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1. INTRODUCTION

This paper analyses the concept of Rational Expectations Equilibrium (hence=
forth REE) in a simple dynamic model of (equilibrium) assets price determi=
nation and the‘important implications for the relative concept of informational
efficiency. By contrast to the récent ceritique to this concept by Grossman
and Stiglitz (1976) and (1980),focusing mainly on the incentive to spend
resources on information costlessly available,we shall concentrate the at=
tention on the prior problem concerning the REE existence in a dynamic fra=
mework,irrespective of the information structure assumed for the market
process, The notiorn of informationally efficient capital markets is very
stringent,because,at each instant,it requires that market equilibrium price

"fully reflects all available information in the market and communicates it
noiselessly to the market participants who evaluate this information correctly"(l),
Against this concept,we set up a simple mean-variance (optimizing) model of
financial assets demand under Rational Expectations and non-constant rate of
interest borne by money. The main task accomplished_ by the paper is to check
under what conditions the REE actually exists,either when information is
symmetrically or asymmetrically spread in the market.

Irrespective of the possible informational asymmetries as well as dividends
policy,we shall see that specification of rate of interest policy rules turn
out to be crucial for REE existence,ruling out speculative (cyclical) bubbles
(in expectations),which would lead to agents'loss of confidence in the infor=
mation conveied by (equilibrium) price and then to a financial panic.

(and Centeral Bank)
This result provides a rationale for GovequmentVintervention to restore "or=
derly financial markets?involving a suitable level of variance for gge stochastic
process underlying the realizations of the rate of interest;as well¥the |
maintenance of the investors' confidence in the market,as far as the simple
monetary policy rules admitted in this paper are concerned.
Horeover,we shall give a brief account of various links relating these results

to the existing (outstanding) literature,trying to unify the REE existence



problem with the emergence of speculative (cyclical) bubbles (in expectations)
leading to financial panic in assets market. This latter is therefore captured
by the REE destruction due to the raising of speculative (cyclical) bubbles,
degenerating in chaotic behaviour concernig the expected assetsprice.

The relative novelty of this’economic appli;ation mainly refers <to that unification,
however,we provide a fresh e;ploration of the consequences of non linear dyna=
mics involving rational expectations and the related nature of speculative
(cyclical)bubbles. In this context, the standardéaddlepoint approach turns out

to be not able to give sufficient conditions for guaranteeing a unique REE,

This will shown to be true,because transversality conditions inplied by Hamil=
tonian dynamics do not rule out,as it is known,(2 ) periodic cycles or chaotic
behaviour,

Hopefully,this paper tries to provides some new insights when the Rational
Expectations Hypothesis (henceforth R=H) is fully embodied in a perfectly
competitive non (log)-linear model ,without surrogating it,invoking an approxi=
mation argument,with perfect foresight or autoregressive expectations.(a)

The typical volatility characterizing assets markets could find here a natural
interpretation in terms of speculative (cyclical) bubbles (in expectations),
suggesting in turn that the Customary Bfficient Market Hypothesis,regarding efficient
asset prices as 'jump' variables that incorporate almost istantaneously news

about current and future events,might be incompatible with market equilibriun

under rational expectations and optimizing behaviour held by investors.

2. REE: A DIGRESSION.

The way in which the economic model is conveying and processing,as well as
aggregating,information,compatibly with agents'maximizing behaviour,is quite
often summarized with the notion of REE,usually referred to the equilibrium
reached by means of the price system. The essence of the REE is that agents
have some economic model (implemented in their own computer) relating somehow

the exogenous (stochastic) variables to the endogenous variables which ought



(4)

to be forecasted . Actually,it is not a totally new notion in ecoriomics;
Hicks (1939)(5),for instance,suggested the term perfect foresight for the si=
tuation where producers anticipate a price and then engage in production deci=
sion with the property that the actual price coming about is just the anticipa=
tgd price. The key point which Hicks emphasized is that’expectations held
by firms about endogenous future variables actually help determine the true
values of the future endogenous variables. Thus,perfect foresight might be
thought of as an equilibrium concept rather than a mere condition of individual
ratgonality.
In a seminal paper,Muth (1961) presented a sort of generalization of Hicks' per=
fect foresight idea for a (simple) stochastic economy,showing that the information
requirenents under REH are no greater than in models with rational distributed
lags,like the adaptive expectations casevndér optimal weights selection. This
latter should assume that agents know the underlying stochastic process genera=
ting prices,whereas in a REE they need only to know the stochastic process
underlying the equilibrium price,not necessarily the structural form of the
economy,wh_ich is relevant just indirectly to explain how equilibrium comes
about. The notion of REE plays a remarkable role in the study of resource
allocation in stochastic economy,where Walrasian equilibrium can lead to a

