (la) lexicographically dominates the other 
two objectives. Hence, the overall design of the algorithm is as follows: First, we minimize 
objective (la). Then, PSA is applied to objectives (lb) and (lc). Hence, the algorithm 
optimizes both lexicographically and Pareto like. 
Objective (la) is solved in the best possible way (and hence the minimum objective value z\ 
is attained) with the greedy method originally proposed by Xu and Bailey [30]. The basic idea 
is to sort all the flights according to departure times and then assign flights one by one to 
the earliest available gate. If no terminal gates are available for assignment, then the flight 
is assigned to dummy gate m + 1 (representing the apron). In order to keep this paper self-
contained we will present the greedy algorithm here (for the sake of shortness without proof 
of correctness; see [7] for details). 

Greedy strategy 
1. Sort the flights in nondecreasing order of departure times di < d2 < ... < dn- Let e& 

denote the earliest available time for gate k. Initially, set = —1 for all k = 1,..., m. 
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Objective (la) is solved in the best possible way (and hence the minimum objective value z\ 
is attained) with the greedy method originally proposed by Xu and Bailey [30]. The basic idea 
is to sort all the flights according to departure times and then assign flights one by one to 
the earliest available gate. If no terminal gates are available for assignment, then the flight 
is assigned to dummy gate m + 1 (representing the apron). In order to keep this paper self-
contained we will present the greedy algorithm here (for the sake of shortness without proof 
of correctness; see [7] for details). 

Greedy strategy 
1. Sort the flights in nondecreasing order of departure times di < d2 < . • . < dn. Let e& 

denote the earliest available time for gate k. Initially, set ek = —1 for all k = 1,..., m. 
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Figure 1: Flowchart of PSA 
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2. For each flight i: 

• find gate k with maximum earliest available time e& such that < Oj; 

• if such k exists, assign flight % to gate k and update := di, otherwise assign 
flight i to the apron. 

The Output of the greedy strategy is both the number of flights that can be scheduled in termi
nal gates, = 4>, W G II, and an initial feasible Solution x°, z(7r°) — (y, 22(71-°), 2:3(71"°)), 
which will be further used in the second stage addressing the other two objectives by applying 
PSA. Since the first objective is already optimized, fixed and cannot be improved, we will omit 
it for the sake of shortness and write Z(TT) — (22(71"), 23(71")), W G II. 
A key ingredient of SA is to define a suitable neighborhood. In order to do so we have to 
define a set AM of allowed modifications F, commonly referred to as neighborhood search 
moves or neighborhood selection methods. All solutions, which can be selected from Solution 
TT via a single move, form a neighborhood N(TT). 
To the best of our knowledge, Xu and Bailey [30] were the first to define various types of 
neighborhoods for the airport gate assignment problem. Specifically, they defined three types 
of moves: Insert Move, Exchange 1 Move, and Exchange 2 Move, respectively. The attractive-
ness of each move can be expressed by calculating the cost improvement function. According 
to [7], these moves are not very flexible and cannot easily determine a good Solution, when 
schedules are dense in time, e.g. during peak hours. Therefore, a new type of move, the 
so-called Interval Exchange Move was proposed in [7]. We will describe all these methods in 
terms of our model (l)-(3) with the objectives (lb) and (lc). 

Insert Move 

This is the simplest basic type of neighborhood search move. Suppose that we have a current 
Solution 7r where a flight i0 is assigned to gate k0. It is clear that flight i0 can be reassigned 
to some other gate if no overlapping conflicts appear. Let (z0, k0) —> (i0, l0) denote the 
move from current Solution 7r to another Solution ir', which inserts flight io, currently assigned 
to k0, to a new gate l0. Let z(n) = (Z2(7T),Z3(X)) and z(n') = (Z2(7T/), Z3(TC')) be the 
normalized (see section 3) values of objectives. Then the cost change induced by the Insert 
Move A(lo>ko)->(ioM = can be calculated as follows: 

m+1 
a(«0>-.(W.) = Z2M _ Z2{T) = £ £(/(o . + _ WjM)ytj + 

i^io j=1 

fioß(Wk,0 ~ Wh>ß) + /0,i0(w0,l0 — VOM) 

= _ Z3(jr) =„jo(MWo _ Uio to) 

This evaluation can be done in linear time 0(m • n). 

