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Abstract

In this paper, we investigate the profitability of horizontal mergers of firms with
price adjustments. We take a differential game approach and both the open-loop as
well as the closed-loop equlibria are considered. We show that the merger incentive
is determined by how fast the price adapts to the equilibrium level.
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1 Introduction

When quantity-setting firms compete in a homogenous product industry with symmetric
cost and the same demand functions, horizontal merger is modelized as an exogenous
change in market structure. As a result, the level of competition decreases which increases
the market price and market power of firms as well. In the case of linear demand and cost
functions, the resulting anticompetitive forces are mostly to the benefit of outsiders and
mergers are advantageous to the merging firm just in the circumstance that market share
of merging firm is extremely high, at least 80% which is almost merging to a monopoly
(Salant, Switzer and Reynolds, 1983 (henceforth SSR); Gaudet and Salant, 1991, 1992).
Keeping everything the same, this threshold will be reduced to 50% (which is again a
considerable market share) provided that the merged entity is not restricted to remain a
Cournot player after the merger (Levin, 1990) or any demand function which satisfies the
second-order conditions is allowed (Cheung, 1992). There are other studies showing that
mergers are privately profitable if they are leader-generating (in industries where about less
than one-third of the firms are leaders) (Daughety, 1990), or if merger generates synergies
(Perry and Porter, 1985; Farrell and Shapiro, 1990). However, the incentive to merge
always exists once price is employed as the strategic variable rather than quantity. In a
differentiated product industry, Deneckere and Davidson (1985) demonstrate that mergers
of any size are beneficial if firms are engaged in a price-setting game.

We want to conduct an investigation into the consequences of horizontal mergers in
oligopoly Cournot competition in the presence of price stickiness. When prices are sticky,
for a given level of output the actual market price of a product does not adjust instan-
taneously to the price indicated by its demand function and price adjustment takes time.
Since prices evolve over time we need a dynamic framework to investigate the effect of
price stickiness on the profitability of horizontal mergers.

Using an oligopolistic differential game model with sticky prices in the specific case of
instantaneous price adjustment, Dockner and Gaunersdorfer (2001) through a numerical
analysis show that, contrary to the static game, in a dynamic Cournot game where firms use
feedback strategies mergers are always profitable independently of the number of merging
firms. Their result suggests that to analyzing merger, it is important to consider the

nature of competition in the industry. Besides focusing on the same issue analytically,



Benchekroun (2003) shows that when firms use open-loop strategies merger is profitable
only if the market share of the merged firm is significant enough, very similar to the SSR
results, which put more emphasis on the role of feedback strategies to create incentive to
merge.

In this paper, we take a general approach without introducing specific assumptions on
the degree of price stickiness to investigate the bearings of price dynamics. Scale economies
as a motive for merger is ruled out by assumption because we would like to concentrate
on the incentives to merge that are generated by price dynamics. To this end, we take a
differential game approach to price dynamics introduced by Simaan and Takayama (1978)
and Fershtman and Kamien (1987). We take into consideration both the open-loop and
closed-loop (memoryless)! equilibria to investigate how the speed of adjustment can affect
the profitability of horizontally merged firms. There emerges, when price adjust with a very
sticky mechanism, mergers with a small number of insiders but large number of outsiders
are also privately profitable even if firms play open-loop. Furthermore, by figuring out the
least market share required for merger to be profitable when price adjusts instantaneously,
we revisit the closed-loop effect to generate incentive to merge.

The remainder of the paper is organized as follows. Section 2 contains the layout of
the model. Sections 3 illustrate the open-loop and closed-loop equilibria. The assessment

of incentives towards mergers is given in section 4. Section 5 concludes the paper.

2 The setup

Consider a dynamic oligopoly market where n symmetric firms, at any ¢ € [0, 00), pro-

duce quantities ¢;(t) > 0, i € {1,2,...,n}, of the same homogeneous good with concave

! Broadly speaking, the main difference between the open-loop equilibrium on one hand and the feedback
and closed-loop equilibria on the other is that the former does not take into account strategic interaction
between players through the evolution of state variables over time and the associated adjustment in
controls. Under the open-loop rule, players choose their respective plans at the initial date and commit to
them forever. Therefore, in general, open-loop equilibria are not subgame perfect, in that they are only
weakly time consistent since players make their action ‘by the clock’ only.

