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Abstract

We investigate the role of R&D investment in transport and com-
munication (TCRD) in a Cournot duopoly with trade. Our analysis
suggests that firms may invest in TCRD at reasonable levels of ef-
fciency of TCRD even when they do not maximize their aggregate
payoffs, i.e., when the game is a prisoner’s dilemma. As we consider
countries of different size, it appears that for low levels of efficiency
of TCRD only small countries invest. Welfare effects suggest that in-
vesting in TCRD is superior for the country that undertakes it. The
terms of trade improve as the foreign market gets larger and, in some
cases, if the foreign firm invests in TCRD.
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1 Introduction

Transport and communication (TC) costs are at the heart of international
trade either in perfectly competitive or in non perfectly competitive markets.
TC costs put a wedge on transactions across borders because of distance and
differences of various kind (language, administrative procedures, technical
requirements etc.) among countries.

Despite their crucial role in international trade transport and communi-
cation costs have mostly had a marginal role in theoretical models.

So far most literature on TC costs has emphasized the role of public
infrastructure in reducing them both on the domestic market and in cross
border trade (Barro, 1990). Agglomeration of economic activity and the
surgeance of cluster of firms is partly associated with the public investment
in infrastructure and the economies of scale that made initially convenient to
establish in one particular region (Krugman, 1991a,b). Trade then appears
as the exchange of goods and services between agglomeration points, when
latu sensu distance is taken into account. The large literature on geography
and trade covers most of the aspects of the effect of better TC facilities on
trade and geographic concentration.

The transport cost issue has been dealt also in a different framework,
mainly due to Hotelling (1929), or, to be more precise and just, due to Laun-
hardt (1885, 1993), as a recent contribution of Dos Santos Ferreira and Thisse
(1996) has made it clear. In all these models, the distance between sellers
becomes synonymous of differentiation. In the original Launhardt (1993)
model, adopting a particular transport technology can be interpreted as a
choice of quality or, in other words, a vertical differentiation commitment.
Last, but not least, there is no cost associated with the quality and/or trans-
port technology chosen by a firm.

The question of TC costs can be addressed also by an analysis confined
to a domestic scenario (Lambertini, Mantovani, Rossini, 2001) with a set of
results that are partially relevant also for trade. A parallel distinction, yet
between public infrastructures facilitating domestic trade vis a vis interna-
tional trade, may be found in Martin and Rogers (1995).

So far, there has been no attempt to investigate the role of strategic
investment to reduce the burden of TC costs on firms.! This should actually

In the existing literature, iceberg transportation costs are taken as given (see Helpman
and Krugman, 1985, 1989; Grossman, 1992, for exhaustive surveys), while R&D investment
for process innovation has been investigated (Spencer and Brander, 1983, inter alia).



be on the agenda because most of the new technologies related to the Internet
are going to reduce private TC costs according to the investment effort of
each firm and make cross border trade less expensive only for those firms
that are better equipped.

Our main purpose is to go through private investment in TC in a strategic
environment. To this aim, we analyse the largely unexplored field of invest-
ment undertaken by firms to reduce the distance between themselves and
customers when products are homogeneous, transport and communication
are costly and oligopoly markets are there. We then depart from the liter-
ature on the effect of public investment in infrastructure, and concentrate
on the strategic issues involved in the technology of TC for the part that is
under the control of the firm.

To this purpose, we investigate the issue of investment in R&D devoted to
the improvement of the T'C technology (TCRD) in a Cournot duopoly setting
where each firm sells in two markets, the domestic one and the foreign one.

Whenever a firm ships an item to her customers, the efficiency of her
action is influenced by both the state of public infrastructures and by the
technology she adopts for TC. We take as exogenously given the state of
public infrastructure, and we dwell on the strategic decisions of firms to
decrease the burden of TC costs, that translates into the ability to shift the
level of transportation costs, in an international trade scenario.

Firms may reduce the weight of TC costs by investing in TCRD to make
their shipment to foreign markets less expensive and faster, in other words
to minimize the amount of value that is lost under way due to TC costs,
deterioration, damage and so on.