Exchange 1 Move 

This type of neighborhood search move exchanges two flights and their gate assignment. 
Suppose that we want to swap flight i0, assigned to gate k0l and flight j0, assigned to gate 
l0. Clearly, the move (i0,k0) —» (io,M can be viewed as a composition of two Insert Moves 
(%o, k0) (i0, l0) and (j0, lo) (jo, ko). At the same time, the cost improvement of Exchange 
1 Move 

^(io,feo)—»(jo^o) _ ^(io,feo)->(jo,£o) y^(io,ko)— 
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can be calculated as the sum of cost improvements of two Insert Moves: 

^(io>fco)-»(jo,io) __ ^(io.fco)—1'(io,lo) _|_ ^(jo,lo)—>(jo,ko) 

^(io,fco)-»0'o,'o) __ ^(io.fco)—KWo) _|_ ^(joM-^UoM 

Exchange 2 Move 

The third type of neighborhood move exchanges two flight pairs in the current assignment. 
Suppose that we want to swap a pair of flights ix and i2, assigned to gate k0, and a pair 
of flights ji and jlt assigned to gate l0. Clearly, the move (%i,%2,&o) ->• {31J2J0) can be 
viewed as a composition of two Exchange 1 Moves (ii,k0) —> (ji,l0) and (i2,k0) -> (j2,l0), 
and, in turn, as a composition offour Insert Moves (h,k0) —» (i2,k0) —> (i2,lo), 
Ü1J0) Oi, ^0) and (j2,l0) —> (j2,k0). At the same time, the cost improvement of the 
Exchange 2 Move 

^(ii,i2,fco)-»(ii,i2,io) _ J'2,'0) ^(h,i2,ko)->üij2,h)^ 

can be calculated as sum of cost improvements of two Exchange 1 Moves 

^(n,i2,fco)-+Üi J2,fo) _ ^(.h,ko)—>(ji,lo) _|_ ^J.i2,ko)-*Ü2,lo) 

j\J,ii,i2,ko)-^(ji,j2,lo) _ ^(ii.fco)—1'(ji,h) _|_ ^(»2,fco)—1-{32,lo) 

or as sum of cost improvements of four Insert Moves: 

^J.j2,lo)-*(j2,ko) 

12,fco)—>01,^2,'o) _ ^ih,ko)^{hM _|_ ^(i2.fco)—>(»2,io) _|_ 

^(jlM-+(Jl>ko) ^(j2,lo)—>(j2,ko) 

Interval Exchange Move 

This method is a natural generalization of the previous ones and can be applied in cases when 
all other neighborhood moves fail. It has been proposed in [7], and it is based on swapping 
parts of two sequences of flights, assigned to different gates. Suppose that we have a current 
Solution 7r where a chain of flights i! — ., i'^) is assigned to gate k0 and a chain of flights 
f = (j[,... ,jg) is assigned to gate Z0. Obviously, these chains of flights can be exchanged 
if no overlap with another flight appears, that is, when the time intervals t(i') and t(j'), 
generated by the chains i' and f, are comparable. Analogous to the Exchange 2 Move, the 
Interval Exchange Move can be interpreted as a composition of ( Insert Moves for flights from 
chain i': (i[, ko) —> (i[, lo) (^, JCQ) —> (z£, lo), and £ Insert Moves for flights from chain j'\ 
Ol.lo) Uvko) lo) k0). 
At the same time, the cost improvement of Interval Exchange Move can be 
calculated as the sum of cost improvements of C + £ Insert Moves. The comparability problem 
of two chains of flights can be easily resolved using the concept "point of time" (see Figure 
2). With each chain of flights, we associate four points of time ti, t2, t3, t4 as follows: 
ti the earliest available time 
t2 : the start time 
t3 : the end time 
t4 the tatest available time 

13 



tz(;') < ti(i') 
(sO'O > ^4(2') 

