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H{lvwhqfh ri Htxloleulxp

lq d Gl�huhqwldwhg Gxrsro|

zlwk Qhwzrun H{whuqdolwlhv

Oxfd Odpehuwlql 0 Udlprqghoor Ruvlql

Glsduwlphqwr gl Vflhq}h Hfrqrplfkh

Xqlyhuvlwã ghjol Vwxgl gl Erorjqd

Vwudgd Pdjjlruh 78

73458 Erorjqd/ Lwdo|

h0pdlo odpehuwlCvser1xqler1lw

h0pdlo ruvlqlCvser1xqler1lw

Qryhpehu 46/ 4<<;

Devwudfw

Wkh h{lvwhqfh ri d sxuh0vwudwhj| vxejdph shuihfw htxloleulxp lq

txdolwlhv dqg sulfhv lv lqyhvwljdwhg lq d gxrsro| prgho ri yhuwlfdo gli0

ihuhqwldwlrq zkhuh txdolw| lpsuryhphqwv uhtxluh d txdgudwlf yduldeoh

frvw dqg qhwzrun h{whuqdolwlhv dsshduv lq frqvxphu xwlolw|1 Ixoo pdu0

nhw fryhudjh lv dvvxphg1 Zh vkrz wkdw wkhuh dozd|v h{lvwv d vxe0

vhw ri wkh dgplvvleoh sdudphwhu udqjh zkhuh qrqfrrshudwlyh sur�wv

duh qrq0qhjdwlyh1 Lq vxfk d vxevhw/ wkh lqfhqwlyh wr suhgdwh suhyhqwv

�upv wr uhdfk d sxuh0vwudwhj| qrqfrrshudwlyh htxloleulxp zlwk sulfhv

deryh pdujlqdo frvwv1 Li qhwzrun h{whuqdolwlhv duh vx!flhqwo| odujh/ d

Ehuwudqg htxloleulxp zlwk }hur sur�wv pd| dulvh/ dowkrxjk wkh dprxqw

ri surgxfw gl�huhqwldwlrq lv vwulfwo| srvlwlyh1 Li wkh zhljkw ri qhwzrun

h{whuqdolwlhv h{fhhgv wkdw ri khgrqlf vdwlvidfwlrq lq frqvxphu suhihu0

hqfhv/ wkhq suhgdwlrq lv dozd|v d grplqdqw vwudwhj|1

MHO Fodvvl�fdwlrq= G95/ O46

Nh|zrugv= htxloleulxp h{lvwhqfh/ yhuwlfdo gl�huhqwldwlrq/ qhw0

zrun h{whuqdolw|
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4 Lqwurgxfwlrq

Wkh lvvxh ri wkh h{lvwhqfh ri d vxejdph shuihfw htxloleulxp lq sxuh vwudwhjlhv

kdv gudzq d frqvlghudeoh dprxqw ri dwwhqwlrq lq wkh h{lvwlqj olwhudwxuh rq hq0

grjhqrxv surgxfw gl�huhqwldwlrq1 Zkhq yhuwlfdo gl�huhqwldwlrq lv frqvlghuhg/

whfkqrorj| odujho| d�hfwv wkh htxloleulxp pdunhw vwuxfwxuh1 Wkh �qlwhqhvv

surshuw| hphujhv li txdolw| lpsuryhphqwv klqjh hlwkhu rq �{hg frvwv gxh wr
U)G dfwlylw|/ ru xsrq d yduldeoh frvw zklfk lv qrw wrr vwhhs lq wkh txdo0
lw| ohyho +vhh Jdev}hzlf} dqg Wklvvh/ 4<:</ 4<;3> Vkdnhg dqg Vxwwrq/ 4<;5/
4<;6,1 Zkhq yduldeoh frvwv duh vx!flhqwo| frqyh{/ frpshwlwlrq rewdlqv dv
lq vsdwldo prghov ã od Krwhoolqj +4<5<,1 Dv vwuhvvhg e| Jdev}hzlf} dqg
Wklvvh +4<;9,/ yhuwlfdo surgxfw gl�huhqwldwlrq lv jhqhudoo| h{shfwhg wr jhq0
hudwh sxuh0vwudwhj| htxloleuld zlwk sulfhv vwulfwo| deryh pdujlqdo frvwv1 Rq
wkh frqwudu|/ xqghu krul}rqwdo surgxfw gl�huhqwldwlrq/ dq hvwdeolvkhg uhvxow
lv wkdw d sxuh0vwudwhj| htxloleulxp lq sulfhv pd| idlo wr h{lvw +vhh/ lqwhu dold/
g*Dvsuhprqw hw do1/ 4<:<> Jdev}hzlf} dqg Wklvvh/ 4<;9> Hfrqrplghv/ 4<;9>
Dqghuvrq/ 4<;;,1 Pruh suhflvho|/ d vxejdph shuihfw htxloleulxp zlwk srvl0
wlyh sur�wv pd| idlo wr h{lvw/ ehfdxvh �upv* orfdwlrq fkrlfhv gulyh sulfhv wr
pdujlqdo frvw14