We investigate the outcomes of interactions of firms as the efficiency of
TCRD changes and we evaluate the social desirability of it. We then go
through some calibrated example to see the effect of asymmetric market sizes
on TCRD and equilibrium outcomes, finding some confirmation of stylized
facts suggesting that firms based in large countries tend to invest relatively
less in TCRD than those based in smaller countries. We then go through the
analysis of the terms of trade effects of TCRD obtaining some further insight
into the welfare effects of trade in the presence of modifiable TC costs.

In the next section we provide the general setting of the model. In section
3 we go through the solution of the two stage game. In section 4 we provide a
calibrated example to analyse the effect of the size of the market on TCRD.
In section 5 we provide social welfare assessments of the different market
solutions. In section 6 we close with the terms of trade effects of TCRD.



Section 7 proposes some concluding remarks.

2 The setting

We consider two firms H and F selling in two markets, their domestic market
and the foreign market, i.e., the rival’s domestic market. The two markets
are separated by natural barriers that require firms to bear transport and
communication costs whenever they wish to sell in the foreign market.

Firms play a two stage game. In the first stage they face a binary strategy
choice and decide whether to invest in TCRD or not. In the second stage
they compete in the market. The solution of the game requires a subgame
perfect equilibrium by backward induction.

We assume quadratic consumer surplus functions and, consequently, lin-
ear demand functions. We allow for different reservation prices across mar-
kets, i.e. different market sizes:

pg =a—hh—tf (1)

pr=>b—ff—th, (2)

where pr i are the good prices in the two markets, a and b are the respective
reservation prices, hh is the quantity sold by firm H in its own domestic
market while A is the quantity sold in the foreign market, ff is the quantity
sold by firm F' in its domestic market, while f refers to what she sells abroad.
TC costs are modeled by the iceberg way, introduced for the first time by
Samuelson (1954). For any quantity produced at home only a fraction ¢
€]0,1] can reach the foreign market, since the remaining fraction 1 — ¢ is
used up in transport and communication. Prohibitive TC costs or very bad
public infrastructure push ¢ towards 0. In case of no TC costs t goes to
one. In our analysis initial ¢ is exogenously given to the firms by the state
of public facilities. For the sake of simplicity we confine to a binary choice
set whereby a firm investing in TCRD gets ¢ = 1, while a firm that is not
investing in TCRD is stuck to the exogenously given ¢ €]0, 1[. Moreover, we
assume that each firm faces a constant marginal production cost c¢. Products
are homogeneous.

We then distinguish 3 cases. i) both firms invest in TCRD, i) no firm
invests in TCRD ¢ii) one firm invests while the other does not.



2.1 Both firms invest (kk)

The demand functions (1 and 2) for country H and country F, become,
respectively:

KEPH = 0 —kK hh —kK f (3)
and
kkDPr =b—ki ff —kK h. (4)
Profits functions are:
kT = (kP — ¢)kxhh + (kxpr — ¢)kxh — k (5)
and
kkTr = (kxpr — O ff+ (kxkpw — ) f — k, (6)

where £ is the common amount spent for TCRD by both firms. Each firm
maximises its profits with respect to the two controls, i.e. the quantity sold
on the domestic market and the quantity sold abroad. We then have 4 first
order conditions (FOC):

g
il )
ag;;f =0 (10)

Since there are constant marginal costs and perfect symmetry between the
two firms the two FOCs (7 and 8) can be solved independently of the other
two remaining FOCs and vice versa®. From the above FOCs we get equilib-
rium quantities:

a—c b—c a—c b—c
3 KKxh = 3 kxf" = 3 kxff™ = 3

2See Brander (1981) p.4.

wichh = . (11)




with the usual feasibility condition that a > ¢, b > c.
Equilibrium profits are:

. ., a?+b*—2ac— 2bc+ 22
kkT g =kk Tp = 5 — k. (12)

2.2 No firm invests (00)

Demand functions are:
00PH = & —o0 hh — too f

00Pr = b —oo ff — tooh.

Profits are respectively:

00T = (0opr — €)oohh + (coprt — ¢)ooh (13)
00T r = (00pr — ¢)oof f + (ooput — ¢)oof- (14)
From FOCs we obtain equilibrium quantities:
c+at — 2ct
hh* = ———
00 37
. c+bt—2ct
wff"= 3
. —2c+at+ct
oof * = 3@
pe_ Z2ct bttt
00 - 3t2 .