Using these points of time, we can describe four situations when two chains i' and j' are not 
comparable and cannot be exchanged between two gates ko and l0, i.e. when conflicts of 
overlap occur: 

i' starts earlier than f is available 
j' starts earlier than i' is available 
i' is not available before the end of j' 
j' is not available before the end of i' 

The Interval Exchange Move works as follows. We Start with two flights assigned to different 
gates having an overlap. Then we initialize the intervals associated with these flights. If an 
exchange is impossible, we extend the interval by adding the adjacent flight according to the 
following rules: 

j' is extended by adding the adjacent 'left' flight 
i' is extended by adding the adjacent 'left' flight 
j' is extended by adding the adjacent 'right' flight 
i' is extended by adding the adjacent 'right' flight 

Döing so we either find two comparable intervals, and then i' can be exchanged with j', or 
the exchange move fails. 

Z2K) < Zi(j') 
W) < fi(z') 

%(%') > 

ti(i') <2(2') <3(2') <4(2') 
' 1 \ < \ 1 \ ' 

flight i[ flight i'(-

time interval i' gate k0 

Zi(/) 
' ' ! f 1 \ 1 

' flight ' * * flight 

time interval j' gate lQ 

Figure 2: Illustration of Point of Time Concept 

Apron Move 

This method exchanges one flight which is assigned to the apron with a flight which is as
signed to a terminal gate. As the minimum number of flights assigned to the apron cannot 
be improved anymore (because it was optimized by the greedy strategy), we can perform 
only Exchange 1 or Exchange 2 Moves. This method, applied to the initial feasible assign
ment constructed by the greedy strategy, can be useful in generating a set of agents G for PSA. 

The algorithm is summarized as follows: 

1. Construct an initial feasible Solution 7r° by the greedy strategy. Set the annealing tem-
perature T as a linear function of the input size T = T0 • n, where T0 is the starting 
temperature and n is the number of flights. Initialize the list of potential Pareto op
timal solutions: Vp0t = {7r°}. Define the number of agents 0. Initialize the repulsion 
coefficient a. 

2. If (f> = 1, then Solution 7r° represents a single agent, otherwise, if the number of agents 
is greater than one, generate set G, |G| = <£, of agents using ir° and the Apron Move. 
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Attach a normalized weight vector A71" = (A%, A£) to each of the generating solutions 
ir G G. Update Vpot by checking dominance relations between agents. 

3. For each agent ir G G do: 

(a) Select agent fr G G which is nearest (Euclidian metric MD3 is used) to ir and non-
dominated with respect to ir. If there is no such Solution fr, then each objective is 
increased or decreased with probability equal to 

P(~ x; + a) = P(AJ := AJ - o) = i p = 2,3; 

Else for each objective p = 2,3 : 

A" -= I^ o = i J 
p \Ap— a otherwise, 

Normalize the weights such that A£ + A3 = 1. 

(b) Determine the type of neighborhood move used in the current iteration: Insert 
Move, Interval Exchange Move or Apron Move (details are given below). 
Randomly generale a neighborhood ir' of this type and calculate the cost A if the 
generated neighborhood move is performed. 

(c) If ir' is non-dominated by 7r then update Vpot. 

(d) Accept ir' instead of ir with probability 

P(TT, 7r', A, T) = min j 1, exp ^-a • max | j 

where a and b are constants that define the acceptance rate. 

4. If the condition for changing the annealing temperature is fulfilled decrease T. 

5. If termination criterion is valid, then stop; otherwise go to 3. 

5 Computational experiments 

An experimental version of the PSA algorithm has been coded using Java Development Kit 
(JDK), version 5.0, Update 1.0, and implemented on a Pentium machine with 1.7 GHz clock-
pulse and 512 Mb RAM. 
In order to evaluate the algorithm we use model and procedure parameters which are generated 
as follows: 

• Airport gates and Walking distances. Basically we assume that the layout of a represen-
tative airport consists of two parallel terminals and symmetrically located gates. The 
total number of terminal gates m is set to 4 where each terminal has 2 gates; gates 
0 and 5 represent the airport entrance (exit) and the apron, respectively. As proposed 
in [7] the distance between gates is measured according to the "Manhattan" metric. 
Accordingly, the (5 x 5)-distance matrix is defined as 

