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Abstract

A two stage model is built where the first period strategic variable
(public input production) is used to update the information available
on some private characteristics of the rival firms. Expressing the
firms’ decision rules as linear functions of both the signal and the
second stage strategic variable, explicit comparisons between
equilibrium outputs of the public input are possible when different
second stage strategic variables (prices or quantities) and different
agreements between the firms (to share or not the private information).
An interesting analogy is shown between the role of the degree of
appropriability on the public inputs in full information and the
degree of correlation between the stochastic variables that generate
the private information in incomplete information. The signalling
role of the public input is also shown to vary according to different
competitive structures and settings of the game.

*I am indebted to M.Meyer and T. Besley for useful comments on earlier
versions of the paper. The usual caveats apply.




1 Introduction

When incomplete information is considered in oligopolistic
markets firms can exchange informations about their own
characteristics through the decisions that they take in early stages
of the competitive process[l]. This strategic manipulation of
information has been intensively investigated in two stage games
where the strategic variables (prices or outputs) are the same in
both stages[21, However, a similar analysis can be applied to
contexts in which the first period strategic variable (public input)
is different from the one in second stage and the former can be
used to update the information available on some private
characteristics of the rival firms. In such a context the production
of the public inputs has three effects on the rival firms’ behaviour:
the standard strategic and cost reducing effects and a signalling
effectl3], To separate these different influences use is made of a
solution to Bayesian games for quadratic objective functions firstly
derived by Radner (1962)[41, Adopting this solution it is possible
to express the firms’ decision rules as linear generic functions
of both the signal and the second stage strategic variable (either
price or output). Since the public input is also the choice variable
in the first stage of the game, this technique allows for an explicit
solution in terms of its equilibrium level. Moreover, in this
analytical framework comparisons between equilibrium quantities of
the public input are possible when different second stage strategic
variables (prices or quantities) and different agreements between
the firms (to share or not the private information) are assumed.

Two firms that compete in a stochastic environment are



considered. Each has access to private information either related
to their own cost function or to the cost reducing effectiveness
of an intermediate good whose spill-overs affect the rival firm.
In the first stage of the game the firms choose the production level
of the public input and in the second period they compete either
on prices or quantities. Since the first period actions are assumed
to become common knowledge, firms can use them in order to make
inferences about the private information of the rival. The processing
of the information in the second period causes what in the literature
are known as non-zero intertemporal conjectural variations. This
means that when a firm takes the first stage decision it considers
how that choice affects the information set of the rival firm and
therefore the rival firm’'s second stage decisions. A Bayesian
revision of information on the nature of the firm or of the cost
reducing properties of the intermediate good takes place on the
basis of the rival firm choice in the first stage. This gives rise
to a signalling game where the public input is produced also to
distort the information available to the rival firms. As for the
setting of the signalling game, a distinction between private value
and common value games is drawn throughout the paper. For private
value game we mean a situation in which uncertainty is about a cost
parameter unrelated across firms. In a common value game uncertainty
is assumed to be about a parameter that affects both profit functions
in the same way, such as the cost reducing effects of the public
input. As it will be seen, the nature of the uncertainty has important
implications on the equilibrium outcomes[517,

In Cournot competition and with a private value game, the

signalling role of the public inputs leads to its overproduction



with respect to the sharing information case. On the contrary, when
a common value game is considered, the Cournot equilibrium level
of the public input is lower than in the sharing information case
because its production signals low costs that is the target of
Cournot competitors. In this respect an important analogy can be
drawn with the models of private provision of inputs that generate
externalities. In full information settings when the inputs are
completely public underproduction results are obtained and viceversa
for the case of completely private inputs. Here the role of the
degree of appropriability is taken by the degree of correlation
between the stochastic variables that generate the private
information available to the firms. When such correlation is complete
(common value games) underproduction with respect to the pooling
information solution is obtained and viceversa for the no correlation
case (private value games).

In Bertrand competition with private value games the signalling
effect of g leads to its underproduction with respect to the sharing
information case. This is so because a high production of g signals
low costs and the latter have an unambiguous negative effect on
profits. In common value games a high value of g signals a high
cost reducing effect of such input and the latter has a negative
impact on profits. Therefore, even in this case the Bertrand
equilibrium production of g is smaller than in the pooling information
solution. The analogy between the degree of appropriability in full
information and the degree of correlation in incomplete information
holds even here. In fact, it is well known that Bertrand equilibria
imply underproduction irrespective of the degree of appropriability

of the public inputs.
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This analogy is easily explained by the similarities in the
relations between the public input production (full information)
or thelnechanisnlof‘updating'the information (incomplete information)
and the reaction function of the rival firm. In the case of completely
public input its cost reducing effect shifts the rival firm’s
reaction function in such a way to induce strategic underproduction.
In the common value game the updating of the information on the
firm’s private characteristic by the rival again shifts the reaction
function of the latter reducing the incentives for the production
of g. When appropriability is complete or a private value game is
analyzed there is no longer a direct effect on the other firm’s
objective function. Accordingly a greater production of the public
input in the first stage does not move the rival firm's reaction
function, but shifts only the own reaction function (the rival
firm’s perception of it in the incomplete information case).