Nonnegativity constraints on optimal quantities (gof*and gph*) and non-
negative marginal revenues on the foreign markets require t > ¢ and:

2 9
C o tpandb> 1>t >

a>1>t>
- T T a+4c b+c

These conditions say that t has to be high for the domestic firm to consider

exporting when the foreign market is relatively small. In other words small
foreign markets will be served only if TC barriers are not too high. Notice
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that this result does not depend on any economies of scale since they are
assumed away in production.
We then turn to equilibrium profits:

5¢? 4 2act — 4bct — 8¢t + a*t? + b*t? + 2bct? — dact? + 5Pt?

007" fq = 072 ) (16)
. 5C® 4 2bct — dact — 8c*t + a*t?* + b*t? + 2act? — 4bct? + 5cPt?
07 = 072 . (17)
2.3 Only one firm invests (0k,kO0)
If only firm H invests in TCRD, the demand functions are
KopH = @ —xo hh —txo f (18)
koPF =b—xo ff —Kxoh (19)
Profits are respectively
koTa = (koPu — ¢)kohh + (kopr — ¢)koh — k (20)
koTr = (kopr — ¢)xof f + (koput — ¢)kof- (21)
Solving best reply functions we can obtain optimal quantities:
at — 2ct + ¢
hh* = ————
KO 3
Fro —2c+at+ct
Kol 3¢2
. ., b—c
ko' =Ko ff* = 3

Forgo f* > 0, it must be t > 2¢/(a + ¢), while for gohh* > 0, it must be
a > 2c.
Equilibrium profits are:

. (b—0c)?  (=2ct+at+c)?

—k (22)



. (b—0c)* (at —2c+ct)?
Ko'F = 9 + 012
The case of firm F' investing in TCRD while the rival H does not, leads
to the reversed above profits®.

(23)

3 The reduced form game

To find the solution of the two stage game we consider the reduced (normal)
form of the game, i.e., the matrix of payoffs obtained by adopting either the
strategy of investing in TCRD or not investing.

firm F
0 k

* * * *
firm H 0 00T f7,00 Mg | 0kT p 50k TR

* * * *
k KO gsk0Tp | kT skk T

Matrix 1

From the reduced form of the game we can derive the following;:

3Quantities produced are:

a—-c
o " Zox " = —
. Ut—2ct+c
ok ff" = 3
h*7720+bt+ct
orT 3z

The feasibility condition is again given by t > 2¢/(b + ¢).
Equilibrium profits are:

(a—c)? n (bt — 2¢ + ct)?
9 9¢2

and

. (a—¢)? . (—2ct + bt + c)?

9 9t2 —k



Theorem 1 In an international Cournot duopoly where countries are sepa-
rated by natural barriers giving rise to TC' costs, firms adopt their strategies
according to the efficiency of TCRD.

Suppose a = b. We then have 3 different symmetric solutions.

A) At high levels of efficiency (i.e., for k < ki), there exists a unique
equilibrium in dominant strategies in which both firms invest in TCRD and
maximize their aggregate payoff.

B) For lower levels of efficiency of TCRD (i.e., for ki < k < ko), the
game 1s a Prisoner’s dilemma with an equilibrium in dominant strategies with
both firms investing without being able to maximize their total payoff.

C') For even lower levels of efficiency of TCRD, there still exists a unique
equilibrium in dominant strategies where no firm undertakes TCRD and the
aggregate payoff is maximised.

Proof. We prove the above theorem confining the proof to the case in which
the two markets are of the same size, i.e., a = b.
Compare equilibrium profits along the principal diagonal. We have that

* * 3
kkTp H > 007 F i if

c(t — 1)(5¢ — 2at — 3ct)

hsh= 912

Then compare 007 Fr 11 with ox7};. It appears that 0T < kT g if

4e(1 —t)(at — )
9¢2

k<l =

Moreover, g7} < ox7jy if

—c(2at* — ct? + ¢ — 2at)
3t?

k< ky=

The sequence the critical k's is
ki < ky < ks.
Finally, in the acceptable region of parameters it is always true that:

06Tl = kT e A0 007 g g > 0kT po-
Therefore, for k < ki the sequence of payoffs is

