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Abstract

We reformulate the monetary policy model of Barro and Gordon
(1983a) by using an extended game with observable delay where the
hierarchy of play between the central bank and the private sector
is endogenous. This allows us to endogenise the institutional setup
wherein the monetary policy game takes place. We show that positive
inflation may be observed due to mixed strategies rather than time
inconsistency.
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1 Introduction

A classic issue in the existing literature on macroeconomic policy is the time
(in)consistency of optimal monetary policy, and the related debate about
rules vs discretion. This discussion dates back to Kydland and Prescott
(1977). Broadly speaking, the idea behind their analysis and the subsequent
literature is that a central bank may strategically exploit an advantage in
the game against the private sector (consumers and producers), manoeu-
vring the inflation rate (through an appropriate choice of the money supply
or the nominal interest rate) in order to achieve a higher level of employment
and ultimately increase aggregate output. To this aim, the bank finds it con-
venient to announce that she will manage monetary policy so as to stabilise
prices, and then - provided the private sector takes this announcement at
face value and adjust inflationary expectations accordingly - she finds it op-
timal to produce a positive inflation rate (the so-called ‘surprise’) driving the
economy to the desired levels of employment and output. A relevant aspect
of the formulation of the problem as it is formulated in Kydland and Prescott
(1977) and Barro and Gordon (1983a,b) is the fact that the private sector is
not, in fact, a strategic player, but rather an atomistic agent endowed with
perfect foresight. This point, which is not outlined in detail in the original
papers, is instead discussed in detail by Drazen (2000; see also Rogoff, 1987).

This view on the objectives and behaviour of a central bank originated a
debate on how to build a credibility for a central bank, and the desirability
of commitment devices limiting her discretion. Eventually, this materialised
into the need of mandatory tasks for central bankers, supposed to confine
themselves to stabilise prices without trying to affect the demand side of
economic systems. Under uncertainty, or incomplete information, announce-
ments and the credibility of monetary policy may rely upon reputational
effects generated by a repeated game.!

The discussion on the central bank’s incentives has also considered a
properly dynamic perspective, the first contribution in this vein being that of
Calvo (1978). This generated a wide literature, including Lucas and Stokey
(1983), Persson et al. (1987), Cohen and Michel (1988), Ireland (1997),
Alvarez et al. (2003), inter alia.?

IFor exhaustive overviews of the related literature, see Persson and Tabellini (1990,
1999) and Blinder (2000), inter alia.

2In particular, this stream of contributions relies upon the idea that the open-loop
Stackelberg solution of dynamic games is generally time-inconsistent. To this regard, see



By discussing the alternative between commitment and discretional poli-
cies, and the related issue of credibility, all of the aforementioned contri-
butions point to the need of an optimal design of the institutional setup
wherein the central bank and the private sector carry out their respective
moves. Here, we propose a reformulation of the model by Barro and Gor-
don (1983a,b), nesting it into an extended game a la Hamilton and Slutsky
(1990),% where players (the central bank and the private sector) can endoge-
nously and noncooperatively determine the timing of moves. That is, we
propose a way of endogenously modelling the institutional setting represent-
ing the backgroung to the model of Kydland and Prescott (1977) and Barro
and Gordon (1983a,b). We prove the existence of multiple equilibria: two
in pure strategies, one of which is in weakly dominant strategies and entails
stable prices, and one in mixed strategies, where a positive inflation rate is
observed with positive probability.*

Then, we extend the model by including an inflation-aversion term in
the preferences of the private sector. This drastically modifies the game, to
such an extent that no dominant strategies emerge any more, both for the
central bank and for the private sector. The setup becomes a chicken game
where both Stackelberg equilibria are subgame perfect equilibrium outcomes.
While the one with the bank leading is characterised by stable prices and the
output is at the natural level, the other, with the private sector leading, is
characterised by a positive inflation rate, so that income is above its natural
level. The latter case highlights an issue regarding the way one may think
of the private sector. That is, is the private sector summarised by a repre-
sentative (strategic) agent who knows that his behaviour will significantly
interact with the central bank’s, or by an atomistic (non strategic) agent,
whose only concern is to set expectations rationally, taking the view that he
cannot influence the central bank’s decision to any appreciable extent? This
dual nature of the private sector, already stressed by Drazen (2000), inter
alia, clearly reappears here. When the private agent is required to behave
strategically, he turns out to have incorrect foresights on the monetary policy
of the bank. Conversely, if he is taken to have perfect foresight, then such
expectations turn out to be unable to maximise his utility function. The
selection between these two equilibria becomes then a matter of coordina-

Simaan and Cruz (1973a,b), Kydland (1977) and Xie (1997).
3See also d’Aspremont and Gérard-Varet (1980).
4The same results obtain if one adopts the model used by Kydland and Prescott (1977).



tion devices and institutional arrangements as well as a matter of assessing
whether the private sector is made up by either strategic players or atomistic
agents with perfect foresight.

