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ARBSETRACT

Some aspects of decision taking under risk are examined. The
existence of fair gambles whose price equals their expected
values 13 questioned and in addition the origin of expected
utility 15  analysed. Then a diverse approach to decision taking
under  riszk  is considered, whereby agents maximize a utility
tunction of consequences of actions. Consequences are treated
like different goods and a prospect is like a bundle of goods.
Ytochastic dominance 1is invaked as a second stage criterion to
decide whether to accept or not a pProspect. Even though some
problems arise as  to the continuity by using the indirect
Ltility function we are able to explain the Allais FParadox.
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DO FAIR BETS EXIST % DIRECT AND INDIRECT UTILITY FUNCTIONS UNDER

UNCERTAINTY

CIANFAOLO ROESINI

1. INTRODUCTION

Recent literature has deeply «critizised the predective ability of
Yon Neumann Morgenstern expected utility model of decision making
under uncertainty, while keeping its normative validity.

Evpected utility and its fairly famous antecedents (Bernoulli, 1738)
have all been able to get out of the dead end in which games of
an intinite actuarial value Shouldwcall for infinite prices.
Since nobody will ever bet an infinite certain amount of money
in exchange for an uncertain infinite amount,to avoid an apparent
absurdity it seemed reasonable to bound bet prices by introducing
concave utility Ffunctions which were attached to all possible
cosequence of any deciszion.

Most of +the problems today are linked to the way utilities of
Consequnces are assembled together.

t szems to me that soms of these hindrances scattersed around the
ground of decision theory could ba avoided

l.once we recognize that nobody 1is going to offer you  any
intfinite amount of money even though you bet it antiraly,

Z.when we go back to the utility functions of conseguences.

b



Z.5AMES AGAINST NATURE: AN EMFTY TAXONOMY

The expected utility criterion has been devised when the problem

)

of finding an equilibrium arose in games which did not have one in
pure  strategies. Expected utility was not thought of as a
solution of the St.Fetersburg paradox.Indeed when risk neutrality
and risk loving are displayed the St.Fetersburg paradox is back
evan though we adopt a Yon Neumann Morgenstern utility function .
The context in which the expected utility model was born is
relevant not only for that. This context should be reconsidered
also by those who include expected utility among the criteria for
decision taking in so called ‘“games against nature'. Its neglect
zeems to be one of the reason why the expected utility model has
been sometimes incorrectly used. Let me be more explicit.

When I consider a game against nature the consequences of my
actions are determined just by the state of nature which is going
to come true. Nature is not deemed to be a supplier of states in
any economic sense.In other words nature is not an agent offering
bets, vyet it is simply an element which lies beyond economic
control by any agent.

However St.Fetersburg paradox cannot be considered as a game
against nature. Yet if that is not the case I have to ask simply

who 1n St.Fetersburg paradox is going to offer an infinite amount

11}

of money for a bet which could cost an infinite amount of money
izee Machina ,1982).
This 1s to say that every time we Zonsider some economic decision

w2 cannot consider just nature (in the form of chance ) vet also

e



a2 market where somebody supplies bets (nature does supply bets
Sut  they are all free goods). Since risk neutrality and risk
laving on  the supply side of the market would throw us back to
“he moving sands of St.Fetersburg paradox we are led to imagine

pet suppliers who are risk averse.

TL.RISE AVERSE BET SUFFLIERS
When risk aversion casts its shadow on both sides of a market for

22ts, =2quilibrium can be reached

l.2z1ther i+ we have different ( asymmetric) information by which
one knows more than the other and has also different subjective
probabilities .

Z.0r if the agents have different uwtility functions of
COoONsSequences.

These two situations could be well depicted by a diagram like
that in Ffigure 1 where risk aveﬁse suppliers and demanders
meet.In Ffigure 1 we have a diagram 1in which I have plotted a
supply and a demand curve on the assumption that: alsuppliers
Flave an 1nitial information advantage which allows them to price
bet lower Dblsuppliers are more risk averse.The diagram has some
point  in common  with Tobin (Tobin,1938-1959, fig.Z.1,pg.73),yet
the y axis represents the risk premium instead of expected values
and the origin does not correspond to a zero risk value.

it the two assumpticn above are satisfied an equilibrium in the

market can be obtained, while in all other cases fthere may be

unstability or even no eqguilibrium pessible.



Is trere actually any  apparent reason why I should so strongly
empr. 23122  the role of bhet suppliers?™ The reason should become

<€ s0on atter having introduced to our new approach of

decizion making under risk.

