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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ❛ s✐♥❣❧❡ ✜r♠ ✇✐t❤ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ✐♥

❛ ♠✉❧t✐✲♣❡r✐♦❞ s❡tt✐♥❣ ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ❛♥❞ ❛ s✐♥❣❧❡ ❣♦♦❞ ♣❡r

st❛t❡✳ Pr♦✜ts ✈❛♥✐s❤ ✇❤❡♥❡✈❡r t❤❡ ✜r♠ ♠❛①✐♠✐③❡s ♣r♦✜ts ✇✐t❤ r❡s♣❡❝t

t♦ ❛ ❣✐✈❡♥ ♣r✐❝❡ s②st❡♠✳ ❚❤❡ ♣❛♣❡r ❛❞❞r❡ss❡s t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿

❙❤❛❧❧ t❤❡ ✜r♠ ❛❧✇❛②s ❛❝t ❛s ❛ ♣r✐❝❡ t❛❦❡r❄ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt♥❡rs❤✐♣✱

t❤❡r❡ ❛r❡ ♥♦ ✐♥✐t✐❛❧ s❤❛r❡s ❛♥❞ ♥♦ ♣r♦✜ts ❛❝❝r✉❡ ❢r♦♠ ♣r♦❞✉❝t✐♦♥✳ ❆

❝♦r♣♦r❛t✐♦♥✱ ❤♦✇❡✈❡r✱ ❤❛s ✐♥✐t✐❛❧ s❤❛r❡❤♦❧❞❡rs ❛♥❞ ❝❛♥ s❡❧❧ ✐ts ♦✉t♣✉t

❛t ❛♥② ♣r✐❝❡✳ ❆♥ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤✐s ❛❞❞✐t✐♦♥❛❧ ❢r❡❡❞♦♠ ❝❛♥

✐♠♣r♦✈❡ ❡✣❝✐❡♥❝② ❛♥❞ ✇❡❧❢❛r❡✳ ❚❤✐s r❡s✉❧ts ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛ ✇❡❞❣❡

❜❡t✇❡❡♥ ♣r✐❝❡ ❛♥❞ ❝♦st ❝❛♥ ♠✐t✐❣❛t❡ t❤❡ ✐♥❡✣❝✐❡♥❝② ❝❛✉s❡❞ ❜② t❤❡

❝♦♥s✉♠❡rs ✇❤♦ ❞✐sr❡❣❛r❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡✐r ✐♥✐t✐❛❧ ♣♦rt❢♦❧✐♦ ❞❡❝✐s✐♦♥s

♦♥ s✉❜s❡q✉❡♥t ♠❛r❦❡ts✳

❑❡②✇♦r❞s✿ ▼✉❧t✐✲♣❡r✐♦❞ ❡❝♦♥♦♠✐❡s ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts✱ ♣❛rt♥❡r✲
s❤✐♣s ❛♥❞ ❝♦r♣♦r❛t✐♦♥s✱ ❝♦♠♣❡t✐t✐✈❡ ♣r✐❝❡ ♣❡r❝❡♣t✐♦♥s✱ t❤❡ r♦❧❡ ♦❢ ✐♥✐t✐❛❧
s❤❛r❡s✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❛ ✜r♠✱ ❡✣❝✐❡♥❝② ❛♥❞ s♦❝✐❛❧ ✇❡❧❢❛r❡

❏❊▲ ❈❧❛ss✐✜❝❛t✐♦♥✿ ❉✷✶✱ ❉✺✷✱ ❉✻✶

∗■ ❛♠ ♣❛rt✐❝✉❧❛r❧② ✐♥❞❡❜t❡❞ t♦ ▼❛rt✐♥❡ ◗✉✐♥③✐✐ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t✉❛❧ ❞✐✣✲

❝✉❧t✐❡s ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ■ ❛♠ ✈❡r② ❣r❛t❡❢✉❧ t♦ ▲❛rr② ❇❧✉♠❡✱ ❍✐❧❞❡❣❛r❞ ❉✐❡r❦❡r✱

❛♥❞ ❑❧❛✉s ❘✐t③❜❡r❣❡r ❢♦r ♠❛♥② ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s✳
†■♥st✐t✉t❡ ❢♦r ❆❞✈❛♥❝❡❞ ❙t✉❞✐❡s✱ ❏♦s❡❢stä❞t❡r ❙tr❛ss❡ ✸✾✱ ✶✵✽✵ ❲✐❡♥✱ ❆✉str✐❛✱ ❛♥❞

❱✐❡♥♥❛ ●r❛❞✉❛t❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❖s❦❛r✲▼♦r❣❡♥st❡r♥✲P❧❛t③ ✶✱ ✶✵✾✵ ❲✐❡♥✱ ❆✉str✐❛✱

❡♠❛✐❧✿ ❞✐❡r❦❡r❅✐❤s✳❛❝✳❛t

✶



✶ ■♥tr♦❞✉❝t✐♦♥✳

❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ❛ s✐♥❣❧❡ ✜r♠ ✇✐t❤ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ ❛ s❡tt✐♥❣
✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts✱ ♠♦r❡ t❤❛♥ ✷ t✐♠❡ ♣❡r✐♦❞s ❛♥❞ ❛ s✐♥❣❧❡ ❣♦♦❞ ♣❡r
st❛t❡✳ ❲❤❡♥❡✈❡r t❤❡ ✜r♠ ♠❛①✐♠✐③❡s ♣r♦✜ts ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣✐✈❡♥ ♣r✐❝❡
s②st❡♠✱ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ♦✉t♣✉t ❡q✉❛❧s ✐ts ♣r♦❞✉❝t✐♦♥ ❝♦st✳ ❚❤❡ ♣❛♣❡r ❛❞✲
❞r❡ss❡s t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❙❤❛❧❧ t❤❡ ✜r♠ ❛❧✇❛②s ❛❝t ❛s ❛ ♣r✐❝❡ t❛❦❡r ♦r
✐s ✐t ♣♦ss✐❜❧❡ t♦ ✐♠♣r♦✈❡ ❡✣❝✐❡♥❝② ❛♥❞ ✇❡❧❢❛r❡ ❜② s❡❧❧✐♥❣ t❤❡ ♦✉t♣✉t ❛❜♦✈❡ ♦r
❜❡❧♦✇ ❝♦sts❄

❚❤✐s q✉❡st✐♦♥ ✐s st✉❞✐❡❞ ❢r♦♠ ❛ ♣✉r❡❧② ♥♦r♠❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡ ✐♥ ❛ ♣❛rt✐❝✲
✉❧❛r❧② s✐♠♣❧❡ ❛♥❞ tr❛♥s♣❛r❡♥t ♠♦❞❡❧✳ ❚❤❡ ♦♥❧② ❛ss❡ts ❛r❡ s❤❛r❡s ✐♥ t❤❡ ✜r♠✳
❚❤❡ ✜r♠ ❢❛❝❡s ♥♦ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ t❤❡r❡ ✐s ♥♦ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥✳

❚✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✜r♠s✱ ♣❛rt♥❡rs❤✐♣s ❛♥❞ ❝♦r♣♦r❛t✐♦♥s✱ ❛r❡ ❝♦♠♣❛r❡❞❀
s❡❡ ➓✸✶ ❛♥❞ ➓✸✷ ♦❢ ▼❛❣✐❧❧ ❛♥❞ ◗✉✐♥③✐✐ ✭✶✾✾✻✮✱ ❤❡♥❝❡❢♦rt❤ r❡❢❡rr❡❞ t♦ ❛s ▼◗✳
❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t②♣❡s ✐s t❤❛t ❛ ♣❛rt♥❡rs❤✐♣ ❤❛s ♥♦ ✐♥✐t✐❛❧
♦✇♥❡rs ✇❤❡r❡❛s ❛ ❝♦r♣♦r❛t✐♦♥ ✐s ✐♥✐t✐❛❧❧② ♦✇♥❡❞ ❜② ❝♦♥s✉♠❡rs✳ ■♥ t❤❡ ❝❛s❡ ♦❢
❛ ❝♦r♣♦r❛t✐♦♥✱ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δi ≥ 0 ✇✐t❤

∑
i δ

i = 1 ❛r❡ ❣✐✈❡♥ ❡①♦❣❡♥♦✉s❧②
❛♥❞ tr❛❞❡❞ ❛t t = 0✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt♥❡rs❤✐♣✱ ❛ ❣r♦✉♣ ♦❢ ❝♦♥s✉♠❡rs ❣❡ts t♦❣❡t❤❡r t♦ ❢♦✉♥❞
❛ ✜r♠✳ ❇❡❝❛✉s❡ ♦❢ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ t❤❡r❡ ❛r❡ ♥♦ ✐♥❝❡♥t✐✈❡s t♦ ❡①✲
❝❧✉❞❡ ❛ ❝♦♥s✉♠❡r✳ ❙✉♣♣♦s❡ t❤❡ ♣❛rt♥❡rs❤✐♣ ❝❤♦♦s❡s t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥
y = (y0, y+) ∈ R− × R

S
+✱ ✇❤❡r❡ |y0| = C ❞❡♥♦t❡s t❤❡ ❝♦st t♦ ❜❡ ♣❛✐❞ ❛t

t = 0 ❛♥❞ y+ t❤❡ st♦❝❤❛st✐❝ ❞✐✈✐❞❡♥❞ str❡❛♠ ❛❝❝r✉✐♥❣ ❛t S ❢✉t✉r❡ st❛t❡s✳
❊❛❝❤ ♣❛rt♥❡r i ❝❤♦♦s❡s ❤✐s s❤❛r❡ ϑi

0 ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱∑
i ϑ

i
0 = 1✳

❇② ❞❡✜♥✐t✐♦♥✱ ❛ ♣❛rt♥❡rs❤✐♣ ♣r♦✈✐❞❡s ✐ts ♦✉t♣✉t y+ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r t❤❡
♣r♦❞✉❝t✐♦♥ ❝♦st✳ ❚❤✉s✱ t❤❡ ❛❜♦✈❡ q✉❡st✐♦♥ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳
❙❤❛❧❧ ✜r♠s ❜❡ ♦r❣❛♥✐③❡❞ ❛s ♣❛rt♥❡rs❤✐♣s❄ ❲❤❡♥ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣❡r✐♦❞s✱
♣❛rt♥❡rs❤✐♣s ❤❛✈❡ ❛ s♦❧✐❞ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ❛s s❤♦✇♥ ✐♥ t❤❡ s❡♠✐♥❛❧
❛rt✐❝❧❡ ❜② ❉rè③❡ ✭✶✾✼✹✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s❤❛r❡s ϑi

0 ❛r❡ t❤❡ ✜♥❛❧ s❤❛r❡s ❛♥❞
t❤❡ ✜r♠ s❤♦✉❧❞ ♠❛①✐♠✐③❡ ♣r♦✜ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r✐❝❡ s②st❡♠ π =

∑
i π

iϑi
0

✇❤❡r❡ πi ✐s ❝♦♥s✉♠❡r i✬s st❛t❡ ♣r✐❝❡ s②st❡♠ ✭♦r ✈❡❝t♦r ♦❢ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t
❢❛❝t♦rs✮✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥✱ ❝♦♥s✉♠❡r i ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡
δi ≥ 0 ✇❤❡r❡

∑
i δ

i = 1✳ ❚❤❛t ✐s t♦ s❛②✱ i ♦✇♥s t❤❡ s❤❛r❡ δi ♦❢ t❤❡ ✜r♠✬s
♣r♦❞✉❝t✐♦♥ ♣❧❛♥ y = (y0, y+)✳ ❚❤✐s ♦❜❧✐❣❡s i t♦ ♣❛② δi|y0| ❛t t = 0✳ ❋✉r✲
t❤❡r♠♦r❡✱ δi ❡♥t✐t❧❡s i t♦ r❡❝❡✐✈❡ δiy+✳ ❚❤✐s r✐❣❤t ❝❛♥ ❜❡ s♦❧❞ ♦♥ t❤❡ st♦❝❦
♠❛r❦❡t ❛t t = 0 ❛t t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡ q0✳ ❚r❛❞✐♥❣ ❛t t = 0 ❝♦♥✈❡rts
t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δ ✐♥t♦ ✐♥t❡r♠❡❞✐❛t❡ s❤❛r❡s ❞❡♥♦t❡❞ ϑ0 ✇❤✐❝❤ ❛r❡ ❝❛rr✐❡❞ ♦✈❡r
t♦ t❤❡ ♥❡①t ♣❡r✐♦❞✳ ❈♦♥s✉♠❡r i✬s ♥❡t ♣❛②♠❡♥t t♦ ♦❜t❛✐♥ t❤❡ s❤❛r❡ ϑi

0 ≥ 0 ✐s
(ϑi

0 − δi)q0✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ q0 ✐s s✉❝❤ t❤❛t
∑

i ϑ
i
0 =

∑
i δ

i = 1✳ ❚❤❡ ♣r✐❝❡ q0

✷



❝❛♥ ❜❡ ❧♦✇❡r ♦r ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❝♦st C✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦r✲
♣♦r❛t✐♦♥ ✐s s✐❧❡♥t ❛❜♦✉t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣r♦❞✉❝t✐♦♥ ❝♦st ❛♥❞ ♦✉t♣✉t
✈❛❧✉❡✳

❚❤❡r❡ ✐s ❛ st♦❝❦ ♠❛r❦❡t ❛t ❛♥② ♥♦♥✲t❡r♠✐♥❛❧ st❛t❡ s✳ ❙❤❛r❡s ❝❛rr✐❡❞ ♦✈❡r
t♦ s ❛r❡ tr❛❞❡❞ ❛t ♣r✐❝❡ qs✳ ▲❡t ϑi

s ❞❡♥♦t❡ i✬s s❤❛r❡s ❝❛rr✐❡❞ ♦✈❡r ❢r♦♠ s t♦
♦♥❡ ♦❢ ✐ts s✉❝❝❡ss♦rs✳ ■♥ ❛ st♦❝❦ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✱

∑
i ϑ

i
s = 1 ❢♦r ❡✈❡r②

♥♦♥✲t❡r♠✐♥❛❧ s✳

❆♣❛rt ❢r♦♠ t = 0✱ t❤❡r❡ ✐s ♥♦ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛
♣❛rt♥❡rs❤✐♣ ♦r ❛ ❝♦r♣♦r❛t✐♦♥✳ ▲♦♦s❡❧② s♣❡❛❦✐♥❣✱ ❛ ♣❛rt♥❡rs❤✐♣ ✐s ❛ ❝♦r♣♦r❛t✐♦♥
✇✐t❤ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ ❛ ♠✐ss✐♥❣ st♦❝❦ ♠❛r❦❡t ❛t t = 0✱ ❛♥❞ ♣r✐❝❡
t❛❦✐♥❣ ❜❡❤❛✈✐♦r✳ ❈❛♥ t❤❡ r✐❝❤❡r ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥ ♣r♦✈✐❞❡ s♦❝✐❛❧❧②
❞❡s✐r❛❜❧❡ ♦♣♣♦rt✉♥✐t✐❡s❄

❲❤❡♥ ♦♥❡ ✇❛♥ts t♦ ❝♦♥✈❡rt ❛ ❝♦r♣♦r❛t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡
✐♥t♦ ❛ ♣❛rt♥❡rs❤✐♣ ♦♥❡ ❤❛s t♦ ❛❜♦❧✐s❤ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δi✳ ❚❤✐s ❝❛♥ ❜❡
❞♦♥❡ ❜② ✐♠♣♦s✐♥❣ t❤❡ ♣r✐❝✐♥❣ r✉❧❡ q0 = C✱ ✇❤✐❝❤ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡
♠❛r❣✐♥❛❧ ❝♦st ♣r✐❝✐♥❣ r✉❧❡✳ ■♥ ❛ ❝♦r♣♦r❛t✐♦♥✱ i✬s ❝♦♥s✉♠♣t✐♦♥ ❛t t = 0 ✐s xi

0 =
ei0−δiC+(δi−ϑi

0)q0 = ei0+δi(q0−C)−ϑi
0q0 ✇❤❡r❡ e

i
0 ✐s i✬s ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥t

❛t t = 0✳ ■❢ q0 = C t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δi ✈❛♥✐s❤ s♦ t❤❛t xi
0 = ei0 − ϑi

0C ❛s ✐♥
t❤❡ ♣❛rt♥❡rs❤✐♣✳

■t ✐s ✐♥str✉❝t✐✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤✱ ❢♦r ❡✈❡r② ❝♦♥s✉♠❡r i✱ t❤❡
✐♥✐t✐❛❧ s❤❛r❡s δi ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s❤❛r❡s ϑi

0 ❞❡❧✐❜❡r❛t❡❧② ❝❤♦s❡♥ ❜② i ❛t t = 0✳
❚❤❡♥ i✬s ❞❡♠❛♥❞ xi

0 = ei0−δiC+(δi−ϑi
0)q0 ❢♦r ❣♦♦❞ ✵ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦r♣♦✲

r❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ i✬s ❞❡♠❛♥❞ xi
0 = ei0 − ϑi

0C ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt♥❡rs❤✐♣
❢♦r ❡✈❡r② i ❛t t = 0✳ ❍♦✇❡✈❡r✱ ✉♥❧❡ss i✬s ✉t✐❧✐t② ✐s q✉❛s✐❧✐♥❡❛r✱ δi ✇✐❧❧ t②♣✐❝❛❧❧②
✐♠♣❛❝t i✬s ❞❡♠❛♥❞ ❢♦r s❤❛r❡s ❛t s✉❜s❡q✉❡♥t st♦❝❦ ♠❛r❦❡ts✳ ❚❤❡r❡❢♦r❡✱ t❤❡
♦r✐❣✐♥❛❧ s❤❛r❡s δi t②♣✐❝❛❧❧② ❝r❡❛t❡ ❧♦♥❣ ❧❛st✐♥❣ ♠❛r❦❡t r❡♣❡r❝✉ss✐♦♥s ❛❧t❤♦✉❣❤
t❤❡ ✐♥❞✐✈✐❞✉❛❧ s❤❛r❡❤♦❧❞✐♥❣s r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ❞✉r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣❡r✐♦❞✳

❙♦❝✐❛❧ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❤♦✇ t❤❡ ♦r✐❣✐♥❛❧ s❤❛r❡s δi

