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Abstract

This note makes the point that, if a Bivariate Probit (BP) model is estimated on data
arising from a Recursive Bivariate Probit (RBP) process, the resulting BP correlation parameter
is a weighted average of the RBP correlation parameter and the parameter associated to the
endogenous binary variable. Two corollaries follow this proposition: i) a zero correlation parameter
in a BP model, usually interpreted as evidence of independence between the binary variables
under study, may actually mask the presence of a RBP process; and ii) the interpretation of
the correlation parameter in the RBP is not the same as in the BP —i.e. the RBP correlation
parameter does not necessarily reflect the correlation between the binary variables under study.
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1 Introduction

In modelling two jointly determined binary choices, empirical researchers may adopt a Bivariate
Probit (BP) approach. The BP is a system of two seemingly unrelated probit equations in which
the correlation between the binary variables under analysis is captured by the conditional tetrachoric
correlation of the error terms (Greene, 2018). A zero BP correlation parameter is usually interpreted
as evidence that the binary variables can be modelled as independent of each other (e.g., Humphreys
et al., 2014).

This note makes the point that a zero BP correlation parameter does not always imply independence
of the binary variables under analysis. In particular, a zero correlation parameter may result from
erroneously estimating a BP model on data truly arising from a Recursive Bivariate Probit (RBP)
process. The RBP is a system of two probit equations that allows the errors terms to be correlated,
and the binary dependent choice in one equation to be an endogenous regressor in the other equation.

We show that the correlation parameter in a BP model that is estimated on RBP data is a weighted
average of the RBP correlation parameter and the parameter associated to the endogenous binary
variable. Plausibly, this weighted average can take value zero —which current empirical practice
would erroneously interpret as evidence of independence.

As a corollary, it becomes clear that the interpretation of the RBP correlation parameter does not
follow the interpretation of the BP correlation parameter. That is, the RBP correlation parameter
does not necessarily capture the correlation between the binary variables under analysis —i.e. once
the effect of the endogenous variable is taken into account, the correlation between the errors terms
is not necessarily of the same sign as the endogenous relationship.

We illustrate these implications through a series of Monte Carlo simulations and an empirical appli-
cation.

2 Correlation parameter in a BP when the data follow a RBP process

Consider a true data-generating process that follows the Bivariate Probit with the recursive structure
proposed by Maddala (1986):

y∗1i = β′1x1i + υ1i, y1i = 1 if y∗1i > 0, y1i = 0 otherwise, (1)
y∗2i = δy1i + β′2x2i + υ2i, y2i = 1 if y∗2i > 0, y2i = 0 otherwise, (2)

[υ1i, υ2i] ∼ Φ2[(0, 0), (1, 1), ζ], ζ ∈ [−1, 1]

where i is the individual index; y∗1i and y∗2i are latent continuous variables for which only the binary
variables y1i and y2i are observable; x1i and x2i are vectors of exogenous variables —which can
possibly be identical (Wilde, 2000); and (υ1i, υ2i)′ is a vector of error terms described by Φ2 —a
bivariate standard normal distribution with correlation ζ.1

Assume now that an empirical researcher estimates a Bivariate Probit that misses the recursive
structure of equations (1) and (2); i.e.

y∗1i = β′1x1i + υ1i, y1i = 1 if y∗1i > 0, y1i = 0 otherwise, (3)
y∗2i = β′2x2i + ε2i, y2i = 1 if y∗2i > 0, y2i = 0 otherwise, (4)

1A recursive structure is logically consistent with, for instance, the health production model in which individuals
first engage in a healthy behaviour (y∗

1) in order to produce health (y∗
2) (see Humphreys et al., 2014).
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[υ1i, ε2i] ∼ Φ2[(0, 0), (1, 1), ρ], ρ ∈ [−1, 1]

where ρ is the correlation between υ1i and ε2i.

If the BP defined by equations (3) and (4) is estimated on the data generated by equations (1) and
(2), then the true recursive component is absorbed by the error term of equation (4) which implies
that ρ is mechanically determined by ζ and δ; i.e.,

ρ ≡ corr(υ1i, ε2i) = corr(υ1i, δy1i + υ2i)

= cov(υ1i, δy1i + υ2i)√
var(υ1i)var(δy1i + υ2i)

= cov(υ1i, δy1i) + cov(υ1i, υ2i)√
var(δy1i) + var(υ2i) + 2cov(υ2i, δy1i)

= cov(υ1i, y1i)δ + ζ√
δ2var(y1i) + 1

, (5)

Not surprisingly, according to equation (5) if δ = 0 then ρ = ζ —i.e. in the absence of a recursive
structure, the RBP collapses to the BP. Also, equation (5) shows that ρ can plausibly take value
zero, depending on the signs and relative magnitude of ζ and δ —i.e. a BP model estimated on RBP
data can potentially deliver a zero correlation parameter which would erroneously be interpreted as
evidence of independence between y1 and y2. Implicit in the previous statement (and in the setting
of the RBP process), no a priori restrictions are imposed on the signs of ζ and δ. For instance, ζ
and δ may have opposite signs. while ζ captures the correlation between the error terms υ1 and υ2,
it does not reflect the correlation between y1 and y2. Such correlation is subsumed into δ —which
implies that the interpretation of the RBP correlation does not resemble the interpretation of the BP
correlation parameter. Section 3 illustrates the implications from equation (5).

