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Abstract

This study explores income changes in nine European countries. First, in order
to rank the distributions of income, we apply dominance criteria. Then, we
extend this standard approach and examine the differences between Lorenz
and Generalised Lorenz curves by means of nonparametric methods. We trace
movements in relative position of particular income groups by investigating the
direction and magnitude of the impact of changes in income that took place.
Analysis of the inequality distributions allows us to reveal the information
concealed in these curves, but not provided by the ranking. Apart from the
time- and country-specific phenomena, we identify some regular, consistent
across time and space patterns.
To assess the consistency of our results, we employ different specifications of
equivalence scales. In addition, this sensitivity analysis provides evidence of a
U- and inverted J-shape pattern displayed by the value of inequality index,
when the parameters of the equivalence scale are changed.
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1. Introduction

This paper examines trends in income distribution in Finland, France, Germany, Italy,

Luxembourg, the Netherlands, Norway, Sweden and the United Kingdom. The question

we aim to answer is whether the standard of living improved in these countries during the

last decades. We do not only attempt to provide a yes/not answer, but we also look into the

nature of changes that occurred.

Throughout the paper, we focus particular attention on one of the aspects of income

distribution, namely inequality. Although as such it is not a measure of the standard of

living, examination of it sheds more light on income dispersion. On the other hand,

inequality as a relative concept does not take real standards of living into account. Thus,

inquiring into inequality alone may lead to misleading inference1. Therefore, we examine

it both by itself and together with the changes in mean income.

In the literature, the analysis of income patterns (the distributions themselves and changes

over time) is typically based on the Lorenz curves and inequality measures (with the most

commonly used: Gini and Atkinson’s indices, Theil’s entropy measure, coefficient of

variation and interquantile ratio). This kind of studies provides evidence on the direction

of overall change, without going into more detailed description, unless different

population groups are examined (however, within them the description remains limited).

(Generalised) Lorenz dominance allows for drawing meaningful conclusions but only if

the distributions can be unambiguously ranked. Inequality indices can be helpful,

especially in the inconclusive cases. Nevertheless, they still give only general statements.

So much for the analysis of income changes? There still remain interesting questions to be

answered. No matter whether the comparison of the (Generalised) Lorenz curves is

conclusive or not, we can examine which income groups were affected and compare the

strength of the impact. This is the task that we undertake in this study. Obviously, we do

not claim that these questions have never been asked and answered, but the comparison is

                                               
1 In fact, inequality can be treated in two ways. Firstly, it can be considered as a purely relative concept. The
second approach encompasses the previous one as it allows considering inequality in a broader sense and in
particular, to take account of absolute differences between income distributions that render into “within”-
differences. As a result, such an approach would discriminate between the distributions with the same
Lorenz curves with one being a multiple of the other. This distinction is critical for the relation between
Lorenz and Generalised Lorenz curves (on which the analysis in this paper in based) and their efficiency.
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commonly made by examining population subgroups, determined ex ante and it is very

limited in exploring changes within them. We will extend the standard analysis of Lorenz

and Generalised Lorenz curves and investigate the patterns displayed by the changes in

relative income shares, derived from the former curves as well as absolute shares in the

average income level, based on the latter ones. In particular, we estimate the densities of

relative changes in income shares by means of kernel method. This enables us to identify

the groups affected in a different way, without imposing the division of the population,

and to explore the depth and frequency with which the changes occurred.

Cross-sectional comparison of income distribution in mid 1990’s including Finland,

Germany and Sweden, to mention the countries analysed in this study, can be found in De

Nardi et al. (2000), for Germany (1984) – in Kazakov (1997). Ruiz-Huerta et al. (1999)

examine inequality during two decades since mid 1970’s for Germany, France, Italy,

Norway, Sweden and the United Kingdom, Osberg (2000) – for Germany, Sweden and the

United Kingdom. Gottschalk and Smeeding (1997) provide the review of evidence and the

analysis of cross-country trends in income inequality, including all countries examined in

this study. For illuminating theoretical and methodological discussion on the relation

between polarisation and inequality see Wolfson (1994) and also Esteban et al. (1999),

who provide empirical application as well (including Germany, Sweden and the United

Kingdom).

The structure of the paper is as follows. First, we provide theoretical and methodological

background to the economics of income distribution. We identify general properties of the

distributions of the changes in income shares. They are more concentrated and tend to

have fatter tails than the normal distribution. The skewness reveals whether increases or

decreases in the shares prevailed. These effects are stronger for the absolute series

compared to the relative ones. Next, we use Lorenz and Generalised Lorenz dominance

criteria to compare income distributions of nine European countries. We find evidence of a

change in income trends at the turn of the 1980’s and the 1990’s. Ranking of distributions

suggests that in the second half of the former decade, there was an improvement in the

standard of living in Finland, Luxembourg, the Netherlands, Sweden and the United

Kingdom. All these countries, except for the United Kingdom, as well as Germany and

Italy experienced deterioration in terms of the income level in the first half of the next

decade. In France, the tendency was opposite. For Norway the evidence is mixed.
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Subsequently, in order to gain more insight into income dynamics, we further analyse the

series of income shares and estimate kernel densities of the first differenced changes in the

Lorenz and Generalised Lorenz curves. The results point again to the opposite patterns in

the 1980’s versus the 1990’s. In Finland, Luxembourg, the Netherlands, Sweden and the

United Kingdom (nota bene the same countries where the outcome of the ranking was

favourable to the society as a whole), relative redistribution in favour of the poorer income

groups took place in the late 1980’s and the opposite process could be observed at the

beginning of the 1990’s (with the exception of Finland). In Italy (in the earlier of the two

periods) and in Norway (in the later one) these were middle income groups that became

relatively better off. Moreover, we detect interesting regularities across countries, for

instance in the way the very bottom and top parts of the income distributions were

affected. We also find that in contrast to the 1980’s, when detailed analysis of the within-

distribution changes suggests interchange of the direction of impact on consecutive

income groups, in the 1990’s there was systematically a sizeable range of income for

which the changes were similar. Furthermore, we observe that although relatively small

changes dominate in all the examined cases, large magnitudes of impact (up to a sign) are

more frequent than intermediate ones. This effect arises for both, relative and absolute

changes. We also analyse the evolution of the group affected in a similar way in terms of

their share in the average level of welfare.

We proceed by investigating the sensitivity of the results to changes in the equivalence

scales. The rankings based on the Generalised Lorenz criterion are much more robust. In

addition to testing the robustness of the results, we provide evidence of the U- and

inverted J-shapes exhibited by inequality, measured by Gini coefficient, which arise as a

result of the joint impact of the within-household economies of scale and household

composition. Finally, we conclude.



6

2. Theory

In order to examine the dynamics of income in the 9 European countries, this study will

exploit the concepts of first and second order stochastic dominance2. The key analytical

device that serves as a base for other tools is the Lorenz curve.

The use of Lorenz curves to measure income inequality was first justified by Atkinson

(1970), who adapted the notions from the theory of choice under uncertainty introduced by

Rothschild and Stiglitz (1970). He showed that partial ordering of income distributions

according to the Lorenz criterion is identical to the ordering implied by social welfare for

additively separable social welfare functions regardless of the form of individual utility

functions as long as they are identical and concave. Dasgupta, Sen and Starrett (1973)

demonstrated that this result is valid with less demanding assumptions and the welfare

functions need not be additive3.

Since the notion of dominance is crucial to our analysis, it is now useful to present it more

formally.

Consider nonzero density function )(yft on the income interval [ ]yy N
tt;

1 ,            (2.1)
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tt yy <1 and mean tµ , t =1,2 4.
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2 First degree stochastic dominance was developed by Quirk and Sapasnik (1962) and second degree
stochastic dominance - by Hadar and Russell (1969), Hanoch and Levy (1969), and Rothschild and Stiglitz
(1970).
3 S-concavity is sufficient. They also showed that Atkinson’s theorem can be used in international
comparisons.
4 We use index t, since in our paper we compare income distributions over time.



7

12 FF L≥  (distribution 2F  Lorenz dominates distribution 1F )  if 
[ ]

)()( 12
1;0

pLpL
p

≥∀
∈

 and

21 FF ≠ . The dominating Lorenz curves represent a more egalitarian distribution, as

according to the Dalton (1920) principle of transfers the lower curve can be transformed

into the upper one by means of equalising transfers5.

However, as it is commonly known, Lorenz dominance does not give a complete ordering

of distributions. In the case of intersecting Lorenz curves the conclusions are ambiguous.

Moreover, because the Lorenz curves are unaffected by the mean of the distribution, they

can only be used to rank distributions in terms of inequality, not social welfare.