Lq vhyhudo pdunhwv/ lqglylgxdov pd| wdnh wkhlu frqvxpswlrq ghflvlrqv frq0

glwldoo| xsrq wkh qxpehu ri rwkhu frqvxphuv sxufkdvlqj wkh vdph eudqg ru

jrrg1 Wklv skhqrphqrq lv fdswxuhg e| lqwurgxflqj qhwzrun h{whuqdolwlhv

lqwr frqvxphu suhihuhqfhv15 Wkh suhvhqfh ri qhwzrun h{whuqdolwlhv whqgv wr

lqwhqvli| frpshwlwlrq1 Wklv/ lq wxuq/ pd| sxw lqwr txhvwlrq wkh h{lvwhqfh ri

d sxuh vwudwhj| htxloleulxp zlwk srvlwlyh sur�wv1

Zh lqyhvwljdwh wklv lvvxh lq d gxrsro| prgho zlwk yhuwlfdo gl�huhqwldwlrq

dqg txdgudwlf frvwv ri txdolw| lpsuryhphqwv/ zkhuh wkh �qlwhqhvv surshuw|

grhv qrw krog1 Zh lqwurgxfh d qhwzrun h{whuqdolw| lq frqvxphuv* xwlolw|

ixqfwlrq/ dqg lqyhvwljdwh wkh h{lvwhqfh dqg fkdudfwhul}dwlrq ri sxuh0vwudwhj|

4D sulfh htxloleulxp lq pl{hg vwudwhjlhv dozd|v h{lvwv1 Vhh Gdvjxswd dqg Pdvnlq
+4<;9,> Rveruqh dqg Slwfkln +4<;:,1

5Vhplqdo frqwulexwlrqv lq wkh wkhru| ri qhwzrun h{whuqdolwlhv duh Ndw} dqg Vkdslur
+4<;8> 4<;9,> Iduuhoo dqg Vdorqhu +4<;8> 4<;9,1 Iru dq ryhuylhz/ vhh Ndw} dqg Vkdslur
+4<<7, dqg wkh vshfldo lvvxh ri wkh Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ hglwhg
e| Hfrqrplghv dqg Hqfdrxd +4<<9,1

5



vxejdph shuihfw htxloleuld xqghu ixoo pdunhw fryhudjh1 Zh vkrz wkdw wkhuh
dozd|v h{lvwv d vxevhw ri wkh sdudphwhuv phdvxulqj khgrqlf suhihuhqfhv dqg
qhwzrun h{whuqdolwlhv/ zkhuh qrqfrrshudwlyh sur�wv duh qrq0qhjdwlyh1 Lq vxfk
d vxevhw/ wkh lqfhqwlyh wr suhgdwh suhyhqwv �upv wr uhdfk d sxuh0vwudwhj| qrq0
frrshudwlyh htxloleulxp zlwk sulfhv deryh pdujlqdo frvwv1 Zkhqhyhu qhwzrun
h{whuqdolwlhv duh odujh hqrxjk/ d Ehuwudqg htxloleulxp zlwk }hur sur�wv pd|
dulvh/ dowkrxjk wkh dprxqw ri surgxfw gl�huhqwldwlrq lv vwulfwo| srvlwlyh1 Li
wkh zhljkw ri qhwzrun h{whuqdolwlhv h{fhhgv wkdw ri khgrqlf vdwlvidfwlrq lq
frqvxphu suhihuhqfhv/ wkhq suhgdwlrq lv dozd|v d grplqdqw vwudwhj|1 Wklv
suhyhqwv �upv iurp uhdfklqj d gxrsro| htxloleulxp zlwk vwulfwo| srvlwlyh
sur�wv1

Wkh uhpdlqghu ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Wkh prgho lv odlg
rxw lq vhfwlrq 51 Vhfwlrq 6 ghvfulehv wkh pdunhw vwdjh1 Wkh h{lvwhqfh ri d
sxuh vwudwhj| htxloleulxp lv lqyhvwljdwhg lq vhfwlrq 71 Frqfoxglqj uhpdunv
duh suhvhqwhg lq vhfwlrq 81

