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Abstract

We obtain conditions on the primitives of a Bayesian game with infinitely many types
and/or strategies that ensure the existence of a perfect Bayes-Nash equilibrium. The
main existence results are illustrated in the context of all-pay auctions.

Keywords: infinite game of incomplete information, perfect Bayes-Nash equilibrium,
payoff security.

1 Introduction

The notion of perfect equilibrium was introduced by Selten [23]. In normal-form games
with complete information, Selten’s [23] perfection refines the Nash equilibrium concept by
requiring that equilibrium strategies be immune to slight trembles in the execution of the
players’ actions. The standard definition of perfect equilibrium for normal-form games with
finite action spaces (see, e.g., van Damme [26]) can be extended to normal-form games with
infinitely many actions, and these extensions have been studied by several authors (see, e.g.,
Al-Najjar [2], Simon and Stinchcombe [24], Carbonell-Nicolau [8, 9, 10, 12], Carbonell-Nicolau
and McLean [13, 14, 15], and Bajoori et al. [4]).

This paper considers an extension of the notion of perfection to normal-form games of
incomplete information, also called Bayesian games, that refines the standard Bayes-Nash
equilibrium concept. Roughly, a Bayes-Nash equilibrium is perfect if there are nearby Bayes-
Nash equilibria in slightly perturbed Bayesian games in which each type of each player
makes slight mistakes in the execution of a strategy. Conditions on primitives are given
under which a Bayesian game with infinitely many types and/or actions, and possibly with
payoff discontinuities in type and action profiles, possesses a perfect Bayes-Nash equilibrium.
The existence results are illustrated in the context of all-pay auctions.

2 Preliminaries

Throughout the paper, the following definitions will be adopted. If A is a metric space,
then 28(A) will denote the o-algebra of Borel subsets of A, A(A) will represent the set of
Borel probability measures on A, and C(A) will denote the set of all bounded continuous
real-valued functions on A.
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Definition 1. The w-topology on A(A) is defined as the coarsest topology for which all the
functionals in {

We will refer to convergence of measures in A(A) with respect to the w-topology as weak
convergence of measures and we will write u” — p to indicate that the sequence of measures
w

:A(A)—- R

e f f(@)u(da)
A

:fe C(A)}

are continuous.

(u™) converges weakly to .
If A is a complete, separable metric space, the w-topology on A(A) is metrizable, and the
Prokhorov metric defines a compatible metric (¢f. Prokhorov [21, Theorem 1.11]).

2.1 Games and strategies

Definition 2. A normal-form game (or simply a game) is a collection G = (Z;, gi)?i 1» Where
N is a finite number of players, Z; is a nonempty set of actions for player i, and g; : Z — R
represents player i’s payoff function, defined on the set of action profiles Z := X?i 1Zi- The
game G is called a metric game (resp. a compact game) if each Z; is a metric (resp.
compact) space. A compact metric game G = (Z;, gi)fi | is called a Borel game if each g; is

bounded and (A(Z), B(R))-measurable.

Throughout the sequel, given N sets Z1,...,Zy, we adhere to the following conventions,
which are standard in the literature, even though they sometimes entail abuses of notation:
forie{l,..,N}, Z_;:= x;4,Zj; given i, the set xNlej is sometimes represented as Z; x Z_;,

J
and we sometimes write z = (z;,z_;) € Z; x Z_; for a member z of ><§V:1Zj.

Definition 3. A Bayesian game is a collection
=(T:,Xi,ui,p)y,
where
e {1,...,N}is a finite set of players;
e T, is a nonempty, compact, metric space of types for player i;
¢ X, is a nonempty, compact, metric space of actions for player i;

* u; is a real-valued map on T x X, where T := XﬁlTi and X := X?LIX;'; it represents
player i’s payoff function, and it is assumed bounded and (%(T x X), (R))-measurable;
and

* p is a probability measure on (7T',%(T)) describing the players’ common priors over
type profiles.

For each i € {1,...,N}, let p; be the marginal probability measure induced by p on T}, i.e.,
the probability measure in A(T';) defined by

pi(S):=p(SxT_;), foreveryS e B(T;).

Definition 4. Let I' = (T;,X;,u;, p)zi\i | be a Bayesian game. A pure strategy for a player
iin I'is a (AB(T;),%B(X;))-measurable map s; : T; — X; with the interpretation that, upon
learning her type ¢; € T;, a player i selects the action s;(¢;) from the set X;.

Let 27; denote the set of pure strategies for player i, and set 22 := xzi\i 1%



Definition 5. Let I' =(T;,X;,u;, p)ﬁ | be a Bayesian game. A distributional strategy for
player i in I' is a probability measure o; in A(T; x X;) such that

0;(AxX;)=p;(A), forall AeAB(T)).

Let 9; represent the set of distributional strategies for player i, and define & := Xf\i 19i.
Given 0; € 9;, the map ¢; € T; — 0;(-|t;) € A(X;) will denote a corresponding version of the
regular conditional probability measure on Xj;.

Definition 6. A distributional strategy o; € 9; is strictly positive if for each ¢; € T;, 0;(V|t;) >
0 for every nonempty open set V in X;.

The set of all strictly positive distributional strategies in &; is denoted by @i, and the
Cartesian product x;\’: 1@ i is denoted by 9. Each 2; will be endowed with the relative
w-topology, and 2 will be endowed with the corresponding product topology.

Given a Bayesian game I' = (T;,X;,u;, p)?i 12 define the normal-form game

Gr:=(2;,U)Y,, (1)

where U, : 2 — R is given by

U,-(Ul,...,aN)::ff f u;(t,x)o1(dx1lt1)---on(dxn|tn)p(dt).
TJXnN X1

Given a = (aq,...,ay) €[0,1) and u=1,....,uN) € @, define the normal-form game
G = (2, U, )
where Uia’” ). 9 — R is defined by

Ufa’”)(al,...,aN) =U;(1-ay)o1+aip,....,(1—an)on + anun).

Every pure strategy in &?; induces a corresponding “pure” distributional strategy in &; in
a natural way. If s; € &;, define Ufi € 9; as follows: for ¢; € T; and A € B(X;),

07 (Alti) = 85,1 (A),

where §5,(;,) € A(X;) denotes the Dirac measure concentrated on the point s;(¢;).
If s; €22, and 0_; € 2_;, then define

Ui(si,U_i):fo f ui(t,(si(t;),x—;))
TJIXN X1

and note that

[1o(dx;lt))| p(d?),

J#i

Ui(si,o-1) =Ui(a},0-).
2.2 Equilibrium
Definition 7. A Bayes-Nash equilibrium of a Bayesian game I' = (T;,X;,u;, p)]i\i L isa
Nash equilibrium of the game Gr defined in (1), i.e., a profile (01,...,0n) € 2 such that for

each i,
Ui(Ui,(T_i) = Ui(vi,a_i), for all v; €9;.



Definition 8. A Bayes-Nash equilibrium o of a Bayesian game I' = (T';, X, u;, p)?i | is perfect
if there exist sequences (a”), (u"), and (0") such that the following holds for each n: a” €
0, 1)V, ut e @, and ¢” is a Nash equilibrium of the game G(ran’” ") defined in (2), and in
addition a” — 0 and 0" —o0.

In the special case of complete information games (i.e., when type spaces are singletons),
this definition collapses to the notion of perfection considered in Al-Najjar [2], Carbonell-
Nicolau [8, 9, 10, 12], Carbonell-Nicolau and McLean [13, 14, 15], and the strong notion of
perfection defined in Simon and Stinchcombe [24].

3 Existence of perfect equilibrium
To begin, we recall the definition of payoff security.

Definition 9 (Reny [22]). A topological game (Zi,gi)ﬁ 1 1s payoff secure if for each ¢ >0,
ZE€ xg\ilzi, and i, there exists a y; € Z; and a neighborhood V,_; of z_; such that g,;(y;,y-;) >
gi(z)—eforeveryy ; eV, .