Generalised Lorenz (henceforth GL) curves - developed independently by Shorrocks

(1983) and Kakwani (1984) - enable overcoming these deficiencies. The GL curve is

derived from the Lorenz curve by scaling it up by the mean income:

)()( pLpGL ttt µ= .                                             (2.3)

12 FF GL≥  (distribution 2F  GL dominates distribution 1F ) if 
[ ]

)()( 12
1;0

pGLpGL
p

≥∀
∈

.

Although GL dominance is equivalent to the second-order dominance, which is weaker

than the first-order one, it may allow ranking distributions when the stronger concept

yields inconclusive results. At the same time, this equivalence implies that GL dominance

translates into preference by all increasing S-concave social welfare functions (see e.g.

Thistle 1989, Deaton 1997). Taking into account that the Lorenz curve determines the

distribution function up to location and scale (Iritani and Kuga 1983), GL curve - obtained

by mean-scaling of Lorenz curve - completely determines the distribution function, and as

a result is dual to it.

Nevertheless, if the GL curves cross, the ranking will depend on the specification of the

given social welfare function and more precisely, on the potential trade-off between more

equality and more mean. Thus, (Generalised) Lorenz curves provide only a partial

ordering of income distributions. In contrast, any single-number measures allow a

complete ordering and consequently can be used to rank the distributions, whose

(Generalised) Lorenz curves cross. However, as first indicated by Atkinson (1970) and

                                               
5 It is worth mentioning that this principle does not require quasi-concavity. S-concavity suffices, which is
compatible with the conditions necessary for the Atkinson theorem to be valid, as shown by Dasgupta, Sen
and Starrett (1973).
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Sen (1973), they all imply some a priori value judgements about the distribution, which

reflect in the discrepancies between inequality differences indicated by these measures.

Specifically, Atkinson’s index is sensitive to inequality changes in the lowest part of the

distribution, Gini – around the median and Theil as well as coefficient of variation - in the

top part. As long as the Lorenz curves of the distribution do not cross, the qualitative

conclusions as to the direction of the inequality change, derived on the basis of all these

measures are the same. Nevertheless, when the Lorenz curves intersect, these indicators

can differ in the direction of the change in inequality between two distributions.

3. Data

The data used in this paper come from the Luxembourg Income Study6. It comprises

cross-section datasets through time collected by means of household surveys - almost 100

surveys for 26 countries spanning the period 1970 – 95.  We will use 36 of these datasets

to analyse changes in the standard of living for 9 countries (Finland, France, Germany,

Italy, Luxembourg, the Netherlands, Norway, Sweden and the United Kingdom). Sample

sizes are given in Appendix 1.

The approach we adopt allows us not to face the problem of ensuring simultaneity of

samples to guarantee consistency7.

Annual disposable income is the variable that serves as a base for analysis in this paper. Its

main advantage is that the definition varies little from country to country.

In comparative studies, it is necessary to take international differences in price structures

into account, which is even more important when the standard of living is being evaluated.

Since transforming nominal values into a common currency by means of official exchange

rates does not ensure comparability with regard to purchasing power, the standard

procedure is to use PPP’s. We do this to convert national currencies into 1991 US dollars.

                                               
6 The Luxembourg Income Study is a cooperative research project with 26 country members. It was founded
in 1983 under the joint sponsorship of the government of the Grand Duchy of Luxembourg and the Centre
for Population, Poverty and Policy Studies (CEPS). The main purpose of the project was to create a
comparable micro-level data set.
7In fact, the LIS database poses severe limitations in this respect Even if it did not, given that the economic
cycles are not perfectly synchronised across the countries, data do not always refer to directly comparable
economic periods.
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Applying PPP involves an implicit assumption that such conversion, intended to reflect

differences in purchasing power, is the same for households at all points in the distribution

and as a result - for all household members. To establish income comparisons in real

terms, an ideal method would be to use specific price indices for each household, as

proposed by Ruiz-Castillo (1995), in order to analyse the distributive effects of inflation

better. Dowrick and Quiggin (1994) suggested using detailed price and consumption data

to rank countries according to the revealed preference approach, since as they argued,

PPP-adjusted income may provide poor basis for the analysis of economic well-being.

Nevertheless, this approach suffers from data limitations.

We use PPP’s for consumption, not GDP. To provide more than intuitive (considering that

we examine the standard of living) justification, we point to inappropriateness of using

GDP index on micro data when there are cross-country differences in the tax-financed

provision of public goods. Although included in GDP, they are not covered by the money

income received by households. This incompatibility might affect measures of relative

inequality.

Negative income values have been recoded to zero. As an alternative, one could use

truncated distributions (see e.g. Cowell, Litchfield and Mercader-Prats 1999, Ruiz-Huerta,

Martinez and Ayala 1999), where extreme observations are eliminated. However, since in

our analysis we stress the inequality aspect, such a method might prove detrimental to the

generality of the results8.

4. Methodology

The primary unit on which the data are based is a household. To provide more meaningful

comparisons, we apply equivalence scales. In the first part of our analysis we use

household income per capita. Next, in view of the evidence of studies in the 1990’s on the

non-monotonic relationship between inequality or poverty estimates and the parameters in

equivalence scales, we apply more advanced scales.

Two seminal papers by Buhmann, Rainwater, Schmaus and Smeeding (1988) and Coulter,

                                               
8 All observations are weighted by the product of ‘hweight’ (LIS sample weight) and the household size. For
details about the structure of LIS database see http://www.lis.ceps.lu.



10

Cowell and Jenkins (1992), which initiated research on this issue, demonstrated that the

value of inequality and poverty indices display a U-shaped pattern with the change of the

economies of scale parameter. This finding was corroborated in subsequent studies (see

e.g. Jenkins and Cowell 1994, Duclos and Mercader-Prats 1996, Mercader 1993, Figini

1998, Jänti and Danziger 1999, Ruiz-Castillo 1994). While in empirical studies it is

common to take account of either household composition or economies of scale that arise

within it, we decided to include both adjustments in the equivalence scales and in this way

to make the examination of changes in income shares more relevant9.

We proceed using the following formula of parametric approximation:

)...( 2211 kk

D
A

NNN

Y
Y

δδδ ε+++
=                                     (4.1)

where YD and YA denote disposable household income and adjusted income, Ni (i=1,…,k)

stands for the number of members of household subgroup, δ i (I=1,…k) indicates relative

weight given to it and ε designates elasticity of equivalent income with respect to

household size, i.e. represents the economies of scale within the household. In our study,

we use 2-parameter version of this formula, applying OECD equivalence scale. Although

this scale is an improvement compared to unweighted household size, it still involves a

strong assumption of being constant across all characteristics other than number of

subgroup members. Allowing ε to take values different from 1 enables us to overcome the

main drawback of the OECD scale, when used by itself, i.e. not distinguishing between the

relativities related to family size and to the needs of particular household members. The

adjustment factor (denominator) in (4.1) becomes:

( )εCA NN 5.0)1(7.01 +−+                                         (4.2)

where NA and NC stand for the number of adults and children in a household, respectively.

We employ the range of the economies of scale parameter values: ε = 0, 0.25, 0.5, 0.75, 1.

We do this primarily to test the robustness of the results to the specification of the

equivalence scale as well as to check what is the pattern exhibited by the values of

inequality index. For the analysis of sensitivity of the equivalence scale to changes in

relative weights of household members, see Jenkins and Cowell (1994), Figini (1998).

                                               
9 It is, however, disputable how the resources are shared among household members. This is an issue of
extreme importance, since unequal sharing unequivocally increases inequality.
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Our paper utilises the concepts of stochastic dominance to compare income distributions.

We start the analysis with applying this standard apparatus of Lorenz curves (together with

derived from them Gini coefficients) and their generalised version. They are used to make,

where possible, conclusive statements about whether an improvement took place or not.

Although inference about an overall change in inequality between periods could already

be made from the Gini coefficients, a single measure does not allow for drawing

conclusions about the changes in relative positions within the population. Moreover, one

must bear in mind that Gini index is sensitive to inequality changes around the distribution

median. In order to gain more insight into the changes in inequality, we extend this

procedure to inquire into the character of changes in the distribution of income (which

groups have gained and which have lost in relative terms, by how much). To this end, we

analyse the distributions of inequality changes. More specifically, we investigate the

scaled by the time interval for the sake of comparability (on a yearly basis) differences

between the Lorenz and Generalised Lorenz curves as well as the first differences of these

series. Using this latter method, we will be able to analyse changes that refer to the

1%-shares of population instead of the cumulative ones.  First, we analyse the shares’

changes in the order in which they appear directly in the (Generelised) Lorenz curves.