5 Wkh prgho

Wklv vhwwlqj h{whqgv wkh dqdo|vlv fduulhg rxw e| vhyhudo dxwkruv +Fkdpsvdxu
dqg Urfkhw/ 4<;<> Fuhphu dqg Wklvvh/ 4<<7> Odpehuwlql/ 4<<9> Hffkld dqg
Odpehuwlql/ 4<<:/ lqwhu dold,1 Zh frqvlghu d yhuwlfdoo| gl�huhqwldwhg gxrsro|
zkhuh hdfk �up surgxfhv d vlqjoh jrrg ri txdolw| ^/ zlwk ^M � ^u/ dqg wkhq

frpshwhv lq sulfhv djdlqvw wkh ulydo1 Wkhuh h{lvwv d frqwlqxxp ri frqvxphuv

lqgh{hg e| wkhlu pdujlqdo zloolqjqhvv wr sd| iru txdolw| w 5 dwfc w�oc zlwk

wf ' w���� Wkh glvwulexwlrq ri frqvxphuv lv xqlirup/ zlwk ghqvlw| sEw� ' �/
vr wkdw wkh srsxodwlrq ri frqvxphuv lv 41 Hdfk frqvxphu ex|v rqh xqlw ri

wkh surgxfw � wkdw |lhogv wkh kljkhvw qhw vxusoxv L ' w^�nk%��R�c � ' Mcuc

zkhuh R� lv wkh sulfh ri jrrg � dqg k � f +wkh vdph iru doo djhqwv, lv wkh zhljkw
ri wkh qhwzrun h{whuqdolw| lq wkh xwlolw| ixqfwlrq1 Zh dvvxph wkdw wkh pdunhw
lv frpsohwho| fryhuhg e| �upv1 Ohw ew ' Ek� 2kw�n R�� Ru�*E^M � ^u� 2k�
gh�qh wkh pdujlqdo zloolqjqhvv wr sd| ri wkh frqvxphu zkr lv lqgl�huhqw

ehwzhhq wkh kljk dqg wkh orz txdolw| jrrg1 Wkh pdunhw ghpdqg ixqfwlrqv

duh/ uhvshfwlyho|=

%M ' w� �
ew ' w� �

k � 2kw� n R� � Ru

^M � ^u � 2k
li w� �

k� 2kw� n R� � Ru

^M � ^u � 2k
5 Efc ��

+4,
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%M ' � li w� �
k� 2kw� n R� � Ru

^M � ^u � 2k
� � +4*,

%M ' f li w� �
k� 2kw� n R� � Ru

^M � ^u � 2k
� f +4�,

%u '
ew�wf '

k� 2kw� n R� � Ru

^M � ^u � 2k
�Ew���� li

k � 2kw� n R� � Ru

^M � ^u � 2k
�Ew���� 5 Efc ��

+5,

%u ' � li
k� 2kw� n R� � Ru

^M � ^u � 2k
� Ew� � �� � � +5*,

%u ' f li
k� 2kw� n R� � Ru

^M � ^u � 2k
� Ew� � �� � f +5�,

Surgxfwlrq whfkqrorj| lqyroyhv yduldeoh frvwv/ zklfk duh txdgudwlf lq wkh

txdolw| ohyho dqg olqhdu lq wkh rxwsxw ohyho=

�� ' ^
2

�
%� � ' Mcuc +6,

zkhuh %� lqglfdwhv wkh rxwsxw ohyho ri �up �/ zkrvh sur�w ixqfwlrq lv

Z� ' ER� � ^
2

�
�%�� +7,

Wkh jdph lv ixoo| qrqfrrshudwlyh dqg wdnhv sodfh lq wzr vwdjhv1 Lq wkh
�uvw/ �upv vhw wkhlu uhvshfwlyh txdolw| ohyhov> wkhq/ lq wkh vhfrqg/ zklfk lv
wkh surshu pdunhw vwdjh/ wkh| frpshwh lq sulfhv1 Lq erwk vwdjhv/ pryhv
duh vlpxowdqhrxv1 Vxejdph shuihfw htxloleulxp e| edfnzdug lqgxfwlrq lv
dgrswhg dv wkh vroxwlrq frqfhsw1

6 Wkh sulfh vwdjh

Surfhhglqj edfnzdugv/ zh h{dplqh �uvw wkh �upv* sulfh ehkdylrxu dw wkh
pdunhw vwdjh/ iru d jhqhulf txdolw| sdlu1 Zh suryh zkdw iroorzv=

Ohppd 4 Fdqglgdwh htxloleulxp sulfhv ghfuhdvh dv k lqfuhdvhv/ l1h1/ YR�*Yk 	
f iru doo k : f�

Surri1 Iurp wkh �uvw rughu frqglwlrqv +IRFv khqfhiruwk,/

YZM

YRM
'

Ru � 2RM n ^2
M
� kn w�E^M � ^u�

^M � ^u � 2k
' f( +8,
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YZu

YRu
'

RM � 2Ru n ^
2

u
� kn Ew� � ��E^M � ^u�

^M � ^u � 2k
' fc +9,

wkh iroorzlqj htxloleulxp sulfhv rewdlq=

RM '
E^M � ^u�Ew� n �� n 2^2

M
n ^

2

u

�
�k( Ru '

E^M � ^u�E2� w��n 2^2
u
n ^

2

M

�
�k�

+:,
Iurp +:,/ lw fdq eh lpphgldwho| yhul�hg wkdw YR�*Yk ' ���

Wkh deryh uhvxow fdq eh jlyhq wkh iroorzlqj lqwhusuhwdwlrq1 Dowkrxjk wkh

suhvhqfh ri d qhwzrun h{whuqdolw| frpsrqhqw lq wkh xwlolw| ixqfwlrq ulvhv wkh

uhvhuydwlrq sulfh iru doo frqvxphuv dv frpsduhg wr wkh vwdqgdug fdvh zkhuh

k ' fc wkh xowlpdwh h�hfw ri qhwzrun h{whuqdolwlhv lv sur0frpshwlwlyh/ lq wkdw

�upv duh ohdg wr ghfuhdvh sulfhv lq rughu wr hqodujh wkhlu uhvshfwlyh pdunhw

vkduhv1 H{sorlwlqj qhwzrun h{whuqdolwlhv vr dv wr lqfuhdvh sulfhv dulvhv li �upv

frooxgh dw wkh pdunhw vwdjh> li lqvwhdg wkh| gr qrw/ dv zh dvvxph khuh/ wkhq

sulfhv duh gulyhq wrzdugv pdujlqdo frvw e| d vwdqgdug Ehuwudqg dujxphqw

edvhg rq vwudwhjlf frpsohphqwdulw|1 Wklv ghpdqg h�hfw pd| lqghhg sxw

lqwr txhvwlrq wkh h{lvwhqfh ri d sxuh0vwudwhj| vxejdph shuihfw htxloleulxp

zlwk sulfhv deryh pdujlqdo frvwv1

7 H{lvwhqfh ri htxloleulxp

Vxevwlwxwlqj +:, lqwr �upv* remhfwlyh ixqfwlrqv dqg uhduudqjlqj/ zh jhw wkh
sur�w ixqfwlrqv gh�qhg h{foxvlyho| lq whupv ri txdolwlhv=

ZME^M c ^u� '
dEw� n ��E^M � ^u�� ^

2

M
n ^

2

u
� �ko

2

bE^M � ^u � 2k�
( +;,

ZuE^Mc ^u� '
dE2 � w��E^M � ^u�n ^

2

M
� ^

2

u
� �ko

2

bE^M � ^u � 2k�
� +<,

Jlyhq wkh v|pphwu| ri wkh prgho/ d txdolw| sdlu zklfk fdqglgdwhv dv wkh
htxloleulxp ri wkh �uvw vwdjh pxvw eh v|pphwulf durxqg E2w� � ��*e/ zklfk
lv wkh ydulhw| suhihuuhg e| wkh dyhudjh +dqg phgldq, frqvxphu1 Vroylqj wkh
IRFv/ zh rewdlq d xqltxh txdolw| sdlu phhwlqj wklv uhtxluhphqw=

^
W

M
'

ew� n �

H
( ^W

u
'

ew� � D

H
c +43,
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zklfk hqwdlo wkh jhqhudo frqvwudlqw w� � D*ec lq rughu iru ^u wr eh qrq0
qhjdwlyh1 Qrwlfh wkdw txdolwlhv lq +43, frlqflgh zlwk wkrvh rewdlqhg lq wkh
prgho zlwkrxw qhwzrun h{whuqdolwlhv +fi1 Fuhphu dqg Wklvvh/ 4<<7> Odpehu0
wlql/ 4<<9,1