A further distinction can be made between the closed-loop equilibrium and the feedback equilibrium,
which are both strongly time consistent and, therefore, subgame perfect since, at any date 7, players
decide ‘by the stock’ of all state variables. However, while the closed-loop memoryless equilibrium takes
into account the initial and current levels of all state variables, the feedback equilibrium accounts for
the accumulated stock of each state variable at the current date. Hence, the feedback equilibrium is a
closed-loop equilibrium, while the opposite is not true in general [2].



technologies described by the quadratic cost functions

Ci(t) = ealt) + 520, >0, (1)

In each period, the product price, p(t), is determined by means of the inverse demand

function
5O = A=Y alt) )

However, since price is sticky, the actual market price does not adjust instantaneously to
the price given by the demand function. That is, p(¢t) will differ from the current price

level, p(t), and price moves according to the following equation

W) — ) = s (5(0) ~ (1) Q

where s € [0,00) is a constant that determines the speed of price adjustment. The lower
is s, the higher is the degree of price stickiness. When s goes to infinity, price is not sticky
and the actual market price is equal to the price given by the demand function.

The instantaneous profit function of firm 7 is

(t) = i) [pl0) — e 3aio)].

Therefore, the maximization problem of firm ¢ is
o) » 1
max.J; = [ e 7q(t) |p(t) —c— §qi(t) dt, (4)

subject to (3), p(0) = po and p(t) > 0 for all t € [0,00). The factor e~** discounts future
gains, and the discount rate p is assumed to be constant and equal across firms.

We solve the differential game using both the open-loop information structure where
firms choose their production plans at the initial date and stick to them for the whole
time horizon and the closed-loop memoryless information structure where firms’ quantity
choices at any time depend on the initial and current levels of all state variables (here,
price).

According to Cellini and Lambertini (2004), the steady state levels of the price and
the individual output of a dynamic oligopoly game with price adjustments which are the

premerger solution of our problem at the open-loop Nash equilibrium are



pOL:A—anL : OL __ (A—C)(p+8) (5)

(1+n)p+ (2+n)s’
and at the closed-loop Nash equilibrium are

A—c)(p+ns
pCL:A—TL(]CL : CL _ ( )( ) ) (6)
s+ (1+n)(p+ns)
The corresponding single period profits are

o (A=Ppr8)(p+35) oy (a—cP(p+ns)(p+ 2+n)s)

2[(1+n)p+(2+n)s]" 2[s+ (1 +n)(p +ns)]’
The superscripts OL and C'L indicate the open-loop and closed-loop equilibrium level of

a variable, respectively.

For later reference, let us also note that in the static game where the demand and cost
functions are specified by (1) and (2) in turn, the equilibrium prices when firms play a la
Cournot and a la Bertrand respectively are

2A + nc
CN _
 on+2] (7)

BN:A—i—nc
n+1°

(8)

3 The merger equilibrium

In this section, we consider a horizontal merger of m firms (1 < m < n) where they act
collusively to maximize their discounted joint profits.? n—m firms stay outside the merger.

Hence, the differential game becomes

1 m
rmmﬂhi/fmkmw—@ Gt — = ﬁ@]ﬁ, i=Lom (9)
& 0 i=1 2 i=1
m?)f Ji= [ e ”q;(t) |p(t) —c— iqj(t) dt, j=m+1,..n (10)
q; (t

subject to

d];—gst)zp(t)zs{"l_z@@— > qj(t)—p(t)}, (11)

j=m+1

2Given the convex cost function, it is optimal to produce with all m firms, and not to concentrate
production on one firm only.



and to the initial conditions p(0) = py and p(t) > 0.

gi(t) >0,1€{1,2,...,m} and ¢;(t) > 0, j € {m +1,...,n} denote, in turn, the output
level of an insider and an outsider. J* and J; represent the problem of the merging firm
and outsiders, respectively.