✐♠♣❛❝t ♠❛r❦❡t ♦✉t❝♦♠❡s✳ ❲❤❡♥ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ s♦❧❞ ❜❡❧♦✇ ❝♦sts t❤❡
♥❡t s❡❧❧❡rs ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s s✉❜s✐❞✐③❡ t❤❡ ♥❡t ❜✉②❡rs✳ ❲❤❡♥ t❤❡ s❤❛r❡s ❛r❡
s♦❧❞ ❛❜♦✈❡ ❝♦st t❤❡ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✇❡❛❧t❤ ✐s r❡✈❡rs❡❞✳ ■♥ ❛ ♣❛rt♥❡rs❤✐♣✱ ❛❧❧
♠❛r❦❡t tr❛♥s❛❝t✐♦♥s ❧❡❛✈❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✇❡❛❧t❤ ✉♥❛❧t❡r❡❞✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❛ ✜r♠ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ♠♦st ❡❛s✐❧② ✐♥
t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥✳ ❆ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t ❡✈❡r② ❝♦♥s✉♠❡r ❤♦❧❞s
❛t ❧❡❛st ❛ t✐♥② ❛♠♦✉♥t ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s s♦ t❤❛t t❤❡ ✇❡❧❢❛r❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♦✇♥❡rs
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✇❡❧❢❛r❡ ♦❢ t❤❡ s♦❝✐❡t②✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ r✉❧❡s ♦✉t t❤❛t t❤❡
❣r♦✉♣ ♦❢ ✐♥✐t✐❛❧ ♦✇♥❡rs ❡①♣❧♦✐ts t❤❡ r❡st ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ❝♦r♣♦r❛t✐♦♥
❝❤♦♦s❡s✱ ❛s ✐♥ ❛ ❈♦✉r♥♦t ♠♦❞❡❧✱ ❛♥ ♦✉t♣✉t ✈❡❝t♦r y+✳ ❆❧❧ ❢✉♥❝t✐♦♥s ✉s❡❞ t♦
❛♥❛❧②③❡ t❤❡ ♠♦❞❡❧ ❞❡♣❡♥❞ ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧② ♦♥ y+✳ ❲❤❡♥ t❤❡ ♣r♦❞✉❝t✐♦♥
♣❧❛♥ y ❤❛s ❜❡❡♥ ❝❤♦s❡♥✱ ❝♦♥s✉♠❡r i ♣♦ss❡ss❡s t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❡♥❞♦✇♠❡♥t

✸



ei + δiy ✇❤❡r❡ ei ∈ R
(S+1)
+ ✐s i✬s ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥t✳ ❈♦♥s✉♠❡rs ❛♥t✐❝✐♣❛t❡

t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s ❝♦rr❡❝t❧② ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡✐r ♦♣t✐♠❛❧ tr❛❞❡s ♦♥
❛❧❧ ♠❛r❦❡ts✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛❧❧ ♠❛r❦❡ts ❝❧❡❛r✳

❊✈❡r② ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ♥♦r♠❛❧✐③❡❞ s✉❝❤ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❣♦♦❞
✵ ❡q✉❛❧s ✶ ❛t t❤❡ ♦♣t✐♠✉♠✳ ❚❤❡ ✭✐♥❞✐r❡❝t✮ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ W(y+) ✐s
t❤❡ s✉♠ ♦❢ ❛❧❧ ♥♦r♠❛❧✐③❡❞ ✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❝♦r♣♦r❛t✐♦♥ ❝❤♦♦s❡s
✐ts ♣r♦❞✉❝t✐♦♥ s✉❝❤ t❤❛t t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ DW(y+) = 0 ❢♦r ✇❡❧❢❛r❡
♠❛①✐♠✐③❛t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❋♦r ❛ ♠♦r❡ ❡①t❡♥s✐✈❡ ❡①♣❧❛♥❛t✐♦♥✱ s❡❡ ❙❡❝t✐♦♥ ✷✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt♥❡rs❤✐♣✱ t❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ✐s t❤❡ s❛♠❡✳ ❍♦✇❡✈❡r✱
t❤❡ ✜r♠ t❛❦❡s t❤❡ ❝♦♥str❛✐♥t q0 = C ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ♣❛rt♥❡rs❤✐♣ ❛✐♠s
t♦ s❛t✐s❢② t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str❛✐♥❡❞ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥✳ ■t
✐s ✇♦rt❤ ❡♠♣❤❛s✐③✐♥❣ t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♠♣❧❡①✐t② ♦❢ ♠✉❧t✐✲♣❡r✐♦❞ ♠♦❞❡❧s
♦❢ ♣r♦❞✉❝t✐♦♥ ❡❝♦♥♦♠✐❡s ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ✐♥ t❤❡ ❲❛❧r❛s✐❛♥ tr❛❞✐t✐♦♥
❝♦♠❡s ❝❧♦s❡ t♦ t❤❛t ♦❢ ♠♦❞❡❧s ✇✐t❤ ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✳

✶✳✶ ❘❡❧❛t✐♦♥s❤✐♣ t♦ t❤❡ ❧✐t❡r❛t✉r❡

●❛❜s③❡✇✐❝③ ❛♥❞ ❱✐❛❧ ✭✶✾✼✷✮ ✐♥tr♦❞✉❝❡ ❛ ♠♦❞❡❧ t❤❛t ❝♦♠❜✐♥❡s ❈♦✉r♥♦t✲◆❛s❤
❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ❲❛❧r❛s✐❛♥ ❡①❝❤❛♥❣❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s ✉♥❞❡r t❤❡ ❛s✲
s✉♠♣t✐♦♥ t❤❛t ♠❛r❦❡ts ❛r❡ ❝♦♠♣❧❡t❡✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s
❢♦❧❧♦✇s✳ ❚❤❡ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s ❛r❡ ♣r♦❞✉❝❡❞ ❜② ✜r♠s ✇❤♦ ♥❡❡❞ ♥♦♥✲
♠❛r❦❡t❛❜❧❡ ♣r✐♠❛r② ❢❛❝t♦rs ❛s ✐♥♣✉ts✳ ❊✈❡r② ✜r♠ ❝❤♦♦s❡s ✐ts ♣r♦❞✉❝t✐♦♥ ♣❧❛♥✳
❚❤❡ ❝♦♥s✉♠❡rs ♣♦ss❡ss ♣r❡❛ss✐❣♥❡❞ s❤❛r❡s ♦❢ t❤❡ ✜r♠s✱ ♣r♦✈✐❞❡ t❤❡ ♣r✐♠❛r②
❢❛❝t♦rs ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡✐r s❤❛r❡s✱ ❛♥❞ r❡❝❡✐✈❡ t❤❡✐r s❤❛r❡s ♦❢ t❤❡ ✜r♠s✬
♦✉t♣✉t✳ ❚❤❡r❡❛❢t❡r✱ ❲❛❧r❛s✐❛♥ ❡①❝❤❛♥❣❡ ♦❢ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s t❛❦❡s
♣❧❛❝❡ ❛t ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ●❛❜s③❡✇✐❝③
❛♥❞ ❱✐❛❧ ✭✶✾✼✷✮ ❛♥❞ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t❤❛t t❤❡② ❢♦❝✉s ♦♥ ♦❧✐❣♦♣♦❧✐st✐❝
❝♦♠♣❡t✐t✐♦♥ ✇❤❡r❡❛s t❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ♠❛r❦❡t ✐♥❝♦♠♣❧❡t❡♥❡ss✳

❇♦t❤ ♣❛♣❡rs ❤❛✈❡ ✐♥ ❝♦♠♠♦♥ t❤❛t t❤❡② ❞❡❛❧ ✇✐t❤ ♣r❡❛ss✐❣♥❡❞✱ ✐♥✐t✐❛❧
s❤❛r❡s✳ ❋✐rst✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥s ❛r❡ ❝❤♦s❡♥✳ ❚❤❡r❡❛❢t❡r✱ t❤❡ ♦✉t♣✉t ✐s
❞✐str✐❜✉t❡❞ ❛♥❞ t❤❡ ❝♦♥s✉♠❡rs ♦❜t❛✐♥ t❤❡✐r ✐♥t❡r♠❡❞✐❛t❡ ❡♥❞♦✇♠❡♥ts✳ ❋✐✲
♥❛❧❧②✱ ❲❛❧r❛s✐❛♥ ❡①❝❤❛♥❣❡ t❛❦❡s ♣❧❛❝❡ ❛♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❡♥❞♦✇♠❡♥ts ❛r❡
tr❛❞❡❞ ❛t t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✳ ■♥ ♠✉❧t✐✲♣❡r✐♦❞ ♠♦❞❡❧s ♦❢ ❝♦r♣♦r❛t✐♦♥s✱
❲❛❧r❛s✐❛♥ ❡①❝❤❛♥❣❡ ♦❝❝✉rs r❡♣❡❛t❡❞❧②✳ ❇♦t❤ ♣❛♣❡rs ❞❡❛❧ ✇✐t❤ t❤❡ r❡❞✐str✐❜✉✲
t✐♦♥ ♦❢ ✐♥✐t✐❛❧ ✇❡❛❧t❤✱ ❤♦✇❡✈❡r✱ ❢r♦♠ ❞✐✛❡r❡♥t ♣❡rs♣❡❝t✐✈❡s✳ ●❛❜s③❡✇✐❝③ ❛♥❞
❱✐❛❧ ❢♦❝✉s ♦♥ t❤❡ ♣r♦✜t ♠♦t✐✈❡ ♦❢ ♦❧✐❣♦♣♦❧✐sts ✇❤❡r❡❛s t❤✐s ♣❛♣❡rs ❛❜str❛❝ts
❢r♦♠ t❤❛t ♠♦t✐✈❡ ❛♥❞ ✉s❡s r❡❞✐str✐❜✉t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡ ❡✣❝✐❡♥❝② ❛♥❞
✇❡❧❢❛r❡✳

●✉❡s♥❡r✐❡ ✭✶✾✼✺✮ ♣♦✐♥ts ♦✉t t❤❛t ❛ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✇❡❛❧t❤ ❝❛♥ ❜❡ ♥❡❡❞❡❞
✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ P❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t ✇❤❡♥ ♦♥❡ ❧❡❛✈❡s t❤❡ ❝❧❛ss✐❝❛❧ ❆rr♦✇✲
❉❡❜r❡✉ ❢r❛♠❡✇♦r❦✳ ■♥ ❤✐s ♣❛♣❡r✱ t❤❡ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐♦♥ s❡t ❢❛✐❧s t♦ ❜❡ ❝♦♥✲

✹



✈❡① ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ♣r✐❝✐♥❣ ❜❡❝♦♠❡s ❛ ♥❡❝❡ss❛r② r❡q✉✐r❡♠❡♥t ❢♦r P❛r❡t♦
❡✣❝✐❡♥❝②✳ ❙❡✈❡r❛❧ ♠❛r❣✐♥❛❧ ❝♦st ♣r✐❝✐♥❣ ❡q✉✐❧✐❜r✐❛ ❡①✐st✱ ❤♦✇❡✈❡r✱ ♥♦♥❡ ♦❢
t❤❡♠ ✐s P❛r❡t♦ ❡✣❝✐❡♥t ❣✐✈❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✜r♠s✬ ♣r♦✜ts ♦r ❧♦ss❡s✳
■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ P❛r❡t♦ ❡✣❝✐❡♥t ♠❛r❣✐♥❛❧ ❝♦st ♣r✐❝✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡
♦r✐❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ s❝❤❡♠❡ ♥❡❡❞s t♦ ❜❡ ❝❤❛♥❣❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❢✉♥❞❛✲
♠❡♥t❛❧ t❤❡♦r❡♠s ♦❢ ✇❡❧❢❛r❡ ❡❝♦♥♦♠✐❝s✱ ♥♦ s✉❝❤ ♣r♦❜❧❡♠ ❛r✐s❡s ✐♥ t❤❡ ❝♦♥✈❡①
❝❛s❡✳

❚❤❡ s✐t✉❛t✐♦♥ ✐s s✐♠✐❧❛r ✇❤❡♥ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ❝♦♥✈❡① ❛♥❞
♠❛r❦❡ts ❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ❙❡❝t✐♦♥ ✸ ♦❢ t❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥
❡❝♦♥♦♠② ✇✐t❤ t❤r❡❡ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs✳ ❖♥❡ ♦❢ t❤❡ t②♣❡s ❤❛s ❛ q✉❛s✐❧✐♥❡❛r
✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❲❤❡♥ ❛❧❧ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ ❤❡❧❞ ❜② t❤❡ q✉❛s✐❧✐♥❡❛r t②♣❡✱ t❤❡
✐♥✐t✐❛❧ s❤❛r❡s δi ❞♦ ♥♦t ✐♠♣❛❝t t❤❡ ❞❡♠❛♥❞ ❢♦r t❤❡ ✐♥t❡r♠❡❞✐❛t❡ s❤❛r❡s ϑi

0

❞✉❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✐♥❝♦♠❡ ❡✛❡❝ts✳ ❖t❤❡r✇✐s❡✱ t❤❡ ✐♥❝♦♠❡ ❡✛❡❝ts ✐♠♣❛❝t✱
❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧②✱ ❛❧❧ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s✳ ❚❤❡ ♠♦r❡ ✐♥✐t✐❛❧ s❤❛r❡s
❛r❡ ❤❡❧❞ ❜② ♥♦♥✲q✉❛s✐❧✐♥❡❛r ❝♦♥s✉♠❡rs✱ t❤❡ ❧❛r❣❡r ✐s t❤❡ ♣♦t❡♥t✐❛❧ ✐♠♣❛❝t ♦❢
✐♥✐t✐❛❧ s❤❛r❡s ♦♥ st♦❝❦ ♠❛r❦❡t ♣r✐❝❡s✳ ❇② ❞r✐✈✐♥❣ ❛ ✇❡❞❣❡ ❜❡t✇❡❡♥ q0 ❛♥❞
C✱ ✐♥✐t✐❛❧ s❤❛r❡s ❝❛♥ ✐♠♣❛❝t ❛❧❧ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
✐♥✐t✐❛❧ s❤❛r❡s r❡s❡♠❜❧❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ t❛① ✐♥ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ❞✐st♦rt❡❞
♠❛r❦❡ts✳ ■♥✐t✐❛❧ s❤❛r❡s ♣r♦✈✐❞❡ ❝♦r♣♦r❛t✐♦♥s ✇✐t❤ ❛ t♦♦❧ t❤❛t ❝❛♥ ❤❡❧♣ t♦ r❡❞✉❝❡
❡①✐st✐♥❣ ❞✐st♦rt✐♦♥s✳ ❚❤✐s t♦♦❧ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ ❛ ♠✉❧t✐✲♣❡r✐♦❞ ♣❛rt♥❡rs❤✐♣✳

❚❤❡r❡ ✐s ❛ ❧♦♥❣ tr❛❞✐t✐♦♥ t♦ ❛ss✉♠❡ ❝♦♠♣❡t✐t✐✈❡ ❜❡❤❛✈✐♦r ✐♥ ❣❡♥❡r❛❧ ❡q✉✐✲
❧✐❜r✐✉♠ ♠♦❞❡❧s ✇✐t❤ ♦r ✇✐t❤♦✉t ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts✳ ●r♦ss♠❛♥ ❛♥❞ ❍❛rt
✭✶✾✼✾✮ ✉s❡ ❝♦♠♣❡t✐t✐✈❡ ♣r✐❝❡ ♣❡r❝❡♣t✐♦♥s ✐♥ t✇♦✲ ❛s ✇❡❧❧ ❛s ♠✉❧t✐✲♣❡r✐♦❞ ♠♦❞✲
❡❧s ✇✐t❤ ❝♦r♣♦r❛t✐♦♥s✳ ■♥ t❤❡✐r ♣❛♣❡r✱ ❛ ❝♦r♣♦r❛t✐♦♥ ♠❛①✐♠✐③❡s ♣r♦✜ts ✇✐t❤
r❡s♣❡❝t t♦ ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✉t✐❧✐t② ❣r❛❞✐❡♥ts ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts ❛r❡
t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δi✳ ❚❤✐s ♣❛♣❡r✱ ❤♦✇❡✈❡r✱ ♠❛❦❡s t❤❡ ♣♦✐♥t✱ t❤❛t ✐♥❡✣❝✐❡♥❝✐❡s
❝❛✉s❡❞ ❜② ❝♦♥s✉♠♣t✐♦♥ ❞❡❝✐s✐♦♥s ✐♥ ❛ ♠✉❧t✐✲♣❡r✐♦❞ s❡tt✐♥❣ ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞ ❜②
❝♦r♣♦r❛t✐♦♥s ♣r♦✈✐❞❡❞ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❝♦♠♣❡t✐t✐✈❡ ♣r✐❝❡ ♣❡r❝❡♣t✐♦♥s ❛♥❞ ❛❧❧
♠❛r❦❡t ✐♥t❡r❛❝t✐♦♥s ❛r❡ ❝♦rr❡❝t❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳✶

▼✉❧t✐✲♣❡r✐♦❞ ♣❛rt♥❡rs❤✐♣s ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞ ✐♥ ❉✐❡r❦❡r ✭✷✵✶✺✮ ✐♥ ♦r❞❡r
t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♦r✐❣✐♥❛❧ ❉rè③❡ r✉❧❡✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❉rè③❡ r✉❧❡ ✐s ♠✉❝❤
♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ ❉rè③❡ r✉❧❡ ✐♥ t❤❡ t✇♦✲♣❡r✐♦❞ ❝❛s❡✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ✐t t❛❦❡s ❛❧❧ ✐♥❞✐✈✐❞✉❛❧ tr❛♥s❛❝t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ t❤❡ ♣r✐❝❡ s②st❡♠
❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ✉t✐❧✐t② ❣r❛❞✐❡♥ts✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡✲
t✇❡❡♥ t❤❡ t✇♦✲ ❛♥❞ t❤❡ ♠✉❧t✐✲♣❡r✐♦❞ ❝❛s❡ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♥✈❡❧♦♣❡
t❤❡♦r❡♠ ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ❛♣♣❧✐❡❞ ✇❤❡♥ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ t✇♦ ♣❡r✐♦❞s✳ ❚❤❡
tr❡❛t♠❡♥t ♦❢ ♠✉❧t✐✲♣❡r✐♦❞ ♣❛rt♥❡rs❤✐♣s ✐♥ t❤✐s ♣❛♣❡r ❢♦❧❧♦✇s ❉✐❡r❦❡r ✭✷✵✶✺✮✳