The chapter is organised as follows: in section 2 we deal with
the private value game, with either Cournot or Bertrand competition.
In section 3 the presence of a common shock is examined and in the

following section some conclusions are drawn.

2 The private value game

2.1 Cournot equilibrium

In the Cournot case with uncertainty on the cost structure a

linear deterministic demand is assumed such as:

pPl=a-b(q'+q’)q"  where a,b>0  (#j=1,2



and a stochastic linear cost function:
C'=[c'-y(g'+0g’)+u'lg’  where y>0  and u'~N(0,0) i=1,2
The private signal xi is defined as an unbiased estimator of the

mean of the random process that generates ul. The following

distributional properties are assumed:

x'=u'+¢€ where  €'~N(0,pn).
It is assumed that the random processes generating ul and uJ are
independent. The posterior expected values are the following:

ox'
0+t

E(u'lx',x")y = E(u'|xY =

i=1,2

For firm i, the first period strategy is gi(xi) and the second
period strategy is qi(xi,gi,gj). Those strategies are chosen to

maximize:

Max k'=E[(a-b(q'+q’)-(c-vg'-y0g’'+u')q| x'1+(a-BgHg’

g'.q!
where (a-Bg!) are the net, non-output related, effects of g on
profits. The public input is, in fact, assumed not only to reduce
the production costs when introduced in the productive process, but
also to be potentially sold to firms in other sectors. The first
term indicates the revenues from the marketing of g as a separate
commodity less its linear costs of production. The second term
represents either decreasing returns in the production of g itself
Oor a negatively sloped demand in its own market. These terms are
needed in order to insure an interior maximum and a positive level
for the equilibrium production of the public input in the first

stage game. Given the linear structure that we have assumed for



both demand and cost functions the decision rules for gi and qi can

be derived as linear functions such asl61;
g'=Co+Cix'
and (1)
q'=Do+Dix'+Dyg'+ Dig’
At the second stage of the game firm i chooses qi in order to:
max 0= E[(a-b(q'+q")=(c'~vg'=v0g )+ u')qg I x'. g, g']+ (a-Bg')g' =

Qj‘Co

1

=[(a—b(qi+q’)—(ci—vgi—vegj)+5[uiIxi, Jq”(a—ﬁgi)gi

From which the first order conditions are:

i j i i j i igj—CO
a-2bg'-bqg’-(c'-vyg -v0g )+ E| u'|xt, - =0
1

or equivalently (2)

~ ; , : ' ox'
~2bq'-bq’~(c'-yg'-yog’)+ =0
[a @ -6g'=(c-vg -vog’) owJ

Substituting (1) into (2) and using the distributional properties
of ul vields:
gj—co '

1

0x
o+

a=2b[Dy+D x'+D,g'+ D3g’]—b[Do+Dl +ng’+Dagt]_C'*vg"+veg’—

Since the decision rules specified above hold for any values of xi,
gi and gj, expression (2) can be used to get the following system

of four equations:



_a-c_ 0Cy,
° 3b 6b(c+p)C,

0]
D, =
' 2b(o+p)

(3

Y(2-6) o
D,= -
3b 6b(0+p)C,
26-1
D3=Y( ), Y

3b 3b(o+p)C,
In Dg the first term indicates the non-input related amount of gi
that is produced in absence of uncertainty. It is directly related
to the size of the market and inversely to the cost level and the
slope of the demand curve. The second term is the quantity of qi
produced under uncertainty. It is positive since C1 will be shown
to be negative. It is also directly related to the elasticity of
the demand curve and to the amount of public input that is produced
under full information (Cp). Moreover it depends negatively on the
degree of uncertainty and on the coefficient that associates g with
the signal x (Cj). The output level is then negatively affected by
the amount of strategic signalling that can take place. D; shows
the negative effect of the signal, in our case an unbiased estimator
of the cost function, on the equilibrium level of output. This
effect is now inversely related to the elasticity of the demand
curve because the output reducing effect of high costs (signalled
by a high xi) is lower if the demand curve is relatively inelastic.
The first term in Dy gives the effect of gi on the output level
under certainty. It is positive because 0<@< land b, 0. Such effect
is then directly related to the level of external effects of g on
the rival’s cost function (&. In fact, if the firm producing g