/ 0 

.,5 = 

.,5 

3 
1 
4 
9 

3 
0 
4 
1 
9 

1 
4 
0 
3 

10 

4 
1 
3 
0 

10 

9 \ 
9 

10 
10 
0/ 
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The Walking distances between the gates and the airport entrance (exit) for embarking 
(disembarking) passengers are assumed to be Symmetrie and have been fixed as follows: 
Wo,i = Wo,2 = 3, Wo,3 = Wo,4 = 4, Wo,5 = 6 and wlfl = w2,o = 3, w3,0 = wifi = 
4, w5,o = 6. 

Time slot and flights. We consider a time horizon of 6 hours. The total number of 
flights n to be scheduled in this time period equals 30. The arrival time a» of flight i 
is randomly generated in the interval [10%, 10z + 7]. The departure time di of flight i is 
randomly generated in the interval [(^ + 40,0;+ 47], that is, di formally depends on the 
arrival time Thus, the overall time interval measured in minutes is [0,354], 

Passenger flow. For each pair of flights i and j such that Oj < dj — D the passenger 
flow fij is randomly generated from the interval 

C 
U 5 . . . , dj—P—CLi 

10 + 1 

# 

e 

Here C and D are constants defining maximum passenger flow and minimum buffer 
time required for transfer passengers, respectively. We set C = 50 and D = 20. In 
case that the condition < dj — D is not satisfied fij is set to zero. The number 
of embarking/disembarking passengers usually is Iarger than the number of transfer 
passengers and, hence, /i)0 and f0,i have been randomly generated from the interval 
[20,100] for flight i. 

Priorities and preferences. For flight i the priority value vi is randomly generated from the 
interval (0,1). Likewise for each flight gate combination (i, k) the preference value ui;k of 
assigning flight i to gate k is randomly generated from the interval (0,1). Furthermore, 
Ui,m+i is set to zero for every flight i. 

Normalization of objectives. It is evident that the maximum possible value of z3 is equal 
to n. Thus we introduce the ränge equalization factor fi3 = that is, /J,3 = By 
analogy, we introduce the ränge equalization factor ß2 = 10 • C • n2 + 2 • 6 • 100 • n, that 

I is, ß2 = 486,000" 

• Parameters of PSA. For the computations we use the following parameters: initial an
nealing temperature T0 = 2; cooling schedule Tq = 0.9989 • T0 • n\ termination criteria: 
Tq < 0.001 or q > 2,000 or |Pp0t| > 20; the constants a and b which define the 
acceptance probability are set to 2 and 0.5, respectively. 

After constructing an initial Solution by the greedy strategy optimizing the first objective, we 
subsequently apply the Apron Move to flights assigned to the apron until a set of agents has 
been created. This set has to contain no more than 5 new generating solutions, a number 
which has been evaluated experimentally to be sufficient in order to get the representative 
Pareto front while avoiding unnecessary computations. Hence, including the initial Solution 
the total number of agents equals 6 if dominance does not apply. With each agent ir a 
scalarization coefficient A71" = (AJ, AJ) is associated and the repulsion coefficient is set to 0.05. 
In each Iteration of PSA we randomly choose a flight number and a terminal gate number. If 
the flight is assigned to the apron we perform the Apron Move, otherwise the Insert Move is 
applied and, if the latter falls, we perform the Interval Exchange Move. We proeeed until one 
of the termination criteria is met or until an Iteration limit exceeds. 
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Cü O" 
a> 