The following definition extends Condition (A) in Carbonell-Nicolau [8, 9] to games with
incomplete information and strengthens the notion of uniform payoff security for incomplete
information games introduced in Carbonell-Nicolau and McLean [16].

Definition 10. The Bayesian game (T';,X;,u;, p)ﬁ | satisfies strong uniform payoff secur-
ity if there exists = (i1,..., un) € 2 such that for each i and € > 0 there is a sequence (f*) of
(AB(X;),B(X;))-measurable maps [ kX, — X, satisfying the following:

(a) For each k and (¢,x) € T x X, there exists a neighborhood V,_, of x_; such that

wi(t, (fF i), y-) > ui(t,x)—¢, forally_;€V, ..

(b) For each (¢t,x_;) € T x X_;, there is a subset Y; of X; with u;(Y;|¢;) = 1 satisfying the
following: for each x; € Y;, there exists K such that for all 2 = K, there is a neighborhood
V,_, of x_; such that

ui(t,(fk(xi),y_i)) < ui(t,(xi,y_i))+£, for all y—; € Vﬂéfi'

The proofs of the next two lemmas are relegated to Section A.

Lemma 1. Suppose that the Bayesian game I' = (T;,X;,u;, p)]i\i | satisfies strong uniform
payoff security. If p is absolutely continuous with respect to p1®---® pn, then there exists
ue 9 such that the game Gifx’” ) defined in (2) is payoff secure for each a €[0,1)".

Zi\i 1» Suppose that for each t € T, the map

Zé\; 1ui(t,:): X — R is upper semicontinuous. Suppose further that p is absolutely continuous

Lemma 2. Given a Bayesian game (T;,X;,u;,p)

with respect to p1®---® pn. Then the map Zf\il U;(-): 2 — R is upper semicontinuous.
Our first main existence result is Theorem 1.

Theorem 1. Suppose that the Bayesian game I' = (T;,X;,u;, p)é\; | satisfies strong uniform
payoff security and that for each t € T, the map Z?i 1ui(t,"): X — R is upper semicontinuous.
If p is absolutely continuous with respect to p1®---® py, then I' possesses a perfect Bayes-Nash
equilibrium.



Proof. For each ne N, let a” := (1 yeees %) By Lemma 1, there exists € 9 such that for each

n
n, the game Gi-a M is payoff secure. In addition, Lemma 2 implies that the map ):é\; UG

2 — R is upper semicontinuous, implying that for each n the map Z?i 1 Ufan’“ )(-) 92— Ris
upper semicontinuous. Consequently, since each 2; is a compact (c¢f. Milgrom and Weber
[19, p. 626]), convex subset of a topological vector space, it follows from Proposition 3.2
and Theorem 3.1 of Reny [22] that the game G;an’” ) has a Nash equilibrum ¢” for each n.
Now, since the sequence (0") lies in 2 and since 2 is sequentially compact, one may write

(passing to a subsequence if necessary) 0" — o for some o € 2. It follows that o is a perfect

w
Bayes-Nash equilibrium of T if it is a Bayes-Nash equilibrium of T'.
We shall assume that o is not a Bayes-Nash equilibrium of I' and derive a contradic-

tion. Because o" —0 and since each U; is bounded, we have (¢”,(U;(c™),...,Un(c™))) —

(0,(B1,...,Bn)) for some (B1,...,BN) € RYN. If ¢ is not a Nash equilibrium of the game Gr
defined in (1), then, since Gt satisfies better-reply security as defined in Reny [22] (by
Lemma 1, Lemma 2, and by Proposition 3.2 in Reny [22]), it follows that there exist i, a;." €9;,
a neighborhood V,;_; of 0_;, and { > 0 such that

Ui(o},0" )= pi+(, forallo’ eV, .
Therefore, since U;(c™) — f;, there exist {' >0 and 7 such that
Ui(o},0",)>Ui(c™)+{', foralln=n.
Consequently, there exists n’ such that
Ui((1-al)o; +alp;,o",)>Ui(o"), foralln=n/,

N0

contradicting that ¢” is a Nash equilibrium of G;an for each n. [ |

In the remainder of this section, we furnish a variant of Theorem 1 in which uniform
payoff security (as formulated in Definition 10) is replaced by conditions that do not require
an explicit construction of the (#(X;), 8(X;))-measurable maps f k

We begin with some preliminaries. Given a Bayesian game (T';,X;,u;, p)?i 1> let A; be the
set of all accumulation points of X; (i.e., the set of all points x; € X; such that (V, \{x;H)nX; # @
for every neighborhood V; of x;). Since X; is compact and metric, it can be written as a
disjoint union A; UK;, where A; is closed and dense in itself (i.e., with no isolated points)
and K; is countable (see, e.g., Aliprantis and Border [1, Lemma 12.19]).

Definition 11. Suppose that I' = (T, X;, ui,p)zi\il is a Bayesian game and let Y; € X;4,..., Yy €
Xpn. The game I is said to satisfy entire payoff security over xg\; ,Y; if for each i, € >0,
and x; € Y;, and for every neighborhood V,, of x;, there exist y; € V,, and a neighborhood Vgéi
of x; such that for every (¢,z_;) € T x X_;, there is a neighborhood V, _, of z_; such that

wi(t,(yi,y-)) > ui(t,(z;,z_))—¢, forall (z,y_ )€V, xV,_,.

Definition 12. Suppose that I' = (T, X;, ui,p)ﬁl is a Bayesian game and let Y; € X4,..., Yy €
Xyn. The game I is said to satisfy generic entire payoff security over xg\; ,Y; if there exist
Z1<Y1,....,Zny € YN such that Y; \ Z; is countable for each i, I' is entirely payoff secure over
X?i 1Zi, and the following condition is satisfied: for each i, € >0, and x; € Y; \ Z;, there exists

yi € X; such that for every (¢,z_;) € T x X_;, there is a neighborhood V,_; of z_; such that

wi(t,(y,,y-i)>uit,(x;,z_;))—¢, forally_;eV, ..



Definition 13. A Bayesian game I' = (T';,X;,u;, p)?i | is said to satisfy generic entire payoff
security if it is entirely payoff secure over Xﬁ Ki and generically entirely payoff secure over
N
xV A;
=171

Recall that the set of all strictly positive distributional strategies in &; (cf. Definition 6) is
denoted by @i. Let 9; be the set of members o; of @; such that for each ¢; € T}, o;({x;}|£;) =0
and o;(N¢(x;)|t;) >0 for every x; € A; and € > 0 (where N.(x;) denotes the e-neighborhood of
x;), and o;({x;}|t;) > 0 for every x; € K;. Observe that @i c @i. In agdition, @i is nonempty

(see, e.g., Parthasarathy et al. [20, Corollary 6.2]). Define 9P = Xﬁl%.

Definition 14. The Bayesian game (T;,X;,u;, p)li\i , satisfies generic local equi-upper
semicontinuity if there exists u = (u1,...,un) € 9 such that for each i and (¢,x_;)€ T x X_;,
there exists Y; € X; with u;(Y;|¢;) = 1 satisfying the following: for each x; € Y; and € > 0, there
is a neighborhood Vy; of x; such that for every y; € V.., there is a neighborhood V;_; of x_;
such that

ui(t,(yi,y-i)) <ui(t,(x;,y-i)+¢e, forally_;e Vx_i-

Generic entire payoff security and generic local equi-upper semicontinuity combined
imply strong uniform payoff security.

Lemma 3. Suppose that I' = (T;,X;,u;, p)ﬁ 1 is a Bayesian game satisfying generic entire
payoff security and generic local equi-upper semicontinuity. Then T satisfies strong uniform
payoff security.

The proof of Lemma 3 is relegated to Subsection A.3.
From Theorem 1 and Lemma 3 one immediately obtains the second main existence result
of the paper.

Theorem 2. Suppose that the Bayesian game I' = (T;,X;,u;, p)fi | satisfies generic entire
payoff security and generic local equi-upper semicontinuity. Suppose further that for each
teT, the map Zzi\i 1ui(t,) : X — R is upper semicontinuous and p is absolutely continuous
with respect to p1®---® pn. Then I possesses a perfect Bayes-Nash equilibrium.

