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Introduction and Summary 

This paper is concerned with the optimal portfolio rule for investors · 

with an international horizon, in the sense of economic agents who consume 

bundles of goods from several countries and whose wealth is generated by the 

real return on assets denominated in several currencies. The development of 

an international financial market in the last twenty years, and particularly in 

the recent period of great volatility in major bilateral exchange rates, has 

naturally raised the question of the relative attractiveness of assets denom-

inated in different currencies, when real returns are highly uncertain due to 

divergent rates of inflation and unanticipated changes in the relative prices 

of the different currencies. 

A major problem is finding an index of value appropriate for the in-

ternational investor. This is done in Section I where the concept of the 

purchasing power of a currency, introduced in a two-good two-country frame-

work by Kouri (1975) and generalized to N goods and N countries in Kouri-

Macedo (1978),!/ is exposited and explicitly derived from utility maximiza-

tion in the case where there are N countries and M1 goods in each coun-

try. Some further applications of the concept are stressed, namely its rela-

tionship with the increasingly popular indices of real effective exchange 

rates. Then monthly indices are computed and interpreted for a world con-

sisting of eight major countries, during the floating rate period, using 

various weighting schemes in the line of the exercises of Rhomberg (1976) 

with nominal effective exchange rates. 

Armed with an index of value to find the relevant real return for 

l/McKinnon (1979, p. 122) discusses these indices and also presents annual 
values computed by Kawai. 



-2-

the international investor, we proceed in Section II to derive an optimal 

portfolio rule in that environment. lbe model is an extension of the theory 

of intertemporally efficient consumption and savings decisions, the continu-

ous time formulation of which is due to Merton (1971), who derived efficient 

consumption and portfolio decisions for an investor holding N short bonds 

denominated in the same currency and consuming one good, when prices were 

generated by a stochastic process of the Ito 2/ type.- lbe Merton framework 

was particularly helpful because it included the Brownian motion special case, 

where the results of the classic mean-variance framework of Markowitz (1958) 

and Tobin (1965) are upheld without the awkward assumptions about the norm-

ality of returns and the quadratic utility function. It was then extended to 

a 'weak' international investor whose safe asset has to be domestic by Solnik 

(1973) and used as the best analytical framework for analyzing the portfolio 

problem of two investors with different preferences and a two country inter-

national horizon by Kouri (1975).l/In Kouri-Macedo (1978) the construction of 

an index of value for the investor with a N country N good international 

horizon allows the derivation of an optimal portfolio rule for the Brownian 

motion case, and its computation for the Brownian investor in a five country 

world during the floating rate period. 

£/The discrete time formulation of the problem is in Samuelson (1969) and 
Merton (1969) has a continuous time formulation for the Brownian motion case. 
3/ - Chapter 5. In Chapter 4, reproduced in Kouri (1977), the portfolio prohle~ 
of investors holding bonds and equity from N different co1.mtries in a world of 
purchasing power parity and known inflation in the Nth country is analyzed in 
the Brownian motion case. 

Other strands of the finance literature are not discussed here. Thus Grauer-
Litchzenberger-Stehle (1977) derive an optimal portfolio for the international 
investor using a two period state preference approach and Lon~ (1977) and Ross-
Ingellson-Cox (1977) analyze the term structure of interest rates in a variant 
of the Merton (1973) framework with production. 
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In Section II of this paper various derivations of the optimal port-

folio rule for the Brownian motion case are presented, emphasizing in turn 

the changes in the purchasing power of the currencies, the changes in prices 

and exchange rates and the changes in the real exchange rates. The special 

cases of no unanticipated inflation and purchasing power parity are also 

discussed in this framework. The results are retrieved from an explicit in-

tertemporal consumption-savings model with N assets and N goods in Appen-
N 

dix l and from a Brownian motion model with I Mi goods in Appendix 2. 

We then use the actual values of the monthly indices constructed in 

Section 1 to compute optimal portfolios for the Bernouilli investor in an 

eight country world during the floating rate period, comparing the optimal 

portfolio proportions derived from different weighting schemes. 

Measurement difficulties dictated the emphasis on the time-invariant 

portfolio rule for the investor with a unitary risk aversion. Even in that 

case, explicit tests of the theory are not presented. Data on actual port-

folio proportions of international investors is not available, and even for 

the case of central banks, it is highly aggregated.~/ This suggests the need 

for a way to aggregate the portfolio rules of different investors, in order 

to make use of the available data. A simple method is suggested in Appendix 

3. 

The time invariance assumption, implying that opt:l.inal portfolio are 

only restructured when there are changes in real returns, does not, however, 

seem to be contrary to the behavior of central banks, where the currency 

4/Annual data on the currency composition of the reserves of a sample of 53 
central banks (and a moving sample of 76) between 1970 and 1976 was made 
available in Heller-Knight (1978), distinguishing U.S. dollars, pounds, D. 
marks and French francs. 
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composition has remained fairly stable from 1970 to 1976, despite the decline 

in the pound and the increase in the Deutsche-mark and "other currencies" 

(Swiss francs, Japanese yen). 

Given our weights, in any event, the optimal proportion of the dollar 

in the total portfolio is far smaller than the actual share for central banks, 

which is about 80%. The conveniences of the "vehicle currency" are, of course, 

beyond a no-transactions-costs continuous time model. Nevertheless the total 

portfolios include between 50% and 60% in dollars, which is significantly 

higher than the. expenditure share (between 25% and 43%) and the negative 

real return (6% differential with Germany and 10% with Switzerland) would have 

led to believe. 

I. Indices of £Urchasing power 

1. A long debate has surrounded the possibility of constructing "ideal" 

indices of value. The only case where a single number can satisfy the spirit 

of Fisher's tests is however, the homothetic case. Only if income elastici-

ties are one will the price index be invariant under change in the level of 

living. 51 The assumption of constant expenditure shares is, of course, an im-

portant drawbJck in the application of such exact indices. However, we will 

take it as adequate for fairly short periods of time. In this section we will 

derive and compute indices of the purchasin$ power of a currency in a world of 

• sl -A recent review of the economic theory of index numbers is found in Samuelson-
Swamy (1974) and Samuelson (1974) has a modern discussion of the international 
comparison of real incomes. Diewert (1977) shows that almost exact, or sup-
erlative, indices can be constructed for homogeneous quadratic mean of order r 
aggregator functions. The quadratic utility function (r•2) for which Fisher's 
"ideal" index is exact is in that class. 
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N-1 floating exchange rates, extending the analysis in Kouri (1975) of the 

purchasing power of a currency in a single exchange rate world. After the 

explicit general derivation of the index of purchasing power of a currency 

over goods produced in N countries proposed in Kouri-Macedo (1978), some 

further implications are stressed and new indices and weighting schemes pre-

sented and interpreted. 

Consider the consumption problem in an environment where there are 

N countries and where Mi goods are produced in country i. There are 
N 

then I Mi goods and the utility function of a typical consumer in country 
i 

k is characterized by constant expenditure shares ai and s~ such that 

Mi 
r a i -= 1 and f S ~ 

and can be written as 

(1) 

where is the quantity of good ij or good j, j • 1, •••,Mi 

produced in country i,i • 1, ••••, N 

and yk depends on the risk aversion of the consumer. 

