A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Garcia, Daniel

Working Paper

Dynamic Pricing with Search Frictions

CESifo Working Paper, No. 6765

Provided in Cooperation with:

Ifo Institute - Leibniz Institute for Economic Research at the University of Munich

Suggested Citation: Garcia, Daniel (2017) : Dynamic Pricing with Search Frictions, CESifo Working
Paper, No. 6765, Center for Economic Studies and ifo Institute (CESifo), Munich

This Version is available at:
https://hdl.handle.net/10419/173041

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/173041
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

cesifo ggg;
WORKING = =
PAPERS

Dynamic Pricing with Search
Frictions

Daniel Garcia

cesifo



Impressum:

CESifo Working Papers

ISSN 2364-1428 (electronic version)

Publisher and distributor: Munich Society for the Promotion of Economic Research - CESifo
GmbH

The international platform of Ludwigs-Maximilians University’s Center for Economic Studies
and the ifo Institute

Poschingerstr. 5, 81679 Munich, Germany

Telephone +49 (0)89 2180-2740, Telefax +49 (0)89 2180-17845, email office @cesifo.de
Editors: Clemens Fuest, Oliver Falck, Jasmin Gréschl

www.cesifo-group.org/wp

An electronic version of the paper may be downloaded

- from the SSRN website: www.SSRN.com

- from the RePEc website: www.RePEc.org

- from the CESifo website: www.CESifo-group.org/wp




CESifo Working Paper No. 6765
Category 14: Economics of Digitization

Dynamic Pricing with Search Frictions

Abstract

We study markets for perishable goods with search frictions. Sellers have a single unit of a good
and post prices in every period. Buyers engage in costly search to observe prices and match
values. In equilibrium trade starts endogenously and the volume of trade increases over time.
Under mild conditions, prices decrease at increasing rates over time. We derive the gains from
trade in equilibrium as well as their distribution, and fully characterize the equilibrium for a
class of demand functions in markets with evenly matched buyers and sellers. We finally discuss
implications for market design, including cancellation policies.
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1 Introduction

In the sharing economy, individual buyers and sellers perform market transactions
in fundamentally novel ways. Using a simple mobile application, a user can book
a night at someone’s place; rent some parking spot in someone’s backyard; or hire
an independent contractor to clean her house, assemble her furniture or take care of
her pet. Conversely, owners of empty houses, or people willing and able to perform
home chores for someone else can use these same digital platforms to provide goods
and services for profit. The numbers are staggering: according to a recent report
by McKinsey and Co. 162 million people have provided goods or services through
online marketplaces in the last 12 months in the US and the EU alone.!

While these markets differ in many dimensions, many share some specific fea-
tures.? First, transactions are specific to a certain time frame. Buyers obtain the
right to use a good or hire someone to perform a certain task at a particular date.
Second, providers have very limited capacity (often a single unit) and they post
prices which may vary over time. Third, because goods are heterogeneous, inter-
ested buyers have to devote time and effort to search among different providers.
Bound by their limited capacity, sellers adjust their prices over time in order to
maximize revenue, while buyers search repeatedly trying to obtain the best possible
deal. It is the goal of this paper to provide a simple framework in which to analyze
these markets.

More precisely, we set up a very simple model of a large market with search
frictions. Sellers are homogeneous and hold one unit of a good that can be rented at
some future date, which we refer to as the deadline. In each period, they set a price
and may get randomly matched with an interested buyer. If the buyer accepts the
offer, both parties commit to perform the transaction at the deadline. If the buyer
rejects, the seller carries her unit of the good to the next period. Similarly, we assume
that buyers are homogeneous and demand a single unit of the good. In each period
they may decide to remain idle (and wait) or actively search for a seller. In the latter
case, they get to observe the price together with their idiosyncratic valuation for the
good but have to pay a search cost. An equilibrium is characterized by a sequence of
prices, reservation values and searching decisions such that firms maximize profits
given the behavior of buyers and these maximize their expected utility given the
sequence of prices.

In order to understand the incentives at play, first note that, from the perspec-

1See  http://www.mckinsey.com/global-themes/employment-and-growth /independent-work-
choice-necessity-and-the-gig-economy
2Einav et al. (2016). See also the FTC Report 'The Sharing Economy’.



tive of a seller, the opportunity cost of selling the good in a given period is the
continuation profit she expects to obtain in the future. Therefore, the price must
be equal to the expected future profit plus a markup that depends on the elasticity
of demand. Since the elasticity of demand depends on buyers’ reservation values, it
evolves over time as they become more pessimistic about their likelihood of finding a
suitable match in the ever-shortening future. Similarly, sellers’ continuation profits
decrease over time, as they run out of future opportunities to sell. The evolution of
prices and reservation values, therefore, determines the equilibrium in this market.

Given a sequence of prices, the typical buyer’s decision problem has two compo-
nents. First, he has to decide which offers to accept if he decides to search actively.
A natural indifference condition can be obtained as follows: the net surplus he de-
mands in order to accept an offer in a given period must equal the net surplus he
will demand in the following period plus the expected net gains from an additional
search. The reservation value can thereby be computed as the surplus demanded
plus the expected equilibrium price. Second, he has to decide whether to actively
search or not. As it turns out, this is a static decision that only compares the ex-
pected benefit of search, which depends on the likelihood of obtaining a better draw
than the current reservation value, and his intrinsic search cost. In general, there
is a unique cutoff value such that consumers search if and only if their reservation
value is below this cutoff. Importantly, this cutoff is independent of prices and is
equal to the constrained-efficient gains from trade in the market.

These simple observations lead to some striking results. Under a mild restriction
on the distribution of match values, we can show that an (un-dominated) equilib-
rium exists and all equilibria are approximately outcome-equivalent. In equilibrium,
buyers’ reservation values are decreasing and convex as time approaches the dead-
line, so that trading probabilities increase over time. As a consequence, net gains
from search increase as the market approaches the deadline, which yields a unique
time period such that buyers participate in every subsequent period but never be-
fore. Given the induced dynamics on demand, the evolution of prices depends on
whether buyers’ price elasticity increases or decreases over time (which depends on
the shape of the distribution of valuations) and on the initial ratio of buyers and
sellers in the market. In the particular case in which this ratio equals one, prices
are decreasing over time. At the deadline, sellers become effective monopolists with
no marginal cost so that the price equals the inverse elasticity of demand.

Our first main result concerns the welfare properties of this equilibrium. If there
are equal numbers of buyers and sellers, total welfare is given by the difference

between the reservation value of buyers in the first active trading period and the



sellers” markup in this period. As mentioned above, this reservation value equals
the gains from trade in the constrained-efficient allocation and, therefore, is inde-
pendent of the sequence of prices, while the markup depends on the inverse of the
hazard ratio of the distribution of valuation. As search costs vanish, the reservation
value converges to the upper bound of the support of the distribution, so that the
equilibrium welfare depends on its shape. For some distributions with increasing
hazard rates (like the uniform), the markup converges to zero and, therefore, the
equilibrium outcome is approximately efficient. For a large class of distributions,
including the exponential or the Pareto, however, the hazard rate does not vanish at
the upper bound and the equilibrium remains inefficient as search frictions vanish.?

More generally, if the number of buyers and sellers do not coincide, the gains
from trade depend on the whole sequence of prices. In this case, it follows that
the rents of the long side of the market are bounded by a function of the ratio of
buyers and sellers and the markup in the initial period. Interestingly, if this markup
becomes sufficiently small as frictions vanish (which ensures efficiency), the long side
will only appropriate a tiny fraction of the whole pie.

A final observation from a normative point of view is that trade starts too late.
This is because sellers appropriate some of the gains that buyers generate by search-
ing an additional period which results in buyers waiting even if it is socially ineffi-
cient. Therefore, any policy that fosters early search has the potential to increase
the total gains from trade.

A very attractive feature of this model is that it allows us to solve in closed form
the equilibrium prices and reservation values for certain distributions in the case of
balanced markets. Using the continuous time limit we can also derive the number
of trading periods and perform comparative statics on prices and reservation values
as a function of the search cost. Not surprisingly, in any given period, increasing
search costs leads to higher prices and lower reservation values. Strikingly, however,
prices in the first trading period decrease in search costs. We also show that the
shape of the distribution crucially affects the elasticity of total search as a function
of search costs, so that distributions with a long tail induce buyers to increase their
total search effort when search costs decrease.

We then use the model to answer some classical questions. First, we establish a
relation between the pass-through rate in a static environment (which depends only
on the curvature of demand) and the elasticity of the initial price with respect to

search costs. This relation can be used to derive estimates of the incidence of taxes

3For instance, for the Pareto distribution, which induces an iso-elastic demand function, the
equilibrium gains from trade are only a fraction of the available surplus.



or seller fees with basic knowledge of the demand function. Second, we perform the
classical comparison between fixed and variable fees as a source of revenue for the
platform. We show that neither policy has implications on the gains from trade but
they have different implications for the distribution of the burden between buyers
and sellers. In particular, while variable fees have no impact in market outcomes,
fixed fees lead to a steeper profile of prices and, therefore, to a lower time horizon,
which benefits buyers because they incur lower search expenditures. We finally study
the impact on equilibrium outcomes of a very popular feature in many dynamic
markets: cancellation policies. We show that cancellation policies have no impact
on total gains from trade because they are never taken up in the earlier periods. We
then show that if they are actually taken up, they may benefit sellers, since they
increase the buyer-to-seller ratio in the market and induce buyers to become less

patient.