3.1 The special case of complete information games

In this subsection we state the main existence results in the absence of incomplete in-
formation (i.e., when type spaces are singletons), obtaining Theorem 2 and Corollary 1 in
Carbonell-Nicolau [9] as special cases of Theorem 1 and Theorem 2.

Definition 15. The mixed extension of a compact, metric, Borel game G = (Zi,gi)zi\i | is the

normal-form game G := (A(Zi),Gi)ﬁ\;I, where for each i, G; : ><§.V:1A(Zj) — R is defined by

G(o1,...,0N) = fzgi(z)[Ul ®---®onl(dz).

Suppose that G = (Zi,gi)ﬁ\; | is a compact, metric, Borel game. For each i, let A(Z;) be the
set of all strictly positive members of A(Z;), i.e., the set of all o; € A(Z;) such that ¢;(V)>0
for every nonempty open set V in Z;.

Given a = (aq,...,ay) € [0,1)Y and w=(U1,... UN) € xf\ilﬁ(Zi), define the normal-form
game

G = (AZ), G, (3)

where GE“’”) : xi.vzlA(Zj) — R is defined by

GE“’“)(al, v ON):=Gi(1—a1)o +aipy,....,(L—an)oON + AN UN).



Definition 16. Suppose that G = (Z;, gi)zi\i , 1s a compact, metric, Borel game. A Nash
equilibrium o of the mixed extension G = (A(Zi),Gi)ﬁ 1 1s perfect if there exist sequences
(a™), (u™), and (c") such that the following holds for each n: a” € (0, N, ute Xf\ilﬁ(zi), and
o" is a Nash equilibrium of the game G®"*") defined in (3), and in addition a” — 0 and

o" —o.
w

In the special case of complete information games, Definitions 10-14 can be more simply
stated as follows.

Definition 17. A compact, metric, Borel game (Zi,gi)fi | satisfies strong uniform payoff

security if there exists = (u1,..., un’) € 2 such that for each i and € > 0 there is a sequence
(f ky of (B(X;), B(X;))-measurable maps f kX, — X, satisfying the following:

(a) For each k and x € Z, there exists a neighborhood V,_; of x_; such that
gi(ff ), y_))>gi(x)—¢, forally ;eV, ..

(b) For each x_; € X_;, there is a subset Y; of X; with u;(Y;) =1 satisfying the following:
for each x; € Y;, there exists K such that for all £ = K, there is a neighborhood Vé_i of
x_; such that
gi(f* (i), y-i) <uilxi,y-i)+e, forally_ eV, .

Definition 18. Suppose that G = (Zi,gi)zi\il is a metric game and let Y1 € Z1,...,.YN S Zn.
The game G is said to satisfy entire payoff security over X?i 1Y if for each i, € >0, and
x; €Y;, and for every neighborhood V; of x;, there exist y; € V,, and a neighborhood V,éi of x;

such that for every z € Z, there is a neighborhood V, _, of z_; such that
8iyi,y-i)>gi(zj,z_))—¢, forall(zj,y_)eV, xV,_,.

Definition 19. Suppose that G =(Z;,g;)Y | is a metric game and let Y; € Z1,...,.Yy S Zn.
The game G is said to satisfy generic entire payoff security over Xfi 1Y if there exist
Zi<Y,...,Z <Yy such that Y; \ Z! is countable for each i, I' is entirely payoff secure over
Xfi Z ;, and the following condition is satisfied: for each i, e >0, and x; € Y; \ Z ;, there exists
yi € Z; such that for every z € Z, there is a neighborhood V,_; of z_; such that

giyi,y-i)>gi(z)—¢, forally_;eV, .

Definition 20. A metric game (Z;, gi)é\; , said to satisfy generic entire payoff security if
it is entirely payoff secure over X?i 1K and generically entirely payoff secure over X?i 1A

Suppose that (Z;, g,;)ﬁ\i | is a compact, metric, Borel game. Recall that Z; can be written as
a disjoint union A; UK;, where A; is closed and dense in itself (i.e., with no isolated points)
and K; is countable. Recall that the set of all strictly positive mixed strategies in A(Z;) is
denoted by A(Z;). Let A(Z;) be the set of members o; of A(Z;) such that o;({x;}) = 0 and
0i(Ne(x;)) > 0 for every x; € A; and € > 0 (where N(x;) denotes the e-neighborhood of x;), and
o;({x;}) > 0 for every x; € K;.

Definition 21. A compact, metric, Borel game (Z;, gi)ﬁ\i , satisfies generic local equi-upper
semicontinuity if there exists u = (uy,...,un) € A(Z;) such that for each i and x_; € Z_;, there
exists Y; € Z; with u;(Y;) = 1 satisfying the following: for each x; € Y; and € > 0, there is a
neighborhood V,; of x; such that for every y; € Vy,, there is a neighborhood V,_, of x_; such
that

8iyi,y-i)<gilxj,y-)+e, forally ;eV, .



The following corollaries follow immediately from the main existence results.

Corollary 1 (to Theorem 1). Suppose that the compact, metric, Borel game G = (Zi,gi)ﬁ 1
satisfies strong uniform payoff security and that the map Zﬁ\i 18i("): Z — R is upper semicon-
tinuous. Then G possesses a perfect Nash equilibrium.

Corollary 2 (to Theorem 2). Suppose that the compact, metric, Borel game G = (Zi,gi)ﬁ 1
satisfies generic entire payoff security and generic local equi-upper semicontinuity. If the map
Zﬁ\; 18i("): Z — R is upper semicontinuous, then G possesses a perfect Nash equilibrium.

4 Application to all-pay auctions

This section illustrates the machinery developed in Section 3 in the context of all-pay auctions.
We confine attention to a generalized version of the war of attrition considered in Krishna
and Morgan [ 18], but the existence result presented here extends to other all-pay auctions.
An existence result is obtained, using Theorem 1, for the war of attrition with common values
and interdependent types.

There are N bidders competing for a single indivisible object. After learning their types,
the players simultaneously submit a sealed bid b; from a closed and bounded subinterval
B;:=[b, bl of R, (where b< b). Each B; is endowed with the usual relative Euclidean metric,
and the Cartesian product B := X?i 1Bi is equipped with the corresponding supremum metric.
Let T',...,Tn be the type spaces (each T'; is a compact, metric type space). The highest bidder
wins the object and ties are broken via an equal probability rule. If player i wins the object
when Nature chooses a type profile ¢t = (¢1,...,t5) € T and when the profile of bids chosen by
the players is b = (b1,...,bn) € B, then player i’s payoff is given by v(¢) —max;; b;, where
v(t) = 0 represents the value of the object in state ¢ and max;; b; is the second highest bid
in the action profile b. All the other players j # i obtain a payoff of 4 ;(¢,b). The common
prior over type profiles in T is represented by a probability measure p on (T',%8(T')), assumed
absolutely continuous with respect to the product of its marginal probability measures,
pP1®---®pN.

Bidder i’s expected payoff at t = (¢1,...,tny) € T and b = (b1,...,bx) € B is given by

D) {hi(t,b) if b; <max;b;,
uilt,0):= @) . _
m—maxﬁgibj 1fb,-—maijj.

Here, the map v: T — R is assumed bounded and (%(T'), 4(R))-measurable, and the maps
h;:T xB — R are bounded and (%(T x B), B(IR))-measurable and satisfy the following: for
each i, the family {;(¢,-) : ¢ € T} is equicontinuous on B and A;(¢,b) = —max;4; b; whenever
t €T and b € B satisfies b; = max;b;. In particular, if 4;(¢,b) = —b; whenever b; <max;b;
(and if one makes additional assumptions on the affiliation of types) one obtains the war of
attrition game considered in Krishna and Morgan [18].

The associated Bayesian game is

T:=(T:,B;,ui Py (4)
Lemma 4. The game I' defined in (4) satisfies strong uniform payoff security.