completely appropriates the reduction in costs, in the second stage



its output grows reducing the share of the rival firm. On the other
hand if g is completely public, even if the absolute value of the
output of the firm producing g increases, this is not the case for
its relative share. Further, this effect is directly related to the
cost reducing effectiveness of g (y) and to the elasticity of demand.
The second term in Dy indicates the effect of the own production
of public input on the output due to its signalling role. This is
again positive and, as before, positively related to the amount of
g used to send signals to the rival firm. The first term in D3
represents the effect of the rival production of g on its own output
level under certainty. It can be either positive or negative depending
on the value of 6 More precisely, when the latter is greater than
%, the cross effect of g is to increase the equilibrium level of
output and viceversa. The share of the output market is however
reduced unless 0=1. The second term defines the effect on output
of that portion of the rival public input production that is realized
in order to misinform on its real costs. This is negative because
an increase of the production of gl signals that the rival has lower
costs (its reaction function has shifted outward) and the equilibrium
output level is accordingly reduced.

Given the reaction functions in the second stage, in the previous

stage firm i:

Max k'=[a-b(q'+E(q"))~c+yg'+v0g’ - F(u'| xH1gt+(a-Bgg' (4)

g
At the first stage firm i computes the expected value of its’ rival
strategy (gJ,qJ) since at that time the realization of xJ is unknown

to i. The first order conditions, using the envelope theorem, are:



d ! i i
[v—bgg—j]qm—zag -0 (5)

Substituting (1) into (5) and using the distributional properties
of xJ and ui, the expression above can be written as:
(y—bD3)(DO+Dlx"+DZCO+chlx“+D3CO)+a—2[3(CO+C1x") (6)

Substituting for Dij i=0,1,2,3 from (3) into (6) and requiring that
(6) holds for every realization of xi, yields the following system

of two equations:

2vy(2-0) Y a-c v(A+0)Co 1 -
[ 3 3(0+u)C1][ 30 30 ] A7 eRCo=0 e
and 2[y2(2—9)2—9b3](o+u)ch—5yo(2—e)(o+u)cl+202=o (8)

expression (8) is a quadratic equation with the following two roots:

_S5v(2-0) * J9y?(2-0)2+12%2bp ¢
4(y2(2-6)2-9bpB) 0+

o

Differentiating (6) once again with respect to gi we derive the

second order condition:
2Y(2-0)L[V(2-6)L-4H]+8H?-18bBL%<0
where:

H=[v*(2-0)*-9bB]

and L=[5y(2—6)t\/9y2(2—6)2+122b[3]
Substituting C; in (7) we can solve explicitly for Cp obtaining:

_ (2y(2—9)L—4H)(a—c)+9baL
0 18bBL-(2y(2-0)L-4H)y(1+0)

To insure that this expression is positive and that the second order
condition holds we need that H<0 and L>0 so that the only acceptable

solution of Cy is:



o _5Y¥(2-8)+V9v2(2-0)2+ 12%bp o
1 4(v?(2-0)2-9bR) 0+

whose sign is negative. This is hardly surprising since the
coefficient C; indicates the effect of the signal xi, that is an
unbiased estimator of the cost parameter, on gl. The sign of C;
allows one to draw some implications on the signalling role of g
in modifying the second stage equilibrium. In fact, an increase in
the production of g signals low costs of production and thus rises
the private incentives for its production. Without the quadratic
term in the cost function for g then, the sum of the strategic and
the signalling effects would make it impossible to have an interior
solution for the maximand. Now we can solve the system (3) and write

the decision functions of the firm i as:

(- (2y(2-0)L-4H)(a-c)+%bal [ o
C18bRL-(2y(2-0)L-4H)y(1+0) Ho+p'©

i

and (9

; {a—c 2HC0> { 0 > i {y(Z—G) 2H> ) {y(Ze—l) 4H> ;
g = — - X+ - g + + g
3b  3bl 2b(0+p) 3b 3bl 3b 3bL

where the last term indicates the dynamic conjectural variation
term. The part of it that is due to the strategic effect of the
production of the public input can be either positive or negative
depending on the value of 6. The part that indicates the signalling
effect is negative, because an increase of the rival firm's public
input production signals that the latter is characterized by low

costs.