1.1 Related Literature

The literature on dynamic pricing is very rich, but focuses mostly on the case of a
monopolistic seller with and without commitment who faces a sequence of buyers
who may or may not wait for better offers and whose valuation may be independently

4 A smaller strand of papers have

distributed or may include some correlation.
studied the case of duopoly with myopic buyers (c.f. Dudey (1992) and more recently
Martinez-de Albéniz and Talluri (2011)). In general, these models have not been
very fruitful because equilibrium behavior requires complicated mixed strategies and
may not be unique. In many real-world applications, however, a large number of
sellers actively compete with one another and buyers, while able to wait for better
deals need to incur time and effort in order to discover prices. Meisner (2016) studies
an oligopolistic version of Horner and Samuelson (2011) but focuses on the case in
which a monopolist supplier would implement the efficient allocation, in which case
an oligopolistic supply side induces the same equilibrium outcome.

Perhaps most related to ours is the work of Board and Pycia on the Coase
Conjecture with outside options (Board and Pycia, 2014). They begin their analysis
by showing that introducing an outside option leads to unravelling from the bottom,
so that lower types leave the market, rendering a unique equilibrium outcome in
which the seller posts the same price in every period. A natural setting for this
mechanism is a search market for a durable good with match-specific valuations and

exponential discounting and no capacity constraints.

4Prominent recent contributions include, Hérner and Samuelson (2011) and Board and Skrzy-
pacz (2016) and references therein



A different strand of the literature has studied dynamic demand uncertainty.
Deneckere and Peck (2012) provides a model in which firms compete over a finite
horizon with fixed capacities, buyers arrive at random times but may wait to buy in
future periods and aggregate demand is highly uncertain. In their model, price com-
petition does not induce marginal cost pricing because firms’ may ’bet’” on different
demand states, so that high price firms will sell in high demand states. Demand
uncertainty is an alternative rationale for dynamic pricing and therefore we view
our papers as complementary. In addition, the simplicity of our setup allows us to
derive a much sharper equilibrium characterization.

The need for a better understanding of dynamic pricing in competitive setups
has been already identified in empirical work. Sweeting (2015) provides a compu-
tational model of an oligopolistic market without search frictions in which sellers
face myopic buyers who arrive over time and he applies it to the secondary market
for sports tickets (Stubhub). Market participants are heterogeneous in many di-
mensions, which translates in a large state space so that computing the equilibrium
of the game is not feasible. We assume monopolistic competition without ex-ante
heterogeneity and search frictions but model buyers as long-run players in order to
obtain a thorough characterization of equilibrium outcomes.

Finally, the model contributes to the literature on consumer search by introduc-
ing dynamic pricing and capacity constraints. To the best of my knowledge Moraga-
Gonzéalez and Watanabe (2016) is the only paper to introduce capacity constraints
in markets in which consumers search sequentially over different producers offering
heterogeneous products but they abstract from dynamic considerations. Similarly,
Coey et al. (2016) study a random search model in which buyers search over time
for better prices and sellers sort themselves into a faster auction market and a slower

posted-price market, but do not face capacity constraints. 3

2 The Model

We now present the benchmark model of monopolistic competition and search fric-
tions with capacity constraints in the presence of a deadline. We consider a market
with a continuum of measure m of buyers and a continuum of measure 1 of sellers.

Sellers, who are ex-ante identical, have one unit of the good that they can supply at

5Dynamic considerations play a role in a handful of papers in the consumer search literature.
For instance, in Armstrong and Zhou (2015) oligopolistic sellers price discriminate over time be-
tween different buyers. Similarly, in Garcia and Shelegia (2015) firms compete over time in an
environment in which consumers learn from each other.



no additional cost, while buyers have unit demand.® Time is discrete and indexed
by t=1,2,...,T, so that t = 1 corresponds to the deadline.

Buyers search sequentially for sellers without recall. Upon paying a search cost
s, buyer ¢ may get matched with a randomly chosen seller 5. Upon matching, buyer ¢
learns her valuation for the good of seller j, v;; and its price p;, from which he derives
surplus v;; — p;. The buyer’s outside option is normalized to 0. The random utility
draw v;;, which is specific to the match between ¢ and j, is distributed according to
F(v), with density f(v) and F'(0) = 0. We shall consider both distributions with
bounded support (like uniform) and distributions with semi-infinite support (like
exponential). Let H(v) = £

fv)
throughout that the virtual valuation, defined as v — H(v) is strictly increasing.

be the inverse hazard rate of F'(v). We assume

The measure of matches in each period equals a fixed proportion of the total
potential matches. That is, if m; buyers search among n; sellers, the total number
of matches will be g min{my,n;} with 0 < ¢ < 1.7 Stochastic matching is common
in many online markets. For instance, Airbnb only displays a selected subsample of
properties in each date to each IP. For most of the paper, we assume that m < 1, so
that at every period ¢ min{my, n,} = gm;. We study the case of m > 1 in Subsection
7.2.

The timing is as follows. At the beginning of each period ¢, sellers post prices,
committing to them for a single period,® and buyers decide whether to search or
not based on their expectation of future prices and match values. If they decide to
search and match with a seller, they observe the price together with the realization
of the idiosyncratic component and decide whether to buy or continue searching.
Consumption and monetary transfers take place at the deadline.

We study Perfect-Bayesian Symmetric Equilibria, in which sellers use un-dominated
strategies and buyers have passive beliefs. The restriction to un-dominated equilib-
rium rules out no-trade equilibria originating in coordination failures by restricting
sellers to choose optimal prices even in those periods in which they expect no de-
mand. Passive beliefs imply that buyers’ expectations do not change following a

deviation of an individual seller.?

6See Section 5 for the case of positive marginal costs.

"Formally, we assume that a gatekeeper ensures a frictionless matching subject to delay which
is distributed a la Poisson. For the case of m = 1, as we will see an urn-ball process would deliver
the same results, and even for the case of m # 1, the qualitative results are unaffected.

8Posted prices are common in most online markets (FTC 2016). Throughout we restrict atten-
tion to one-period commitment. See Appendix B for a discussion.

9Passive beliefs is common in the consumer search literature and are natural in the case of
infinitesimal sellers. For a recent discussion see Janssen et al. (2014).



2.1 Optimal Search

We begin the analysis describing the problem of a consumer in period ¢t < T, who
faces a sequence of future prices {p;}.<;. Although different buyers may have had
different histories up to period t, provided that sellers’ prices are independent of
aggregate variables (see below), these histories play no role in their decisions. It then
follows from standard arguments that if a consumer searches in period ¢, observes a
utility draw v; ; and a price p;, he will accept the offer if and only if v; ; —p; > wi —py,

which can be defined recursively as follows

o0
wimp= 1= gl = Flu ) s = po) +a | (0= pen)dF) -
wp—1
with w; = p;. This expression can be easily understood. Upon paying a cost s, the
buyer faces a lottery in the following period. With probability 1 — ¢(1 — F'(w¢_1))
he fails to draw a suitable match and move forward to the next period, which yields
an expected surplus of w;_1 — p;_1. With complementary probability, however, he
draws a desirable match and buys the good, obtaining v — p;_1. Let V; = w; — p; be

the continuation value in period ¢. We can then rewrite this expression as

Vi=Vi1+ q/ (v —wi_1)dF(v) — s.
Wt—1
It follows that the continuation value in period ¢ equals the continuation value in
period t — 1 plus the net expected gains from search in that period. Since V; = 0,

we have

wt—pt—Vt—qi/oo('u—wf)dF(v)—(t—1)3, (1)

which is a dynamic version of the standard stationary threshold rule in sequential
search models. Since the gains from search are strictly decreasing in wy, it follows
that V1 — V; > 0 if and only if w; < w* defined as

q/oo(v —w")dF(v) = s. (2)

*

As a result, consumers will search if and only if wy; < w*. Let T* be the earliest time
period ¢, such that w; < w*. That is, wrs < w* < wp«4q. Similarly, define 5 as the

lowest search cost such that this market exists, i.e.,

q/oo(v p)dF () = 5. (3)

p1



Finally, in what follows we assume that the date at which the market opens formally,
T is earlier than T™ so that buyers always start their search at T*. Therefore, the
reservation rule that a buyer uses in the first period in which he searches is (up to
the discreteness of time) the same as the one she would use in a stationary setup
with the same search cost and distribution of valuations. The intuition from this
result stems from the fact that buyers must be (approximately) indifferent between
searching or not at 7™ so that the change in continuation value from periods 7% and

T* + 1 is (approximately) zero.