✶❈♦♠♣❡t✐t✐✈❡ ♣r✐❝❡ ♣❡r❝❡♣t✐♦♥s ❝❛♥ ❡♥t❛✐❧ ✉♥✐♥t❡♥❞❡❞ ✇❡❧❢❛r❡ ❧♦ss❡s ✐♥ ♠✉❧t✐✲♣❡r✐♦❞

♠♦❞❡❧s ❜❡❝❛✉s❡ ❜❡♥❡✜❝✐❛❧ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ✇❡❛❧t❤ ❝❛✉s❡❞ ❜② ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ r✉❧❡❞ ♦✉t✳

✺



✷ ▼♦❞❡❧ ❛♥❞ ❝♦♥❝❡♣t✉❛❧ ❜❛❝❦❣r♦✉♥❞✳

✷✳✶ ❈♦r♣♦r❛t✐♦♥s✱ ♣❛rt♥❡rs❤✐♣s✱ ❛♥❞ t❤❡✐r ♦❜❥❡❝t✐✈❡s✳

■t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r ❛ t❤r❡❡✲♣❡r✐♦❞ ❡❝♦♥♦♠② ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ❞❛t❡✲❡✈❡♥t
tr❡❡ ❤❛s t❤❡ ✐♥✐t✐❛❧ st❛t❡ s = 0 ❛t t = 0 ❛♥❞ st❛t❡s s = 1, . . . , S ❛t t > 0✳
❚❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❣♦♦❞ ♣❡r st❛t❡ ❛♥❞ ❛ s✐♥❣❧❡ ✜r♠ ✇✐t❤ ❝♦♥st❛♥t r❡t✉r♥s
t♦ s❝❛❧❡ t❡❝❤♥♦❧♦❣② Y ⊂ R− × R

S
+✳ ❚❤❡ ✜r♠ ❝❛♥ ❜❡ ❛ ❝♦r♣♦r❛t✐♦♥ ♦r ❛

♣❛rt♥❡rs❤✐♣✳

❚♦ ❞❡✜♥❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐♥ ❡✐t❤❡r ❝❛s❡✱ ❡✈❡r② ✭✐♥❞✐r❡❝t✮ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✐s
♥♦r♠❛❧✐③❡❞ s✉❝❤ t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❣♦♦❞ ✵ ❡q✉❛❧s ✶ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠
❛❧❧♦❝❛t✐♦♥ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤❛t ✐s t♦ s❛②✱ ✐❢ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ♠❛r❣✐♥❛❧
✉♥✐t ♦❢ ❣♦♦❞ ✵ ❜❡❝♦♠❡s ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ r❡❢❡r❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠✱ s♦❝✐❛❧ ✇❡❧❢❛r❡
✐♥❝r❡❛s❡s ❜② ♦♥❡ ✉♥✐t ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ✇❤♦ ❝♦♥s✉♠❡s t❤❡ ♠❛r❣✐♥❛❧ ✉♥✐t ♦❢
❣♦♦❞ ✵✳ ❈♦♥s✉♠❡r i✬s ♥♦r♠❛❧✐③❡❞ ✉t✐❧✐t② ❣r❛❞✐❡♥t πi ❞❡s❝r✐❜❡s i✬s st❛t❡ ♣r✐❝❡
s②st❡♠ ♦r ✈❡❝t♦r ♦❢ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t ❢❛❝t♦rs✳ ❚❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ♦❢ ❛ ❣r♦✉♣
♦❢ ❝♦♥s✉♠❡rs ✐s t❤❡ s✉♠ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ♦❢ ✐ts
♠❡♠❜❡rs✳ ❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ♦❢ ❛❧❧ ❝♦♥s✉♠❡rs✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥✳ ❚❤❡r❡ ✐s ❛ st♦❝❦ ♠❛r❦❡t ❛t ❡❛❝❤
♥♦♥✲t❡r♠✐♥❛❧ ♥♦❞❡✳ ❚❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ ❡①♣r❡ss ❛❧❧
❢✉♥❝t✐♦♥s ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧② ❛s ❢✉♥❝t✐♦♥s ♦❢ y+✳ ❋✐rst ♦♥❡ ❞❡t❡r♠✐♥❡s✱ ❢♦r
❡✈❡r② ❝♦♥s✉♠❡r i ❛♥❞ ❡✈❡r② ♥♦♥✲t❡r♠✐♥❛❧ ♥♦❞❡ s✱ t❤❡ ❞❡♠❛♥❞ ϑi

s(y+) ❢♦r
s❤❛r❡s ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ i✬s ❝♦♥s✉♠♣t✐♦♥ xi(y+)✳ ❚❤❡♥ ♦♥❡ s♦❧✈❡s t❤❡ s②st❡♠
♦❢ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❡q✉❛t✐♦♥s t♦ ♦❜t❛✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✈❡❝t♦r✳

■♥ ❛ ❝♦r♣♦r❛t✐♦♥ ❡❝♦♥♦♠②✱ t❤❡ ♦✉t♣✉t y+ ✐s s♦❧❞ ❛t t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣
♣r✐❝❡ q0(y+)✳ ❚❤❡ s❡t ♦❢ st♦❝❦ ♠❛r❦❡t ❡q✉✐❧✐❜r✐❛ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

Y❝♦r♣ = {y+ ⊂ ♣r♦❥2Y |
∑

i

ϑi
s(y+) = 1 ❢♦r ❡✈❡r② ♥♦♥✲t❡r♠✐♥❛❧ st❛t❡ s},

✇❤❡r❡ ♣r♦❥2 ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ R
S
+✳

❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♣❧❛♥♥❡r ✇❤♦ ❝❛♥ ❝❤♦♦s❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ ❛♥❞
♠❛❦❡ ✐♥✜♥✐t❡s✐♠❛❧ tr❛♥s❢❡rs ♦❢ ❣♦♦❞ ✵✳✷ ❈❛♥ t❤❡ ♣❧❛♥♥❡r ✜♥❞ ❛ ✜rst ♦r❞❡r
P❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥❞✉❝❡❞
❜② y∗+❄ ❚♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ ❞❡✜♥❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❛s

Wy∗(y+) =
∑

i

U i(xi(y+))

∂0U i(xi(y∗+))
. ✭✶✮

✷❆ ♣❧❛♥♥❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥❝② ✐s ♠✉❝❤ str♦♥❣❡r ❜❡❝❛✉s❡ ❤❡ ❝❛♥ ❛❧s♦

❛ss✐❣♥ s❤❛r❡s t♦ ❝♦♥s✉♠❡rs✳

✻



❲❤❡♥❡✈❡r DWy∗(y
∗

+) ❞♦❡s ♥♦t ✈❛♥✐s❤✱ ❛ ✜rst ♦r❞❡r P❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t ❡①✲
✐sts✳ ❚♦ ❛✈♦✐❞ s✉❝❤ ❡q✉✐❧✐❜r✐❛✱ ❝♦r♣♦r❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ t♦ s❛t✐s❢② t❤❡ ✜rst
♦r❞❡r ❝♦♥❞✐t✐♦♥ DWy∗(y

∗

+) = 0 ❢♦r ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥✳ ❲❤❡♥ ♦♥❡ ❞✐✛❡r✲
❡♥t✐❛t❡s Wy∗(y+) ✇✐t❤ r❡s♣❡❝t t♦ ys, s = 1, . . . , S✱ ♦♥❡ ♦❜t❛✐♥s✱ ❞r♦♣♣✐♥❣ t❤❡
❛r❣✉♠❡♥ts✱ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥

∂sy0 +
I∑

i=1

S∑

σ=1

πi
σ ∂sx

i
σ = 0 ❢♦r s = 1, . . . , S. ✭✷✮

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❝♦r♣♦r❛t✐♦♥ ✐s t♦ s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✷✮✳ ❆ st♦❝❦ ♠❛r❦❡t
❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐✛ DWy∗(ŷ

∗) = 0✳ ❖❜s❡r✈❡ t❤❛t
❡q✉❛t✐♦♥ ✭✷✮ ✐s s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢
✉t✐❧✐t② ❣r❛❞✐❡♥ts πi✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ t✇♦✲♣❡r✐♦❞ ❝❛s❡✱ πi

σ ∂sx
i
σ ❞♦❡s t②♣✐❝❛❧❧②

♥♦t ✈❛♥✐s❤ ✇❤❡♥ s 6= σ✳

■♥ ❛ t✇♦✲♣❡r✐♦❞ ♠♦❞❡❧✱ t❤❡ ❝♦♥❞✐t✐♦♥ DWy∗(y
∗

+) = 0 ❝❤❛r❛❝t❡r✐③❡s ❉rè③❡
❡q✉✐❧✐❜r✐❛✳ ❖r✐❣✐♥❛❧❧②✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❉rè③❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❜❡❡♥ ❜❛s❡❞ ♦♥
t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥❝② ❬s❡❡ ❉rè③❡ ✭✶✾✼✹✮❪✳ ❚❤✐s ❡❢✲
✜❝✐❡♥❝② ❝♦♥❝❡♣t ✐s ♥♦ ❧♦♥❣❡r ❛♣♣r♦♣r✐❛t❡ ✇❤❡♥ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t❤r❡❡ ♣❡r✐♦❞s
♦r ♠✉❧t✐♣❧❡ ❣♦♦❞s ♣❡r st❛t❡ ❜❡❝❛✉s❡ ❡①❝❤❛♥❣❡ ❡❝♦♥♦♠✐❡s ❜❡❝♦♠❡ ❣❡♥❡r✐❝❛❧❧②
❝♦♥str❛✐♥❡❞ ✐♥❡✣❝✐❡♥t ❬s❡❡ ●❡❛♥❛❦♦♣❧♦s ❡t ❛❧✳ ✭✶✾✽✻✮❪✳ ❚❤❡ ❡✣❝✐❡♥❝② ❝♦♥❝❡♣t
✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ♠✉❝❤ ❧❡ss ❞❡♠❛♥❞✐♥❣ t❤❛♥ ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥❝②✳ ■t
❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ ♠✐♥✐♠❛❧ ✭❝♦♥str❛✐♥❡❞✮ ❡✣❝✐❡♥❝② ✐♥
❉✐❡r❦❡r ❡t ❛❧✳ ✭✷✵✵✺✮✮ ✐♥ ❛ t✇♦✲♣❡r✐♦❞ ♠♦❞❡❧✳

❚❤❡ ♣❧❛♥♥❡r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠✐♥✐♠❛❧ ❡✣❝✐❡♥❝② ❝❛♥♥♦t ❛✛❡❝t ❢✉t✉r❡ ❝♦♥✲
s✉♠♣t✐♦♥ ♦t❤❡r t❤❛♥ ❜② ❝❤♦♦s✐♥❣ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥s✳ ❚❤✉s✱ ❢✉t✉r❡ ❝♦♥s✉♠♣✲
t✐♦♥ ✐s ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥✳
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡✳ ❆t t❤❡ ✜rst st❛❣❡✱ t❤❡ ♣❧❛♥♥❡r ❝❤♦♦s❡s
♣r♦❞✉❝t✐♦♥ ♣❧❛♥s✳ ❆t t❤❡ s❡❝♦♥❞ st❛❣❡✱ t❤❡ ❝♦♥s✉♠❡rs✱ ✇❤♦ ❤❛✈❡ ❝♦rr❡❝t
❡①♣❡❝t❛t✐♦♥s ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥s ❛♥❞ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s✱ ❝❤♦♦s❡
t❤❡✐r s❤❛r❡s ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ♣❧❛♥s✳ ❆t t❤❡ ✜♥❛❧ st❛❣❡✱ ✇❤❡♥
❛❧❧ st♦❝❦ ♠❛r❦❡ts ❛r❡ ❝❧♦s❡❞ s♦ t❤❛t s❤❛r❡❤♦❧❞✐♥❣s ❝❛♥♥♦t ❜❡ ❝❤❛♥❣❡❞✱ t❤❡
♣❧❛♥♥❡r ❝❛♥ r❡❞✐str✐❜✉t❡ t❤❡ t♦t❛❧ ❝♦♥s✉♠♣t✐♦♥ ❛t t = 0✳ ❆♥ ❛❧❧♦❝❛t✐♦♥ ✐s
♠✐♥✐♠❛❧❧② ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥t✱ ♦r ♠✐♥✐♠❛❧❧② ❡✣❝✐❡♥t ❢♦r s❤♦rt✱ ✐❢ t❤✐s ♣❧❛♥✲
♥❡r ❝❛♥♥♦t ♠❛❦❡ ❛ P❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t✳ ❋♦r ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝❛r❞✐♥❛❧
♠❡❛s✉r❡ ♦❢ ♠✐♥✐♠❛❧ ❡✣❝✐❡♥❝②✱ s❡❡ ❙✉❜s❡❝t✐♦♥ ✷✳✸✳

❖♥❡ ♠❛② ❢❡❡❧ t❡♠♣t❡❞ t♦ r❡q✉✐r❡ t❤❡ ❝♦r♣♦r❛t✐♦♥ t♦ ❢✉❧✜❧❧ ♠♦r❡ t❤❛♥
t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❜❧❡♠ ❛r✐s❡s ❛❧r❡❛❞② ✐♥ t❤❡ t✇♦ ♣❡r✐♦❞ ❝❛s❡✳ ■♥ t❤❛t ♣❛rt✐❝✉❧❛r s❡tt✐♥❣✱
t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✜rst
♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥❝②✳ ❊✳ ❛♥❞ ❍✳ ❉✐❡r❦❡r ✭✷✵✶✵❜✮ ❝♦♥s✐❞❡r
t✇♦✲♣❡r✐♦❞ ❡❝♦♥♦♠✐❡s ❛♥❞ ♣r❡s❡♥t r♦❜✉st ❡①❛♠♣❧❡s t❤❛t s❤♦✇ t❤❛t ❛ ✉♥✐q✉❡
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❉rè③❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ♠❛①✐♠✐③❡ ✇❡❧❢❛r❡ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ♠✐♥✐♠❛❧❧② ❡✣❝✐❡♥t✳
❚❤❡ ❉rè③❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❛❧s♦ ♠✐♥✐♠✐③❡ ✇❡❧❢❛r❡ ❛❧t❤♦✉❣❤ ✐t ✐s ❝♦♥str❛✐♥❡❞
❡✣❝✐❡♥t✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳

❙✉❜s❡❝t✐♦♥ ✷✳✷ ✐♥tr♦❞✉❝❡s t✇♦ ❍✐❝❦s✐❛♥ s✉r♣❧✉s ❝♦♥❝❡♣ts✱ t❤❡ ❝♦♠♣❡♥s❛t❡❞
❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s✳ ❚❤❡ ✜rst ♦♥❡ ♠❡❛s✉r❡s ❡✣❝✐❡♥❝② ❝❤❛♥❣❡s ❛♥❞
t❤❡ s❡❝♦♥❞ ♦♥❡ ♠❡❛s✉r❡s ✇❡❧❢❛r❡ ❝❤❛♥❣❡s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦
s✉r♣❧✉s ❝♦♥❝❡♣ts ✐s ♦❢ s❡❝♦♥❞ ♦r❞❡r✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ t❤❡
t✇♦ s✉r♣❧✉s ❝♦♥❝❡♣ts ❝♦✐♥❝✐❞❡ ❜✉t t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ❛t ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t
❝❛♥ ❤❛✈❡ ❞✐✛❡r❡♥t s✐❣♥s✳ ■t ✐s ♣♦ss✐❜❧❡ t❤❛t ♦♥❡ s✉r♣❧✉s ❢✉♥❝t✐♦♥ ❛tt❛✐♥s ✐ts
♠❛①✐♠✉♠ ✇❤❡r❡ t❤❡ ♦t❤❡r s✉r♣❧✉s ❢✉♥❝t✐♦♥ ❛tt❛✐♥s ✐ts ♠✐♥✐♠✉♠✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ❣♦❛❧ ♦❢ ❛ ✜r♠ ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t ✐t ❞♦❡s ♥♦t ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ✇❡❧❢❛r❡
❛♥❞ ❡✣❝✐❡♥❝② ♠❛①✐♠✐③❛t✐♦♥✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❧♦st ✇❤❡♥ ♦♥❡ t❛❦❡s ❤✐❣❤❡r
♦r❞❡r ❡✛❡❝ts ✐♥t♦ ❛❝❝♦✉♥t✳

❚✉r♥ ♥♦✇ t♦ t❤❡ ❝❛s❡ ♦❢ ♣❛rt♥❡rs❤✐♣ ❡❝♦♥♦♠✐❡s✳ ❆t t = 0✱ ❡✈❡r② ❝♦♥s✉♠❡r
i ❝❛♥ ❜❡❝♦♠❡ ❛ ♣❛rt♥❡r ❜② ♦❜t❛✐♥✐♥❣ t❤❡ s❤❛r❡ ϑi

0 > 0 ♦❢ t❤❡ ♦✉t♣✉t y+ ✐♥
❡①❝❤❛♥❣❡ ❢♦r t❤❡ ❝♦st s❤❛r❡ ϑi

0C✳ ❚❤❡ ♣❛rt♥❡rs❤✐♣ ♦♣❡r❛t❡s ❛t ❛ s❝❛❧❡ t❤❛t ✐s
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥

∑
i ϑ

i
0 = 1✳

❆t t = 1✱ t❤❡ ♣❛rt♥❡rs❤✐♣ ❣♦❡s ♣✉❜❧✐❝✳ ❚❤❡r❡ ✐s ❛ st♦❝❦ ♠❛r❦❡t ❛t ❡✈❡r②
♥♦♥✲t❡r♠✐♥❛❧ ♥♦❞❡ s ≥ 1 ♦♥ ✇❤✐❝❤ t❤❡ s❤❛r❡s ϑi

s(y+) ❛r❡ s♦❧❞ ❛t t❤❡ ♠❛r❦❡t
❝❧❡❛r✐♥❣ ♣r✐❝❡ qs(y+)✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛❧❧ st♦❝❦ ♠❛r❦❡ts ❝❧❡❛r✱ t❤❛t ✐s t♦ s❛②✱∑

i ϑ
i
s(y+) = 1✳ ❆ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ st♦❝❦ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤

t❤❡ ♣r♦♣❡rt② DWy∗(ŷ
∗) = 0✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt♥❡rs❤✐♣ ❡❝♦♥♦♠②✱ t❤❡ s❡t ♦❢ st♦❝❦ ♠❛r❦❡t ❡q✉✐❧✐❜r✐❛
✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

Y♣❛rt = {y+ ⊂ ♣r♦❥2Y | q0(y+) = C(y+) ❛♥❞
∑

i

ϑi
s(y+) = 1 ❢♦r ❛❧❧ ♠❛r❦❡ts}.