* * * *
kT 2 kkTpp 200 Tpp 2 0kTp-

9



While for k € [ky, k2], the sequence becomes:
kTH = 00T F Zkk Trp = 0kTE-
Finally, for k > ks, we get:

* * * *
0T gy = kT 20k Tp 2 kkTp p-

4 The effects of market size on TCRD: an
example

We provide a calibrated example to assess the effect of the size of the market
on investment in TCRD. To this purpose we assume that the home market is
ten times as large as the foreign one. We evaluate again the strategic choices
of the firms in the same environment as above. The new payoffs may be easily
derived from previous sections. The matrix of the game in reduced form is
no longer symmetric with respect to the principal diagonal. By comparing
the payoffs, as the level of required investment TCRD changes, we can derive
the following;:

Remark 1 If TCRD 1is not very efficient, only the firm belonging to the
small country invests in TCRD, while the firm from the larger country shuns
TCRD. Only when TCRD becomes highly profitable the firm from the large
country follows the one from the small country investing in TCRD.

Proof. Assume that a = 10b. Calculate the payoffs of the two firms and
compare them. Beginning with? x g r.1, we face the only case in which both
firms have the same payoff, since they both invest in TCRD and therefore
the two markets loose any separation. Compare it with gqmg. It appears that
it is always true that gomy > K TH,F- While KKTH,F >00 TF if

c(t — 1)(5c — 38bt — 3ct)

hsz= or?

“We do not use * for equilibrium profits in the example.
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Then gxmpr >ox ™y and gomy o0 T if

_ Ae(t —1)(c—bt)
B 9¢2 '

k'§21

Proceeding further we have that: gomry >q0 7p if

_ 2c(t — 1)(2¢ — 20bt)

k<2 0¢2

While it can be easily verified that ¢xmy >ox 7p is always true. While

Ko > ko TF if
c(t — 1)(c — 20bt + ct)

3t2
Then oxmr >00 7r and xxTar > ko TF if

]CSZG:

4e(t — 1) (e — 100t)

h<a= 0f2

Flnally KOTH KK THF always holds and OKT R ZKO TF if

c(t — 1)(c — 14bt + ct)
3t?

Since z1 < 2o < 23 < 24 < 25 < 26, we have that:

a) for k < z; the sequence of payoffs is

KOTH 200 TH ZKK TRH 20K TH 0K TF >ko Tp >oo Tp and there
exists a unique equilibrium in dominant strategies in which both firms invest
in TCRD;

b) for k € [z1, 22] the sequence of payoffs becomes:

KOTH 200 TH 20K TH 2KK TrH >0k TF >Ko TF 200 Tr and there is
again a unique equilibrium in dominant strategies in which firm H (the one
living in the larger market) does not invest in TCRD, while the rival firm F
based in the smaller market invests in TCRD. This sort of equilibrium holds
regardless of slight changes in the sequence of payoffs for all k € [z1, 24] ;

c) for k > z, neither firm invests in TCRD as a result of a unique equi-
librium in dominant strategies. B

]CSZg:

The above remark, based on a calibrated proof, suggests that large coun-
tries tend to invest relatively less in TCRD than smaller countries. Holland,
for road and maritime transportation, and Greece, for maritime transporta-
tion may provide instances of such behaviour.

11



5 Welfare comparisons

We are now going to find out the welfare implications of investment in TCRD.
To this purpose we consider the social welfare of each country as represented
by the sum of the domestic consumer surplus plus the profits the domestic
firm obtains on both the foreign and the domestic market. The consumer
surplus is quadratic. Confining the analysis to country H, it can take two
different forms according to whether the foreign firm invests in TCRD or not:

hh + 2
Csux = aloxhh +ox f) — (o 5 o /)
if the foreign firm invests, or
hh +t 2
Csno = a(kohh +tiof) — (o 5 xo/)

if she doesn’t.

Profits vary according to the interactions between TCRD investment of
the domestic firm vis a vis the foreign firm.

We then have 4 cases, as from section 2, and the relative 4 welfare func-
tions:

woWn =
(9¢* + 2act — 8bet — 18¢*t + 10a*t* + 2b*t? — 10act? + 4bct? + 9c*t?)
18¢2 ’
when neither firm invests in TCRD.
If both firms invest, we have:

2 12 Ao
T — (5a* +b 94ac 2bc) k’,

while, if only the domestic firm invests, we get:

(c* + 2act — 10c*t + 10a*t* + 20°t* — 10act® — bet? + 9ct?)