2.2 Dynamic Pricing

We turn now our attention to sellers. Sellers have a single unit to supply at zero
marginal cost and can adjust their prices in every period t. Upon trading, a seller
leaves the market immediately. Therefore, we need only consider the problem of
seller 7 holding a unit of the good in period ¢. She anticipates a future sequence
of prices by her competitors {p,} and a future sequence of reservation utilities by
buyers {w,}. She also knows that in every future period 7 < ¢ she will match a
buyer with probability ¢, whose distribution can be computed recursively from the
initial probability qr« = gm and the distribution of quantities traded in the market
at every date 7 =T,T—1,..,t—1. Since the measure of traders who leave the market
in every period is super-atomless (Podczeck, 2010), a strong Law of Large Numbers
applies, ensuring that the probability that a seller matches a buyer in period 7 can

be computed as,
mT+1F(wT+1)
1 —gmea(1 = F(wr1))’

(4)

qr = (¢

with mp« = m. Equation (4) can be understood as follows. In period 7 + 1, there
are m,,1 < 1 buyers for each seller. The measure of matches in period 7 + 1 was,
therefore, ¢, 1(1— F(w,41)) since a match in period 7+ 1 was successful if v > w,4.
Thus, out of a measure of m.,; buyers in period 7 + 1, only m, 1 F(w,41) remain
in period ¢. Similarly, a proportion of gm, (1 — F(w,41)) sellers matched in period
t + 1 so that the remaining sellers constitute a proportion 1 — gm,1(1 — F(w,11))
of the original sellers. Notice that ¢, < ¢,41 so that the matching rate of sellers
decreases over time.

Two extreme cases are particularly interesting. If the initial ratio of buyers-to-
sellers equals one, we have that m; = m;_; = 1 for all ¢, and trading probabilities
are stationary. On the other hand, if there are infinitely more sellers than buyers,
m = 0 and so m; = my_, = 0 for all t. The case of m = 0 corresponds to a model in

which sellers’ capacity constraint is not binding, since the likelihood of selling the



good in the future is negligible. In this case, each seller will use the static pricing

rule,

b= f(wy)

where H (w;) is the inverse hazard rate and determines the price elasticity of demand

- H(wt)7

if consumers use w; as a reservation value in period t. For m > 0, however, the
capacity constraint binds with positive probability and so the seller has to take into
account the option value of holding his unit in period ¢ — 1 when deciding which

price to post in period ¢t. The value function representation satisfies:

Iy = max [1 — (1 — F(we — pe + p;))| iy + (1 — F(wy — pr + pj))pj-

bj

In a symmetric equilibrium, this yields the necessary condition for p;.
Pt = Ht—l + H(U)t) (5)

This condition is also sufficient since v — H(v) is strictly increasing as we show
formally in the Appendix. Notice that p; = H(p;) = p™ gives the static monopoly
price, if it lies in the interior; otherwise, p; is such that F'(p;) = 0. In every previous
period, the expected continuation profits of a seller can also be computed recursively.

In particular,

I, = 1—q-1(1—=F(w_1)] -1+ q1(1 — F(wiq))pe

= ZQT(l - F(UJT))H(’LUT)

Notice then that the evolution of prices across periods is driven by changes in the
elasticity of demand driven by changes in the reservation value of consumers (w;)
and by the changes in the future continuation profits of sellers, as captured by the

value of the foregone trading opportunities in earlier periods.

3 Equilibrium

Equation (5) together with Equation (1) implicitly characterize a unique sequence
of prices and reservation values for each T*. If m = 1 or m = 0, these sequences
are independent of 7™, which implies that the equilibrium number of periods is the
unique maximizer of V;. As we saw in Section 2.1 this corresponds to the earliest

time period in which the reservation value drops below w*. On the other hand, if

10



m € (0,1), for each candidate initial period [, an associated sequence of prices and
reservation values there is a (potentially different) maximizer of V,. Let () be its
maximizer, assuming that all buyers participate in every period. A pure-strategy
equilibrium is a fixed point of 7(I) so that all buyers enter the market in period [ and
their reservation values satisfy w;,; > w* > w;. In order to prove existence, however,
we shall use the fact that if w; = w*, buyers are indifferent between entering the
market in period [ or [ — 1 and we can adjust the participation rate in order to

obtain the equilibrium reservation value.

3.1 Equilibrium Existence

In order to show that such an equilibrium exists, we first show that, for a given candi-
date initial period [, the sequence {wi}I(l) of reservation values is strictly increasing.

This follows directly from the assumption of monotone hazard rates.

Lemma 1. Suppose that virtual valuations are monotone, i.e. v — H(v) is strictly

increasing. Then, w! > wl | for alll >t and t such that w! < w*. Therefore, 7(l)
is well-defined.

Proof. In the Appendix. n

Lemma 1 delivers a simple testable implication for dynamic markets in which
buyers are not the long side of the market. Namely, it predicts that the trading
probability of a randomly drawn buyer is increasing over time. Conversely, the
average match quality is decreasing over time.

Using this monotonicity property, we can construct an un-dominated equilib-
rium. For every [, let {w!} be the sequence of reservation values assuming full

participation in every period ¢ < [. Namely,

W=l / (v —wl_)dF(v) — 5+ Alwer, wn,q)

l
t—1

where A(w! |, w!, q) is the difference in prices between periods t and t—1 given some
matching rate for sellers ¢. The crucial part of the argument shows that w! > w!™,
since a sequence that starts earlier induces a worse buyer-to-seller at any future
date, which induces buyers to be less picky. This monotonicity carries over to the
function 7(1); that is, 7(I) > 7(l + 1). Since 7(c0) = T} < 0o, we denote by [* the
lowest initial period such that 7(I*) < [*. In the proof of Proposition 1 we show
that either [* = 7(I*) or we can construct an equilibrium with partial participation

in period [* so that w; = w*. Hence,

11



Proposition 1. If v — H(v) is non-increasing, an un-dominated equilibrium exists
and all un-dominated equilibria yield approximately the same surplus. Further, if

either m =0, m =1, or F(v) is exponential, the equilibrium is unique.

3.2 Welfare

We now turn our attention to the welfare properties of these equilibria, as represented
by the total gains from trade (net of search costs). This is the main object of interest
both for market designers and policy makers.

Fix an equilibrium {w;}, {p;} with a corresponding starting period 7™ so that
wrs < w* < wpeyq and wy; = p; = H(p;). The gains from trade can be computed as
the sum of the consumers’ continuation value in the initial period and the expected

profit of an entrant seller. More precisely,

W = mVp + - (6)
= m(wr- — pr-) + (pr- — H(wr+)) + gm(1 — F(wr-)) H (wr)
= m(wp — H(wr+)) + (1 = m)(pr« — H(wp+) + gm(1 — F(wp+)) H (wp-~)
m(w* — Hw")) + (1 —m) (pr- — H(w")).

Q

The first equality follows by definition of the gains from trade. The second
equality uses the fact that I, = IT,_y +¢m(1 — F'(w;—1)) H (w—1). The third equality
is simply the product of a reorganization of terms. The last condition follows when
taking the continuous time limit as the per-period matching rate converges to zero
so that wp«_; — w*.1°

Notice first that if m = 1, then W ~ w* — H(w*). In this case, welfare depends
only on the first period’s markup, the distribution of valuations and the search cost.
Gains from trade depend only on the equilibrium outcomes in the initial period,
because traders internalize all future transactions in their value and buyers adjust
their search behavior in such a way that, regardless of the future sequence of prices,
their reservation value at the initial active period search is the same. This result
crucially depends on endogenous participation of buyers.!!

The following proposition summarizes the implications of this result for different

distributions of valuations.

10Formally, we use the symbol = to represent the following relation between two quantities,

x(q,s) =y <= lim 2(q, 5q) = y.
G—0

1Tn a perhaps more plausible scenario in which buyers arrive over time and stay until they trade,
what matters is the average markup, weighted by the proportion of arriving buyers.
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Proposition 2. Suppose that s > 0. In any equilibrium, gains from trade are

approximately given by (6). Moreover, as frictions vanish, if m = 1.
1. if Hv) = 0 as F(v) = 1 (e.qg. F(v) is uniform), W* — w*.

2. if Hv) — B as F(v) — 1, and H(v) is non-increasing (F(v) is exponential
or logistic), W* — w* — B.

3. if H(v) increases (e.g. F(v) is Pareto), then, the equilibrium welfare converges
to W* < Bw* for some 5 < 1.

Figure 1 depicts the relative welfare as a function of s for the uniform, Pareto

and exponential distributions.

Relative GFT
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Figure 1: Relative Gains from Trade for different Distributions.

We now consider the case of a buyer’s market so that m < 1. If buyers are
the short side of the market, aggregate welfare depends on the distribution of rents
between buyers and sellers, and, thereby, on the whole sequence of prices. In equi-
librium, at most m units will be sold so that 1—m will always remain idle. However,
at the outset, sellers do not which of those units will be sold and so the expected
profit per seller decrease with m, reducing their rents and increasing the share of the
pie accruing to buyers. Since in equilibrium there is inefficient delay because buyers
do not fully appropriate all their surplus, per-buyer welfare is higher if m < 1.