4. A SIMFLE UTILITY ARFROACH

Mow we would like to sketch a simple way to model a demand for
"uncertain ventures" instead of limiting ourself to the
reexamination of expected utility.

gems  to me that one of the peculiar feature of Yon Neumann

T
[}

o
L

Morgenstern expected utility model iz  the argument of the utility

W

tunctions o+t consequences ( usuwally called in the literature U(.)

to distinguish it from Vi(.) relative to the utility of a prospect

!« This argument Appears  expressed as different amounts of money

o
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(or at least of only one good which does not change over the
ztates) relative to different states of the wor 1 d .

Eince there are not complete market {for all states of the world I
cannot  think of different amounts of money as different goods
azsoclated to different contingencies. Yet we must resort to
probabilities to evaluate each state of the world. In this sense
probabilities may appear as shadow prices of states of the world
which could =ven differ acrosz individuals. To this purpose
cholces can be expressad in  a way which may appear fairly
unusual. [ assume that each agent possesses a utility function
over the conseguences of a kind which is reminiscent of consumer
cholce under certainty. Every conseguence is treated like a good
and & prospect is a bundle of thaese goods.

How does the consumer make his choice?

Fierst of all he must have a budget set to make his or har
prablem determined. The budget set is determinead by introducing
probabilities of states as prices and making the expected Qalue
of a given praspect the constraint.ft will then be pogsible to
derive some sort of demand functions for money prizes in each
state.Yet how shall I be able to say whether an agent 1s willing
to enter a lottery or an uncertain venture?

The answer 1s that an agent will buy the ticket when the prospect

tormed by his demands and by the probabilities is stochatically

dominsted by the one supplied by the market or at least

2ouivalent (see Rothschild-8tiglitz,1970). This gives rise to

modal cholices at the individual level.

More precisely we can write:

FROFOSITION 1



Tacn aaent possesses  a_  utility function over bundles of

cznzeguences., He decides to buy_ a prospect if+f this dominates

ztozhasztically his optimal prospect or ic at least eguivalent.

The cznsumer derives hic optimal prospect by maximizing

Ui Ry e w i y2im) (1)

1Py = E 1 = luiuuus n (2}
whera o, are the probabilities which could or could not
colnClde with those offered by the bet suppliersy E is the

gxpectad value of the lottery .
Wi can distinguish two cases ! the first when the probaebilities

v

of  the prospect offered do not coincide with those of the
onsumer and the second when the probabilities coincide.

In the first case P: in (2} are thosg’o+ the consumer who will
maximise (1) obtaining the optimal quantities x, at tHe
pProbabilities p, that I call x*jp. Once this operation has

been performed the consumer compares his optimal proespect with
the one offersd whose expected value is E. He will buy the bet
only :f +the one offered dominates or at least ic stochastically
Equivalent to his optimal one.

ase the procedure 1is the same vet the comparison

n zecond

[}

H
3
13}
al

!

LEOomEs more s2asy  since with equal probabilities it 1= extremely

-
1]

zimple to see which pProspect dominates the other.

Here 1z an 2xample based on  a simple Cobb-Dougl as utility

function  and a two consequence prospect.



m oprospezt is offered giving 10 ecu with probability .4 and 20
with prozability .6 making the expected value of the prospect 16.

The consumer is assumed to possess a ©D of the form

re optinal guantities derived are

I 13 easy to see that the bet offered stochastically dominates
the one demanded at those probabilities (simply observe that it
has a greater variance which is & necessary condition for

stochastic dominmance) .

This means that the consumer will enter that venture

Z.A LESS SIMFLE UTILITY APFROACH

“here 15  another avenue based on the indirect utility function
winlch could be considered. Usually the undirect utility fumction
titut) 15 expressed in terms of prices and income and has some
properties on which wes shall not dwell now (sea

Deaton—ﬂuellbauer,1980;Diewert,1974).



This function - when the direct wutility function is of the CD
type and when prices are thought to be the probabilities and the

budget set is limited by the expected value of the prospect— is

M{Di1,Pp=2,E ) = 1ln E - a 1n Pr — (1 - a) 1ln pa ¢Z)
az before the parameter a indicates the degree of substitution
among  prizes. The iuf gives the maximum utility for given

probabilities and for a given expected value of the prospect.