❖♥❡ ♠✐❣❤t t❤✐♥❦ t❤❛t ❛ ♣❛rt♥❡rs❤✐♣ ✐s ❞r✐✈❡♥ ❜② ❡✣❝✐❡♥❝② r❡❛s♦♥s t♦
s❛t✐s❢② q0 = C✳ ❍♦✇❡✈❡r✱ t❤✐s r❡❛s♦♥✐♥❣ ✐s ✢❛✇❡❞✳ Pr✐❝❡ t❛❦✐♥❣ ❜❡❤❛✈✐♦r
❡♥t❛✐❧s ✐♥❡✣❝✐❡♥❝✐❡s ✐♥ t❤❡ ❝♦♥s✉♠♣t✐♦♥ s❡❝t♦r ❜❡❝❛✉s❡ ❡✈❡r② ♣r✐❝❡ t❛❦✐♥❣
❝♦♥s✉♠❡r i ✐❣♥♦r❡s t❤❡ ✐♠♣❛❝t t♦ ❤✐s ❝❤♦✐❝❡ ♦❢ ϑi

0 ♦♥ s✉❜s❡q✉❡♥t ♠❛r❦❡t ♣r✐❝❡s✳
❚❤✐s ❡♥t❛✐❧s t❤❛t t❤❡ ❝♦♥str❛✐♥t q0 = C ♠✉st ❜❡ ❡①♣❧✐❝✐t❧② ✐♥❝♦r♣♦r❛t❡❞ ✐♥
t❤❡ ♣❛rt♥❡rs❤✐♣✬s ♦❜❥❡❝t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉❛t✐♦♥

∑
i ϑ

i
0(y+) = 1 ✐s ✉s❡❞✱

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ C(y+)✱ ✐♥ ♦r❞❡r t♦ ❡①♣r❡ss yS ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
y1, . . . , yS−1✳

■♥ t❤❡ t✇♦✲♣❡r✐♦❞ ❝❛s❡✱ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ ❛♣♣❧✐❡s✳ ❚❤❛t ✐s t♦ s❛②✱
t❤❡ ❝❤❛✐♥ r✉❧❡ ❝❛♥ ❜❡ ❞✐sr❡❣❛r❞❡❞ ✇❤❡♥ ♦♥❡ ❡✈❛❧✉❛t❡s DWy∗(y+) ❛♥❞ ✉t✐❧✐t②
❣r❛❞✐❡♥ts t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✭✜♥❛❧✮ s❤❛r❡❤♦❧❞✐♥❣s s✉✣❝❡ t♦ ❡①♣r❡ss t❤❡ ✜r♠✬s
❣♦❛❧✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✜r♠ ♣✉rs✉❡s t❤❡ ❣♦❛❧ t♦ s❛t✐s❢② t❤❡ ✜rst ♦r❞❡r
❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥❝② t❤❛t ❝❤❛r❛❝t❡r✐③❡s ❉rè③❡ ❡q✉✐❧✐❜r✐❛ ❬s❡❡
❙❡❝t✐♦♥ ✻ ♦❢ ❉✐❡r❦❡r ✭✷✵✶✺✮❪✳
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✷✳✷ ❆ ❝❛r❞✐♥❛❧ ❡✣❝✐❡♥❝② ♠❡❛s✉r❡✱ ❛ ❝❛r❞✐♥❛❧ ✇❡❧❢❛r❡

♠❡❛s✉r❡✱ ❛♥❞ ❑❛❧❞♦r✲❍✐❝❦s ❝♦♠♣❛r✐s♦♥s✳

❚♦ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ r♦❧❡ ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s✱ ❛ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✇✐❧❧
❜❡ ❝♦♠♣❛r❡❞ t♦ ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❛ ❣✐✈❡♥ ❛ss✐❣♥♠❡♥t ♦❢ ✐♥✐t✐❛❧
s❤❛r❡s✳ ❈❛❧❧ ♦♥❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐❛ A ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ B✳ ■♥ ♠❛♥② ❝❛s❡s✱
♥♦ P❛r❡t♦ ❝♦♠♣❛r✐s♦♥ ❡①✐sts✱ ❜✉t ♦♥❡ ❝❛♥ st✐❧❧ ♣❡r❢♦r♠ t❡sts à ❧❛ ❑❛❧❞♦r✲
❍✐❝❦s t♦ ❝♦♠♣❛r❡ A ❛♥❞ B✳ ❚✇♦ t❡sts ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞✱ ♦♥❡ ✐s ❜❛s❡❞ ♦♥ t❤❡
❝♦♠♣❡♥s❛t✐♥❣ ✈❛r✐❛t✐♦♥ CSy∗(y+)✱ t❤❡ ♦t❤❡r ♦♥ t❤❡ ❝❛r❞✐♥❛❧ ✇❡❧❢❛r❡ ♠❡❛s✉r❡
✐♥tr♦❞✉❝❡❞ ❜❡❧♦✇✳ ❇♦t❤ ♠❡❛s✉r❡s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ ✉♥✐ts ♦❢ ❣♦♦❞ ✵✳

❈♦♥s✐❞❡r t✇♦ ❡q✉✐❧✐❜r✐❛✱ ❛ r❡❢❡r❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ y∗+✱ t❤❡
♦✉t♣✉t ❛t t❤❡ st❛t✉s q✉♦✱ ❛♥❞ s♦♠❡ ❛❧t❡r♥❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ♦✉t♣✉t y+✳ ❆ss✉♠❡ t❤❛t t❤❡ ♠♦✈❡ t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞
♦✉t ❛♥❞ ❧♦♦❦ ❜❛❝❦✇❛r❞s ❢r♦♠ y+ t♦ t❤❡ st❛t✉s q✉♦ ❛t y∗+✳ ❈♦♥s✉♠❡r i✬s
❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s CSi

y∗(y+) ✐s t❤❡ ❛♠♦✉♥t ♦❢ ❣♦♦❞ ✵ ✇❤✐❝❤ i ❤❛s t♦ ❧♦s❡
❛❢t❡r t❤❡ ♠♦✈❡ ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ st♦❝❦ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡
❡q✉✐❧✐❜r✐✉♠❀ ❝❢✳ ❍✐❝❦s ✭✶✾✺✻✮ ❛♥❞ ❊✳ ❛♥❞ ❍✳ ❉✐❡r❦❡r ✭✷✵✶✵❜✮✳ ❚❤❛t ✐s t♦ s❛②✱
CSi

y∗(y+) ❝♦♠♣❡♥s❛t❡s i ❢♦r t❤❡ ♠♦✈❡ ❢r♦♠ y∗+ t♦ y+✳ ❋♦r♠❛❧❧②✱ CSi
y∗(y+) ✐s

❞❡✜♥❡❞ ✐♠♣❧✐❝✐t❧② ❜②

U i(xi
0(y+ − CSi

y∗(y+), xi
+(y+)) = U i(xi(y∗+)). ✭✸✮

❚❤❡ t♦t❛❧ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ❢r♦♠ y∗+ t♦ y+ ✐s

CSy∗(y+) =
∑

i

CSi
y∗(y+). ✭✹✮

❚❤❡ t♦t❛❧ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s CSy∗(y+) ✐s t❤❡ ❛♠♦✉♥t ♦❢ ❣♦♦❞ ✵ t❤❛t ❝❛♥
❜❡ t❛❦❡♥ ♦✉t ♦❢ t❤❡ ❡❝♦♥♦♠② ❛t y+ ✇✐t❤♦✉t ♠❛❦✐♥❣ ❛♥② ❝♦♥s✉♠❡r ✇♦rs❡ ♦✛
t❤❛♥ ❛t y∗+✳ ■t ✐s ❛♥ ✐♥❞✐❝❛t♦r ♦❢ t❤❡ ✐♥❡✣❝✐❡♥❝② ♦❢ t❤❡ st❛t✉s q✉♦ ✐♥ ❝♦♠✲
♣❛r✐s♦♥ t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ♠✐♥✐♠❛❧❧② ❡✣❝✐❡♥t
✐✛ CSy∗(y+) ≤ CSy∗(y

∗

+) = 0 ❢♦r ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s y+✳ ❖❜s❡r✈❡ t❤❛t
t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r t❤❡ ✜r♠ ✐s ♦r❣❛♥✐③❡❞ ❛s
❛ ❝♦r♣♦r❛t✐♦♥ ♦r ❛ ♣❛rt♥❡rs❤✐♣✳

❆ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ♦♥❡ ♦❜t❛✐♥s t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✷✮ t❤❛t
✐s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❣♦❛❧ ♦❢ ❛ ✜r♠ ✇❤❡♥ ♦♥❡ ❞✐✛❡r❡♥t✐❛t❡s CSy∗(y+) ♣❛r✲
t✐❛❧❧② ✇✐t❤ r❡s♣❡❝t t♦ s ✉s✐♥❣ ✭✸✮✳ ❚❤✉s✱ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ✇❡❧❢❛r❡
♠❛①✐♠✐③❛t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ♠✐♥✐♠❛❧ ❡✣❝✐❡♥❝②✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐♥ ✭✶✮ ♠❛② ❛♣♣❡❛r ♣✉③③❧✐♥❣ ❢♦r t❤❡ ❢♦❧✲
❧♦✇✐♥❣ r❡❛s♦♥✳ Wy∗ ✐s ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ♥♦r♠❛❧✐③❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s
t❤❛t ♥❡❡❞ ♥♦t ❜❡ ❝❛r❞✐♥❛❧✳ ❍♦✇❡✈❡r✱ ✉t✐❧✐t❛r✐❛♥ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ r❡❧✐❡s

✾



♦♥ t❤❡ ✐♥t❡r♣❡rs♦♥❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❝❛r❞✐♥❛❧ ✉t✐❧✐t② ✉♥✐ts✳ ❚❤❡r❡❢♦r❡✱ Wy∗

s❡❡♠s t♦ ❧♦♦❦ ❧✐❦❡ ❛ ✉t✐❧✐t❛r✐❛♥ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t✳ ❖♥❧②
t❤❡ ✉t✐❧✐t② ❣r❛❞✐❡♥ts ❛r❡ ♥♦r♠❛❧✐③❡❞✳ ❚❤✐s s✉✣❝❡s t♦ ❞❡✜♥❡ t❤❡ ❣♦❛❧ ♦❢ ❛
✜r♠ ❜❡❝❛✉s❡ ❝♦♥❞✐t✐♦♥ ✭✷✮ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✐♥t❡r♣❡rs♦♥❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢
♠❛r❣✐♥❛❧ ✉t✐❧✐t② ❝❤❛♥❣❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉r♣❧✉s ❝♦♥❝❡♣t ✐s ❜❛s❡❞ ♦♥ ❝❛r❞✐♥❛❧
✉♥✐t ❝♦♠♣❛r✐s♦♥s ❛♥❞ ❧❡❛❞s t♦ ✉t✐❧✐t❛r✐❛♥ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥s✳

❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ♠♦✈❡ ❢r♦♠ t❤❡ st❛t✉s q✉♦ ❛t y∗+ t♦ t❤❡ ❛❧t❡r♥❛✲
t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ❛t y+ ❤❛s ♥♦t ❜❡❡♥ ♠❛❞❡✳ ❈♦♥s✉♠❡r i✬s ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s
ESi

y∗(y+) ✐s t❤❡ ❛♠♦✉♥t ♦❢ ❣♦♦❞ ✵ ✇❤✐❝❤ i ❤❛s t♦ ❣❛✐♥ ❛t y∗+ ✐♥ ♦r❞❡r t♦ ❜❡
✐♥❞✐✛❡r❡♥t t♦ t❤❡ ♠♦✈❡ t♦ y+✳ ❋♦r♠❛❧❧②✱

U i(xi
0(y

∗

+) + ESi
y∗(y+), xi

+(y
∗

+)) = U i(xi(y+). ✭✺✮

❚❤❡ t♦t❛❧ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ❢r♦♠ y∗ t♦ y+ ✐s

ESy∗(y+) =
∑

i

ESi
y∗(y+). ✭✻✮

❊✈❡r② ❛❧t❡r♥❛t✐✈❡ ♦✉t♣✉t ♣❧❛♥ y+ ✐s ❡✈❛❧✉❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥
ESy∗ ✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❛ ✉t✐❧✐t❛r✐❛♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ❜❡❝❛✉s❡ ✐t ♠❡❛✲
s✉r❡s✱ ❢♦r ❡✈❡r② ❝♦♥s✉♠❡r i✱ t❤❡ ✉t✐❧✐t② ✐♥ ❛❞❞✐t✐♦♥❛❧ ✉♥✐ts ♦❢ ❣♦♦❞ ✵ ❛t t❤❡
❡q✉✐❧✐❜r✐✉♠ ❛❧❧♦❝❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ y∗+✳ ❚❤❡ ♣❧❛♥ y∗+ ♠❛①✐♠✐③❡s s♦❝✐❛❧
✇❡❧❢❛r❡ ✐✛ ESy∗(y+) ≤ ESy∗(y

∗

+) = 0 ❢♦r ❛❧❧ ❛✈❛✐❧❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s y+✳ ■♥ t❤❡
❝❛s❡ ♦❢ ❛ ♣❛rt♥❡rs❤✐♣✱ ♣r✐❝❡s q0 6= C ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ✇❤❡r❡❛s t❤❡② ❛r❡ ✐♥
t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥✳ ❋♦r♠✉❧❛❡ ✭✺✮ ❛♥❞ ✭✻✮ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡
✇❡❧❢❛r❡ ❝❤❛♥❣❡ ❝❛✉s❡❞ ❜② ❛ ♠♦✈❡ ❢r♦♠ y∗+ t♦ y+✳

❙✉♣♣♦s❡ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠ A ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡
❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ✉t✐❧✐t② ♥♦r♠❛❧✐③❛t✐♦♥ ♠❛❞❡ ❛t A✳ ❆ ♠♦✈❡ ❢r♦♠ ❆ t♦ B
❝❛✉s❡s ❛ ✇❡❧❢❛r❡ ❧♦ss ✐❢ t❤✐s ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ❛ss✐❣♥s ❛ ❧♦✇❡r ✈❛❧✉❡ t♦ B✳
❚❤❛t ✐s t♦ s❛②✱ ♦♥❡ ♥❡❡❞s t♦ ❞✐str✐❜✉t❡ ❧❡ss t❤❛♥ t❤❡ t♦t❛❧ ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥t
❛✈❛✐❧❛❜❧❡ ❛t A ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ t❤❡ ✉t✐❧✐t② ♣r♦✜❧❡ ❛tt❛✐♥❡❞ ❛t B✳

❖❜s❡r✈❡ t❤❛t ❛ ♠♦✈❡ ❢r♦♠ A t♦ B ❝❛✉s❡s ❛♥ ❡✣❝✐❡♥❝② ❧♦ss ✐❢ ❛♥❞ ♦♥❧② ✐❢
❛ ♠♦✈❡ ❢r♦♠ B t♦ A ❝❛✉s❡s ❛ ✇❡❧❢❛r❡ ❣❛✐♥✳ ■♥ t❤❡ q✉❛s✐❧✐♥❡❛r ❝❛s❡✱ ❡✣❝✐❡♥❝②
❛♥❞ ✇❡❧❢❛r❡ ❝❤❛♥❣❡s ❝♦✐♥❝✐❞❡✳ ❖t❤❡r✇✐s❡✱ t❤❡② ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t s✐❣♥s✳ ❆s
t②♣✐❝❛❧ ❢♦r s✉r♣❧✉s ❝♦♥❝❡♣ts✱ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♠♣❡♥s❛t✐♥❣
❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s ♠❛①✐♠✐③❛t✐♦♥ ❝♦✐♥❝✐❞❡✳

❚❤❡ ✐ss✉❡ ♦❢ tr❛♥s✐t✐✈✐t② ✐s ❛✈♦✐❞❡❞ ✐♥ t❤✐s ♣❛♣❡r ❜❡❝❛✉s❡ ♦♥❧② t✇♦ ❡q✉✐✲
❧✐❜r✐❛ ❛t ❛ t✐♠❡ ❛r❡ ❝♦♠♣❛r❡❞✳ ❚❤❡ ❥♦✐♥t ✉s❡ ♦❢ ❜♦t❤ s✉r♣❧✉s ❝♦♥❝❡♣ts ♠❛❦❡s
✐t ♣♦ss✐❜❧❡ t♦ ❝♦♠♣❛r❡ ❡q✉✐❧✐❜r✐❛ ❛❧s♦ ✐♥ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡② ❝❛♥♥♦t ❜❡ P❛r❡t♦
r❛♥❦❡❞✳

❈♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ❡❝♦♥♦♠✐❡s t❤❛t ❞✐✛❡r ♦♥❧② ❜② t❤❡ ❡①✐st❡♥❝❡ ♦r ❛❜s❡♥❝❡
♦❢ ♦r✐❣✐♥❛❧ s❤❛r❡s✳ ■t ✐s s❤♦✇♥ t❤❛t ❛ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡ P❛r❡t♦