Nominal expenditure in domestic currency ~ is defined as 

(2) 

N 

where 

N Mi 
I I Pij(Sk/Si)Xij 
i j 

is the price of good ij 

currency i in terms of currency N 

and is the price of 

The IM~ first order conditions from the problem of maximizing (1) subject 
i 

to (2) are 

(3) 
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Summing over all i and j we get the marginal utility of income of consumer 

k 

The demand functions are of the usual form, namely 

and the indirect utility function, separable between expenditure and prices, is 

(6) V • E 'If ir -- j -- i j k N Mi I ai ei I a ei 
k i j pij (Sk/Si) 

The exact index of the utility of an extra unit of currency k for expenditure 

by individual 
N 

k, or the index of the purchasing power of currency k over 

I Mi goods located in 
i 

(7) 

N countries, denoted by 6/ Qk' is given by-

In fact, substituting for Qk in (6) and differentiating with respect to ex-

penditure, we get 

(8) 

where is the same index of ordinal 

utility as Vk 

Furthermore, since the exchange rates do not depend on j, we can decompose 

(9) 

~/The purchasing power of one unit of currency over a particular good with 
price P is just l/P. 
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Note that an effective exchange rate index for currency k using weights ai 

can be defined as 

(10) 

Also, because there are only N-1 exchange rates, 

(11) 

Note further that the world price level p can be defined as 

N Mi 
i 

aiBj 
(12) p • 'Ir 'Ir p ij 

i j 

and that the purchasing power of one unit of "world" money is just l/P. The 

purchasing power of world money is equal to the average of the purchasing 

powers of the N currencies using the same weights. In fact, just like the 

bilateral exchange rate of currency N is one, world money has an effective 

exchange rate of one and therefore, using (11) and (12) we can write 

N °k 
(13) Q • l/P • 'Ir Qk 

k 

We can thus define the purchasing power of currency k, given weights ai 

and Bj as the product of the purchasing power of world money and the effec-

tive exchange rate of currency k 

(14) 

2. It is often convenient to assume that the B~ are given by the weights 

of some available national price index, and then compare the purchasing 

powers of various national currencies for alternative weighting schemes. Thus 

not only the export price indices of various countries or the wholesale price 

indices of these countries can be used as proxies for the purchasing power of 
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their currencies. Price indices with a share of non-traded goods like the 

c~ns~er price index or the value added deflator can also yield significant 

insights in a world where international financial intermediation opens a given 

economy to international investors who attach a weight to non-traded goods 

produced in various countries. By the same token wages can be used to compare 

the purchasing power of labor of country i over goods produced in N coun-

tries. 

Also perhaps most appropriately in a world of greater international 

financial intermediation than inteniational labor mobility, any asset i the 

domestic currency price of which is Ki can be expressed in purchasing power 

units as KiQi. Uses for the purchasing power of bonds, of equity, of gold 

and raw materials come readily to mind. 

Similarly, it may be of interest to define the purchasing power of a 

currency, the weight of which for the international investor is negligible. 

This can be done by taking that weight to be zero and defining its purchasing 

power as the purchasing power of the Nth currency divided by the price of the 
7/ domestic currency in terms of the Nth currency.-

Now a real effective exchange rate for currency k, using weights ai 

and taking domestic outputs to be composite goods, would be written as~ 

(15) 
"-e N ai 
Sk • ~(PiSk/SiPk) 

- Thus Qk • QN/Sk where ak • O. All of the analysis in section 2 applies in 
the case where there are more exchange rates than prices because of the zero 
weight of the respective country in the world price level. 

81Indices of real effective exchange rates have become popular in policy dis-
cussion. See Dornbusch's statement to the U.S. House of Representatives (1978), 
World Financial Markets, May 1978 and April 1979 and International Financial 
Statistics from January of 1979. 
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and it is easily seen that 

The real effective rate is thus defined as the price of domestic output in 

terms of the purchasing power of the domestic currency, or the real world 

price of domestic output.~/ 

The real effective exchange rate of currency k can thus be seen as 

the ratio of the purchasing power of currency k for a consumer-investor with 

an international consumption basket and the purchasing power of currency k 

for a consumer-investor with a national currency basket defined by ak s 1. 

The comparison is of course not rigorous because preferences are different be-

tween the two consumer-investors but it does give an idea of the attractiveness 

of currency k relative to the international and the domestic consumer-

investor. 

An intermediate case is thus one of the investor who is located in 

country k but only consumes goods of country i so that a 1 s 1. The pur-

i chasing power of currency k for.that investor, denoted by Qk, is simply 

the purchasing power of the currency for the domestic consumer 

l/Pi' times the bilateral exchange rate, or 

971£ there is only one nominal exchange S;then ~ is defined as 

"' * S s P/SP 

where P is the price of the domestic good 
* P is the price of the foreign good 

:z: rnuni"rv -------J 

Therefore when the real exchange rate increases, there is a real appreciation 
of the domestic currency and the terms of trade, l/~, deteriorate. Sometimes 
the real exchange rate is defined as the real domestic price of foreign cur-
rency (the terms of trade) and then an increase means a real depreciation. 
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The ratio of the purchasing powers of a pair of currencies is always 

the bilateral exchange rate, independently of the weighting scheme, because 

the price term cancels. This is evident from (14) for the international in-

vestor. For the "foreign" investor, we have 

(18) 

The ratio of the purchasing powers of the same currency for investors 

located in two different countries (including the domestic) is the real bi-

lateral exchange rate 

(19) 

3. We now compute indices of purchasing power of major currencies for the 

floating rate period, April 1973 to April 1978. The international investor 

is assumed to be confined to eight of the major industrial countries, Canada, 

France, Germany, Italy, Japan, Switzerland, the United Kingdom, and the United 

States. Furthermore, the results reported below use the national consumer 

price indices to construct the index of the world price level, with base • 1 

in April 1973. End of month exchange rates against the dollar are also con-

verted into indices with the same base for the construction of the effective 

exchange rate index. The choice of an end of period rather than a period 

average exchange rate is dictated by the fact that the investor is assumed to 

be concerned with the actual contract in the foreign exchange market. 

The problem of choosing an appropriate set of weights has been discus-

sed with reference to nominal effective exchange rates by Rhomberg. He dis-

tinguished between bilateral and global weights, suggesting that the choice 
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depends "on the particular policy objective" lO/ The concept of an inter-

national investor clearly requires that a rigorous comparison between purchas-

ing powers be possible. It thus rules out bilateral weighting schemesll/ 

The seven global weighting schemes presented in Table 1 fall into three 

categories: trade weights (columns 1 to 4), income weights (column 5) and 

MERM weights (columns 6 and 7). 

The trade weights in column 1 are adapted from the shares of the coun-

tries indicated121 in total exports of manufactures in 1975. 13/ In columns 

2 and 3 average dollar exports and imports respectively of the eight countries 

during the period 1973-1977 are used. In column 4 exports plus imports are 

used. 

Income weights are derived from gross domestic product from 1973 to 

1977 in 1975 prices converted into dollars at the average exchange rate for 

the year and averaged for the four year period. 

The MERM weights in columns 6 and 7 are derived from the total balance 

effects in dollars, at the scale of world trade in 1977, of a ten per cent 

exchange rate depreciation in the domestic currency, as reported in Artus-

McGuirk (1978). 

lO/R.homberg (1976), p. 89. See also World Financial Markets, May 1979. 

111consider a N by N matrix of export flows from country i to country j xij, 
denoted as X. Construct an export shares matrix A by postmultiplying 
X by the inverse of a diagonal matrix of total exports from country i 
z11 • lX or A • z-lx. Then whereas we can operate on the rows of A and 

j ij 
Ae • e (where e is a vector of ones) the elements in each column cannot be 
compared except through another vector of weights y such that y'e c 1 since 
y'Ae • l. See, however, Appendix 3. 

l.,YThe countries in the sample are abbreviated by the first two initials with 
the exception of Switzerland, which is denoted by SZ. 

13/ - See Deppler (1978). 
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Table 1 

Alternative Weighting Schemes 

1 2 3 4 5 6 7 

CA 0.077 0.082 0.078 0.080 0.050 0.058 0.053 

FR 0.124 0.120 0.124 0.122 0.096 0.174 0.159 

GE 0.271 0.216 0.174 0.194 0.133 0.153 0.167 

IT 0.092 0.078 0.087 0.082 0.050 0.078 0.079 

JA 0.099 0.138 0.130 0.134 0.159 0.085 0.101 

sz 0.042 0.031 0.032 0.032 0.017 0.019 0.023 

UK 0.097 0.102 0.119 0.11 l 0.067 0.060 0.072 

us 0.198 0.234 0.256 0.245 0.427 0.373 0.347 

Note: 1 IMF World Trade Model exports 

2 Exports 

3 Imports 

4 Total trade 

5 Income 

6 IMF Multilateral Exchange Rate Model 

7 MERl-1 high elasticity 
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These total effects, are used to derive bilateral shares for the purpose of 

constructing effective exchange rates only after adjustment for the initial 

trade imbalance is made. Here they will simply give a ranking of the eight 
14/ countries according to "sensitivity" in some sense.-

The difference between column 6, the "control solution," and column 7 

is that price elasticities of finished and semi-finished manufactures are in-

creased by between 25% and 50% depending on the countries. 151 

16/ Three of these seven weighting schemes will be used below.~ Whereas 

"normal" MERM weights in column 6 give a measure of marginal openness, or sen-

sitivity, for a given size of the external sector, total trade weights in 

column 4 give a measure of the average openness of the economy. Aside from 

the U.S., only in the case of France is the former measure larger than the 

latter. 

