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Mechanism Design with Moral Hazard

Abstract

This paper studies dynamic mechanism design in the presence of moral hazard. Revelation
principle extends to models with moral hazard for both full commitment and limited
commitment, but | also identify environments in which the principal doesn’t benefit from
eliciting agents’ private information or beliefs. One-shot deviation principle requires the
knowledge of agents’ private strategies after deviations, and | characterize the necessary and
sufficient condition for all IC constraints that requires only the knowledge of agents’
equilibrium strategies. | also provide two sufficient conditions for smaller set of IC constraints
that require obedience after a single-period deviation to be sufficient for all IC constraints. |
illustrate how to apply revelation principle and the smaller set of IC constraints with an
application allowing for endogenous state.

Keywords: dynamic mechanism design, adverse selection, moral hazard, revelation principle,
one-shot deviation principle, endogenous state.

Suehyun Kwon
Department of Economics
University College London

30 Gordon Street
United Kingdom - London WC1H 0AX
suehyun.kwon@ucl.ac.uk

August 1, 2017

First draft: November 4, 2016. This paper subsumes “Recursive Formulation with Learning” (first draft:
November 7, 2013) and “Incentive Compatibility with Endogenous States” (first draft: February 5,
2016). | thank Dilip Abreu, David Ahn, Eduardo Azevedo, Marco Battaglini, Ken Binmore, Simon
Board, Patrick Bolton, Antonio Cabrales, Sylvain Chassang, Yeon-Koo Che, Pierre-André Chiappori,
Syngjoo Choi, Joyee Deb, Federico Echenique, Camilo Garcia-Jimeno, Daniel Garrett, Johaness Horner,
Emir Kamenica, Navin Kartik, Pat Kehoe, Philipp Kircher, Botond Koszegi, Jihong Lee, David Levine,
Lucas Maestri, George Mailath, Miltos Makris, Konrad Mierendorff, Michael Ostrovsky, Sven Rady,
Avriel Rubinstein, Yuliy Sannikov, Bruno Strulovici, Baldzs Szentes, Juuso Toikka, Juuso Valimaki and
participants at UCL research day, EEA-ESEM 2014 Conference, UCL-LSE TheoryWorkshop,
University of East Anglia, UCL Brown bag, University of Bristol, Birkbeck, 2016 CESifo Area
Conference on Applied Microeconomics, Columbia University, University of Pennsylvania, Yale
University, University of Warwick, ESSET 2016, Conference on Market Design and Micro Theory.



1 Introduction

There are many situations where the principal has no private information about the
payoff-relevant state but agents may have private information and can take actions
unobservable to the principal. If the principal only observes an outcome which de-
pends both on the payoff-relevant state and agents’ actions, there is both moral hazard
and (potential) adverse selection. In health insurance, the genetic disposition or the
current health status can be the payoff-relevant state, and agents can take preven-
tive measures or healthier lifestyle including more exercises and healthy eating[l] In
unemployment insurance, the worker’s ability can be the payoff-relevant state, and
workers can decide how much effort to put into job search. If the government doesn’t
know the ability of the unemployed nor effort in job search, it only knows whether
the unemployed finds a new job or not, and again, there is both moral hazard and
(potential) adverse selection. When agents have private information about the payoff-
relevant state, there is adverse selection and moral hazard, and when agents have no
private information, there is moral hazard with ex-ante symmetric uncertainty. If
agents’ actions don’t affect the payoff-relevant state, the state is exogenous, but if
agents’ actions affect the payoff-relevant state, the state is endogenous.

Other examples include endogenous human capital accumulation. If the agent’s
human capital is the payoff-relevant state and it evolves as a result of the agent’s effort,
we have endogenous human capital accumulation. If the principal or the government
doesn’t observe neither the human capital nor the agent’s action, then there is moral
hazard; there could be adverse selection in case the agent has private information
about his own human capital and symmetric uncertainty if the agent doesn’t have
private information. For another example, consider an agent developing a product for
the market. If the agent sees the progress of the product but the principal doesn’t,
then the agent has private information about the payoff-relevant state (progress of the
product). If the development of the product depends on the agent’s action, and the
principal only sees a noisy signal, for example, the sales data of beta products, then
there is also moral hazard and the payoff-relevant state is endogenous. The payoff-
relevant state could also be the match quality between the principal and the agent,

the cost shock, the productivity shock, the market condition, the firm fundamental

IThis is different from adverse selection and moral hazard discussed in Einav et al (2013) where
moral hazard comes from overconsumption.



or the agent’s quality as in Holmstrom’s career concerns.

The case of exogeneous payoff-relevant state with ex-ante symmetric uncertainty
has been relatively extensively studiedﬁ but if agents have private information or
the state is endogenous, there are only three publications I'm aware 0f.E| This is in
part due to technical reasons; in particular, one must account for the possibility of
profitable multi-period deviations when the state is endogenous or agents have private
information. Yet in many of the applications mentioned earlier, the payoff-relevant
state is endogenous, and agents have private information. I develop tools to handle
this class of models in this paper. Specifically, the class of models I consider has four
key assumptions: (i) there is a payoff-relevant state, (ii) the principal has no private
signal on the payoff-relevant state, (iii) agents may have private signals about the
payoff-relevant state (adverse selection or ex-ante symmetric uncertainty) and (iv)
agents’ actions are unobservable to the principal and other agents (moral hazard).

When agents have private information, the most general class of contracts that
the principal can offer to agents is dynamic mechanism design with moral hazard.
When agents don’t have private information at the beginning of first period, this still
can be accomodated by mechanism design approach. In dynamic mechanism design,
revelation principle and one-shot deviation principle are two of the main tools. The
principal can always elicit agents’ private information before choosing an allocation,
and when there is more than one period, agents can always deviate in multiple periods.

I first show that revelation principle, both with full commitment and limited
commitment, extends to models with moral hazard. Then I define what one-shot
deviation principle should mean if there is both adverse selection and moral haz-
ard. Since one-shot deviation principle requires the knowledge of agents’ deviation
strategies after every private history, it is difficult to apply it to characterizion of
the optimal mechanism. I characterize the necessary and sufficient conditon for all
IC constraints (dynamic IC) that requires only the knowledge of agents’ equilibrium

strategiesﬁ Next, I define what I call on-path single deviation IC which is stronger

2Most of literature on strategic experimentation or dynamic moral hazard with symmetric uncer-
tainty is included in the class of models I study. The quality of the unknown arm is the payoff-relevant
state, and at the onset, none of the principal or agents have any private information about the qual-
ity of the unknown arm. Agents’ actions are their private information, and all players observe an
outcome that depends both on the quality of the unknown arm and actions of agents

3See Garrett-Pavan (2012), Board-Meyer-ter-Vehn (2013), Halac-Kartik-Liu (2016)

“In the single-agent case with full commitment, an equilibrium strategy is the agent’s strategy
when he has never deviated before. On the equilibrium path or off the equilibrium path are with



than the one-shot deviation IC; on-path single deviation IC only considers strategies
of deviating once from the equilibrium strategy then conforming to the principal’s
expectation thereafter. This might mean the agent deviates from his private strategy
infinitely many times and is different from the one-shot deviation in repeated games,
but a few examples of it have been referred to as one-shot deviation in the mecha-
nism design or contracting literature. When the principal elicits private information
and recommends actions each period, on-path single deviation is the same as obeying
recommendations after a single-period deviation. I provide two sufficient conditions
for when on-path single deviation IC constraints are sufficient for all IC constraints.

In this class of models, even if agents don’t observe the state, there is asymmetric
information off the equilibrium path. If an outcome is a noisy signal of the agent’s
action and the state, the principal updates his belief about the state using the agent’s
equilibrium strategy, (and the outcome distribution induced by it) and the agent’s
deviation leads to belief disagreement off the equilibrium path. If the agent has
a private signal on the state, the agent has more information than the principal
on the equilibrium path. A mechanism designer (or the principal which I will use
interchangeably throughout the paper) can elicit agents’ private information at the
beginning of a period. Revelation principle shows that despite moral hazard, it is
always sufficient to elicit agents’ private information in a given period. But perhaps
what’s more surprising is that in the class of models with symmetric uncertainty;,
the principal can do no better by eliciting the agents’ beliefs. Models with symmetric
uncertainty are the models where neither the principal nor agents have a private signal
on the state, agents’ actions are unobservable to the principal and other agents, and
the outcome and the allocation are observed publicly. This implies that in strategic
experimentation or career concerns, there is no benefit from eliciting agents’ beliefs.
There is also a class of models in which the principal doesn’t benefit from eliciting
agents’ private information even if agents have private information. The common
feature in this class of models is that an agent’s equilibrium strategy doesn’t depend
on the state; in particular, if the state is endogenous and the state transition only
depends on the agent’s action and not on the state, the principal never benefits from
eliciting agent’s private information. An immediate corollary is that in the principal-
agent version of Board-Meyer-ter-Vehn (2013), there is no benefit from eliciting the

firm’s private information even though the firm’s quality is its private information

respect to whether the agent has deviated.



and consumers don’t observe the quality.

After eliciting agents’ private information, most mechanism design problems em-
ploy the sufficiency of local IC constraints. Intertemporally, this would be the one-shot
deviation principle, and intratemporally, this would be the first-order condition IC.
One-shot deviation principle holds with respect to private strategies, but it requires
the knowledge of agents’ deviation strategies after every private history and is difficult
to applyﬂ On-path single deviation IC restricts attention to strategies on the equilib-
rium path where the agent deviates once but conforms to the principal’s expectation
from the following period on. This IC only requires the knowledge of the agent’s
equilibrium strategy and is easy to apply. However, this IC is not always sufficient
for all IC constraints, and I provide two sufficient conditions for when this is.

The first sufficient condition is when past actions don’t affect the outcome dis-
tribution nor the state transition and agents observe the payoff-relevant state; then
on-path single deviation ICs are sufficient for all IC constraints. Corollary of this
condition holds when agents observe the payoff-relevant state and the state and the
outcome are Markovian. In particular, this sufficient condition allows for endogenous
states, and to the best of my knowledge, this is the first paper that studies endogenous
states with both adverse selection and moral hazard in the principal-agent setting.ﬁ
It also follows that if there is only adverse selection or moral hazard in a Markovian
environment, on-path single deviation ICs are sufficient. In the pure adverse selection
setting, Pavan-Segal-Toikka (2014) refer to this as strongly truthful strategies.

The second sufficient condition requires the agents’ beliefs to satisfy the first-order
stochastic dominance and each agent’s continuation value satisfies increasing differ-
ences in the agent’s action and the state. This might seem strong, but many existing
papers can be verified ex post to satisfy this condition. When the agent doesn’t ob-
serve the state, existing literature has focused on belief disagreement, informational
rent and trade off between efficiency and rent (dynamics over time). Belief disagree-
ment and informational rent hold in the general class of models.

When on-path single deviation ICs are not sufficient, it is necessary to consider

®One-shot deviation principle in repeated games literature is with respect to all private strategies.
In mechanism design or contracting literature, a few papers refer to examples of strategies for
deviating once from the equilibrium strategy and conforming to the principal’s expectation from the
following period on as one-shot deviation. I define this class of strategies as on-path single deviation.

5The only other paper with endogenous states, adverse selection and moral hazard is Board-
Meyer-ter-Vehn and they have competitive market.



multi-period deviations of the agent. I derive a necessary condition (dynamic IC)
and show that it is sufficient if the principal has limited commitment or continuity
at infinity is satisfied. Dynamic IC implies the on-path single deviation IC, and it
imposes restrictions on dynamics of any incentive-compatible contract.

Once I develop the tools, I illustrate how to apply revelation principle and the
first sufficient condition for on-path single deviation IC constraints to the discrete-
time principal-agent version of Board-Meyer-ter-Vehn (2013). Their model has one
firm and a continuum of consumers. I model the firm as the agent and consumers
effectively being the principal. This application has infinite horizon, endogenous
payoff-relevant state, private information and a continuum of actions. I characterize
properties of optimal contracts and efficient equilibria. One of the properties (back-
loading of payments) has been shown in other contexts, and my result highlights the
driving force of this property. Other properties haven’t been shown in the litera-
ture. For example, it follows from theorem [2| that the principal doesn’t benefit from
eliciting the agent’s belief even though the quality of the firm is the agent’s private
information. I also show that even though the agent is allowed to take any action
from a continuum, the agent only takes the lowest action or the highest action on the
equilibrium path.

Comparing my application with Board-Meyer-ter-Vehn (2013) shows that the
equilibrium definition is crucial for the dynamics of the optimal contract or efficient
equilibria. In particular, the reputation dynamics in Board-Meyer-ter-Vehn (2013) is
not efficient when the firm and the market of consumers can use history-contingent
strategies; their result depends on the Markovian strategies. Any optimal contract
allowing for fully history-contingent strategies also doesn’t have the reputation dy-
namics. Furthermore, backloading of payments has to hold for any signal structure
including the perfect good news and the perfect bad news cases, which again shows
that allowing for history-contingent strategies has a bigger impact than the signal
structure the consumers (or the principal in my application) get. In addition, the
bang-bang result of the agent’s action (the firm’s investment) shows that when the
model is linear, allowing for binary actions is without loss of generality; even though
Board-Meyer-ter-Vehn (2013) allows for a continuum of actions, the IC constraint of
the agent and the optimality for the principal require that the agent will only take
the lowest action or the highest action on the equilibrium path.

The main policy implication of this application is that linearity of the model,



in particular, the shape of the cost function, is of first-order importance that dom-
inates whether the state is endogenous or the agent has private information. But
this requires a constant marginal cost. In the motivating examples mentioned earlier,
whether the cost of submitting job applications is a linear or convex function of the
number of firms matters more for the shape of the optimal contract than whether
the unemployed knows his own ability perfectly. Similarly, whether exercising three
times a week or five times a week is a linear function or not matters for the shape of
the optimal health insurance.

The scope of tools I develop in the first part of the paper is much wider than
the application in the second half. Revelation principle, dynamic IC and sufficiency
of on-path single deviation IC work with any finite number of agents, and the IC
constraints work both in the mechanism design setting and games. In particular, any
stochastic game with a payoff-relevant state has to satisfy these ICs. Decomposition
of continuation values can also be applied to decision problems and competitive-
market settings, and the application illustrates both usages. Since these IC constraints
are different from the usual one-shot deviation strategies that have been used for
dynamic programming, I provide dynamic programming method to account for the
on-path single deviation IC when it’s sufficient and for multi-period deviations when
the dynamic IC is necessary.

The methodology I develop by itself also highlights economic forces behind this
class of models. Essentially, the tools I develop can be applied to any dynamic model
with moral hazard where the principal has no private information about the payoff-
relevant state and agents may have private information. Detailed discussion of results
are in section [6l

The following section discusses related literature, and the rest of the paper is
organized as follows. Section [2| presents the model, and revelation principle is shown
in section 3} IC constraints and dynamic programming are discussed in section [4] and
section [o] presents the application. Section [6] further discusses results, and section
concludes. Omitted proofs and a formal derivation of dynamic programming are in

the online supplementary material.