i 

l 

i o, di * Ui,l «i,2 Ui, 3 «i,4 i ai di Vi ui} 1 2 «!, 3 "t',4 i Oj di Vi Ui, 1 Ui,2 Ui, 3 Ui,4 
1 17 63 0.9499 0.6066 0.7485 0.2630 0.2708 1 16 57 0.1291 0.7716 0.2098 0.8660 0.1387 1 15 59 0.9173 0.1080 0.6527 0.1062 0.2232 
2 22 64 0.7598 0.8713 0.1304 0.3880 0.0046 2 26 67 0.4922 0.8139 0.4870 0.2507 0.0776 2 25 68 0.5881 0.3031 0.1952 0.3568 0.6014 
3 37 82 0.3241 0.6361 0.0701 0.7492 0.3000 3 33 76 0.2406 0.9078 0.0711 0.7186 0.6086 3 37 81 0.1578 0.3225 0.4703 0.5286 0.7809 
4 45 85 0.9261 0.5687 0.8824 0.6309 0.3658 4 45 91 0.2067 0.3204 0.3620 0.9934 0.1011 4 44 87 0.3959 0.6835 0.1602 0.5431 0.6793 
5 55 97 0.5761 0.2901 0.3267 0.1065 0.9781 5 55 101 0.0830 0.3940 0.0903 0.0570 0.4269 5 52 93 0.0527 0.0249 0.8583 0.7568 0.8361 
6 61 101 0.0362 0.7214 0.1199 0.2681 0.2084 6 67 110 0.1223 0.0756 0.0629 0.6202 0.6651 6 60 100 0.9319 0.9207 0.9444 0.0987 0.5903 
7 74 115 0.3312 0.1948 0.0033 0.2371 0.4474 7 75 117 0.6975 0.8571 0.4144 0.6231 0.8975 7 73 114 0.9214 0.8228 0.0499 0.9381 0.3477 
8 80 126 0.4634 0.6479 0.5551 0.0327 0.2782 8 80 123 0.5369 0.4039 0.7767 0.5474 0.7254 8 81 122 0.6833 0.7052 0.0580 0.6668 0.0670 
9 90 130 0.3188 0.1383 0.6709 0.9432 0.0794 9 93 140 0.9487 0.3419 0.4552 0.1527 0.8578 9 90 134 0.3103 0.2483 0.7383 0.2756 0.8055 