very poor allocation(6),since traders are just told tc undertake
their action exclusively based upon their own private information,ignoring
the infornation content of the price system. Obviously,a difference can arise
between a standard Walrasian allocation and a REE,as far as information is
not uniformly spread in the economy. On the other hand, the Walrasian equili=
brium concept does not allow to capture the o0ld idea in econonics that price
contain information. Perhaps,the clearest expression of this ideaz appears in
Hayek (1945)(7) "We must look at the price system as (...) mechanism for com=
municating information if we want to understand its real function (.0a)e
The most significant fact about this system is the economy of knowledge with

which it operates or how little the individual participants need to know

in order to be able to take the right action (...) by a kind of synbol,only



the most essential information is passed on QU LN

8
Under certain conditions( ),1t can be shown that the price system has the remar-
kable property that Mayek suggested;in an economy where traders have diverse

information, the REE allocation is as if each trader has all the economy's

9 - .
information( ), In technical terms,the REE price is a sufficient statistics
0
for all of the economy's information ). One can say that allocations are

as they were generated by a Walrasian equilibrium for an artificial economy
where each trader has all of the economy's information,as far as
competitive prices are the best information aggregator. Hence,RZE cannot be
Pareto dominated by a fully informed (central) planner.(ll)
The terrminology often used in the literature (12 when prices convey allf?gformatiox
needed at REE is 'full communicationsequilibriumzrecalling the idea of traders
pooling —perhaps with the aid of a central planner- all the information signals
before trading. A quite recent result,due to Jordan (1983),tells us that a
REE may not be 'fully revealing' -i.e. not a full communications equilibrium-
if,loosely speaking,the dimension of the price space is higher than the dimension
of the signal . space. This comes about,because the map P:S-?Sn,associating
each vector of signals s€S -where S is the signal space- to the (equilibrium)
price vector p* in the n-dimensional unit simplex,Sn,is not invertible,when
DIH(Sn) > DIri(s). Nevertheless,it can be shown that under certain conditions
REE certainly exists,provided there are a finite number of d:ifferent possible
signals(IB). On the other hand,Allen (1982) shows that,if the dimension of
the signal space,S,is lower (or equal) than (to) the dimension of the price
space a fully revealing REE generically exists. The full communications pro=
perty now holds,as far as traders can learn the all economy inforration simply
by inverting the map P(S)(ld),which is always possible in this case,up to a
set of (Lebesgue)measure zero. The implication of this latter fact is that,if

P(S) were not invertible,we can approximate as close as we like this 'bad be=

haved' economy with one having a fully revealing equilibrium price.



At this stage,it seems worthwhile to stress that the possible non existence

of a REE found in this paper for assets market does not depend upon the relative
dimensionality of price and signal space,which is set,by construction,to be
identical. This result suggests that Allen's and Jordan's theorems do not

carry over in a "dynamic - framework"charaéterizing the assets market equili=
brium price. Essentially,this is due to the presence of a forward looking
behaviour inducing a dynamic structure in expectations becoming intrinsically
non linear,because not only the first modent is éntering in the model, but

also the variance. Horeover,this results rectricts the general validity

of the 'Efficient Market Hypothesis'theorem for assets market,due to Fama
(1970) and (1979),even in the 'sophisticated' version proposed by Hellwig (1982).
In fact,if one is not restricting himself to the special case of constant
interest rate - as Hellwig (1982) is doing - but we allow for a more flexible
monetary policy rule,then the variance underlying the realizations of the
interest rate stochastic process becomes crucial for thr REE existence,

Although it is not perfectly clear how to restablish informational efficiency
under asymmetric information from what we have found,it seems reasonably
evident,under symmetric information,that,regulating the interest rate stocha=
stic property,one can achieve financial markets stabilization .

It is noteworthy that Grandmont (1984) has studied an analogous kind of
stabilization for goods market. However,there is a substantial difference

with the present way of modeling expectations,although Grandmont does not

seem aware of this distinction,because . is claiming that an autoregressive Prgte

(15)
expectations rule of the type:

e _ .
Ptﬂ- \}/( Pt 'ﬁ:_i RN Pl:—"t’) b_;E):OO,L,z‘-“

vhere ﬁ/ is a known function,is a suitable approxi jymation of the REH,

(1)

This is not actually true,unless all other information different from prices
is redundant,which is not generally the case. Hence,one can creep into the
doubt that the effectiveness of monetary policy in Grandmont's

model is coming from not a fully rational expectations held by traders.