Wkh fruuhvsrqglqj fdqglgdwh htxloleulxp sur�wv duh Z
W

M
' Z

W

u
' E� �

Hk�*�Sc zklfk duh qrq0qhjdwlyh iru doo k � �*H� Pdunhw ghpdqg lv htxdoo|

vsolw ehwzhhq �upv/ zlwk %M ' %u ' �*2� Revhuyh wkdw wkh vrfldoo| rswlpdo

txdolwlhv zrxog eh wkh �uvw dqg wklug txduwlohv ri wkh lqwhuydo dwf*2c w�*2oc
zklfk rewdlqv iurp wkh fdofxodwlrq ri wkh suhihuuhg ydulhwlhv iru wkh ulfkhvw
dqg wkh srruhvw frqvxphu lq wkh pdunhw/ li vxfk ydulhwlhv zhuh vrog dw pdu0
jlqdo frvw1 Wklv lpsolhv wkdw +l, txdolwlhv duh vhw/ uhvshfwlyho|/ wrr orz dqg wrr
kljk dv frpsduhg wr wkh vrfldo rswlpxp> dqg +ll, wklv prgho vkduhv lwv jhqhudo
ihdwxuhv zlwk wkh prgho ri vsdwldo frpshwlwlrq zlwk txdgudwlf wudqvsruwdwlrq
frvwv +vhh Fuhphu dqg Wklvvh/ 4<<4> 4<<7,1

Wkh sdlu +43, fdqglgdwhv dv wkh htxloleulxp ri wkh �uvw vwdjh li wzr uhtxluh0
phqwv duh phw1 Iluvw/ sur�w pd{lplvdwlrq uhtxluhv vhfrqg rughu frqglwlrqv
+VRFv,=

Y2ZM

Y^2
M

'

Y2Zu

Y^2
u

'

b� �2k

SEHk� ��
	 f c +44,

zklfk duh phw iru doo k 5 dfc �*H�� Wkh udqjh k : b*�2 lv fohduo| xqdgplvvleoh1

Pruhryhu/ wkh srruhvw frqvxphu/ orfdwhg dw wfc pxvw eh deoh wr ex|/ l1h1/

wf^u n k%u � Ru � f1 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru wklv wr

rewdlq lv=

k �
�Sw�E�� 2w�� n b

bS
� +45,

Wkh iroorzlqj txhvwlrqv dulvh/ qdpho|/ +l, zkhwkhu wkhuh h{lvwv dq lqfhqwlyh
iru �upv wr prgli| wkhlu uhvshfwlyh txdolw| ohyhov vr dv wr vwhdo wkh pdunhw
vkduh ri wkh ulydo/ iru k 5 dfc �*H�( dqg +ll, zkdw kdsshqv zkhq k � �*H� Lq
wkh udqjh k 5 dfc �*H�c wkh iroorzlqj krogv=

Sursrvlwlrq 4 Ohw k � d�Sw�E� � 2w�� n bo*bS� Iru doo k 5 dfc D*2eoc wkhuh
h{lvwv d vxejdph shuihfw htxloleulxp zkhuh txdolwlhv duh ^

W

M
' Eew�n��*H dqg

^
W

u
' Eew� � D�*H� Iru doo k 5 ED*2ec �*H�c erwk �upv kdyh dq lqfhqwlyh wr

prqrsrolvh wkh pdunhw/ dqg qr htxloleulxp h{lvwv lq sxuh vwudwhjlhv/ zkhuh

sulfhv duh deryh pdujlqdo frvwv1

Surri1 Jlyhq wkh v|pphwu| ri wkh prgho/ zh wdnh wkh kljk0txdolw| �up*v

ylhzsrlqw1 Zh frqvlghu �uvw wkh fdvh zkhuh ^u ' ^
W

u
c dqg lqyhvwljdwh wkh
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lqfhqwlyh iru wkh kljk0txdolw| surgxfhu wr pdqlsxodwh khu rzq txdolw| ohyho

lq rughu wr suhgdwh wkh ulydo*v pdunhw vkduh1 Suhgdwru| txdolw| lv

^
�

M
E^W
u
� '

w� � 2

2
n

t
�E� n Sek�

H
c +46,

dw zklfk %M ' � dqg %u ' f� Revhuyh wkdw

^
�

M
E^W
u
�� ^

W

u
'

t
�E� n Sek�� �

H
c +47,

zklfk uhyhdov wkdw/ lq wkh devhqfh ri qhwzrun h{whuqdolwlhv/ suhgdwlrq rewdlqv
zkhq wkh kljk txdolw|/ lq wkh olplw/ frlqflghv zlwk wkh orz txdolw|1 Ryhudoo/
erwk +46, dqg +47, duh lqfuhdvlqj dqg frqfdyh lq k� Lqwxlwlyho|/ wklv lv gxh wr
wkh idfw wkdw/ dv wkh zhljkw ri qhwzrun h{whuqdolwlhv lqfuhdvhv/ suhgdwlrq lv
rewdlqhg zlwk d frpsdudwlyho| vpdoohu ghfuhdvh lq wkh kljk txdolw|/ uhvshfw
wr ^