✶✵



❞♦♠✐♥❛t❡❞ ❜② ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ ❛ P❛r❡t♦ ❝♦♠♣❛r✲
✐s♦♥ ✐s ✐♠♣♦ss✐❜❧❡ t❤❡ ❑❛❧❞♦r✲❍✐❝❦s ❝r✐t❡r✐♦♥ ❝❛♥✱ t♦ s♦♠❡ ❡①t❡♥t✱ ❜❡ ✉s❡❞ t♦
❝♦♥❝❧✉❞❡ t❤❛t ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐s s♦❝✐❛❧❧② ♣r❡❢❡r❛❜❧❡ t♦ ❛ ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥s✇❡rs t❤❡ q✉❡st✐♦♥✿ ❙❤❛❧❧ ❛ r❡❣✉❧❛✲
t♦r ❛❧✇❛②s ✐♠♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥ q0 = C t❤❛t ❝❤❛r❛❝t❡r✐③❡s ❛ ♣❛rt♥❡rs❤✐♣❄

Pr♦♣♦s✐t✐♦♥✳ ❆ ❝♦r♣♦r❛t✐♦♥ ❞♦❡s ❛❧✇❛②s ❛s ✇❡❧❧ ❛s ❛ ♣❛rt♥❡rs❤✐♣ ✇❤❡♥ ✐t
✐♠♣♦s❡s t❤❡ ❝♦♥str❛✐♥t q0 = C✳ ❆ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠✱ ❤♦✇❡✈❡r✱ ❝❛♥ ❜❡
P❛r❡t♦ ❞♦♠✐♥❛t❡❞ ❜② ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❤❡♥ ♥♦ P❛r❡t♦ ❝♦♠♣❛r✐s♦♥
❝❛♥ ❜❡ ♠❛❞❡✱ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t❤❛t ❛ ♠♦✈❡ ❢r♦♠ ❛ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠
t♦ ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s ❛s ✇❡❧❧ ❛s
t❤❡ t♦t❛❧ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s✳

✸ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✳

❆s s❤♦✇♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❝♦♥s✉♠❡r i✬s ❞❡♠❛♥❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❛rt✲
♥❡rs❤✐♣ ❝♦✐♥❝✐❞❡s ✇✐t❤ i✬s ❞❡♠❛♥❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥ ✉♥❞❡r t❤❡
❝♦♥str❛✐♥t q0 = 0 ❜❡❝❛✉s❡ i✬s ✐♥✐t✐❛❧ s❤❛r❡s δi ❞r♦♣ ♦✉t✳ ❚❤✐s s❡❝t✐♦♥ ❞❡✲
s❝r✐❜❡s ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡❝♦♥♦♠② t❤❛t ♣r♦✈❡s t❤❡ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢
t❤❡ ❛❜♦✈❡ Pr♦♣♦s✐t✐♦♥✳

❚❤❡ ❜❛s✐❝ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ Pr♦♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳
❈♦♥s✐❞❡r ❛ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ y∗ t❤❛t ♠❛①✐♠✐③❡s
CSy∗ ❛s ✇❡❧❧ ❛s ESy∗ ✳ ❚❤❡♥ DCSy∗(y

∗

+) = DESy∗(y
∗

+) ✐s ♦rt❤♦❣♦♥❛❧ t♦
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡t ♦❢ ❛❧❧ ♦✉t♣✉t ♣❧❛♥s y+ t❤❛t s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥t
q0 = C✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ✐♠♣r♦✈❡ ✇❡❧❢❛r❡ ❛♥❞ ❡✣❝✐❡♥❝② ✇❤❡♥ t❤✐s ❝♦♥✲
str❛✐♥t ✐s s❧✐❣❤t❧② r❡❧❛①❡❞✳ ■♥ t❤❡ s✉❜s❡q✉❡♥t ❡①❛♠♣❧❡✱ ❝♦♥s✉♠❡rs ♦❢ t②♣❡ Q
❤❛✈❡ q✉❛s✐❧✐♥❡❛r ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❖♥❡ ❝❛♥ ♠❛❦❡ t❤❡ r❡❧❛①❛t✐♦♥ ♦❢ q0 = C ❛r✲
❜✐tr❛r✐❧② s♠❛❧❧ ❜② ❛ss✐❣♥✐♥❣ ❛❧❧ ❜✉t ❛r❜✐tr❛r✐❧② ❢❡✇ ✐♥✐t✐❛❧ s❤❛r❡s t♦ ❝♦♥s✉♠❡rs
♦❢ t②♣❡ Q✳

■♥ t❤❡ ❡①❛♠♣❧❡✱ t❤❡r❡ ❛r❡ t❤r❡❡ t✐♠❡ ♣❡r✐♦❞s✱ t = 0, 1, 2✱ ❛♥❞ s❡✈❡♥ st❛t❡s✳
❙t❛t❡ ✵ ❛t t = 0 ✐s ❢♦❧❧♦✇❡❞ ❜② st❛t❡s ✶ ❛♥❞ ✷ ❛t t = 1✳ ❆t t = 2✱ st❛t❡s ✸ ❛♥❞
✹ ❢♦❧❧♦✇ st❛t❡ ✶ ❛♥❞ st❛t❡s ✺ ❛♥❞ ✻ ❢♦❧❧♦✇ st❛t❡ ✷✳ ❚❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❣♦♦❞ ❛t
❡❛❝❤ st❛t❡ ❛♥❞ ❛ s✐♥❣❧❡ ✜r♠✳ ❚❤❡r❡ ❛r❡ ♥♦ s❡❝✉r✐t✐❡s ♦t❤❡r t❤❛♥ s❤❛r❡s ✐♥ t❤❡
✜r♠✳

❈♦♥s✐❞❡r t❤r❡❡ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs✱ A,B ❛♥❞ Q✱ ✇✐t❤ ❛❞❞✐t✐✈❡❧② s❡♣❛r❛❜❧❡✱

✶✶



❝♦♥❝❛✈❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❚❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ t②♣❡Q ✐s q✉❛s✐❧✐♥❡❛r✳ ❉❡✜♥❡

UA(x0, x1, . . . , x6) = 10 log(x0) + 1 log(x1) + 2 log(x2) + 3 log(x3)

+ 4 log(x4) + 5 log(x5) + 6 log(x6),

UB(x0, x1, . . . , x6) = 10 log(x0) + 3 log(x1) + 2 log(x2) + 1 log(x3)

+ 1 log(x4) + 2 log(x5) + 3 log(x6),

UQ(x0, x1, . . . , x6) = x0 + log(x1) + log(x2) + log(x3)

+ log(x4) + log(x5) + log(x6).

✭✼✮

r❡s♣❡❝t✐✈❡❧②✳ ❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡r❡ ❛r❡ ♥♦ ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥ts ❡①❝❡♣t ❛t t = 0
❛♥❞ ❡✈❡r② ❝♦♥s✉♠❡r ✐s ❡♥❞♦✇❡❞ ✇✐t❤ eA0 = eB0 = eQ0 = 30✳ ❚❤❡r❡ ❛r❡ t❡♥
❝♦♥s✉♠❡rs ♦❢ t②♣❡ A✱ t❡♥ ♦❢ t②♣❡ B ❛♥❞ ✜❢t② ♦❢ t②♣❡ Q✳ ❆ ♣r♦❞✉❝t✐♦♥
♣❧❛♥ ✐s ❞❡♥♦t❡❞ y = (y0, y+) ∈ R− × R

6
+ ✇❤❡r❡ y+ = (y1, . . . , y6)✳ ❚❤❡ ❝♦st

|y0| = C(y+) ✐s
C(y1, . . . , y6) = y1 + y2 + . . . , y6. ✭✽✮

❚❤❡ ❡①❛♠♣❧❡ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❛t ❛ ♠♦✈❡ ❢r♦♠ t❤❡ ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐✉♠ t♦ ❛ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ ❡q✉✐✈❛❧❡♥t ❛♥❞
t❤❡ t♦t❛❧ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s ❛❧s♦ ✇❤❡♥ t②♣❡ Q ❤♦❧❞s ❢❡✇ ♦r ❡✈❡♥ ♥♦ ✐♥✐t✐❛❧
s❤❛r❡s ♣r♦✈✐❞❡❞ t❤❛t t②♣❡s A ❛♥❞ B ♣♦ss❡ss s✐♠✐❧❛r ❛♠♦✉♥ts ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s✳

❙✉❜s❡❝t✐♦♥ ✸✳✶ ❡①♣❧❛✐♥s ❤♦✇ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✐s ❝♦♠♣✉t❡❞ ❛♥❞
♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❙✉❜s❡❝t✐♦♥ ✸✳✷ ❡①♣❧❛✐♥s t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐❛✱ ✇❤✐❝❤ ❛r❡ ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s ❛❝r♦ss t②♣❡s✱ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

✸✳✶ P❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠✳

■♥ ❛ ♣❛rt♥❡rs❤✐♣✱ ❝♦♥s✉♠❡r i ❝♦♥s✉♠❡s ei0 + ϑi
0y0 ❛t t = 0✳ ❚❤❡ ❝♦♥s✉♠♣t✐♦♥

❛t ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♥♦❞❡ ξs ✐s xi
s = qs(ϑ

i
s−

− ϑi
s) + ϑi

s−
ys ❛t t = 1✱ ✇❤❡r❡ ξs−

✐s t❤❡ ✐♠♠❡❞✐❛t❡ ♣r❡❞❡❝❡ss♦r ♦❢ ξs✳ ■❢ ξs ✐s ❛ t❡r♠✐♥❛❧ ♥♦❞❡✱ t❤❡♥ i ❝♦♥s✉♠❡s
xi
s = ϑi

s−
ys✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ♣❛rt♥❡rs❤✐♣ ✐s s✉❝❤ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥ts

ϑi
0 ❛❞❞ ✉♣ t♦ ✶✳

❚❤❡ ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t ♦❢ ❛ ❝♦♥s✉♠❡r ♦❢ t②♣❡ A ✐s ϑA
0 = 630/(31 C), ϑA

1 =
2205(q1 + y1)/(124 q1 C)✱ ❛♥❞ ϑA

2 = 6930(q2 + y2)/(403 q2 C) ✇❤❡r❡ t❤❡
✈❛r✐❛❜❧❡ y+ ❤❛s ❜❡❡♥ ❞r♦♣♣❡❞✳ ❋♦r ❝♦♥s✉♠❡rs ♦❢ t②♣❡ B✱ ♦♥❡ ♦❜t❛✐♥s ϑB

0 =
180/(11 C), ϑB

1 = 72(q1+q2)/(11 q1 C)✱ ❛♥❞ ϑB
2 = 900(q2+y2)/(77 y2 C)✳ ❆

❝♦♥s✉♠❡r ♦❢ t②♣❡ Q ❞❡♠❛♥❞s ϑQ
0 = 6/C, ϑQ

1 = 4(q1 + q2)/(q1 C)✱ ❛♥❞ ϑQ
2 =

4(q2 + y2)/(q2 C)✳ ❲❤❡♥ t❤❡ s❤❛r❡s ϑi
0 ❛❞❞ ✉♣ t♦ ✶ t❤❡♥ C = 227400/341 ≈

✶✷



666.862✳ ❙♦❧✈✐♥❣ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ♠❛r❦❡ts ✶ ❛♥❞ ✷ ❧❡❛❞s t♦
q1 = 60463/30497 y1 ≈ 1.983 y1 ❛♥❞ q2 = 151693/55241 y2 ≈ 2.746 y2✳

▲❡t ŷ = (y1, . . . , y5)✳ ❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✭✽✮ ✐s ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❧❛st
❝♦♠♣♦♥❡♥t y6 ♦❢ y+ ❜② ❞❡✜♥✐♥❣

y6 = g(ŷ) = 227400/341− y1 − · · · − y5. ✭✾✮

❚❤❡ ❢❛❝t t❤❛t C ✐s ❝♦♥st❛♥t r❡s✉❧ts ❢r♦♠ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ♥❛t✉r❡ ♦❢ t❤❡
♣r❡❢❡r❡♥❝❡s ❢♦r y+✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ✐s ✉s❡❞ t♦ ❞❡✜♥❡
g(ŷ)✳ ❊q✉❛t✐♦♥ ✭✾✮ ♣r♦✈✐❞❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ t❤❛t ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t ✐♥ ❛ ♠✉❧t✐✲♣❡r✐♦❞ ♠♦❞❡❧✳

❉r♦♣♣✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ ŷ✱ i✬s ❝♦♥s✉♠♣t✐♦♥ ❡q✉❛❧s

xi = (ei0−ϑi
0C, q1(ϑ

i
0−ϑi

1)+ϑi
0y1, q2(ϑ

i
0−ϑi

2)+ϑi
0y2, ϑ

i
1y3, ϑ

i
1y4, ϑ

i
2y5, ϑ

i
2g).

▲❡t ui(ŷ) = U i(xi(ŷ)) ❜❡ t❤❡ ✉t✐❧✐t② i ♦❜t❛✐♥s ✇❤❡♥ ŷ ✐s ❝❤♦s❡♥✳

❆❧❧ ❝♦♥s✉♠❡rs ❛r❡ ♣❛rt♥❡rs s♦ t❤❛t t❤❡ ✜r♠ ❛❝ts ♦♥ ❜❡❤❛❧❢ ♦❢ t❤❡ ✇❤♦❧❡
s♦❝✐❡t②✳ ❇❡❝❛✉s❡ xA

0 = 30 − 630/31 = 300/31✱ A✬s ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❣♦♦❞
✵ ❡q✉❛❧s ✸✶✴✸✵✳ ❙✐♠✐❧❛r❧②✱ B✬s ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ❡q✉❛❧s ✶✶✴✶✺✳ ❚❤✉s✱ ❜♦t❤
♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦rs✱ nfA = 30/31 ❛♥❞ nfB = 15/11✱ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❛❧❧♦❝❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ q✉❛s✐❧✐♥❡❛r ❝♦♥s✉♠❡r Q✱ ♥♦ ♥♦r♠❛❧✐③❛t✐♦♥
✐s ♥❡❡❞❡❞✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ✶✵ ❝♦♥s✉♠❡rs ♦❢ t②♣❡ A✱ ✶✵ ♦❢ t②♣❡ B✱ ❛♥❞ ✺✵ ♦❢
t②♣❡ Q s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❣✐✈❡♥ ❜②

W(ŷ) = 10 nfA UA(xA(ŷ)) + 10 nfB UB(xB(ŷ)) + 50 UQ(xQ(ŷ)). ✭✶✵✮

❚❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ DW(ŷ) = 0 ❝❛♥ ❜❡ s♦❧✈❡❞ ❛❧❣❡❜r❛✐❝❛❧❧②✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ r❡♣❧❛❝❡ ❢r❛❝t✐♦♥s ❛♥❞ ♦♥❡
♦❜t❛✐♥s ŷ∗ ≈ (100.587, 96.6276, 92.6686, 102.346, 125.66)✳ ❚❤❡ ❝♦st ✐s C =
227400/341 ≈ 666.862 ❛♥❞ t❤❡ ❧❛st ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ y∗ ✐s
y∗6 = C− (y1+ · · ·+y5) ≈ 148.974✳ ❚❤❡ st♦❝❦ ♠❛r❦❡t ♣r✐❝❡s ❛r❡ q1 ≈ 199.422
❛♥❞ q2 ≈ 265.341✳

❆ ❝♦♥s✉♠❡r ♦❢ t②♣❡ A, B, Q ❝♦♥s✉♠❡s✱ r❡s♣❡❝t✐✈❡❧②✱

xA(ŷ∗) ≈ (9.67742, 1.14284, 1.69707, 3.71744, 4.10566, 4.42033, 5.24044)

xB(ŷ∗) ≈ (13.6364, 4.41701, 2.53774, 1.36835, 1.51125, 3.00454, 3.56198)

xQ(ŷ∗) ≈ (24.0000, 0.89976, 1.08559, 0.83621, 0.92354, 1.02822, 1.21899).

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉t✐❧✐t② ♣r♦✜❧❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② (50.8474, 39.1841, 23.9439)✳
■♥ ❙❡❝t✐♦♥ ✹✱ t❤✐s ♣r♦✜❧❡ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✉t✐❧✐t② ♣r♦✜❧❡s ♦❢ ❝♦r♣♦r❛t✐♦♥
❡q✉✐❧✐❜r✐❛ ❢♦r ❞✐✛❡r❡♥t ❛❧❧♦❝❛t✐♦♥s ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s✳

✶✸



✸✳✷ ❈♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐❛✳

▲❡t δτ ❞❡♥♦t❡ t❤❡ ❛♠♦✉♥t ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s ♦✇♥❡❞ ❜② ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠❡r
♦❢ t②♣❡ τ = A,B,Q✳ ❆t s = 0✱ ❛ ❝♦♥s✉♠❡r ♦❢ t②♣❡ τ ❝♦♥s✉♠❡s t❤❡ ❛♠♦✉♥t
xτ
0 = 30 + δτ (q0 − C)− ϑτ

0 q0✳ ❚❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δτ ❝❤❛♥❣❡ t❤❡ ❝♦♥s✉♠♣t✐♦♥
❜② ∆xτ

0 = δτ (q0 − C)✳ ❲❤❡♥ τ = A ♦r τ = B t❤❡r❡ ✐s ❛♥ ✐♥❞✐r❡❝t ✐♠♣❛❝t ♦♥
t❤❡ ❞❡♠❛♥❞ ❢♦r ✜♥❛❧ s❤❛r❡s ❝❛✉s❡❞ ❜② t❤❡ ✐♥❝♦♠❡ ❡✛❡❝t✳ ❚❤✐s ❧❡❛❞s t♦

ϑA
0 =

21(30 + δA(q0 − C))

31q0
, ϑA

1 = ϑA
0

7(q1 + y1)

8q1
, ϑA

2 = ϑA
0

11(q2 + y2)

13q2
✭✶✶✮

❛♥❞

ϑB
0 =

6 (30 + δB(q0 − C))

11q0
, ϑB

1 = ϑB
0

2(q1 + y1)

5q1
, ϑB

2 = ϑB
0

5(q2 + y2)

7q2
.