1.1 Related Literature

As mentioned earlier, the case when the payoff-relevant state is exogenous and agents
have no private information about the state is extensively studied in the literature.[]
If the state is endogenous or the agent has private information, there are very few
publications.

Publications with both adverse selection and moral hazard include Board-Meyer-
ter-Vehn (2013), Garrett-Pavan (2012) and Halac-Kartik-Liu (2016). I focus on
principal-agent setting while Board-Meyer-ter-Vehn (2013) has one firm and a com-
petitive market of consumers; but among three papers, theirs is the only one with
endogenous state, and my application is the discrete-time principal-agent version of
their model. In Garrett-Pavan (2012), managers can be matched randomly if they are
fired, and the paper focuses on the retention policy. Revelation principle provides an
alternative proof for their dynamic direct mechanism, and the first sufficient condition
for on-path single deviation IC constraints is satisfied in their model, but they have
non-linear costs, and their model doesn’t overlap with my application. Halac-Kartik-
Liu (2016) has both the project quality and the agent quality. Since the principal
and the agent start with symmetric uncertainty about the project quality while the
agent knows his own quality, my sufficient conditions for on-path single deviation 1C
doesn’t apply to their setting.

Existing literature on endogenous human capital has focused on models where
the government perfectly observes the level of human capital and the investment into
it; this would mean that both the payoff-relevant state and the agents’ actions are
observable to the mechanism designer. (See for example Blundell et al (2016) or
Stantcheva (2015))

I also allow all of the private history to affect the outcome distribution or the state
transition in a given period. Cumulative actions of the agent can be mapped into the
class of models I study; in continuous time, there is Sannikov (2014). Pavan-Segal-
Toikka (2014) with unobservable actions can also be mapped into this class.

Related papers that haven’t been mentioned so far include Myerson (1982) and
Bester-Strausz (2001) for revelation principle. I allow for both full commitment and
limited commitment, and proofs follow these two papers relatively closely. On-path

single deviation IC is also related to obedience in Myerson (1982).

"See for example Bergemann-Hege (1998, 2005), Bhaskar-Mailath (2015), DeMarzo-Sannikov
(2015), Hérner-Samuelson (2013), Prat-Jovanovic (2014)



Dynamic IC has never been studied in the literature, and most existing papers
satisfy sufficiency of on-path single deviation IC. The closest reference for dynamic
IC would be the impulse response function in Pavan-Segal-Toikka (2014). Section [6]
discusses the relationship further.

Sufficiency of on-path single deviation IC has been shown in specific cases in the
mechanism design or contracting literature, but the first sufficient condition I show
has never been shown. The second sufficient condition can be verified ex post to
be satisfied in many existing models in strategic experimentation, career concerns or

dynamic moral hazard with symmetric uncertainty.

2 Model

I first present a binary model in section then the general model in section [2.2]
I use the binary model to illustrate the intuition in sections and [4.2] but the
sufficient conditions for on-path single deviation ICs in section [4.3| require the general

model.

2.1 Binary Model

The class of models I study makes four key assumptions: (i) There is a payoff-relevant
state, (ii) the principal has no private signal on the payoff-relevant state, (iii) agents
may have private signals and (iv) agents’ actions are unobservable to the principal
and other agents. The binary model in this section captures the simplest case with
endogenous state and limited commitment.

Formally, a principal hires an agent over the infinite horizon, ¢ = 1,2,---. The
principal and the agent share the common discount factor § € (0,1). Each period,
the principal offers a contract, and the agent decides whether to accept. If the agent
accepts, the agent chooses an effort a € [0, 1] which is his private information. An
outcome is realized and observed by both parties. The principal makes a payment
specified in the contract, and they move to the next period. If the agent rejects, the
parties receive their outside options and continue in the following period.

In the binary model in this section, I don’t allow the principal to elicit the agent’s
private information, but since the agent receives no private signal, this is without loss

of generality and is shown formally in theorem [I}



There are three relevant variables in each period: they are the underlying state,
the agent’s action and the outcome. There are two states, w; and ws. The states are
unobservable to both the principal and the agent, and the parties start with a common
prior ! in the beginning of period 1. The agent’s action is his private information
which leads to moral hazard, and it controls the transition probabilities of the state,
which makes the state endogenous. When the agent chooses a, the probability of
going from wsy this period to w; next period is a. The probability of staying in w; is
r(a) € [0,1), where r(-) is differentiable. Let P(a) be the transition matrix for the
states when the agent chooses a; P;;(a) is the probability of going from state w; to

state w; next period. P(a) is given by

o= (701

The cost of effort for the agent is ¢(-) which is differentiable, weakly convex, increasing
and ¢(0) = 0. An outcome is denoted by y, and the set of outcomes is J) C R. The
probability of each outcome is pinned down by the underlying state. Let fi(y), f2(y)
be probabilities of outcome y in states 1 and 2, respectively. I assume that the
distributions are atomless and satisfy full support, i.e., fi(y), fa(y) > 0 for all y € Y.
The state transition depends on the current state and the agent’s effort, and the
outcome only depends on the current state.

If the agent accepts the contract, the state changes at the end of the period after
the principal makes a payment. If the principal doesn’t offer a contract or the agent
rejects it, the state doesn’t change. The outside option for each party are normalized
to 0. The principal is risk neutral, and the agent’s vNM utility function from payment
is u(-) which is increasing, concave and u(0) = 0.

No one observes the state, and the agent knows his effort and the outcome. The
principal only observes the outcome each period, and he offers payments conditional
on the history of all outcomes. I consider perfect Bayesian equilibria of the game.

Let as,y:, w; be the agent’s action, the outcome and the payment in period t.
{w:(y)}, is the contract offered by the principal, and since the principal’s history
coincides with the public history, I use the shorthand notation and denote the pay-
ments as a function of current-period outcomes. The formal definition is in the next
paragraph. d; = 1(0) denotes that the agent accepts (rejects) the contract in period
t. The public history, which coincides with the principal’s history, at period ¢ after

10



the outcome is realized is

B = ({i0(5) by do. yos wo. {01 (1) bys oy w0, -+ {0(y) by i) € HOP.

If d; = 0, then y; = 0 = w;. If the principal doesn’t offer a contract, {w:(y) }y, di, ye, wy =
(). The agent’s private history at period t is

W = ({wo(y)}y, dos a0, yos wo, -+ {@r-1(y) Yys dio1s ar1, Y1, wi1) € HO

Let X% be the set of all measurable functions o®* : HF — R. 5P is the set of
all contracts {w,(y)}, that the principal can offer in period ¢, and the principal can
also choose not to offer any contract which corresponds to (). The agent’s strategy is
ol HEA — {0}U[0,1). If the agent chooses ), d; = 0; the agent rejects the contract,
and the parties receive their outside options and move to the next period. If the agent
chooses a € [0,1), then d; = 1 and a; = a; the agent accepts the contract and takes
action a. Throughout the paper, hat denotes the agent’s private history/strategy the
principal believes is the true history/strategy.

I assume the agent plays a pure strategy, and it is also without loss of generality to
assume that the principal doesn’t randomize over transfers. The principal is allowed

to randomize over continuation contracts, and there is a public randomization device.

2.2 General Model

A principal (mechanism designer) hires N > 1 agents for t = 1,2, --- T where T can
be oo. The principal’s discount factor is dp € (0,1), and agents’ discount factors are
6% € (0,1), i = 1,2,--- | N. Each period, there is a payoff-relevant state w; € Qy,
and agent i receives a private signal s, € S} then sends a message m; € M;. The
mechanism recommends an action r{ € A} to agent i, agent i takes an action a} € A%,
an outcome y; € ) is realized and there is an allocation z; = (z},w}, -+ , 2N, wl) €
Z, =Y, (X! xR). ziis the allocation for agent i, w is the transfer from the principal
to agent i, and z{ = (z%, w}).

O, S ML ALYy, X are metric spaces, and they are allowed to be ). T assume
all functions are measurable. Let g; : ; — IIY,S! be the signal structure. The cost
of action is ¢} : AL — R. The distribution of outcome and the transition probabilities

of the state are allowed to depend on all past states, signals, actions, outcomes and

11



allocations. Let S, = YS!, A, = IIIY; A! and denote the outcome distribution and

the state transition in period t by f;, P;, respectively:

fi: Hj;ll(Qj X S; X A;j X Vi x Z5) x Qp x S x Ay — o (),
P I (5 X S x Aj x YV X Z5) = 0(Qupa)

where o(X) denotes the set of all probability measures on X.

The principal values outcome y; with v : Y — R, Y = Uthlyt. I assume the
principal is risk neutral with respect to w;, and agent i values (z},w!) with vNM
utility function ! : X7 x R — R. w! is strictly increasing, weakly concave with
respect to the second argument. When the allocation only consists of transfers and
the agent is risk neutral with respect to transfer, I assume limited liability to rule out
the residual claimant argumentﬁ but otherwise, I don’t assume limited liability.

I will consider different information structures on the state for agents, but the
following is maintained throughout the paper: The principal doesn’t observe the
state, agents’ actions are unobservable to the principal and other agents, and the
outcome and the allocation are publicly observed. Messages and recommendations
are private. In the beginng of period 1, the principal’s prior on the payoff-relevant
state, wy, is 7¥ and agent ¢ has prior 4.

With full commitment, the outside options of the principal and agents are v and
u, respectively. If the principal doesn’t offer a mechanism or any agent doesn’t par-
ticipate, all players receive their outside options. Since the game is over if agents
don’t participate in the mechanism in the first period, I define histories only for the
case when the principal offers the mechanism on the equilibrium path, and all agents
participate in the mechanism; the mechanism and participation decisions are omit-
ted from histories. The message space for agent ¢ in period ¢, M!, is determined
when the principal offers the mechanism. The mechanism consists of message spaces

¢ Vt,i and allocation which is specified below. The timing within each period is
(i) agents receive private signals (ii) agents send messages (iii) the mechanism rec-
ommends an action to each agent (iv) agents take actions (v) an outcome is realized

(vi) an allocation is made (vii) the state changes.

8When there is both adverse selection and moral hazard, risk neutrality of the agent doesn’t
always imply that the principal can sell the firm. See Kwon (2017).
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The private history of agent 7 in period ¢ after receiving a signal is
tim (i i i i i i i t,i,m
h - (317m177a17a17y17217"' 7St—lamt—laTt—lvatflvytflvzt*hst) S :

The private history of agent ¢ in period t after the mechanism recommends an action

is
tia _ (i i o i i i i i i tia
h - (31>m1a7"17a1>?/1721, e 7St—17Tt—1aa’t—17yt—lazt—17stamt7rt) € H .

The public history in the beginning of period ¢ is h' = (y1,21, - ,yi-1,2¢-1) € H'.

The principal’s history after messages are sent in period ¢ is

t,Pr __ t,Pyr
h/ — (mlarlayhzl,"' 7mt—17rt—1;yt—17zt—17mt> GH
where m; = (m},---,mY), r, = (r},---, 7). The principal’s history after the

outcome is realized in period t is

t,P,Z —_ t,P,Z
h - (mlarl7ylazl7"' 7mt—17Tt—17yt—172t—17mt7rt7yt) EH .

The reporting strategy of agent i is o™ : H!™ — g(M?), and the action strategy
of agent i is g™ : H4 — Al The recommendation by the mechanism is o®P7" :
HEPT — o(x;AY), and the allocation is o : H4PZ — Z, T assume agents play
pure strategies and the principal doesn’t randomize over allocations. The principal is

allowed to randomize over continuation contracts, and there is a public randomization

device. All strategies are measurable functions. I also define s; = (s},-++,sY), a; =
1 N
(ag, -+ ,a;") and
7t
R = (W1, 81,10, 71, @1, Y1,y 2157 Wity S6—15 M1, T 15 Q15 Y15 Z0—1, W St)

to be the compilation of private histories in period . The compilation of private his-
tories is the union of all private histories of agents and the payoff-relevant state. The
set of compilation of private histories in period t is denoted by #H!. The last notation
regarding histories is H(h%*") which denotes all compilations of private histories in
period t that are consistent with agent 4’s private history h%*. A complitaion of
private histories in H(h"") is denoted by h(h%"").

Let p(h*®) be the probability distribution over H(h**?) conditional on h%** and
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all other agents playing equilibrium strategies; let p(a; ‘|h(h%*®)) be the probability
distribution over other agents’ actions conditional on h(h**?) and all other agents
playing equilibrium strategies. Throughout the paper, (h', h*) denotes history h!
followed by h*.

With limited commitment, I assume the principal offers a mechanism at the be-
ginning of each period, and agents decide whether to participate. The mechanism
consists of the message space for each agent in the current period and allocation. If
agents participate, the rest of the period is the same as with full commitment. If
an agent doesn’t participate or if the principal doesn’t offer a mechanism, the prin-
cipal and agents receive their per-period outside options v and u, respectively. The
state transition in a period where they receive outside options is given by P°. Anal-
ogous results hold also if agents first receive private signals then the principal offers
a mechanism.

I focus on undetectable deviations and assume that the principal and agents take
their outside options forever once a deviation is detected. Since the mechanism offered
by the principal, whether agents participated and allocations are publicly observed,
I focus on agents’ IC constraints for report and action choices. I focus on perfect

Bayesian equilibria of the game.

3 Revelation Principle

This section shows that revelation principle extends to models with moral hazard.
Since each agent’s choices of report and action in each period is sequential, proofs
extend naturally and follow Myerson (1982) and Bester-Strausz (2001) closely. When
agents take actions in addition to having private information, the mechanism can
recommend actions based on reports. The principal can commit to the mechanism
within each period, even with limited commitment, and the mechanism can randomize
on behalf of agents by the action profile recommended to agents. The mechanism
knows both reports and the recommended action profile, and therefore, the allocation
can be chosen as in Myerson or Bester-Strausz.

When agents have private information, revelation principle extends in a straight-
forward manner. However, an important implication is when there is symmetric
information on the equilibrium path, i.e., agents receive no private signal on the

payoff-relevant state. In this case, it is without loss of generality not to ask agents
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for reports. In light of revelation principle, it almost seems trivial given that the set
of private signals for a particular agent in a given period is an empty set. But this
implies that in strategic experimentation or career concerns, there is no gain from
eliciting agents’ beliefs on the payoff-relevant state. In particular, even though agents
have no private information on the equilibrium path in this class of models, agents
have private information off the equilibrium path. Once an agent starts deviating, he
knows his past actions, and in addition, he can update his belief on the payoff-relevant
state using the correct probability distributions induced by the actions he took; the
principal updates his belief using the probability distributions induced by the agent’s
equilibrium actions, and the principal has a wrong belief on the payoff-relevant state.
Therefore, when the principal doesn’t observe agents’ actions, which implies that the
principal doesn’t know whether agents have deviated, it is not immediate that the
principal cannot benefit by asking agents to report their beliefs on the payoff-relevant
state. My result shows that this intuition is wrong, and the principal cannot benefit
by eliciting agents’ beliefs.