Proof. Let u=(u,...,un) € 9 be such that for each i and t; € Ti, p;(-|t;) is the normalized
Lebesgue measure over B;.

Fixi and € > 0. Because {A;(¢,-) : t € T'} is equicontinuous on the compact set B, {h;(¢,-): t € T}
is uniformly equicontinuous on B. Therefore, there exists § > 0 such that

|hi(t,b)—hi(t,b") <e, forallteT and (b,b’)e B xB with d(b,b") <6,



where d is a compatible metric on B.

For each &, define fk :B; — B; as follows: fk(bi) = %5+(1—%)bi. Letk* > % and observe
that for £k = k* and b; € B;,

(b —bi = %(5— by) < %(5—9) <5,

Fix k=k* and (¢,b) € T x B. We consider three cases:

Case 1. b; =max;b; < b. Let Vi _, be a neighborhood of b_; contained in N(b_;) such that
max ;b < f*(b;) for all b’ €V, _,, and pick any b’ € V,_,. Then

. kg . / _ _ / v(?) B /
u;(t,(f"(b;),b_,)) =v(t) ]n?ijz#HijjZInaXJn} Ig?xbj
v(t)

#{j:bj=max, b} _mJaXbJ'_EZ ui(t,b)—e.

Case 2. b; =max;b; = b. Let Vé_‘ be a neighborhood of b_; contained in N.(b_;) such that
b;. < b for each j # i whenever b’ , eV, andb; <b. For any b, eV,

.9
2

t
o() —maxb’,

RN D V) = st (B b)) =
uilt, (F7(0:),6-3)) = wilt,(6:,b2) 1+#(j:0) =max,b}}

v(t)
#{j:bj=max, b} _szbf —-e=u;(t,b)-c.

Case 3. b; <max; b;. Choose b’ ; € N5(b_;). If f*(b;) = max;b’, then
it (f*(b;),b" ) = —mjaxb; = hi(t,(f*(b:),b" ) > hi(t,b)— e = u(t,b) —e.
If £*(b;) < max; b'j, then
wit,(F*(5;),0" ) = hi(t,(f¥(;),b",)) > hi(t,b) — e = u;(t,b) —e.
This establishes item (a) of Definition 10 for I'. To see that item (b) holds, fix (¢,b_;) €

T xB_; and choose b; € B; with b; #max;»; b;. If b, >max;y; b;, then for each & and for V;_,
a neighborhood of b_; such that b;. <b; for each j #i whenever b’ . €V,_,,

wi(t,(FE(B;),0" ) = v(t) ~ maxd’, = u;(t, (b, b)) <u;i(t,(b;,b ) +e, forallb eV, ..
J
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If b; <max;y; bj, there exists K such that for £ = K one has fk(bi) <max,x; b; —  for some
p >0 and fE(b;)-b; <5, and one can choose a neighborhood V’_‘ of b_; such that for all

b’ €V, ,max;b’> f&(b;)>b;. Then, for k =K,

wilt,(FE (b)), b)) = hilt, (FF (), b)) < hi(t,(bi, b))+ = ui(t,(b;,b")+e, forallb' eV .

This establishes item (b) of Definition 10. [ ]

Theorem 3. The game T defined in (4) possesses a perfect Bayes-Nash equilibrium.
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Proof. In view of Lemma 4, the assertion is an immediate consequence of Theorem 1 once
one observes that for each ¢ € T', the map Z]i\i 1 4i(¢,-): B — R is upper semicontinuous (in fact,
continuous). The continuity of this sum follows from the fact that, for every (¢,b) € T x B,

N
Youit,b)=v®)-#{i:b;=maxb,}b’+ Y hit,b),
=1 i:b;<max, b,

where b* represents the second highest bid in b, together with the equicontinuity of
{hi(t,-):t€T} on B, for each i, and the condition that, for each i, h;(t,b) = —max;4; b;
whenever b; =max;b;. [ ]

A Proofs of Lemma 1, Lemma 2, and Lemma 3
A.1 Proof of Lemma 1

Prior to proving Lemma 1 we state and prove the following preliminary result.
Lemma 5. Suppose that the Bayesian game I' = (T;,X;,u;, p)N 1 satisﬂes strong uniform
payoff security. Suppose that p is absolutely continuous with respect to p1®---®py. Then there

exists (U1,..., UN) € 9 such that for each i and € > 0, there is a sequence (fk) of (B(X;),B(X;))-
measurable maps f* : X; — X; satisfying the following:

® Foreach (t;,x;)€T; xX;, 0_; €D_;, and k, there is a neighborhood V,;_, of 0_; such that

f f [ (¢, (F (i), 2-3))g (D] 2 U(It]) (dx_;)| ® p,|(dt_;)
J#L 5)
>fT-i fX_i[ui(t,x)g(t)] jgi‘fjﬂltj) (dx_;) jgipj (dt_i)—¢, forall o' ; €V, |,

where g is a density of p with respect to p1®---® pn.

® Foreach o_; € D_;, there exists K such that for each k = K, there is a neighborhood V(Li
of o_; such that

Ui(pf, o' ) <Uipi, 0’ ) +e, forallo’ €V, _, (6)
where ,uf(~|ti) is defined by
-1
HEBIt;) = pi(fF Bty
Proof. Strong uniform payoff security gives g = (i1, ..., un) € @ such that for each i and € >0

there is a sequence (f( E) , of (B(X;),B(X;))-measurable maps f( o : X; — X satisfying
the following:

IFor t; € Ty, it is clear that p*(B|t;) € [0,1] for each B € 2(X;). In addition, pu*(X;|t;) = p;(X;|t;) = 1, and,
given a countable collection (Bl , of pairwise disjoint sets in %(X;),

Job

Thus, uf(-lti) € A(X;) for each t; € T;. Moreover, given B € B(X;) we have fk_l(B) € #B(X;), and so the map
tieT;— pi(f kfl(B)lti) is (AB(T;), AB([0, 1]))-measurable by Proposition 7.26 in Bertsekas and Shreve [6]. Hence,
themap ¢; € T; — ,uf (Blt;) is (AB(T;),%([0,1]))-measurable and so (again by Proposition 7.26 in [6]) the map
p Ty — A(X;) is (B(T;), B(A(X;))-measurable.

k|1 nl
K (UB
=1

ti):,ui(ijfk_
=1

! ti) = w(F T BYIE) = Y pk B,
=1 =1
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(a) For each k£ and (¢,x) € T x X, there exists a neighborhood V,_, of x_; such that
wit,(Ff ) (x),y-))g®) = [ui(t,x) — €lg(®), forally €V,

(b) For each (¢,x_;) € T x X_;, there is a subset Y(; ¢ ;) of X; with p;(Y(ierx plti) =1
satisfying the following: for each x; € Y(; . ; . ,), there exists K(; ¢ ;) such that for all
k =K ¢t x), there exists n ¢ ; « 1) such that

ui(t,(f(’ig)(xi),y—i))g(t) <[u(t,(x;,y-)) +elg(®), forally_;je€Nypn,,, ., (x=i)

Given (i,&,t_;,x_;) and {k,n} SN, define &) :T;xX; — Rby
§hmtai= sup [[wit (£ ),y - wilt, e, y-)g(®)]
y_iEN%(x_i)

Because u; is (B(T x X), B(R))-measurable (and T; and X; are compact, metric for each i), u;
is (B(T; x X;)® B(T_; x X_;))-measurable, hence (B (T; x X;)® B(T_; x X_;))-measurable,
where 28" (T; x X;) denotes the u;-completion of B(T; x X;). Therefore, since 28"(T; x X;)
equals its universal completion, it follows from the proof of the Theorem in Carbonell-Nicolau
[11] that the map

(13,2, (T3, 2= € Ti x Xy x Ty x X_j—  sup  |[wi(T,(ff (2i),3-i) — uwi(7, (20, y-)]g(T)
y-i€N1(2_;) ’

is (BH(T; x X;)® B(T-; x X_;),B(R))-measurable, and so the map fgf,ﬁz—i,x—i) is (BHi(T; x
X;),%(R))-measurable (see, e.g., Aliprantis and Border [1, Theorem 4.48]). Consequently,
applying Theorem 10.35 in Aliprantis and Border [1], we see that there exist a (%(T; x
X;), (R))-measurable map " :T; xX; — R and A € B(T; x X;) such that