On the other hand, there is a sense in which the present model is related to
Mmone tary
the Grandmont's one. In this latter modelV¥policies should be designed to force
the economy to settle at only one of the many long run (periodic) equilibria,
(or Central Bank)
In the present model the Govern.ment ¥an force the existence of the REE,
sticking to a certain interval of variability for the second monment of inte=

rest rate stochastic process that speculative {(cyclical)bubbles - {in expé:

ctations) are thrown away from the market.

Finally,to get a flavour of how the non-existence theorem for RZL works in
an assets market framework,by contrast to the standard pure exchange (stochastic)
competitive model,one can compare a traditional goods market equilibrium

price determination where:

E: D (Qtl;{t)
mQt: H (Eﬁ;)

Fez Prrge ~
E(.)=Expectation operator taken with resgsct to the distribution of {'TLt}

H(.)= Supply ,D(.)=Demand ,Q,=Quantity, ‘l’ldzstochastic factors aﬂect;'ns damand.

(2)

with the assets market equilibium price. The existence of REEL for (2) requires
that Qtzﬁ(.),market equilibrium,so that actual and expected price are constrained

to fulfil the equations:

%;:D(H(Eﬁ;),ﬂft) (3)
p= E ( D(H(P"‘),'?[t) (4)

where p*:Ept is just the only (real)number solving the equation (4).
Suitable assumptioniﬁn D(.) and H(.) can guarantee that p* is actually unique ,

so that conditional expectation is well-defined. As far as the assets market

is concerned, there cannot be general presumption,as we shall see,that equation of

1P8 ct,)
Ygdmits Just a solution (in the real field),unless restrictive conditions are

imposed on parameters entering in the model.



3. _A DYNAMIC ASSET PRICE EQUILIBRIUM MODEL UNDER RATIONAL

EXPECTATIONS AND RISK AVERSION.

3.1

I sﬁall study a capital market with one risky asset and one riskless asset
in an infinite sequence of periods T= {1,2,...} . We are going to c-on‘sider
a fairly general model which could be related to the outstanding literature
on REE and on the Efficient Market Hypothesis(ia).
An investor,buying one unit of risky asset,traded at price p in period t,will
receive a dividend Dt 1 in period t+1 and, moreover,he can resell the asset at
the new ex-dividend price Pt,1- One unit then yields the gross return
Ht+1=Dt+1 + P¢,1 in period t+l. The alternative riskless asset,say money,has
a constant price,say 1,for all t€T and a net rate of return rt,vhich is known
at t. Thus,the purchase of one unit of riskless asset in period t yields a
certain gross return 1+rt.
The sequence {pt’rt’Dtizo of prices,rates of 1nterest and dividends is the
realization of a stochastic process {pt, t’ 1 on an underlying probability
space (.ﬂ, 9: +V). The dividend process {Dt}:o and the rate of interest Process

oo

{ Y } are assumed to be exogenous. The price process {S’} is exogenous

t=0
as far as the individual investor is concerned,but it will be determined
endogenously in market equilibrium,

The set of all agents is represented by a measure space (A, d AM). In each

period t,a given agent a € A,choosing his holding of risky asset yt,can get

a wealth at t+1 “t 1»,drawn from the random variable:

\)th (th - B (“rf) ﬁ?* VV:(“'Z> (5)

V&EA, VteT

Assuming that he is maximizing a utility function of the type:

U(W) EX[)([)(&)W>
[D(a)>0 Vae A

(6)



implying a constant (absolute) risk aversion coefficient b(a) (higher values

a
of b(a) mean greater risk aversion),the holding Yt is chosen so as:
N

Max Elexp (- bla)( B, - (10 2))yle W, (e D))
t
) VaeA ¥V LeT

provided the Expected Utility theorem for the choice under uncértainty holds.
co
~
lioreover,we shall assume that the sequence {Dt,pt

t

£=0 is generated by normal

random variables,so that (7) can be written as

_ *1;\'3 1 22 8
M‘jfzx- EXPblET W - HwarT ) @
£ Vae A YteT

~a
since Wt 1 is now a normally distributed random variable,therefore (7)becomes
+

a
the moment generating function of the random variable Wt 1"
+
3 3 3 3 a
Substituting (5) into (8) and differentiating (8) with respect to Y+ ,one gets

the demand for risky asset for each agent,setting the derivative egual to zero
~

gath- (if’zt)ﬁ VieT

Y, =
b W VacA

where Etagt*i = E ( gc-u. , Jl(i )~, V@Ea gl:fj_: E(( Hcyi- glﬁt:ei)l'ﬂlt)

are the conditional mean and variance of Hi,1 held by agent a.