In either case, the bottom line of our analysis is that the occurrence of
a positive inflation rate may arise from the strategic interaction between
central bank and private agents concerning the timing of moves. In addition
to this, it is also worth emphasising that, when the private sector exhibits
even the slightest aversion to inflation, then the public itself is better off not
forecasting correctly the behaviour of the central bank.

The structure of the paper is as follows. Section 2 presents the basic
setup, and reports the solution of the Barro-Gordon model, according to
whether the game is played a la Nash or a la Stackelberg. Section 3 presents
an extended version of the model, where the timing of moves derives from
the players’ choices. Section 4 modifies the model taking into account the
aversion of private agents toward inflation. Section 5 concludes.

2 The setup

The basic model is the same as in Barro and Gordon (1983a,b). The structure
of the economy is summarised by an expectation-augmented Phillips curve:

y:y_’_ﬁ(ﬂ-_ﬂ-e)u (1)

where y is the output level, 7 is the full employment output, 7 is the current
inflation rate, 7€ is the expected inflation rate and /3 is a positive parameter
measuring the sensitivity of output to the inflationary surprise. We assume
perfect foresight on the part of the private sector.

The task of the central bank consists in choosing the inflation rate m so
as to minimise the following quadratic loss function:

L=a(m—7)7+ @y -k’ a>0k>1, (2)

under the constraint given by the Phillips curve. Parameter 7 defines the
supply-side target in therms of a desired inflation rate. In the remainder, we
set T = 0 for the sake of simplicity. Plugging (1) into (2), the central bank’s
loss function becomes:

L=ar*+[(r—m%)+(1-k7. (3)



The private sector sets expectations 7¢ so as to minimise the inflationary
surprise:

V= (7 —n°?%. (4)

2.1 The Nash game

Suppose the central bank and the private sector move simultaneously. The
first order conditions (FOCs) are:

L = ofar+ A3 () + (1L- BT =0 )
g:e = 2(r—7%=0. (6)

Solving the system (5-6) yields:

TN = = TN =7 (7)

with payoffs:
+5%) (k—1)° 72
LN:(a 5)( )?J;VN:O‘ 8)
o
Subscript NV stands for Nash. The Nash equilibrium outcome characterised
by expressions (7-8) coincides with the discretional (or third-best) equilib-
rium in Barro and Gordon (1983a,b).

Barro and Gordon (1983a,b) define as the first-best outcome (for the
central bank) the case in which (i) the central bank announces that she will
stabilise prices, i.e., m = 0; (ii) the private sector takes the announcement at
face value and sets 7© = 0; (iii) the central bank minimises L by choosing

pk-1y

W:W>O (9)

thereby attaining an output level higher than 7. This is seen as the source
of the time inconsistency of optimal monetary policy, but it is clearly not an
equilibrium outcome as ¢ # 7. Therefore, it cannot be part of a subgame
perfect equilibrium.

The case where (a) the central bank announces that she will stabilise
price, i.e., m = 0; (b) the private sector accordingly sets ¢ = 0; (c) the
central bank sticks to her announcement, so that the outcome @ = 7¢ = 0

5



obtains, is defined by Barro and Gordon as the second best or commitment
equilibrium. Yet, comparing this outcome with the first best, they claim that
there exists an ex post incentive to deviate on the part of the bank along
her best reply function, yielding the positive inflation rate in (9). In this
perspective, only the existence of a pre-commitment technology would allow
the central bank to stick to her announcement and achieve price stability. We
are about to show that this may not be the case, as price (in)stability is not
a matter of announcements and their credibility, but rather a consequence of
hierarchical play and selection among multiple pure strategy equilibria.

2.2 The Stackelberg games

To begin with, consider the case where the private sector is the leader, and
solves the following program:

min V' = (7 — 7)° (10)

s.t.:g—i:2[a7r—|—5(6(7r—7r6)+(1—k)§)]:O.