@@,e,t-,%)

piA)=0 and &7 (tix)=E0T) (%) for all (¢, x) € (T x X)\A.  (7)

@@,e,t_,x; @@,e,t—ix—;

Let &gt ;x ) :Ti xX; — R be defined by

Gt tiomi) = i | Tim G0 Gt x0)]

—00 LR—00 l,f,t_i,x_i)

Then there exists a sequence (nj) such that

(k,ng)

é(i,f,t—i,x—i)(ti ,Xi) 1= kll_»I{.lo f(i,e,t_i,x_i)(ti’xi)'

By Egorov’s Theorem (e.g., see Dudley [17, Theorem 7.5.1]), there exists A < (T; x X;) \A
such that

<e (8)

pi(A) sup [u;(r,2)—u;(t',2"]
(7,2),(t,2"NeTx X xTxX

and {Efgnfj ) converges to &(i et ; x_) uniformly on (T'; x X;)\ (AUA). Therefore, there exists

E such that for all k > % and (¢;,x;) € (T; x X;) \(AUA),

)é-(k,nk) <e.

(i,e,t_j,x_

&%) = Chie s x)(Eir Xi)
In addition, by (b) one has, for t; € T; and x; € Y(; ¢ ¢« ,),

$het ) (tisx;) <eg(d).
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Consequently, for all £ = £,
E(k,nk)

@@,e,t_i,x)

for all (¢;,x;) € (T; x X;)\ (AUA) with %; € Y(; £.t.x;), and so for each & > k,

(ti,x;)<e+eg(t)

sup [ui(t,(f(’;g)(xi),y—i)) —ui(t,(xi, y-i)1g(®)| <e+eg(?)
y_i€N 1 (x_;)
np

for all (¢;,x;) € (T} xX,-)\(AUA) with x; € Y(; ¢t x_;), Whence for each £ = £ and Y-i € Ny, (x_;),
i, (£ i), y-i)) — wit, (i, y- DIg() < £+ £g(t)

for all (¢;,x;) € (T; x X;)\ (AUA) with x; €Y (¢ sx ). Hence, in light of (7) and (8), it follows
that for each £ >k and y_; € Ny/,, (x_;),

[T e, 30 = it o,y g O,

= fT fY [t (£ ), y-0) st (i, y- D@ Opi(dxi £)p () < & + 2 fT 2Opidt;).
i @@,e,t,x_;) .

sCHb—1

E(i,s,t_i,x_i) and y_; € Ny, (x—;),
[ T,y =it iy Mgtz <e+.2¢ | gopided. @)

Next, define yf;  : T-; xX_; — R by

WZ',E)(t—iax—i) :=f

T;x

. [ui(t,(f(];g)(xi),x-i)) —u;(t,(x;,x-))1g@®ui(d(t;,x;))

and Wﬁ-ﬁ) :T_;xX_; > Rby

Wﬁ‘,e)(t—i’x—i):: lim  sup Wﬁ- o=, y-i).
nﬁooyfid\’%(xfi) ’
Fix (i,e) and o_; € 2_;. Because 1//{"’1. " is (B(T-;) ® B(X_;),B(R))-measurable, it fol-

lows from the Theorem in Carbonell-Nicolau [11] that W?i,n) is (BUY(T_;) @ B(X_;), B(R))-
measurable, where %%(T_;) denotes the universal completion of %(T'_;). Consequently, since
themapx_; e X_; — EZ’,?)(t_i,x_i) is upper semicontinuous for each t_; € T_;, Corollary 1 in
Averna [3] gives a compact set B < T_; such that

p(T; x(T_;\B)) sup [ui(r,2)—ui(t',2N]| < (10)
((7,2),(1,2")eTx X xT'xX

and Wﬁ-,n)l BxX_; 1s upper semicontinuous. Hence, letting @ﬁ B T_; x X_; — R be defined by
~Fk L —k
Vi p(E-isX—i) = z}IIIzW(i,n)(t—i,x—i)

it follows that @ﬁ. n)l BxX_; is (B(B x X_;), B(R))-measurable. Now define #/; ,:BxX_; = R

by
i o Yir R o
W(l,ﬂ)(t—hx—L) - kll.rgow(iﬂl)(t_l’xﬂ)'
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Applying Egorov’s Theorem (e.g., see Dudley [17, Theorem 7.5.1]), there exists BcBxX_;
such that

B)|  sup W (tixo)| <n (11)

(t-jx—)eEBxX_;

® O;
j#i !

and 1/75’”) converges uniformly to 1/7(1-,,,) on(BxX_;) \E, i.e., there exists  such that for all

B>k and (t_;,x_;)€ (BxX_;)\B,

){/}Z,n)(t—i;x—i) - W(i,n)(t_i,x_i) < T],

and because (9) implies

ﬁ(i,n)(t_i,x_i) < 17+2T]L gt)p;(dt;), forall (t_;,x_;)e(B XX_i)\E,

it follows that for all & >k,

{/;fi,n)(t_i’x_i) <2n+ anT g@®)p;(dt;), forall (¢_;,x_;)e(BxX_;) \E,

and so for all 2 = ?,

Wfin)(t—i,x—i)<277+277f g)p;(dt;), forall (t_;,x_;)e(BxX_)\B.
bl TL

This, together with (11) gives, for all 2 = &,

® 0| (d(t_;,x-;)) <5n. (12)
J#L

—F
foX_i Y (E—ir X—)
On the other hand, recall that the map Wﬁm)l BxX_; 1s upper semicontinuous, and so
applying Theorem 3.7(viii) of Schél [25] and Theorem 3.1 of Balder [5], it follows that there
is a neighborhood V(’f " of o_; such that

_k - . , . |
Jox Flnttco-0| 9,03 @t -x-0

—k
< fox_i Vi m(t-isx—i)

€ k
Jgi 0| (d(t-i,x-i))+ 2> forallo’ ;€ Vi

Consequently, since wﬁ',n) < Wﬁm), we see that

® o' | (d(t_i,x_;))
.¢. J

k (t_:.x_;)
foX_iw(L’n) Ll j#i

< f aﬁ‘ (E=isx—;) (d(t-i,x-i)+ E’ for all o' ; € V;
BxX_; ’ 2

@i,m-

® O;
j#i !

Combining this with (12) gives, for (i,n), a k(; ;) such that for all 2 = k(; ;;, there is a neigh-
borhood V(’f » of o_; such that

foX_i Wé’n)(t—i,x—i)

£ k
jgi ‘7}] d(t_;,x_;) < 2 +57n, forallo’ e V(i,n).
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Hence, thanks to (10), there is, for given (i,n), a k(; 5 such that for all 2 = k(; ), there is a
neighborhood V(]f " of o_; such that

(d(t-;,x-;)

k (t . A /

- (tli,x)| ® O

-/f;’iXXi W(l’n) ' ' j# 7
/

.g.o.j

k
uj . (t—.7x—')
f(T_i\B)xX_i (N

f f [t (ff (), 2-0)) — wilt, (i, 6 DIg(Ops(d (¢t %7))
(T-\B)xX_; [JT;xX; '

(d(t_;,x-;)

d(t_;,x_; +f ko (t_ix_)| ® o
( ( 1 l)) BxX_iW(l,n)( l l) J;,fl J

(d(t_;,x-;))

/
® O
j#i

® 0’| (d(t-;,x-;))
£

k
+ PN I
foX_i Vi E—irx—i) 2

- | J T (78 500 =it G0
T;x(T_;\B) JX ’

i Clt) ® jgia',('”j)] (dx)p(d(t;,t-;))

k /
+ - (t—ix_) | ® o | (d(t—j,x—;)
foxiw(,m( v @0 @lt-s-0)

Sp(Ti X(T_Z\B)) sup [ui(T,z)_lLi(T,,Z,)]
(7,2),(1",2")eTx X xTxX

k /
+ - (g, x )| @ o | (d(E—;,x—;)
foxi‘”(w)( w2 @0 @lt-p-0)

< g +6n, for all a'_i € V(]f,n)'

Choosing 1 € (0, {5) gives K such that for all £ > K, there is a neighborhood V(;_l_ of o_; such
that (6) holds.