✭✶✷✮
❖❜s❡r✈❡ t❤❛t✱ ❢♦r τ = A,B✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❝❤❛♥❣❡ ∆xτ

0 ❡♥t❡rs ✐♥t♦ t❤❡
❞❡♠❛♥❞ ❢♦r ✐♥t❡r♠❡❞✐❛t❡ s❤❛r❡s ϑi

0 ❛♥❞✱ ❜❡❝❛✉s❡ ϑA
1 ❛♥❞ ϑA

2 ❛r❡ ♠✉❧t✐♣❧❡s ♦❢
ϑA
0 ✱ ❛❧s♦ ✐♥t♦ t❤❡ ❞❡♠❛♥❞ ❢♦r ✜♥❛❧ s❤❛r❡s✳

❚❤❡ q✉❛s✐❧✐♥❡❛r t②♣❡ Q ✐s ❞✐✛❡r❡♥t ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ ✐♥❝♦♠❡ ❡✛❡❝t ❛♥❞

ϑQ
0 =

6

q0
, ϑQ

1 = ϑQ
0

2q1 + y1
3q1

, ϑQ
2 = ϑQ

0

2q2 + y2
3q2

. ✭✶✸✮

❚❤❡ ✐♥✐t✐❛❧ s❤❛r❡s δA ❛♥❞ δB ♦❢ t❤❡ t✇♦ ♥♦♥✲q✉❛s✐❧✐♥❡❛r ❝♦♥s✉♠❡rs ✐♠♣❛❝t
❛❧❧ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡s✳ ❚❤❡ ♣r✐❝❡s ❛r❡

q0 =
30 (77 δA C + 62 δB C − 7580)

2310 δA + 1860 δB − 341

q1 =
105 (77 C − 12340) δA + 24 (124 C + 54725) δB − 604630

105 (11 C + 12340) δA + 24 (186 C − 54725) δB − 304970
y1

q2 =
21 (847 C − 75500) δA + 30 (403 C + 7060) δB − 1516930

42 (77 C + 37750) δA + 12 (403 C − 17650) δB − 552410
y2.

❋♦r τ = A,B✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❝❤❛♥❣❡ ∆xτ
0 = δτ (q0 − C) ❛♣♣❡❛rs ✐♥ t❤❡

♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦rs ♦❢ nf τ ♦❢ τ ✬s ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❚❤❡s❡ ❢❛❝t♦rs ❛r❡ ❡q✉❛❧
t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s ♦❢

nfA = (30 + δA(q0 − C))/31 ❛♥❞ nfB = (30 + δB(q0 − C))/22,

r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦rs ❛r❡ ♥♦t ❝♦♥st❛♥t t❤❡② ♠✉st
❜❡ ❞❡t❡r♠✐♥❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡
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❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❈♦✉r♥♦t✲❲❛❧r❛s ♠♦❞❡❧ ♦❢ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❛♣❛rt ❢r♦♠ ✐ts
♦❜❥❡❝t✐✈❡✳

❈♦♥s✐❞❡r t❤❡ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥

W(y+) = 10 nfA(y+) U
A(xA(y+))+10 nfB(y+) U

B(xB(y+))+50 UQ(xQ(y+)).
✭✶✹✮

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✭✶✵✮ ❛♥❞ ✭✶✹✮ ✐s t❤❛t t❤❡ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ✐♥
✭✶✹✮ ❞❡♣❡♥❞s ♦♥ t❤❡ S✲❞✐♠❡♥s✐♦♥❛❧ ♦✉t♣✉t ✈❡❝t♦r y+ ✇❤❡r❡❛s ✐t ❞❡♣❡♥❞s ♦♥
t❤❡ (S − 1)✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ŷ ✐♥ ✭✶✵✮ ❞✉❡ t♦ t❤❡ ❝♦♥str❛✐♥t q0 = C✳

❲❤❡♥ ❞♦❡s q0 ❡q✉❛❧ C ✐♥ t❤❡ ❡①❛♠♣❧❡❄ ❇❡❝❛✉s❡

q0 − C =
341 C − 227400

231 δA + 1860 δB − 341

t❤❡ ♣r✐❝❡ q0 ❡q✉❛❧s C ✐❢ ❛♥❞ ♦♥❧② ✐❢ C = 227400/341✱ ❚❤✉s✱ t❤❡ ❝♦♥str❛✐♥t
q0 = C ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ C ✐s ❡q✉❛❧ t♦ t❤❡ ❝♦st ✐♥ t❤❡ ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ❛❧❧ ♦r✐❣✐♥❛❧ s❤❛r❡s
❛r❡ ♦✇♥❡❞ ❜② t❤❡ q✉❛s✐❧✐♥❡❛r t②♣❡ Q✳

✹ ❚❤❡ ✐♠♣❛❝t ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s ♦♥ ✇❡❧❢❛r❡ ❛♥❞

❡✣❝✐❡♥❝②✳

▲❡t ∆τ ❞❡♥♦t❡ t❤❡ ❛❣❣r❡❣❛t❡ ❛♠♦✉♥t ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s δτi ❤❡❧❞ ❜② ❛❧❧ ❝♦♥s✉♠❡rs
♦❢ t②♣❡ τ ✇❤❡r❡ τ = A,B,Q✳ ❲✐t❤✐♥ ❛ t②♣❡✱ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ ❞✐str✐❜✉t❡❞
❡q✉❛❧❧②✳ ❲❤❡♥ ∆Q = 1✱ ❛❧❧ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ ❤❡❧❞ ❜② t❤❡ q✉❛s✐❧✐♥❡❛r t②♣❡✳
■♥ t❤✐s ❝❛s❡✱ q0 = C ❛♥❞ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s ❛ s❡q✉❡♥❝❡ ♦❢ ❛❧❧♦❝❛t✐♦♥s ♦❢
✐♥✐t✐❛❧ s❤❛r❡s st❛rt✐♥❣ ✇✐t❤ s♠❛❧❧ ❞❡♣❛rt✉r❡s ❢r♦♠ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠
❛t ∆Q = 1✳

▲❡✈❡❧s ♦❢ ∆A ❛♥❞ ∆B ♥❡❛r ✵✳✷✺ ❛r❡ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ❜❡❝❛✉s❡ t❤❡② ❧❡❛❞
t♦ ✉t✐❧✐t② ♣r♦✜❧❡s t❤❛t ❛r❡ ♥❡❛r❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤♦s❡ ✐♥ t❤❡ ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐✉♠ ❞❡s❝r✐❜❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✶✳ ❚❤✐s ♠❛❦❡s ❛ P❛r❡t♦ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦ss✐❜❧❡
✇❤❡♥ ∆A ❛♥❞ ∆B ❛r❡ s✉✐t❛❜❧② ❝❤♦s❡♥✳ ■♥ ✈❛r✐♦✉s ♦t❤❡r ❝❛s❡s✱ ❛ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ t❤❡ t✇♦ ❡q✉✐❧✐❜r✐❛ ❝❛♥ ❜❡ ♠❛❞❡ ✇✐t❤ t❤❡ ❛✐❞ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t✐♥❣
❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳

■♥ ❛❧❧ ❝❛s❡s✱ ❞❡s❝r✐❜❡❞ ❤❡r❡✱ t❤❡ ✜r♠ ❝❤❛r❣❡s ❛ ♣r✐❝❡ ❜❡❧♦✇ t❤❡ ♣r♦❞✉❝t✐♦♥
❝♦st C✳ ❚❤❡ ✇❡❞❣❡ ✐♥❝r❡❛s❡s ✇❤❡♥ t②♣❡s A ❛♥❞ B ❤♦❧❞ ♠♦r❡ ✐♥✐t✐❛❧ s❤❛r❡s✳ ■t
✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t ♦♥❡ ❝❛♥ ❡❛s✐❧② ✜♥❞ ❡①❛♠♣❧❡s ♦❢ ❡❝♦♥♦♠✐❡s ✐♥ ✇❤✐❝❤
q0 ❧✐❡s ❛❜♦✈❡ C✳ ■t ❝❛♥ ❛❧s♦ ❤❛♣♣❡♥ t❤❛t t❤❡ s✐❣♥s ♦❢ t❤❡ t♦t❛❧ ❡q✉✐✈❛❧❡♥t ❛♥❞
♦❢ t❤❡ t♦t❛❧ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s ❞✐✛❡r s♦ t❤❛t ♥♦ ❝♦♠♣❛r✐s♦♥ ❝❛♥ ❜❡ ♠❛❞❡✳

✶✺



✹✳✶ ❚❤❡ q✉❛s✐❧✐♥❡❛r t②♣❡ ❤♦❧❞s ♠❛♥② ✐♥✐t✐❛❧ s❤❛r❡s✳

❚❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ y∗ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡
r❡❢❡r❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ♦r st❛t✉s q✉♦✳ ■t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐✲
❧✐❜r✐✉♠ ✇❤❡♥ ∆Q = 1✳ ❍♦✇ ❞♦❡s t❤❡ ❝♦♦♣❡r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❝❤❛♥❣❡ ✇❤❡♥
t②♣❡s A ❛♥❞ B ♦❜t❛✐♥ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♥✐t✐❛❧ s❤❛r❡s❄

❆ss✉♠❡ t❤❛t ∆A = ∆B = 0.001✳ ❚❤❡♥ q0/C ≈ 1 − 10−6 ❛♥❞ t❤❡ ♦✉t♣✉t
✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ ♣❛rt♥❡rs❤✐♣✳ ■♥ t❤❡ ❝♦r♣♦r❛t✐♦♥✱ t❤❡ ✉t✐❧✐t② ♦❢
❛❧❧ ❝♦♥s✉♠❡rs ❛t t = 0 ✐s r❡❞✉❝❡❞ ✇❤✐❧❡ t❤❡ ✉t✐❧✐t② ❛t t > 0 ✐s ✐♥❝r❡❛s❡❞✳ A
❛♥❞ B ❛r❡ ❜❡tt❡r ♦✛ ✐♥ t❤❡ ❝♦r♣♦r❛t✐♦♥ ✇❤✐❧❡ Q ✐s ✇♦rs❡ ♦✛✳ ❆❧❧ t❤r❡❡ t②♣❡s
❣❛✐♥ ❢r♦♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦st ♦❢ t❤❡ ❡①♣❛♥s✐♦♥
✐s ❡ss❡♥t✐❛❧❧② ❜♦r♥❡ ❜② t②♣❡ Q ✇❤♦ s❡❧❧s ✐♥✐t✐❛❧ s❤❛r❡s ❜❡❧♦✇ ❝♦sts✳ ❚❤❡
♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✐s ✐♥❡✣❝✐❡♥t ❜❡❝❛✉s❡ ♣r✐❝❡ t❛❦✐♥❣ ❜❡❤❛✈✐♦r ❧❡❛❞s t♦
✉♥❞❡r♣r♦❞✉❝t✐♦♥✳ ❋♦r t❤❡ ♣r❡s❡♥t ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❍✐❝❦s✐❛♥
s✉r♣❧✉s ♠❡❛s✉r❡s ❛r❡ CSy∗ ≈ −1.05× 10−9 ❛♥❞ ESy∗ ≈ −3.8× 10−11✳

❋♦r ∆A = ∆B = 0.01✱ t❤❡ ♣r✐❝❡ ❝♦st r❛t✐♦ ❞❡❝r❡❛s❡s t♦ q0/C ≈ 1− 1.3×
10−5 ❛♥❞ t❤❡ ♦✉t♣✉t ❤❛s ✐♥❝r❡❛s❡❞ ❢✉rt❤❡r✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t②♣❡s A ❛♥❞
B ❤♦❧❞ ♥♦✇ t❡♥ t✐♠❡s ♠♦r❡ ✐♥✐t✐❛❧ s❤❛r❡s t❤❛♥ ❜❡❢♦r❡ ❛♥❞ t❤❡ ♦✉t♣✉t ✐♥❝r❡❛s❡
✐s ❛❜♦✉t t❡♥ t✐♠❡s ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❆❣❛✐♥✱ t❤❡ ❜✉❧❦ ♦❢ t❤❡
❝♦st ❢♦r t❤✐s ✐♠♣r♦✈❡♠❡♥t ✐s ♣❛✐❞ ❜② t②♣❡ Q ✇❤♦ s✉❜s✐❞✐③❡s A ❛♥❞ B✳ ❚❤❡
s✉r♣❧✉s❡s ❜❡❝♦♠❡ CSy∗ ≈ −1.05× 10−7 ❛♥❞ ESy∗ ≈ −3.8× 10−9✳ ❆s ✐♥ t❤❡
♣r❡✈✐♦✉s ❝❛s❡✱ t❤❡ s♦❝✐❡t② ✇❛♥ts t♦ ♠♦✈❡ ❢r♦♠ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ t♦
t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✳

❲❤❡♥ ∆A = ∆B = 0.1 t❤❡ ✇❡❞❣❡ ❜❡t✇❡❡♥ q0 ❛♥❞ C ✐♥❝r❡❛s❡s ❢✉rt❤❡r ❛♥❞
q0/C ≈ 1− 1.5× 10−4✳ ❚❤❡ ♦✉t♣✉t ✐♥❝r❡❛s❡ ✐s ♥❡❛r❧② ✶✵ t✐♠❡s ❧❛r❣❡r t❤❛♥ ✐♥
t❤❡ ❝❛s❡ ∆A = ∆B = 0.01✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ ✇❡❧❢❛r❡ ❣❛✐♥s
✐♥❝r❡❛s❡ ❢✉rt❤❡r✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ CSy∗ ≈ −1× 10−5 ❛♥❞ ESy∗ ≈ −2.9× 106✳

❯♥t✐❧ ♥♦✇ ❝❤❛♥❣❡s ✐♥ ♠❛❣♥✐t✉❞❡ ❤❛✈❡ ♦❝❝✉rr❡❞ ❜✉t ♦t❤❡r✇✐s❡ t❤❡r❡ ✐s
❧✐tt❧❡ t♦ r❡♣♦rt✳ ❇❛s✐❝❛❧❧②✱ t②♣❡ Q ❧♦s❡s ❧❡ss t❤❛♥ t②♣❡s A ❛♥❞ B ❣❛✐♥ ✐♥
t♦t❛❧ ❛♥❞ Q✬s s✉❜s✐❞✐❡s ♣r♦♠♦t❡ s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❚❤❡ ♣✐❝t✉r❡ ❝❤❛♥❣❡s ✇❤❡♥
♦♥❡ ❝♦♥s✐❞❡rs ✐♥t❡r♠❡❞✐❛t❡ ❝❛s❡s t❤❛t ❛r❡ ❝❧♦s❡r t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡ ♥♦ tr❛❞❡
✐♥ s❤❛r❡s ♥❡❡❞s t♦ ❜❡ ❡①❡❝✉t❡❞ ❛t t = 0✳

✹✳✷ ▼♦r❡ ❜❛❧❛♥❝❡❞ ❞✐str✐❜✉t✐♦♥s ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s✳

❙✉♣♣♦s❡ ∆Q = 0.5 ❛♥❞ ∆A = ∆B = 0.25✳ ❚❤✐s ❝❛s❡ ✐s ♦❢ ✐♥t❡r❡st ❜❡❝❛✉s❡ t❤❡
✐♥t❡r♠❡❞✐❛t❡ s❤❛r❡s ϑi

0 ♦❢ ❡❛❝❤ ♦❢ t❤❡ t❡♥ ❝♦♥s✉♠❡rs i ♦❢ t②♣❡ B ❛r❡ s❧✐❣❤t❧②
❜❡❧♦✇ ✵✳✵✷✺✳ ❚②♣❡ Q ❞♦❡s ♥♦ ❧♦♥❣❡r s✉❜s✐❞✐③❡ t②♣❡ B ❜✉t t②♣❡ A st✐❧❧ ❣❛✐♥s
❢r♦♠ ♣✉r❝❤❛s✐♥❣ s❤❛r❡s ❢r♦♠ Q ❛t ❛ ♣r✐❝❡ ❜❡❧♦✇ ❝♦sts✳ ❖♥❧② A ✐s ❜❡tt❡r ♦✛
✐♥ t❤❡ ❝♦r♣♦r❛t✐♦♥✳ ■♥ ❡q✉✐❧✐❜r✐✉♠ q0/C ≈ 0.9995✱ CSy∗ ≈ −5.3 × 10−5 ❛♥❞
ESy∗ ≈ −4.6× 10−5✳

✶✻



❚❤❡ ♥❡①t ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ ❢♦r ✇❤✐❝❤ t❤❡ ❛♠♦✉♥t
♦❢ ✐♥✐t✐❛❧ s❤❛r❡s δi ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛♠♦✉♥t ϑi

0 ♦❢ ✐♥t❡r♠❡❞✐❛t❡ s❤❛r❡s ❢♦r
❡✈❡r② ❝♦♥s✉♠❡r i✳ ■♥ t❤✐s ❝❛s❡✱ ♥♦ s✉❜s✐❞✐③❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❜❡❝❛✉s❡ ♥♦ tr❛❞❡
♦❝❝✉rs ❛t t = 0✳ ❚❤❡ s❤❛r❡s ♦❢ t❤❡ t❤r❡❡ t②♣❡s ❛r❡ ∆A ≈ 0.3047, ∆B ≈
0.24536, ∆Q ≈ 0.540 ❛♥❞ q0/C ≈ 0.99952✳

A ❛♥❞ B ❛r❡ ✇♦rs❡ ♦✛ ❛♥❞ Q ✐s ❜❡tt❡r ♦✛ ✐♥ t❤❡ ❝♦r♣♦r❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱
CSy∗ ≈ −5.06 × 10−5 ❛♥❞ ESy∗ ≈ −5.08 × 10−5✳ ❚❤❡ ♠❛r❦❡t ❛t t = 0 ✐s
✐♥❛❝t✐✈❡ ❜✉t ✐t ✐♠♣❛❝ts t❤❡ ♣r✐❝❡s ✐♥ t❤❡ s✉❜s❡q✉❡♥t ♠❛r❦❡ts✳ ❚❤❡ ❞❡❧✐❜❡r❛t❡
❞❡❝✐s✐♦♥ ♥♦t t♦ tr❛❞❡ ❛t t = 0✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ ❛ ♣❛rt♥❡rs❤✐♣✱ ❡♥❛❜❧❡s
t❤❡ ❝♦r♣♦r❛t✐♦♥ t♦ r❡❛❝❤ ❛ ❜❡tt❡r ❡q✉✐❧✐❜r✐✉♠✳