Any proof that is not in the main text is in the online supplementary material.

Theorem 1 (Revelation Principle). Regardless of the commitment power, direct
mechanisms with S} as the message space for agent i in period t are without loss
of generality. With full commitment, if S; = 0, then not eliciting the belief of agent i
in period t is without loss of generality. With limited commitment, if S} = 0 for all i
i a given period, not eliciting beliefs is without loss of generality. When the princi-
pal has full commitment, there exists a direct mechanism where truthful reporting is
an optimal strateqy for each agent, but when the principal has limited commitment,
agents might randomize. Agents follow actions recommended by the mechanism after

the report.

The next theorem shows that there is another class of models in which the prin-
cipal doesn’t benefit from eliciting agents’ private information, and in this case, it is
despite agents having private information on the equilibrium path. This is an example
of environments in which the principal doesn’t benefit from eliciting private informa-
tion, and there are other variations as well. This again may not seem particularly
interesting as it is, but the discrete-time principal-agent version of Board-Meyer-ter-

Vehn (2013) is a special case and further discussed in section [
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Theorem 2. Suppose (i) the outcome distribution only depends on the current state,

(ii) the state transition P, is Markovian and (iii) can be decomposed as
P, = M; + a; M,

where a; € R, My, M| don’t depend on a; and M| doesn’t depend on the current state
wy. It is without loss of generality not to elicit agents’ private information in period
t.

4 1IC constraints

Results on IC constraints are in this section. I first show how I decompose agents’
continuation values in section then derive the necessary and sufficient condition
for all IC constraints (dynamic IC) in section [£.2] This condition only requires the
knowledge of the agents’ equilibrium strategies. Section [4.3|shows sufficient conditions
for on-path single deviation IC to be sufficient for all IC constraints, and section
describes dynamic programming.

I will describe the intuition using the model from section 2.1, Theorem [1] shows
that in this case, it is without loss of generality not to elicit the agent’s belief, and I

focus on the IC constraint for action choices.

4.1 Decomposition of Continuation Values

This section describes the main building block for results in section 4 The results I
derive in section {] use an unconventional dynamic programming method, and I will
describe the first step in this section. I am going to describe it with the binary model
in section then present the result for the general model.

The key to my dynamic programming method is the decomposition idea. Instead
of considering one continuation value for a given history of outcomes, I decompose
it into a linear combination of hypothetical continuation values. The number of
hypothetical continuation values I need depends on the number (cardinality) of the
states and the outcomes.

Before going into detail, let me describe how standard dynamic programming
would approach this problem, and why it doesn’t give us the results in this model. In

order to use dynamic programming, we need to be able to express the continuation
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value of the agent by some value function. But we also need an expression for the
deviation payoff of the agent as we need to compare the two in the IC constraint. In
this class of models, we can’t use the same value function on and off the equilibrium
path that only depends on the principal’s history. Given a history of outcomes, we
know what’s the payment the principal is going to make. However we also need
to know what’s the cost of action for the agent, and more importantly, we need to
know the probability of reaching each history. Suppose we know what the agent is
going to do in the continuation game. Given a continuation strategy of the agent,
we know the cost of action, but we still need to know the probability of reaching
each history. The value function needs the agent’s belief on the state as one of its
arguments. Furthermore, once the agent deviates, the principal and the agent have
different beliefs on the state and the principal doesn’t even know the agent’s belief
on the state.

Let me illustrate the last point a bit more. Suppose the belief on the state in the
beginning of period t is 7. The agent’s equilibrium strategy is to choose a. When an

outcome y is realized, the belief on the state is updated to

20— ( Wifl(y) W%fz(y) )
T f(y) +mhf2(y) T (y) + e fa(y) )

If the agent takes action a, both the principal and the agent believe

Hﬂzﬁwww:( T fi(y) 5 f2(y) )(r@)l—dw>

T fi(y) + 75 fo(y) 7 fi(y) + 7 fay) a l-a

in the beginning of period ¢+ 1. However, if the agent deviates to a’ # a, the principal

still believes 7**1, but the agent believes

7t = 70P(d) =

(Wifl(y) + 7 fo(y)” m fi(y) + 75 fa(y) '

a 1—d

() T f2(y) )(r@)l—r@))_

In order to know the agent’s deviation payoff, we need to understand how the value
function depends on the belief on the state, and this problem becomes even more
complicated when the agent deviates multiple periods. At the bottom line, we cannot
use the same value function on and off the equilibrium path.

The decomposition idea circumvents this problem by representing the agent’s con-
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tinuation value, both on and off the equilibrium path, by a linear combination of a set
of hypothetical continuation values. The agent’s belief on the state enters the linear
combination as weights on hypothetical continuation values. The agent’s action also
enters the linear combination as weights.

To give a concrete example, suppose there are two outcomes. The probability of
a high outcome is p, € (0,1] in the good state and 0 < p, < p, in the bad state.
The continuation payoff of the agent from period ¢ + 1 on depends on continuation

strategies of the principal and the agent and the agent’s belief 7¢*!,

The deviation
payoft of the agent from period ¢t + 1 on depends on the continuation strategy of the
principal conditional on observing outcome y, the continuation strategy of the agent
after having deviated to @’ # a and the agent’s belief 7.

Now I can decompose the continuation values as follows. Suppose (i) an outcome
y is realized in period ¢, (ii) the state in period t + 1 is w;, (iii) the agent does what
the principal expects him to do from the following period on and (iv) the principal
follows his equilibrium strategy. If the agent hasn’t deviated up to period ¢, point (iii)
just means that the agent follows his equilibrium strategy. If the agent has deviated
at some point in the first ¢ periods, point (iii) could mean that the agent deviates
from his strategy conditional on his private history; but conforming to the principal’s
expectation is an available strategy for the agent, and suppose for the moment that’s
the agent’s continuation strategy. I define this class of strategies as on-path single
deviation and discuss them further in the following two sections. Furthermore, this
strategy includes many of the local IC constraints that have been referred to as one-
shot deviation in the contracting literature. If the agent diverts cash only for this
instance and doesn’t divert any more in the future, or if the agent misreports his type
only this period and reports truthfully from next period on, on-path single deviation

includes these strategies. The formal definition is as follows.

Definition 1. On-path single deviation is deviating in a single period then following
the strategy that the principal believes is the agent’s equilibrium strateqy given the
principal’s private history. If the principal elicits the agent’s private information and
recommends an action each period, on-path single deviation is equivalent to obeying
the recommendation every period after a single-period deviation.

For example, in the binary model from section |2.1, given the principal’s history
htT | there exists a private history of the agent htA that the principal believes is

the agent’s true private history. On-path single deviation in period t is formally a
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strategy oRA such that oA (BB dy, d gy, wy, BY) = o TRAREA dy, ay, gy, wy, )

for all k, h*.

When the three conditions are met, we can express the agent’s continuation value
by some number V. Since we fixed the strategies of the principal and the agent, we
know the agent’s action and the principal’s payment after each history. If we know the
agent’s action each period and the state in period t+1, we know the probability of each
continuation history from period ¢t 4+ 1 on and can find the continuation value of the
agent. I call V,,, a hypothetical continuation value for (y, w;) because it is conditional
on getting outcome y this period and going to state w; in the following period. Neither
the principal nor the agent observes the state, and even if they happen to be in state
w; in the following period, they will never know that the agent’s true continuation
value is V. Nevertheless, we can compute the hypothetical continuation value for
each pair of (y,w;).

The next step is to express the agent’s continuation value from period ¢ on in

terms of V,,,,’s. Consider figure . There are two outcomes, H or L in period ¢, and

- Wi - Vle

T1Pg + T2Pb H -==22_____
“——““~> . Vw
w1 r(a) +7f(1—a) “2 ° VHe
W%T(CL) +7T§___,¢> w1 VLwl

71 (1 —pg) + ma(1 L <::::j::4

Ty we ot Vi,

Figure 1: Decomposition with two outcomes

L are beliefs on

there are two states we could be in period ¢t + 1, w; and wy. 7, 7
the state after outcome H and L, respectively. We can use figure [1{ to write down the
agent’s continuation value with Vi, , Viw,, Viw, s Viw,, but we can decompose it one
step further, and I think it helps with intuition.

Essentially, even though the principal and the agent don’t know the state they're
in, if they knew which state they are in, they know the exact probabilities of outcomes
H and L and the transition probabilities of the state. This explains the probabilities

of events in figure 2 What needs a bit more attention is the continuation values
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7T/1// 1= I ”’(’), 1 Lwy
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%
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N 1—a > w2 Vi,
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l—a wy : Vi,

Figure 2: Decomposition with two outcomes (2)

from period ¢ 4+ 1 on. There are eight cases to consider: there are two states and two
outcomes in period ¢, and there are two states in period ¢ + 1. Note that the agent’s
hypothetical continuation value doesn’t depend on the current Stateﬂ The payment
in period t depends on the outcome, but not the actual state in period t. Once we
factor out the effects of the state on probabilities in period ¢, the state in period t no
longer affects the continuation value from period ¢t+1 on. The continuation value from
period t + 1 on only depends on the continuation strategies and probabilities of each
history from that point on; the continuation strategies depend on the history, not the
state in period ¢, and once we consider hypothetical continuation values conditional
on the state in period t 4+ 1, the current state no longer matters. Therefore, if the
outcome is y and the state in period ¢ + 1 is w;, then the agent’s continuation value
is V., regardless of the current state, and we can express the agent’s continuation

value as follows:

— c(a) + m(py(u(w(H)) + 6(r(a)Viw, + (1 = 1(a))Viw,))
+(1 = pg)(u(w(L)) + 6(r(a)Viw, + (1 = 7(a))Viw,)))

9The last point depends on the Markovian assumption of the binary model. The general model
allows all of the history to affect the state transition.

20



+ma(py(w(w(H)) + 6(aVie, + (1= a)Viw,)) + (1 = po)(u(w(L)) + 6(aVi, + (1 = a)Viw,)))

where w(y) is the payment for outcome y in period t.

This idea generalizes to more than two outcomes.

Proposition 1. Suppose in period t, the agent accepts the contract and chooses a €
0,1). Let V., be the hypothetical continuation value of the agent from period t+1 on
if (i) an outcome y is realized in period t, (ii) the state in period t + 1 is w;, (i) the
agent’s continuation strateqy coincides with what the principal expects him to do, i.e.,
R (REA A, gy we, BE) = otTRAREA dy ay, gy, we, BF) for all k,hF and (iv) the
principal follows his equilibrium strategy. Given the agent’s belief m in the beginning

of period t, the agent’s continuation value from period t on is given by
—ela)m [ u((e)5(r(@) Voo H1r(0) Vi) dF 72 [ 00(0))6(0Vi 4100V )P
Hypothetical continuation values conditional on history up to period t — 1 are

V= =c(@) + [ ulw(@)) + 50(@)Vy, + (1= r(@)Vyn)F

Vy = —cla) + / w(w(y)) + 6(aVyer + (1~ a)Vyu)dF,

in state wy and wsy, respectively.

We can also generalize it to the general model in section[2.2] We can represent the
agent’s continuation value at any point and theorem [3]is one example. Essentially, for
each agent i given his private history %%, there is one hypothetical continuation value
corresponding to every compilation of private history h? that is consistent with h®%.
And the multiplicity of representation comes from the timing we take the expectation
over all compilations of private histories consistent with A%, If there is only one
agent as we saw in the binary model, the agent’s expectation is over the payoff-
relevant state. If there is more than one agent, each agent also takes an expectation
over other agents’ private signals and actions. Since it’s already notationally heavy, I
express the continuation value only in terms of agents’ action choices. When agents
send messages and the mechanism recommends actions, we need to take expectations
over reports and action recommendations as well, but conceptually, we just need to

integrate all hypothetical continuation values.
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Theorem 3 (General model). Let V : HiFLie(pithia)y 5 R e the hypothetical con-
tinuation value of agent i if from the following period on, all agents take actions
expected by the mechanism designer and the mechanism designer plays the equilib-

rium strategy. The agent’s continuation value from period t on is given by

[ ] / ) _C;(di) + / u’é(zz(ht,P,Z)) + 5?4 / V(B(ht’i’a)’ d;, at_i7 Yty 2ty W41, St-‘rl)
H(ht-ba) ST Al Y: Qi1 X St41

9t+1(St+1)d3t+lpt(wt+1)dwt+1) ft(yt)dytd/i(at_i|7l(ht’i’a))dﬂ(ht’i’a)‘

Corollary 1 (Markovian environment with no private signal). Suppose the outcome
distribution and the state transition are Markovian and S} = 0 for all t,i. Let V :
HT X Q1 — R be the hypothetical continuation value of agent i conditional on (i)
the public history and the state in period t+1 and (ii) from period t+1 on, all agents
take actions expected by the mechanism designer and the mechanism designer plays
the equilibrium strategy. If the agent i’s prior in the beginning of period t is w, the

agent’s continuation value from period t on is given by

| e+ | (u;@;(wz»w / v<ht,yt,zt,th)Pt(th)dwm)ﬁ(y»dytdw.
Q Y; Qi1

Theorem (3| allows for mixed strategies, but I assume agents play pure strate-
gies, and for each compilation of history, p(a; “|ht*(h*?)) is a degenerate distribution.
Corollary [1] shows that the expression simplifies greatly if the environment is Marko-
vian and agents have no private signals. Since we already know from theorem
that there is no benefit from eliciting beliefs when agents have no private signal, the
mechanism designer doesn’t need to ask for reports. The only type of undetectable
deviations are action choices, and the expression in corollary (1| is without loss of
generality. Since the outcome distribution and the state transition are Markovian, if
agent i deviates to a}, it affects both f; and P,. However, from period ¢ + 1 onwards,
the agent’s action in period ¢ doesn’t matter for hypothetical continuation values.

The decomposition uses more than one hypothetical continuation values to ex-
press the agent’s continuation value, but its advantage is that we can express the
agent’s deviation payoffs using the same hypothetical continuation values. Consider

proposition (1] for the binary model. Because both the agent’s prior and the agent’s
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action enter the continuation value of the agent as weights on hypothetical contin-
uation values, we just need to change the weights to express deviation payoffs, and
there’s no longer any need for additional value functions. If the agent has a different

prior 7, the agent’s continuation value from period ¢t on would be

—c(a)+7 /u(w(y))%—é(r(a)vywl—i—(l—r(a))Vyw)dFl—i-frg /u(w(y))—i—é(aVywl—i—(l—a)Vyw)ng.