According to (9), (10) and (11), the Hamiltonian functions of merging firms and out-

siders are

HY(t) = e {(p(t) -0y alt) - 2 PAG) (12)

Hi0) = {0 o) - e 5000) (13)

i=1 j=m+1
where X;(t) = p; () e and A;(t) = [, () e and p; (t) and [, (¢) are the co-state variables
associated with p(t).

3.1 Open-loop equilibrium

After the merger, at the open-loop Nash equilibrium, the steady state levels of the price

and the output of merging firm and outsiders are
Phost = A — a5 — (n—m) gg",

¢F=am(p+2s), ¢gF=a(p+s+ms),

where
(A-c)(p+5)
(n+1)pP>+2n+m(n—m+2)+3|ps+[n+m(n—m+3)+2]s?

The subscripts M and O indicate the equilibrium level of a variable for the merging firm

and an outsider and subscripts post refers to the equilibrium level the price after the

merger. Hence, the steady state equilibrium profits are as follows

oL _ o®m (p+2s)° (p+ s+ 2ms) oL _ a*(p+3s)(p+ s+ ms)?
. 2(p+s) ’ © 2(p+ 9) '

For the proof you can see Benchekroun (2003).
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3.2 Closed-loop equilibrium

Now, we look for the post-merger Nash equilibrium under the closed-loop strategies. The

outcome is summarized by the following proposition:

Proposition 1 At the closed-loop Nash equilibrium, the steady state levels of the price

and the output of merging firm and outsiders are

Ppost = A —ay" — (n—m) g5", (14)
¢F=Bmp+n—m+1)s)(p+(m*—m+n+1)s), (15)
46" =B(p+s(n+1) (p+ (m*—m+n)s), (16)

where
B = (A-=0¢)/[(n+1)p"+ (n(m*>—m+2n+3)+2)ps
+ ((n+1) (m*n—mn+n*+n+1) —m*+m?) §°|
which yields the steady state equilibrium profits

1
a{l = 562m(p+ (n—m+1)8)(p+n+m-+1)s)(p+ (m*—m+n+1)s)
1
6" = 5B+ s+ 1)) (p+ (m* = mtn)s) (p+ (m* = m+n+2)s)
Proof. Taking the first-order conditions w.r.t. ¢;(t) and ¢;(¢) and using (12) and (13), in

turn, we have

OHM (t) .
—~ =p(t)—c—q(t) — N(t)s =0, 17
St =P (0 e ) = A (1)
OH;(t)
=p(t)—c—qi(t)— Ni(t)s =0, 18
90,(0) (t) (1) = Aj(t) (18)
which yields the optimal closed-loop output for, respectively, the insiders and outsiders as
follows ) () ( ()
_ ty—c—XN(t)s ifp(t) >c+ N(t)s
cry =P ( ’ 1
a0 0 otherwise, (19)
CL p(t)—c—=X(t)s ifp(t) >c+ A\(t)s,
: = 2
a1 { 0 otherwise. (20)
The adjoint equations for the optimum are
OHM (t “NOHM(t) 9qSH(t)  oN(t) <
SO s O OMD ) (21)
op(t) A= 0g;(t) Ip(t) ot



De" '

ksﬁj

The transversality conditions are

lim f,(t).p(¢) =0;  lim p;(t).p(t) = 0.

t—o00 t—o00

From (19) and (20) we obtain

g5 “(t) _ g™ (t) _ g™ (t) _
op(t) Ip(t) Ip(t)

The difference between the closed-loop and open-loop solutions is due to these terms

(23)

in equations (21) and (22) which are set equal to zero in the open-loop case.®> That
is, when firms play closed-loop strategies, each firm inserts her information regarding
the dependency of the other firms’ supply policy on the current market price into the
adjoint equation. The additional terms in the co-state equations (21) and (22) imply the
strategic interaction among firms, which are not considered by definition in the open-loop
solution. Furthermore, the adjoint equation of merging firm (21) is different from the
adjoint equation of an outsider (22). Since there is a cartel inside the group of insiders,
there is no strategic interaction among insiders while looking at (22) we recognize that in
addition to the strategic interaction between each outsider and any of the insiders there
are strategic interactions among outsiders.