To prove the first bullet point of the lemma, fix (¢;,x;) € T; x X;, 0—; € 2_;, and k. Define
k :T_; xX_; — R by

(@@,m,t5,%;)

{6yt (t-isx—i):i=sup _inf )ui(t,(f(}:,n)(xi),y—i))g(t).

nE]Ny—iEN% (2
Because u; is (B(T; x X;) ® B(T_; x X_;),B(R))-measurable, the map
(t-ip2-1) € Ty x X wilt, (@), x-0))8(8)

is (B(T-; x X_;),2B(R))-measurable (see, e.g., Aliprantis and Border [1, Theorem 4.48]),
and hence (AB(T-;) ® B(X_;),#B(R))-measurable. Consequently, applying the Theorem in
Carbonell-Nicolau [11], it follows that (ﬁ.n i) is (BYUT_;) ® B(X_;),B(R))-measurable,
where 98“(T-;) represents the universal C(’)r’n}’)letion of B(T_;). Therefore, since the map
x_; €EX_;— (fi nt; xi)(t—i’x—i) is lower semicontinuous for every ¢_; € T_;, Corollary 1 in
Averna [3] give7s a 7compact set C < T_; such that

p(T; x(T_;\C))| sup ur,2)|<n. (13)
(1,2)eTxX
and ( fi,n, ti,xi)| CxX_; is lower semicontinuous. Applying Theorem 3.7(viii) of Schal [25] and

Theorem 3.1 of Balder [5], it follows that there is a neighborhood V* ) of o_; such that

(iynytiyxi
k
Ciing an(EinX—i)
\LXX_i (l7n,tlyxl) ’

k
> @ RPIIN ) |
v/.CXX_i (L?TI,tL?xl) v v

(d(t_;,x-;)

!/
® 0.
j#i /

(d(¢-i,x-;))—n, forall U,—i € ‘/(’l‘?,ﬂ,ti,xi)'

® O;
j#i !
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Consequently, for o’ L€ V(]l?n £ gy OE has, thanks to (13),

f X ((Lnt ap(E=ir%—i) ji’iff} (d(t_i,x-;))

f O)xX (tnt,x )(t—i,x—i) jgi
f f (Lnt x)(t—iax—i) 2

/
.®,Uj('|tj)

0",] (d(t—l7x—L))+fx ((lﬂt x)(t—l,x_l) J?L

0’| (d(t—i,x))

(dx-;)

® pildt;
j;éipJ ( )

k . . ! . )
+LXX '((i,n,ti,xi)(t—lax—L) J§l0'] (d(t—lyx—L))

-1

(dx_;))pd(7;,t-;))

k
+ @RI ¢
j;xX_i @m,t,) "~
k . . ! . ]
+fCXXi((i,n,ti,xi)(t_z,x_L) jgiaj (d(t_;,%_;))

o [(d(t-i,x-))—n

sup inf  w;(¢, (f(L i) y-i))

® o ( It ;)
nelNJY- lENl(x— J

o ek,

o | (d(t-i,2-))

>p(T; x(T_; \C)) [ Tzln%'XXu-(T,Z)

g LXXL’ ((iﬂl,ti,xi)(t—i ,x—

k
>LXX_i ((i,n,ti,xi)(t—hx_i) jgio-j (d(t—i7x—i))_27]
¢ k
) . t-i,x-i) | 8 0| (d(t—,x-i))—2n - : t_i,x_;)| ® 0| (d(E_;,x_;
f_iXX_i C(l,nyti,xi)( 1 l) J#L J ( ( 14 L)) n [T_i\c)xx_i {(",n,ti,xi)( 2 L) ot J ( ( i L))

® 0;

— k
_Lix i((i,n,ti,xi)(t—i,x—i) A (d(t_;,x_;))—2n

_ixX_
k . . (. . . ) .
_\/(‘ _i\C)f_i((i,n,ti,xi)(t—Lax—L) JELO-J( |tJ) (dx—l) ngp.] (dt_l)
k
:fT | Xf(i,n,ti,xi)‘t—i’x—i) 80| (d(t-i,x-)) =20
f 3 \C)‘[_L nE]Ny L€]1\If11fx, ui(t, (f(z n)(xl) ¥y-i)) ® 0']( |tj) (dx_j)p(d(z;,t_;))

_®_0'j

k
> Co (i, x—y)
‘Li XX*i (l,n,tuxl) L i J?él

In addition, for every (¢_;,x_;) € T_; x X_; one has

(d(t—i, %))~ 3.

ui(t, (f(];l’n)(xi), y—L))g(t) = Cﬁ,ﬂ,ti,xi)(t_i’x—i) > [ul(t,x) _ n]g(t)

Combining this with the previous inequalities gives, for all o’ . € %

(i,n,t;,%;)’
fT,- fXi[ui(t,(fk(xi),x—i))g(t)] Jgia}(-ltj) (dx_;) Jgipj (dt_;)
szi fxi (é,n,ti,xi)(t—i’x—i) J.gi‘f}('ltj) (dx—;) B.pi (dt_;)
>fT_,- . (fi,fl,ti,xi)(t—i,x—i) jgio'j(-ltj) (dx_;) jgipj (dt_;)-3n
> fT ) fX it 0801 | ©,0,01tp)| x| & s | (-0 —4,
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Now choosing a small enough 7 gives the desired inequality in (5). [ |

We are now ready to prove Lemma 1, which is restated here for the convenience of the
reader.

Lemma 1. Suppose that the Bayesian game I' = (T;,X;,u;, p)]i\i | satisfies strong uniform
payoff security. If p is absolutely continuous with respect to p1®---® py, then there exists
UEe 9 such that the game G}a’” ) defined in (2) is payoff secure for each a €[0,1)".

Proof. Let u=(uy,....,un) € 9 be the measure given by Lemma 5. Fix a €[0,1)V, >0, 0 €2,
and i. We must show that there exist o} € 9; and a neighborhood V;;_; of 6_; such that

U (ot,0" )> U (0)—¢, forallo’ eV, . (14)

Define

0=(01,....0N)=((1-ai)o1 +a1pu1,...(L—an)on + anun).

Lemma 5 gives a a sequence (f*) of (B(X;),#(X;))-measurable maps f* : X; — X, with
FRX) e BX;) satisfying the following:

(i) For each (¢;,x;) € T; x X; and k, there is a neighborhood V5 _; of 6_; such that

ff[ui(t,(fk(xi),x_i))g(t)] (dx_;) (dt_;)
T, Jx;

>f f [w;(t,x)g(®)]
T Jx_;

where g is a density of p with respect to p1 ®---® pn.

!/
® o.(:|t;) ® pi
g A7

(dx_;)

-

® 7;(It;) ® p;|(dt_)-=, forallo’ eV;
J#i J#i 4

(ii)) There exists K such that for each k = K, there is a neighborhood Vé_i of &_; such that
Uit 0! ) < Uy, o)+ g forall o’ €V, ,
where ,uf(-lti) is defined by

Wk Bl = (P BI).