Income weights are, at best, a short hand for relative size, since 

they include goods that may not be consumed by the international investor. They 

are however, relatively easier to compare with the national price indices used. 

1 i.. i 
.=::.'The sensitivity/openess issue was first addressed in Cooper (1968) and has 
become a popular topic in international political economy. See Keohane-Nye 
(1977) and Macedo (1978) for example. 

151For example the "control" elasticities for finished manufactures are taken 
to be -1.00 for the U.K., -1.25 for CA, GE, IT and SZ and -2.00 for FR, JA and 
the U.S. The higher elasticities are obtained by adding -.5. See Artus-McGuirk 
(1978), tables 2, 4 and 5. Another simulation involves higher feedback from 
wages into prices, and from prices into return to capital and the tax rate. The 
associated weights, hawever, do not differ from the control solution at the 
third decimal point and are thus not reported. 

16/ --- Another interesting weighting scheme attempts to capture directly the relative 
importance of currencies in internation financial markets. When advocating a 
few years ago "the commercial use of SDR's" World Financial Markets proposed a 
simplified SDR basket consisting of U.S. dollar, D. marks, Japanese yen, pound 
sterling and French francs. It was used in the computation of the "optimal port-
£ olio" in Kouri-Macedo (1978) • See section II below. 
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Only the U.S. and Japan rank highest on income weights, whereas in the case 

of the U.K., the income share is larger than the MERM share. For Canada, 

Germany, Italy and Switzerland, the ranking is total trade, MERM and income 

weights, as one would expect of smaller open economies. 

4. We can use as illustration indices of the purchasing power of these cur-

rencies, where weights are attached to the national consumer price indices. 

The first point is that there is hardly any difference in the aggregate from 

the use of the three types of weighting schemes. In fact, the values of the 

indices of world money computed from total trade weights (column 4 in Table 1), 

income weights (column 5) and MER~ weights (column 6) were in January 1970, 

120.l; 119.0 and 118.9 respectively and in April 1978, 62,8; 63.9 and 63,8 

respectively for a base value s 100 in April 1973. Obviously the purchasing 

powers of the individual currencies show a wider variation depending on the 
17/ weights, but it is not dramatic.~ 

In Figure 1 we show the evolution of the purchasing power of six major 

currencies and world money, from the base period to April 1978, During these 

five years the only currency to have kept its purchasing power was the Swiss 

franc, for which it had increased by 3.7%. The largest decline in purchasing 

power was the one of the Italian lira (57.8%), closely followed by the British 

pound (54,5%), TheDeutsche mark had lost 15.1% of its purchasing power. 181 

The downward trend in world money is particularly noteworthy. The 

variations of the purchasing powers of the various currencies thus follow 

l 7/This can be seen from Table 2 in the next section. 

18/The remaining values were CA• 54.9; FR• 61.3; JA c 73.7 and U.S. s 61.9. 
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closely the ones of their nominal effective exchange rates, with built-in 

depreciation of about 7.25% p.a. over the eight years from 1970. 

Thus the drastic increase in the German discount rate soon after the 

beginning of generalized floated, which increased the effective D. mark rate 

substantially can be seen in Figure 1, where the purchasing power index for 

that currency was 114 in July. Similarly the lifting of restrictions on the 

access of non residents to the German capital markets in the fall of 1974 ap-

preciated the effective mark and led to an increase in the purchasing power 

from 92 in September to 98 in February of 1975. The decline in domestic in-

flation since the first semester of 1976, on the other hand, propelled a con-

tinued appreciation of the effective mark which in March 1978 was 35% above 

its value in five years earlier. This was just enough to keep the purchasing 

power index in the 84-87 range, whilst world money had declined from 74 to 64 

since April 1976. 

The slowing down of the decline in the purchasing power of the British 

pound in late 1976 at a value of around half of the base period can also be 

related to the increase of 8% in the effective pound rate after the IMF stab-

ilization plan and the increase in oil exports. 19 / At the end of the sample 

period, on the other hand, the effective dollar rate was at its April 1973 

low level, having appreciated slightly until late 1977. In terms of purchas-

ing power, however, the main feature in Figure 1 is that world money has but 

smoothed slightly the dollar trend, whose weight is about 43%. 

In Figure 2 we show the real effective exchange rates of the same 

lif 
~Between 1976; 11 and 1978; 4. Wehave been quoting the World Financial Markets 
nominal effective rates. 
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currencies, and the decline in the dollar rate becomes evident, whilst the 

Japanese yen shows a much higher appreciation than the purchasing power would 

have led to believe, given that the in world money weight is the second larg-

est (16%). The real appreciation of the yen is of course much smaller when 

only traded goods prices are included. 20/ 

Finally,Figure 3 displays trends in the relative attractiveness of the 

U.S. dollar by comparing the increase of the U.S. consumer price index (line 

labelled "United States")the purchasing power of the U.S. dollar for the in-

ternational investor (line labelled ''World") and the purchasing power of the 

U.S. dollar for investors located in Italy, the U.K., Germany and Switzerland. 

These four lines are simply the increase of the dollar value of the domestic 

price level, so that the decline in the purchasing power of the dollar is 

naturally lowest for Switzerland and highest for Italy. Once again, these 

are merely suggestive because the investors have different preferences. 

20 /Thus in May 15, 1978 the real effective rate of the yen with 1976 bilateral 
manufactures trade shares as weights and March 1973 as base was 109.l using 
wholesale prices of manufactures and 132.7 using consumer prices. Using ex-
port unit values leads to a real depreciation of 9%. See World Financial 
Markets, May 1978. The IMF values are 107.7 for relative wholesale prices in 
1978 relative to 1973 and 123.6 for relative value added deflators during the 
same interval. 
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FIGURE 2 

REAL EFFECTIVE EXCHANGE RATES APR. 1973-APR. 1978 
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FIGURE 3 

THE PURCHASING POWER OF THE U.S. DOLLAR APR. 1973 - APR. 1978 
(April 1973:100) 
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II. Optimal Eortfolio diversification 

1. Independently of how suggestive they are for describing developments 

in the international economy, the indices of purchasing power constructed in 

Section I can be used to find and compare real returns to assets denominated 

in different currencies. In this section, we take the simple case where the 

purchasing powers, or their components, are stationary and log normally dis-

tributed, thus allowing the separation between the consumption and the port-

folio decision as in the traditional mean variance framework of tiarkm-:itz 

(1958) and Tobin (1965), The optimal portfolio rule is then time invariant 

and the only portfolio reshuffling that takes place is due to changes in nom-

inal returns, This assumption is brutal in light of the deterioration in the 

purchasing powers of most currencies that we have just discussed, but it is 

empirically implementable and provides a benchmark against which other rules 

can be assessed. It is, in fact, simple to exclude anticipated inflation by 

means of autogressive transformations of the changes in purchasing powers, 

but it is also ultimately arbitrary and therefore vindicates the benchmark of 

the optimal portfolios of the Bernouilli investor in Brownian motion assets 

computed below. Some exercises will, however, be conducted to make the rule 

more "realistic," drawing on the optir.ial rules in the non Brownian motion case 

derived in Appendix 1. Empirical computations on the rule when nationnl out-

puts are not composite goods, derived for the Brownian motion case in Appen-

dix 2, also suggest themselves. Most of the derivations included here are 

implicit in Kouri-Macedo (1978) where optimal portfolio are also computed. 

2. The well known problem of maximizing a utility function with constant 

relative risk aversion 1-b, which is linear in mean and variance of real re-

turns, is solved here in the context of a portfolio of short bonds denominated 

in N currencies, the changes in the purchasing power of which are random, 
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Define the proportion of wealth invested in currency 

mean real rate of return of a bond denominated in currency 

Then the maximization problem can be written as 

(1) Max U c x'r - ~ bV(x'r) 

subject to x'e • 1 

where x • (x1 XN)' 

rc::(r1 rN)' 

i as xi, and the 

i as 

e is a N column vector of .ones and V denotes variance 

Now if nominal returns Ri are known the variance of mean return can be 

written as 

(2) V(x'r) c E(x'rr'x) c x'nx 

Since 

where ri • Ri + ni 

n
1 

is the mean percentage change in the purchasing power of 

currency i 

n = [wij) is the N by N variance covariance matrix of changes in 

purchasing powers 

n i and w ij are given we can find the optimal portfolio by simply 

differentiating (1) with respect to the decision variables i' imposing the 

constraint and accepting short sales so that i can be negative. We form 

the Lagrangean 

L = x'r - 1/2 b x'ilic + A (x'e - 1) 

Differentiating L with respect to the vector of instruments we find the N+l 

first order conditions as211 

21we will not differentiate the notation between vectors and scalars since 
it is obvious by the context. Thus in(4a) 0 is a vector and in(4b)a scalar. 
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(3b) 
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oL -· • r - bnx + >.e • 0 ax 

oL • x'e - 1 • 0 a>. 