Following the same procedure shown above, in the symmetric

10



Cournot equilibrium of the game with direct communication the

strategies satisfy the following conditions:

s__2v(2-0))(a-c)+9ab Y(2-0) o
186B-(2v(2-0))v(1+0) (y?*(2-0)(1 +*0)-9Bb)o+p

and (10)

S_{a—c}_{ 20 }i+< o >,+<v(2—e)} i+<v(26—1)>,
97\ 30 36(o+m)/™ \3bormy /™ 36 Y 36 /Y

Using (10) we can now compare the two equilibrium level of g in the

private and sharing information cases. We have the following
inequality:

s (2Y(2-6))(a-c)+9ab S (2Y(2-0)L-4H)(a-¢)+9bal
g =9 18bB-(2y(2-6))y(1+0) 186BL-(2y(2-6)L-4H)y(1+6)

that can be simplified as:
—ay(l+0)22p(a-c)

The latter shows that gs<gi. The production of the public input is
then greater when the two firms do not share informations about
their cost structure. In the first stage the two firms want the
rival to believe that their cost level is below the real level in
order to persuade the latter to reduce its share in the second stage
competition. To do so, more public input is produced than would be
optimal under sharing information.

In order to see to which solution implies higher output and
profits we substitute the first expression in (9) and (10) in the
second one. After substituting, the average output level in the

private information case becomes:

Eaf)=a—c+y(1+6) (2y(2—6)£—4H)(a—c)+9ab

3b 3b 18bBL-(2Y(2-60)L-4H)y(1l+0) (12)

and in the sharing information:

11



Eegyo@7C, ¥(1+0) (2v(2-0))(a-c)+9ab
T 36 18bB-(2y(2-0))y(1+6)

(13)

The comparison of (12) and (13) shows that the output levels are
always higher in the private information case because they directly
depend on the amount of g produced. As for the profits, substituting

(12) and (13) in (4) we end with the following inequalities:

K2k e (a-o)q'-g°1+v(1+6)[g'q'-g°q°1+3a[g'~g*]+3R[g*° - g'*]2 0
In the last inequality the left hand side can either be positive
or negative. In general, there are several conflicting influences
of the production of g in the first stage on the profit level of
the overall competition. The positive ones are the cost decreasing
effect, the non output related benefits and the signalling of a
lower than real level of costs. The negative influences are the
external effect of reducing the rival costs and of shifting its
reaction outward and the decreasing return in the afore mentioned
benefits. In choosing if sharing information or not firms have to
value which of these different effects of g are prevailing in the
specific competitive setting. However, the more the public input
is cost reducing and the less are its external effects on the other

firm, the more the private information solution becomes attractive.

2.2 Bertrand equilibrium

In the Bertrand case, still in the private value game setting,
it is assumed that the output is differentiated, to avoid problems
of existence of the equilibrium that arise in such case with

homogeneous outputs. The linear deterministic demand becomes now:

p'=a-bg'-dq’ where a.,b,d>0 and b>d i=1,2

12



and accordingly the output levels traded in the market are:

i__a _ _dp’-bp
b+d (b+d)(b-d)

q (#j=1,2

The stochastic linear cost function and the distributional properties
of the signal are assumed to be the same as in the Cournot case.
For firm i, the first period strategy is gi(xi) and the second
period strategy is pi(xi,gi,gj). Those strategies are chosen to
maximize:

a . dp’-bp"
b+d (b+d)(b-d)

Max ki=E[(pi—c+ygi+y6gj+uU( )IX5J+(@‘BQUQi

g'.p'
(14)
Having kept a linear structure for both the demand and cost functions
the decision rules for gi and pi can be derived as linear functions
as in the analogous expression (1):
g'=Co+Cix'
and (15)
p'=Do+Dix'+Dyg'+Dig’
At the second stage of the game firm i chooses pi in order to:

maxIl=E[(a-bq'-dq’-(c'~-yg'-v6g)+u)q'Ix',g',g' 1+ (a -Pg')g' =

D

(16)

Qj—Co

1

=a—bq"—dq"—(c“—vg"—vag’)+5(u" | x, )q"+(a—rsg">g"

From which, substituting (15) in (16), the first order conditions

can be written as:

g’'-Cg

a(b—d)*d[Dle +ng"+Dag'}Zb[DwDlx'+ng'+Dag'J+c'b—bvg‘—bveg’+ i

a+u=

(17)

13



Expression (17) can be used to get the following system of four

equations, analogous to (3):