Subsequently, in order to provide explicit information about the essence of each

distribution, namely frequencies, we estimate the densities of the first-differenced changes

in the Lorenz and GL curves. We do this by means of nonparametric methods, more

specifically - kernel functions. Using the definitions (2.2) and (2.3) we can write the

series, whose densities we estimate as10:
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where  j=1,…,100; k=j, for j=2,…,100; t∆  stands for differencing with respect to t; jx ,1

and jx ,2  are income levels in the distributions from the earlier and later period,

respectively, ranked with jp : .2,1),( == txFp jtj

                                               
10 For the reasons of brevity, in analysis that follows we consider only the interesting cases with p∈(0;1).
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Alternatively:
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Obviously, these two formulas are equivalent, but each of them allows for looking at our

series from a different point of view. According to (4.3), k∆  is interpreted as a difference

between income shares for a given percentage group of population, and to (4.4) – as a

difference between income share changes for consecutive cumulative population shares.

Both interpretations refer to income groups. Analogously, series obtained from the GL

curves are defined as:
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We will refer most of the time to the interpretation of (4.3) and (4.5).

We use the series based on the Lorenz curves to answer questions that refer to the relative

position of population subgroups. We compare the impact of changes on the poorer and

the richer as well as the impact of inequality changes across the population in more detail.

Analysis of first-differenced changes between the Generalised Lorenz curves enables us to

give the sense of absolute income distance (and thus to interpret the results in terms or

welfare or the standard of living, as it is achieved by the ranking distributions by means of

Shorrock’s theorem). These distributions of the differences between the shares in the

average social welfare (standard of living) provide important information that could not be

inferred from the ranking. Specifically, they show discrepancies in the strength of impact

of the change, help to analyse the evolution of the population fraction that was affected in
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a similar way, detect relative changes reversed to the direction pointed by the GL criterion

and identify groups that experienced them11.

Another advantage of the method we use is that it can be applied also to the cases where

the ranking based on the (Generalised) Lorenz dominance is inconclusive.

4.1 Kernel functions

The simplest nonparametric density estimate of a distribution is of course histogram.

However, histograms are far from being perfect in density approximation. Since they are

sensitive to the choices of origin as well as the number of bins and their width (to a large

extent arbitrary), the shape of the distribution differs conditionally on this choice, which of

course is not a desirable property. More importantly, histograms as devices developed to

represent discrete distributions are not continuous and consequently, incompatibility

problem arises, when they are used to estimate densities of continuous variables. This has

its implications not only for the shape of the distribution, but also for differentiation.

Therefore, in order to avoid these deficiencies, we will estimate the densities using the

kernel method. For the sample of N observations ( )Nxx ,...,1 , kernel density estimate at

point x is:

∑
−=

=

N

i

i

h

xx
K

Nh
xf

1
)(

1
)(

where h is the bandwidth and K( ) denotes a kernel function. Kernels smooth estimates

compared to histograms, by putting less weight on observations that are further from the

point being evaluated. From the range of kernel functions, each giving different weights to

the points inside the band, we employ Epanechnikov kernel for all series, showing the

results of alternative specification for one case. The kernel functions we use are specified

as follows:

Epanechnikov:      )1()1(
4

3 2 ≤− uIu

Triangular:        )1()1( ≤− uIu

                                               
11 It is important not to misinterpret conclusions that follow from the analysis of the differenced changes
between the (Generalised) Lorenz curves. Changes in the direction opposite to this pointed by the dominance
criterion do not contradict the conclusions about the ranking, since they refer to the relative position of a
given income group.
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Uniform:                  )1(
2

1 ≤uI

Normal (Gaussian):       )exp(
2

1 2
2
1 u−

π

Biweight (Quartic):     )1()1(
16

15 22 ≤− uIu

Triweight:     )1()1(
32

35 32 ≤− uIu

Cosinus:      )1()
2

cos(
4

≤uIu
ππ

where u is the argument of the kernel function.

It is not, however, the choice of the kernel function that is decisive in determining the

shape of the estimated density, but the choice of bandwidth as it controls the smoothness

of the density estimate. Considering that oversmoothed estimates are biased and

undersmoothed – too variable, in order to find a compromise to the trade-off between

variation and bias we investigate the sensitivity of our estimates to the bandwidth

selection. Specifically, we plot three density estimates using bandwidths 0.5h, h, and 1.5h,

where h is a data-based (not artificially imposed) bandwidth computed using method

proposed by Silverman (1986)12,13 :

}34.1/,min{9.0 5/1 RskNh −=

where factor k is a canonical bandwidth transformation, N - the number of observations,

s - the standard deviation, and R - interquartile range of the series. Then, as suggested by

Deaton (1997), we assess visually whether the plots are under- or oversmoothed, to find

the threshold which does not seem to generate bias in either way14.

4.2 Distribution properties of income share changes

We have already justified why we will use more advanced kernels than the histogram. As

far as nonparametric methods themselves are concerned, they have the benefit of not

                                               
12The canonical bandwidth-transformation adjusts the bandwidth in a different way across various kernel
functions so that the automatic density estimates have approximately the same amount of smoothness.
13There is no general rule for the appropriate choice of the bandwidth. An alternative to the kind of grid
search we make is to choose a somewhat small bandwidth and thus undersmooth since it is easier for the eye
to smooth (Silverman 1986).
14 Depending on the purpose of the analysis, it could be desirable to extend this procedure to cross-validation
(see e.g. Hamilton 1994, Silverman 1986) by comparing mean-squared errors between the estimates for
different bandwidths and choosing the bandwidth that minimises error.
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imposing any explicit functional form of the densities. This is important, since according

to our knowledge, there are no studies applying this kind of analysis to the series that we

examine.  This is the reason why we find it instructive to check whether they exhibit any

common patterns. As by doing this, we want to determine more general properties of the

distributions in question, we provide this analysis in the part of the paper devoted to

methodology. Of course, these properties will be useful for the interpretation of the results

from the kernel estimation that follows.

To form some expectations about the distributions, we apply the quantile-quantile (QQ)-

plots to the first-differenced changes in the Lorenz curves (Figures 4.1 and 4.2) and

subsequently, in GL curves (Figure 4.3). The quantiles of the chosen series are plot against

the quantiles of a theoretical distribution. The normal and uniform distributions will serve

as a point of reference. The former is always useful as a benchmark. The latter has an

interesting interpretation. In general, since the considered distributions show the

frequencies of a given change in the income share, the more the distribution of the changes

in (Generalised) Lorenz curve values deviates from the uniform density, the more similar

the impact of the income changes on the relative position of groups placed in different

parts of the distribution.

This stage of our study will enable us to make an assessment of the shape of densities that

we will estimate. We have decided to carry the analysis in this order (first, to form some

expectations about the properties of the examined densities and after that - estimate them)

in order to avoid obviously undesirable hasty conclusions and biased interpretation.

First, we compare our sample quantiles of the series derived from the Lorenz curves with the

uniform ones and detect some empirical regularities.

Figure 4.1 Quantile-quantile plots of scaled first-difference changes between Lorenz curves
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(in relation to uniform distribution)

1. The quantile-quantile plot is a tool for comparing two distributions. If they are the same, the QQ-plot
should lie on the 45°-line. The pattern of deviation from linearity provides an indication of the nature of
the discrepancy.

2. “S” stands for “scaled by the number of years”.

In the Figure 4.1 we observe that QQ-plots are not smooth, they bend sharply instead,

which indicates that the magnitudes of the changes in relative income shares are centred

around some values, rather than spanned on an interval. The regression lines, although

approximately parallel to the 45° one, are systematically either much higher or lower than

this borderline of corresponding quantiles. This means that our empirical distributions are

more concentrated than the rectangular density function (which was to be expected).This

also reveals that the distributions are skewed. Intuitively, the sign of the skewness must be

related to the sign of the relative change, i.e. whether an improvement or deterioration

prevailed.
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Figure 4.2 Quantile-quantile plots of scaled first-differenced changes between Lorenz curves
(in relation to normal distribution)1,2

Figure 4.2 presents the results of the same exercise as above, but this time we relate the

sample distributions to the normal distribution. Again, a few common characteristics can

be noticed. If we compare the new plots with those from the Figure 4.1, we observe that

slopes are less steep (to ease the comparison, regression lines are provided). More in

detail, in contrast to the previous example, where the slopes tend to be bigger than 45°,

magnitudes close to that value seem to prevail. Since the QQ-plots in the Figure 4.2 start

above the 45°-line and/or end below it, we conclude that at least one of the tails is thicker

than in the normal distribution15. Small transitions from concavity into convexity of the

QQ-plots with the concave or convex pattern point to the existence of more than one peak.

                                               
15 There are two exceptions: the Netherlands (1991-94) and the United Kingdom (1974-79). The kind of
estimation we are doing requires data of particularly high quality. Less precise data may result in smaller
range of changes in income shares, whose distributions we examine. While working with our data, we have
noticed that the series for the Netherlands are relatively less precise.
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Moreover, in all but one (Norway 1979-86) cases the estimated kurtosis statistics

(Appendix 2A) exceed 3, which indicates that the distributions are leptokurtic and thus

more peaked than the normal.