(9)

The corresponding aggregate demand is given by the mean of individual demand
a
S 4 dud
A t
with respect to the measure AU. The market clears whenever aggregate demand
for the risky asset is Jjust equal to the aggregate supply,which is taken to

be an exogenous constant,y. Theég;re we get from (9) the ecuilibriunm condition:

E°H
o At e )

a o
A l)(a) VQR Htfi

f : O}Ju(a)
. f>(3) V?Rdgt% VtET

>




~ o+~
To make (10) operational,one must specify the process Dt')pt}t o »where
th=1/1+rt is the rate of discount. Throughout the paper we shall assume it

consists of random walks with constant anticipated component,namely:
lad

Dt:d,+g; €, ~ I T, N. (o, b7), d e [o,+x)
i (11)

}7

t

S+ gt gtf\/I_I_D,(O,btl...)'Sé(OliJ

I

Horeover,to make sure that the integrals in {10) are well defined,we impose
the following condition:

an

Aq:The function b:A-—*R+ is measurable. The harmonic mean,b:zl({(l/b)d;u ,exXists
+
A

and is strictly positive.

3.2

We shall restrict ourselves in this section to the special simple caée,where

~ ~ o 00

all agents share the same information about {Dt’jjt} £<0 ,,th,including all
realizations up to period t . Obviously,each agent is aware of(11),that is to
Say monetary policy is supposed to enforce a rate of interest path,which has
a constant anticipated component over time and a transitory component indipendently
and identically distributed with known and constant mean and variance. Thﬁﬁame
hypothesis applies for the dividends policy except the further assumption of
normality for the transitory component.

Making full use of (11) we can now rewrite (10) as:

P=p ( EP +d-by (vag p b))
t ted t t+j__
¥teT
which is the equation driving the asset price over time. It is worthwhile
to notice that,aside of minor changes, (12) is similar to the equation studied

by Begg (1984) and Van der Ploeg (1935). Despite that,we should give some details

in addressing the solution for two main reasons. First'we wish to point

-10-



out how the arising of speculative bubbles can be related to the non existence

of a REE,or,in other words,that (12) nedds not to admit a solution. Secondly,

the nature of the (potential) REE seems to be essential in order to Justify

the Begg's (and Van der Ploegg) method of solution.

A way to approach (12),looking for a REE,is by means of the undetermined coefs=

ficients method,namely to restrict the attention to linear REE of'the type:

Pt: 1T, —Pt | ViteT (13)

TCiEIR
Plugging (13) into (12) we get the relation:(ig)
-~ 1
T N <
(8-4) = ( (80" Ly, (d- By2)?
Ty = (14)

Z E>3 é;

so that the expected value of Pi1 conditional to yfh is therefore glven

by: ( §- 1)+((5 1)1#5329;3 (d- bgbl))L
2
F¥ =E(3 | (2by &3 /9)
t Ptfi Ptu Al > \ ($-1) - ((5- L52+h53?>,3 (d- bgb »1(15)
(Zbgb‘lg)

which is not in general a well defined map from thes set of information,uq‘t

to the real line,as it is required by the definition of conditio=

(19)

nal expectation - As a matter of fact,it is a two-values correspondance

mapping on the imaginary axis as long as:
el - 2
L b bpu(byby - d )y (§-¢)

so that in this case there cannot be any equilibrium not only because the expe=
ctation is not well defined,but also for the fact that imaginary values for
expected and actual asset price do not make any sense.

(5’1)1: Lf})bl (g bé-d> (17)
pat by

(15) becomes a well defined map,but the REE coming out,namely:

-14-



(18)

is economically unfeasible,since the asset prices must be negative,because
§€(0,13 . | :
The third possibility is given by the inequality
< T 2 A 2
implyinz two real values in (15),one positive and the other one negative,which
still makeékhe REE in trouble. A sensible way out might be to suppose that
agents discard in (15) the negative root for?Q!because it would imply a negative
actual market price.In other words,the correspondance wquld be transformed
in a function on economic grounds. However, there is no a priori reason why
(or Central Bank)
(19) needs to hold,unless a propew‘kaernmentvintervention establishes a suf=
ficient low variance for the rate of interest or adequate measure to guarantee
enough confidence in thdnarket,stimulating a suitable propension to bear market
risk,i.e. low values of g. The same effect is associated to a low variance
in the ¢&ividends process or :to high expected dividends . If we were considered
the bonZ market case,where there is no uncertainty about the asset's yield
+ , (Provided 3 constant Lovpon 1 Pag2d out)
— as Bezg (1984) did- then 235 is vanishfagjhence (19) always holds .
Thus,despite - Begg's opinion,a REE equilibrium always exists as far as
bond rarkets are concerned,provided one accégs the argument put forward before .
One the other hand,we must be careful about this conclusion,because,as we will
se later on,this existence relies strongly upon certain transversality condi=
tions,varying according to certain parameters appearing in (15).
This ceonsideration introduces the need of a detailed analysis of the expectations
dynamics,in order to specify those transversality conditions.