To further elaborate on this argument, suppose that we exclude a measure 1 —m
of sellers so that the market becomes balanced. This exclusion has a direct effect on
per-seller revenue, leading to an increase in the value of holding a unit of the good
and, thereby, higher prices in earlier periods. Since the price in the last period is
always the (static) monopoly price, the profile of prices necessarily becomes steeper.
This induces buyers to wait more before searching, inducing more distortions and

lower welfare. The extent to which this is true depends on the relative magnitude of
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m. If m — 0 and H(v) is non-decreasing, industry profits also tend to zero so that
restricting entry does not change prices, while if m — 1, blocking entry leads to
little redistribution and, therefore, small effects on prices. Therefore, there is some
intermediate m* such that per-buyer gains from trade are maximal for m*.
Flipping this argument, we can obtain a bound for the rents accruing to sellers
when they are the long side of the market. Notice that it must be the case that
W < mw* since in any equilibrium a buyer is willing to accept w* — pp« in the
first period and sellers optimality condition implies that IIp«_; ~ Ilp+ < pp«. As a

result,
m

My < H(w")——(1 - gm(1 — F(w"))) < H(w). (7)

—m 1—m
Further since pp« ~ I« + H(w*), we have pps < ﬁH(w*) and, therefore, Vp >
w* — 2=H(w*). Equation (7) gives us an idea of the effect of competition on
seller’s profits. If there are many sellers for each buyer in the market or if, at the
outset, buyer’ demand is very elastic, sellers will appropriate a very small fraction
of the surplus. While the first part is rather obvious, the second is not so. The
idea is as follows. Buyers arrive at the market with a reservation value of w* which
induces a price elasticity of —H (w*)~!. Over time, this elasticity may be changing
and eventually they will become so desperate that prices will tend to monopoly. If
m < 1, however, sellers are more impatient than buyers because as time goes by
their matching rate drops and, therefore, they cannot hold for those higher prices

in the future.
Proposition 3. In equilibrium,

1. if H(v) is decreasing and converges to zero as v approaches its upper bound,

then for every m < 1, Iy < € for all s < s(m,e).

2. if H(v) is non-increasing and converges to a constant as v — oo, then for every

m < 1, the share of the pie accruing to buyers converges to one as s — 0.

A corollary of Proposition 3 is that sellers need not benefit from improvements

in the matching technology if they are the long-side of the market.

Corollary 1. Suppose that 1 — F(v) is strictly log-concave. Then, there exists some
0 <m* <1, such that for all m < m*, lim,_5II; > lim,_,oI1;.

This is very intuitive. Higher search costs increase the market power of sellers
and, therefore, they can extract a bigger fraction of the total pie. For the case of log-
concave distributions and small enough m, this gain more than compensates the loss

in terms of a lower quantity sold. Obviously, competition and lack of commitment
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are crucial for this result, for a single monopolist who can commit to a single price
would never lose from increases in search costs. As we will see in Section 4, however,
sellers do benefit from reductions in search costs if the market is balanced (m = 1).
These formulae also can be used to obtain some insight on price dynamics. To
see this first notice that as search costs vanish, the probability that a buyer exits
the market at the deadline without buying must converge to zero. Therefore, each
seller trades with probability approaching m. Rewriting the expression for profits
we have.
1 1

s = —H(w*
mT 1-m (w)

RS
where p is the average transaction price of a seller, and since prs = llp- + H(w*) =
ﬁH(w*), if H(w*) — 0, we have that p = pr. Notice also that p; = H(p;) > pr-
and so prices cannot be monotonically decreasing. This is in stark contrast with
models of experimentation where sellers learn about demand and prices decrease as

they become more pessimistic, regardless of market conditions.

Delay

Consider now an intervention that would force consumers to start searching one

period before. The gains from trade in period 7™ + 1

Wopepy — Wpe = / (v — wps11)dF (v) + gm(1 — F(wpsy1))H(wpsy1) — s
Wrx 41

~ qm(l = F(wr1))H(wr+41) > 0

since wr«y1 ~ w*. Therefore, if F(w*) < 1, Wy« — Wy« > 0. Because consumers
do not fully appropriate all the rents they create when searching, there is inefficient

delay in that the search starts too late.
Proposition 4. For any m > 0 there is inefficient delay in equilibrium.

Inefficient delay is a direct result of the wedge between the social value of an ad-
ditional search and the private value accruing to the consumer. This wedge depends
on the share of rents that sellers can appropriate. A redistributive policy may then
lead not only to lower initial prices but also to an increase in the number of trading

periods.

3.3 Prices and Quantities

As we discussed in the Introduction, the bulk of the literature on dynamic pricing

has neglected the issue of competition. This may be because of a variety of reasons
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including tractability (both in theory (Martinez-de Albéniz and Talluri, 2011) and
in empirical applications (Sweeting, 2015)), a particular focus in certain industries
with few competitors (e.g. airlines), and the striking success of the monopolistic
model in replicating salient features of the data (Sweeting, 2012). Therefore, it is
important to provide a set of clear and empirically testable predictions that could
offer guidance to researchers considering introducing competition in their dynamic
pricing models.

A first observation is that if the measures of buyers and sellers are the same
(m = 1), the capacity constraint of a single seller is just as tight as the market-wise
capacity constraint so that competition yields exactly the same profile of prices and
quantities as the case in which a single manufacturer supplies the same number of
units would.!? Thing are, however, very different if m < 1, for in such a case the
empirical co-evolution of prices and quantities is rather different. A monopolistic
seller facing limited capacity will always increase the price following a period of high
sales and will let the price drop if the demand has been sluggish in the previous
period. On the other hand, a competitive seller’s behavior will always decrease the
price following a period of higher sales because her own capacity constraint has
not been softened but the total future demand drops. Thus, whether a market
is better modelled through competition or monopoly may be tested directly using
the correlation between lagged demand and current prices. Moreover, our model
predicts that the price change brought about by earlier sales is bigger the higher is
the ratio of buyers to sellers. For instance, if m = 0, profits are zero in every period

and so prices are independent of earlier sales.

4 Comparative Statics

We now focus on the case in which m = 1, so that matching probabilities are constant
over time.'® As a result the sequence of reservation values and prices are independent
of T and, therefore there is always a unique equilibrium. Furthermore, if valuations
are distributed according to the Generalized Pareto Distribution, the inverse hazard
rate of the distribution of valuations is linear (Ausubel et al., 2014), which allows us
to derive the difference equation that describes the evolution of reservation values

over time and derive the associated differential equation in the continuous time

12Meisner (2016) provides a similar result, but in his case the allocation must also be efficient.

13While we do not model entry or exit, the rents of the long side of the market are low enough
that a balanced market is probably a good approximation. Furthermore, by Propositions 2 and 3,
the case of m = 1 provides a lower-bound in terms of welfare. See also Subsection 6.2. for the case
of a sellers’ market.
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model. For some distributions within this class, including the exponential, the
uniform (linear demand) and the Pareto (with scale v = 2, representing a constant
elasticity of 1/2), we can then solve for the time-span of the market and derive
the initial prices, seller expected profits and buyers’ surplus as a function of the

fundamental parameters only.

4.1 Evolution of Reservation Values

Suppose then that both sides of the market are evenly matched, m = 1, and the
distribution of valuations belongs to the Generalized Pareto Distribution class, so
that F(v) = 1— (1+£=£)714 M In this case, H(v) = 0 — &u+&v, with € < 1. This
class includes the uniform, the exponential, the Pareto as well as some particular
cases of other distributions like the Beta(1,b). Notice that as long as £ < 1, virtual
valuations are increasing so that a unique (un-dominated) equilibrium exists.

For this class of distributions, we can express the gains from search for a consumer

using a reservation value of w as,

o0
1
/ (v — w)dF (1) = —— H(w)(1 — F(w)).
w 11— 5

In terms of demand theory, this implies that consumer surplus and monopoly profits
are proportional to each other, so that increases in consumer surplus always coincide
with consumer surplus. In the context of a model with search, this implies that the
private returns from search are a constant fraction of the social surplus they generate.

Rearranging (1), we get:

= g S (1 = Flw)H(wn) — —— (- s+ 2= (g)

(1-¢) 1=¢ 1-¢

T=1

Thus the reservation value in period t is proportional to the sum of the expected
consumer and producer surpluses in every future period net of search costs plus a
term that depends on the hazard rate. The latter coincides with the static monopoly
price (if interior). Notice further that w; is increasing in ¢ and concave since (1 —
F(w))H(w) is decreasing in w as long as H'(w) = £ < 1. This property of the
evolution of the reservation values directly translates to prices and, as a result, as
the deadline approaches, prices decrease at increasing rates.

Recall that w* provides a good approximation of wr« when (¢, s) are small

14In demand theory, if buyers’ valuations are drawn from a GPD, their demand function satisfies
the constant-curvature assumption so that in a monopolistic market with constant marginal costs
the pass-through rate is constant.
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enough. We can now use Eq. (8) to obtain an expression of the price that a firm

would charge in the first period in which she expects consumers to be active, T,

T -1

1 1 o—
L oa oL

1-¢
2 ¢ 2-¢1-¢ 2-¢

Q

(T* — 2)s. (10)

According to (9) the initial price is a linear combination of the (second-best) gains
from trade and the initial price (if interior) plus a share of the total search expendi-
ture. Using (9) we can derive the profits that a seller expects to make when entering

the market. To see this notice that IIp«_ 1 & pr« — H(w*), which yields,

M = ¢ 3 (1= Flw)H(w,)

1-¢ oy o L8
= ﬂ(w — H(w ))+H(T - 2).

As a result, sellers obtain a fraction ;—:2 of the equilibrium gains from trade and
the buyers’ search effort. The fraction of the social surplus accruing to sellers is,

therefore, bounded below by %, their static share. Similarly, buyers’ surplus is

w*z1m—mwy{m:§%éw—ﬂmm_llgw—m

So that buyers extract at most their static fraction of the gains from trade. We now

summarize these results in the following Proposition.