It can be immediately verified that the Stackelberg game with the private
sector leading is observationally equivalent to the Nash game, i.e., it has the
same equilibrium outcome identified by (7-8). That is, given its objective
function and the resulting best reply, the private sector cannot gain anything
from the possibility of strategically taking into account the central bank’s
best reply function. However, in such a case inflation is positive:
Ty = plk=1)F =7%. (11)
o

Subscripts F' and S stands for first and second, respectively.’®

Now we proceed to examine the Stackelberg game with the central bank
leading. Her optimum problem is the following:

nlrinL:cwrQ—i- 16 (7 —7°) + (1 - k) g)° (12)

5Tt is worth stressing that this labelling style does not refer to a sequence of moves
taking place in calendar time, which is absent here. Rather, it is meant to illustrate a
logical timing, i.e., the strategic use of the information contained in the rival’s best reply
function.



ov

s.t.: e = —2(m—7°%) =0,
yielding:
Tr=0=75;yr =7 (13)
L= (k—1)7°7%; Vs =0, (14)

with Lp < Ly. The Stackelberg outcome in (13-14) corresponds to the
precommitment (or second-best) situation in Barro and Gordon (1983a,b).

3 The extended game with observable delay

In order to examine the issue of time consistency of monetary policy, we adopt
the toolbox of Hamilton and Slutsky (1990), i.e., we examine an extended
game with observable delay where the stage devoted to the choice of 7 and
¢ is preceded by a meta-stage where players choose simultaneously and
noncooperatively the timing of moves, that is, whether to move as the first
(F) or as the second (S) player. If both the central bank and the private
sector choose F' (or S), then they will play simultaneously at the second
stage. Otherwise, if one player chooses F' and the other chooses S, then
sequential play is selected. The meta-stage takes place in logical rather than
calendar time; accordingly, there is no time discounting. In the light of the
discussion summarised in the introduction, the endogenous choice of timing
is a way of modelling the optimal design of the institutional setup, prior
to the monetary policy game itself. The outcome of the first stage of the
extended game, that is, the meta-stage of the game, determines whether the
second stage of the game, i.e., the game in the space (7, 7°) is going to be
played a la Nash or a la Stackelberg. The solution of the extended game
is thus a subgame perfect equilibrium in two stages. Accordingly, no time
inconsistency issue may arise here. The reduced form of the meta-stage is
in Matrix 1, where the row player is the central bank (CB) and the column
player is the private sector (P5S5).

PS
F S
CB F[Lyn,0]|Lr,0
S[In,0]|Lyn,0

Matrix 1




It is easy to verify that the meta-stage produces two pure-strategy Nash
equilibria, (S, F) and (F,S), the latter being in weakly dominant strate-
gies. Hence, simultaneous play is ruled out (at least in pure strategies) and
along the pure strategy subgame perfect equilibrium path we must expect to
observe sequential play with either player leading.

The explanation of this result lies in the fact that the game between the
central bank and the private sector is a supermodular one, i.e., the inflation
rate and the inflationary expectations are strategic complements. Put it in
different but equivalent terms, the best replies that obtain from FOCs (5-6)
are everywhere increasing in the space (m,7¢). Therefore, it must be true
that both players are at least as well off in either Stackelberg outcome as in
the Nash one.®

Moreover, there also exists a mixed strategy equilibrium that can be cal-
culated as follows. Suppose the central bank selects strategy F' with proba-
bility ¢ € [0, 1] and strategy S with probability 1 — ¢, while the private sector
attaches probability p € [0,1] to F and 1 — p to S. If so, then the central
bank is indifferent between F' and S if:

pLny +(1—p)Lp =pLy+ (1 —p) Ly
= (1—-pLy=(1-p)Lp

which can be satisfied only at p = 1, given that Ly # Lp. Through the
same procedure, it can be ascertained that ¢ is indeterminate, as the private
sector’s loss function is everywhere nil. Therefore, (g, 1) defines the Nash
equilibrium in mixed strategies, for any ¢ € [0,1].

Summing up, in pure strategies one should expect the emergence of the
equilibrium in weakly dominant strategies (F,S) characterised by stable
prices (m = 0). However, with probability ¢, the equilibrium with positive
inflation may obtain.

In other words, a positive inflation rate may occur not because of the my-
opic choice of central bank that is unable to commit herself to a second-best
zero-inflation policy (as in the Barro-Gordon story) but because of the exis-
tence of multiple equilibria and an associated equilibrium in mixed strategies,
in which a positive inflation rate is entailed by the possible outcome where
the central bank acts as either a Nash player or a Stackelberg follower.