10 103 150 0.1749 0.4287 0.7775 0.9992 0.8396 10 107 151 0.2139 0.4835 0.5131 0.7896 0.3054 10 103 149 0.7917 0.7535 0.7859 0.9263 0.0246 
11 115 161 0.9863 0.0184 0.6370 0.1832 0.5296 11 111 154 0.5512 0.7868 0.2648 0.8657 0.8472 11 110 152 0.3547 0.1204 0.3605 0.3611 0.9338 
12 120 161 0.0261 0.7351 0.6446 0.8772 0.2364 12 127 174 0.1423 0.4879 0.3268 0.5106 0.9805 12 123 169 0.9952 0.6719 0.5451 0.0773 0.6929 
13 132 175 0.8801 0.8216 0.6540 0.6174 0.3668 13 130 177 0.3868 0.6596 0.5378 0.8679 0.9948 13 137 177 0.5394 0.8358 0.1933 0.1116 0.1533 
14 143 190 0.9298 0.1862 0.4801 0.5724 0.1660 14 146 193 0.0600 0.1707 0.4983 0.2709 0.2637 14 147 193 0.3162 0.4766 0.9558 0.6810 0.7727 
15 156 199 0.4059 0.9210 0.5620 0.9122 0.9390 15 152 195 0.8293 0.0033 0.5466 0.6453 0.2961 15 154 201 0.8262 0.7788 0.2188 0.0532 0.3134 
16 167 208 0.7964 0.1847 0.5651 0.6565 0.3559 16 166 212 0.3857 0.4262 0.9222 0.5174 0.6571 16 160 203 0.8770 0.3974 0.1115 0.7110 0.4502 
17 170 212 0.8617 0.3986 0.6453 0.0509 0.2048 17 176 223 0.7592 0.7351 0.2443 0.6646 0.8325 17 175 220 0.7005 0.8557 0.4418 0.5097 0.6396 
18 180 224 0.7064 0.8180 0.3086 0.1957 0.3894 18 187 230 0.1116 0.6369 0.7229 0.8032 0.2585 18 182 223 0.9392 0.1416 0.5281 0.8104 0.4330 
19 195 235 0.9202 0.0653 0.5198 0.3681 0.0091 19 194 239 0.9293 0.6165 0.4216 0.6872 0.0881 19 194 240 0.2844 0.5139 0.6333 0.0187 0.1174 
20 202 247 0.7708 0.7858 0.2661 0.7652 0.9310 20 205 247 0.4565 0.2477 0.4802 0.0537 0.0767 20 202 246 0.3354 0.3272 0.0629 0.1575 0.2769 
21 210 252 0.0495 0.4716 0.9269 0.2314 0.1745 21 212 258 0.8289 0.3609 0.0602 0.8092 0.4164 21 210 254 0.6045 0.6962 0.0410 0.0321 0.2818 
22 225 268 0.2043 0.2352 0.5316 0.8058 0.9313 22 222 262 0.3679 0.5260 0.3566 0.6255 0.9308 22 221 266 0.5390 0.1632 0.1381 0.3301 0.1327 
23 236 280 0.8007 0.7931 0.1806 0.7579 0.4445 23 231 273 0.3926 0.7576 0.7639 0.1830 0.7421 23 231 276 0.6637 0.8376 0.4103 0.5733 0.7905 
24 241 285 0.1543 0.0344 0.6578 0.7724 0.2096 24 241 283 0.8045 0.9055 0.0059 0.4475 0.6609 24 246 289 0.4199 0.2802 0.7036 0.4507 0.3340 
25 256 296 0.8748 0.9058 0.6226 0.0095 0.7432 25 253 297 0.9578 0.9695 0.5292 0.4364 0.1099 25 250 294 0.6285 0.9613 0.1845 0.0703 0.1547 
26 262 308 0.0840 0.2383 0.1238 0.7036 0.2795 26 266 307 0.7359 0.4884 0.9040 0.6936 0.7148 26 263 303 0.3152 0.5389 0.9886 0.2838 0.4757 
27 276 317 0.4338 0.8573 0.1024 0.0603 0.0642 27 273 313 0.1594 0.7334 0.8079 0.7391 0.8342 27 270 310 0.1451 0.0329 0.2375 0.5076 0.5279 
28 284 328 0.0311 0.0085 0.9547 0.9530 0.3408 28 287 327 0.8761 0.0198 0.8231 0.9967 0.1973 28 280 322 0.0349 0.5650 0.5620 0.9451 0.4989 
29 291 334 0.0524 0.9225 0.6753 0.7839 0.0969 29 297 340 0.7537 0.6030 0.2455 0.3948 0.8956 29 292 336 0.1714 0.2466 0.2174 0.4218 0.7435 
30 306 350 0.8118 | 0.9167 0.6529 0.3055 0.9546 30 305 346 0.8450 0.0384 0.6130 0.4614 0.5645 30 307 348 0.2781 0.1018 0.0512 0.3488 0.8550 

Instance 1 Instance 2 Instance 3 



Now we present results of the computational experiments. Starting with the model parameters 
given above we have generated three different instances (see Table l).3 