To assess how important are the described above departures from normal distribution, we

perform Jarque-Bera test (that is based on both considered parameters, i.e. kurtosis and

skewness). The results (see Appendix 3A) show that the null hypothesis of normality is

rejected in 20 cases at 1% level of significance and one more at 5% level.

Figure 4.3 Quantile-quantile plots of scaled first-differenced changes between Generalised Lorenz
curves (in relation to normal distribution)1

        1. “G” refers to series derived from the Generalised Lorenz curves

In the next step, we explore the distributional properties of the differenced series between

the GL curves. In view of the large departures from the uniform density of the relative
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changes, deviations of these series are even more likely. Therefore, we decide to compare

our sample distributions with the normal one only.

Greater smoothness of the QQ-plots in Figure 4.3 indicates more diversified range of the

presently examined series. All plots deviate from a straight line and rule of deviation from

linearity is invariant to the time period and country choice. They are either concave or

convex and this feature is in more distinct than in the series derived from the Lorenz

curves. The concave shape of the QQ-plot for indicates that the distribution of the series is

positively skewed with a long right tail, the convex one points to negative skewness.

Estimated kurtosis of the distribution (Appendix 3B) are greater than 3 (with two

exceptions for Sweden, substantially), which points to greater concentration compared to

the normal distribution. Another similar to the previously analysed series property is that

most of the QQ-plots are above the 45°-line at the left end and below it at the right end,

which suggest that the likelihood of relatively large or small changes is greater than would

be expected under a normal distribution. However, the conclusions about fat-tails property

are not straightforward, since although to capture the higher than normal kurtosis, more

fat-tailed distributions could be used to model the considered series16, there is no

consensus on the precise amount of probability mass in the tails of the distribution. More

importantly, although we aim at describing densities of differenced changes in GL curves,

it is not our purpose to find the precise specification, but to provide some useful insights

into the nature of changes in the income distribution.17

Analogously to the changes in relative shares, we test for normality of absolute series

(Appendix 3B). The test rejected the null hypothesis at 1% level of significance in all but

two cases (Sweden 1967-75, 1992-95). With these 2 exceptions, p-values for χ2 statistics

are 0.00000. Compared to the previous series, absolute shares deviate from the normal

distribution even more, in the sense of greater concentration.

                                               
16 Examples include t-Student, the discrete mixtures of normals and the exponential distribution.
17 Modelling these series would require extreme caution. The series we examine do not have to be (and
usually they are not) strictly random, since they can be to a large extent influenced by policy. Moreover, the
pattern of the series in question could be due not only to economic forces, which affect income but also to
the measurement error. Any potential model would have to account for these issues. Obviously, there is no
unique distribution representing the behaviour of the changes in income shares and attempts to obtain it
would be pointless (even if by some chance successful, they would be biased). They are determined by
policies as well as purely economic market forces. Therefore, particular cases should be considered
separately. Choosing nonparametric methods, we implicitly allow for richer representation. Nonetheless, as
it is shown in this study, some common features can be determined.
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An overall conclusion from the above comparisons is that the densities of both relative and

absolute income changes across the income subgroups of population are more

concentrated than the normal, have fatter tails and are skewed (as we expect, depending on

whether positive or negative changes prevailed). These effects are stronger for the

distributions of the absolute share changes.

One issue deserves to be highlighted. The area under the density function for the

differences between the relative shares (not differenced) can be related to the change in

inequality, since it corresponds to half of the difference in Gini coefficients. The mean of

changes in (cumulated) relative income shares is proportional to the difference in Gini

coefficients associated with the Lorenz curves being compared. This matches intuition:

inequality (measured by Gini coefficient) changes in proportion to the shift in average

income share.

5.  Empirical analysis

In our analysis, we use 100-point Lorenz curves. We deliberately decide not to increase

the number of these points. Abstracting from economic interpretation of our analysis,

increasing the number of observations is of course in general beneficial to the precision of

estimates. However, we have checked that this would make the curves unnecessarily

undersmoothed without adding gains for the interpretation that would counterbalance this

disadvantage. Willing to ensure high precision of the estimates on one hand, and to avoid

any distortions that could prove detrimental on the other, we face two opposing effects of

expanding the size of the set used in estimation. Therefore, we have chosen to base our

analysis on 100-element curves and in order to decrease the probability of potential

deviations as well as increase the reliability of the conclusions that will follow (both in and

from our analysis) we will employ nonparametric methods that use the available

observation much more efficiently. Apart from the above-mentioned advantages of using

the nonparametric method, this choice has also the benefit of retaining the favourable

properties that are no longer mutually exclusive and making our references to density

curves estimated from these points more trustworthy. Moreover, these are percentages that

are useful to refer to in interpretation, not promilles.



21

5.1 Ranking income distributions by means of Lorenz and Generalised Lorenz

dominance criteria

In this section, we apply the Lorenz and subsequently, GL dominance analysis to rank the

distributions of income of the 9 countries whose changes in the standard of living we

investigate.

Table 5.1 summarises the results of comparing the Lorenz curves. The method used was to

examine the differences of values related to a given population percentage, divided by the

length of time interval18. Corresponding figures are presented in Appendix 4A. Apart from

the Lorenz curves themselves, the differences are plot.
Table 5.1 Ranking of Lorenz curves

COUNTRY SAMPLE PERIODS

Finland 1987-91 1991-95
- -*

France 1979-84 1984-89 1989-94
0 0 0

Germany 1981-84 1984-89 1989-94
0 0 0

Italy 1986-91 1991-95
0 -*

Luxembourg 1985-91 1991-94
0 0

Netherlands 1987-91 1991-94
0 0

Norway 1979-86 1986-91 1991-95
0 - 0

Sweden 1967-75 1975-81 1981-87 1987-92 1992-95
+* +* - 0 0

United
Kingdom

1969-74 1974-79 1979-86 1986-91 1991-95

+* 0 - 0 0
1. ‘+‘ denotes dominance of  the Lorenz curve corresponding to the later year, ‘-‘ – to the earlier year,
‘0’ – inconclusive ranking .
2.  ‘*’ indicates these cases where the directions of the change in inequality and the mean are opposite
(unambiguous ranking).

The evidence from the examined samples is conclusive in 9 out of 27 cases. It shows that

in the 1970’s income inequality decreased in Sweden and in the first part of this decade,

also in the United Kingdom. In contrast, in the 1980’s, these two countries experienced an

                                               
18 In his paper from 1983 Shorrocks made pairwise comparisons in 10 points of the Lorenz curves. Here, a
different approach is adopted. Instead of comparing values in 10 discrete cases, 100 points for each curve is
computed, enabling a continuous approximation. This substantially reduces the probability that other
intersections may take place within the ranges and thus, makes the conclusions more reliable.



22

increase in inequality. In the first half of the 1990’s, the unambiguous results point to

inequality increase in Italy and Finland. Nevertheless, irrespective of whether the ranking

is conclusive or not, we can inquire into the direction of the inequality changes by means

of the Gini coefficients. The results (see Appendix 6) show inequality increase for one

decade since mid 1980’s in Finland, the Netherlands, Norway, Sweden and the United

Kingdom. In France, Germany and Italy, the second half of the 1980’s with decreasing

inequality was followed by the reversed tendency in the first half of the 1990’s. In

Luxembourg, the trend was opposite.

However, among the conclusive (with respect to inequality change) cases, 4 are

characterised by increasing inequality and at the same time – increase in the absolute value

of income (for mean income see Appendix 2). Therefore, normative conclusions are

dubious without additional assumptions. On the whole, using the corollary of the

Atkinson’s theorem (1970), only 5 out of 27 pairwise comparisons indicate that income

distributions become unequivocally more or less preferable19, 20.

The next step is to check how (if at all) the conclusions change when the Generalised

Lorenz curves are used. The results are reported in Table 5.2. Graphs are presented in

Appendix 4B.

Table 5.2 Ranking of Generalised Lorenz curves

COUNTRY SAMPLE PERIODS

Finland 1987-91 1991-95
+ -

France 1979-84 1984-89 1989-94
0 - +

Germany 1981-84 1984-89 1989-94
0 0 -

Italy 1986-91 1991-95
0 -

Luxembourg 1985-91 1991-94
+ -

Netherlands 1987-91 1991-94
+ -

Norway 1979-86 1986-91 1991-95
+ 0 0

Sweden 1967-75 1975-81 1981-87 1987-92 1992-95
+ + 0 + -

                                               
19 Although the data are not based on cohort samples, large number of observations should justify the
generalisation made.
20 To be precise, the conclusion from Atkinson’s theorem for these cases would be that income distributions
with higher mean and lower inequality are preferred to the distributions to which they are being compared
times the ratio of means.
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United
Kingdom

1969-74 1974-79 1979-86 1986-91 1991-95

+ - 0 + 0
1. ‘+‘ denotes dominance of  the Lorenz curve corresponding to the later year, ‘-‘ – to the earlier year,
‘0’ – inconclusive ranking .