W

M
� Lqghhg/ zh kdyh wkdw

^
W

M
� ^

�

M
E^W
u
� '

b �
t
�E� n Sek�

H
c +48,

zklfk lv srvlwlyh dqg ghfuhdvlqj iru doo k 5 dfc�*H�� Wkh suhgdwru| prqrsro|

sur�wv dw ^�
M
E^W
u
� dprxqw wr Z

�

M
'

kt
�E� n Sek�� E� n �Sk�

l
*H : f iru doo

k 5 dfc �*H�� Wkh lqfhqwlyh wrzdugv suhgdwlrq lv phdvxuhg e| Z�
M
�Z

W

M
c zklfk

lv srvlwlyh iru doo k 5 ED*2ec �*H��

Wkh dqdo|vlv fduulhg rxw lq wkh deryh surri lv looxvwudwhg lq �jxuh 4 ryhu

wkh sdudphwhu vsdfh iw�c kj1Zlwklq wkh uhjlrq DEFG/ wkh pdunhw lv qrw

d"xhqw hqrxjk wr doorz iru ixoo pdunhw fryhudjh wr rewdlq> wr wkh uljkw ri k '

E��Sw2
�
n �2w� n b�*bSc surgxflqj wkh Qdvk htxloleulxp txdqwlw| grplqdwhv

suhgdwlqj/ iru doo k 5 dfcD*2e�c dqg frqyhuvho| iru doo k 5 ED*2ec �*H�� Li

k ' D*2ec �upv duh lqgl�huhqw ehwzhhq surgxflqj ^
W

�
ru ^

�

�
E^W� �c dqg lw fdq

eh dvvxphg wkdw wkh| sod| wkh Qdvk htxloleulxp1
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Iljxuh 4 = Htxloleulxp dqdo|vlv
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Qdvk htxloleulxp

Suhgdwlrq

Zh duh qrz lq d srvlwlrq wr lqyhvwljdwh zkdw kdsshqv zkhq k � �*H� Zh

suryh zkdw iroorzv=

Sursrvlwlrq 5 Ohw k � dew�E�� w�� n �S&2 n �S& � �o*2e� Iru doo k � �*Hc
�upv fdq jdlq qrq0qhjdwlyh sur�wv e| surgxflqj ^M ' E2w� � ��*e n & dqg

^u ' E2w� � ��*e � &c zlwk & � k� Iru dq| vxfk txdolw| sdlu/ wkh lqfhqwlyh

wr suhgdwh h{lvwv iru doo k 5 EE� � &�*�c &�c zkhq & 	 �( dqg lw h{lvwv iru doo

k 5 Efc &�c zkhq & � ��

Surri1 Iluvw ri doo/ li txdolwlhv duh +43,/ sur�wv ZW
�
' E��Hk�*�S duh qhjdwlyh/

vr wkdw �upv �qg lw suhihudeoh qrw wr surgxfh dw doo1 Zkdw wkh| fdq gr lv wr
vxsso| dq dowhuqdwlyh sdlu ri surgxfwv vxfk wkdw +l, E^Mn^u�*2 ' E2w����*ec
l1h1 txdolwlhv duh v|pphwulfdoo| orfdwhg/ uhvshfwlyho|/ wr wkh ohiw dqg wr wkh
uljkw ri wkh ydulhw| suhihuuhg e| wkh dyhudjh +dqg phgldq, frqvxphu> dqg
+ll, sur�wv duh qrq0qhjdwlyh1 Wr looxvwudwh wklv lvvxh/ vxssrvh wkdw lqghhg
^u ' E2w�� ��*2� ^M � Wkh sur�w ixqfwlrq ri wkh kljk0txdolw| �up vlpsol�hv

wr ZM ' E��ek�2w�ne^M�*Hc zklfk lv srvlwlyh iru doo ^M : E2w�nek���*e�
Wkh odwwhu frqglwlrq frqyh|v wkh uhohydqw lqirupdwlrq wkdw ^M pxvw lqfuhdvh

dv k lqfuhdvhv/ dqg frqyhuvho|1 Wkh lqwxlwlrq ehklqg wklv idfw lv wkdw dq

;



lqfuhdvh lq k hqwdlov/ dv zh nqrz iurp ohppd 4/ d ghfuhdvh lq sulfh/ zklfk

pxvw eh frpshqvdwhg e| dq lqfuhdvh lq surgxfw gl�huhqwldwlrq16

Dv d uhvxow/ zkhq k : �*Hc �upv dgrsw d fruqhu +v|pphwulf, vroxwlrq lq
txdolwlhv zlwk ^M : ^