Define 6? €9; and ai? € 9; via their corresponding regular conditional probability meas-
ure as follows:

~ ~ -1 -1
GBIt :=5,(f* B)It;) and ofBIt;):=oi(fF BIty).
Below we show that for each &, there exists a neighborhood Vé’fi of 6_; such that for each

!/ "
o_; € Va_i,

f f i, (PR (), 2 ) (8)] [a(-m)@ (dx)
TJX

/ N ~, €
jgiaj(-ﬂj)] jézblpj] (dt)>U;(0)—- oL (15)
implying

~k 1 ~ € / "
U,(G*,0_;))>U;(0) - > forallo_; € Va_i. (16)

By (ii), there exists K such that for each 2 = K, there is a neighborhood Va/‘,i of _; such
that
k ! / € ’ ,
Ui(y;,0_) <Ui(pi,o0_;) + > forallo_; € Vﬁ—i'
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Consequently, for £ > K, and for o’ ; € szl‘,i’

Ui((1-a)o® +aiu;,0" )= 1-a)Ui(c%,0" )+ a;Ui(ui,a",)

€

>(1-a)Uio%, 0" )+ a;Ui(uf, 0’ ;) - 3
~F 3

= Ui(ai >O-I_i)_ 5

This, together with (16), yields, for £ = K,
Ui(1-a;)o® + aip;,0" ) > Ui(@) - ¢

for all 0’ , in some neighborhood of ;. In particular, (14) holds for some neighborhood V,; of
.
It remains to show that for each %, there exists a neighborhood Vé’ i of &_; such that (15)

holds for each 0’ ; € Vé,,i' For each % and n € N, define the map ¢®*-?) :_Ti x X; — R by

(dx_;)

® 0i(-|t;) ® pil(dt_;)
j#i 7 14 j;éipj !

(P(k’n)(ti,xi)izf f [u;(t,x)g(t)]
T, Jx_;

JgiO—;‘(Jt‘j) (dx_;) Jgipj (dt_;)

_ inf f f i, (Fr ), )@l
DJIT_; JX_;

o eN1(G-
n

(here N1(0_;) denotes the %-neighborhood of 6_;). Below we show that there exist a (B(T; x
X;),%(R))-measurable map (/ﬂ(k’") :T; xX; — R and Ae B(T; x X;) such that

Gi(A)=0 and @®M(t;,x;)=*™(t;,x;) for all (¢;,x;) € (T; x X;) \ A. (17)

Define ¢* : T; x X; = R b
4 i i y boe v e,
Q- (ti,x;) = 7}1_)120(,b (ti,x;).

Observe that by (i) we have

£

T for each (¢;,x;) € (T; x X;)\ A. (18)

<Pk(ti,xi) <

By Egorov’s Theorem (see, e.g., Dudley [17, Theorem 7.5.1]), there exists A < (T; x X;) \A

such that
Gi(A)| sup U;(v)-U;(v")

£
<= (19)
v,V)ED*xD 8

and ((p(k’”)) converges (as n — oo) to (pk uniformly on (T; x X;)\ (AU A). Consequently, there
exists n such that for all n =7 and (¢;,x;) € (T; x X;)\ (A UA), Iw(k’”)(ti,xi)—(pk(ti,xi)l < %, and
so in light of (18) it follows that for all n = 7, ®™(¢;,x;) < 3 for all (¢;,x;) € (T; x X;)\(AUA).
Hence, there exists a neighborhood Vél,i of G_; such that for all o’ € Vcirl,i’

(dx_;) (dt_;)

f f i, (FH ), %)) g(D)]
T, Jx

> f f [ui(t,2)g(D)]
T_,JX_;

Therefore, using (19), we see that for all o’ ; € Vé’_i, (15) holds.

!/
® 0.(-|t;) ® p;
gAY g

3 ~
(dx_;) (dt_;)— EE, for all (¢;,x;) € (T; x X))\ (AU A).

® G:(|t:) ® pi
j# it
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Finally, we show that we show that there exist a (AB(T; x X;), B(R))-measurable map
$*™ and A € B(T; x X;) such that (17) holds. Define v : T; x X; — R and 9%™ : T; x X; - R

by
w(t,;,xi)::f f [w;(t,x)g(?)]
T, Jx

(dx_;)

® 0;(-|t;) ® pi|lldt_;)
j# e '

and

0% (t;,x;):=  inf ff [ i(t, (FF (i), x-)g ()] (dx-;) (dt-y),
T Jx

U/_ieNl(&—i)
n

/
® o.(-|t;) ® pi
g j#it

so that ¢p®™ = y®n) _9kn) Tt suffices to show that v is (B(T; x X;), B(R))-measurable and
that there exist a (B(T; x X;), B(RR))-measurable map Y . T; xX; — R and Ae B(T; x X;)
such that 61-(3) =0 and 9%"(¢;,x;) = 9%M(¢;, x;) for all (¢;,%;) € (T; x X;) \A.

To see that vy is (B(T; x X;), B(R))-measurable, define ¥ : A(T x X) — R by

wio):= f T DOl

Since u; is (B(T x X),ZB(R))-measurable, the map vy is (B(A(T x X)), B(R))-measurable (see,
e.g., Aliprantis and Border [1, Theorem 15.13]). Let AP(T x X) be the set of all product
measures in A(T' x X) (i.e., ve AP(T x X) if and only if v=v{ ® --- ® vy for some (v1,...,VN) €
x;jA(Tj x X;)). Since AP(T x X) is closed in A(T x X), the map y¥|ar(rxx) is (B(AP(T x
X)), Z(R))-measurable.” Hence, because the map (v1,...,vy) € xiANTjxX;)—vi®---®VyNE
AP(T x X) is continuous, it follows that the map

(Vl,...,VN) € XjA(Tj XXj) — ’l[l(Vl ® "'®VN)

is (B(x ;A(Tj x X j)), B(R))-measurable, and hence (B(A(T; x X;)) ® B(x j2; AM(T; x X ;)), B(R))-
measurable (see, e.g., Aliprantis and Border [1, Theorem 4.44]).> Therefore, the map v; €
A(T; x X;)— w(v; ®[®;4,6;]) is (B(A(T; x X;)), B(R))-measurable (see, e.g., Aliprantis and
Border [1, Theorem 4.48]). Now let 6, ;) denote the Dirac measure in A(T; x X;) with support
{(¢;,x)}). The set {0, ;) : (¢;,%;) € T; x X;} is closed in A(T; x X;) (see, e.g., Aliprantis and
Border [1, Theorem 15.8]), and so the map v; € {6, ;) : (¢;,%:) € T; x X;} — w(v; ®[®;%,6,])
is (BUbSy, x) : (ti,x;) € T; x X;}),B(R))-measurable. Because the map (¢;,x;) € T; x X; —
0, x;) 1s an embedding (cf. Aliprantis and Border [1, Theorem 15.8]), it follows that v is
(B(T; x X;),B(R))-measurable.

To see that there exist a (B(T; x X;),B(R))-measurable map Yln) . T,xX; - R and
A € B(T; x X;) such that

G:(A)=0 and 9%M(¢;,x;)=9%™(t;,x;) for all (¢;,x;) € (T; x X;)\ A, (20)

define 9% : A(T x X) — R by

9*(p) := fT X[ui(t,(fk(xi),x—i))g(t)]Q(d(t,x))-

2To see that AP(T x X) is closed in A(T x X), let (v* = vl ®---®vy) be a sequence in AP(T x X) with

vt —veA(T x X). Then v*(A1 x---x An) — V(A1 x --- x Ay), where for each j, A; is any vj-continuity subset
w

of Tj x X; and v; denotes the marginal projection of v into T'; x X; (see, e.g., Billingsley [7, Theorem 2.8(i)]). In

particular, letting v"! represent the marginal projection of v" into the factor T'; x X ;, v*(A ;) — v;(A ;) for every

vj-continuity set A}, and so it follows from the Portmanteau Theorem (e.g., see Billingsley [7, Theorem 2.1])

that v;.’ —Vj for each j. Applying Theorem 2.8(ii) in Billingsley [7] we see that v=v;®---®@vy.