When the Lorenz curves are transformed into their generalised form, 12 comparisons

became conclusive and 3 inconclusive. Interestingly, the direction of dominance changes

for the turn of the 1980’s and the 1990’s in Finland: although the analysis of absolute

changes revealed an inequality increase, according to the ranking of distributions with the

adjustment for the mean income, there was an improvement for the whole society.

Inspection of the table reveals that the GL curves intersect in only 9 cases. Thus, in the

two-thirds of pairwise comparisons Shorrocks’ theorem (1983) yields unambiguous

ranking (the rate for Lorenz curves was less than 20%)21. However, 30% of cases still

remain unresolved - the change in average income for inconclusive cases is not sufficient

to offset the variation in relative income shares.

Apart from the conclusions drawn from the analysis on the basis of Lorenz curves, which

remain valid with one noted exception for Finland, Table 5.2 gives evidence of the

improvement (in terms of income) in the late 1980’s and the beginning of the following

decade in Finland, Luxembourg, the Netherlands, Sweden and the United Kingdom. In the

first half of 1990’s the trend was opposite in 6 out of 9 countries. These exceptions are

Norway and the United Kingdom, where the ranking is inconclusive, and more

interestingly France, where the pattern of changes was opposite to the other countries.

In the following sections, we extend the analysis of income inequality to the examination

of changes at various points of the distribution. We start with more detailed - than on the

basis of (Generalised) Lorenz dominance – description of the patterns of inequality

changes. Next, we estimate the distribution densities of these series.

5.2 Analysis of changes in income shares

In order to provide a more thorough description of the changes in income, in the Figure

5.1 we plot the scaled by the time interval differences between the Lorenz curves’ values

for any pairwise comparison made.

                                               
21 The rates obtained by Kakwani in his study (1984) analysing 72 countries (and thus involving 2556
pairwise comparisons) were as follows: cases resolved by Atkinson’s theorem and corollary – 47%,
Shorrocks’ theorem – 37%, indecisive – 16%.
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Figure 5.1 Scaled changes in relative income shares per cumulative shares of population

Presence of parts of plots on two sides of the zero-line indicates general pattern of

redistribution - in relative terms, however. Therefore it is worthwhile to use the evidence

from the analysis based on the (Generalised) Lorenz dominance (Tables 5.1 and 5.2) and

check how the presence of redistribution (and its direction) translates into the preference

of the distribution of income in absolute terms.

Of course, “relative redistribution” of income took place in all cases, where Lorenz

dominance criterion was inconclusive. In the majority of samples, where the Generalised

Lorenz dominance has yielded unambiguous ranking, the more preferred distribution is

also the one with the relative position more in favour of the poorer and vice versa. More in

detail, apart from the observed above change in inequality at the turn of the decades, we

notice that in the second half of the 1980’s, the income share of the poorer group of

society increased in Luxembourg, the Netherlands, Sweden and the United Kingdom. This

is also true for Finland in the sense that the decrease in the share of the bottom income

group is much smaller compared to the higher income part of the distribution (one can say
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that it is relative redistribution of relative change). The evidence from the examined

samples points to the opposite process in all these countries (except for Finland) in first

half of the 1990’s. For France and Germany this trend is reversed. Moreover, we notice an

interesting pattern of change in “relative redistribution” for Italy 1986-91 and Norway

1991-95, where the relative position of the group of population in the middle of

distribution improved, “at the cost of” the richest and the poorest. As a matter of fact, the

bottom and top parts of the distributions were affected in an opposite way in Finland

(1987-95). In Germany and Italy the impact reverses at the turn of the 1980’s and the

1990’s. The very extreme groups systematically experience the change in the same

direction in France (1979-94), Luxembourg (1985-94), the Netherlands (1987-94),

Norway (1986-95), Sweden (1987-95) and the United Kingdom (1986-95), but only in the

two noted above cases the impact on the highest income group is strong enough to

remarkably counterbalance the effect on the middle part.

In order to obtain explicit picture of the extent and direction of changes that affected

consecutive income subgroups (underlying the cumulative effects observed above), in the

Figure 5.2 we plot first-differenced series of differences between the Lorenz curves.

Figure 5.2 Changes in relative income shares per population percentage shares
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The pattern of relative movements is much more complex than for the cumulative shares

of population. However, the goal of this latter investigation was to determine the changes

in relative position of the poorer versus the richer. The present technique not only

confirms the findings of the effects on the extremes of the distribution, but it allows us to

thoroughly ascribe the increases and decreases in relative income shares to all the income

groups. The overall effect the poor – the rich depends on which kind of changes dominates

and concentration of changes of identical sign in different parts of the distribution is not

necessary for it to arise, which is the case in the second half of the 1980’s for France,

Germany, Luxembourg, the Netherlands and Sweden. In contrast to this period, when in

all these countries and also in Finland and Italy we observe that the changes in the relative

position are spread across the population in such a way that improvement and deterioration

interchange, with the exception of Luxembourg, at the beginning of the 1990’s it is

possible to identify one distinct income group, who was affected in the same way (in terms
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of the sign of the relative change). Throughout the 1970’s, in Sweden and the United

Kingdom these were clearly the richest that lost in relative terms.

Interestingly, we can assess the magnitudes of changes in relative income shares, which

are systematically around 0-0.03%, rarely larger than 0.05% (up to a sign). However, the

range of oscillations is not uniform across all the income groups. In contrast to the other

countries, where the variation of relative changes tends to increase at the extremes of the

distribution, in Luxembourg (1985-94) the second quarter of the population experienced

the largest change.  This leads us to the next step, i.e. assessing the frequencies with which

particular values of changes occur.

5.3 Density estimation of changes in income shares

Now, when we have the intuition about the properties of the distributions of the changes in

income, we will estimate densities of the differenced changes between the Lorenz and

Generalised Lorenz curves (thus we will use points related to respective population

percentages) by means of kernel method. To ensure consistency with the procedure that

we have followed so far, we evaluate density functions in 100 equispaced points.

We check seven specifications of kernel function, with triple choice of bandwidth for each

one. In Appendix 5 (A1, A2, B1, B2) we present the density estimates for the differences

between the Lorenz (A) and Generalised Lorenz curves (B) by means of the Epanechnikov

kernel (respectively A1, B1) and for the sake of comparison  - all seven densities for one

series, the United Kingdom 1991-95 (A2, B2)22. Overall impression with respect to the

bandwidth effect is that only the reference choice (h) appears neither to overvalue nor to

undervalue the magnitudes of frequencies and the span of density, balancing the trade-off

that arises between them23. Moreover, only this band gives the shapes consistent across all

the specifications (with respect to the number and height of peaks, continuity etc.).

The forms of kernel functions have stronger effects on the shapes of estimated

distributions of series derived from Lorenz curves compared to the GL curves, where the

only estimate distinct from the others, which differs only in a very subtle way, is that by

means of the uniform kernel. Densities based on the GL differences are much less

                                               
22 Observations we provide for this one example are representative - we have checked for other countries and
periods.
23 The sensitivity of the estimated densities to the data precision can be seen in the plots in Appendix 5.
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variable, which is intuitive in view of their construction. For the Lorenz curves cases, we

notice that Gaussian and triweight choices tend to oversmooth the densities (when we

consider all three bandwidth values). In contrast, triangular and uniform kernels lead to

artificially peaked curves. We regard as reasonable approximation Epanechnikov and

cosinus kernels, which yield to very similar (basically indistinguishable) estimates that are

neither unnecessarily distorted nor too smooth (which is important, considering that these

are changes in income shares that are the essence of our analysis). Properties of the shapes

in quartic (biweight) specification are intermediate, although closer to the smoother

estimates. Greater efficiency of the Epanechnikov kernel in terms of minimising mean

integrated square error may serve as an additional argument supporting our choice (see

Silverman 1986, where this kernel function is compared to the biweight, triangular,

Gaussian and rectangular kernels).

The first striking feature we notice is systematically 3-peaked shape of the densities of the

changes in the relative income share. We have checked that the mode of the distribution is

always at 0. The associated with it group, whose relative position did not change,

consistently constitutes around 30-40% population24. At the same time there were two

distinct groups that were affected in an opposite way. As far as the changes themselves are

concerned, the observed pattern also implies that extreme changes in the relative income

shares were more frequent than the moderate. Together, these properties corroborate the

anticipated features of fat-tailness and relatively high concentration, determined on the

basis of the quantiles analysis.

The results from the analysis of dominance and examination of the differences between

the Lorenz curves are reflected in the skewness of the distribution, as was to be expected.

The estimated densities of income changes tend to skew negatively, if the income

distribution became more preferred by the whole society (according to the Lorenz

dominance criterion) or improvements prevailed, and vice versa.