❈❛♥ ♦♥❡ ✜♥❞ ❛ P❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t❄ ❚♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ♦♥❡ ♣❡rt✉r❜s
t❤❡ ✐♥✐t✐❛❧ ❡♥❞♦✇♠❡♥t s✉❝❤ t❤❛t t❤❡ ✉t✐❧✐t② ❛❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐✲
❧✐❜r✐✉♠ ✐s ❛♣♣r♦①✐♠❛t❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❛t ♦❢ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠✳
■t s✉✣❝❡s t♦ ♠♦✈❡ ❢r♦♠∆A ≈ 0.3047, ∆B ≈ 0.24536 t♦∆A ≈ 0.30347, ∆B ≈
0.24536✳ ❚❤❡♥ CSy∗ ≈ −5.027 × 10−5 ❛♥❞ESy∗ ≈ −5.026 × 10−5 r❡♠❛✐♥
♥❡❛r❧② ✉♥❝❤❛♥❣❡❞✳ ❍♦✇❡✈❡r✱ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧ s✉r♣❧✉s❡s ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡ s♦ t❤❛t
❡✈❡r② ❝♦♥s✉♠❡r ❣❛✐♥s ✇❤❡♥ t❤❡ ✜r♠ ❜❡❝♦♠❡s ❛ ❝♦r♣♦r❛t✐♦♥✳ ❚❤❡ ❝♦r♣♦r❛t✐♦♥
❡q✉✐❧✐❜r✐✉♠ P❛r❡t♦ ❞♦♠✐♥❛t❡s t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠✳

✹✳✸ ■♥❝r❡❛s✐♥❣ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ♦❢ t②♣❡s A ❛♥❞ B ❢✉r✲

t❤❡r✳

❲❤❡♥ ∆A = ∆B = 0.3 t❤❡ s✐t✉❛t✐♦♥ ✐s s✐♠✐❧❛r ❛s ✐♥ t❤❡ ❝❛s❡ ∆A = ∆B = 0.25
❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡✳ ❚❤✐s ❝❤❛♥❣❡s ✇❤❡♥ ∆A = ∆B = 0.31 ✐s r❡❛❝❤❡❞✳

❆ss✉♠❡ ∆A = ∆B = 0.31✳ ❚②♣❡ Q ✐s ♥♦✇ ❛ ♥❡t ❜✉②❡r ♦❢ ✐♥t❡r♠❡❞✐❛t❡
s❤❛r❡s✳ Q✬s ♥❡t tr❛❞❡ ✇✐t❤ B ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ❤✐s ♥❡t tr❛❞❡ ✇✐t❤ A✳
❇❡❝❛✉s❡ q0/C ≈ 0.99936 < 1✱ t②♣❡s A ❛♥❞ B s✉❜s✐❞✐③❡ t②♣❡ Q✳ ❉✉❡ t♦ t❤❡
✐♥❝r❡❛s❡ ✐♥ ❝♦st ❛♥❞ ♦✉t♣✉t✱ ❛❧❧ t②♣❡s ✐♥❝❧✉❞✐♥❣ Q ❛r❡ ✇♦rs❡ ♦✛ ❛t t = 0✱ ❛♥❞
❜❡tt❡r ♦✛ ❛t t > 0✱ t❤❛♥ ✐♥ t❤❡ ♣❛rt♥❡rs❤✐♣✳ ■♥ t♦t❛❧✱ Q ✐s t❤❡ ♦♥❧② t②♣❡
t❤❛t ♣r❡❢❡rs t❤❡ ❝♦r♣♦r❛t✐♦♥ ♦✈❡r t❤❡ ♣❛rt♥❡rs❤✐♣✳ ❋✉rt❤❡r♠♦r❡✱ CSy∗ ≈
−8.1× 10−5 ❛♥❞ ESy∗ ≈ −8.9× 10−5✳

❈♦♥s✐❞❡r ∆A = ∆B = 0.4✳ ❖✉t♣✉t ❛♥❞ ❝♦st r✐s❡ ❛❣❛✐♥ ❛♥❞ q0/C ≈ 0.9989✳
A ❛♥❞ B s✉❜s✐❞✐③❡ Q ♠♦r❡ t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ❜✉t q✉❛❧✐t❛t✐✈❡❧② t❤❡
♣✐❝t✉r❡ r❡♠❛✐♥s t❤❡ s❛♠❡✳ A ❛♥❞ B ♣r❡❢❡r t❤❡ ♣❛rt♥❡rs✵❤✐♣ ❛♥❞ Q ♣r❡❢❡rs
t❤❡ ❝♦r♣♦r❛t✐♦♥✳ ❇❡❝❛✉s❡ CSy∗ ≈ −1.58 × 10−4 ❛♥❞ ESy∗ ≈ −1.85 × 10−4✱
t②♣❡ Q ❣❛✐♥s ♠♦r❡ t❤❛♥ A ❛♥❞ B ❧♦s❡ t♦❣❡t❤❡r s♦ t❤❛t t❤❡ ❝♦r♣♦r❛t✐♦♥ ✐s
❛❣❛✐♥ s♦❝✐❛❧❧② ♣r❡❢❡rr❡❞✳

❋✐♥❛❧❧②✱ ❧❡t ∆A = ∆B ❜❡ ♥❡❛r❧② ❡q✉❛❧ t♦ ✵✳✺ s♦ t❤❛t ∆Q ✐s ✈❡r② ❝❧♦s❡ t♦
✵✳ ❚❤❡ ♣✐❝t✉r❡ ❜❡❝♦♠❡s ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ❜✉t r❡♠❛✐♥s ❜❛s✐❝❛❧❧② ✉♥❝❤❛♥❣❡❞

✶✼



❛♣❛rt ❢r♦♠ t❤❡ ♠❛❣♥✐t✉❞❡s ♦❢ t❤❡ ❡✛❡❝ts✳ ◆♦✇ q0/C ✐s ♥❡❛r❧② ❡q✉❛❧ t♦ ✶ ❛♥❞
CSy∗ ≈ −4.3×10−4 ❛♥❞ ESy∗ ≈ −2.7×10−4 ❛♥❞ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠
✐s ♣r❡❢❡r❛❜❧❡✳

✺ ❉✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❡①❛♠♣❧❡

■♥ t❤❡ ❡①❛♠♣❧❡✱ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ ✈✐♦❧❛t❡s t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥
❢♦r ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ ❛♥❞ ♠✐♥✐♠❛❧ ❡✣❝✐❡♥❝②✳ ❖♥❡ ✐s ❧❡❞ t♦ ❛s❦ q✉❡st✐♦♥s
♦❢ ✇❤❛t ♠❛❦❡s t❤❡ ❝♦♥str❛✐♥t q0(y+) = C(y+) ❜✐♥❞✐♥❣ ❛♥❞ ♦❢ ✇❤❛t ❡♥❛❜❧❡s ❛
❝♦r♣♦r❛t✐♦♥ t♦ ♠✐t✐❣❛t❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥t✳

❋✐rst✱ ❝♦♥s✐❞❡r ❛ ✇❡❛❦ ♣❧❛♥♥❡r ✇❤♦ ❝❛♥♥♦t ❝❤❛♥❣❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥
❜✉t ✇❤♦ ❝❛♥ ❛ss✐❣♥ t❤❡ s❤❛r❡s ϑA

0 ❛♥❞ ϑB
0 ❛♥❞ ❛❞❥✉st s❤❛r❡s ♦❢ t②♣❡ Q ❛❝✲

❝♦r❞✐♥❣❧②✳ ❲❤❡♥ t❤✐s ♣❧❛♥♥❡r s❛t✐s✜❡s t❤❡ s❛♠❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❛s t❤❡
♣❛rt♥❡rs❤✐♣ t❤❡♥ ϑA

0 ≈ 0.03047 ✐s s♠❛❧❧❡r ❛♥❞ ϑB
0 ≈ 0.02401 ✐s ❧❛r❣❡r t❤❛♥ ✐♥

t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ♠♦✈❡ ❢r♦♠ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜r✐✉♠ t♦
t❤❡ ✇❡❛❦ ♣❧❛♥♥❡r✬s ❡q✉✐❧✐❜r✐✉♠ ❣❡♥❡r❛t❡s ✇❡❧❢❛r❡ ❛♥❞ ❡✣❝✐❡♥❝② ❣❛✐♥s ♠❡❛✲
s✉r❡❞ ❜② CS ≈ ES ≈ −0.00039✳

❙❡❝♦♥❞✱ ❝♦♥s✐❞❡r ❛ str♦♥❣❡r ♣❧❛♥♥❡r ✇❤♦ ❝❛♥ ❛❧s♦ ❝❤❛♥❣❡ t❤❡ ♣r♦❞✉❝t✐♦♥
♣❧❛♥✳ ❚❤✐s ♣❧❛♥♥❡r ✐♥❝r❡❛s❡s t❤❡ ♦✉t♣✉t str✐❝t❧② ❛♥❞ t❤❡ ❝♦st ✐♥❝r❡❛s❡s ❢r♦♠
666.862 t♦ 667.073 ❛♥❞ t❤❡ s❤❛r❡s✳ ■♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♣❛rt♥❡rs❤✐♣ ❡q✉✐❧✐❜✲
r✐✉♠✱ ♦♥❡ ♦❜t❛✐♥s CS ≈ −0.00044 ❛♥❞ ES ≈ −0.00045✳

❚❤❡ ❝♦r♣♦r❛t✐♦♥ ❝❛♥ ♣❛rt✐❛❧❧② ✐♠✐t❛t❡ t❤❡ s❡❝♦♥❞ ♣❧❛♥♥❡r ❜② s❡❧❧✐♥❣ ✐ts
♦✉t♣✉t ❜❡❧♦✇ ❝♦sts t♦ ✐♥❝r❡❛s❡ ✐ts ♦✉t♣✉t✱ ✇❤✐❧❡ t❤❡ ❝♦♥s✉♠❡rs ❝♦♥t✐♥✉❡ t♦
❛❝t ❛s ♣r✐❝❡ t❛❦❡rs ✇❤♦ ✐❣♥♦r❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡✐r ❞❡❝✐s✐♦♥s ♦♥ ♠❛r❦❡t ❝❧❡❛r✐♥❣
♣r✐❝❡s✳ ❍♦✇❡✈❡r✱ ❛ ❝♦r♣♦r❛t✐♦♥ ❝❛♥ ❛✐♠ t♦ ✐♠♣r♦✈❡ ✇❡❧❢❛r❡ ❧♦❝❛❧❧② ✐♥ ❛ ✇❛②
t❤❛t ✐s ♥♦t ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ♣❛rt♥❡rs❤✐♣✳ ❚❤✐s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳

❈♦♥s✐❞❡r ❛ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ y∗ t❤❛t ❣✐✈❡s r✐s❡ t♦ ❛ r❡❣✉❧❛r ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐✉♠✳ ❚❤❛t ✐s t♦ s❛②✱ DWy∗(ŷ

∗) ❤❛s ♠❛①✐♠❛❧ r❛♥❦ S − 1 ❜❡❝❛✉s❡
Y♣❛rt ❤❛s ❝♦❞✐♠❡♥s✐♦♥ ✶✳

❚❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥❞✉❝❡❞ ❜② y∗ ❝❛♥♥♦t ❜❡ r❡❣✉❧❛r ✇❤❡♥ ❛❧❧
✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ ❤❡❧❞ ❜② t②♣❡ Q ❜❡❝❛✉s❡ t❤❡ t♦t❛❧ ❧❛❝❦ ♦❢ ❛♥ ✐♥❝♦♠❡ ❡✛❡❝t
♣r♦❤✐❜✐ts ❛♥② ✐♠♣❛❝t ♦♥ Wy∗ ✳ ❍❡♥❝❡✱ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❛t y∗

❝❛♥♥♦t ♣♦ss❡ss t❤❡ ❢✉❧❧ r❛♥❦ S ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✳ ❚❤❛t ✐s t♦ s❛②✱ t❤❡
❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ♠✉st ❜❡ ❝r✐t✐❝❛❧✳

❙✉♣♣♦s❡ t❤❛t s♦♠❡ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ ❤❡❧❞ ❜② ♥♦♥✲q✉❛s✐❧✐♥❡❛r ❝♦♥s✉♠❡rs✳
❚❤❡♥ t❤❡ r❛♥❦ ♦❢ Wy∗ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❝r❡❛s❡ ❢r♦♠ S − 1 t♦ S ❜❡❝❛✉s❡
t❤❡ ❡✛❡❝t ❝❛♥ ❜❡ ♦❢ s❡❝♦♥❞ ♦r❞❡r✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥❞❡①✱
t❤❛t ✐s t♦ s❛② t❤❡ s✐❣♥ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ❞❡t❡r♠✐♥❛♥t ♦❢ DWy∗(y

∗)✱ ❝❤❛♥❣❡s ✐ts
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s✐❣♥✳ ❚②♣✐❝❛❧❧②✱ ❤♦✇❡✈❡r✱ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❛t y∗ ✇✐❧❧ ❜❡ r❡❣✉❧❛r
✇❤❡♥ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ ❤❡❧❞ ❜② q✉❛s✐❧✐♥❡❛r ❝♦♥s✉♠❡rs✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❡①❛♠♣❧❡
✐s ✐rr❡❧❡✈❛♥t ❛s ❧♦♥❣ ❛s t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❛t y∗ ✐s r❡❣✉❧❛r✳ ■♥ t❤❡
❛❜♦✈❡ ❡①❛♠♣❧❡✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❡ ✐♥❞❡① ❡q✉❛❧s ✶✳

❚❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ♣r✐❝❡ ❢✉♥❝t✐♦♥s qs ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ C1 ✭♥♦♥✲✈❛♥✐s❤✐♥❣ ●❛✉ss✐❛♥ ❝✉r✈❛t✉r❡✮✳ ❙♣❛❝❡s ♦❢ C1 ❢✉♥❝✲
t✐♦♥s ❛r❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ✉♥✐❢♦r♠ C1 ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❝♦♠♣❛❝t
s✉❜s❡ts ♦❢ t❤❡✐r ❞♦♠❛✐♥✳

Pr♦♣♦s✐t✐♦♥✳ ▲❡t Wy∗
+
❜❡ ♦❢ ❝❧❛ss C2 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ y∗+✳ ❆ss✉♠❡ t❤❛t

t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❛t y∗+ ✐s r❡❣✉❧❛r✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❝♦r♣♦r❛t✐♦♥
❡q✉✐❧✐❜r✐❛ ✇✐t❤ ♦✉t♣✉t ✈❡❝t♦rs ỹ+ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ y∗+ s✉❝❤ t❤❛t Wy∗(ỹ+) >
Wy∗(y

∗)✳

Pr♦♦❢✳ ❚❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❛t y∗+ ✐♠♣❧✐❡s t❤❛t t❤❡r❡
❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V ♦❢ y∗+ ❛♥❞ ❛♥ ǫ > 0 s✉❝❤ t❤❛t ❡✈❡r② C1 ❢✉♥❝t✐♦♥ ✐♥ t❤❡
ǫ✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ DWy∗ ♠❛♣s V ❞✐✛❡♦♠♦r♣❤✐❝❛❧❧② ♦♥t♦ s♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ 0 ∈ R

S✳ ❚❤❡ ❡q✉❛t✐♦♥ DWy∗(y+) = 0 ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ỹ+ ✐♥ V ✳ ❆t
y∗+✱ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦✈❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✇❡❧❢❛r❡ ❣r❛❞✐❡♥t DWy∗ ❣✐✈❡s
r✐s❡ t♦ ❛ ✜rst ♦r❞❡r ✇❡❧❢❛r❡ ❣❛✐♥✳

❆♥♦t❤❡r ❢❡❛t✉r❡ ♦❢ t❤❡ ❡①❛♠♣❧❡ ✐s ❧❡ss r♦❜✉st✳ ❲❤❡t❤❡r ❑❛❧❞♦r✲❍✐❝❦s
❝♦♠♣❛r✐s♦♥s ❧❡❛❞ t♦ ❛ ❝❧❡❛r ❝♦♥❝❧✉s✐♦♥ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r CS ❛♥❞ ES ❤❛✈❡
t❤❡ s❛♠❡ s✐❣♥✳ ■♥ t❤❡ q✉❛s✐❧✐♥❡❛r ❝❛s❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡✱ ✇❡❧❧✲❞❡✜♥❡❞ s✉r♣❧✉s
❝♦♥❝❡♣t ❜❡❝❛✉s❡ ❣♦♦❞ ✵ ❝❛♥ ❜❡ ✉s❡❞ t♦ tr❛♥s❢❡r ✉t✐❧✐t② s♦ t❤❛t CS ❛♥❞ ES
❛r❡ ✐❞❡♥t✐❝❛❧✳ ❲❤❡♥ ♦♥❡ ❞❡♣❛rts ❢r♦♠ t❤❡ q✉❛s✐❧✐♥❡❛r ❝❛s❡ ❛ s❡❝♦♥❞ ♦r❞❡r
❡✛❡❝t ❞r✐✈❡s t❤❡ t✇♦ s✉r♣❧✉s❡s ❛♣❛rt✳

■♥ t❤❡ ❡①❛♠♣❧❡✱ ✜❢t② ♦✉t ♦❢ s❡✈❡♥t② ❝♦♥s✉♠❡rs ❛r❡ ♦❢ t❤❡ q✉❛s✐❧✐♥❡❛r t②♣❡
Q✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s ❛❝r♦ss t②♣❡s A ❛♥❞ B ✐s
s②♠♠❡tr✐❝✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❧❧ ❑❛❧❞♦r✲❍✐❝❦s ❝♦♠♣❛r✐s♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥
❡①❛♠✐♥❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❝♦♥❝❧✉s✐✈❡✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t②♣❡ C ❝♦♥s✉♠❡rs ✐s r❡❞✉❝❡❞ t♦ t❡♥✳
❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❛♣♣❡♥s✳ ❲❤❡♥ δA = δB ✐s ✈❡r② s♠❛❧❧ t❤❡♥ CS < 0 ❛♥❞
ES > 0✳ ❋✉rt❤❡r♠♦r❡✱ ES > 0 ✐s ❝❧♦s❡r t♦ ✵ t❤❛♥ CS✳ ❚❤✐s ✐s st✐❧❧ t❤❡ ❝❛s❡
✇❤❡♥ δA = δB = 0.01✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ δA = δB ✱ ❤❛s r❡❛❝❤❡❞ t❤❡ ❧❡✈❡❧ ✵✳✵✷
t❤❡♥ ES < 0✳ ❋r♦♠ t❤❡r❡ ♦♥✱ t❤❡ ♣✐❝t✉r❡ st❛②s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ t❤❡
♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