The variance covariance matrix being non singular we can solve for and. 

using (3b) to eliminate we have the solution vector 

(4) x = 1 ' -1 + - n-1 [I - e e n ] b -1 r e'n e 

22The derivation is as follows. From (3a) 
n-l A 

x=- r+-e b b 

using the constraint 

A = b - e' 

so 

-1 n r 

r - hnx + (bn - e' -lr) e = O 

or 
i n-1 1 -1 x·n-e+-r--e'n'rn e b b 

-1 using the constraint again to substitute for n e 

1 ., e'n-1e (1 - e'n-1r) + ~ e'n-1r 

x ., n-1 -1 [1 b r + n e + _1 e'n e 

or (4) 

1 e'n-1r -1 
----1- -1) n ·e 

b e'n e 

22/ as-
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We see that there is a separation of the portfolio between one which minimizes 

the variance of real returns~·~_/ and does not depend on risk and returns and 

another which depends on risk aversion and also on the real returns relative 

to the returns of the minimum variance portfolio. Specifically we define the 

minimum variance portfolio as 

(5) m 
x "' 

noting that e'xm • 1 

and the speculative portfolio~·~/as 

noting that s s' e'x "' x e 

23/ 
~To see this, solve 

Min x'nx 

subject to x'e "' 1 

which implies 

and 
-1 m . n e 

x ---_, is the solution 
e'n-·e 

24/ 
~ To see that this speculative portfolio could be obtained by simply maximiz-
ing returns computed with reference to the return on the minimum variance port-
folio 

25/ 

Max x'r - ~ b x'nx 

subject to x'e • 0 

The solution being 
' -1 

xs • _bl n-1 r + l n-le ~ r 
b ' -1 e n e 

where * m' r · • r - ex r 

Since 

and 

1 -1 * - - n r b 
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Now define 

(7) -1 m' I• n [I - ex ] 

and note that it can be partitioned as 

e 1 l:; .. -0 I 

e'o -= oN 

e is a N-1 column vector of ones 

so that, substituting (5), (6) and (7) into (4) we can write the optimal port-

folio rule in compact form as 

m + _l (8) x = x b r r 

3. The structure of xm and I , and the role therein of preferences, as 

captured by the expenditure shares, can be further analyzed by transforming 

the maximization problem (1) into an unconstrained one, This is done by sub-

stituting for the proportion held in the non-currency, say the dollar, and 

using the properties of the indices of purchasing power described in Section I. 

Denote by e qi,si ,si the unanticipated proportionate changes of 

and Si over the holding period of the nominal return, say a quarter. 

Then 
N N-1 

(9) I xi qi • I xi (qi-qN) + qN 
i-=l i•l 

But we know that 
e e 

qi - qN '"" Si - SN '"" - s i 

N N and that qN .. I a/j 
j-=l 

where PN • 
j pj - s j 

are the unanticipated changes in dollar prices 

in country j. 
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Then, the variance of mean real return can be written as 

N-1 N N 2 (10) v - <- r x s - r ajpj ) i i j-=l i-=l 

or, in matri;~ notation, 

(10 ') N V c x'Sx + a'P a+ 2x'TI a 

where x = (x1 

S = E(ss') is the N-1 by N-1 variance covariance motion 

of exchange rate changes, since s=[s' 

N N N' p = E(p p ) is the N by N variance covariance matrix of 

dollar price changes since N ] ' PN-1 PN 

• - E(s ') is minus the N-1 by N covariance matrix 

between dollar exchange rates and dollar price changes 

Denoting by r the vector of relative real returns 

we can write the unconstrained maximization problem as 

(11) Max F = x' r + r - lb (x'Sx + a - 2x'TI a) N 2 - -

so that the first order condition becomes 

(12) oF - = r - bSx + bila c 0 ax 
solving for x we obtain 

(13) x c 

Now define a N-1 by N matrix r 1 and a N by N matrix r as 

(14) -1 r • s n 1 
I r c [r l e' - e •r ] ' 1 I - 1 
I 
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So that the complete aystP.m can be written as 

(15) x -

or more completely 

............ 
-1 e'-e'S TI 

(15 ') x "'r a + ~ l: r 

a + .!. 
b 

-1 s r 

From (15') it is clear that preferences as captured by the expenditure 

shares only affect the minimum variance portfolio. These are transformed by 

a matrix r which measures the covariances of exchange rates and dollar prices 

relative to the covariance of exchange rates. 

Also, since the bordered N-1 by N-1 ~ matrix implied by the structure 

of the l: matrix in (7) is nothing but the inverse of the variance covariance 

matrix of exchange rate changes, it is clear that the speculative portfolio 

does not depend on the expenditure shares. 

4, We now introduce the special cases of purchasing po~er parity and antici-

pated inflation. 

If purchasing power parity holds, we have 

i = 1, ••• N - 1 

so that the matrix n reduces to its last column, denoted by µ post multiplied 

by a N row vector of ones. µ c [cov(sipN) 

When we post multiply that matrix by the a vector, we are left with µ, since 

the weights sum to one. Therefore, the minimum variance portfolio is indepen-

dent of preferences 

(17) m -1 x - s µ 
PPP 

If there is no unanticipated inflation, on the other hand, the r matrix is 
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just minus the expectation of the outer product of the vector of changes in 

the exchange rates since by assumption pi "' 0 for all i. In that cas·e the 

r matrix in (14) reduces to the identity matrix augmented by a column of zeros 1 

and the e'-!_'f 1 vector just has a one in its Nth column. Thus the gamma matrix 

becomes the identity matrix and the minimum variance portfolio is given by the 

expenditure shares. The divergence between the vector of expenditure shares 

and the minimwn variance portfolio is, of course, a measure of unanticipated 

inflation. 

These t-wo polar cases can be brought out in a third derivation which uses 

the constraint on the expenditure shares and thus expresses the variance of 

the mean real relative returns given in (10) above in terms of changes in the 

real exchange rates ~i26 / or: 

(18) 

In the same matrix notation, this is 

(18') v = 2 x' Sx +a' Sa + oPU - 2x'~a + 2x'µ - 2a'e 

where S is the variance covariance matrix of real exchange rate changes 

26 

~ is the covariance n~trix between changes in nominal and real exchange 

rates 

µ is the covariance vector between changes in dollar prices and in 

nominal exchange rates 

e is the covariance vector between changes in dollar prices and the real 

exchange rates 

The term 
N 
I: aj (p j - s j) in (10) above can then be written as 
j 

or defining the changes in the dollar real exchange rate of country i 
'\, 

- r ai Si + PN 
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If we now perform the unconstrained maximization as before, we get instead of 

(12): 

(19) r - bS~ + b t~ - bµ = 0 

Note that 

With PPP the t matrix vanishes, since the real exchange rates are known 

and the minimum variance portfolio is like in (17). When inflation rates are 

known ~ • S and µ 
· 27 I is a zero vector~ An intermediate case of interest 

is when the N'th country inflation rate is known. Then µ is a zero vector 

and t c IT where ~ is the IT matrix with the last column truncated. 

27 Alternatively, if we express the process of dollar prices relative to the 
processes of domestic currency prices and the dollar exchange rate, we are 
able to decompose 

- n s [ s · o ] + ' 

where ' is the covariance between dollar exchange rates and domestic prices 

If 
'V s is s augmented by a column of zeros (since it is summed over the a's) 

we have the minimum variance portfolio as 

so that we can write the N equations as 
m x c (I + 0)a 

where 0 = s-1 f ........ 
-1 

e'-e'S ' 

and I is N by N 

Note that e'0 c e' 

If inflation rates are known, 0 is a zero matrix 



5. We now compute the optimal portfolio proportions that would obtain if 

in April 1978 an international investor with expenditure shares 

a1 i•l ,• ,N, and a unitary relative risk aversion would use the portfolio 

rule derived in (5) above. 
m This rule involves computing a minimum variance portfolio, x , inde-

s pendent of mean real returns and a speculative portfolio, x , dependent on 

mean real returns, where the quarterly change in the purchasing power of 

the currencies is used to deflate nominal returns on short bonds denominated 

in different currencies. 