— k.
18¢2

KOWH =

Yet, if only the foreign firm invests it is:

(—2¢* — bet + 5t + 5a*t? + b*t* — dact® — be® + 3c*t?)
9¢2

OKWH =

12



From the above welfare functions we can obtain some comparative statics
information concerning market size effects. Consider the effect of the increase
in the dimension of the domestic market. It appears that

Ok xkWn OxoWn OoxWh OooWn
X X X >

da da Oa Oda — 0

in the feasible set of parameters. The increase in the size of the foreign market
has a similar nonnegative effect on social welfare of country H, regardless of
the strategy adopted by firms. If we go through the relative effects on the
consumer surplus and on the profits of the domestic firm, we find that the
consumer surplus does not, obviously, change as the size of the foreign market
varies and increases as the domestic market gets larger. Profits react to an
increase in the size of any of the two markets in a nonnegative fashion for all
feasible sets of parameters.

More interesting is to find out the regime that the social planner would
prefer in a second best comparison of different market outcomes. Again we
consider country H and we assume, for the sake of simplicity, that the dimen-
sion of the two markets is the same, i.e.: a = b. From feasibility conditions it
appears that we can consider markets whose dimension is weakly larger than
t > c. Then we obtain the following:

Theorem 2 We consider 3 different market sizes.

17
i) Small market size: a = b < e It appears that for low levels of t the

most desired market solution are oWy for low levels of k, and then o oWg
for high k. As we move towards higher t, xxWpy becomes larger at low k and
ooWn at high k. At even higher t and k, ox Wy is preferred.
17 9
i1) Medium market size: a =b € =635

At high levels of transport costs and/or bad public infrastructure, i.e., for
Tc

b+ 12c
only when k gets larger, respectively by qoWy for all t € |:tF7t1 =

Tc
hen k > k db it tyty =
when k > kss , and by oxWy for all t € [172 Ty

the socially preferred outcome become xxWpy for low investment levels and
oxk Wy for high levels of k.

9
iti) Large market size: a =b € [507 oo> ,we have that oWy is again the

t e |tpta = , we have that xoWy s the largest and it is surpassed
13c
4b + 15¢

]. As t increases,

13



largest welfare level for low values of k. As k gets larger, oxgWy and ooWy
prevail for lower and higher levels of t, respectively.

We provide the detailed proof in the Appendix.

A brief comment suggests that, almost regardless of market size, the social
planner always prefers the domestic firm to invest in TCRD, provided that it
is efficient and that initial endowment of public infrastructure is poor, i.e. for
low t. When TCRD becomes highly costly, in some cases, the social planner
would like the foreign firm to invest to increase its presence in the domestic
market so as to keep prices at a reasonable level.

6 Terms of trade effects

We now wish to see how the terms of trade (T'OT') react to some key vari-
ables, such the dimension of markets, the initial level of endowment of TC
infrastructure, i.e. TC costs, and the level of sheer production costs. T'OT
are defined as the ratio between the price of exports over the price of imports
of a country. In our case the price of exports is equal to the foreign price
pr while the price of imports is equal to the domestic price py. We then
calculate the TOT in the 4 regimes termed 0k, k0, kk, 00 and we get:

c+bt+ct
TOT = ————
oK at + 2ct
ror _ Ctbttct
00 T c+attet
b+ 2c
TOT = ——M8M—
KO a+c+cft
b+ 2c

TOT = .
KK a+ 2c

It can be easily seen that the TOT always improve as the dimension of
the foreign market increases. Moreover, if the two markets are of the same
dimension the T'OT equal unity in the symmetric cases and become larger
than unity if the foreign market gets larger. Sticking to markets of equal
dimension, it appears that xoTOT < 1, while oxTOT > 1. Some comparative
statics may be added to see whether:

i) better public infrastructure (higher ¢)

14



i) better production technologies (lower c)
i1i) changes in market dimensions

affect the TOT in the asymmetric cases.
Let’s start with ¢ :

80KTOT o C

ot (a+2c)t?