The Roy's identity tells us that the optimal level of each prize

will be given by
Hi,2(Py,24,8) = —- [§& v P.E) /8Py ,21/08(p,E) /SE] (4)

The problem is that to have this nice duality result and to be
able to get an indirect utility function we have to analyse the
direct utility function and then tod see whether the non standard

utility function depicted in (1) can generate the one in (3) and

see what are the properties.

Mow 1t should again be emphasired that the demand functions
derived with the Roy's identity have to pass the same scrutiny as
betore to see whether what is offered dominates or at least is

equivalent to what is demanded.

w. THE DIRECT UTILITY FUNCTION: DERIVATION

It does not appear so easy to ground the decision criterion which



can be gzerived by using the direct utility function under

In order to derive from preferences a utility function we have
to define the set of possible conssquences (in consumer theory

thi= corrasponds to the consumption set).We have to consider this

il

5

2t as the nonnegative orthant in FK™.This does not mean that we
cannot include losses since we consider the domain of the utility
tuncticon nade by final states when each final state represents
initial wealth plus the payoffs {the set F.) [see the affine
approach :introduced by Fahneman—-Tversky (197917,

Then we assume:

i.Complet=ness or g=neral comparability : an agent iz able to
compare any pair of final states x,y £€F showing preference or
indiffersnce between any two.

Z.Transitivity for any KyYy2ZeF we have that if x F Yy and

y ¥ 2z then x F z where F means waakly prefervred.

Z.Continuity: for each x¢F [xzx Fyl and [x: y F x 1 are

Closed sets. .

4.Non satiation for each XKyy & F if x2y then x F Y

FROFOSITION Z

Whenever nreferences obey agssumptions 1-4 we can have a utility

function from R +to R which is continuous .

For the proof we can resort to a standard one like that given by

Yarian (1984).,

what makes our treatment peculiar is the way we model the
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L1
i

decision  of an agent.Even though the utility function is a well
oehzved one the budget set is built in a non traditional way and

2 gecision is  a modal one.

i+
s

Z there any sense in that and what are the aims of that? Let us

4

try to answer to either guestion.

Firztly by using this procedure we can take into account the
fact that bet supply has to be considered as well.This is relevant

zince only certain sorts of bet supplies may entail fair bets.

zeczndly risk  aversion can be evaluated by comparing on both
sides of the market the value of offers and demand with the
zxpected value of the bet.This seems "to give rise to some sort of
rishk measure which can be derived without any knowledge of utility
function.Let us see how we can do that.
To measure the risk aversion of an agent we have to compare the
-
variance of the prospect as it is objectively given with the
variance of the prospact demanded.Since the variance 1s a
statistic which is influenced by the unit of measure of the
observations we must deflate it to get a standard free index.

Suppose the variance of the prospect is Vs and that the

variance of the demanded bet is Vg4,then our measure becomes

““““““““““ (5}

This can be thought of as a measure of risk aversion if the

prospect suppliers are neutral to risk. In this case calculation



is very s=zasy.

A more cdifficult task has to be undertaken if bet suppliers are
risk averse,while for risk loving it looks fairly simple.

In the feormer case the prospect demanded. should be the result of a
maximization process where the budget constraint is no longer
Tepresented by the expected value of the prospect but by the
expected value of the prospect offered.In this case those who
produce “he bets ask for an entrance premium which should be rald
by those who enter the risky venture.Take for instance thé case
ot  a car insurance policy.You pay a oremium partly as a coverage
o+ the pure risk you incur by driving your car and partly as a
ticket f0 enter the insurance game. Indeed you can bet almost as
mucn as  vou like. For instance vou can buy life insurances of
almost any  amount even if the objective expected value of your
lite is far lower and not as  much variable;you can buy car

insurances with or without deductible and with different levels

af maximum coverage.

Take again the case of a life insurance policy whose value is ten

times higher than the expected value of the life insured. It seems
obvious that this sort of insurance could give rise to behaviour
of the beneficiaries characterised by a great degree of moral
(or perhaps immoral) hazard by relatives. In that case the
insurance company has to be risk averse and to let the insured
Ferson to pay a twofold prem: ums:

one for avoiding the risk and

another +to enter +the game,since in  that case the inswrance

company would be guite irrational to offer a fair gamble.

N this case risk aversion should be measured by the same method

i

above by considering VY, the variance of the prospect and not



the wvariance af the offer.