_a(d—b)—cb+ doC,

D
0 d-2b 2(d-2b)(c+pn)C,

g

R v

_vb(de+2b) od?
d?-4b%  2(d%-4b2)(c+p)C,

2

_vb(2b6+d) bdo
d?-4b®  2(d?-4b%)(o+p)C,

3

In Dy the first term indicates the constant part of pi that is
charged in absence of uncertainty. It is directly related to the
size of the market and to the degree of product differentiation.
The second term is the constant part of pi charged in presence of
uncertainty. It is positive because Cj will be shown to be negative.
Besides, as in Cournot, it depends positively on the ratio between
the quantity of g produced in absence of uncertainty and the
coefficient that relates g with the signal x. D; shows the negative
effect of the signal, in our case an unbiased estimator of the cost
function, on the equilibrium level of output. This effect is inversely
related to the elasticity of the demand curve because the output
reducing effect of high costs (signalled by a high x1) is lower if
the demand curve is relatively inelastic. The first term in Dy gives
the effect of gi on pl under certainty. It is negative because d<b.
Such effect is further directly related to 6 and Y- The second term
in Dy is again negative and inversely related to the "elasticity"
of g to the signal x. In other words, the price tends to be lower
when relatively more public input is required to have a given amount

of signal sent to the other firm. In Cournot these terms have both

14



a positive value since in that context g has always a positive own
effect on output, even if not always on the market share (for
instance when 6=1). The first term in D3 represents the effect,
always negative, of the rival production of g on its own price under
certainty. The same term in Cournot could take a positive or a
negative value depending on the value of 6. As in the full information
case, we have that in Bertrand the production of g shifts both the
reaction functions inward, reducing the equilibrium price for both
firms. The second term introduces another negative cross effect of
g on the price level. A higher gj in this case signals that the
rival costs are lower and so doing shifts inwardly the reaction
function of the latter, with the result of further lowering the
price level.

In the first stage firm i maximizes:

a dp’-bp'
b+d (b+d)(b-d)

IwaxHi=E[(pi—c+ygi+yeg’+u5( )IXJ}+(G—BQUQi

g
At the first stage firm i computes the expected value of its’ rival
firm strategqgy (gj,pj) since at that time the realization of xJ is
unknown to i. The first order conditions, using the envelope theorem,

are then:

+gdqf a_ . dp’-bp! e iy _
[Y bdgf][md <b+d><b—d>J (@=2Bg) =0 (1)

Substituting (14) into (19) and using the distributional properties

of xJ and ul the expression above can be written as:

d a d f b i ‘
(V‘5D3)<m+m(Do+cho+ D,C,x +D3CO)~W(DO+D,JC‘+ D,Co+ D,C x +D3Co)>+a—zgg‘=0

(20)

15



Substituting for D;j i=0,1,2,3 from (18) into (20) and requiring
that (20) holds for every realization of xi yields the following

system of two equations:

2YyN 4bd _(a-c)b(d+2b) yb(1+0)(d+2b)C,
d®-4b% (d?-4b2)C, (b+d)(d-2b) (d?-4b2)(b+d)

>+a—ZB=O

and (21)
2[y?bN?-(d?- 4b2)2(b2—d2)f3](o+u)2cf+ YbON(4b%-3d?)(o+p)C, - bo2d?(2b%*-d?)=0
where N=(d*-2b*+bd0)

The second equation in (21) is a quadratic equation with the following

two roots:

-ybN(4b%2-3d?) * J(ybc)2N2(4b2—3d2)2+8(bcd)2(2b2—d2)(by21v2—(d2—4b2)2(b2—d2)5) o
4[(bYEN? - (d?-4b?)* (b2 -d?)R)] o+p

Differentiating (21) once again with respect to gi we have the
second order condition:

[2y(d®-4b®)L-d?*H](y(1 +0)b(2b+d)L-2(d+2b)dH)+2B(b+d)(d*-4b2)1?>0
where again L is the numerator of C; and H is its denominator without

the term ~— Substituting for Cj in (20) we can solve for Co:

a(d2—4b2)2(b+d)L—[2yNL—d2H](a—c)b(d+2b)
[2YNL-d?*H]y(1 +0)b(d+2b)+2R(d?-4b%)%(b+d)L

Co=

To insure that this expression is positive and that the second order
condition holds we need again that L>0 and that H<0, so that the

only acceptable solution for Cy is:

c _—be(4b2—3d2)+J(ybofAﬂ(4b2—3d52+8(bodf(2b2—dszyzNz—(d2—4b2f(b2—dﬁg) o
1 4[by2N2—(d2—4b2)2(b2—d2)B] O+

whose sign is negative. Now we can explicitly solve the system (18)

and write the reaction functions of the firm i as:

16



(__a(d®-4b*)*(b+d)L-[2yNLd*H](a-c)b(d +2b) , Lox!