Table 2 indicates the mean quarterly rate of change in these purchas-

ing powers over the period. It appears that the income and MERM weights 

are closer together than they are to the total trade weights. The ranking 

of the variances is in fact the same for income and MERM weights, with the 

exception of France, who comes before Japan and Canada for the income 

weights and after for the MERM weights. The ranking of total trade weights 

also interchange the relative ranking of Germany and Italy, brings Canada 

to the fourth largest variance and thus coincides with the MERM ranking. 

In Table 3, mean and standard deviation of nominal returns on short 

bonds are reported, together with the mean real returns corresponding to 

the three different weighting schemes used in Table 2. The short term rate 

has been used but for Italy and Switzerland, where this series was not 

readily available, the medium term government bond yield and the govern-

ment bond yield respectively were used. 

The standard deviation of nominal returns is ignored in the computa-

tion since it is assumed that these are known with certainty. The ranking 

of real returns is the same independently of the weighting scheme, except 

that with income weights the U .K. rather than Italy ranks last. 
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Table 2 

Mean and Standard Deviation of Quarterly Changes in 
Purchasing Powers (in % p.a.) Apr 1973-Apr 1978 

Mean s.d. 
Weights y MERM XM y MERM XM 

CA -11. 97 -11. 64 -12. 20 11.57 12.95 13.88 

FR -9.41 -9.18 -9. 7e 14.05 12.29 12.20 

GE -2.36 -2.12 -2. 77 17.91 16.74 15.46 

IT -17.01 -16.76 -17.33 16.19 15.48 15.74 

JA -5.76 -5.44 -6.05 12.67 13.45 12.84 

sz 1.56 1.83 1.17 18.81 17.99 16.87 

UK -14.67 -14.38 -15.00 14.62 14.55 13.60 

us -9.74 -9.42 -9.98 8.37 9. 72 11.11 
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Table 3 

Rates of Return Apr 1973-1978 

Hominal Mean Real with weights 

mean a.d. y XM MER."-1 

CA 7.55 1.12 -4.42 -4.09 -4.65 

FR 9.56 2.10 .15 .39 -.21 

GE 6.10 3.22 3.74 3.99 3.33 

IT* 11.14 2.so -5.87 -5.61 -6.18 

JA 8.51 2.91 2.75 3.07 2.46 

SZ* 5.52 1. 24 7.08 7.34 6.69 

UK 9.78 2.28 -4.89 -4.60 -5.22 

us 7.13 2.36 -2.61 -2.28 -2.84 

* Government bond yield. " ..... L~-- are money v~ni::r-is 

market rates. 
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Furthermore, the price differences in real returns wash out when 

differential rates of return with the U.S. are computed. Since 

t ~ Ri - ~ - si the speculative portfolio is independent of 
28/ preferences. ~ 

-1 The augmented S matrix of own and cross effects of rate of return chan-

ges on the speculative portfolio, which we defined in (7) and (15') above as r is 

displayed in Table 4, after division by 400 to make it compatible with 

annual percentage rates of return. 

The large own effect of the U.S. dollar, and to a lesser degree of 

the Canadian dollar, are noteworthy. The Canadian dollar rate exhibits a 

much smaller variance than any of the other N-1 rates and has therefore a 

larger own effect. The large value for the U.S. dollar comes from the sum 

of the cross effects of the dollar and the remaining currencies, namely 

the Canadian dollar. The importance of own and cross effects as given by 

the r matrix in Table 4 is larger than the difference in real rates of 

return in Table 2, so that the speculative portfolio for these three 

weighting schemes is the same at two decimal points. 

In Table 5, the ranking of the currency holdings in decreasing order are 

reported, together with the ranking of real returns from Table 3 above for 

the total trade and MERM weights. 

28/ Empirically the differential rates obtained from Table 2 are not equal 
to the change in the dollar exchange rate, since subtracting rN from ri 
would involve calculating 

Qit - Qit-3 - QNt - QNt-3 which is different from 

Qit-3 QNt-3 

Qit/QNt - Qit-3/QNT-3 

Qit-3/QNt-3 
1 1 

and only th~ latter is the equivalent to /Sit - /Sit-3 in discrete time. 

1 
/Sit-3 
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Table 4 

The Sigma Matrix 

CA 9.76 

FR 1.65 2.98 

CE -LlO -1.38 3.23 

IT . 1.08 -.60 -.11 1.48 

JA 1.00 .25 -.84 -.08 2.60 

sz -.98 -.36 -1.64 .12 -.20 2.61 

tJK .06 -.26 .06 -.31 -.40 -.42 1.66 

vs -11.46 -2.28 1. 78 -1.58 -2.34 .88 -.40 15.39 
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Table 5 

Rankings of Returns·and Speculative Portfolio 

s x r 

us - .28 sz 

sz - .15 GE 

JA • .07 JA 

GE. -.02 FR 

FR. -.03 us 
IT. -.08 CA 

UK• -.09 UK 

cA - -.28 IT 
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Thus the international investor would speculate on the appreciation 

of the U.S. dollar, the Swiss franc and the Japanese yen, and would sell 

Canadian dollars and, to a lesser extent, pounds, lire, French francs and 

D. marks. 

Although we started out by computing the speculative portfolio, 

because it was independent of preferences, we know that the "capital 

position" of the international investor is given by the portfolio propor-

tions which minimize the variance of the return, and which, being indepen-

dent of real returns, are the equivalent of the "risk-free" asset in 

domestic finance. 

Nevertheless, the minimum variance portfolio proportions need not 

be all positive, so that there is a certain amount of risk that the inter-

national member has to bear, even wheri following the 'optimal rule.' 

Note, furthermore, that the relative weight of the speculative 

portfolio depends on the risk aversion of the investor and that the 

assumption of a Bernouilli investor is somewhat strong even for large 

organizations. The other extreme is infinite risk aversion, where only the 

minimum variance portfolio is held. 

We show in Table 6 the ganma matrix which, together with the weighting 

scheme, determines the minimum variance portfolio. As noted above, it is also 

independent of preferences, since it is obtained by multiplying the N-1 by N 

covariance maxtrlx between changes in dollar exchange rates and in dollar 

prices by the inverse of the variance covariance matrix of dollar exchange 

rate changes. Its columns can be interpreted as giving the proportions of 

the N-1 currencies for an investor which would only consume domestic goods 
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Table 6 

The gamma matrix 

CA l.010 0.077 0.111 -0.213 0.408 0.070 0.079 0.111 

n 0.027 l.001 0.071 0.004 -0.038 0.049 0.240 0.016 

GE -0.030 0.019 0.987 0.084 0.081 -0.046 -0. 026' -0.023 

IT 0.038 0.012 -0.055 0.850 -0.024 0.010 -0.025 0:-056 

JA -0.045 -0.082 -0.032 . -0.145 0.792 -0. 203 -0.045 -0.048 

sz 0.012 0.006 -0.027 0.069 -0.049 0.992 -0.131 -0.011 

me -0.002 p.001 0.041 n n1~ n n;:<i 0.066 .... ,,,. ,. " ... ..., L. 

UeU.1-U V•WW .... V~ !f::JV Vo!1V~U 

tJS -0.010 -0.033 -0.096 0.336 -0.250 0.063 -0. 042 0.882 
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since they represent the minimum variance portfolio of investor i when 

a 1 ~ 1. To give an example consider the minimum variance portfolio of an in-

vestor who only consumes Japanese goods. It will be 797. in yen, 411. in Canadian 

dollars and 8% in D. marks and British pounds, and it will be short 25~~ in U.S. 

dollars, 51. in Swiss francs and 2% in Italian lire. Japan is a case where the 

"preferred habitat" hypothesis seems to be refuted. This hypothesis would im-

ply a much higher share of yen as in the case for Canada and France (over 10070 

and Germany and Switzerland (99%), and, to a lesser degree, for the UK (95%). 

The hypothesis is also in doubt for the U.S. (88;~) an<l Italy (85i;). 