If the agent deviates to a’ # a in period t, the agent’s deviation payoff would be

—c(a’)+m /u(w(y))—l—é(r(a’)vywl—i—(l—r(a’))Vwa)dFl—i-ﬂg / w(w(y))+0(a'Vyw, +(1—a' )V, )dFs.

Now we're ready to discuss the IC constraints.

4.2 Dynamic IC

This section presents the necessary and sufficient condition for all IC constraints that
requires only the knowledge of agents’ equilibrium strategies. I continue describing
the result with the binary model in section [2.1

First consider the on-path single deviation defined in definition [II The agent
hasn’t deviated in the first t — 1 periods. He deviates in period ¢ but conforms to the
principal’s expectation from period ¢+ 1 on. This is different from the usual one-step
deviation in repeated games; the agent’s strategy might dictate that after a deviation,
the continuation strategy of the agent is different from what the principal expects him
to do. If the agent conforms to the principal’s expectation from the following period
on, this could mean that the agent deviates from his private strategy infinitely many
times. But in any case, if the agent does an on-path single deviation, the agent’s IC

constraint looks like the following:

—ela) 1 [ () + 50(@)Vor + (1= 7(0)Vien )IF,
w1 [ ulw(y) + 5@V, + (1 )V )F:
> —c(d)+m /U(W(y)) +0(r(a")Vyw, + (1 = 7(a")) Vi, )dF

+ / w(w(y)) + 6(a' Vi + (1 — @)V, )dFy. 1)
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Remember the agent follows a strategy o' ™54 (ht4 d,, d, yy, wy, h*) = o™ *A(hE4 d,y, ay, vy, wy, hF)
for all k, h*. I've used proposition [1| to express the agent’s continuation values on and
off the equilibrium path. Since we consider a deviation where the agent conforms
to the principal’s expectation from ¢ + 1 on, we can express the agent’s payoffs in a
tractable way. For now, we only know that this is a necessary condition. Because the
agent is allowed to follow this strategy, this type of IC constraint has to be satisfied
after every history on the equilibrium path.
If we look at the IC constraint more closely, one can see that this equalizes the

marginal cost and the marginal benefit. is equivalent to
(17 (@) (@) [ Vi = Vi Fi 4 70— @) [ Vi = VindF) = ) = o). (2

Since the agent can deviate to any o’ € [0,1), we need to consider both the cases
a >aand ad <a. If is satisfied for all ¢/, then

5(mir'(a) / Vyor — VyudFy + 3 / Vyor — VindF) = () 3)

must hold for a # 0. Let [ Vi, — Viyw,dFi = W;. In (3), Vi, — Vjw, is the marginal
benefit of going to w; rather than wy in ¢ 4+ 1. Therefore, W; is the expected benefit
of going to w; when the outcome in ¢ hasn’t been realized yet and they’re in w; in ¢.
W5 is the analogue for wy in t. When the agent deviates to a’ # a, the cost of effort
is different, but it also changes the transition probabilities into the next period. The
left-hand side of is the marginal benefit of increasing a, and the right-hand side is
the marginal cost of effort. If the agent conforms to the principal’s expectation from
t+ 1 on, the IC constraint for on-path single deviation equalizes the marginal benefit

and the marginal cost.

Proposition 2. Suppose the agent’s prior in the beginning of period t is w. Any
incentive-compatible contract must satisfy the on-path single deviation IC after every

history on the equilibrium path:

§(mr' (@)W + mWs) = d(a), Ya # 0,
§(mir' (0)W + meWs) < (0).

Now consider the following deviation. The agent hasn’t deviated in the first t — 1
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periods. He then deviates two periods in a row, in ¢t and ¢ 4+ 1, and conforms to the
principal’s expectation from ¢t + 2 on. In t, the agent deviates to @’ # a, and in t + 1,
the agent deviates to a’(y) # a(y) where I used the short-hand notation that after
the first deviation in period ¢, the only new information is the outcome y, and the
agent is allowed to condition his second deviation on the realization of y. Consider

expanding figure [2| one more period allowing for the continuum of outcomes.
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Figure 3: Decomposition for two periods

With a slight abuse of notation, let V,..,,. be the agent’s hypothetical continuation
value if outcomes in period t and ¢+ 1 are y and z, respectively, and the state in t 4 2
is w;. Let Wy = [ Vs — ViyrundFi(2). If we expand the continuation value of the

agent from Proposition |1} for one more period, this is what we get:
—d@+W3/(ww@»+6me—dww»+/uwwn+6vmw»wwf+u—rww»wawmm>
+u—ww»edmw»+/um@»+&mwww_u1—mwn@WME0>wa

—Hm/(ww@»+a@&fm@»+/uwu»+ammeQq+m—mww»wmmwn
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(1= a)(~ela@) + [ u(w(z) + 8(a(s)Vyeu + (1 - a<y>>v;m>dF2>)) aF,
If the agent deviates two periods in a row, the IC constraint looks like
~ela)+m [ <u<w<y>> +8(r(a)(~ela(w)) + [ u(w(2) +5((a) Vi + (1= r(ay))Viuun}dF)
+ (1= @) (~ela(w) + [ u(w(2) +5(o(e)Vyuus + (1~ a<y>>v;,zw2>dF2>)) aF;
wm (u(w@)) +3(al—elaw) + [ ulw(z) + r(a@)Vyews + (1= r(ay))Viuwr)dF)
(1= )(—cla(e) + [ uw(e)) +5alu)Vyeus + (1 - a(y))vym)sz»))sz
>~ )+ | <u<w<y>> #3(r@) el ) + [ ) + 50 0) Voo + (1= 0 (0)Vir )l
(1= @) el )+ [ ) + 56 )V + (1 - a'(y))%zw)sz)))dFl
i (u(w@)) +3(@ e ) + [ () + 500 (1) Vs + (1= @ ()Vyen)AF)

H1= @) + [ ) + 5 () Vi + (1~ a'(y))vymm&»)) F;.

(4)
looks complicated, but it can be simplified in the following way.
§(my(r(a) —r(a"))Wi + me(a — a" )W)
+ 62 /(r(a(y)) —r(a'(y)) Wy (mr(a")dF) + ma' dFy)
o / (0fy) — ()Wyalm (1 = r(a))dF; +mo(1 = o )dF)
—o(d) 46 / J(r1dFy + madF). (5)

tells us that the first deviation changes the marginal benefit of the second

deviation. When (3] is satisfied, the agent’s deviation in period t alone is not prof-

26



itable. However it changes the marginal benefit of the period-(¢+1) deviation through
mr(a)dFy + md'dFy and (1 —r(a’))dFy +mo(1 — a’)dF, and it might become prof-
itable to deviate in t + 1.

Looking at more closely, one can see that Wj is the marginal benefit of in-
creasing the probability of being in w; in the following period, conditional on being
in w; this period. Wj is the marginal benefit of increasing the probability of being
in w; in the following period if they're in wy this period. W), is the marginal benefit
of increasing the probability of being in w; in ¢ + 2, conditional on the history up
to ¢t and being in w; in ¢t + 1. When the agent deviates to a'(y) # a(y), it changes
the probability of being in wy in ¢ + 2, and (r(a(y)) — r(a'(y))) W, is the benefit of
deviating to a/(y) if they’re in wy in t4 1. Furthermore, if the agent deviated to a’ # a
in period t, myr(a’)dFy +ma'dFy is the probability of having y in period ¢ and being in
wy in t41. Therefore, from period-t perspective, the benefit of period-(t+1) deviation
conditional on being in wy in t+11s 6% [(r(a(y)) —r(d'(y))) Wy (mir(a’)dF +mod dF),
which depends on both the period-t deviation and the period-(¢ 4+ 1) deviation. Sim-
ilarly, Wy, is the marginal benefit of increasing the probability of being in w; in ¢ + 2,
conditional on the history up to ¢t and being in wy in ¢ + 1. From period-t perspec-
tive, the benefit of period-(t 4+ 1) deviation conditional on being in wy in ¢ + 1 is
0% [(aly) = a'(y))Wya(mi(1 = r(d))dFy + m3(1 — a')dFy).

If the agent only deviates in ¢+ 1, it wouldn’t be profitable, but because of period
t deviation, now it might become profitable. Even if for all histories are satisfied,

it doesn’t automatically imply

5/(7“(a(y)) —r(d'(y))) Wy (mur(a')dFy + maad'dFy)
+ 5/(@(9) — d'(y))Wya(mi(1 = r(a))dF) + m(1 — a’)dF3)

> / (a(y)) — e(d(y))(mdF, + mdF)

if the agent deviates to a’ # a in period t. This is why these dynamic IC constraints
are also necessary, and if these are not satisfied, alone is not sufficient.

generalizes to any N-period deviation:
t+N—1

> oo (6(%%(%(%"“*)) = r{al, ()W ()

n=t
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g (an(A4) = () Wa (1) ) = (efan () - c(a;<hn’f‘>>)> AG, (") = 0.

where 7" is the agent’s belief given his private history in the beginning of period n and
G, is the CDF of the agent’s private history A™#. h™4 is the agent’s private history
at the beginning of period n, and h™4 is what the principal believes is the agent’s
private history. a,, is the agent’s equilibrium strategy, and a/, is the deviation strategy.
We also know that the N-period IC constraint is sufficient for the (N — 1)-period IC

constraint, and if we take the limit as N — oo, then we get

S f (6(ﬁ?<r<an<ﬁ“>> =l () WA (34 14)
o+ A an(h) = a, ()W (A1) = (elan(h™) — c<a;<h“’A>>)> 4Gy (h") = 0,

which T call the dynamic IC. The dynamic IC also turns out to be sufficient for all
IC constraints in the binary model from section In general, the dynamic IC is

sufficient if there is limited commitment or continuity at infinity is satisfied.

Proposition 3. Suppose the agent’s prior in the beginning of period n given his
private history is . A contract is incentive compatible if and only if it satisfies the

dynamic IC constraint after every history on the equilibrium path:

S f (6(ﬁ?<r<an<w>> = r(a ()W ()
g (an(A4) = (AN Wa (4 ) = (efan () - c(azl(h"’f‘)))) AG,(h") 2 0.

Since the agent is always allowed to deviate to the strategies described above,
we already know that the dynamic IC constraint is necessary. The main idea of the
proof for sufficiency is somewhat related to the proof of one-shot deviation principle.
Suppose there is a profitable deviation ¢’ for the agent that satisfies the dynamic
IC constraint. Suppose ¢’ gives an e-higher payoff to the agent than his equilibrium
strategy. In a perfect Bayesian equilibrium, we have continuity at infinity, and there

exist N sufficiently large and another deviation strategy o” such that the agent’s

28



payoff from ¢” is at least €/2 higher than his equilibrium payoff and

o (A, W) =o' (W4, BB for k=0, N —1,
o (W WY =o (W4 ) for k > N.

In o”, the agent deviates for N periods as in ¢, but after N periods, the agent
conforms to the principal’s expectation for the rest of the infinite horizon. However,
this contradicts the dynamic IC, and there does not exist a deviation strategy o’ that
gives at least € > 0 more to the agent than his equilibrium payoff.

In the general model, the dynamic IC is given by the following theorem. As in
theorem [3] I focus on action choices. Allowing for reports and action recommendations

require expanding the integral twice more within each period.

Theorem 4 (General model). Let V : U/H!tEba(pt14e) — R be the hypothetical
continuation value of agent i if from the following period on, all agents take actions
expected by the mechanism designer and the mechanism designer plays the equilibrium

strategy. The dynamic IC after h%% is given by

o
S| ( [ i) - )
—t H(ht,i,a’hk,i) Hj;éz‘Aj

t+k

+/ <Ui+kz(22+k(ht+k’P)) + 52/ V(ﬁ(ht+k’i’a)7at+k7yt+k>zt+k>wt+k+173t+k+l)
Yit

Qi1 XSttt

Gerkr1 (Seahr1)dStrr1 Pryr (Wi ki ’a§+k)dwt+k+1> ft+k(yt+k‘ai+k)dyt+k

- / <Ui+k(2Z+k(ht+k’P)) + 5?4/ V(B(hwk’i’a)a (&i/-q—ka &tiik)a Yiths Zttk> Wikt 15 Stk+1)
Yitr Q41 XStgkt1
Gerkr1 (Seahr1)dStri1 Pryr (Wi ki ’ai/-f—k>dwt+k+l> SernWerrlary ) dyer

dyu(a, )y |h (R, h’“))) dpcht* W) > 0

where aj_,, is the equilibrium action, and af,, is agent i’s deviation strategy.
The dynamic IC after each history on the equilibrium path is necessary. It is

sufficient if there is limited commitment or continuity at infinity.
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Corollary 2 (Markovian environment with no private signal). Suppose the outcome
distribution and the state transition are Markovian and S = 0 for all t,i. Let V :
Ug(HT x Q441) — R be the hypothetical continuation value of agent i conditional
on (i) the public history and the state in period t + 1 and (ii) from period t + 1
on, all agents take actions expected by the mechanism and the mechanism plays the

equilibrium strategy. The dynamic IC in period t is given by
> | ( | —(alat) =@ + [ G falwalal) = £l dw
n=t n n
+ 5%(/ / V(R", Y, 2y W 1) P (Wnp1 |0l ) dwp 1 fr(yn|al) ) dyy
n Qn+1
_ / / V(™ Yy 2y ) P (@i |6 ) deon fn(ynya;)dyn> dfr;) 4G, (h™9) > 0
n Qn+1

where G, is the distribution of agent i’s private history in period n, 7' is his private

belief in period n, a!, is the equilibrium action and a, is the deviation in period n.

4.3 Sufficient Conditions for On-path Single Deviation IC

The advantage of decomposition in section [4.1] and the dynamic IC in section [4.2] is
that we have an explicit expression for agents’ continuation values both on and off
the equilibrium path, and the dynamic IC only requires the knowledge of the agents’
equilibrium strategies. However, in general one still needs to consider all possible
deviations to verify the dynamic IC. I will show in this section when on-path single
deviation IC is sufficient for all IC constraints. When it is sufficient, we only need to
verify that the agent doesn’t want to deviate from the equilibrium strategy in a single
period and conform to the principal’s expectation thereafter, and we don’t even need
to worry about the private continuation strategies of agents after a deviation.

The rest of section [4] discusses results with the general model in section [2} T will
first state the results then explain the intuition. When the mechanism elicits private
information, on-path single deviation is defined as deviating once in (report, action)
but reporting truthfully and obeying recommendations by the mechanism from the
following period on.

Corollary (3| provides an alternative proof for direct mechanism in Garret-Pavan

(2012), but apart from their paper, theorem |5 hasn’t been shown in the literature
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even as special cases. Theorem [ can be verified ex post to be satisfied in many
papers on strategic experimentation, career concerns or dynamic moral hazard with
ex-ante symmetric uncertainty, and it identifies the underlying economic intuition

across those models.