Proposition 5. Suppose that the distribution of valuations belongs to the GPD and

m = 1. Then, there exists a unique equilibrium. Further,
1. Prices and reservation values decrease at increasing rates over time.
2. Buyers appropriate at most a fraction 2%5 of the social surplus.
3. If search costs increase,

o The equilibrium price in any active period (after the change), decreases.

o The quantity traded in any period in any active period increases.

A typical equilibrium outcome is depicted in Figure 2. The blue line depicts
the reservation value as a function of the number of periods before the deadline

for consumers whose valuations are exponentially distributed with unitary mean
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(§ =0,0 =0). Fort > T*, w, is constant since consumers are too picky to find
search profitable. Eventually, w; decreases as consumers run out of options and face
decreasing prices (red line). The green line depicts the expected continuation profit
of a seller in period ¢t and equals the price minus the (constant) markup. The total
welfare in the market can be obtained by subtracting the difference between the red

and the green lines from the value of the blue line.

Prices and Values
3.5
3.0
25
2.0
1.5
1.0
0.5

b Time Period
25

Figure 2: Prices (red), Profits (green) and Reservation Values (blue) for exponen-
tially distributed valuations 0 = 1 and s = 0.004.

4.2 Examples

For some distributions, the differential equation describing the evolution of reserva-
tion values can be solved analytically and used to obtain a closed-form characteri-

zation of T™. In particular, the differential equation

2-¢

w — ﬂ’)—l/ﬁ N 1
(1-¢)?

(U+§(W—M))(1+§T 1—¢

w=gq

with boundary conditions w(0) = max{”l;_iﬂ, p} and w(T*) = w* can be solved if

F(v) is uniform, exponential or Pareto with shape parameter 2.
Example 1 (Exponential Distribution). Suppose that F(v) =1—e"=, and H(v) =

o. The equilibrium gains from trade are w*—H (w*) = o ln <%1 —o. The differential

equation describing the evolution of reservation values can be written as
W= 2qoe s — s (11)

*

with initial conditions w(0) = o and w(T*) = w*. This equation can be solved in
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closed-form to obtain

7"~ (2—9) (12)

S qo

In this case, the total expenditure in search (7*s) is decreasing in s but the
elasticity of the total expenditure with respect to s is proportional to s and therefore
very small in magnitude. Since the exponential distribution has a constant hazard
rate, the gains from search decrease (almost) proportionally as w increases so that,
if s is small enough, a one percent increase in the search cost leads to a one percent
increase in the number of active trading periods. As a result, initial prices, profits
and buyers’ surplus decrease in search costs and the share of rents accruing to buyers
also decreases in search costs and is bounded above by 1/2. In the static monopoly
model, total surplus is split evenly among buyers and sellers, while in this dynamic
market sellers obtain some extra surplus due to buyers’ search effort.

Perhaps surprisingly, as search frictions vanish prices in the initial period in-
crease. More trading periods increase the opportunities to trade, pushing prices
upwards. On the other hand, if we compare prices in a given period, with higher
search costs, consumers are less picky and, therefore, the probability of future trade
is higher so that prices decrease as search frictions decrease. This result is depicted

in Figure 3.

Price

45 -

40 -

0.002

0.004 0.006 0.008 0.010 0.012

- Search Cost

Figure 3: Prices in periods T'=T* and T' = 50 as a function of search costs.

Example 2 (Uniform Distribution). Suppose that F(v) = “=£ and H(v) = o+ pu—v.

The price at the deadline is the static monopoly price p1 = %, and the reservation
value in the initial period is w* = p+o—, /%. As shown in Proposition 3, equilibrium
gains from trade are p+ 0 —21/2s/q, which converges to w* as s — 0, so the market

becomes approzimately efficient as search frictions vanish. The differential equation
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18
3 1
b= gl —w)? — s
with boundary conditions w(0) = p; and w(T*) = w*. Normalizing g = 1 and for s

small enough, the total search expenditure can be well approrimated by,

C(s)=T"s ~ %A(s,a, ). (13)

The value of a buyer entering the market is

1 2 [25 2
Ve ~ - — 2022 Z0
T 3 3V 3 (5),
2 1 [25 2
ot — o 2 20(s).
pr 373 q+3 (s)

Since C'(s) decreases in s, both Vi« and, perhaps more surprisingly, pr+ decrease

and the price is

in s. The share of total surplus accruing to buyers decreases in search costs and

converges to 1/3 (the static share) as s — 0.

Example 3 (Pareto Distribution). Suppose that F(v) =1 —v"2 and H(v) = v/2.
The static monopoly price is given by the corner solution py = wy; = 1 and the
threshold reservation value is w* = q/s, with W* = w* — H(w*) = w*/2 so that
equilibrium welfare is a fraction of the efficient level. The associated differential
equation 1s,

W= —— + 2s,
w

which can be solved in closed-form to obtain

3q(1n (3¢ — 2s) — ln(q)> —2(q — s)

* ~
I~ 452 ’

The value of a buyer who enters the market in the first trading period can be written

“ lq—E(gs) 1
q— I\g,s
Ve = ——— 27 72—
T3 s 3’
Similarly,
_12¢+E(q,s) 1
pre=3——5 T3

It follows that the total expenditure T*s ~ E(q, s)/s explodes as s — 0. This

is because, as search becomes cheaper, buyers increase their search effort more than
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proportionally to benefit from the long-tail of the distribution and obtain an ex-
traordinarily high match. Both buyers’ value and prices are decreasing in search
costs and the share of rents accruing to buyers is bounded by 45% and decreasing

n s.

4.3 Summary

Remarkably, these different distributions yield a consistent picture. First, prices and
reservation values decrease at increasing rates as the deadline approaches. This is
indeed consistent both with casual observations and the available empirical evidence.
For instance, there are a number of commercial software providers that help hosts in
Airbnb who want to implement simple dynamic pricing schemes. By and large, they
suggest that hosts should keep the base-rate price unchanged until the last week or so
and then start decreasing it at increasing rates. In the last period, they suggest some
50% markup over the reported marginal cost of the seller, while the average markup
is approximately 100%.'5 Sweeting (2012) and Sweeting (2015) provide substantial
evidence that in the secondary market for sports tickets, prices decrease at increasing
rates as the event approaches. They also show that trading probabilities decrease
at increasing rates in the number of periods before the deadline.

Second, in markets with lower trading frictions (as captured by search costs),
prices and trading probabilities, in a given time period are lower. For instance, the
model predicts that the establishment of an online marketplace in a decentralized
market leads to a decrease in prices in those periods that are sufficiently close to
the deadline. Equilibrium profits and consumer surplus in the market, however,
do increase as search costs vanish. The intuition is that lower search costs have a
direct effect on the number of periods in which buyers actively search, increasing the
likelihood that a given unit is sold and, thereby, increasing their option value. In a
way, the positive effect of search intensity on prices stems on the activation of an
extensive margin (the number of periods) rather than an intensive margin (a change
in the reservation values) and, therefore, is related to the results in Moraga-Gonzalez
et al. (2015).

Third, the elasticity of the number of trading periods with respect to search costs
depends on the shape of the distribution of valuations. Distributions with decreasing
hazard rates have fat tails and induce buyers to increase their search effort when
search costs drop while distributions with increasing hazard rates allow buyers to
slack-off. The expenditure in search effort has an important redistributive effect, so

that increases in search costs decrease rents for buyers.

15Gee, for instance, BeyondPricing.com
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5 Pass-Through

The welfare and redistributive effects of many policies depend on the response of
prices to changes in marginal costs. While in most static models of search with
differentiated products, cost is passed one-to-one to consumers, in our dynamic
setup the degree of pass-through is determined by the elasticity of demand and the
response of search effort to changes in prices. In order to characterize the pass-
through rates of the model, therefore, assume that sellers face a cost ¢ to deliver
their unit. This cost may be intrinsic to the service (e.g. cleaning of an apartment)
or induced by a tax or a fixed fee charged by a platform.

In every period t, a seller carrying a unit will set up a markup equal to her

continuation profit, so that
pe—c =111 + H(wy).
Normalizing ¢ = 1 we can solve for wp« we obtain,

1

o—péte  2-8 N~ _ oy
—|—<1_§)2;(1 F(w,))H (w,) 1_§S<T 2) = w’,

(1-¢)

W+ =

because w* is independent of ¢. Hence, we can solve for pr« as

1-¢

1
Recall that if o0 4+ ¢ > p, this expression can be rewritten as,
1 1-¢ 1-¢
x = — * T* - 2 .
pre =5 +2_§P1(C)+2_€3( )

where we use the fact that pi(c) is the static monopoly price. Notice then that 7™
now depends on ¢ only through the initial price. Absent any effects on the total
search expenditure, therefore, the dynamic pass-through rate of a unit increase in
the marginal cost is (2 — &)™ < (1 — £)~!, which is the pass-through rate at the
deadline. In addition, higher marginal costs lead to an increase in the price at the
deadline which represents the initial condition for the difference equation describing
the evolution of w;. Therefore, the total number of periods, T%, and the associated
search effort decrease as c increases. As a result, the pass-through rate of the initial
price, which determines the change in the distribution of rents across buyers and

sellers, is at most (2 — &)~1.16

16Tn models of imperfect competition, under GPD, pass-through rates can be written as (1 —
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For the exponential case, we can solve for the price as a function of ¢ in the
continuous time limit as well as the equilibrium quantities in every period so that
we can go further and study the effect of increases in marginal costs on the sequence

of prices. The pass-through rate in time ¢, p(t) equals,

_op(t) e s
plt) = dc =1 (J—Uefrt—Q '

At the deadline, we have the monopoly price and p(0) = 1 while

T = — .
20 —e = s

As s — 0, p(T*) approaches (2 — £)~! while as frictions increase so that the market
collapses, p(T*) — p(0). In general, p(t) is decreasing and convex in ¢.