S THE ALLAIS FARADOX OR CERTAINTY EFFECT

Maurice Allais (1957) analysed the expected utility model and

cresented  a series of choice problems in which observed

prererences of the agents did not obey theaxiom of independence
of Yon Meumann Morgenstern expected utility.

Zne ot the various choice problems in which people involved tend
Lo violate the axioms is one in  which there 15 an event, which isg
almast  certain tq be compared to probable ones.In these cases

oole seem  to display a certainty preference from which the

—

L certainty sffect.

L

n}

i)

Lat  us consider  a pair of choice problems proposed by
Hahneman—~Tversky (1979 to i1llustrate the s0 called Allais

Jaradou.,

Consider the First choice problem:

Frozpect A

2300 mou with probability ,ZIZZ
2400 .. .. - 66
iy " on .. '(:)1
Frozpect B

2400 ecu with certainty

Conzider a gecond choice problem

Frozpect

i

-

CDUO mou with probability (3T

) . .. .67



Frospect D

2400 ecu with probability .24

= . - .66

In practical experiments conducted in Israel by trahrieman—-Tversky
1t was found the following pattern of preterences displayed by
the majority of agents involved:

2 F A and CF D

How  l2t us see why this choice apparently vinlates expected
Ut1lity.

I a0y = 0 we have that B F A implies:

LOZ400) 2 LZEW(RS00) + L 46U (2400 (&

because the eaxpected utility is linear in probabilities we can

Wwrite the inequality (&) as:

CEAL(2400) 2 LITA2S00) (7

‘2t this is  just the opposite of what displayed in the choice

2etween C and D when the result was:

ZIUZE00) 2 L T4U(2400) (8
which is  the opposite of (7).

This 1= an apparent contraddiction whenever we want to explain
actual choices in terms of +he expected utility model.We limit
Lo tnls case  even though the literature of the last B8-9 vears is

rich ot new  theoriss and evidence against the predictive ability

0+ Yon Meumann Morgenstern mode | (see

LDDmes—Sudgen,1982,1987;8udgen,1987;Machina,1987;Fishburn,1987;8ch'

14



Semaker, 1982).

S2.AN INDIRECT UTILITY INTERFRETA.ION

Mow we want to see whether ouwr model of decision making under
uncertainty 1s able to give reason of the above choices which
apparently contraddict the VM model.

consider the indirect uwtility function which gives the maximum
utility for given prices and income .As shown above we can
re:interpret this function with probabilities as prices and the

-ted value of a prospect as the budget constraint.

im

=]

In the case af three events and of a Cobb Douglas direct utility

(2
i}

function, we can have

VIpyE) = (E / K piep=Cpmi—e-b) (9)

where a+b<l and kK is a constant depending on a and b

-

We can eliminate the constant and take logs in (?) abtaining:

']

vip,E) = 1ln E - a ln ps — b 1ln pz ~(l-a-b) 'n P (10)

Mow  we show that for some values af the parameters of the
2guation (10) we can get the same pattern ot preterences seen in
the experiment conducted by Fkahneman Tversky on the allais
Daradoy.

Let us consider a Cobb Douglas with the following parameters:



each prospect in tuwn

taking logs of numbers

E = Z2300xZ3 +2400x64 = 240900
Va= 1n Z40900 —.2 1In IT —-.46 LIn
I=H

E = 40000

ve = In 246000 ~- & 1n 100 = 12

Hemnce B F A.

Consider C and D:

E=Z500xI3 = 82500

—.2 In ZZ =11.70~

D:

E=2400x34 = B1&00

vo=1ln B1600 —.&6 In 34 =11.31 -2
hence C F D.

This 13 the same pattern
Fahneman-Tversky, 1979 experime
simply using an indirect wtil

above.

OBJECTIONS

7. S0ME

Someone might object that it is

Cobb Douglas chosen.To this objection

and multiplying everything by 100

i+ A

bé& =12.39-.70-2.51 =9.18

LIB-2.T7H = 9061

70 = 100462

-

=9.19

.12

ot preterences displayed in

nt. Here it can be explained by

ity Afunction of the kind proposed

2 matter ot the parameters of the

the answer is immediate and

L&



based on the consideration that prizes may have any kind of

]l

substitutability among them and hence any parameter may be
Justified.

A second objection may.arise because of the use of the indirect
utility function nmot just to compare maximum utilities yet in
such guise,i.e. with probabilities instead of prices and a budget
constraint (or expenditure ) given by the expected value of a
orospect.

Here the answer appears mare complex.