✶✾



✻ ❈♦♥❝❧✉s✐♦♥s

❆ s✉❜st❛♥t✐❛❧ ♣❛rt ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♣r♦❞✉❝t✐♦♥ ❡❝♦♥♦♠✐❡s ✇✐t❤ ✐♥❝♦♠♣❧❡t❡
♠❛r❦❡ts ❢♦❧❧♦✇s ❉rè③❡ ✭✶✾✼✹✮ ❛♥❞ ▼❛❣✐❧❧ ❛♥❞ ◗✉✐♥③✐✐ ✭✶✾✾✻✮ ❛♥❞ ❞❡❛❧s ✇✐t❤
❡❝♦♥♦♠✐❡s ✐♥ ✇❤✐❝❤ ❛❧❧ ❛❣❡♥ts ❜❡❤❛✈❡ ❝♦♠♣❡t✐t✐✈❡❧②✳ ❊✈❡r② ❝♦♥s✉♠❡r ♠❛①✲
✐♠✐③❡s ✉t✐❧✐t② ❣✐✈❡♥ ❤✐s st❛t❡ ♣r✐❝❡ s②st❡♠ ❛♥❞ ❡✈❡r② ✜r♠ ♠❛①✐♠✐③❡s ♣r♦✜ts
❣✐✈❡♥ ✐ts st❛t❡ ♣r✐❝❡ s②st❡♠✳ ❉rè③❡ ✭✶✾✼✹✮ ❤❛s s❤♦✇♥ t❤❛t t❤❡ ✜rst ♦r❞❡r
❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str❛✐♥❡❞ ❡✣❝✐❡♥❝② ✐♥ ❛ t✇♦✲♣❡r✐♦❞ ✜♥❛♥❝❡ ❡❝♦♥♦♠② ✐♠♣❧✐❡s
t❤❛t ❛ ✜r♠ s❤♦✉❧❞ ♠❛①✐♠✐③❡ ♣r♦✜ts ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝♦♥✈❡① s✉♠ ♦❢ ✐ts
s❤❛r❡❤♦❧❞❡rs✬ st❛t❡ ♣r✐❝❡ s②st❡♠s✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ♦♥❡ ❧❡❛✈❡s t❤❡ ❢r❛♠❡✇♦r❦
♦❢ t✇♦✲♣❡r✐♦❞ ✜♥❛♥❝❡ ♠♦❞❡❧s ♦♥❡ ❡♥❝♦✉♥t❡rs s❡r✐♦✉s ❞✐✣❝✉❧t✐❡s❀ s❡❡✱ ❢♦r ✐♥✲
st❛♥❝❡✱ ●❡❛♥❛❦♦♣❧♦s ❡t ❛❧✳ ✭✶✾✽✻✮✱ ●❡❛♥❛❦♦♣❧♦s ❡t ❛❧✳ ✭✶✾✾✵✮✱ ❛♥❞ ▼❛❣✐❧❧ ❛♥❞
◗✉✐♥③✐✐ ✭✶✾✾✻✮✳

❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs ♠✉❧t✐✲♣❡r✐♦❞ ♠♦❞❡❧s ♦❢ ✜♥❛♥❝❡ ❡❝♦♥♦♠✐❡s ✇✐t❤ ♣r♦✲
❞✉❝t✐♦♥ ❛♥❞ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ❛♥❞ ♣❧❛❝❡s t❤❡ ❡♠♣❤❛s✐s ♦♥ t❤❡ r♦❧❡ ♦❢
✐♥✐t✐❛❧ s❤❛r❡s✳ ■t ✐s ♥♦ ❧♦♥❣❡r t❛❦❡♥ ❢♦r ❣r❛♥t❡❞ t❤❛t ✜r♠s ❛❝t ❝♦♠♣❡t✐t✐✈❡❧②✳
❚❤❡ ♣❛♣❡r ❝♦♥♥❡❝ts t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♣r♦❞✉❝t✐♦♥ ❡❝♦♥♦♠✐❡s ✇✐t❤ ✐♥❝♦♠♣❧❡t❡
♠❛r❦❡ts ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❈♦✉r♥♦t✲❲❛❧r❛s ♠♦❞❡❧s✳

❚❤❡ ♣❛♣❡r ✐❧❧✉str❛t❡s ❛ s♦✉r❝❡ ♦❢ ✐♥❡✣❝✐❡♥❝② t❤❛t ❞✐✛❡rs ❢♦r♠ t❤♦s❡ ♣♦✐♥t❡❞
♦✉t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❚❤❡ ✐♥❡✣❝✐❡♥❝② ♦❝❝✉rs ❜❡❝❛✉s❡ ♥♦t
♦♥❧② ❝♦♥s✉♠❡rs ❜✉t ❛❧s♦ ✜r♠s ❛❝t ❛s ♣r✐❝❡ t❛❦❡rs✳ ❚❤❡s❡ ❡✛❡❝ts ❝❛♥ ❜❡ ♠✐t✲
✐❣❛t❡❞ ❜② ❝♦r♣♦r❛t✐♦♥s ✇✐t❤ ✐♥✐t✐❛❧ s❤❛r❡s✳ ■♥ ❛ ♣❛rt♥❡rs❤✐♣ ❡❝♦♥♦♠② ✇✐t❤
❝♦♥st❛♥t r❡t✉r♥s✱ t❤❡ ❝♦♥s✉♠❡rs ♣❛② ✐♥ t♦t❛❧ t❤❡ ♣r♦❞✉❝t✐♦♥ ❝♦sts C ✐♥ ♦r❞❡r
t♦ ♦❜t❛✐♥ t❤❡ ❞✐✈✐❞❡♥❞ str❡❛♠✱ ✇❤❡r❡❛s t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ♦❢ ❛ ❝♦r♣♦r❛t✐♦♥ ❛r❡
s♦❧❞ ❛t ❛ ♣r✐❝❡ q0 t❤❛t ❝❛♥ ❜❡ ❜❡❧♦✇ ♦r ❛❜♦✈❡ C✳

Pr✐❝❡ t❛❦✐♥❣ ❛❣❡♥ts ❛r❡ ♠②♦♣✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ✐❣♥♦r❡ t❤❡ ✐♠♣❛❝t ♦❢
t❤❡✐r ♣♦rt❢♦❧✐♦ ❝❤♦✐❝❡s ♦♥ s✉❜s❡q✉❡♥t ♠❛r❦❡t ♣r✐❝❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣♦rt❢♦❧✐♦
❝❤♦✐❝❡s ♦❢ ❝♦♥s✉♠❡rs ❝❛♥ ❧❡❛❞ t♦ ♦✈❡r✲ ♦r ✉♥❞❡r♣r♦❞✉❝t✐♦♥✳ ❲❤❡♥ t❤❡r❡ ✐s
✉♥❞❡r♣r♦❞✉❝t✐♦♥ ❛s ✐♥ t❤❡ ❡①❛♠♣❧❡ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❛ ♣r✐❝❡ q0 < C t❡♥❞s t♦
st✐♠✉❧❛t❡ t❤❡ ❞❡♠❛♥❞ ❢♦r s❤❛r❡s s♦ t❤❛t t❤❡ s❝❛❧❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ✐s ✐♥❝r❡❛s❡❞
❞✉❡ t♦ ✐♥❝♦♠❡ ❡✛❡❝ts✳ ❆ ♣❛rt♥❡rs❤✐♣ ✐s ✉♥❛❜❧❡ t♦ ♠❛❦❡ s✉❝❤ ❛ ❝♦rr❡❝t✐♦♥✳ ❆s
s❤♦✇♥ ✐♥ t❤❡ ❡①❛♠♣❧❡✱ ❝♦r♣♦r❛t✐♦♥ ❡q✉✐❧✐❜r✐❛ ❝❛♥ P❛r❡t♦ ❞♦♠✐♥❛t❡ ♣❛rt♥❡rs❤✐♣
❡q✉✐❧✐❜r✐❛ ✐❢ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ❛r❡ s✉✐t❛❜❧② ❝❤♦s❡♥✳

❍♦✇❡✈❡r✱ P❛r❡t♦ ❝♦♠♣❛r✐s♦♥s ❝❛♥♥♦t ❜❡ ♠❛❞❡ ❢♦r ♠♦st ❛❧❧♦❝❛t✐♦♥s ♦❢ ✐♥✐✲
t✐❛❧ s❤❛r❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣❛♣❡r ✉s❡s ❛ ❑❛❧❞♦r✲❍✐❝❦s ❝♦♠♣❡♥s❛t✐♦♥ ❝r✐t❡r✐♦♥
t❤❛t ✐♥✈♦❧✈❡s t✇♦ ❍✐❝❦s✐❛♥ s✉r♣❧✉s ❝♦♥❝❡♣ts✱ t❤❡ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s ❛♥❞
t❤❡ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s✳ ❚❤❡ ❝♦♠♣❡♥s❛t✐♥❣ s✉r♣❧✉s ♠❡❛s✉r❡s ❧♦ss❡s ❞✉❡ t♦
✐♥❡✣❝✐❡♥❝②✱ t❤❡ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s ♠❡❛s✉r❡s ✇❡❧❢❛r❡ ❝❤❛♥❣❡s✳ ❖♥❧② t✇♦ ❡q✉✐✲
❧✐❜r✐❛ ❛t ❛ t✐♠❡ ❛r❡ ❝♦♠♣❛r❡❞ s♦ t❤❛t t❤❡ ❧❛❝❦ ♦❢ tr❛♥s✐t✐✈✐t② ♦❢ ❑❛❧❞♦r✲❍✐❝❦s
❝♦♠♣❛r✐s♦♥s ✐s ✐rr❡❧❡✈❛♥t✳
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❚❤❡ r♦❧❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ✐s ❡①❛♠✐♥❡❞ ❢♦r ❛ ✈❛r✐❡t② ♦❢ ✐♥✐t✐❛❧ ❛❧❧♦❝❛t✐♦♥s
✇❤❡r❡ t❤❡ ❑❛❧❞♦r✲❍✐❝❦s ❝♦♠♣❛r✐s♦♥ ✐s ❝♦♥❝❧✉s✐✈❡✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇
t❤❛t s❡❧❧✐♥❣ s❤❛r❡s ❜❡❧♦✇ ❝♦sts ❝❛♥ ✐♠♣r♦✈❡ ✇❡❧❢❛r❡ ❛s ✇❡❧❧ ❛s ❡✣❝✐❡♥❝② ❛❧s♦
✇❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐❛ ❝❛♥♥♦t ❜❡ P❛r❡t♦ r❛♥❦❡❞✳ ■♥ ♦t❤❡r ❡①❛♠♣❧❡s✱ t❤❡ s✐t✉❛t✐♦♥
✐s s✐♠✐❧❛r ✇❤❡♥ ❝♦r♣♦r❛t✐♦♥s s❡❧❧ t❤❡✐r s❤❛r❡s ❛❜♦✈❡ ❝♦st✳ ■t ❝❛♥ ❤❛♣♣❡♥ t❤❛t
t❤❡ ❝♦♠♣❡♥s❛t✐♥❣ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t s✉r♣❧✉s ❤❛✈❡ ❞✐✛❡r❡♥t s✐❣♥s ❛♥❞ ❞♦ ♥♦t
❧❡❛❞ t♦ ❛ ❝❧❡❛r ❝♦♥❝❧✉s✐♦♥✳

❘❡❢❡r❡♥❝❡s

❉✐❡r❦❡r✱ ❊✳✱ ❍✳ ❉✐❡r❦❡r✱ ❛♥❞ ❇✳ ●r♦❞❛❧✿ ❆r❡ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts ❛❜❧❡ t♦
❛❝❤✐❡✈❡ ♠✐♥✐♠❛❧ ❡✣❝✐❡♥❝②❄ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✷✺✱ ✼✺✕✽✼ ✭✷✵✵✺✮

❉✐❡r❦❡r✱ ❊✳ ❛♥❞ ❍✳ ❉✐❡r❦❡r✿ ❉rè③❡ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ✇❡❧❢❛r❡ ♠❛①✐♠❛✳ ❊❝♦♥♦♠✐❝
❚❤❡♦r② ✹✺✱ ✺✺✕✻✸ ✭✷✵✶✵❛✮

❉✐❡r❦❡r✱ ❊✳ ❛♥❞ ❍✳ ❉✐❡r❦❡r✿ ❲❡❧❢❛r❡ ❛♥❞ ❡✣❝✐❡♥❝② ✐♥ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts
✇✐t❤ ❛ s✐♥❣❧❡ ✜r♠✳ ❏✳ ▼❛t❤✳ ❊❝♦♥✳ ✹✻✱ ✻✺✷✕✻✻✺ ✭✷✵✶✵❜✮

❉✐❡r❦❡r✱ ❊✳✿ ❆ ♠✉❧t✐♣❡r✐♦❞ ❉rè③❡ r✉❧❡✳ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ❇✉❧❧❡t✐♥ ✸✱ ✶✷✾✕✶✺✶
✭✷✵✶✺✮

❉rè③❡✱ ❏✳❍✳✱ ■♥✈❡st♠❡♥t ✉♥❞❡r ♣r✐✈❛t❡ ♦✇♥❡rs❤✐♣✿ ❖♣t✐♠❛❧✐t②✱ ❡q✉✐❧✐❜r✐✉♠
❛♥❞ st❛❜✐❧✐t②✳ ■♥✿ ❉rè③❡ ❏✳❍✳ ✭❡❞✳✮ ❆❧❧♦❝❛t✐♦♥ ❯♥❞❡r ❯♥❝❡rt❛✐♥t②❀ ❊q✉✐❧✐❜✲
r✐✉♠ ❛♥❞ ❖♣t✐♠❛❧✐t②✳ ◆❡✇ ❨♦r❦✿ ❲✐❧❡②✱ ✶✷✾✕✶✻✺ ✭✶✾✼✹✮

●❛❜s③❡✇✐❝③✱ ❏ ❛♥❞ ❏✳P✳ ❱✐❛❧✳✱ ❖❧✐❣♦♣♦❧② ✏à ❧❛ ❈♦✉r♥♦t✑ ✐♥ ❛ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜✲
r✐✉♠ ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✹✱ ✸✽✶✕✹✵✵ ✭✶✾✼✷✮

●❡❛♥❛❦♦♣❧♦s✱ ❏✳ ❛♥❞ ❍✳ P♦❧❡♠❛r❝❤❛❦✐s✿ ❊①✐st❡♥❝❡✱ r❡❣✉❧❛r✐t②✱ ❛♥❞ ❝♦♥✲
str❛✐♥❡❞ s✉❜♦♣t✐♠❛❧✐t② ♦❢ ❝♦♠♣❡t✐t✐✈❡ ❛❧❧♦❝❛t✐♦♥s ✇❤❡♥ ♠❛r❦❡ts ❛r❡ ✐♥❝♦♠✲
♣❧❡t❡✳ ■♥✿ ❯♥❝❡rt❛✐♥t②✱ ■♥❢♦r♠❛t✐♦♥✱ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥✿ ❊ss❛②s ✐♥ ❍♦♥♦r
♦❢ ❑❡♥♥❡t❤ ❆rr♦✇✱ ✈♦❧✳ ✸✱ ❲✳P✳ ❍❡❧❧❡r✱ ❘✳▼✳ ❘♦ss✱ ❛♥❞ ❉✳❆✳ ❙t❛r❡tt ❡❞s✳✱
❈❛♠❜r✐❞❣❡✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss ✭✶✾✽✻✮

●❡❛♥❛❦♦♣❧♦s✱ ❏✳✱ ▼✳ ▼❛❣✐❧❧✱ ▼✳ ◗✉✐♥③✐✐✱ ❛♥❞ ❏✳ ❉rè③❡✿ ●❡♥❡r✐❝ ✐♥❡✣❝✐❡♥❝② ♦❢
st♦❝❦ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥ ♠❛r❦❡ts ❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤✲
❡♠❛t✐❝❛❧ ❊❝♦♥♦♠✐❝s ✶✾✱ ✶✶✸✕✶✺✶ ✭✶✾✾✵✮

●r♦ss♠❛♥✱ ❙✳ ❛♥❞ ❖✳ ❍❛rt✱ ❆ ❚❤❡♦r② ♦❢ ❈♦♠♣❡t✐t✐✈❡ ❊q✉✐❧✐❜r✐✉♠ ✐♥ ❙t♦❝❦
▼❛r❦❡t ❊❝♦♥♦♠✐❡s✱ ❊❝♦♥♦♠❡tr✐❝❛ ✹✼✱ ✷✾✸✲✸✸✵ ✭✶✾✼✾✮
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●✉❡s♥❡r✐❡✱ ❘✳✿ P❛r❡t♦ ♦♣t✐♠❛❧✐t② ✐♥ ♥♦♥✲❝♦♥✈❡① ❡❝♦♥♦♠✐❡s✳ ❊❝♦♥♦♠❡tr✐❝❛ ✹✸✱
✶✕✸✶ ✭✶✾✼✺✮

❍✐❝❦s✱ ❏✳✿ ❆ ❘❡✈✐s✐♦♥ ♦❢ ❉❡♠❛♥❞ ❚❤❡♦r②✱ ❖①❢♦r❞✿ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss
✭✶✾✺✻✮
❆ ❈♦✉rs❡ ✐♥ ▼✐❝r♦❡❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ❍❡♠❡❧ ❍❡♠♣st❡❛❞✿ ❍❛r✈❡st❡r ❲❤❡❛t✲
s❤❡❛❢ ✭✶✾✾✵✮

▼❛❣✐❧❧✱ ▼✳ ❛♥❞ ▼✳ ◗✉✐♥③✐✐✿ ❚❤❡♦r② ♦❢ ■♥❝♦♠♣❧❡t❡ ▼❛r❦❡ts✳ ❈❛♠❜r✐❞❣❡✱ ▲♦♥✲
❞♦♥✿ ▼■❚ Pr❡ss ✭✶✾✾✻✮
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