3 Illustration

The Monte Carlo simulations in this section are designed to illustrate how the sign of ρ̂ depends on
the signs and values of both ζ and δ —i.e. we illustrate that ρ may be estimated at zero, hiding
a true recursive structure. Also, we borrow data from Blasch et al. (2017) to illustrate that, in
empirical applications, ζ does not necessarily reflect the direction of the correlation between y1 and
y2.

3.1 Monte Carlo simulations

A pseudo-population of 100, 000 individuals has been simulated according to the following recursive
data-generating process:

y∗1i = −2.00 + 0.10z1i + 0.90z2i + υ1i, y1i = 1 if y∗1i > 0, y1i = 0 otherwise, (6)
y∗2i = δy1i − 1.00 + 1.20z1i − 0.20z2i + υ2i, y2i = 1 if y∗2i > 0, y2i = 0 otherwise, (7)

where z1 and z2 are two exogenous variables. Realizations of z1 are drawn from a binomial distribution
with probability of success of 0.5; and realizations of z2 are drawn from a normal distribution with
mean 2 and unitary standard deviation.

Results reported in table 1 illustrate the values of ρ̂ that arise from erroneously estimating a BP on
RBP data generated according to equations (6) and (7). Each set of results in table 1 arise from
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1,000 Monte Carlo replications.2

Table 1: Monte Carlo simulations (1,000 replications)

ζ = 0.00, then ˆρ = 0.00 when δ = 0.00
(ρ̂’s sign and magnitude is determined by δ)

True parameters
ζ 0.00 0.00 0.00 0.00 0.00 0.00
δ 2.00 1.50 0.40 0.00 −1.50 −2.00

Estimated parameters
ρ̂ —via a BP 0.85 0.72 0.23 0.00 −0.71 −0.82

Std. Dev. (0.00) (0.01) (0.01) (0.00) (0.01) (0.00)
ζ̂ —via a RBP 0.00 0.00 0.00 0.04 −0.00 0.00

Std. Dev. (0.07) (0.02) (0.02) (0.05) (0.03) (0.02)
δ̂ —via a RBP 2.00 1.48 0.39 −0.08 −1.49 −2.01

Std. Dev. (0.11) (0.03) (0.05) (0.08) (0.04) (0.05)

ζ = 0.80; then ˆρ = 0.00 when δ is negative and large (≈ −1.50)
(ρ̂’s sign and magnitude is determined by both δ and ζ)

True parameters
ζ 0.80 0.80 0.80 0.80 0.80 0.80
δ 2.00 1.50 0.40 0.00 −1.50 −2.00

Estimated parameters
ρ̂ —via a BP 0.99 0.98 0.90 0.79 −0.09 −0.40

Std. Dev. (0.00) (0.00) (0.00) (0.00) (0.01) (0.01)
ζ̂ —via a RBP 0.80 0.79 0.81 0.79 0.81 0.80

Std. Dev. (0.01) (0.02) (0.00) (0.00) (0.00) (0.01)
δ̂ —via a RBP 1.97 1.53 0.37 0.02 −1.51 −1.98

Std. Dev. (0.03) (0.12) (0.01) (0.01) (0.01) (0.04)

ζ = −0.80; then ˆρ = 0.00 when δ is positive and large
(ρ̂’s sign and magnitude is determined by both δ and ζ)

True parameters
ζ −0.80 −0.80 −0.80 −0.80 −0.80 −0.80
δ 2.00 1.50 0.40 0.00 −1.50 −2.00

Estimated parameters
ρ̂ —via a BP 0.45 0.11 −0.63 −0.79 −0.98 −0.99

Std. Dev. (0.00) (0.00) (0.01) (0.01) (0.00) (0.01)
ζ̂ —via a RBP −0.78 −0.79 −0.80 −0.79 −0.79 −0.82

Std. Dev. (0.01) (0.01) (0.01) (0.01) (0.03) (0.02)
δ̂ —via a RBP 1.97 1.49 0.40 0.00 −1.54 −1.92

Std. Dev. (0.02) (0.01) (0.04) (0.01) (0.09) (0.12)

The first panel of table 1 illustrates that when no correlation between unobservables is present in the
true RBP process (ζ = 0),3 then the correlation parameter in a BP model takes value zero when the
parameter associated to the endogenous variable takes value zero —i.e. the sign and magnitude of
ρ̂ is determined by the sign and magnitude of δ. In the six scenarios of the first panel, ζ is assumed
to be zero; from left to right δ takes values 2.00, 1.50, 0.40, 0.00, -1.50, and -2.00, respectively.
Consistently with equation (5), ρ̂ is positive when δ is positive; zero when δ = 0; and negative when
δ is negative. We also report ζ̂ and δ̂ to document that the correct RBP model yields estimates that
reflect the true parameters.