(15)

6For more on this aspect, see d’Aspremont and Gérard-Varet (1980) and Hamilton and
Slutsky (1990).



4 Extension: inflation-averse private sector

In this section, we modify the loss function of the private sector to account for
the possibility that investors/consumers dislike inflation per se, even if, being
endowed with perfect foresight, they can fully anticipate any inflationary
manoeuvre by the central bank. Accordingly, we redefine V' as follows:

V=(r— 7re)2 + 72, (16)

where parameter v > 0 measures the the aversion to inflation by the private
sector. For reasons that will become clear below, we drop the assumption of
perfect foresight, or equivalently, we explicitly admit the possibility that the
inflation may not be correctly forecasted by the private sector.
In the Nash game, it is easily checked that FOCs (5-6) still hold. However,
due to the presence of inflation aversion, now the Nash equilibrium is:
plk—1)y

S AL SR —— 17
TN o TN YN Yy ( )

and the associated losses are:

2 2 2
L, et F) k-1 7oy, P k)P a8)

o o?

where Ly is obviously the same as in the original Barro-Gordon formula-
tion of the model. The associated inflation rate and output level are also
unmodified.

Next, we examine the game where the private sector strategically exploits
the information conveyed by the central bank’s FOC, or best reply function:

min V' = (7 — 7°)? + ym? (19)

s.t.:g—ﬁ:2[om+ﬁ(ﬁ(7r—7re)+(1—k)§)]:O.

The FOC of the leader is:
v 2[a’n —aB (k=17 + Py (B + (k= 1)7)]
ome (044‘52)2

yielding:

-0 (20)

. Bla=p*) (k-1
T = (@ 042—2);17 )5 > 0 for a117<%. (21)




However, in this case expectations turn out to be incorrect, as the equilibrium

inflation rate is: B(k—1)7
o — 1)y

_— > 7'(6 22

P (22

This finding uncovers a fundamental problem regarding the twofold role of
¢, which is treated as a foresight operator as well as a choice variable at the
same time. This, in turn, reveals the conflictual nature of the private sector,
which in this case, unlike all the previous ones, cannot be both rational and
strategic at the same time (see Drazen, 2000). The result that mg > 7¢ is
due to the supermodularity of the game, that is, to the fact that the reaction
functions of both players are everywhere increasing in the choice variable
of the opponent. When the public anticipates the behaviour of the central
bank and explicitly includes it as a constraint into its optimum problem,
then it ends up by expecting unstable prices. Once expectations are fixed,
and given the inflation-aversion of the private sector, the central bank reacts
by inflating the price level even more than expected. That is, this particular
Stackelberg game qualitatively (if not quantitatively) reproduces as an equi-
librium outcome what Barro and Gordon (1983a,b) define as the first-best
outcome. The difference lies in the fact that in Barro and Gordon the first-
best is relies on an announcement by the central bank, with respect to which
the subsequent behaviour of the bank herself will result time-inconsistent.
Here, if one takes the position that 7€ is a choice variable, there is no time
inconsistency as the outcome is a Stackelberg equilibrium (i.e., the subgame
perfect equilibrium of a perfect information game). If instead the idea pre-
vails, that 7¢ is the foresight forming in the minds of investors/consumers,
then one is led to conclude that the game is affected by time inconsistency
precisely because expectations are incorrect.”
The equilibrium payoffs are:

o (a+ B%) (k- 1) 7 By (k—1)° 72
2 Vi = 1
(a2 + 54’)/) a? + 37y

which are positive for all positive values of k.

Ls =

(23)

"This issue also relates to the institutional arrangements that constitute the envin-
ronment wherein inflation may more or less easily take place. Moreover, as it should be
clear by now, the present analysis calls for a reassessment of the presumed causal linkage
between central bank independence and low inflation (see, e.g., Posen, 1993).

10



Finally, there remains to investigate the case where the bank takes the
lead, her problem being:

nlrinL:cwrQ—i- 16 (7 —7°) + (1 — k) g)° (24)
s.t.: 2;/; =-2(mr—7° =0.

This minimum program is indeed formally equivalent to that examined in
the previous section. Therefore, it entails stable prices at equilibrium, with
the output at its natural level. Moreover,

Ly =(k—1)°7%; Vs =0. (25)

That is, the precommitment case is unaffected by the fact that the private
sector may be inflation-averse. This is intuitive, as the case of stable prices
makes the attitude of the public towards inflation completely irrelevant.