Differentiating (12) and (13) w.r.t. the co-state variables and using (23), equations

(21) and (22) can be rewritten as

Inducing symmetry assumption, we obtain

ON(t)
ot

3In the open-loop solution, the adjoint equations for the optimum for insiders and outsiders are as
follows, respectively
_oHM(t) . 9Bi(t) OH;(t) Op;(t)
ot

ap(t) :*i;fji(t)+>\i(t)5* ETa )

= —mq(t) + [(m —n+1) s+ p| A(t), (24)

= —q;(t) +Ai(t)s =



OA(t)
ot
Differentiating (19) and (20) w.r.t. time and using (24) and (25) we find

d(‘;—(tt) - dpd_it) — [=ma(t) + [(m —n+1) s+ p] A(1)] s, (26)

%glzﬂgﬁ_[_ﬂ@+[pwf—n+nr+®s+dA@ﬂ& (27)

Using (11), (19) and (20) where a symmetry assumption is introduced for an individual

= —q(t) + [(-=m® —n+m+2) s+ p| A(t). (25)

firm output inside the group of insiders and also the group of outsiders, we can rewrite
(26) and (27) as follows

dq(t) = sA+[n—m—1)s—plc+[(m—mn)s+p]p(t)

dt
=s(n—=m)q(t) +[(n—m—1)s —plq(t),

d‘-il_@ = sAtc[(mP+n—m—2)s—p| - smqt)

+[(=m* —n+m+1)s+p|p(t)+ [(m* —1) s — p| q(t).

dq(t)/dt = 0, dq(t)/dt = 0 and dp(t)/dt = 0, which are linear relationships between p, ¢
and ¢, yield the steady state of the system and the equilibrium point is a saddle with (14),
(15) and (16). =

Keeping symmetry assumption in the group of insiders as well as the group of outsiders,
the two groups are necessarily asymmetric. Because essentially there is a cartel among
insiders while the rest of the market behave like dynamic Cournot competitors. These
asymmetries between the two groups are not only with respect to the first-order conditions
and controls but in particular with respect to the co-state amounts. By construction,
the list of co-state values entails that the shadow price attached by any outsider will
be systematically different from the shadow price attached to the price dynamics by one
of the insiders. Considering (17) and (18), we can rewrite the FOCs for outsiders as
At) = p(t) —c—q(t)/s and insiders as A(t) = p (t) —c—q(t)/s. Then, taking into account
the fact that the output level of an outsider is greater than the output level of a single

insider, we have the following consequence
Corollary 1 The shadow price of an insider is greater than an outsider’s (A(t) > A(t)).

This entails that the proportional change of merging firm’s profit, on account of alter-

ation in the state equation, is more than that of an outsider.
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4 The incentive to merge

After finding the post-merger equilibrium, we are able to investigate the profitability of
a horizontal merger with price dynamics in a Cournot competition. First, we figure out
the minimum percentage of insiders which is required to make the merger profitable in
the case of instantaneous price adjustment. Then, we evaluate merger profitability in the
space (m, s/p) for a given initial population of firms to perceive the role of price stickiness
in stimulating merger incentives.

To deal with the above mentioned issues, we will consider the difference between the
post-merger profit of the merging firm and sum of the individual profits of the insiders
before the merger which has to be positive as a condition for merger profitability. That
is, in an n-firm industry, m firms will find it profitable to merge if and only if the merger
profitability condition 79f — M79F > 0 (open-loop) or 7{f — ma“" > 0 (closed-loop)
holds.

When the speed of price adjustment goes to infinity, Dockner and Gaunersdorfer (2001)
and Benchekroun (2003) showed that when firms use feedback strategies mergers are always
profitable irrespective of the number of insiders whereas we will show that it is not the case
for the closed-loop (memoryless) and open-loop strategies and a sufficient proportion of
firms is required. However, as compared to the open-loop, this proportion is very different
when firms play closed-loop. Figure 1 illustrates corresponding results graphically. From
this graph we can see that as the population of firms in the industry increases, the minimum
proportion of firms that makes the merger profitable has a decreasing trend under the
closed-loop strategies while it has an increasing trend under the open-loop strategies.
Thus, we can argue that it is much more easier to maintain collusion among insiders in
the closed-loop equilibrium than the open-loop. This difference is due to the fact that
"open-loop" and "closed-loop" refer to the two different information structures. In both
cases, everybody operate under the complete information but, as it is explained in previous
section in detail, under the closed-loop information structure firms explicitly incorporate

strategic interactions in the co-state equations while in the open-loop they do not.