The second panel of table 1 illustrates that when ζ is large and positive (e.g., ζ = 0.80), then ρ̂ is
large and positive when δ is also positive. However, ρ̂ can take value zero and even shift its sign if

2Tangentially, notice that our estimations do not require exclusion restrictions for identification purposes. See
Humphreys et al. (2014) for further details on the trend of the literature that considers that exclusion restrictions are
essential in estimating RBP models.

3This scenario is not unseen in empirical applications. For instance, Greene (1998)’s RBP yields a zero correlation
parameter.
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δ is negative and relatively large —in this scenario, δ ≈ −1.50 provokes the shift in sign. In the six
scenarios of the second panel, ζ = 0.80, and δ goes from 2.00 to -2.00 in a similar fashion as in the
previous panel of results. Notice that ρ̂ = 0.99 when δ = 2.00, and ρ̂ = 0.90 even when δ = 0.40. A
δ near −1.50 is needed to shift the sign of ρ̂ —i.e. under this scenario, δ is required to be negative
and large for a shift in sign to occur.

Following a similar reasoning as in the second panel, the third panel of table 1 illustrates that a large
and negative correlation between unobservables in the RBP process (e.g., ζ = −0.80) translates into
a large and negative ρ̂ unless δ is large and positive.

3.2 Empirical example

We borrow our empirical illustration from Blasch et al. (2017) who implement an online randomized
controlled experiment in which respondents take two binary decisions. One decision is the identifica-
tion, from among two alternatives, of the refrigerator with the lowest lifetime cost. Another decision
consists on carrying out (or not) an investment calculation to determine the lifetime cost of the two
refrigerators.

Blasch et al. (2017) hypothesize that performing an investment calculation has a positive causal
effect on the probability of identifying the refrigerator with the lowest lifetime cost. Thus a RBP
model is expected to yield a statistically significant positive coefficient associated to the investment
calculation variable —i.e. a δ̂ > 0.

Table 2: Selected parameters from Bivariate probit (BP) and Recursive bivariate probit (RBP)
specifications estimated on data borrowed from Blasch et al. (2017).

Number of observations: 877

BP RBP

Investment Calculation Equation . . .

Energy literacy index 0.0444** 0.0437**
(0.0205) (0.0203)

Investment literacy index 0.4632*** 0.6643***
(0.1317) (0.1361)

Monetary treatment 0.5661*** 0.5467***
(0.1144) (0.1138)

Refrigerator Choice Equation . . .

Energy literacy index 0.0808*** 0.0457**
(0.0189) (0.0200)

Monetary treatment 0.6885*** 0.2971***
(0.1074) (0.1151)

Investment calculation — 2.5436***
— (0.1657)

Correlation parameter 0.6633*** -0.8162***
(0.0524) (0.1184)

***, **, * ⇒ Significance at 1%, 5%, 10% level.
Robust standard error in parenthesis.

Table 2 reports selected parameter estimates from a BP model and a RBP model. These models are
estimated on a sample of 877 Swiss respondents analyzed by Blasch et al. (2017). In addition to
the correlation estimates and the parameter associated with the investment calculation decision, we
report the parameters associated to three variables of interest in Blasch et al. (2017): i) an energy
literacy index; ii) an investment literacy index; and iii) a randomly allocated monetary treatment
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under which respondents see the yearly electricity consumption of the refrigerators in monetary units
(CHF) instead of physical units (kWh).

Focusing our attention on the results from the RBP, we illustrate that ζ does not capture the
correlation between y1 (carrying out an investment calculation) and y2 (identifying the refrigerator
with the lowest lifetime cost). The positive correlation, subsumed by the positive causal relationship,
is captured by δ (δ̂ = 2.54). In this application, ζ̂ = −0.82 —i.e. the correlation between unobserved
factors is negative. These empirical results resemble the first scenario reported in the third panel of
table 1 (ζ = −0.80, δ = 2.00). Consequently, we could expect that a BP model would deliver a ρ
with the opposite sign of ζ —expectation that is confirmed (ρ̂ = 0.66).

4 Conclusions

This note makes the point that a BP delivering a zero correlation parameter may not always be
interpreted as evidence of independence between the binary variables under study. It is possible that
a zero correlation parameter is hiding the presence of a RBP process. Thus empirical researchers
would benefit from estimating a RBP specification when a BP delivers a zero correlation parameter
to check for consistency in results —a RBP specification should yield an insignificant parameter
associated with the endogenous binary variable and, consequently, an identical correlation parameter
than the BP. When estimating a RBP model, however, keep in mind that deciding which variable
is y1 is neither straightforward nor trivial. We should not arbitrarily choose y1 but instead follow a
careful selection process informed by a theoretical framework.

Empirical researchers should also keep in mind that the RBP correlation parameter is not interpreted
in a similar fashion as the BP correlation parameter. Thus there is no need of interpreting a RBP
correlation parameter as reflecting the correlation of the binary variables under analysis. Consequently,
it is plausible to observe a scenario in which a BP model delivers a correlation parameter with the
opposite sign yielded by a RBP model. Such result does not require behavioural arguments making
sense out of it. We have identified some confusion on this point in empirical applications (e.g.,
Kassouf and Hoffmann, 2006).
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