Now, one can use the expressions in (18), (23) and (25) to verify the
following properties:

Vy > Vg > Vs always; (26)
Ly > Lp, Ly > Lg always; (27)
3 2
LF—LSa1—Elﬁi§% (28)
(o2 + 5%)
with
—a?+ o/ (a+ )
Ly —Lg <0 forall ye |0, i ;
(29)
—a? + ay/a(a+ 57
Lp — Lg >0 for all v > 7 .

The above findings can be summarised in:

Lemma 1 Suppose expectations are not necessarily correct. If so, then se-
quential play is always Pareto-superior to simultaneous play, and both Stack-
elberg equilibria are subgame-perfect equilibria of the extended game, in un-
dominated strategies.® However, while the private sector always prefers fol-
lowing to leading, the central bank prefers to lead if the public is sufficiently

80f course, in addition to pure-strategy equilibria, there also exists a mixed-strategy
equilibrium.

11



inflation-averse, and conversely. In the Stackelberg equilibrium with the pri-
vate sector leading, expectations are incorrect, while they are correct in any
other outcome.

Finally, we proceed to model an alternative approach to the case where
the private sector leads.

Let us assume that expectations are necessarily correct, so that 7¢ = 7.
Under this assumption, the outcome turns out to be:

e Bk_lg —
WF:%:WSSZ/ZQL (30)

as in (11). The equilibrium payoffs are:

2 2 — 2
LS:(OMLB)(k—l) 92;VF:527(]€—1) v (31)

o o2

This comes from the fact that, in this case, the public does not differentiate
V w.rt. 7° under the constraint (5). Rather than solving a Stackelberg
leader problem w.r.t. a choice variable, the private sector simply uses 7¢ as a
pure expectation mechanism, and imposes that such expectations be correct.

If we use this solution concept, the relevant inequalities on equilibrium
payoffs are qualitatively the same as in the game without aversion to inflation:

LN=L5>LF;VN=VF>VS (32)

and the reduced form of the extended game has the same properties of Matrix
1, with two pure-strategy equilibria, (S, F) and (F,S), the latter being in
weakly dominant strategies.

To sum up:

Lemma 2 Suppose expectations are correct. If so, then both Stackelberg
equilibria are subgame-perfect equilibria of the extended game, but the one
with the bank leading is Pareto-superior to the other and also in weakly
dominant strategies. This holds irrespective of whether the private sector
is inflation-averse or not.

In words, the above Lemma states that, if we drop the idea that expecta-
tions are choice variables, and just consider them as a the mechanism through
which the private sector becomes fully aware in advance about the monetary

12



policy selected by the central bank, then it doesn’t really matter whether
individuals are averse to inflation per se, or just don’t care at all about it.
On the contrary, in the previous setting (summarised in Lemma 1), the same
consideration holds if and only if inflation is nil, in which case 7¢ = 7 = 0
and V' = 0 no matter how much the public may dislike price instability.

Putting Lemmata 1-2 together, we can draw the main conclusion of our
analysis:

Proposition 3 Under correct expectations, inflation may be observed as a
result of randomization over the sequence according to which decisions are
taken, irrespective of the attitude of the private agents toward price instability.
If we allow for expectations to be incorrect, inflation obtains at a pure-strategy
Stackelberg equilibrium with the private sector leading.

As a last remark, it is worth stressing that the Stackelberg equilibrium
with (a) incorrect foresight and (b) the private sector taking the lead, Pareto-
dominates all the other outcomes. Therefore, it clearly appears that under
inflation-aversion the private sector does not want to correctly foresee the
inflation rate produced by monetary policy. This is a typical example of
a wide class of games where more information is not necessarily the better
(Bassan, Scarsini and Zamir, 1997).

5 Concluding remarks

We have revisited the well known model of Barro and Gordon (1983a,b) by
using an extended game with observable delay where the hierarchy of play is
endogenously determined. In this way, we have shown that positive inflation
may be observed due to mixed strategies rather than time inconsistency.

In particular, we have considered two alternative cases, according to
whether private agents take care of inflation per se or not. In both cases, a
positive rate of inflation can emerge, not because of the fact that central bank
is unable to commit herself to the zero-inflation situation, but because the
endogenous choice of the order of moves, leads to subgame perfect equilibria
characterized by positive inflation.

Institutional arrangements, making clear the timing of moves, that is, the
order of choices between private agents and central bank, could be effective
in selecting Pareto-efficient equilibrium outcomes.

13
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