For each instance PSA has been executed twice - starting with different seed points for random 
number generation - in order to compare the results obtained. Usually the algorithm terminates 
after q —2,000 iterations, which means that around 150 Apron Moves, 50 Insert Moves and 
11,750 Interval Exchange Moves have been performed. The number of Insert Moves is rather 
small and often is equal to 0, because of the high density of flight distribution we have used. 
This number can be increased substantially by decreasing the average ground time of each 
flight. Note that the Interval Exchange Move never fails, because all flights arrive and depart 
inside the given time interval. The average amount of CPU time needed for one iteration 
of PSA (that is, one execution of step 3 of the algorithm described above) is roughly half a 
second. 
In what follows we briefly summarize the outcome of six experiments, two of which each are 
related to one of the three instances given above, supported by the graphical illustrations in the 
appendix. In the Figures 3 to 8, a black bold point represents an initial Solution generated 
by the greedy strategy, whereas small points represent the various agents, generated during 
the course of the algorithm. Finally, the Output of PSA consists of crosses 'x', which are 
elements of PpQt. 
Instance 1. The first run of PSA terminates after 2,000 iterations (final annealing temperature 
T = 0.03648). The output contains 13 potentially Pareto Optimum solutions (see result la 
in Figure 3). The second run of PSA with the same input parameters also terminates after 
2,000 iterations (same final annealing temperature). The Output contains 7 potentially Pareto 
optimum solutions (see result lb in Figure 4). The visualization of the results indicates that 
alltogether finally we have a good approximation of the Pareto front for this instance. 
Instance 2. Again, the first and the second run of PSA terminate after performing 2,000 
iterations. The Output contains 6 and 7 potentially optimum solutions for both experiments, 
respectively (see the results 2a and 2b in Figures 5 and 6). The Pareto fronts look very similar 
and, hence, both executions of PSA can be considered as 'successful' and their output as 
representative. 
The four experiments done with instances 1 and 2 indicate typical results, whereas the outcome 
of instance 3 is non-typical. 
Instance 3. The first execution of PSA terminates early after 269 iterations (final annealing 
temperature T = 1.1672), because the number of potentially optimum solutions reaches the 
limit 20 (see result 3a in Figure 7). The second run of PSA with the same input parameters 
terminates after 2,000 iterations (final annealing temperature T = 0.03648). The output 
contains 9 potentially Pareto optimum solutions which are 'better' than almost all solutions 
produced in the first run (see result 3b in Figure 8). An explanation for such a poor behavior 
can be given easily: The first run failed totally, because of an overflow of the set PpQt. Such 
a drawback can be easily explained and prevented. Apparently, the solutions added to Pp0t in 
early iterations have a good chance to be removed from this set in further iterations. Hence, 
such an overflow can be prevented if the set P^ot is not updated in early iterations. 
Obviously, it is difficult to estimate the quality of the approximation of an unknown Pareto set. 
In order to get at least an idea of such an estimation we have to evaluate the best value of 
each particular objective by some exact procedure, e.g., branch and bound, and then introduce 
a metric distance between an ideal point and an approximated point, generated by PSA (see 
e.g. [14]). Unfortunately, it might be even too costly to evaluate the exact value of a single 
objective by branch and bound for instances of reasonable size and, hence, this idea does not 

3The instances and the PSA code can be obtained from the authors upon request. 
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work in practica. 
Finally, we want to emphasize that PSA does not compute the entire Pareto set, but only 
a representative approximation of the Pareto front. In case when the PSA Output is large 
one can employ an Interactive multicriteria decision making procedure (based on concepts 
of reference points or possible trade-offs) in order to evaluate the Output (see, for instance, 
[14]). Furthermore, after having got a reasonable approximation of the Pareto set one can 
apply different post-processing strategies in order to estimate the robustness or some other 
characteristics of the optimal solutions and to choose the one which is best suited (see, e.g., 
[26], [28]). 

6 Summary and future work 

This paper deals with the airport gate assignment problem under multiple criteria. The objec
tives are to minimize the number of ungated flights and the total passenger Walking distances 
(or connection times) as well as to maximize the total gate assignment preferences. We have 
proposed a Pareto Simulated Annealing heuristic to solve the problem effectively and efficiently. 
The results of computational experiments are presented. 
The development of other metaheuristic methods which are well suited for flight gate schedul
ing under multiple objectives is an important area of future research. Here, of course, our 
test consisting of small but well-defined instances might be useful to stimulate competitive 
research. The other interesting direction is to consider the application of PSA to a flight gate 
scheduling problem modelled as a special multi-mode resource-constrained project scheduling 
problem with generalized precedence constraints or time windows; see [11]. Last but not least 
our algorithm shall be implemented in C in order to get a really fast code for solving large-scale 
instances arising in practice. 

Acknowledgement. The authors are indebted to Harm Brandt and Jan Spitzmann for the 
professional help in coding the algorithms. 
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Appendix: Graphical Illustration of results 
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Figure 3: Instance 1 - Result la 
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Figure 4: Instance 1 - Result lb 
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Figure 5: Instance 2 - Result 2a 
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Figure 6: Instance 2 - Result 2b 
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Figure 7: Instance 3 - Result 3a 
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Figure 8: Instance 3 - Result 3b 
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