Theorem 5 (Sufficient Condition 1). Suppose (i) each agent observes the state every
period, (s; = wy) (ii) the domain of the outcome distribution f, is II'_} (4 X V; x Z;) X
Q x Ay, and (iii) the domain of the state transition Py is TI5_; (€2 x YVj X Z;) x A;.

On-path single deviation ICs are sufficient for all IC' constraints.

Corollary 3 (Markovian environment). Suppose (i) each agent observes the state
every period, (si = wy) (ii) the domain of the outcome distribution f; is Qy x Ay,
and (iii) the domain of the state transition P, is Qy X Ay X Yy X Z;. On-path single

deviation ICs are sufficient for all IC constraints.

Theorem 6 (Sufficient Condition 2). Suppose (i) the outcome distribution and the
state transition are Markovian, (allowing for fully persistent states) (ii) S; = 0 for
all t,i, (iit) each agent can only deviate downwards, (iv) the posterior of each agent
dominates the equilibrium belief in the sense of first-order stochastic dominance after

a deviation and (v)

/ (Ui(ZZ(htpz)) + 52/ V(hta Ye, 2, Wit1) Py (wt+1)dwt+1> fi(ye)dy,
Y: Qi1

is supermodular in w; and ai. On-path single deviation ICs are sufficient for all ICs.

Corollary |3| shows that if the outcome distribution and the state transition are
Markovian and agents observe the state every period, on-path single deviation ICs
are sufficient. In this environment, the optimal continuation strategy of each agent
only depends on the current state and the continuation strategy of the mechanism
designer and other agents; in particular, past deviations don’t matter for the max-
imum continuation value the agent can generate with any strategy. Therefore, the
maximum deviation payoff the agent can get from this period onward coincides with
the maximum deviation payoff from on-path single deviations, and on-path single
deviation ICs are sufficient for all IC constraints.

Theorem [5[ allows non-Markovian environments as long as each agent observes the

state every period and past actions don’t affect neither the outcome distribution nor
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the state transition. This still allows past states, outcomes and allocations to affect
future outcome distribution and state transition, and the mechanism designer can
endogenously affect the environment; it is further discussed in section [ Theorem
also naturally extends to pure moral hazard models where (i) there is no state
or (ii) the principal and agents observe the state each period. In pure adverse selec-
tion, Pavan-Segal-Toikka (2014) refer to this as strongly truthful strategies in Markov
environments.

Generically, if past actions affect the continuation game, through beliefs, the out-
come distribution or the state transition, on-path single deviation ICs are not suffi-
cient. In particular, if agents don’t know the state, on-path single deviation ICs are
generally not sufficient even if the outcome distribution and the state transition is
Markovian. This is because of learning. When the agent doesn’t perfectly observe the
state, the agent learns about the state from an outcome each period, and the agent’s
deviation has lasting effects through his belief on the state until there is a perfectly
informative signal.

The second sufficient condition (theorem [6]) shows when we still have sufficiency of
on-path single deviation ICs when past actions affect the continuation game. When
agents’ hypothetical continuation values satisfy increasing differences and an agent’s
belief satisfies first-order stochastic dominance after a deviation, the agent’s contin-
uation value from conforming to the principal’s expectation thereafter is minimized
on the equilibrium path. If the agent has deviated in the past, his continuation value
from conforming to the principal’s expectation is weakly greater than what his equi-
librium payoff would have been given the public history. Further deviations are taken
care of by increasing differences. Theorem [f]is a condition on hypothetical continua-
tion values which are endogenous, but it can be verified ex post after solving for the

optimal mechanism subject to on-path single deviation ICs.

4.4 Dynamic Programming

When the on-path single deviation IC is sufficient, the standard dynamic program-
ming can allow for adverse selection or ex-ante symmetric uncertainty together with
moral hazard. However, when the dynamic IC is necessary, i.e., one must account
for multi-period deviations, the standard dynamic programming no longer works. In

order to characterize the optimal mechanism only with the dynamic IC, one needs
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to make sure that the dynamic IC is also sufficient. This happens when there is lim-
ited commitment or continuity at infinity. I will describe the intuition for dynamic
programming when the dynamic IC is necessary and sufficient in this section. The
formal derivation is in the online supplementary material, and I will focus on the
single agent case in a Markovian environment.

Essentially, one can use transfinite induction to account for multi-period devia-
tions, and readers should feel free to jump to section 5| which discusses the application.
Dynamic programming requires technical assumptions, but they can be dispensed
with whenever the environment is finite.

The standard dynamic programming starts with the candidate set of payoffs (typ-
ically the set of all individually rational payoffs) and apply a contraction mapping
until it reaches the fixed point. Existing literature has focused on cases when on-path
single deviation ICs are sufficient, and when they are sufficient, the contraction map-
ping corresponds to the on-path single deviation given the public history up to that
point.

With the dynamic IC and multi-period deviations, it is no longer sufficient to
apply one contraction mapping until it reaches the fixed point. There is a sequence
of operators, which are monotone but not necessarily contraction mappings, and the
dynamic programming requires transfinite induction on this sequence of operators.
However, since each operator leads to a monotone sequence of set of payoffs, one can
still start with the candidate set of payoffs and apply each operator until it reaches the
fixed point. The difference from the standard dynamic programming is that once it
reaches the fixed point with the N-th operator T, it goes on to apply the (N 4 1)-th
operator T,1 until it reaches the next fixed point. Figure 4/shows how the transfinite
induction works, where W™ is the initial set for Ty and WN* = (T )k(WN0),

The state variable for dynamic programming is (7, V (-, ), V) which takes into
account the belief on the state, hypothetical continuation values for the agent and
the supremeum of principal’s payoffs, all on the equilibrium path. With one agent,
the dynamic IC only requires hypothetical continuation values on the equilibrium
path, and there is only one dynamic IC after every history on the equilibrium path;
it is sufficient to take the variables on the equilibrium path. Multi-period deviations
are taken care of within each dynamic IC, and we don’t need to worry about belief
disagreement off the equilibrium path for the state variable.

In the first stage, the candidate set of payoffs is W0 = {(7, V (-, ), VO ||V (y,w)| <
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Figure 4: Trans-finite Induction

V'} for some V. All that matters at this point is that there is a uniform upper bound
on hypothetical continuation values of the agent, since otherwise, no matter how many
times one applies monotone mappings to the initial set, it might never converge to a
set with finite measure. With limited commitment or continuity at infinity, the agent’s
expected utility on the equilibrium path is uniformly bounded. But we still need to
show that hypothetical continuation values are bounded; hypothetical continuation
values integrate up to a finite expected utility, but in principle, they can still diverge
or even be infinite on a set of measure zero. The proof follows from the fact that the
hypothetical continuation value is continuous in w and a, and any continuous function
on a compact set is uniformly bounded.

Let T7 be the operator with the on-path single deviation IC. One can find all
points in W that can be generated by W, and this corresponds to the usual mapping
in the standard dynamic programming except that it is weakly decreasing and not
strictly a contraction mapping. Since Ty (W) C W, (T1)?(W?°) = WJ converges to a
set-theoretic limit. We can define Ty to be the mapping with the N-period IC and
use the fact that the dynamic IC is equivalent to satisfying the N-period IC for every
N. Each Ty is non-increasing, and the limit of a monotone sequence is well-defined.

For each T, N-period deviations are taken care of as follows. First, given 7%, we
know 7'*! when the agent takes action a and outcome y is realized. By induction,
we can choose V;,2(y,w) for each 7! such that from period ¢+ 1 on, (N — 1)-period
deviation ICs are satisfied. Next, choose w;y1(y) such that V,,;(y,w) generated by
wi1(y), Viga(y,w) satisfy IR and the promise-keeping constraint. We know the
equilibrium beliefs, actions for the next N periods, and we need to verify the N-

period deviation IC.
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N-period deviation IC is satisfied by backward induction. Let Vi 4y be the
agent’s maximum deviation payoff from any deviation between period ¢ + k + 1 and
t+ N —1; the agent conforms to the principal’s expectation from period t+ N onwards.

t+N=1 and his hypothetical

In period t + N — 1, given the agent’s private belief 7
continuation values Vi, y(y,w), the agent has the optimal action. In period t + k,
given the agent’s private belief 7% and the maximum deviation payoff from ¢ +k+ 1
on, f/t+k+1, the agent has the optimal action. We can continue doing the backward

¢ = 7! and the equilibrium payoff has to be

induction, and in period ¢, we have 7
weakly better than the most profitable deviation payoff. The rest of the argument
follows from the agent’s deviation payoff being a continuous function of his private
belief and action; the set of beliefs and the set of actions are compact sets.

Since I take care of all private beliefs the agent might have in period ¢ + k when I
verify the N-period deviation IC, there is no need to keep track of the agent’s private

belief as the state variable.

5 Discrete-Time Principal-Agent Version of Board-
Meyer-ter-Vehn (2013)

This section discusses the discrete-time principal-agent version of Board-Meyer-ter-
Vehn (2013). It is a special case of the binary model from section [2.1| except allowing
for a € [0, 1] and illustrates how revelation principle and the first sufficient condition
for on-path single deviation ICs can be applied. I characterize properties of optimal
contracts and efficient equilibria.

I will first discretize Board-Meyer-ter-Vehn (2013) then map it into the principal-
agent version. In the discrete-time version of Board-Meyer-ter-Vehn, the firm sells
one unit of good at price of expected quality each period. The quality (state) is
0, € {L,H}, where L = 0, H = 1, and the firm makes investment a; € [0,1]
at constant marginal cost ¢ > 0. Initially, the firm’s quality 6, is exogenous, and
thereafter, #; = 6, where s < t is the most recent shock. The shock arrives with
probability A > 0, and when it arrives, the firm’s quality changes with Pr(; = H) =
as. Consumers don’t observe neither the quality #; nor investment a;, and they get
a public signal with probability pe each period. The firm knows its own quality and

is risk-neutral. They characterize Markov Perfect Equilibria of the game. Since their
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model is in continuous time, I discretize it in each period in the order of (i) the firm
makes investment, (ii) the quality may change, (iii) there may be a public signal, (iv)
consumers buy at the given price.

In the principal-agent version, consumers are the principal, and the firm is the
agent. Since the firm is risk-neutral, it maps into having a risk-neutral agent, and I
assume limited liability to rule out the residual claimant argument. The cost function

is ¢(a) = ca, and from Pr(6; = H) = as, the state transition is given by

P Aag +1 =X M1 —a)
B )\at 1—)\CLt

where Pj; is the probability of transition from quality ¢ to quality j, and the first
column and the first row correspond to the high quality. The transition matrix follows
from the fact that if the firm is high quality, with probability 1— A, the quality doesn’t
change and the firm remains high quality. When the quality changes with probability
A, the firm remains high quality with probability a. If the firm is low quality, it
becomes high quality if and only if the shock arrives, which happens with probability
A, and when it does arrive, the probability of becoming a high-quality firm is a.

Since consumers don’t observe the firm’s quality in Board-Meyer-ter-Vehn, I as-
sume that the principal gets payoff s if there is a public signal and ) if there is no
public signal. I normalize values of s, () so that the expected per-period payoff is 1
if the firm is high quality and 0 if the firm is low quality, i.e., pugs + (1 — py)d =
1, purs+ (1 —pr)d = 0. The principal can condition his payment on all of the public
history up to that point.

The first observation is that the optimal investment doesn’t depend on the current
quality. This is because of the state transition. If the shock doesn’t arrive, the firm’s
investment is irrelevant to its payoff, and when it arrives, the probability of becoming
a high-quality firm is Aa for both qualities. In this case, whether the firm knows its
own quality or not doesn’t matter for strategies, and in particular, this maps into
theorem [2| where not eliciting the agent’s belief is without loss of generality. The
principal doesn’t benefit from asking the firm to report its quality.

Second of all, the discrete-time principal-agent version of Board-Meyer-ter-Vehn
is a Markovian environment with both adverse selection and moral hazard. From

corollary [3, on-path single deviation ICs are sufficient for all IC constraints.
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The on-path single deviation IC with high quality is given by

—cap + (Aag +1 = N)(prV (s, H) + (1 — pm)V(0, H)) + M1 — ar)(uV (s, L) + (1 — p)V (0, L))
> —cd + (A +1=N)(ugV (s, H) + (1 — pg)V (0, H)) + A1 —a')(pV (s, L) + (1 — pr)V (0, L)),

for all @’ and with low quality, it’s given by

— cap + Aar(peV (s, H) + (L — pg)V(0, H)) + (1 — Aar) (urV (s, L) + (1 — pr)V (0, L))
> —cd + 2 (ugV(s,H)+ (1 — pg)V (D, H)) + (1 = Xa')(uV (s, L) + (1 — up)V (D, L)), Vd'

I dropped the public history up to the beginning of the period in the notation and
expressed hypothetical continuation values only in terms of current period signal and
and the quality. One can see that the on-path single deviation IC is identical for both
the high quality and the low quality:

— cay+ Ayl V (s, H) + (1 — ) V (0, H)) - Aatmws L)+ (1 pu)V(8, L))
> — e+ A (uaV (s, H) + (1= p)V(0, H)) = A (uV (s, L) + (1 = pr)V(D, L)), Ve

The third observation is that the on-path single deviation IC is linear in the firm’s

investment a,: for all o,
(a:—ad')(—c+AM(puV (s, H)+ (1 —pm)V (0, H)) = (uV (s, L)+ (1= pu)V (0, L)))) = 0.

In particular, let Vg, Vi, be the firm’s payoff conditional on the current quality. We
get

Vi = —cay + (Aay +1 = N)(unV (s, H) + (1= pg)V (0, H)) + M1 = ar)(uLV (s, L) + (1 — p)V (0, L)),
Vi = —cay + Xag(paV (s, H) + (1 — p)V(0, H)) + (1 — Xay)(prV (s, L) + (1 — pr)V (0, L)).

It follows that

Ve =V = (1 =N (paV (s, H) + (1 = pr)V(0, H) = pLV (s, L) = (1 = pr)V (0, L)),
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and we get

1—A
A
1—A
A

atzliva—VL> c,

ar =01 Vg -V < c.
Unless the coefficient on a; — o’ is 0, i.e., Vg — V, = %c, linearity implies that the
firm chooses the extreme points a; = 0 or a; = 1. But one can easily see that if the
coefficient is 0 and the firm chooses an interior a; € (0,1), the principal can offer
€ more to signal s and let the firm choose a; = 1. The bang-bang result requires
linearity of the cost function ¢(a) and the state transition r(a). Generically, the firm
chooses an interior solution if either of ¢(a), r(a) is non-linear.

Results so far don’t depend on details of the model including the signal structure,
equilibrium definition, or whether it’s a competitive market or principal-agent setting
except for the optimality argument in the bang-bang result. The bang-bang result
shows that any Markov Perfect Equilibrium has to be characterized by cutoffs in the
belief space, and the MPE with perfect learning in Board-Meyer-ter-Vehn are still
equilibria in the discrete-time version.