0K0TOT . C(b -+ 20)
ot  (at+ct+c)?
The first expression is negative while the second is positive, which implies
that a general improvement in public infrastructure benefits more the country

that invests in TCRD.
Let’s analyse the effects of ¢ :

80KTOT . a+ at — 2bt
dc  (a+20)%

>0

8K0TOT o t(—b — bt + 2at)
dc  (c+at+ct)?
Here it appears that better technologies benefit the TOT' of the country that

invests in TCRD.
Finally look at the effects of market dimension:

8K0TOT _ (b+20)t2
da  (c+at+ct)?
0 goTOT 1
ob  c+a+tcft
80KTOT . _(c+bt+ct)
da  (a+2c)%
0oxgTOT 1
ob  2c+a’

The own market effect is always negative for the TOT in both cases, while
the foreign market effect is positive. This is due to fact that a larger internal
market implies a higher internal price that coincides with the price of imports
since products are homogeneous.

15



7 Conclusions

In a Cournot duopoly setting in which firms sell on both the domestic and
the foreign market, export takes place towards small markets only if well
linked, or in other words if the initial state of public infrastructure for TC
purposes is not too bad in both large and small countries.

With countries of equal size, both firms undertake TCRD at high levels
of efficiency of their investment. If the profitability of TCRD decreases, both
of them still invest and yet fail to maximise their aggregate payoff, in that
the game is a Prisoner’s Dilemma. For even less efficient TCRD, they both
stop investing.

It seems that small countries invest in TCRD even when large countries
stop doing it since they find it not profitable enough. This is consistent with
the stylized fact that can be mainly observed in Holland and Greece, highly
specialised in TC industries.

When markets are small and public infrastructure not much efficient social
welfare is maximised if the domestic firm invests in TCRD.

Related TOT analysis shows that they improve as the size of the foreign
market increases and as the foreign firm invests in TCRD, that, then, provides
a positive externality to domestic consumers. A general improvement in TC
public infrastructure is going to benefit more the TOT' of the country that
has the firm already investing in TCRD.

16



8 Appendix

Here we provide the proof of theorem 2.

Proof. We omit the deponent H since we always refer to welfare levels of
country H.

We provide a proof divided between a common initial section and a set
made up of 3 parts according to the 3 regions mentioned in the proposition.

INITIAL COMPARISONS
First we consider the overall levels of welfare and we compare them. Then
kxW > oW if

(—9¢? + 6bct — 6bct? + 18¢°t — 9c2t?)
18¢?

k<k =

2¢? + bet — 5¢t — bet? + 3¢*t?)

kgk?:( o¢2

And K()W Z OKW lf

(5¢? + dbct — 20c*t — 4bct® + 5c2t?)

ks = 18t7

And K()W Z 00W if

(—4c? + 4bct + 4c*t — 4bct?)
9¢2

k< k=

c(t —1)(c+ 2bt — 9ct) S
18t2 -

In this last case, if b > 4.5¢, we have that xxW < goW. While if b < 4.5¢ it
must be ¢ >ty = 5-5; for kxkW > goW. Finally we have that ooW > oxW

if
c(t — 1)(—13c + 4bt + 15¢t)

18t2

>0,

that requires t < t; = 1513:4b'

Compare now the k's. It appears that ky > ko if t > ¢{, while k; > k3 if
t >ty ="Tc/(b+ 12c), and ky > ks if t > t5 and b < 4.5¢. The opposite, that
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is ko < k3 happens if b > 4.5¢. Moreover k4 > ko always holds. kg > ko if
t > t;. And, finally k4 > kq if b > 4.5¢. If b < 4.5¢ we have k4 < ki provided
that ¢ < .

Now we consider the feasible set of market sizes and we divide it into the
3 mentioned regions.

REGION 1: a =b<17/5c = 3.4c.

REGION 2: 17/5¢ < b < 4.5¢,

REGION 3: b > 4.5¢c.

Consider first REGION 1.

In this region the sequence of the transport parameter is to < to < t;.

For ¢t < ty the sequence of k is k1 < ky < k4 < k3 and welfare ranking
is koW > gkgW 200 W 2ok W for k < ki koW > oW 2k W 20 W
for k € [ki,ka]; koW > oW >0 W >k W for k € [ko, kal; oW >
koW >ox W >k W for k € [ka, ks]; oW > ok W >g0 W >k W for
k> ks.