W

M
/ ^u 	 ^

W

u
dqg ^u ' E2w� � ��*2� ^M� Lw lv srvvleoh wr

ghulyh d suhgdwru| txdolw| ^
�

M
iru d jhqhulf ohyho ri ^u G

^
�

M
E^u� '

w� � 2n
t
eE� n �k� w��n w

2

�
n H^u � ew�^u n e^2

u

2
� +49,

Vxssrvh/ dw wkh fdqglgdwh htxloleulxp/ ^u ' E2w� � ��*e � & dqg ^M '

E2w� � ��*e n &� Wkh frqvxphu orfdwhg dw wf ' w� � � lv deoh wr ex| li dqg

rqo| li k � dew�E� � w�� n �S&2 n �S& � �o*2e�
Pruhryhu/ ^�

M
E^u� ehfrphv=

^
�

M
E^u� '

w� � 2n

t
e&2 � S& n �2k n b*e

2
� +4:,

Soxjjlqj wklv h{suhvvlrq lqwr wkh kljk0txdolw| �up*v sur�w ixqfwlrq/ zh jhw
wkh fruuhvsrqglqj suhgdwru| sur�wv=

Z
�

M
'

s
�S&2 � 2e& n eHkn b � �

e
n & � 2k � +4;,

Wkh deryh suhgdwru| txdolw| kdv wr eh hydoxdwhg djdlqvw wkh fdqglgdwh htxl0
oleulxp sur�wv wkdw wkh kljk0txdolw| �up fdq jhw dw ^M ' E2w� � ��*e n &/
dprxqwlqj wr 	ZM ' E& � k�*2� Wkh lqfhqwlyh wr suhgdwh lv phdvxuhg e|=

Z
�

M
� 	ZM '

s
�S&2 � 2e& n eHk n b� � � Skn 2&

e
+4<,

zklfk lv srvlwlyh iru doo k 5 EE� � &�*�c &�� Reylrxvo|/ wkh orzhu erxqg eh0

frphv }hur iru doo & � �� Ilqdoo|/ revhuyh wkdw/ li & ' �*Hc wklv lqwhuydo

ehfrphv ED*2ec �*H��

Wkh deryh sursrvlwlrqv kdyh wkh iroorzlqj uhohydqw fruroodulhv=

6Wr yhuli| wkdw wklv lv lqghhg wkh fdvh/ revhuyh wkdw/ li txdolwlhv duh tO @ �3@5 dqg

tK @ �4@5> l1h1/ wkh ydulhwlhv suhihuuhg e| wkh srruhvw dqg ulfkhvw frqvxphu/ uhvshfwlyho|/

wkhq sur�wv dprxqw wr �K @ �O @ +4� 7�,@;> zklfk duh srvlwlyh iru doo � 5 ^3>4@7,=