In the principal-agent version, one can also characterize the first best. The first

best is a = 1 every period for all beliefs if

c < m
The proof follows from adapting decomposition of continuation values for one-person
decision problem, and essentially, since the continuation game doesn’t depend on the
history nor the current quality, exerting the maximum effort every period is optimal
if the cost of effort is not too high.

The last result is backloading; if we don’t impose Markov strategies, from risk
neutrality and limited liability, an optimal contract (principal-agent) or an efficient
equilibrium (competitive market) backloads payments until it can implement the first
best (a = 1) every period. One can also solve for the minimum rent to implement
the first best every period and characterize the evolution of hypothetical continuation

values.

Theorem 7. Consider the discrete-time version of Board-Meyer-ter-Vehn (2013).
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For any signal structure and in any equilibrium (both in competitive market or principal-
agent setting) the optimal investment is independent of the firm’s quality, and there’s
no benefit from eliciting the firm’s quality. On-path single deviation ICs are sufficient
for all ICs. In an optimal contract, the firm always chooses either 0,1 and never

chooses an interior a € (0,1). The first best is a = 1 every period if

«_r
=150

With full commaitment, an optimal contract also backloads payments until the firm can

be incentivized to take the first-best action every period with any signal structure.

Compared to Board-Meyer-ter-Vehn (2013), theorem [7] shows that equilibrium
definition matters for the dynamics of an optimal contract. Reputation dynamics in
Board-Meyer-ter-Vehn is not optimal if consumers (the principal) and the firm can
use fully history-contingent strategies. Markov strategy is crucial for their result. The
first three points hold for risk-averse firm as well.

It also shows that an optimal contract or an efficient equilibrium shares simi-
larities with models with exogenous states or without adverse selection. Linearity
is a stronger driving force than endogeneity of state transition for backloading and
dominates the difference between exogenous states and endogenous states.

Theorem [7] also shows that in this class of models, allowing for a continuum of

actions leads to the same equilibrium behavior as having binary actions.

6 Discussion

As mentioned earlier, the class of models I can allow for has four key assumptions: (i)
there is a payoff-relevant state, (ii) the principal has no private signal on the payoff-
relevant state, (iii) agents may have private signals, and (iv) each agent’s action
is unobservable to the principal and other agents. Within each period, there is a
payoft-relevant state, private signal, action, outcome and allocation. I can allow both
the outcome distribution and the state transition to be endogenous and depend on
everything that has happened up to that point, including cumulative actions.

Main results on IC constraints are that what has been referred to has one-shot
deviation in the contracting literature is stronger than the one-shot deviation in re-

peated games literature, and it is not always sufficient for all IC constraints. I provide
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two sufficient conditions for when it is sufficient, but when it isn’t, the principal must
account for multi-period deviations which is captured by the dynamic IC.

Most existing papers on this class of models satisfy the second sufficient condition,
and Garrett-Pavan (2012) is the only one that satisfies the first sufficient condition.
The sufficiency of on-path single deviation IC has been proved for individual cases
in these papers, and by providing sufficient conditions for bigger class of models, I
identify the underlying economic force for the sufficiency of on-path single deviation
IC.

The first sufficient condition essentially requires that the optimal continuation
strategy doesn’t depend on agents’ private information. This happens when each
agent observes the state perfectly, which breaks the intertemporal linkage through
agents’ private beliefs on the payoff-relevant state, and the outcome distribution and
the state transition only depend on the current period action profile. This allows the
outcome distribution and the state transition to depend on anything that is publicly
observable, i.e., all past outcomes and allocations. From each agent’s perspective,
the environment is effectively Markovian because their past actions don’t matter for
the continuation game, but the principal can endogenously control the environment
through allocation. The second sufficient condition requires increasing differences of
each agent’s hypothetical continuation value and first-order stochastic dominance of
each agent’s belief on the payoff-relevant state.

Proofs for both theorems [5] and [6] are not mathematically involved. Once we
decompose each agent’s continuation value as a linear combination of hypothetical
continuation values, proofs follow immediately. However, the decomposition of con-
tinuation value is one of the main innovations of this paper that led to the characteri-
zation of all results. In particular, if one represents the agent’s continuation value as a
function of his private belief, then any change (from deviation) to the agent’s private
belief requires all his private beliefs in future periods to be updated differently. This
continues until there is a perfectly informative signal on the state which resets all
beliefs of the principal and agents to common prior. If one were to follow this route,
particularly if there is no perfectly informative signal, one needs to keep track of the
change in beliefs through Bayesian updating which is nonlinear and depends on the
signal and outcome distributions in each period. Normal distribution makes it easier
to track changes in beliefs, which I believe is part of the reason why most papers on

this class of models either have binary environment or linear-Gaussian environment.
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In my decomposition, I express the agent’s continuation value as a linear com-
bination of hypothetical continuation values, and this breaks the linkage through
the agent’s private belief. In a Markovian environment, a hypothetical continuation
value is conditional on the payoff-relevant state in the following period and continu-
ation strategies of the principal and agents from the following period onwards. If the
environment is not Markovian, it is conditional on the compilation of private histo-
ries. However, once each agent’s continuation value is decomposed into hypothetical
continuation values, then the agent’s private belief is the weight on hypothetical con-
tinuation values in the current period, and current period only. The agent’s private
belief doesn’t affect hypothetical continuation values, and there is no need to keep
track of how beliefs get updated.

However, in the usual way of defining continuation value as a function of private
belief, the belief matters for the continuation value in two ways. The belief matters
for the probability of each history, but it also affects the agent’s continuation strategy.
The argument in the previous paragraph shows how hypothetical continuation value
circumvents the linkage through the probability of events, but it also takes care of
the second source as well. When I define hypothetical continuation values, it is
conditional on the continuation strategies of the principal and agents. Once we fix
the continuation strategies, then beliefs don’t matter for strategies, and any change
in private belief of the agent only matters as weights on the linear combination.

This definition of hypothetical continuation value requires one to fix the contin-
uation strategies of the principal and agents. However, what has been referred to as
one-shot deviation in the contracting literature does precisely this; it assumes that
the agent will follow the continuation strategy the principal is expecting given the
principal’s history. In addition, the biggest challenge in this class of models is the
private strategy. Agents might receive private information each period, but even
in the ex-ante symmetric uncertainty case where there is no private signal, there is
asymmetric information off the equilibrium path because the payoff-relevant state is
unobservable to the principal and agents. The lack of papers on this class of models in
a more general setting is linked to the lack of papers on private monitoring repeated
games with a fixed discount factor bounded away from one. Most papers on private
monitoring repeated games either study folk theorem or belief-free equilibrium.

In order to account for private strategies with the one-shot deviation principle

as in repeated games, one needs to know the agent’s continuation strategy after
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a deviation. Without characterizing all possible private strategies after deviations,
the one-shot deviation principle doesn’t help very much. Hypothetical continuation
values require fixing continuation strategies of the principal and agents, but if we
fix the continuation strategies to be the equilibrium strategies, then one can express
each agent’s continuation value only using the equilibrium strategies, and one must
characterize equilibrium strategies anyway.

Results on IC constraints apply to stochastic games with a payoff-relevant state as
well. Suppose there is a payoff-relevant state unobservable to all players, and players
may receive private signals. Players may communicate before taking actions, and after
players take actions, which are unobservable to other players, an outcome is realized
and observed by all players. Each player’s payoff can depend on all past payoff-
relevant states and private histories of all players. Results on revelation principle
from section [3| require a mediator. But IC constraints apply immediately to this class
of models.

When on-path single deviation ICs are not sufficient, one needs to take care of
profitable multi-period deviations, and this requires the dynamic IC. The dynamic
IC takes an infinite sum, but still each expression only requires equilibrium strategies
of the principal and agents. Essentially, each expression in the infinite sum captures
the benefit of one more deviation given private history up to that point; after the last
deviation, the agent follows the strategy the principal expects him to follow given the
principal’s private history. When on-path single deviation ICs are sufficient, the net
benefit of additional deviations are weakly negative. After the initial deviation, any
further deviation gives a weakly lower benefit than the net benefit on the equilibrium
path conditional on the public history up to that point. Therefore, even though the
dynamic IC still has to be satisfied in principle, it is sufficient to verify the on-path
single deviation ICs, and the on-path single deviation ICs imply the dynamic IC which
in turn implies all IC constraints. On-path single deviation ICs are not sufficient if
there can be profitable multi-period deviations. Even if all on-path single deviation
ICs are satisfied, they don’t necessarily imply that the dynamic ICs are satisfied,
and even if each agent never benefits from a single-period deviation, there can be
profitable multi-period deviations.

In this class of models, once an agent deviates, it affects the outcome distribution,
and therefore the allocation this period. It can also affect the state transition this

period, and even if the state is exogenous, the agent knows his own deviation and
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updates his private belief accordingly, while the principal and all other agents update
their posterior beliefs using the wrong outcome distribution induced by the agent’s
equilibrium strategy. I allow the outcome distribution and the state transition in
subsequent periods to depend on this period’s deviation, but the intuition can be
seen in a Markovian environment. In the dynamic IC, each expression captures the
benefit of one additional deviation, but this benefit depends on the agent’s private
belief given his own private strategy. When the on-path single deviation IC given
the public history is satisfied, the net benefit given the agent’s private belief on
the equilibrium path is satisfied. The agent has a different private belief after a
deviation, and therefore, the net benefit from the additional deviation is different and
can be positive. However, since each expression is also integrated with respect to the
probability of each private history, the integrand of the dynamic IC ends up being the
weighted sum of hypothetical continuation values with respect to the probability of
private histories. At the end of the day, the net benefit from one more deviation comes
from different outcome distribution and state transition through different probabilities
of private histories.

I study full implication of the dynamic IC in another project, but the closest
reference to the dynamic IC in the literature is the impulse response function in Pavan-
Segal-Toikka (2014). Compared to their impulse response function, the dynamic IC
of my model is not strictly an orthogonalization, because the axes I project the
continuation value on are not orthogonal to each other. However, one can rewrite
the dynamic IC as a series of projections, where each projection corresponds to one
additional deviation. This requires rewriting the infinite sum in the form of z; +
(x9 4 (3 + - - - and requires separating out the probability of each private history by

individual periods.

7 Conclusion

I study mechanism design with moral hazard in this paper. I show that revelation
principle extends to models with moral hazard, both with full commitment and limited
commitment, and not eliciting agents’ beliefs is without loss of generality if there is
symmetric information on the equilibrium path or the agent’s optimal strategy doesn’t
depend on the payoff-relevant state. One-shot deviation principle as in the repeated

games literature holds in this environment, but it requires the knowledge of agents’
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private strategies after every history; I show a necessary and sufficient condition
(dynamic IC) that requires only the knowledge of agents’ equilibrium strategies. The
dynamic IC however still has to be satisfied against every possible deviation and has
to take into account multi-period deviations. I then show two sufficient conditions
for on-path single deviation ICs to be sufficient for all ICs. I also provide dynamic
programming for the dynamic IC.

The class of models I study allows for any degree of commitment power, risk
aversion, persistence and any objective function by the principal. Decomposition of
continuation value, the tool I used to derive the IC constraints and develop dynamic
programming, can also be adapted to decision problems and competitive-market set-
tings. I allow for non-Markovian environments, endogenous states, and agents may
or may not have private information on the payoff-relevant state.

The scope of the tools I develop in this paper is much wider than the application
in section ; the application (the principal-agent version of Board-Meyer-ter-Vehn)
is an example of how the revelation principle and the sufficiency of on-path single
deviation ICs can be applied. It also shows how decomposition of continuation values
can be adapted to decision problems, and I show the bang-bang result of the agent’s
action and the backloading of payments. The bang-bang result also shows why in
linear models, having binary actions is without loss and allowing for an interval only
leads to the extreme actions on the equilibrium path. Together with backloading, it

shows that linearity is a stronger driving force than endogeneity of state transition.
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Supplementary Material

A Dynamic Programming with Dynamic IC

This section presents a formal derivation of dynamic programming in section [4.4]
When the dynamic IC is necessary, one needs to do transfinite induction to find
the set of payoffs that can be obtained by any incentive-compatible mechanism. I
consider a Markovian environment with endogenous state and a single agent. If the
agent perfectly observes the state each period, then we know from theorem [5 that
on-path single deviation IC constraints are sufficient for all IC constraints. I consider
the ex-ante symmetric information case in this section, i.e., both the principal and
the agent start with a common prior in the beginning of the game, and there is no

private signal on the payoff-relevant state.

A.1 Setup

Existence of optimal mechanism requires some technical assumptions as described
below. However, they are automatically satisfied whenever the environment is finite.
w € Q: set of states (non-empty compact Borel subset of a Polish (complete, separa-
ble, metric) space)
p € A: set of actions (non-empty compact Borel subset of a Polish space)
y € Y set of outcomes (non-empty compact Borel subset of a Polish space)
P,./(p): probability of going from state w to w’ when the agent chooses p. (proba-
blility measure on w’ given w, p) Assume P is jointly continuous in w, w’, p.
c(p) € R: cost of action p. Assume it’s continuous in p.
fu(y): pdf of outcome y in state w. (measurable, non-negative and [, f,,(y)dy = 1
for all w € Q) Assume f,,(y) is a continuous function of w,y and [, yf,(y)dy < M for
some M, all w € €. Also assume full support, atomless, positive density everywhere.
m(w): belief on state w.

Assume f, P are such that if we start with a uniformly bounded 7, then resulting
beliefs in all subsequent periods are also uniformly bounded. Or more precisely, sup
norm is well-defined for resulting beliefs. If there are a finitely many states, it is

automatically satisfied.



A.2 Quick Summary of Dynamic IC

After outcome y is observed, the belief is updated from 7(-) to

0 . 4 w) (3/)
) = ) o ()

and in the following period, the belief is

[ ALWPG)
7T(w> N /Q fQ W(w/)fw’(y)dwld '

For 7° to be well defined, I need f,(y) to be measurable in w. For 7 to be well

defined, I need P given w, p to be measurable in w.

Since P is jointly continuous in w,p and 2 is compact, for given @ and § > 0,
there exists e(w,d) > 0 such that |P,,(p)) — Pua(p)| < ¢ for all |p/ — p| < €(w,9).
Since P is also continuous in @, we can find €(w,d) continuous in w, and together
with the compactness of €2, we get €(d) > 0 such that ];rp, (W) — 7p(w)| < d for all
w, | — p| < €(d), and 7 is a continuous function of p. 7 is a continuous function of
70, (P is jointly continuous on a compact set) When €2, Y are compact and f,(y)
is continuous in w,y, 7° is a continuous function of 7. Up to here, I used pointwise
convergence and sup norm.