Pass-through rates are also useful to identify the shape of the distribution of
valuations and search costs. For this purpose, suppose that we have a good estimate
of marginal costs and we have the sequence of prices and quantities. Provided that
we have enough observations, we can consistently estimate the demand elasticity
from transactions sufficiently close to the deadline. We can then use the pass-
through rate at the deadline, p(0), and our knowledge of the distribution of the
valuations to directly estimate s from p(7™). However, by definition, the number of
transactions around 7™ will be very limited and subject to outliers. A more practical
approach is to use data on quantities and prices over time and infer from those the
search cost. As it turns out (see Figure 4), one can infer search costs from the
(un)weighted average over time of the pass-through rates (i.e. [ p(t)g(t)dt) but not
from the pass-through rate on the average transaction price (i.e. p([ p(t)q(t)dt)).
This is because higher marginal costs lead to a reduction of total quantity and a
shift from earlier to later periods so that the average transaction price becomes
non-monotone on search costs. Hence, the model suggests that an effective way to
recover search costs from dynamic markets is to compute the average change in the

time-specific price following a change in marginal costs.

£60)~1, where § measures the degree of competition (see, e.g. Weyl and Fabinger (2013)). Typically,
0 < 0 <1, so that pass-through rates are substantially higher in static frameworks than in this
dynamic market.
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Figure 4: Pass-Through on the Average Price (Blue), Weighted (Green) and Un-
weighted (Red) Average Pass-Through, Pass-Through on Inital Price (Orange)

6 Cancellation Policy

In many of these markets, buyers hold the right to renege on their promise in a later
period with or without some compensation to the seller (Xu (2005)). Many platforms
such as Uber and Airbnb establish cancellation policies with the stated goal of
reducing uncertainty and promoting fairness. Airbnb allows for a sophisticated
menu of options that the seller may offer, depending on market characteristics. In
markets with low demand, the typical seller will keep the option to cancel without
penalty up to 24 hours before the arranged date, while in markets with extremely
high demand, Airbnb offers options that allow for partial refund only for very early
cancellations.

From the perspective of the buyer, the right of cancellation is valuable since it
allows him to continue to search even after they purchase. From the perspective
of the seller, the cancellation policy is a blessing and a curse. On the one hand,
since prices decrease over time, locking in early buyers is profitable. On the other
hand, a cancelled seller gives up the option of trading with other buyers. This risk
is mitigated if the buyer has to pay a penalty to those sellers whose option he gives
up.

In order to compare the results with the benchmark model and ensure a tractable
characterization we simply extend the model to incorporate a renegotiation clause
so that if a buyer purchased a good in period ¢ but found a better good in period
t' < t, he can make a take-it-or-leave-it offer to the seller and return her the good
in exchange of a compensation fy. This arrangement is consistent with the original
model since it always gives the current owner of the good the right to post a price.

Since the seller has no private information, the buyer will naturally make an offer
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that gives her no additional surplus so that the continuation surplus of the seller is
I1;;. Therefore, upon purchasing the good, the buyer becomes the residual claimant
on the joint continuation surplus of the match and compensates the seller for her
incurred losses (i.e. her externality on the buyer).!?

Consider then a buyer who holds an offer with utility « in period ¢ + 1 and
meets a seller with an offer (u/,p’). Taking up the option gives a expected surplus
of Vi (u') — p’ while keeping up the previous offer delivers Vi, (u) — ITy. Thus, taking
up the option is profitable if Vi (u') — Vi (u) > p’ — Iy, which, in equilibrium, equals
the period-t’ markup. Assuming exponentially distributed valuations, this condition
translates to Vi (u') > Vi (u) + o. If the buyer does not currently hold an option, he
obtains a value of V;/(0) = wy — py. Let wy(u) be such that Vi (wy(u)) = Vi (u) —o.

The returns from search of a buyer in period ¢ who carries a unit the good with

value u > 0, when a measure a; = F(v;) — F(w;) of buyers have no option and a

measure ; = 1 — F(w;) of buyers have one option but participate in the market are

(e o0
q Vioi(v) = Vii(u) — o)dF(v) — s.
i L ) = Vi) = o)ar )
Buyers stop if and only if the returns from search are negative. This induces a cutoff
value v; such that if the current alternative is u > vy, the buyer leaves the market.

Namely,
q%/ (‘/;—1<U) - V;i—l(Ut) - O')dF(U) = s.

vt

In period T™, we have

o [V 0) = Vi )aF() =

since fBr« = 0. Further notice that if a buyer purchases the right to buy a good
in period 7™ he will never search in period T* — 1 because the gains from search
jump down by ¢ while the difference between periods is negligible. In other words,
cancellation policies are only useful if the buyer expects to search further but his
incentives to do so are sharply reduced by the very fact that he holds a much

improved outside option. This implies that Vp«_;(w;) = w; and the previous formula

17Since there is no discounting, the resulting allocation can be implemented in multiple ways.
For instance, the buyer may pay the markup p upon visiting the seller and then a rental price of
[Ty — Iy for each period in which he holds the good. Alternatively, the buyer may pay upfront
the whole price and then enter the market as a seller to recover II; _1.
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collapses to the condition of the benchmark model. Namely,

o0
q/ (v—2v")dF(v) = s.
w*
Since the cancellation policy are never taken up in the initial periods, it plays no
role in the determination of the gains from trade. This is in sharp contrast with
models of demand uncertainty, whereby the probability that a contract is cancelled
is decreasing in the date at which the contract is signed. Cancellation policies under
demand uncertainty should be better understood as an add-on clause in the original
contract that allows sellers to price discriminate among buyers (which are common
in flight tickets), rather than as a way to compensate the seller for the foregone
trading opportunities (as in Airbnb contracts).

This insight can also be used to derive a necessary condition for cancellations to
be taken up in any equilibrium, since it must be that a buyer is willing to search
following the purchase of any good with a utility draw marginally below {v;}. Since

vy = H(vy), vg > vy, this condition becomes approximately,

q/:o(u — 2u1)dF(v) > s, (14)

U1

2

which in the case of the exponential distribution becomes s < ge™“o. Hence, for s €

(qe~2%0,ge" o), the equilibrium involves search but no cancellations. If cancellations
do occur, they lead to a speeding up of trade and may have a significant impact on
the distribution of the gains from trade.

Figure 5 depicts the equilibrium in the case of exponentially distributed valu-
ations with mean 1, ¢ = 1 and s = 0.006. Cancellations are only used in period
t = 2, where buyers accept matches with a utility draw « > 1.66 while they continue
searching if u < 1.73, so that in the last period approximately 1.5% of active buyers
hold a unit of the good. This induces a sharp reduction in the gains from search
in the last period, leading to faster trading and higher profits for sellers in earlier
periods. As a result, the distribution of the gains from trade changes substantially,

with sellers’ initial share of the pie increasing by 3%.

7 Extensions

We now discuss several ways in which the basic model can be extended in order
to incorporate some realistic features of many markets. We first consider a simple

extension in which we allow buyers to have heterogeneous valuations or search costs.
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Figure 5: Prices and Reservation Values with and without Cancellation policies.
The price with cancellation (blue) is always above the one without possibilities of
cancellation (red).

We then highlight the role that strategic buyers play in our analysis by studying the
cases in which buyers are the long side of the market, and, therefore, obtain limited

rents and also the case in which buyers behave myopically.

7.1 Heterogeneous Buyers

We consider now a simple extension of the original model that incorporates some
heterogeneity among buyers. This will allow us not only to better understand the
competitive forces in real-world markets but also to answer a classical question in
two-sided markets. Namely, whether the platform may induce a better allocation
by separating consumers of different types in different sub-markets.

To answer this question we return to our benchmark model with m = 1, expo-
nentially distributed valuations, so that F(v) = 1 — e~», and begin with the case
of heterogeneous search costs. Let sy > sy be the search cost of consumers of each
type with p € (0, 1) representing the proportion of consumers with low search cost
in the population. In this particular case, the optimal markup is independent of the
distribution of buyers actively participating in the market. Moreover, it holds that
low-cost buyers will enter the market earlier than high-cost buyers. This may seem

intuitive, but it is not trivial because within a given number of periods, low-cost
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buyers obtain more rents and, therefore, their value of waiting is also higher. The
equilibrium is characterized by two sequences of cutoffs {w/? wF} and entry dates
(TH,TY) with Tt > TH | together with a sequence of equilibrium prices p;. The

gains from trade are
WHE ~ p(w® = pre) + (1 = p)(w™ — pru) + pr — 0.