Interestingly, although the probability mass associated with the positive and negative

changes is not the same, the magnitudes of these values are symmetric around 0,

irrespective of whether the distribution became more or less preferred (if at all). In this

                                               
24 The frequency corresponding to the mode ranged in our samples from 29% to 43%, with Sweden (1967-
75) –13% and Italy (1986-91) – 47%.
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sense, the pattern of entropy (see Shannon 1949) seems similar across time and space.

However, to establish the degrees of uncertainty to which the distributions correspond, it is

necessary to look at the domain. We notice that in all the countries the range of the relative

income changes was larger in the first half of the 1990’s compared to the preceding

period. Moreover, the impact of the changes on society at that time was different not only

with respect to magnitudes, but also more diversified (more continuous density, larger

intervals in the domain)25.

The estimated densities of the series derived from the GL curves are skewed with a large

probability mass on the interval of the sign corresponding to the direction of changes. In

this way the analysis of these densities can be treated as a kind of alternative of the

comparison based on the GL dominance. However, they give more details than a simple

ranking.

The densities tend to have one distinct peak that dominates, instead of being concentrated

around separated (and narrow) intervals. Nevertheless, although these distributions are

more continuous, there is an interval of unusually high or low values (often separated from

the remaining part of domain). We conclude that there was systematically a fraction of

society who experienced exceptionally (compared to the rest of society) large

improvement or deterioration. Thus, also in these series the observed above extreme

values effect is present. The sign of these unusually large (in absolute terms) values was

not always as one could expect from the GL ranking, however. For instance, although in

Finland (1991-95) and Sweden (1975-81, 1987-92) the distribution dominance points to an

improvement for the society as a whole, a part of population fractions was affected in an

opposite way, in terms of their share in the average level of welfare (standard of living).

When we analyse the estimated densities together with the series of the changes in GL

curves ordered according to the values of income (Figure5.3) we can identify these groups.

These are, respectively, income groups in the first half, top part and bottom end of the

distribution. Similarly, while in Sweden (1992-95), according to the GL criterion the

income distribution became less preferred, a considerable group (middle income levels)

became better-off in terms of their share in the average level of welfare. These

observations enrich the picture of income changes with important information.

                                               
25 However, this could be to a large extent due to the data quality.
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Figure 5.3 Changes in average income share per population percentage share

Furthermore, we can trace the strength of the impact of income changes over time. An

interesting example is Norway, where from the end of the 1970’s until mid 1990’s it

became more and more extreme. Similar pattern can be observed in Sweden. On the other

hand, the mass probability at the mode was approximately constant over time in Sweden

for the whole period of two decades from mid 1970’s and for one decade in Norway from

mid 1980’s. This means that the proportion of population affected in a similar way

remained basically the same. In France (1979-94), Germany (1981-94), Luxembourg

(1985-94) and Italy (1986-95) this fraction became smaller and therefore the changes in

income – more diversified. The opposite phenomenon can be observed in Finland (1987-

95). Interestingly, during the period 1979-95 in the United Kingdom, the value of the

considered fraction followed a U-shape, whereas in Norway – a reversed U-shape.
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6. Sensitivity analysis

Thus far, we have carried out the analysis in terms of household income per capita. It is

interesting (and advisable) to check whether and if yes - how the conclusions from our

analysis change when we apply equivalence scales. As a result, in what follows, the

inference refers to equivalent household members.

We allow the intensity of the equivalence scale to vary from 0 to 1, i.e. from household

income household income per capita (with the adjustment for household composition).

These extreme cases (interesting from theoretical point of view, not realistic, however)

represent, respectively, perfect economies of scale and lack of scale economies. Table 6.1

presents the results of the Lorenz dominance rankings, repeated five times, using the

equivalence scale with elasticity of equivalent income with respect to household size

taking values 0, 0.25, 0.5, 0.75 and 1. We include also the results from the first ranking,

based on household income per capita. Analogously, Table 6.2 presents the results for the

GL dominance analysis.

Table 6.1 Sensitivity of Lorenz dominance analysis to changes in equivalence scale

COUNTRY SAMPLE PERIODS

Finland 1987-91 1991-95
- 0 - -* 0 0
- 0 0 0 0 0

France 1979-84 1984-89 1989-94
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

Germany 1981-84 1984-89 1989-94
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

Italy 1986-91 1991-95
0 0 0 -* -* -*
0 +* 0 -* -* -*

Luxembourg 1985-91 1991-94
0 0 0 0 +* +*
0 0 0 0 0 0

Netherlands 1987-91 1991-94
0 0 0 0 0 0
0 0 0 0 0 0

Norway 1979-86 1986-91 1991-95
0 0 0 - 0 0 0 -* -
0 0 0 0 0 0 - - -

Sweden 1967-75 1975-81 1981-87 1987-92 1992-95
+* +* +* +* + + - - - 0 0 0 0 0 0
0 +* +* +* +* + - - - 0 0 0 0 0 0

United
Kingdom

1969-74 1974-79 1979-86 1986-91 1991-95
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+* - - 0 0 0 - 0 0 0 0 0 0 0 0
0 0 +* 0 0 0 - - - 0 0 0 0 0 0

1. Rankings for each sample are based on the following equivalence scales:

N, ε=1 ( )εCA N0.51)0.7(N1 +−+ , ε=0 ( )εCA N0.51)0.7(N1 +−+ ,ε=0.25

( )εCA N0.51)0.7(N1 +−+ , ε=0.5 ( )εCA N0.51)0.7(N1 +−+ , ε=0.75 ( )εCA N0.51)0.7(N1 +−+ ,ε=1

where: N-household size= NA+ NC , NA -number of adults in a household,  NC -number of children in a
household, ε - parameter of within-household economies of scale.
2. ‘+‘ denotes dominance of  the Lorenz curve corresponding to the later year, ‘-‘ – to the earlier year, ‘0’

– inconclusive ranking.
3.  ‘*’ denotes these cases where the directions of the change in inequality and the mean are opposite
(unambiguous ranking).

Table 6.1 reveals that with the change in equivalence scale, only part of the results remains

robust. The most striking change is for the United Kingdom (1969-74), where for large

economies of scale (small parameter ∈), the ranking points to deterioration, while with no

adjustment for scale economies, it suggest that there was improvement. Often, conclusive

result appears only for some parameter values. For Finland (1991-95) and Norway (1986-

91), however, neither ranking based on the OECD equivalence scale confirms

unambiguity achieved with per capita adjustment. For Italy (1986-91), Luxembourg

(1991-94) and Norway (1991-95) new rankings can be established, in the latter sample –

most robust.

Table 6.2 Sensitivity of Generalised Lorenz dominance analysis
 to changes in equivalence scale

COUNTRY SAMPLE PERIODS

Finland 1987-91 1991-95
+ + + - 0 0
+ 0 + 0 0 -

France 1979-84 1984-89 1989-94
0 0 0 - - - + + +
0 0 0 - - - + + +

Germany 1981-84 1984-89 1989-94
0 0 0 0 0 0 - - -
0 0 0 0 0 0 - - -

Italy 1986-91 1991-95
0 + + - - -
+ + + - - -

Luxembourg 1985-91 1991-94
+ + + - + +
+ + + 0 0 0

Netherlands 1987-91 1991-94
+ + + - - -
+ + + - - -

Norway 1979-86 1986-91 1991-95
+ + + 0 0 0 0 - 0
+ + + 0 0 0 0 0 0
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Sweden 1967-75 1975-81 1981-87 1987-92 1992-95
+ + + + + + 0 0 0 + + + - - -
+ + + + + + 0 0 0 + + + - - -

United
Kingdom

1969-74 1974-79 1979-86 1986-91 1991-95

+ 0 + - - - 0 0 0 + 0 0 0 0 0
+ + + - - - 0 0 0 0 0 + 0 0 0

1. Rankings for each sample are based on the following equivalence scales:

N, ε=1 ( )εCA N0.51)0.7(N1 +−+ , ε=0 ( )εCA N0.51)0.7(N1 +−+ ,ε=0.25

( )εCA N0.51)0.7(N1 +−+ , ε=0.5 ( )εCA N0.51)0.7(N1 +−+ , ε=0.75 ( )εCA N0.51)0.7(N1 +−+ ,ε=1

where: N-household size= NA+ NC , NA -number of adults in a household,  NC -number of children in a
household, ε - parameter of within-household economies of scale
2. ‘+‘ denotes dominance of  the Lorenz curve corresponding to the later year, ‘-‘ – to the earlier year, ‘0’ –
inconclusive ranking .

Table 6.2 shows that rankings based on the GL dominance criterion are much less

sensitive to changes in equivalence scale specification. Also here new rankings arise:

Norway (1991-95) and Italy (1986-91). In the former case only full adjustment for

economies of scale points to unanimous preference for the earlier distribution, in the latter

case - for all values of parameter ∈ we can conclude that improvement took place. For

Finland (1991-95) and the United Kingdom (1986-91) only rankings with no adjustment

for the economies of scale are conclusive. Moreover, we can observe that the change of

preference for Finland (1987-91) – when the criterion accounts for the value of mean

income - is robust.