For t € [to, t2] the sequence of k is k4 < k; < k3 < ko and welfare ranking
is kkW > goW 200 W 2o W for k < kasgx W > oW 2o W 2ok W for
k€ [ka, kil;00 W > kW >0 W >0k W for k € [ky, kslio0 W > kxW >0k
W > Ko W for k € [1{53,]{52];00W > OKW > KK w > Ko W for k > ]{52.

For t € [tq, 1] the sequence of k is ko < k3 < k1 < k4 and welfare ranking
is goW > gkxgkW 2o W 200 W for k < kosgo W > ok W 2 W 200 W for
k€ ko, kslsok W > koW >k W >0 W for k € [k, kil;06 W > koW >00
W >k W for k € [ki, kalsok W > 0oW >0 W >k W for k > ky.

For t > t; the sequence of k is ky < k; < k3 < k4 and welfare ranking is
kkW > koW 200 W 2o W for k < kgsgx W > oW >ko W >ox W for
k€ [ka, kslikx W > ooW >ox W >0 W for k € [ks, k1]i00 W > kW >0k
W >go W for k € [kl,kg];oow > okW 2k W >go W for k > ks.

Then consider REGION 2.

In this case the sequence of t is t; < ty < 1.

For t < t; the sequence of k is k1 < ky < k4 < k3 and welfare ranking
is oW > gkgW 200 W 2o W for k < ki goW > oW 2k W 20 W
for k € [kl,kg]; K()W > 00W > 0K w > KK W for k € [kg,kg]; 00W >
okW >go W >k W for k > ks.

For t € [t1,ts] the sequence of k is ko < k1 < k3 < k4 and welfare ranking
is koW 2> kW Zox W 200 W for k < koo W > oW 2k W 200 W for
k€ [ky, kiliko W > oxkW 200 W 2>k W for k € [ki, ksl;ox W > koW 200
w > KK W for k € [kg,k’4];0KW > 00W > Ko W >KK W for k > l{,’4.
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For t € [ty, t] the sequence of k is ko < k3 < k; < k4 and welfare ranking
is goW > gkxgkW 2o W 200 W for k < kosgo W > ok W 2gx W 200 W for
k € [ko, ksliok W > koW >k W >0 W for k € [ks, k1];06 W > koW >qo
W > KK W for k € []{31,]{34];0KW > 00W > Ko w > KK W for k > ]{34.

For t > ty the sequence of k is k1 < ko < k4 < ky and welfare ranking is
kkW = goW 2o W 200 W for k < kz;gg W > oxW Zgo W 200 W for
k€ [ks, kalsok W > kW >go W 200 W for k € [k, kaliox W > kgW 200
W > Ko W for k € [1{54,]{51];0KW > 00W > KK w > Ko W for k > ]{51.

Now we are left with REGION 3.

Here the sequence is just represented by t; < ts.

For ¢t < t; the sequence of k is k; < ky < k4 < k3 and welfare ranking
is koW > gkgW 200 W 2ok W for k < ki koW > oW 2k W 20 W
for k € [ki,ka]; koW > oW >k W >k W for k € [kg, ka]; 0oW >
koW >0k W >k W for k € [k, ksl;o0 W >ox W >ko W >k W for
k > ks.

For t € [t1,t5], the sequence of k is ko < ky < k3 < k4 and welfare ranking
is oW > gkgW 2o W 200 W for k < ko; goW > ok W 2k W 200 W
for k € [k’g,kl]; K()W > ()KW >00 w > KK W for k € [k'l,k'g]; OKW >
koW >0 W >k W for k € [ks, kalsjoxk W 200 W >go W >k W for
k> ky.

For t > ty the sequence of k is ky < k3 < k; < k4 and welfare ranking
is oW > gkgW 2o W 200 W for k < ko; goW > ok W 2k W 200 W
for k € [k’g,kg]; OKW > K()W >KK w >00 W for k € [kg,k’l]; OKW >
gkoW 200 W >gg W for k € [k, kaliog W 200 W 2g0 W >gx W for
k>k, 1
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