Notice that sellers compute their rents in the initial period, so they all get p;r — o,
while buyers compute their rents in the first period they participate. This leads to an
increase in profits compared with the case in which both groups are separated in two
sub-markets. That is, WHE > pWH + (1 — p)WL. Notice also that integration may
harm low-cost buyers, through a higher initial price, but does never harm high-cost
buyers.!8

We consider now the case of heterogeneous willingness-to-pay for quality. In
this case, there are two possibilities. Either high-valuation buyers enter the market
earlier and face an initial markup of 8 or low-valuation buyers enter at some period
T* and high-valuation buyers enter gradually afterwards so that the price decreases

monotonically over time. We focus on the first case, which yields:
WHE x p(w! — pra) + (1 = p)(w” = pro) + pru — 0.

Since w = In() + w’ and high-quality buyers receive rents in every period they

participate Ilpx < II7r + In(6). Hence,

WHE = p(w' —0) + (1 — p)(w" = prr +prw —0)
< (" = 0)+ (1 = ) (w” — 1n(6) + lpr)

where ji(ppe) is the optimal markup in period T in which the proportion of high-
quality buyers is prr. As p — 1, pu(pr,) — 60 and it holds that WHE < pWH
(1 — p)WE. For the case of p — 1, we can take the sequence of prices to be
approximately that of the high-valuation buyers and we can compute T ~ T* in
(12), substituting ¢ for §. Since the time-span is then increasing in 6, TH > TF,

and the initial assumption is satisfied.

Proposition 6. If buyers are heterogeneous with respect to search costs, integration

i a single market is optimal and high-cost buyers are strictly better-off. If buyers are

18For instance, if p ~ 0, prz =~ prz exceeds the initial price in a market with only low-cost
buyers. More generally, low-cost buyers may benefit if the competition effect among sellers is
strong enough. For instance, as sy grows, the model converges to the case of an unbalanced
market and we know that buyers obtain more rents in that case.
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heterogeneous with respect to their valuations, and the proportion of low-valuation

consumers s sufficiently small, segregation is efficient.

7.2 Sellers Market

Dynamic pricing is particularly relevant in markets with scarcity, like tickets for
popular events (Sweeting, 2012). In this case, it is buyers rather than sellers who
become pessimistic over time, which corresponds to m > 1.

The problem for buyers is now substantially more complex, because the gains
from search crucially depend on how many other buyers are searching. In any given

period, a consumer searches only if

G /Oo(v —wy)dF(v) > s (15)

t

where ¢, = q/(myn;) and 7, is the proportion of consumers searching. Therefore, if

g [*
—/ (v —wy)dF(v) > s
My S,
then 7, = 1. Otherwise, 7, < 1 adjusts so that (15) holds with equality. This leads
to two novel effects. First, it must still be true that ¢« = 1, for otherwise a buyer
could deviate and visit a retailer in period T 4+ 1 and observe a price arbitrarily
close to pr+ and match with probability one and then wait in the following period,
obtaining higher expected utility. Second, it may also occur that in some later
period ', ny < 1 because m; dropped faster than the expected gains from search.!”

These two effects combine if m is large enough inducing an equilibrium in which
buyers are always indifferent between participating or not, and, therefore, derive
zero rents in expectation. In this case, we have that w; = p;. A sufficient condition
for this to hold is that

%/:O(v —p™)dF(v) < s.

Notice that w; > p™ and m; > m so that this establishes an upper bound on the

gains from search in any particular period. For instance, in the case of exponential

valuations with ¢ = 1 and ¢ = 1, this holds if s € [, 1].

The average gains from trade per unit available in the market can be written as
W =w* — H(w*) + (m — 1)(w* — pp+), which implies that per-unit welfare is larger

than w* — H(w*). In this case, restricting entry of some buyers, leads to an increase

9For instance, for the case of exponentially distributed valuations and ¢ = 1, if 1 — F(w;) >
my — /m¢(m; — 1), the expected gains from search are decreasing in ¢ if n = 1.
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in Vp«, inducing buyers delay entry and reducing total welfare. Furthermore, we
have that total surplus must still be bounded above by the second-best gains from
trade, i.e. W < w*. Therefore, V- < ﬁH (w*). Hence, we have the following

result.
Proposition 7. In a sellers’ market (m > 1), as search costs vanish

1. If the distribution is log-concave, for every m > 1, buyers’ surplus represents

a negligible share of total gains from trade.

2. There ezists some 1 < m*(q,s) < oo such that if m > m*, Vo =0, pp« = w*

and buyer participation (1) increases as t approaches the deadline.

The proof is similar to that of Proposition 4 and thus, omitted. From the per-
spective of an outsider, a market in which m >> 1 looks rather similar to one in
which buyers are myopic. In that case, 7, can be thought of as the arrival rate. As
we shall see in the next Subsection, the property that the arrival rate is increasing

over time also carries over to that environment.

7.3 Myopic Buyers

In many settings, it may be convenient to assume that buyers are myopic. This
assumption is common in the theoretical literature on dynamic pricing in monopoly
(Talluri and Van Ryzin, 2006) and in many empirical applications (Sweeting, 2015).

A buyer participating in period t will buy if and only if their valuation exceeds
the price so that their demand is given by 1 — F/(p). The continuation value for the

seller remains unchanged. Namely,

t—1

MY =% "1 Fpy)H(p),
=1

so that pM — pM, = H(pM) — F(pM,)H(pM,) describes the evolution of prices.
Buyers are indifferent whether to participate or not in period t if p; = w* and
so let T™ denote the associated number of trading periods. In equilibrium, gains
from trade are given (approximately) by WM = w* — H(w*) + S(w*) where S(w*)
are the average gains of a consumer in this market. Notice that S(w*) > 0 since
in every period t < T™ search yields positive expected value. Because consumers
do not have the option to wait and the equilibrium with long-run buyers involved
inefficient delay, the myopic equilibrium is (weakly) more efficient. For the case of
the Generalized Pareto distribution, we can show that indeed W > W*.
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Proposition 8. Suppose that the Hazard Rate is non-decreasing. Then, in an equi-

librium with myopic buyers, trade starts at an earlier date TM > T* and gains from
trade are WM > TW*.

A final remark regarding identification. Suppose that we have data on quantities
and prices in each date but we do not have data on individual buyers’ behavior or
their arrival rates in the market, can we identify whether buyers are myopic in equi-
librium? If we knew the distribution of valuations, the answer would naturally follow
from observed prices, once we estimate expected profits in each period. Indeed, if
buyers are myopic we have that p, = H(p;)+1I;_1 which can be directly verified from
the data. If, on the other hand, we do not now the distribution of valuations, these
models cannot be distinguished from each other. In particular, suppose that buyers
are fully strategic, let F'(v) be the true distribution of valuations and let {w;} be
the sequence of reservation values. Then, prices and quantities are fully consistent
with a model in which buyers are myopic and the distribution of valuations is F”(v)
and arrival rate A, if (1 — F'(p;))\ =1 — F(w,) and H(p;) = H(wy).

Figure 8 depicts the implied A; for the case of exponentially distributed valuations
so that the markup is constant. Naturally, \; < 1 since forward-looking buyers are
pickier. Second, as time approaches the deadline, w; — p; and so A\; — 1. Finally,
¢ is decreasing around 7™ if £ <0

Relative Arrival Rate

1.0
0.8
0.6 |

04|

T Time Period

Figure 6: Implied arrival rates for myopic buyers for the case of 6 =1, =0, ¢ =1
and s = 0.01.
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8 Conclusions

In this paper we have provided a tractable, yet rich, model of dynamic pricing in
markets with search frictions. The equilibrium of the model is consistent with many
empirical patterns of real-world markets. First, although trade occurs over a long-
horizon, a large share of transactions occur in the last few periods. Second, prices
decrease over time at increasing rates and approach the static optimum only in the
very last period. Third, the division of rents crucially depends on the buyer-to-seller
ratio so that if sellers are relatively abundant, and become even more abundant over
time, they appropriate a negligible source of the surplus.

The model delivers a number of welfare implications. First, the degree of inef-
ficiency in the market depends mostly on the markup in the initial period (which
does not translate directly to profits). For some distributions, this markup may be
substantial even as search frictions vanish. Second, if buyers and sellers are similar
in number, reducing search frictions increases rents for buyers but also profits. This
is because sellers benefit from the activation of an extensive margin of search that
induces more trade and increases the value of holding a unit of the good. Impor-
tantly, a model that fails to account for strategic buyers and for an endogenous
time span of the market may actually obtain the opposite answers to these ques-
tions. Finally, and from a market-design perspective, we find that taxes, subsidies
and cancellation policies have a very limited impact on gains from trade but a very
substantial impact on its distribution.

The model can be extended in many dimensions but two obvious features are
missing. First, we have not included endogenous participation of buyers and sellers,
although our results regarding the distribution of the gains from trade as a function
of the relative sizes of both sides of the market suggest that this channel may induce
equilibria with an even measure of each. Second, it could be desirable to allow
buyers and sellers to adjust their strategies at different intervals and explore the role
of commitment on prices. Finally, future research should allow for a more complex

strategy space for buyers, including possibilities to revisit previously sampled sellers.
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A  Omitted Proofs

Proof of Lemma 1. We first establish that if v — H(v) is increasing, then p; follows
(5). To see this notice that the Second Order Condition is

—f(we — pr 4 pj)(p; — Mem1) — 2f(wy — pr +p;j) <0
since in a symmetric equilibrium p; = p, and p; = II,_1 + H(w;) we have,
flwe) (1 = F(wy) +2f*(we) <0,

which holds iff H'(w) < 1.