First of all the problem of prices as probabilities.It appears
that the consideration of a price as equivalent to the probapility
ot an event might give rise to some criticism.However we said
apove that this price is a sort of shadow price of the player
which has notnecessarily any relationship with the market price
ot the prospect.0n the other hand we know that the price of a
prospect can be well approximated by its expected value, making
then probabilities more akin to some market price of events or
pPrizes.

Secondly we should investigate a little more deeplyinto the

properties of an indirect wtility function like the one used.

To do that we go back to the praperties of a traditional indirect
utility function to see whether they continue to hold or are in
need of alterations required by the new task to which they are
called for.

Let us list the properties of traditional iuf’'s (Yarian, 1984 :
l.vi{p,E) is continuos for all psx0 and E>O

Zev(p,E) 15 nonincreasing in P and non decresing in E

Zovip,E) 13 guasi convesx in = H

4.vip,E) is homogeous of degree ¢ in p and k.

Which are the properties otill maliing sense in the new decision



environment ? Which do not make any more sense ? Shall we still

have an indirect utility function anyhow?

1.This one is still true in this version of the iuf even though we
have to avoid cases in which some p. are zero because we loose
continuity, which is not a plight in itself but it makes the
derivation of optimal bundles of consequences quite akward.

In all other cases the continuity is assured by the application

of the maximum theorem (see Varian, 1984 pg.121 and pg.326).

Z2.The Ffirst part sounds a little unfair if referred to
probabilities rather than prices.However most of the times in
consumer theory a normalization of relative prices is used making
them vary between © and 1.The fact is that here the sum of
prices=probabilities has to equal 1 or 10 or 100 (according to

the manner we define probabilities). Saying that a vector p is

[ 391

greater than a vector p° does not mean anything to us if
-
1P = 1 or 10 or 100 , since the definition of probability
is unique despite the scale.There is no question about
hcmogeneity in probabilities,unless we were to consider prospects
which are not exhaustive or prospects giving other prospects as
results.Only in those cases we can apply a proof based on
preterence sets (Varian,1984 Pg.121).The fact that we cannot
praove this property for our peculiar function does mnot have to

detain us much since this property  would not be very useful.

Hence we can drop it without compliance.

Z.As far as the third point 1is concerned it seems that we can
retain  the guasi convexity of vipyE) in p ;let us try to see

what it means and whether it i1s correct to retain quasi

18



convexity.

Huasl convexity implies that

(p:v(p,E)zk) (11)

is a convex set for all k €& R. Even in this case we ftollow with
tew alterations the proof of Varian (1984) .Suppose we have two
vectors of probabilities p and P’ both satisfying (11) e
consider a convex combination of the two vectors of the type

tp+(l1-t)p* = p"

we shall have that the iuf in which P" is substituted for p

is still like (11).A411 P must satisfy the budget constraint

hence we must have that -
p x:E (12)
px:iE (173
pUxik {(14)

I+ x is in (12) or in (13) it will also be in {(14).IFf it was
not so it would be

tpx + (1—-t)p 'x:E (13

but pxiE and px ":iE.

The two latter inequality impily that

tpx<tE

(l-t)p'x< (1-£) E

which can be summed to give

tpx + (l-t)p'x< E

= -

which goes counter (15).
Hence v{(p",E) L max ui(x) because the set represented by (14)

15 containaed in the wnion of (13) and (12).

4.This property is tairly irrelevant to us even though in some

circumstances it could hetreated as  a sort of independence

17



praperty.Iits proof 1is trivial.

10.CONCLUSIONS

In our presentation of a new approach to decision under risk we
have emphasized two main aspects.
The first concerns the need to take into account in economic
zituations the conditions under which the supply of bets takes
place.Supply of  bets has to be considered because the
availability of fair bets hinges upon the existence of certain
kinds of suppliers.
The second is more enticing since it provides a sort of new
criterion of decision under risk.This ’is based on the use of a
utility function in which the arguments are the consequnces of an
action and the probabilities are the price of any consequence.
Direct and indirect utility functions can then be used for choice
-
under risk.Except for continuity the indirect utility Ffunction
resembles very much the one under certainty.What is fairly
SUrPrising is  that such an  indirect utility function is able to
explain the paradox of Allais without recuuwring to non transitive
decision criteria as it happens in most of recent literature.
In addition this approach seems very promising because the iuf

can be usad in a "near rationality “ model {(Akerlof-Yellen, 1985)

by the maximum theorem.
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