3The continuity of the map (v1,...,vn) € xiAT;xXj)—vi®---®vy € AP(T x X) follows from Theorem 2.8(ii)
in Billingsley [7].
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Reasoning as in the preceding paragraph one can show that the map

((2;,2;),v_) € (T; x X;) x

x AMTjxX;)
J#1

— 9" (5<ti,xi> ®

.®.Vj ) (21)
J#i

is (B(T; x X;)®B(x j2 AT jx X ;)), B(IR))-measurable. Let BYi(T; xX;) be the 0 ;-completion of
9B(T; xX;). Then the map in (21) is (B7(T; x X;)® B(x ;2 A(T; x X ;)), B(RR))-measurable, and
since B7(T; x X;) equals its universal completion, it follows from the proof of the Theorem
in Carbonell-Nicolau [11] that the map

is (B(T; x X ;)@ %B( x j2MTjx X)), B(R))-measurable (here N1(v_;) denotes the %-neighborhood
of v_; in 92_;), and consequently the map

is (B (T; x X;),B(R))-measurable (cf. Aliprantis and Border [1, Theorem 4.48]). Now
Theorem 10.35 in Aliprantis and Border [1] gives a (AB(T; x X;),%(R))-measurable map
9" . T, x X; — R and A € B(T; x X;) satisfying (20). [

A.2 Proof of Lemma 2

((¢i,x:),v—) € (T; x X;) x ® v,

j#i /

.;.A(TJ X XJ)} = inf 9 (5(ti,xi) ®
J#i

v’_ieN%(v_i)

® Vv,

(ti 60 € (Ti x X inf ak(é(ti,xi@ v,
J#i

Vv ,eN1@G-)
n

We restate Lemma 2 here for the convenience of the reader.

Lemma 2. Given a Bayesian game (Ti,Xi,ui,p)]i\il, suppose that for each t € T, the map
Zﬁ\; 1 ui(t,-): X — R is upper semicontinuous. Suppose further that p is absolutely continuous
with respect to p1®---® pn. Then the map Zﬁl U;(-): 92 — R is upper semicontinuous.

Proof. Fix 0 €9 and € > 0. Let f be a density of p with respectto P:=p1®---® py. We must
show that there exists a neighborhood V,; of o such that

N N
Y Ui(o") <) Uilo)+e, forall o’ €V,. (22)
i=1 i=1

Let 22* be the set of all uin A(T' x X) that take the form
(A x B) = fA WBIHP(1)

forall AxB< T xX in B(T x X) and for some p: T — A(X). Endow &2* with the weak-strong
topology (cf. Balder [5]).
The map ue 22— P uec2?*, where P ® u is defined by

[P @ ul(A x B) = fA [1(1t1) ® - ® un (-len)IBIP(r)

is continuous. Indeed, if (") is a sequence in 2 with limit point u € &, then by Theorem 2.8(ii)
of Billingsley [7] we have uj ®--- & uy; —[1® O UN. In addition, since for A=A; x---x Ay
and B =B x---x By we have

[P ®u"1(A XB)ZL[MQLHM)@---®uz’i7(-|tN)](B)P(dt)

:f f piBilt)pi(dty) - uyBrltn)pn(din)
An Aq

= [ ®---® U [(A x B),
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it follows that P ® u" = 7 ® -+ ® pyy,. Similarly, we have P® u= 3 ®---® uy. Consequently,
Pout - P ® 11, and this, together with the fact that [P ® u"](- x B) = [P ® ul(- x B) for each
B € #B(X) and n implies (by Theorem 3.7(viii) of Schél [25]) that P ® u” converges to P ®
with respect to the weak-strong topology.

By Theorem 3.1 in Balder [5], there exists a neighborhood V of ¢ in £22* (with respect to
the weak-strong topology) such that

N N
f Z[ui(t,x)f(t)] v(d(t,x)) < f Z[ui(t,x)f(t)] [P®ol(d(t,x))+e, for all ve Vé.
TxX |i=1 TxX |i=1

Therefore, since the map pe 2 — P ® pe &* is continuous, it follows that there is a neighbor-
hood V;; of 0 in &2 such that

];'XX

This implies (22). L

N
[ui(t,x)f ()]
1

N
Y [uit,x)f )]
=1

1=

[Peo](d(t,x))+e, for all o’ € V.

[Peo'1(d(t,x)) <f

T x

i=

A.3 Proof of Lemma 3
Lemma 3 is restated here for the convenience of the reader.

Lemma 3. Suppose that I' = (T;,X;,u;, p)ﬁ 1 I8 a Bayesian game satisfying generic entire
payoff security. Then T satisfies strong uniform payoff security.

Proof. Let u=(u1,...,Un)€ 2 be the profile of measures given by the generic local equi-upper
semicontinuity condition. Fix € > 0 and i. By the generic entire payoff security condition, for
each x; € X; and k € IN, there exist h*(x;) € X; and )/k(xi) > 0 such that for every (£,2) e T x X,
there is a neighborhood V, ; of z_; such that

wi(t,(R*(x;),y_) > u(t,z)—¢ forally ; eV, ,
ifx; e K; UC;,
h*(e;) € Ni(xi) and wit, (h*(xi), y-i)) > wit, (2}, z-) ¢ for all (2},y-1) € Nyae(x:) x Vo,
if X; € Ai \ Ci,
where C; is a countable subset of A;. In addition, there is no loss of generality in assuming
that yk(xi) < % and, since I is entirely payoff secure over ><§V: K, one may take hk(x;) = x;
for x; € K;.

Now since A; \ C; < X; and X is compact and metric, A; \ C; is separable, and so there is
a countable subset {x(k’l),x(.k’z), ...} of A; \ C; such that

i i

U (Nyk(x(_k,l))(xgk’l))ﬂ(Ai \Ci)) = U (N},k(xi)(xl')ﬁ(Ai \Ci)).
=1 t xieAi\Ci

Define V%D V%2 yecursively as follows:
k,1
VED =N e @) (AN C)

and

m=1

-1
VED = (N, o @0 e\ ( U V(’“’”’), l€(2,3,..).
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Now define, for each &, f*: X, — X; by

Fr(x;) = Ry if x; e VD,
i hk(.X'z) ifx; e C; UK;.

Observe that
A& = AN COUFHC UKD = {RF D), REED), Lo FRC UKD,

and so f*(X;) is countable. Therefore, given Be B(X;), BNf k(X;) is countable, and it can be
expressed as a disjoint union B'UB", where B'c A; \ C; and B” = C; UK;. Since

r-1 _ ekl 5 =1 oy > (k,0) Y
o @=r Bt B)=(UJv*?|urt B
=1
and fk_l(B”) is countable, it follows that fk_l(B) € B(X;), and so f* is (B(X;), B(X;))-
measurable.

To see that item (a) of Definition 10 holds, fix 2 and (¢,x) e T x X. If x; € C; UK}, it is clear
that there exists a neighborhood V,_, of x_; such that

wi(t, (f* (i), y-)) > uit,x)—¢, forall y_;eV, .. (23)

Now suppose that x; € A; \ C;. Then x; € V%D for some [ and fk(xi) = hk(x(ik’l)). Therefore,
since there is a neighborhood V,_; of x_; such that

wilt, (R eD), o) > it (o) —e, for all (), y-i) € Ny s (x) x Vi,

and because x; € Nyk(x(k,l))(xi), one obtains (23).

To see that item (bl) of Definition 10 holds, fix (¢,x_;) € T x X_; and let Y; be the set given
by the generic local equi-upper semicontinuity condition. Set Y, :=Y; \ C;. Then p;(Y/|t;) = 1.
In addition, given x; € Y/, f*(x;) = x; if x; € K; and f*(x;) = k2P, A x*P) € N%(xgk’”),
and x; e V%D ¢ Nyk(xgk,z))(xgk’l)) c N%(xgk’l)) if x; € A; \ C;. Consequently, f*(x;) — x; for every
x; €Y/. Now given x; € Y/, the generic local equi-upper semicontinuity condition gives a
neighborhood Vy; of x; such that for every y; € V.., there is a neighborhood V; y of x_; such

that
ui(t,(yi,y-i)) <ui(t,(x;,y_;))+¢e, forally_;e V;ii.

Since f*(x;) — x;, there exists K such that for all 2 = K, there is a neighborhood V;_i of x_;
such that
wit,(F* (@), y-)) <uit,(xi,y-) +e, forally €V, ,

as desired. (]
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