We have shown above that the gamma matrix can be decomposed into the sum 
-1 of the identity matrix and the phi matrix, obtained by multiplyin£ S by the 

covariance matrix of exchange rates and domestic currency prices. The ~ matrix, 

whose columns sum to zero, is then a measure of unanticipated inflation, since 

when inflation is perfectly anticipated the minimum variance portfolio is just 

a. This matrix is reported in percentage terms in Table 7, where the last row 

reports the column sums, The size of the diagonal elements is larger for 

Italy, Japan and the U.K., showing that these are the countries with higher 

unanticipated inflation. In the case of Japan the use of consumer prices prob-

ably explains the low share in the minimum variance portfolio, whereas for the 

two high inflation countries it shows that in this framework such inflation 

was largely unanticipated. It is also interesting to note that the Swiss and 

the Italian investors go substantially short in yen, but less than the Japanese 

investor, and that the U.K. investor goes short in Swiss francs. We already 

noted that the Japanese investor goes short in U.S. dollars. 

Consider now departures from PPP In that case the r matrix is given 

by the last column pre-multiplied by an N row vector of ones, so that the mini-

mum variance portfolio is independent of preferences and includes 83~~ in U.S. 

dollars and 11% in Canadian dollars, whereas it is short in all the "strong" 
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Table 7 

The phi matrix 

CA FR GE IT JA sz UK us 
CA 1.0 7.7 11.1 -21.3 40.8 7.0 7.9 11.1 

FR 2.7 .1 7.1 .4 -3.8 4.9 24.0 1.6 

GE -3.0 1.9 -1.3 8.4 8.1 -1&.6 -2.6 -2.3 

IT 3.8 1.2 -5.5 -15.0 -2.4 1.0 -2.5 5.6 

JA -4.5 -8.2 -3.2 -14.5 -20.8 -20.3 -4.5 -4.8 

sz 1.2 .6 -2.7 6.9 -4.9 -.8 -13.l -1.1 

UK -.2 .1 4.1 1.6 8.1 6.6 -5.0 1.6 

us -1.0 -3.3 -9.6 33.6 -25.0 6.3 4.2 -11.8 

r 0 .1 0 .1 .1 0 0 -.1 

Data from Table 6. 



currencies, with a positive correlation with the U.S. price index (.23 for Japan, 

.11 for Germany and .09 for Switzerland). 1be negative covariance with Italy 

is larger than with Canada but the much .higher variance of the lira depresses 

its share to half of Canada's.~/ 

ReturninG to the ~ matrix, another way to obtain the relative importance 

of the departure from the no inflation case is to compare the proportions of 

the minimum variance portfolio with the expenditure shares, their difference 

being given by ~a. In Table 8 we include the minimum variance portfolios 

corresponding to the weighting schemes on Table 1 above. In Table 9 we give 
m x - a in percent for the income weights and then the difference between that 

value and the corresponding value for the total trade weights and the MERH 

weights. Aside from computing that the weighting scheme does not make too 

big a difference, Table 9 shows that the largest differences between xm and 

a occur for Canada, the U.S. and Japan, or the low variance exchange rate 

countries with a large covariance (in absolute value) with the Nth country's 
30/ prive level.~ 

.~./Canada's exchange rate with the U.S. dollar has by far the lowest variance. 
1bis well-known fact has traditionally been a source of difficulties in the 
testing of flexible exchange rate theories. There again, it gives Canada a 
much larger share in the portfolio of all national investors, as is evident 
from the first row of r in Table 6. The positive relation with the Japanese 
yen comes from the fact that the yen has the second lowest variance (about 
double of the Canadian dollar's) and a positive covariance with the U.S. price 
level, as pointed out in the text. 

30/ 
~ Another comparison of interest is between the ranking in the variance in the 
purchasing power (Table 3 above) and in the minimum variance portfolio. For 
income weights the ranking is identical except for Japan and Germany, whose 
relative position is interchanged. In forms of variance alone U.S. is first, 
Canada second, Japan third and Germany seventh (last is Switzerland). Includ-
ing the covariance between purchasing powers--to arrive at the minimum variance 
portfolio x111 • n-le/e•n-le--makes Germany third and Japan seventh. With MERM 
weights Japan starts iourth, in terms of variance and there are minor changes 
in the rankings of the other currencies. With total trade weights, Japan's 
relative positions change in the same way or with income weights, but Germany 
ranks highest in the minimum variance portfolio, followed by Canada (up from 
5th). 
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Table 8 

Minimum variance portfolios for alternative weighting schemes 

1 2 3 4 5 6 7 

CA 0.171 0.191 0.182 0.186 0.181 0.154 0.154 

FR 0.171 0.162 0.169 0.165 0.125 0.205 0.193 

GE - 0.274 0.221 0.179 0.199 0.137 0.155 0.170 

IT 0.074 0.066 0.077 0.072 0.057 0.080 0.077 

JA 0.020 0.055 0.047 0~051 0.078 0.010 0.023 

sz 0.023 0.010 0.010 0.010 -0.004 0.006 0.007 

UK 0.119 0.124 0.139 0.132 0.091 0.079 0.092 

us 0.148 0.170 0.198 0.184 0.335 0.311 0~284 
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Table 9 

Departures of the minimum variance portfolio 
from anticipated inflation (4) 

difference with 

income total trade MERM 
weights (5) weights (4) weights (6) 

CA 13 2 3 

FR 3 -1 0 

GE 0 -1 0 

IT 1 2 1 

JA -8 0 0 

sz -2 0 -1 

UK 2 0 0 

us -11 -3 -3 

Note: values have been rounded. 
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In Table 10 the total portfolios from the three main weighting schemes 

are reported, by simply adding the respective values of Tables (4) and (8), 

since we take relative risk aversion to be unity. Both the effect of the weight-

ing scheme and of the speculative portfolio can be seen in the share of the U.S. 

dollar, whereas the proportion of the D.mark comes wholly from the minimum vari-

ance portfolio. The weight of the French franc is another noteworthy feature, 

together with the limited role of the Japanese yen, which was held positively 

in the speculative portfolio. 

Table 11 compares total portfolio and expenditure shares. The U.S. and 

Canada continue to be the largest difference, just like in Table 9, but the 

signs are reversed because of the speculative attractiveness of the U.S. dollar 

during the sample period. In fact, except for Japan, the signs are always re-

versed relative to Table 9. Furthermore, in the total portfolio weights do 

make a difference because of the very large role of the Swiss franc in the 

speculative portfolio, second highest using income weights and third highest 

using the other systems, whereas it always has the lowest share in expenditure. 

6. Even though the framework presented here was not explicitly tested, in part 

because of the lack of data on actual portfolio proportions, a great deal of 

insight on the international financial system was gained by the use of the in-

dices of purchasing power and the optimal portfolio propositions. Old features, 

like the special_ role of the Canadian dollar, were found to apply in this ap-

proach as well, whereas the importance of the U.S. dollar in a non-transactions-

costs model came as a surprise, together with the limited attractiveness of the 

Japanese yen. 

Significant departures from purchasing power parity, and the related 

presence of significant unanticipated inflation in high inflation countries 

wereotherfindings of interest. Both these and the share of the yen should 



-41-

Table 10 

Total Portfolio 

X+M y MERM 

CA -.09 -.10 -.12 

n .13 .09 .17 
I 

CE .18 .12 .14 

IT -.oo -.02 .oo 
JA .12 .14 .08 

sz .16 .15 rl6 

tJK .04 -.oo -.01 

us .46 .61 .59 
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Table 11 

Total portfolio and 
expenditure shares (%) 

difference with 

income total trade MERM 
weights (5) weights (4) weights (6) 

CA -15 2 3 

FR -1 2 -1 

GE -1 0 0 

IT -7 1 1 

JA -2 -1 -1 

sz 3 -10 -11 

UK -7 0 0 

us 18 -3 -4 
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certainly be examined with indices using traded goods prices, but, subject to 

the usual caveats about real growth, purchasing power parity, if it is a use-

ful hypothesis, should obtain with factor mobility for non-traded goods as well 

as for traded goods. 

Other uses could be cited for the framework developed here, like the com-

putation of the real forward premiums taking the cross effects given by the I 

matrix into account, or the investigation of a weighting scheme that would make 

a given portfolio optimal. 

To sum up, the framework developed in this paper shows the importance of 

the microeconomic foundations of international financial intermediation and pro-

vides a guide for currency diversification policy on the part of large organiza-

tions, in particular central banks, a policy that single exchange rate models 

have to neglect entirely. 
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Appendix 1 

The optimal portfolio and consull!Ption rule in the general case 

1. In this Appendix we derive the optimal portfolio rule and consumption in 

the intertemporal consumption-savings framework that is required when the 

stochastic processes generating purchasing powers, exchange rates or prices 

are not Brownian motion, or stationary and log-normally distributed. Impos-

ing this assumption leads to the time tnvariant rules described in the text 

so that the explicit intertemporal optimization can be done without and the 

result derived from an instantaneous maximization. The derivation of this 

general case is based in Merton (1971). extended to N countries and N con-

Sumption goods. 