The hypothetical continuation value of the agent is

//—c + u(w ))+(5/V(y,@)Pw@(p)d@fw(y)dyﬂ(w)dw.

I need to make sure u(w(y)) is measurable in y and V (y,w) is measurable in y, w
But it seems reasonable to assume that the principal can offer w(y) as a measurable
function of y, and by our definition of V(y,w), it should be measurable in both
y,w. The limited liability from section is sufficient if w(y) > —M for some M
sufficiently large.

The on-path single deviation IC is equivalent to

Jo Jy —c )+ 6 Jo, V(y, @) Pua(p)dis fo(y) dym (w) dw
> Jo fy —c(p') )+ 6 fo V (4, &) Pus (p)did fu (y) dy (w) dew
< Jolyel p)+ 5 fg Y, @) (Pug(p) — Pua(p')di fu,(y)dym (w)dw > 0

If we assume P,g(p) is differentiable in p, we can take the left and right limits



(after dividing by p’ — p) and get the equality constraint.
The dynamic IC is given by

~

Z(sn t/// c(pl,(h")) pn(h”))+5/v (Poo(pn(h™)) = Poo (pl, (B7))di £, () dy7 (w) dwdG > 0

Q

where G is the cdf of reaching each history given the agent’s true private history.

A.3 Dynamic programming

Hypothetical continuation values V' (y,w) can be thought of as a bounded function
V .Y xQ — R. It is bounded because the principal has no commitment power
and the expected outcome in each state is uniformly bounded. If the principal has
full-commitment power, I need to show that the expected utility is bounded. (this is
necessary both for the agent’s optimal action to be well-defined and also for continuity

at infinity)

Lemma 1. Hypothetical continuation values on the equilibrium path are uniformly

bounded.

Proof. We know that the equilibrium payoffs are uniformly bounded, but a priori,
we cannot rule out having unbounded hypothetical continuation values on a set
of measure zero; I restrict attention to equivalent classes that coincide on a set
of measure one. T’ll show that V(y;_1,w;) is a continuous function of w; and p;.
Given V (y;—1,w;), we have w(y:), Vit1(ys, wir1) such that V(y,—q, wy) fY c(pe)
w(w(Ye))+0 fo V (Yo, Wis1) Poorsy (P1)dWe i1 fooy (?/t)d?/t I'll first show that [, V(y, wt+1)wat+1 (pe)dwi 1

is continuous in wy, p;. Define g(w, p) fQ oo (P)dw” and consider a sequence
w™ — w. Since P is jointly continuous, V' (y,w )Pwnw ( ) — V(y,w) P, (p) almost ev-
erywhere. Together with the compactness of €2, the joint continuity of P implies that
for given w, there exists a neighborhood N, such that Pn.(p) < kP (p) for some
k> 0 and all W', p and w™ € N,,. We already know that V(y,w’) P, (p) is integrable,
and limited liability implies that hypothetical continuation values are bounded from
below. Then there exists a neighborhood N/ C N, such that |V (y,«w’)| is also inte-
grable on N. By the dominated convergence theorem, g(w", p) — g(w, p). The proof
for continuity in p; is similar. The proof of continuity of V (y;_1, w;) in wy, p; is similar,

and we use the fact that —c(p,) +u(w(ye)) +9 [ V(% Wit1) Powrry (D) dwiga fuo, (ye) 18



bounded from below. Therefore, the hypothetical continuation value is a continuous

function on a compact set and is bounded. O

I'll use the fact that the dynamic IC is equivalent to satisfying any N-period IC
for all N.

Theorem 8. The dynamic programming is well-defined, i.e., there exists a sequence
of set operations such that the set-theoretic limit is the largest self-generating set.
The agent’s optimal actions for any N-period IC in the largest self-generating set is

well-defined. The supremum of the principal’s payoff is well-defined.

Proof. 1 will set up the dynamic programming problem and show that at each iter-
ation, the most profitable deviation for the agent is well-defined. The sequence of
sets we get after each iteration is non-increasing and has a well-defined limit in the
set-theoretic sense. The largest self-generating set is non-empty because the agent
choosing the cheapest action and the principal making no payment is an equilibrium.
With the compact action set and the continuous cost function, the cheapest action ex-
ists. With no commitment, the relevant constraints for the dynamic programming are
(i) the principal offers the equilibrium contract (ii) the agent accepts/rejects accord-
ing to the equilibrium strategy (iii) the agent’s dynamic IC (iv) the principal makes
the payment (v) the promise-keeping constraint. With within-period commitment,
the relevant constraints for the dynamic programming are (i) the principal offers the
equilibrium contract (ii) the agent accepts/rejects according to the equilibrium strat-
egy (iii) the agent’s dynamic IC (iv) the promise-keeping constraint. Whether the
principal has no commitment power or within-period commitment power matters for
the minmax NE. I'm not going to specify the minmax NE here, but if either the
principal or the agent prefers his outside option over the minmax NE, then they’ll
take their outside options. This pins down the lower bound on payoffs for the IR
constraints. For the rest of the proof, I assume within-period commitment power and
ignore the principal’s incentives to make payments he promised; with no commitment
power, this will put an upper bound on the payment the principal can make (the
continuation payoff minus the minmax NE or the outside option). Computationally,
I can just impose the outside options and see the minmax NE from the largest self-
generating set. If the minmax NE is better than the outside option for both the

principal and the agent, then I need to use the minmax NE instead of the outside



options. I could also just assume that the minmax NE we get by imposing IR with
outside options is worse than taking their outside options.

I will construct a sequence of operations so that the limit is the largest self-
generating set we want. I don’t think I need the agent’s optimal action to be unique,
but I still need the agent to play a pure strategy. The state space for the dynamic
programming is (m,V(-,-),VF) where V¥ is the principal’s expected payoff. The
argument I'm going to use for N-period ICs works as long as there is continuity at
infinity. If there is continuity at infinity, there must be a profitable N-period deviation
for N sufficiently large, and we can do backward induction.

I need to specify the sequence of operations: I start with the on-path single
deviation IC, and for each N, I iterate the operation for the N-period deviation 1C
until I reach the limit. Once I have the limit for N-period deviations, I continue with
(N +1)-period deviations. And I take the limit as N — co. Let’s start with W°where
V(-,-) are just assumed to be bounded by the uniform bound on the hypothetical
continuation values. The iteration for the N-period deviation IC is T}y, and the limit
of T starting with W¥=1 is W¥. Also define Tyy(WNi=1) = Wi W0 = jpyN-1,
T is just the standard largest self-generating set with the on-path single deviation IC
constraint. Among the constraints, (i) and (ii) just mean that the payoffs are weakly
greater than the outside options (or minmax NE). (iv) can be taken care of as follows:
Suppose we have V;, 5. When we choose w;1(y) for each y, we can pin down V;; that
is consistent with the promise-keeping constraint. First find the largest self-generating
set subject to (ii), (iv) and the on-path single deviation IC (without worrying about
the principal’s payoff). Once we have W', we know V¥ for each pair of (7, V(-,"))
and can keep only those that satisfy (i). If there are multiple Vs corresponding to
(m,V(-,-)) then choose the supremum of V¥ (following the principle of optimality).
At this point, we haven’t shown that whether the supremum can be obtained as the
maximum. But we also know that once we have V¥ we can generate any VP < VP as
long as it’s weakly greater than the principal’s outside option. For T}, we can show
that the agent’s optimal action is well-defined because the agent’s expected utility
is bounded and is a continuous function of his action. Generally speaking, to show
that the most profitable N-period deviation is well-defined, I need to show a version
of selection theorem, and I need €2 to be a Borel subset of a Polish space, A to be a
compact metric space and the agent’s expected utility from an N-period deviation to

be bounded and upper semi-continuous.



Ty for N > 2 are defined as follows: Fix 7! and an action p, and we can find the
beliefs 70! that are consistent with 7t, p. Choose V2 (y,w) from W and wy, ; (y) for

each 7ttt

such that Vi1, Vtil given by the promise-keeping constraint also satisfies
(i), (ii) and the on-path single deviation IC constraint for period t is satisfied at
p. By construction, there are no profitable (N — 1)-period deviations starting with
Vito(y,w), and we can find optimal actions for the next N — 1 periods and V;; n(y,w)
from period ¢t + N on. We should have the payments after each history from period
t+ 1 to period t + N — 1. We also know the equilibrium belief after each history. Fix
THN=1 for each history and we can find the most profitable deviation for the agent
in £ + N — 1 and therefore assign the agent’s maximum deviation payoff from period
t+ N —1 on as a function of 7t+N-1 given the continuation game from ¢t + N — 1
on the equilibrium path. Fix 7#+N=2 then conditional on the agent’s action pj y_,
we know the agent’s beliefs 7+N-1and his maximum deviation payoff. We can find
the most profitable deviation for the agent in period ¢t + N — 2 and assign the agent’s
deviation payoff from t + N — 2 on as a function of m+N-2 and the continuation
game from ¢ + N — 2 on the equilibrium path. We can repeat this until we reach
7t. To show that the most profitable deviation is well-defined, suppose we are in
period t +n with ﬂt;”,ptm, Wein (), \7t+n+1(-, -) where Viins1 is the agent’s maximum
deviation payoff from period ¢t +n+ 1 on. (in period ¢t + N — 1, these will just be the
hypothetical continuation values from period ¢t + N on) In period ¢ + n, the agent’s
expected utility from period ¢t + n on is a continuous function of WtJ;”, Di1n and we
know that it is finite for 7t = 7' and the equilibrium action p;.,. The proof
follows the proof of lemma 1 closely, and we know from limited liability that ‘~/}+n+1
is bounded from below. Since there is no profitable (N — 1)-period deviation, if the
agent starts with 7'™" and chooses p;.,, his maximum deviation payoffs from the next
period on coincides with his equilibrium payoffs; it follows that the agent’s expected
utility from period ¢ +n on is bounded. Since the set of priors and the set of actions
is compact, we know that the product of the two is compact (Tychonoff’s Theorem).
Therefore, the agent’s deviation payoff from period ¢ + n on is a continuous function
on a compact set and is bounded. Therefore, for given 7t+7, there exists the maximum
deviation payoff for the agent, and the agent has the most profitable deviation. But
in period ¢, the principal and the agent share the same prior 7t =t Keep Vit (y, w)
for 7t if and only if it is incentive compatible with respect to the maximum deviation

payoff. (I use backward induction to find the most profitable N-period deviation for



the agent, but I also use backward induction to show that the maximum deviation
payoff for the agent is a continuous function of his belief and his action in the given
period. This needs a proof because the agent’s maximum deviation payoff from the
next period on depends on his belief in the next period)

Since each operation Ty : W= — W4 gatisfies WM = T(WNi—1) C W1
we have a monotone sequence, and the limit is well-defined in the set-theoretic sense.
By construction, it is the largest self-generating set satisfying all four conditions. It
also follows from the previous paragraph that the agent’s optimal actions for any
N-period IC is well-defined. The supremum of the principal’s payoff for any given m
is well-defined. O

B Proofs

Proof of Theorem[1. First consider the case when the principal has full commitment.

t,i,m

If the agent i’s strategy o involves randomizing over messages, the principal can
ask the agent to report his private information and randomize on behalf of the agent.
We just need to take care of the possibility that the agent conditioned his action on

his report and his private history in the original contract.

t,P,r’ t,P,z)

¢, let histories and strategies de-
noted as in section[2} Given a compilation of private histories ht, bt (ht), hte(ht), htPr (ht), htP=(ht)

denote histories consistent with h?; for given h?, there is a unique private history at

Formally, given a contract (x;M} o o

each point consistent with h?, and these are well-defined functions.

The principal can offer an alternative contract with /\;li = §! each period. Start-
ing from period 1, define H'(s;) to be the compilation of private histories that
contain s;, the messages, recommended actions until period ¢ — 1 and 7, = al
for all k& < t,i. It is a subset of H! and there is a natural probability distribu-
tion over the payoff-relevant state wy,k < t on the equilibrium path. Let u be
the measure on H!(s;) induced by this probability distribution. With probability
f’}:[t(st) x ot tm (mi| At (ht)) x ot P (r |h4PT(hY))du, the mechanism recommends 7
along with the hypothetical message m; to agent 7. If each agent has been reporting
truthfully and obeying the recommendation by the mechanism, then the randomiza-
tion probabilities this period are the same, and the expected utility of each agent
doesn’t change; truthful reporting is incentive-compatible for each agent this period

as well.



With limited commitment, the contract is essentially the combination of Bester-
Strausz (2001) and the above argument. When the principal doesn’t commit to the
contract, we need to satisfy the principal’s incentives for recommendation and alloca-
tion. The principal’s incentives for allocation is the same as in the original contract,
and for recommendation, the same argument as in Bester-Strausz (2001) ensures that
the principal’s belief after messages are sent is the same across all messages that are
sent with positive probabilities.

When the principal has full commitment and agent ¢ has no private signal in
period t, the agent’s message space in the new mechanism is an empty set, and it
is without loss of generality not to ask for reports. When the principal has limited
commitment and all agents have no private signal in period t, it is without loss of

generality not to ask for reports. O]

Proof of Theorem[3. Since the outcome distribution only depends on the state and
the state transition is Markovian, the agent’s action this period only affects the
current-period state transition once we decompose the agent’s continuation value.
From the assumption on the state transition, the optimal action from both the prin-
cipal’s perspective and the agent’s perspective don’t depend on the current state, and

the principal doesn’t benefit from eliciting the agent’s belief. ]

Proof of Proposition[1, When the agent conforms to the principal’s expection from
period t+1 on, the principal and the agent have correct beliefs about the continuation
game. Suppose the principal follows his equilibrium strategy given h® in period ¢, we
know the strategies of both parties from period ¢ + 1 on. Furthermore, conditional
on the state in £ + 1, we know the probability of each history. Therefore, there exist
Vi, for each pair of (y,w;) such that the agent’s continuation value from period ¢+ 1
on conditional on being in w; in period ¢ 4 1 is Vi, . In the beginning of period ¢, if
the agent accepts the contract, he has to choose a € [0,1). The agent’s action affects

the probability of (y,w;), and the agent’s expected payoff is

—0(a)+7n/U(w(y))+5(7“(a)Vyw1+(1—T(a))%w2)dF1+7T2/U(w(y))+5(a%w1+(1—a)%w2)dF2-
Conditional on the state in ¢, the agent’s hypothetical continuation values are

Vi = —cla) + / w(w(y)) + 6r(@) Vi + (1 — 1(0)) Vi ),



Vi = —c(a) + / w(w(y)) + §(aV + (1 — @)V )dFo.

]

Proof of Theorem[3. A compilation of private histories contains all private informa-
tion up to that point. If all agents and the principal follow the equilibrium strategy
from the following period on, there is a unique hypothetical continuation value for
each agent, and the rest is just taking the expectation over the compilation of private

histories consistent with agent ¢’s private history up to that point. O

Proof of Corollary[1. Theorem [I] shows that it is without loss of generality not to
ask for messages. The proof follows from theorem 3| after taking care of degenerate
distributions. O

Proof of Proposition[4 Suppose the agent’s prior at the beginning of period ¢ is 7.