<



Fruroodu| 4 D Qdvk htxloleulxp lq txdolwlhv zlwk sulfhv deryh pdujlqdo sur0

gxfwlrq frvwv h{lvwv li dqg rqo| li wkh zhljkw dwwdfkhg wr pdunhw ghpdqg grhv

qrw h{fhhg wkh zhljkw dwwdfkhg wr wkh khgrqlf frpsrqhqw lq wkh xwlolw| ixqf0

wlrq1

Surri1 Wkh khgrqlf frpsrqhqw lv w^�� Zkhq k : �c wkh h{whuqdolw| ehfrphv

pruh lpsruwdqw wkdq wkh lqwulqvlf vdwlvidfwlrq wkdw d frqvxphu ghulyhv iurp

wkh sxufkdvh ri ^�� Wr suryh wkh fruroodu|/ lw vx!fhv wr revhuyh wkdw/ zkhqhyhu

k : �/ wkh frqglwlrq & : k hqwdlov wkdw suhgdwlrq lv dozd|v d grplqdqw

vwudwhj|/ dv zh nqrz iurp sursrvlwlrq 51

Fruroodu| 5 Iru dq| srvlwlyh kc wkhuh h{lvwv d Qdvk htxloleulxp dw wkh txdo0

lw| vwdjh zkhuh wkh Ehuwudqg sdudgr{ zlwk }hur sur�wv rewdlqv/ hyhq li �upv

duh vxsso|lqj vwulfwo| gl�huhqwldwhg jrrgv1

Surri1 Zkhq ^u ' E2w� � ��*e� k dqg ^M ' E2w� � ��*e n kc Z�

�
' 	Z� ' f�

Khqfh/ wkh lqfhqwlyh wr suhgdwh glvdsshduv/ dqg vxfk txdolw| sdlu lv lqghhg

dgplvvleoh dv dq htxloleulxp1 Krzhyhu/ wkh htxloleulxpsur�wv duh qlo iru erwk

�upv/ qrwzlwkvwdqglqj wkh idfw wkdw wkh pdunhw lv vxssolhg zlwk d vwulfwo|

srvlwlyh ghjuhh ri surgxfw gl�huhqwldwlrq1

Wkh vkdsh ri wkh sur�w ixqfwlrq ri wkh kljk0txdolw| �up lv looxvwudwhg lq

�jxuh 51 D v|pphwulf slfwxuh zrxog ghvfuleh wkh ehkdylrxu ri wkh orz0txdolw|

�up*v sur�wv1
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Iljxuh 5 = Wkh kljk0txdolw| �up*v sur�w ixqfwlrq

�

!
^
W

u

ZM

^
�

M

^M

^
W

M

Lw lv nqrzq wkdw/ xqghu ixoo pdunhw fryhudjh/ wkh vsdwldo gxrsro| prgho
zlwk txdgudwlf wudqvsruwdwlrq frvwv +g*Dvsuhprqw hw do1/ 4<:<, lv d vshfldo
fdvh ri d yhuwlfdo gl�huhqwldwlrq prgho zlwk txdgudwlf frvwv ri txdolw| lp0
suryhphqw +Fuhphu dqg Wklvvh/ 4<<4,1 Dv d frqvhtxhqfh/ wkh deryh uhvxowv
pxvw krog dv zhoo lq wkh krul}rqwdo vhwwlqj zlwk frqyh{ glvxwlolw| ri wudqv0
sruwdwlrq1

8 Frqfoxglqj uhpdunv

Lq wkh iruhjrlqj dqdo|vlv/ zh kdyh lqyhvwljdwhg wkh h{lvwhqfh ri d sxuh0vwudwhj|

vxejdph shuihfw htxloleulxp lq d yhuwlfdoo| gl�huhqwldwhg gxrsro| zlwk frq0

yh{ yduldeoh frvwv ri txdolw| dqg d qhwzrun h{whuqdolw| frpsrqhqw lq frq0

vxphuv* xwlolw| ixqfwlrq1 Zh kdyh suryhg wkdw wkhuh h{lvwv d vxevhw ri wkh

dgplvvleoh sdudphwhu udqjh zkhuh qrqfrrshudwlyh sur�wv duh qrq0qhjdwlyh1

Lq vxfk d vxevhw/ wkh lqfhqwlyh wr suhgdwh xqghuplqhv wkh h{lvwhqfh ri d qrq0

frrshudwlyh htxloleulxp lq sxuh vwudwhjlhv/ zlwk sulfhv deryh pdujlqdo frvwv1

Li qhwzrun h{whuqdolwlhv duh deryh d fulwlfdo wkuhvkrog/ htxloleulxp sur�wv duh
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qlo qrwzlwkvwdqglqj wkdw surgxfwv duh gl�huhqwldwhg1 Li wkh zhljkw ri qhw0

zrun h{whuqdolwlhv h{fhhgv wkdw ri wkh khgrqlf frpsrqhqw/ wkhq suhgdwlrq

lv sur�wdeoh lq wkh zkroh dgplvvleoh sdudphwhu vsdfh> khqfh/ lq wklv fdvh

wkh gxrsro| htxloleulxp qhyhu h{lvwv1 Wkh vdph uhvxowv krog lq wkh vsdwldo

gl�huhqwldwlrq prgho zlwk txdgudwlf wudqvsruwdwlrq frvwv1

Wkh deryh �qglqjv vkhg vrph qhz oljkw rq wkh yh{dwd txdhvwlr ri h{0

lvwhqfh dqg vwdelolw| ri htxloleulxp lq pdunhw prghov zlwk hqgrjhqrxv gli0

ihuhqwldwlrq1 Lw dsshduv wkdw dvvxplqj frqyh{ glvxwlolw| ri wudqvsruwdwlrq

ru/ dv lq wkh prgho zh xvh khuh/ frqyh{ surgxfwlrq frvwv/ lv qrw vx!flhqw

wr jxdudqwhh wkh h{lvwhqfh ri htxloleulxp/ lq wkdw d uhodwlyho| vpdoo dprxqw

ri qhwzrun h{whuqdolw| vx!fhv wr ghvwur| lw1 Wkh pruh ghwdlohgo| zh wu| wr

ghvfuleh pdunhw lqwhudfwlrq/ wkh pruh gholfdwh wkh lvvxhv ri h{lvwhqfh dqg

vwdelolw| vhhp wr ehfrph1
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