This part of analysis suggests that one must be cautious in drawing conclusions using only

one equivalence scale specification. Interestingly, the previous and present conclusive

rankings do not necessarily correspond to each other. Moreover, accounting for household

structure and economies of scale can not only enhance classification of distributions or

make it inconclusive, but also change the direction of preference. It points to the necessity

of checking various scales and parameters to be able to make reliable inference.

Due to the specification of the equivalence scale we use, the relationship between the Gini

coefficients and economies of scale parameter we observe (Figure 6.1, Appendix 6) is

more complex than that considered in Coulter et al. (1992). Some profiles display a

distinct U-shape pattern, some exhibit an inverted J-shape. Considering only the relation

between inequality indices and the scale parameter ε, the U-shape arises from two

opposing effects, when ε is changed from 0 to 1. With the increase in the economies of
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scale parameter, the ratio income/size decreases more for rich units (concentration effect,

Coulter et al. 1992). At the same time changes in ranking become more frequent (re-

ranking effect). The former process (equalising the distribution) is stronger for lower

values of ε, the latter dominates from a certain threshold (for an illuminating explanation,

see Figini 1998). Accounting for the composition of household induces an additional

effect. In general, the stylised fact (in contrast to the theoretical relationship established by

Coulter et al., 1992) is that with the increase of the weight given to adults or children,

when computing equivalent income, a J- or an inverted J-shape can emerge (see Figini

1998). The ultimate profile is a result of interplay between the size of within-household

economies of scale and household composition. Since we use fixed values of the

household member’s weights, we do not explicitly examine the impact of altering the

importance attached to particular age groups. Nevertheless, we do this implicitly, since by

changing the parameter of the scale economies, we modify the extent to which household

composition influences the value of inequality index.

In the cases with the U-shape, our estimated Gini coefficients have minimum for ε  0.5

and 0.75 (except for United Kingdom 1969)26.

Figure 6.1 Relationship between inequality measure
and coefficient of economies of scale*

                                               
26 Figini (1998) did this kind of a grid search for 10 values of ε and found the minimum value of Gini
coefficient at the value of economies of scale parameter between 0.6 and 0.7 (with one-parameter
equivalence scale).
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*Inequality is measured by Gini coefficient. Numbers 1,…, 5 on  the horizontal axis refer to the values of
parameter of scale economies within a household of 0, 0.25, 0.5, 0.75 and 1, respectively, in:
( )εCA N0.51)0.7(N1 +−+ , where: N-household size= NA+ NC , NA -number of adults in a household,  NC -

number of children in a household, ε - parameter of within-household economies of scale.

7. Conclusions

This paper inquired into changes in income distributions that took place in nine European

countries over the last decades. The approach we adopted is a convenient and intuitively

appealing way to investigate the direction and depth of income changes in detail. It does

not only offer a kind of alternative to the dominance analysis, but also provides answers to

different questions. Examining the distributions of differences between relative income

shares gives a more exhaustive picture of changes in inequalities. In addition to the

information revealed by the Gini coefficient (its starting and/or ending values and change)

that refers to inequality in general, this approach gives insight into the constituents of the

change in inequality, the mechanisms that contribute to it. It is useful both in the cases

where the ranking of distributions is inconclusive, since it provides information about the

nature of changes that have occurred without the need of assessment of overall change, as

well as in the ambiguous according to the dominance criteria cases, revealing information

that cannot be deducted from the outcome of the ranking, viz. identification of the groups

affected in a different way, the strength of this impact etc.

Even after applying the Generalised Lorenz dominance criterion, still 30% of pairwise

comparisons remained unresolved. Using a range of tools, we pursued our analysis to

explore more and more detailed dimensions of these trends. Examination of the shares

ordered according to income values was an intermediate step towards estimating densities,

which however was not redundant, as it allowed us to explicitly identify groups with

different income level. The information about the range of changes and frequencies

culminated in the densities.

 We found evidence of the opposite tendencies in the 1980’s versus the 1990’s. These

effects are present in the overall direction of income movements

(improvement/deterioration) as well as in the in the impact of changes on the poorer

relatively to the richer and changes in the relative position of consecutive income groups.

We found the change of patterns of relative redistribution at the turn of the decades in
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Finland, Luxembourg, the Netherlands, Sweden and the United Kingdom. Together with

the improvement according to the GL dominance criterion, the poorer became relatively

better-off in these countries in the 1980’s. In contrast, the deterioration at the beginning of

the next decade resulted in relative redistribution in favour of the richer (with the

exception of the United Kingdom, where the ranking was inconclusive in the period 1991-

95 and Finland, where position of the richer income groups systematically improved in

relative terms). The opposite changes took place in France. Moreover, we detected some

properties systematically present in the distribution of income changes. One of the most

consistent phenomena is the extreme values effect, which can be observed both in relative

and absolute changes (only in Luxembourg the middle income groups experienced

relatively larger changes). It arises not only in terms of income groups, but also in the

frequencies of the changes. We also found that in contrast to the 1980’s, in the first half of

the 1990’s there was one distinct group affected in a similar way. Looking at the

frequency aspect of the impact in more detail, we found that in France (1979-94),

Germany (1981-94), Luxembourg (1985-94) and Italy (1986-95) the changes in income

became less and less uniform, in Finland (1987-95) – less diversified, in Sweden (1975-

95) and Norway (1986-95) – the fraction of population affected in the same way remained

approximately constant.

An interesting extension of this study would be to approach the examined topic more from

the standpoint of welfare theory and investigate how the specification of the social welfare

function influences the conclusions about the change in the standard of living. In contrast

to the ranking of distributions by means of the dominance criteria, where this is not

relevant (according to Atkinson’s theorem), the procedure we proposed provides the

opportunity to do this, since it does not require conclusive rankings. Another issue that

deserves to be explored is the identification of the mechanisms underlying the changes that

we traced. In a sense, our analysis is a step towards finding the explanation, since by

providing much more detailed information than the ranking of distributions, it indicates

potential causes of the changes. In this way it serves a double purpose of giving empirical

evidence and pointing to areas crucial for specifying the reasons of the observed

processes.
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APPENDIX 1.  Data sample sizes

TableA1.1 Sample sizes (LIS database)

COUNTRY CODE SAMPLE SIZE
Finland FI 1987 1991 1995

11863 11749 9262
France FR 1979 1984 1989 1994

11044 12693 9038 11294
Germany GE 1981 1984 1989 1994

2862 5159 4187 6045
Italy IT 1986 1991 1995

8022 8188 8135
Luxembourg LX 1985 1991 1994

2049 1957 1813
Netherlands NL 1987 1991 1994

4190 4378 5187
Norway NW 1979 1986 1991 1995

10414 4975 8073 10127
Sweden SW 1967 1975 1981 1987 1992 1995

5921 10306 9625 9530 12484 16260
United Kingdom UK 1969 1974 1979 1986 1991 1995

7005 6695 6777 7178 7056 6797



APPENDIX 2. Sample mean income

Table A2.1 Mean income in samples from LIS database [USD, PPP 1991]

COUNTRY SAMPLE PERIODS

Finland 1987 1991 1995
7670,875 9350,937 8651,633

France 1979 1984 1989 1994
7135,908 7630,285 7496,028 8751,927

Germany 1981 1984 1989 1994
7700,304 7606,929 8749,0788 8443,297

Italy 1986 1991 1995
6122,955 7271,043 6693,897

Luxembourg 1985 1991 1994
8955,101 121847,9 13890,23

Netherlands 1987 1991 1994
6590,429 8917,602 8288,769

Norway 1979 1986 1991 1995
6077,605 8108,246 8666,236 8798,703

Sweden 1967 1975 1981 1987 1992 1995
4733,76 7300,028 7645,956 8077,415 9730,412 9182,219

United Kingdom 1969 1974 1979 1986 1991 1995
9942,641 13849,09 7226,487 7891,246 9475,643 9704,759



APPENDIX 3. Distribution properties of changes in income shares

A. Shares derived from Lorenz curves
Table A3.1 Jarque-Berra test for relative income shares

COUNTRY SAMPLE PERIODS
Finland 1987-91 1991-95

Kurtosis
Skewness

3.477,
0.409

29.846,
3.916

χ2-statistic
 (p-value)

3.700
(0.15716)

3226.038
(0.00000)**

France 1979-84 1984-89 1989-94
Kurtosis

Skewness
3.406,
-0.169

13.063,
-1.857

19.955,
3.021

χ2-statistic
 (p-value)

1.149
(0.56297)

474.549
(0.00000)**

1336.316
(0.00000)**

Germany 1981-84 1984-89 1989-94
Kurtosis

Skewness
47.179,
5.384

4.214,
0.180

7.907,
-0.540

χ2-statistic
 (p-value)