The agent’s expected payoff from choosing a is
—c(a)+m /u(w(y))+5(r(a)‘/;,wl—i—(l—r(a))%wQ)dFl—Hrg /u(w(y))—i—é(avywl+(1—a)Vwa)dF2.

If the agent deviates to a’ # a but conforms to the principal’s expection from period

t + 1 on, his expected payoff is
—c(a/)—i-m/u(w(y))—i-(F(r(a/)Vywl—i—(l—r(a/))‘/ng)dFl—i-Wg/u(w(y))—l—é(a’Vywl—i—(l—a')Vywz)ng.

Since the agent’s strategy from period ¢ + 1 on coincides with the principal’s expec-
tation from period ¢+ 1 on, the agent’s continuation value conditional on the state in
t + 1 is the same as on the equilibrium path. The agent’s deviation only affects the

transition probabilities in period ¢. Therefore, the local IC constraint is

~ e+ m [ ) + 5@V, + (1= (@) Vi )P,
+1a [ u(wy) + Vi, + (1= )V, )P
> )+ m [ uw(u) + 5 (Vo + (1= 1(@)Vyr APy

s [ ulw(y) + 5@V, + (1= )Viur)dF:



& 8(m [ (r(@) = r(@)) (Ve = Viu)dFs 73 [ (0= ) (Vi = Vi JAF) 2 efa) = el

Let W, = f Viywr — VywodF;. Since the IC constraint has to hold for all p/, it has to
hold for both the left limit and the right limit as a’ — a, and we have

d(mr’ (a)Wy + maWs) = ' (a), Vp # 0.
When a = 0, we only have the right limit, and we get
O(mr’ (0)W7 + mWs) < ¢(0).

]

Proof of Proposition[3. Suppose the agent’s prior in the beginning of period ¢ is 7 and
the agent deviates N periods. After N periods, the agent conforms to the principal’s
expectation. Let a(h™) denote the agent’s equilibrium action and a’(h™) denote the
deviation. Conditional on history ht, having no detectable deviations and the agent
conforming to the principal’s expectation from period ¢t + N on, one can express the
agent’s expected payoff as a function of his strategy from period ¢ to t + N — 1,

X(@g, -+ ,aryn—1). The agent’s IC constraint is
X(ag, -, apn-1) — X(aj, - 70J:t+N—l> >0,

which is equivalent to

X(ag, - aprn—1) — X(ay, Qprrs - Qren—1)
+X(ay, a1, s aryn—1) — X(ag, agyq, Qepn,c o0 5 aryn-1)
4.
+X(ag, -+ g Grpn—1) — X(ag, -+ gy )

> 0.

Let 7™ be the agent’s belief in period n given his private history where n €

{t,--- ,t+ N — 1}. If the agent conforms to the principal’s expectation from period

10



n + 1 on, the net loss from the one more deviation is

/ / / /
X(ata"' y 15 Any - 7at+N71> _X<at7"' y Gy Qg 1, 7 7at+N*1>'

From Proposition [2, we can rewrite the net loss from the one more deviation given

history h™ as

5(7??/(7’(%(5”)) = r(a, (A" (Vi(h™) = Va(h™*1))dFy

- / (an(B") — ay (7)) (Vi (1) — Va(h+))d )

~

— (c(an(h™)) = c(a,(A™)))

where Vi(ﬁ") is the hypothetical continuation value of the agent conditional on history
h™ and being in state w; in period n. Let S Vi(h") — Va(h™)dF; = W;(h™). Note that
there are two histories A" and h". I consider a particular deviation strategy such that
after one more deviation, the agent conforms to the principal’s expectation. A" is
the agent’s private history the principal believes with probability 1. h™ is the agent’s
true private history. Furthermore, the agent reaches h™ with the pdf generated by his
true private history. Therefore, from period—t perspective, the net loss of one more

deviation in period n is

~ ~ ~

5”_t/5(ﬁ?(r(an(ﬁ”))—r(a’ (AW (A" ) 4725 (an () =ay, (R))Wa (A" 1)) = (e(an (h")) —c(a, (R)))dG.

n n

The N —period IC constraint is

t+N—1

> ot [ o rtan(h) = ol ()W i)

n=t

+ Ta(an(h") = ag,(R"))Wa(h")) = (e(an(h")) = c(ar,(R")))dG > 0.
This dynamic IC constraint has to be satisfied for any N. Furthermore, given the

N—period IC, we can always let aj, y_; = awyn—1, and the (N — 1)—period IC is

implied by the N—period IC. Therefore, after every history A’ on the equilibrium

11



path, the following IC constraint must hold:

[e.o]

n=t

I’ll next show the sufficiency of the dynamic IC. Since the dynamic IC constraint
implies the IC constraint for any N —period deviations, it is sufficient to show that
the agent cannot improve his payoff without violating one of these IC constraints.

Suppose the agent didn’t deviate in the first ¢ periods and has a profitable de-
viation strategy o’ from period ¢t on. Suppose ¢’ provides € more to the agent than
his equilibrium strategy o. By continuity at infinity, there exists NV sufficiently large
and another deviation strategy ¢” such that the agent’s payoff from o” is at least §

higher than his equilibrium payoff and

O'/I(ht’A,hk’A) :O'/<ht’A, hk,A) f07’ k= 0’ e 7]\/' — 1’
O’”(ht’A, hk,A) :O'(}Alt’A, }Alk,A), k> N.

0" coincides with ¢’ for the first N periods and coincides with the principal’s expecta-
tion from period t + N on; h is the private history of the agent the principal believes
is the agent’s true private history. It gives the agent § more than his equilibrium
payoff. But this is a contradiction to the assumption that there exists no profitable

N —period deviation. Therefore, there exists no profitable deviation strategy. O

Proof of Theorem[f} Compared to proposition [3, we just need to take expectations
over all compilations of private histories that are consistent with agent i’s private
history. In the binary model from section [2.1] the principal has limited commitment
which provides continuity at infinity, and the dynamic IC is necessary and sufficient
in proposition [3] Otherwise, the dynamic IC is necessary but it is sufficient only if

there is limited commitment or continuity at infinity. O

Proof of Corollary[4 The proof follows from theorem [4] after accounting for degener-

ate distributions. O

Proof of Theorem[J. Theorem [5| assumes (i) each agent observes the state every pe-
riod, (s} = wy) (ii) the domain of the outcome distribution f; is IT{_, €; x A, x T2} V) %
IT'_} Z;, and (iii) the domain of the state transition P, is IIf_ € x A, x IIf_, V; x
IT5_, Z;. Conditions (ii) and (iii) imply that past actions of the agent doesn’t matter

12
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for the outcome distribution nor the state transition. No matter which action the
agent takes in period ¢, after observing the state in period ¢ 4+ 1, the agent’s con-
tinuation value only depends on the continuation strategies of the principal and the
agent. In particular, given the public history up to the beginning of period ¢ + 1,
the equilibrium strategy of the agent corresponding to the private history the prin-
cipal believes is the agent’s true private history is an optimal continuation strategy.

Therefore, on-path single deviation ICs are sufficient for all IC constraints. O

Proof of Corollary[3. Corollary [3| is a special case of theorem [5] where f;, P, are

further restricted to be Markovian. O

Proof of Theorem[f]. Suppose (i) the outcome distribution and the state transition
are Markovian, (allowing for fully persistent states) (ii) S = 0 for all ¢,4, (iii) each
agent can only deviate downwards, (iv) the posterior of each agent dominates the

equilibrium belief in the sense of first-order stochastic dominance after a deviation

and (v)

/ (ut(zt<ht PZ)) + 5?4 / V;:H(ht, d,’;, at_ia Y, Zt, Wt+1)Pt(wt+1)dwt+1> fe(ye)dy
Y; Qi1

is supermodular in w; and a:.
When agents have no private information on the state, theorem (1| shows that it is
without loss of generality not to ask for messages. The dynamic IC on the equilibrium

path from corollary 2] is

S| ( | ~leitaiy ~ @)
( / 2 (WP) 4 By / Vior (B s s 20 41) P (@i | ) A fn il )
Y. Qn+1

/ U h‘n PZ ) + 6?4 / VTLJrl(hn? EL;, a;i) yn7 Zn? wnJrl)Pn(wnJrl‘d;)dwnJrlfn(yn‘&;)dyn) dﬁ-:z)
Yn Qn+1

dG,(h™"*) >0

Conditional on history h™%¢, if agent i has already deviated in the past, his belief

7! dominates the equilibrium belief 7, in the sense of first-order stochastic dominance.

13



Since
/ i (2 (7)) + 8, / Voo a (B s Y 2 1) P | ) Ao f (il g
n Qn+1

is supermodular in w; and a! and the agent can only deviate downwards, if on-path

single deviation IC holds on the equilibrium path, we have
arg max ( JRECCAREACS)
a Qn
¥ ( [ G 4 8 [ Vi ) o ) s ol )
n Qn+1

- / W (2 (RP) + 6y / Vet (7, @, s 2 wn+1>Pn<wn+1|a;>dwn+1fn<yn|a;>dyn) dﬁi)
n Qn+1

= a,,.

On-path single deviation ICs are sufficient for all ICs. [

Proof of Theorem[7. The first three points in the theorem is already proved in the
main text. I replicate them here for completeness.

The first observation is that the optimal investment doesn’t depend on the current
quality. This is because of the state transition. If the shock doesn’t arrive, the firm’s
investment is irrelevant to its payoff, and when it arrives, the probability of becoming
a high-quality firm is Aa for both qualities. In this case, whether the firm knows its
own quality or not doesn’t matter for strategies, and in particular, this maps into
the symmetric uncertainty case in theorem [1| where not eliciting the agent’s belief
is without loss of generality. The principal doesn’t benefit from asking the firm to
report its quality.

Second of all, the discrete-time principal-agent version of Board-Meyer-ter-Vehn
is a Markovian environment with both adverse selection and moral hazard. From
corollary [3] on-path single deviation ICs are sufficient for all IC constraints.

The on-path single deviation IC with high quality is given by

— car + (Aar +1 = A)(paV (s, H) + (1 — pr)V(0, H))

+ A = ag)(uLV(s, L) + (1 = pr)V(D, L))
> —ca' + (A + 1= N (pugV(s,H) + (1 — pm)V(0, H)) + A

(1= a)(uLV (s, L)+ (1 = pr)V (0, L)),

14



for all @’ and with low quality, it’s given by

— cap + Aar(prV (s, H) + (1 = pu)V(0, H)) + (1 = Aag)(urV (s, L) + (1 — pr)V(D, L))
> —cd + X' (pugV (s, H)+ (1 — ug)V(0, H)) + (1 = Xa')(urV (s, L) + (1 — pu)V (0, L)), Va'.

I dropped the public history up to the beginning of the period in the notation and
expressed hypothetical continuation values only in terms of current period signal and
and the quality. One can see that the on-path single deviation IC is identical for both
the high quality and the low quality:

—cay+ Nay(pgV (s, H) + (1 — ug)V(0,H)) — Xag(puV (s, L) + (1 — pug)V (0, L))
> —cd + ' (ugV(s,H) + (1 — pug)V (0, H)) — Xa'(uV (s, L) + (1 — up)V (0, L)), Va'.

The third observation is that the on-path single deviation IC is linear in the firm’s

investment a;: for all o,
(ar—a')(—e+A(puV (s, H)+(1—pug)V (0, H))— (urV (s, L)+ (1—p)V(0, L)))) > 0.

In particular, let Vg, Vi be the firm’s payoff conditional on the current quality. We
get

Vir = —cay + (Aay + 1 = M) (prV (s, H) + (1 — pm)V (0, H)) + A1 — ae)(prV (s, L) + (1 — p)V(0, L)),
Vi = —cay + Aag(paV (s, H) + (1 — pug)V(0, H)) + (1 — Xag)(urV (s, L) + (1 — pp)V(0, L)).

It follows that
Vi =V =1 =NpuaV(s, )+ (1 — pm)V(0, H) — prV(s, L) — (L — pur)V (0, L)),

and we get

1—A
A
1—A
A

atzlifVH—VL>

)

Cbt:Oiva—VL< C.

Unless the coefficient on a; — o’ is 0, i.e., Vi — V, = %c, linearity implies that the

firm chooses the extreme points a; = 0 or a; = 1. But one can easily see that if the

15



coefficient is 0 and the firm chooses an interior a; € (0,1), the principal can offer
€ more to signal s and let the firm choose a; = 1. The bang-bang result requires
linearity of the cost function c(a) and the state transition r(a). Generically, the firm
chooses an interior solution if either of ¢(a), r(a) is non-linear.

Results so far don’t depend on details of the model including the signal struc-
ture, equilibrium definition, or whether it’s a competitive market or principal-agent
setting. The bang-bang result shows that any Markov Perfect Equilibrium has to be
characterized by cutoffs in the belief space, and the MPE with perfect learning in
Board-Meyer-ter-Vehn are still equilibria in the discrete-time version.

In the principal-agent version, one can also characterize the first best as follows.
Let Xy, X1, be the total surplus from the current period on if the current state is the

high quality or the low quality, respectively. We have

Xg=—-ca+(1=X+Xa)(1+0(ugXu(s) + (1 — pug)Xg(0)))
+ A1 = a)d(urX(s) + (1 — pr)XL(0)),

Xy =—ca+Xa(l4+6(ugXu(s)+ (1 — pug)Xu(0)))
+ (1= 2a)d(pur Xr(s)+ (1 — pur)X1(0))

)

= Xpg—Xp=1 =N+ 0(uaXnu(s) + (1 = pa) Xu(0) = 0(nrXp(s) + (1 — pr) X (0)))

where Xy (s), Xu(0), X1(s), X(0) are total surplus from the next period on condi-
tional on the state in the next period and the signal in the current period. If a = 1
every period for all beliefs, we have Xy = Xy(s) = Xy (0), X = X1 (s) = X(0).
Plugging them into above equalities, we know that the first best is a = 1 every period

for all beliefs if \

ST 50—

Since both the principal and the firm are risk-neutral, the principal can always
delay payments and provide better incentives. We just need to make sure that the
promise-keeping constraint is satisfied, and as long as the contract doesn’t terminate,
after sufficient number of periods, the continuation value of the agent from the de-
layed payment becomes bigger than the continuation value to implement the first-best
action every period. But even when the contract dictates that the agent should be
fired, the principal can provide zero incentives from there on until the continuation

value from the delayed payment becomes sufficiently big at which point the agent can

16



be incentivized to take the first-best action every period. Therefore, in an optimal
contract, the payments are backloaded until the agent can be incentivized to take the

first-best action every period. This doesn’t depend on the signal structure. O]
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