= 22)
g [2YNL-d?H]y(1+0)b(d+2b)+2B(d?-4b>)2(b+d)L Ho+p (
and (23)
_ald-b)-cb 2dHC, ¢ o, [yb(de+2b) 2d%H ,+<yb(2be+d) 4bd ,
= X - -
d-2b d-2b 2(c+p) d?-4b%  (d?-4b)1 d d?-4b%  (d?-4b%)1I g

When the two firms do not share information about their cost, they
can increase their pay-offs above the level reached in the static
model if they produce less public input than under certainty. In
this case, in fact, an increase in the rival firm's production of
g shifts both reaction functions inward therefore reducing the
equilibrium price level for both firm.

At the symmetric Bertrand equilibria of the game with direct

communication the strategies satisfy the following:

a(d?-4b**(b+d)-[2yN1(a-c)b(d+2b)

*= (24)
[2YN = d?Iy(1+0)b(d+2b)+2B(d?-4b2)2(b+d)
and (25)
,_a(d-b)-cb 2b2g t. bda ,,Yb(dO+2b) , yb(2b0+d) |

d-2b (4b2-d?)(a+pn) " +(4b2—d2)(o+u)x daz-4pz Y d?-4b?
From (22) and (24) we can now compare the two equilibrium level of
g in the private and sharing information cases. After some algebraic
manipulations we have the following:
g*>g' e 2YyL(2b%°-d?-db0)>2d?H

The left hand side of the last inequality is always greater than
the right hand side because H<0. The production of the public input
is then greater when the two firms share informations about their
cost structure. In the first stage the two firms want the rival to
believe that their costs are above the real ones. This would lead
to an increase in the equilibrium price in the second stage. To do

so they have to reduce their production of public input below the
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level that would be optimal under full information. In Bertrand
competition the signalling role of the public input reduces its
production respect to its level under certainty. If this is the
outcome that the private firm choose, however, can only be seen
looking at the profits in the two cases of private information and
of information sharing. After substituting (22) into (23) we can

derive the price level in the private information case as:

_a(d-b)-cb yb(1+6)(2b+d)
d-2b (d?-4b?)

E(p") E(g") (26)

and in the sharing information one:

_a(d-b)-cb yb(1+6)(2b+d)
d-2b (d?-4b?)

E(p®) E(g®) (27)

so that price is always lower under sharing information than with
private information because the term for which E(g) is multiplied
is negative. As for the profits, substituting (26) and (27) in (14)
we can define the following inequality:

yo(1+0)(2b+d) (2

a-apyy 9 ~g* )+ a(g'+ g +Bg*’-g*)20

E2k? e ay(l1+6)(g'-gU)+

The right hand side of the last inequality can again be either
positive or negative. If profits are higher when firms have private
information, the positive impact of g on the cost structure is not
such to overcome both negative effect of g on prices: its negative
role in signalling low costs and its strategic effect of shifting
inward the reaction function. Even in Bertrand we have that the
choice between sharing information or using the uncertainty to
exploit strategic signalling depends on the specific setting of the

competition between firms. The role played by the public input in
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the signalling game are however the opposite than in Cournot because
opposite is the "direction" in which the firms want to misinform

the rival.

3 The common value game

3.1 Cournot equilibrium

In the common value game, uncertainty is about a parameter that
is common to both firms. More specifically, we assume that such
uncertainty affects the cost reducing parameter of the public input
(y) . In the Cournot case we continue to assume a non differentiated
output market in which the linear deterministic demand function is
assumed of the form:

p‘=a-bg' where a,b>0 i=1,2
The stochastic linear cost function is:
C'=[c'-v(g'+0g’)+ulq’ where y>0 i=1,2
where now the distributional properties of ul are the following:
x'=u'+e'"  where u'~N(0,0), e'~N(0,pn)

and i#j=1,2

(%)
u=
2

The above properties mean that both firms observe a private signal

on the cost-reducing effectiveness of the public input. That is an
unbiased estimator of the parameter y. The random processes that
determine this cost effectiveness in the two firms are independently

distributed. The expected effectiveness is derived by averaging
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over the private signals. In terms of conditional expectations the

latter can be written as:

i

E(ulxl) = _.2(_. and E(ulxl’xl)= M
0+H

2(0+p)
For the firm i the first period strategy is gl(xi) and the second
period strategy is qi(xi,gi,gj). Those strategies are chosen to

maximize:

Max k'=E[(a-b(q'+q’)-(c-yg'-vog’+u)q'|x', x']+(a-Pg')g! (28)

g'.q'
where (a-Rg‘')is defined as before. At the second stage of the game

firm i chooses gl in order to:

. . . . ) . , g’-C ‘ S
max H‘=[(a—b(Q‘+Q’)—(C‘—Yg‘—Y6g’)+E[u‘!x‘,gC O}q‘+(a+Bg‘)g‘

q 1

From which the first order conditions are:

: : : : . ox' o g/'-C,
a-2bqg'-bg’-(c'-yg'-v0g’)+ + =0
[ 9 -bg —(c-vg -vbg’) G o n T, }

Then, following the procedure shown in previous sections it is
possible to derive that at the Cournot equilibrium, firm i decision

rules are:

i_ (2v(2-0)[-4H)(a-c)+9bal +£ S
186BL-(2Y(2-6)L-4H)y(1+0) Ho+p

and (29)
qi={a—c_ 2HA>+< ] }xi+<y(2—6)_2HA>gi+{y(26—1)+4HA>g,
3b 3bl 4b(0+p) . 3b 3b1 3b 3b1
where:

L=-va(2-0)-{9y2(2-0)2-72bp

and H=8[y*(2-6)?-9bp]
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are both negative. In the first expression of (29) the coefficient
that relates the signal to the production of the public input is
positive. This is due to the fact that in the present setting a
high x signals low production costs due to the high cost reducing
effects of g. It follows that if the firms want to signal low costs
as in the Cournot case they produces a positive amount of public
good specifically aimed at misinforming the rival firm. In the
second expression the second term that relates the signal to the
output is positive since now it indicates the average cost
effectiveness of the public input on the equilibrium output. The
term that gives the cross output effect of the public input production
is made of two component. The one that indicates the effect under
certainty depends, as expected, on the value taken by 6. On the
contrary, the effect of g due to its signalling role is negative
because in Cournot the more public input is produced by the rival
firm, the higher is its expected cost reducing effectiveness, and
so the more outward is shifted the reaction function of the latter.
As we know if 6 is not such to make g completely public, a shift
only in the rival firm’s reaction function is such to lower the own
share in the output market.

The symmetric Cournot equilibria of the game with direct
communication is such that the strategies satisfy the following

conditions:

so_2Y(2-0))(a-c)+9ab Y(2~0) 0
186B-(2v(2-8))v(1+6) (9bB-v*(2-8)(1+6)) o+p

and (30)

sz/a—c>_<___0___> i+< o >‘,+/y(2—e)> i+<y(29—1)>,
R TN A VYT RS Y R Prre-ruvs s e BTl A e
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From (29) and (30) we can now compare the two equilibrium level of
g in the private and sharing information cases. We have the following
inequality:
g*2g' & 2BR(a-c)2-ay(l+6)

that shows that always gs>gi. Unlike the private value game, the
production of the public input is then greater when the two firms
share informations about their cost structure. In the first stage
of the Cournot competition the two firms want the rival to believe
that their cost level is below the real level in order to persuade
the latter to reduce its share in the second stage competition. To
do so in this setting less public input is produced than would be
optimal under full information. In fact, the less g is produced the
lower is its expected effectiveness and the higher is thought to
be the cost level. That is indeed the target of the signalling game.

Following the discussion of the private value game it is easy
to see that when both firms decide not to share information they
produce less public input in order to deceive the rival on their
real cost structure. As a consequence they produce less output. The
effect of this on profits can be either negative or positive
depending on the actual cost reducing effects of g, on the demand
curve and on the non output related benefits from the production

of g.

3.2 Bertrand equilibrium
In the Bertrand case it is still assumed that the output is

differentiated for the above mentioned reasons. The same linear
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demand structure is also assumed. The stochastic linear cost function
and the distributional properties of the signal are instead taken
to be the same as in the Cournot case in the common value game
setting. With the same procedure followed in the previous section
the decision functions of the firm i can be derived as follows:

(o OML-[2yNI+adA(2b+d)](a-c)b(d+2b) L ox'
g 2BML+[2yNL+adA(2b+d)y(1+6)b(d+26)  FAaen
and (31)

_Jald-b)-cb 2(2b+d)AC, _{ o } ,+{yb(d9+26)+2dﬁ(26+d)},+{yb(269+d)+4ﬁb(d+26)}/
p= d-2b d-2b 4(o+p) d?-4b? (d?-4b®)L d?-4p? (d?-4b3HL g

where:

L= (—y(d+2b)N(4d—4b—db)—\/yzNZ(d+2b)2(4d—4b—bd)+2d(b—d)(d+2b)H)
H=8[by?’N*-(d*-4b2)*(b>-d?)B]
N =(d®-2b%+bd8)

and M=((b+d)(d®-4b%))

In the second expression in (31) the coefficient that relates the
signal to the equilibrium price level is negative as in the Cournot
case when common value game and for the same reasons. Both the
strategic and the “signalling" component of the own effect
coefficient of g on the equilibrium price are negative. The sign
of the first is due to the Bertrand type of second stage competition,
whereas the sign of the second is due to the common value setting
of the signalling game. The decision functions for the firm i when

there is information pooling are the following:

aM-[2yN +4d(2b+d)](a-c)b(d+2b) , ox'

g‘=2[3/\7[+[2y]\7+4d(2b+d)]y(1+6)b(d+2b) o+
and (32)
‘=<a(d—b)—cb>_< o } i_{ o } j+{yb(d6+2b)> i+<yb(2b6+d)> ;
p d-2b 200+ )" \2Go+m /" "\ Tarcapr /9 ai-4b2 9

From (31) and (32) the following inequalities are derived:
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g'2g°® & ay(l+0)2-2B(a-c)
from which gi<gs. The potential signalling role of g is such to
reduce its production below the optimal level under certainty. In
the first stage the two firms want the rival to believe that their
costs are above the real ones because this leads to an increase in
the equilibrium price in the second stage. Therefore, in Bertrand
the reversal of results between the private and the common game,
shown in Cournot, does not take place. In Bertrand competition, in
fact, the possibility of using g to misinform the rival firms always
implies an under-production of the latter with respect to the full

information solution.

4 Conclusions

The most important result of the analysis pursued so far is
that the public input production can indeed be used in order to
misinform the competitors on specific characteristics of the firm
itself or of the market. This influence can go either way on the
equilibrium production of the public input depending on the different
specifications adopted in terms of competitive structure and setting
of the game played. More specifically, we have investigated two
different polar types of interdependence between the private
information available to the firms. In the private value game the
expectation on the uncertain parameter does not depend on the signal
sent by the other firm. In the common value game, on the contrary,

Bayesian estimates of the value of the uncertain parameter are drawn
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using the signal sent by the other firm.

The results obtained in the Cournot framework depend on the
nature of the signalling game played by the firms. More precisely,
when a private value setting is analyzed, an overproduction of the
public input is used in order to signal low costs and therefore to
raise the relative share in the second stage competition. When a
common value game is examined the opposite is true because a firm
wants the rival to believe that its own costs are high. In Bertrand
competition the results in terms of under or overproduction with
respect to the pooling information solution do not depend on the
existence of correlation between the private information available
to the firms. The cost reducing property of the public input, implies
that its role in the signalling game is such to further reduce its
equilibrium private production. This observation seems to strengthen
what already noticed in full information models where the Bertrand
type of oligopolistic competition brings about a general
under-production of the public input with respect to several welfare
standards.

A final note should be added in order to recall what we see as
the major limitations of the analysis pursued so far. First, no
explicit selection between sharing and private information
equilibria in terms of profits has been obtained. This means that
which of the two solutions will be chosen by the private firms
depends on the specific features of the demand and cost structures,
but no specific indications can be of fered. Second, here the strategic

interaction is limited to an exogenously fixed duopoly. What happens
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to the equilibrium level of the public input if new firms can enter
the market is not clear. These are two of the directions along which

further research is much needed.
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Endnotes

1. Strategies of misinformation have been recently introduced in
different settings mainly concerned with the problem of entry
deterrence. Examples of this tendency are predation pricing models
like Kreps and Wilson (1982) and 1limit pricing models as Milgrom
and Roberts (1982).

of misinformation on competition (Gal-Or (1988)).
3. See Shapiro (1987) for an introduction to the first two effects.
4. According to Radner (1962) it is possible to restrict attention

to decision rules of a very generic form since with linear demand

vector of observations.

5. This a widely known property of models including asymmetric
information between firms. The degree of correlation between the
shocks affecting the private information available to the firms is
likely to modify the results obtained. More precisely, in the polar
cases of no correlation and perfect correlation, as the private and
common value game can be seen, the switching from one setting to
another reverses the sign of most conclusions. See Shapiro (1987).

6. See Gal-Or (1986)
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