Consider the intertemporal consumption-savings problem of an individual 

j who consumes amounts Zi of goods produced in N countries and holds Ni short 

term bonds denominated in the N currencies of these countries. The bond of 

country i is defined as having a domestic price Pi of unity and a certain 

nominal return Ri. 

We want to solve this problem over the individual's lifetime (assuming 

for simplicity that there is no "bequest" function)• when the price of the 

bond is generated by a particular class of continuous- time Markov process 
~ which are functions of Gauss-Wiener Brownian motions called Ito Processes, 

and are defined by the stochastic integral 

.where P • [P 1 PN] 

Fi(P.s)ds + J 
0 

t 
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and 1_ is a standard normal random variable, (so that d \is a Wiener process 
.. 

or white noise, or Brownian motion). Ito's Lemma states the stochastic dif-

ferential equation obtained from a time dependent random variable F which is 

a function of the vector P. It is 

where the product of the differentials in the variance covariance term is 

defined by the multiplication rule 

where Pij is the instantaneous correlation coefficient between the Wiener 
1/ processes dzi and dzj.-

In our problem wealth will be a function of Ito processes. We first define 

real wealth at time t as the purchasing power of the portfolio, which in 

discrete time, denoting a time interval, however short,as h, can be written 

as: 

N 
(1) W(t) c E N1 (t - h) Qi(t) 

i-=l 
2/ Similarly, real consumption expenditure - net of interest payments is 

N N 
(2) E (t) • t Zi (t)P i (t) Qi (t) - l:Nf'.t)Qi (t) Ri (t) 

i•l i•l 

Real expenditure during period h is equal to the change in real wealth 
N 

-E(t + h) h • t {Ni(t + h) - Ni(t)] Qi(t + h) 
i•l 

.!/see Kushner (1971) and Merton (1971) for further details. 

_!/Note that E • EkQkfor all k where~ is nominal consumption expenditure denominat 

in currency k. 



which. taking the limit as 
N 
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h -+ O, becomes 
N 

(3) -E dt • I: dnidQ. + r d~1Q1 l. i•l 

whereas in continuous time (1) becomes 
N 

(4) W(t) • I: N. (t) Q. (t) 
i•l l. l. 

. ~·· 

Since Q is a stochastic integral, to obtain the change in wealth we use 
... 

Ito's Lemma to obtain 
N N 

(5) dW • I: NidQi + I:dNiQi + 

This change has a capital gains component (ENidQi) and a portfolio re-

shuffling component which is equal by (3) to real expenditure. 

definition of real expenditure net of interest payments in (2), 

ing in (5) we obtain: 
N N N 

d\.r • r Ni dQi + 0: Ni Qi R - ~ Z P. Qi) dt i i 1 

Defining the portfolio proportions xi' we have 
N dQi N 

(6) dW - wr x (R dt + -) - I z p Qidt 
i i i Qi i i i 

where xi • NiQ/W 
N 

and rxi • 1 
i 

Using the 

and substitut-

The objective function is the expected utility of consumption over an in-

ternal [O,T], which ca.., be written as 
T l N a 1y 

(7) u • E0 f - n z i < t) d t 
0 y i 

where y depends on the risk aversion so that the problem is to maximize 

(8) subject to (6). Assuming that terminal wealth is zero {a "bequest" 



function concave in z1 would not change the result), the technique of stochastic 

dynamic programming (see sketch in Merton, 1971) involves defining a function, 

J, of the state variables of the system which is equal to the maximum 

of the expectation of the maximand with respect to the control variables, 

where the expectation is conditional on ~~e steady state values of the state 

variables. 

Bellman's theorem can th':!n be extended to stochastic programming problems 

by maximizing with respect to the controls the "stochastic Hamiltonian," 

which is the sum of the utility function at time t and the expected meac. 

proportional rate of change of the J fu.nction, given by the Dinkin operator, 

L. Thus, we find the differential of J by Ito's Lenima, take the conditional 

expectation and "divide" by dt. 

We now proceed to derive the solution of intertemporal maximization 

problem under two alternative assumptions. First we assume that the purchasing 

power fol~ran Ito process and then we define Ito processes for the prices 

and exchange rates rather than for the purchasing powers. 

2. Assume that the change in the purchasing power of currency i is generated 

where ri is the instantaneous conditional expected proportional change in 

purchasing power per unit of time 
2 oi is the instantaneous conditional variance per unit of time 

dzi is a Wiener process as before 
i 2 If r and a1 were constant, ~ would follow a Brownian motion, or white 

noise, as in the text, and the only state variable of the system would be 

wealth. In this case however we have N + 1 state variables W and Qi and 



-so-

N + 1 eontrols x1 and C, where for simplicity we aggregate all N consu~ption 

goods and make the nominal return zero. 

Define 
T 

(9) J(W,Q1) • max Et J U(C,s)ds 
c,xit 

where the expectation is conditional on 

W(t) 11:: W 

and 

where L is the Dynkin operator. 
~ 

By Ito's Lemma we find that 

• ~ d'·T + oJ 02 J (di•J) 2 
(11) dJ a\.: " r~Q Q. + 1/2 2 i i 1 aw 

and by definition 

L(J) • d! Et(dJ) 

so that 
aJ a2 J 2 N N 

c) + r aq riQi + l/2 aw2 P r r 
i i i j 

N N 02J 
+ w r r Q x o i j ij aqiav.' i j 

+ 

If U is strictly concave in C then, by Belman's Theorem, there exist 

* * optimal control rules xi and C such that 

* * * * (13) O • t(xi, C , W , Qi) 

Now define the Lagrangian 
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The first order conditions are 

* O:-i au * aJ (15) ac • ac< c ) - aw • 0 

(16) 
(ti ---
a~ 

01'·1 * (17) TI • i - i: xi 

The consumption rule is independent of the portfolio rule and is given by 

-r* .. aJ [au]-1 
(18) ~ ~ where G • LacJ 

* * Since (15) is linear in xi we eliminate A and solve for xi • We 

can rewrite (15) in matrix form as 

(19) 

where e • and O • 

* if n is non-singular we can express x as 

"' 
(20) - J Wr - nJ l 

w "' '\IQ~ 

using (17) we have 



(21) 

Substituting for .X in 

* -1 n e Jw -
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(20) we get 

-1 -1 e'n { n e 

e' J l 
'VQ\~ 

-1 11 r 
'\, 1 (22) x +-- + 

1www2 -1 JW\.::W -1 e'n e e'n e 

Define the minimum variance portfolio as 

** -1 ' ** n e (23) x .. _ and note e x • 1 -1 
'\, e'n e '\, 

and rewrite (22) as 

(24) 

where 

** x 
'\, 

1 **' -1 1 1 (e'J x 
c 1 _ .x (x rn e - n- r t --- ,..,QW 

"" ,.., ,.., J w2 
WW 

** - J 

e'J n-1e - J 
'VQ1·J -VQ\.' 

' ' 

e'n-1e 

and y is the Arrow-Pratt measure of relative risk aversion. 

**' 
~ote that x r is the return on the minimum variance portfolio and that 

'\, '\, 

-1 **' -1 ild' 1 (25) D (r - x re) • n (I - ex )r .. n-L<r .. tr 

we can then write the optional portfolio rule as 

I:r KJ 

* ** '\, "-QW (26) x - x + 1 -- y Jwww2 

If dQ1/Q. is Brownian motion J • 0 and we get 
i 'VQW "" 
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rr 
* ** "\, 

(27) x - x +--
"\, "\, 1 - y 

which is just equation (6) in the text. 

3. We now derive the optimal portfolio rule in terms of the deter-

minants of the purch~sing powers. 

If we eliminate ~ from (6) above we have 

(28) 

where T .. Q/QN and R .., R. -~ 1 i 1 

Using It~' s lemma, we find that, 

(29) 
dTi dSi dSi 2 -- -- -+(-) T. Si s i 1 

and, taking national outputs as composite goods, that, 

(30) 

N 
dPi 1 

-I:a -- + - r 
i PN 2 i 

i 

1/ We now assume that exchange rates and dollar prices - are determined 
by the following stochastic processes: 

!/ h f dP i d d 2 . Note t at i pi •vi t + ~i u1 , then 1.11 ... v1 - 'll'i + o1 - iii11 and 

o1du1 •c~i - o1 )du1 where ~ii • piiol~i and pii is the correlation 

coefficient bet•e.an domestic prices and exc!langc rates. 