Figure 1: The lowest proportion of firms to be merged to make a profitable
merger for the instantaneous price adjustment.

3|3

OL

CL

In figure 2, the region of parameters s and p for which merger of m firms is profitable is
represented by means of two dividing curves under the open-loop and closed-loop equilibria
in a ten-firm industry. We provide this graph to show that in cases where price is too sticky,
merger would be to the benefit of merging firm even if its market share is low.

In this figure we can see that in the open-loop equilibrium when the speed of adjustment
goes to infinity, merger must involve at least eight insiders to become profitable. As it is
investigated by Fershtman and Kamien ([8], pp. 1159-1161), in the limit where s tends to
infinity, the open-loop equilibrium (5) coincides with the static Cournot Nash equilibrium
(7) and we know that in the static Cournot model merger is disadvantageous to the merging
firm unless the market share of merging firm is sufficiently high (at least 80%). However,
in the closed-loop Nash equilibrium, as this figure clearly displays, merger of four firms
in ten-firm industry is always profitable which is due to the closed-loop rule properties

explained earlier.
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Figure 2: Merger profitability in the space (m, s/p) for n = 10
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For a given level of discount rate, as the population of insiders decreases, the speed of
price adjustment must reduce as well in order to make the merger profitable. This means
that for a given rate of discounting, merger incentives are higher when the speed of price
adjustment is slower. When price adjusts very slowly, the equilibrium prices both under
the open-loop (5) and closed-loop (6) information structure approach to the competitive
equilibrium price of the static game in which firms set price equal to marginal cost and
as s tends to zero, the equilibrium prices at the steady state, in either cases, are given by
(A+nc)/(n+1) which is precisely the competitive price as defined in (8).* In games where
firms behave like Bertrand competitors mergers are profitable because any price increase
by insiders will be followed by a price increase from outsiders and in equilibrium prices
in the industry are raised and this is to the benefit of all firms. Incentive to merge with

Bertrand competition is extensively discussed by Deneckere and Davidson (1985).

4 Also, the features of the feedback equilibrium in the limit where the discount rate tends to infinity is
looked into by Fershtman and Kamien ([8], pp. 1159) and they demonstrated that in such circumstances,
the feedback equilibrium coincides with the Bertrand equilibrium of the static game.
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5 Conclusions

Taking a differential game approach with sticky prices in an oligopolistic industry, we have
analyzed the consequences of horizontal mergers both in the open-loop and the closed-loop
solutions. In view of the fact that we would like to concentrate on the incentives to merge
that are generated by price dynamics, it is assumed that there is no cost efficiency in our
model. It turns out that for a given amount of interest rate, merger incentives are higher
when the mechanism governing price adjustment is very slow. When price is very sticky,
the dynamic Cournot equilibrium prices approach to the competitive equilibrium price of
the static game in which firms set price equal to marginal cost. Firms would like to play
the correct Cournot equilibrium but they cannot because price adjusts very slowly and in
this aggressive environment they have an incentive to decrease the number of competitors
through merger in order to make a slight correction in output setting mistakes and recover
what they are losing.

Moreover, our results suggest that the relative number of firms that is required for
merger to be profitable has two divergent trends under open-loop and closed-loop informa-
tion structures. When firms play cloesd-loop, it is a decreasing function of the population
of firms in the industry while for the open-loop it is the opposite. Accordingly, the larger
the relevant information set, the higher is the possibility of collusion between firms. Given
that pushing competition has a contradictory outcome under the closed-loop rule, it is
worthwhile for policy makers and antitrust authorities to consider as well the nature of

competition in the industry.
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