We now show that there cannot be an equilibrium in which buyers are indifferent
between entering or not in multiple periods and a positive mass of them participate.
Suppose, for a contradiction, that w; = w;_1 = w*. Since 1 <m >0, II, —II;_; >0
if there is a positive measure of buyers who participate, and since H(w;) = H(w;_1),
P > pi—1. But this implies that V;_; > V, and buyers cannot be indifferent in both
periods. Thus, all equilibria are outcome equivalent to one in which trade starts at
some 1.

wp = wy_1 + H(wy) — H(wy1) + gmy1H(w_1)(1 — Flwy_1)) + / (0 — wp_1)dF(v) — s

W¢—1
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Since H'(w) < 1, H(wy) — H(wi—1) < (wy — wy—1), then w; > wy_;. O

Proof of Proposition 1. The main argument is sketched in the main text. Here we
simply establish that w! > w!™ if 7(I) > [ and 7(I + 1) > I. To see this notice that
w! is independent of [ and
wy = wy +Y(wy) +Aw, 1) = wi +P(wit) + At ws g)
> wl1+1 + w( l+1) + A( l+1 l+1’q1)

where ¢ (w) represents the returns from search with a reservation value of w. Thus,

assume that w! > w!™. Tt follows that,

wiy = wy +Y(wy) + Awy ™ witt ) > w o (w ) + Al il )

> w T (w ™) + Alwy™ wily gp).

Therefore, 7(I) < 7(l + 1), so that if 7(I) > I, 7(l+1) > 1, 7(I) > 7(I + 1).
Since 7(o0) = T < 00, there must exist some lowest [* such that 7(I*) < *, while
T(I* — 1) > I* — 1. If 7(I*) = [*, this constitutes a fixed-point and the associated
sequence corresponds to a pure-strategy equilibrium. Otherwise, we construct an
equilibrium by assuming that buyers randomize in period [* whether they participate
or not. If no buyer participates, then m;«_; = mfi:l and the continuation sequence
of reservation values must be that associated with an initial period of [* — 1, so that
w1 < w*. If every buyer participates, we know that w1 > w* since 7(I*) > [*.
Thus, there exists some 1 € [0,1) such that if  proportion of buyers participate
in period [*, m;«_q is such that w; = w*. Because w;» = w*, buyers are willing to
randomize.

In order to complete the proof, notice that in an un-dominated equilibrium
wrs + Y(wp) + A(wps, T*,T*) > w*, for otherwise a deviating buyer would find it
profitable to search at T + 1. Hence wy+ — w* as ¢ — 0. Further, if m = 1 or
m = 0, {w!} are independent of [ so that an un-dominated equilibrium is necessarily
unique. Similarly, in the case of exponential valuations, H(v) is constant so that
there is at most one fixed point of 7(l).

]

Proofs of Proposition 2. Most of the argument follows from the main text for (g, s) —
0. We now derive exact bounds for welfare as a function of s (and, crucially, in-

dependently of ¢), so that as we take (s,q) — 0, the results hold exactly. Recall
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that,

W = mVT* —|—HT*
= m(wr- — pr-) + (pr- — H(wr+)) + gm(1 — F(wr)) H (wr-).

Since in any un-dominated equilibrium wp« 4+ ¥ (wr«) + A(T*) > w* > wr+, then

w

v

m(w* —¢(wr) = AT*) = pr+) + (pr- — H(wr-)) + A(T") + H(wr-) — H(wr-)
> m(w* — P(wr) — AT*) = pre) + (pre + AT*) — H(wr)).

If m = 1, we have,
W >w* —p(wrps) — H(wpey1) > w* — s — H(wpeyq).

Therefore, for H(w) non-increasing, w* — H(w*) > W > w* — H(w*) — s. It then
follows that as s — 0, W — lim,_,o w* — H(w*) as required. O

Proofs of Proposition 3 and Corollary 1. The analysis is similar to that of Proposi-
tion 2. Suppose that F'(v) is log-concave. Then, H(v) > w; by definition of the

monopoly price. We have,

w

Y]

m(w* — (wps) — A(T*) = pr+) + (pr- — H(wr)) + A(T*) + H(wp+) — H(wp-11)
= m(w* — ¢Y(wr-) — mpr + AT)) + (pr« + A(T*) — H(wr41))
> m(w* — s — H(wrs11)) + (1 — m)(pr + Aps — H(wre41)).

But, W < mw* by definition. Hence,

(1 —m) (HT*+1 — (H(wps) — H(wT*H))) —m(s+ H(wr+1)) <0

. Thus,
m *
e yq < : _m(s+H(wT*+1)) + H(wps — H(wpeyq) < 1_mH(w )+ s.
for some v < . Using implicit differentiation in (3) and since #(w*) =

M RL(w*), where M RL(w*) is the mean-residual life of w* which is decreasing for
F(w) log-concave, we have that
dw f(w*)

H'(w*)% = 2MRL(w") + )

s <2MRL(w*) < Q/UdF(v)
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. Thus,
H(w") < lir%H(w*) + 28/UdF(U).
5—

Summarizing, we have that for every € > 0, [Ir-; < € if

2m _ .
m UdF(U) }gl_l;%(H(’U) ) + S) + s < €.
So that if lims_,o H(w*) = 0, for every ¢, Iy« < € if s < s(m,€). For the case in
which H(w) converges to a constant, we have that Iz« /w* — 0 since w* — oo.
Finally, Corollary 1 follows from Proposition 3 since lim,_,5 [I7+ = gmp,(1 — F(p))

is independent of s. O

Proof of Proposition 5. The first statement follows from w; — w;_; > 0 and p; —
pi—1 > 0 being decreasing functions of w;_;. The second statement follows from
the text. To prove the third statement, consider the equilibria in two markets with
the same distribution function but which differ in s, so that in a given market the
search cost is sy, while in the other the search cost is sy > s; and let w'(t) be the
reservation value of at instant ¢ in each of the markets (similarly for pi(t), etc.)
Notice that in both markets w!(0) = ”f_i”, independent on s, but w'(0) > w?(0).
Hence, for ¢t < t*, w!(t) > w?(t), for some ¢* sufficiently small. Both w!(¢) and w?(¢)
are continuous functions so that if at some time ¢ < T*(s), w'(t) < w?(t), it must

be that at some earlier time t**, w!(t**) = w?(t**). But then,

ey = [Ctwi= [ (- e gt - Fato) - o

PR

> [ (o - ek st - o)) - s )ar

R

1 2 2 _w2 *k
- [ Tjg(w—fu+au@xl—Fwww»—@>w— ().

The first line follows by definition, the second line follows from w!(t) > w?(¢) for all
t and the fact that of (0 —{u+E&w)(1— F(w)) is decreasing in w and the third follows
from s; < so. Hence, if w!(t**) = w?(t**) it must be the case that t** > T*(ss).
Using the definition of p(t), it follows that p'(t) > p*(t). The last two comparative
statics follow directly from the definitions of those variables with the appropriate

assumption on the elasticity of total expenditure on search costs. O

Proof of Proposition 6. We begin with the case of exponential valuations and we
need to proof that low-cost buyers always enter earlier. The rest follows directly

from this. Consider for a contradiction that there exists some period ¢ such that
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wl < wh = —1In(sg) while wl > wl = —In(sy). Hence, wl —w! > In(sg)—1In(sz)

Since in every period in which both are active, low-cost buyers are more picky,

wk > wf . But then it follows that
wfl = Ze_wf —tsy +p; > Ze_wTL — s, +pr = th —t(sy — Sp)-

Notice that t < TH < i In(2—esy) since sellers’ rents cannot be higher in a market
where some buyers have low cost and search for fewer periods than their high-cost
counterparts than in a market in which only high-cost buyers participate. Thus,

wk —wl < PL=SLp(2) < 2L=SL But then,
t t SH SH

SH — SL SH — SL
SHTSL o SHTSL Ll
SH SL
SH SH — SL Sg — SL
> In{— ) =1+ ) & .
SL SL SL

O

Proof of Proposition 8. Since llpn ~ w* — H*, it suffices to show that consumers’

expected surplus is non-negative. Notice that

s=Y 11 Foo( [ w-pirw) 0
=1 r=r+1 pr

For the second part, we first prove that at every period ¢, pM < wy, that is, prices
(and reservation values) move slower with myopic buyers. To see this notice that

pM = w; and assume that for every 7 < t, pM < w,. It follows that

p' = pily + Hp) = Fpl) H(pl)
< we + Hp') = Foll ) H(pLy) < wieey + H(w) — F(w,—1) H(w;-1)

o)

< wiq + +H(wy) — F(w_1)H(wg_q) + / (v —wi_1)dF(v) — s = wy

Wi—1

where all steps follow from the definition except for the second inequality that follows
from Non-Decreasing hazard rate. Thus, if w1 < w*, p%_l < w* so that TM >
T*. m
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