) 
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(31) 

(32) 

where '\ and i.i1 are fr,e respective mean change£ and cri and oi the stan-

dard deviations. So that the wealth constraint becomes 

N-1 2 N l N N 
(33) dH"" [W( r x (R - T: + C1 i ) - raivi + 2 r. r ui aj oij) i i i i i i j 

N N-1 N 
- r zi Pi Qi] dt - r xi cr i d zi - r ai oi dui 

i i•l i•l 

The problem is no\.' to maximize (7) subject to (33). We define 

(34) 
H 

J (W ,S. ,P) 
]. j 

where the expectation is conditional on 

W(t) -= W 

Si(t) .,. s. i-1, . , N -1 
]. 

N 
p. (t) ., P. j•l! . . • ! N 1 . 1 

.J .J 

and 

N 
(35) ~(xi,zJ,w,si,Pj) ""u + L(J) 

The differential of Jis no~ 

(36) 

N 
·a 2 J d s d~-7 + t 

o5
1

cW i j 



-55-

Substituting from (28), (31) and (32) we find the Dynkin operator as 

(37) 

N N N-1 N N-1 N N PN N 
I: l:ai aj oij + 2 r r xi ai eij] +.!r 'rJN pj oij + 

i 2 i j Pi Pj 1 i j j 

l N-1 N-1 N-! N-1 N 

2 r r 3sisj s 1sjoij + r Jsnl15 i < ~ xi x oij + rx1 aj e1j) + 
i j i j .1 

where, to e&Re the notational burden, partial derivatives of J with res-

pect to the state variables are denoted by subscripts, and eij ~ pij o1 oj 

is the covariance between exchange rate i and dollar price j. 
N 

Since TI Z ai in 
i 

____ .,, .. ,.,. 
""""''-''-'O y t; 

in ., ... i' by Bellman's Theorem there exists optimal 

* * * xi and Zi such that ~ • O. 

The first order conditions with respect to Zk and ~ are, respectively 

(38) 

(39) 



N-1 
W[ !: 

i 

-Sf;-

The consumption rule (38) implies that 

(40) E aJ ---u aw 
so that 

(41) 

which implies an indirect utility function 

where a' = 
N 
n 

i=l 

and Q is the purchasing power of world money. 

Since we maximized with respect to real rather than nominal expenditure, 

the exchange rates wash out and we are left with Q as an index of value 

for any consumer-investor with preferences des~ribed by ak. Writing the 

portfolio rule (39) in matrix form, we have 

(39) J 

where r 

2 w r + J W (Sx + ITa) w WW -

-= R - 'If+ 
2 a 

J • [JS W "'s i 

JP • [JP~~ W "' i 

R • (Rl - i)i5 

'If • [s 1 

A 

+ W[SSJ5 + ITPJP] 
"' "v 

JS W) 
LN-1 

JPNW] 
N 

~ -~ ]' ~-1 s 

- 0 
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2 2 2 ] ' a • {oSl 0 SN 

s ... s1 0 p • PN 0 
1 

0 5N-l 
0 PN 

N 

s -II '"' 9 i1 61N 
-"bl 0!~-1 

O_. 1 1 0n-~-l 6N-1 l 6N-1 N .~-

a c [cxl ex ] ' N 

x - [xl 

x - [xl 

So that the optimal portfolio proportions for the N-1 assets are given by 
-1 

(40) 

where 

x c 

J'H 1 
- - • - as in (24) J m,i'J 1-y 

' 
r • s-1rr as in text 1 

and x e • ~ by definition 

1 s A A 

J W (SS.JS + IIPJP) -= 0 
WW "" "" 

In the Brownian motion case, wealth is the only state variable so 

that J 5 • J • 0 and (40) reduces to equation (13) in the text. 
'\, "'p 

. _, .. ·~ --. 
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APPENDIX 2 

A time-invariant portfolio rule when there are 

many goods produced in each country 

In this Appendix we derive the optimal portfolio rule in the case where 
N 

there are t Mi goods, and country i produces Mi goods. 

Then the variance of mean real return relative to the Nth country which 

is given by (10) in Section II, 3 of the text becomes 

N-1 N Mi i 2 
t ai (8 p - si) 
js:l j ij 

(1) V•E-t xis1 - t 
i•l i•l 

where is the change in the price of the ijth good. pij 

Defining a 
N "' 
t Mi vector of dollar prices p!.1 and a 

N 
t Mi by N 

block diagonal matrix of domestic weights B. We can rewrite (1) as 

"' 2 (l') V • E[-x's - p'Ba] 

where x is N-1 by 1 

a is N by 1 

B' O 
B • 

0 

l/When Mi • M for all i we have simply 

"' p • p - S X e 

where p is a NM by 1 vector of domestic currency prices 

and e is a M by 1 vector of ones 



and 

Si • (Si 
1 • • • • 

e' Si • 1 where 
i 

is an Mi vector of ones 

N 
We now define a N-1 by r Mi matrix of covariances between exchange 

rates and dollar prices 

- If• E[sp'] • 1 a . . . a 
11 

N-1 a 
11 

• • a 

1 

lMl 

N-1 

lMl 

1 a • • • 
21 

N-1 a • • 
21 

1 
a 
~ 

N-1 a 
2M2 

. . . 

• • • 

1 a 
Nl 
. . . 

N-1 a 
Nl 

and the usual variance covariance matrix of exchange rate changes 

S • E[ss'] 

1 a 
NMN 

N-1 a 
NMN 

Denoting the vector of relative real returns as r, we can then write the 

objective function of our unconstrained maximization problem as 

(2) A 1 .,,, "' F • x'r + r - - b[x'S + a'B'H Ba - 2x' Ba] - N 2 x 

and the first order condition is 

(3) oF • ; - bSx + b~ Ba • 0 ax 
N "' 

so that substituting in a N-1 by r Mi r, matrix and including the con-

straint on ~· we get the optimal portfolio rule as 

(4) "' 1 x • fBa + b Ir 

Mi 
which is the same as (15) but with a N by r N gamma matrix, ?' , and a system 

of weights given by Ba. 

If purchasing power points holds for each good 
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N 
(5) p - p N eM 

N 
where ~ is a 1 by I M

1 
vector of ones 

also 

(6) 

' where µ • [oN as before 

Now, since B is a block diagonal matrix of weight vectors i B , we can write 

' (7) y - ~ 
where eN is a 1 by N vector of ones 

The minimum variance portfolio is thus independent of preferences again, since 

(8) 

If PPP holds for domestic output, we have instead of (5) 

(9) 
'\, 

P'B = p e N N 

and the result is the same as before since then PPP constrains relative price 

changes between countries. When these are ruled out explicitly 

(10) pij - pi for all j 

Then 

(11) "' nB .. n 

and therefore i i for all j oij • a j 
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Appendix 3 

The Aggregation of Portfolios of Different Investors 

The crucial role of the vector of expenditure shares in the computa-

tion of the optimal portfolio has been pointed out. We talked loosely of 

home, foreign and international investors and compared purchasing power 

indices for different investors in Section I. In Section II we compared 

the gamma matrix to a .;tacking of the portfolios of "national" investors. 

We now suggest a simple way to arrive at an international portfolio from a 

given set of domestic or bilateral weights and an international weighting 

criterion. Our two tier procedure is a straightforward extension of the 

earlier one, but it may be less arbitrary given the types of aggregative 

data that are found. 

Thus rewrite (15') for the investor of country i as 

(1) i i x • Ta + 1 r r 
bi 

Define 
l n X • (X • • • • X ) 

a N by N matrix such that e'X • e' 
1 n A = (a • • • • a ) 

a N by N matrix such that e 'X • e' 

and 

B -= lb 

The N by N matrix which diagonalizes b 



Then we can write the portfolio rules of the N investor in compact form 

as 

(2) -1 X • rA + l:B re' 

Now define an international weighting criterion y such that e'y = 1 

and we can collapse (2) into 

where z = Xy and e'z • 1 

13 ""Ay and e'e .. 1 

If all investors are Bernouilli, we are back to (1) with two 

explicit weighting schemes A and y. 
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