8529.382,
(0.00000)**

6.618
(0.03655)*

104.135
(0.00000)**

Italy 1986-91 1991-95
Kurtosis

Skewness
13.292,
1.759

5.388,
1.199

χ2-statistic
 (p-value)

487.960
(0.00000)**

47.250
(0.00000)**

Luxembourg 1985-91 1991-94
Kurtosis

Skewness
20.310,
3.117

5.354,
-0.560

χ2-statistic
 (p-value)

1396.391
(0.00000)**

28.042
(0.00000)**

Netherlands 1987-91 1991-94
Kurtosis

Skewness
61.419,
6.875

66.128,
-7.382

χ2-statistic
 (p-value)

14857.760
(0.00000)**

17337.750
(0.00000)**

Norway 1979-86 1986-91 1991-95
Kurtosis

Skewness
2.888,
-0.233

7.793,
1.295

1815.000,
2.569

χ2-statistic
 (p-value)

0.947167
(0.62277)

122.4579
(0.00000)**

1.055.680
(0.00000)**

Sweden 1967-75 1975-81 1981-87 1987-92 1992-95
Kurtosis

Skewness
3.846,
-0.147

10.738,
-1.864

29.33.178,
3.969

3.322,
0.179

3.183,
-0.013

χ2-statistic
 (p-value)

3.310.833
(0.19101)

304.297
(0.00000)**

3120.076
(0.00000)**

0.955
(0.620479)

0.141
(0.93206)

United
Kingdom

1969-74 1974-79 1979-86 1986-91 1991-95

Kurtosis
Skewness

3.596,
-0.714

63.833,
-7.128

36.956,
-7.128

55.012,
6.372

30.695,
-3.918

χ2-statistic
 (p-value)

9.868
(0.00720)**

16103.610
(0.00000)**

5165.749
(0.00000)**

11828.890
(0.00000)**

3417.186
(0.00000)**

“*” denotes significance at 5%-level, “**”- at 1%-level



B. Shares derived from Generalised Lorenz curves
Table A1.2 Jarque-Berra test for shares in average income level

COUNTRY SAMPLE PERIODS
Finland 1987-91 1991-95

Kurtosis
Skewness

4.517
1.019

13.379
1.990

χ2-statistic
 (p-value)

26.621
(0.00000)**

509.675
(0.00000)**

France 1979-84 1984-89 1989-94
Kurtosis

Skewness
14.129
1.848

18.011
-2.510

31.971
4.604

χ2-statistic
 (p-value)

567.310
(0.00000)**

1033.168
(0.00000)**

3812.085
(0.00000)**

Germany 1981-84 1984-89 1989-94
Kurtosis

Skewness
44.257
5.076

7.983
1.631

13.689
-1.836

χ2-statistic
 (p-value)

7.447
(0.00000)**

146.340
(0.00000)**

526.992
(0.00000)**

Italy 1986-91 1991-95
Kurtosis

Skewness
35.220
4.615

11.761
-1.514

χ2-statistic
 (p-value)

4633.696
(0.00000)**

354.479
(0.00000)**

Luxembourg 1985-91 1991-94
Kurtosis

Skewness
16.224
2.820

15.894
-2.773

χ2-statistic
 (p-value)

852.524
(0.00000)**

812.631
(0.00000)**

Netherlands 1987-91 1991-94
Kurtosis

Skewness
51.949
6.230

66.740
-7.522

χ2-statistic
 (p-value)

10523.840
(0.00000)**

17692.340
(0.00000)**

Norway 1979-86 1986-91 1991-95
Kurtosis

Skewness
10.533
2.054

15.646
2.455

22.531
3.096

χ2-statistic
 (p-value)

303.726
(0.00000)**

759.057
(0.00000)**

1731.615
(0.00000)**

Sweden 1967-75 1975-81 1981-87 1987-92 1992-95
Kurtosis

Skewness
3.233
0.516

9.710
-1.577

27.742
3.837

7.862
1.540

3.051
-0.026

χ2-statistic
 (p-value)

4.623
(0.09909)

226.759
(0.00000)**

2768.250
(0.00000)**

136.619
(0.00000)**

0.022
(0.98903)

United
Kingdom

1969-74 1974-79 1979-86 1986-91 1991-95

Kurtosis
Skewness

16.164
2.736

27.958
27.958

33.300
4.678

44.481
-2.652

20.654
5.524

χ2-statistic
 (p-value)

838.268
(0.00000)**

2846.374
(0.00000)**

4148.175
(0.00000)**

1401.739
(0.00000)**

7.601
(0.00000)**

“**” denotes significance at 1%-level



APPENDIX 4. Ranking of income distributions by means of dominance criteria

A. Lorenz dominance analysis
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B. Generalised Lorenz doinance
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APPENDIX 5. Densities of relative income shares
estimated by means of kernel method

(series derived from: A - Lorenz curves, B – Generalised Lorenz curves,
kernel function: 1 – Epanechnikov, 2 – other)*

(Probability should be read as a product of the bandwidth (h) and value on the vertical axis)
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APPENDIX 6. Gini coefficients – sensitivity analysis

Table A6.1 Gini coefficients *
COUNTRY SAMPLE

PERIOD
1 2 3 4 5 6

Finland 1987 22,4613 26,0895 23,5226 21,5027 20,3086 20,2097
1991 23,0023 26,2353 23,6436 21,6398 20,512 20,5117
1995 24,6447 27,8053 25,2849 23,3466 22,2681 22,296

France 1979 33,4937 31,7462 30,3901 29,72 29,8489 30,8067
1984 33,2786 31,9481 30,5517 29,7783 29,7683 29,8286
1989 30,1391 28,8067 27,5124 26,8087 26,8243 28,8953
1994 32,4022 31,0305 29,6772 28,9406 28,9484 29,7724

Germany 1981 28,3371 27,8724 25,777 24,4681 24,2053 25,12
1984 28,2647 28,329 26,2854 24,9599 24,5959 25,3414
1989 20,2191 20,6116 18,9548 17,8365 17,472 17,979
1994 27,3556 26,6478 25,0616 24,0893 23,9082 24,62

Italy 1986 32,5157 32,7763 31,6001 30,8537 30,628 30,9947
1991 31,226 30,6303 29,48 28,8121 28,7304 29,0078
1995 36,3494 36,5376 35,4241 34,7062 34,4704 34,4704

Luxembourg 1985 26,7852 27,0813 25,0303 23,6774 23,2606 23,8402
1991 26,9303 26,9058 25,0089 23,7578 23,3762 23,3762
1994 26,9281 26,3744 24,5292 23,379 23,1408 23,1408

Netrerlands 1987 31,5286 27,0171 25,7725 25,3064 25,7982 27,335
1991 31,8793 29,371 27,9546 27,2259 27,3356 28,358
1994 32,2317 29,6114 28,2089 27,5259 27,7031 28,7894

Norway 1979 27,4665 26,2477 24,3509 23,2014 23,0278 23,911
1986 24,6116 28,3366 25,8141 23,7891 22,5412 22,3199
1991 25,4362 29,0443 26,2081 23,9178 22,5846 22,5527
1995 25,8828 29,3759 26,7967 24,7261 23,4848 23,3642

Sweden 1967 34,034 33,4094 31,7464 30,7362 30,6348 31,5616
1975 24,5055 27,2975 24,6751 22,6663 21,617 21,7644
1981 23,291 26,6559 23,6065 21,1702 19,8111 19,9201
1987 24,554 28,6318 25,745 23,4011 21,9708 21,8062
1992 25,4179 29,1543 26,3727 24,157 22,8376 22,7005
1995 25,5431 28,2794 25,3946 23,1366 21,9356 22,1365

United 1969 33,6886 26,3004 25,5809 25,7076 26,731 28,6541
Kingdom 1974 30,0137 28,5567 27,198 26,4721 26,4448 27,1322

1979 29,0036 30,0212 28,2269 26,9899 26,4302 26,6326
1986 33,1023 33,2813 31,7615 30,7301 30,3161 30,6226
1991 36,2272 35,7806 34,6021 33,8751 33,6721 34,0452
1995 36,8245 36,7093 35,4831 34,6788 34,3866 34,6663

*Gini coefficients were based on the income adjusted by means of the following equivalence scales:

1. N, ε=1 2. ( )εCA N0.51)0.7(N1 +−+ , ε=0 3. ( )εCA N0.51)0.7(N1 +−+ ,ε=0.25

4. ( )εCA N0.51)0.7(N1 +−+ , ε=0.5 5. ( )εCA N0.51)0.7(N1 +−+ , ε=0.75 6. ( )εCA N0.51)0.7(N1 +−+ ,ε=1

where: N-household size= NA+ NC , NA -number of adults in a household,  NC -number of children in a
household, ε - parameter of within-household economies of scale