To do that one has to form conditional expectations at (t-1)into (12} to get:

E_i,ﬁ; P 5 ( ELE% +d - b\ﬁ (Vt/q.f E*;bg)) (20)

VieT

-42 -



L 4
We shall prove that the view at (t-1) about the mean and the variance of Piry
~ +

is identical to the view at t;this is the case not only because Pt is I.I.D.,
s0 that the agents learn nothing from the realizations [Pt l:o -as Begg seems
to believe as well as Van der Ploeg -but also as far as a particular dynamic
structure,like (12),is driving the asset price. Simple calclulations from (13)
yield in fact: t

Ep = Ef =8m, ; Var | = vag T by @
I)C-#j, Pt‘rt L F*L Ftﬁl Vté T

as long as the REE exists.
were

. s NG
On the other hand,if the asset price in (12){depend1!’also upon the past rate

of interest,like for instance:

Pﬁ?t(Eﬁ-&d-Lg(v?aﬁn*bZ))necpt-i (22)

C6IR+ Vel

thus the REE has the form:(w)

P , ¢
Ft Li?t*'mz,ﬂ_i + nspt VLET (23)

3
where {7C_ ¢ are given by the equations:
[R5 §

T, = Ty = ¢

(24}
A

by by T (- )y (d- Byt)v e (ebpby (25,08 )
- (§*+b5)] =0

so that now the view of Py, at (t-1) differs form that one at t;in fact

from (23) we get:

B 2
E-PC*L: T +T'1P*rr5 (S —rb&) E L'L S(Lift.z)f“.s(g b
(25)
7

l z n 2 2 ~ 1 2 2 1 A
- o ) = 140
VARﬁ:, b;.b 3 b}g (ZS+5&>,VHR ﬁ:q bﬁ(anKLT,Li(ZS*bﬁ)‘
(zo) i
Property (21} plays a crucial role in solvingfsince by e?otractingl E rrom

~-A43.



(12) and squaring both side,one can take conditional expectation,with respect

to ,/L t-1 50 that we end up with an expression for the conditional variance:

ER - B R Y = Vs RE= (55 187) (ERY s
VieT

which allows us to rewrite (20) as:

tE«LFt: (ELPI:L O}' b(ﬁ (E (b /S) )) (26)
Vte T

(26) must hold for all future periods t+j not merely for t,because t is I.I.D.

and its conditional expectation and unconditional are identical,hence we have:

X_]' - g ( XJ"'i‘ .“’ d- l)‘j((')(}:; (b:; /g'l){-bz_))E?(xm)(zﬂ
Fuj Vo2 ,¥VteT

IH

3.3
In order to shed some light on the solution of the forward looking difference

equation (27),we will deal with the topologically. . conjugate equation:

M z, (1- Z_z)zg(zt);MES@"ZN), (29)

A | Vezoqs 3
T len (Byis)- N [a-an ) Jrooted

where M must satisfy the polynomlalle qvatx oh:

N*S+ (1-syN - S (d - bybg )[35(5,,,/5‘) O (29
and % is some terminal date that in what follows must be assured egual to + Co,

The direction of the time is reversed in (28),with respect to t'e forward looking

equation. (27),because the transformation makes more natural the applicatioriof

some standard theorems}‘or non linear diflerence eguations.

-4l -



Comparing (30) with (15) ,we get non surprisingly the equality:

X* =) z* 4-
E F N / 1 (i/M)
t Evq \\\ )<1_ :::T> :11.::(7

so0 that the stationary points of g(x) coincide with the expected price in REE;

(31)

these points are in turn biunivocally related to the stationary points of
f(z).
The key point to understand at this stage is that,since by construction

. T A i\
D, ZZZQM ?(Z"):&“%’Xf-t:xozl‘:‘}) )y Tz 00

)y eex T +op E-1/E (32)

then the asymptotic behaviour of{zQ:}is crucial for the existence of the REE;
in other words,if the limit in (32) does not exist (finite), the REE breaks

-

down. Ve shall see that this depends upon the terminal condition,zo,chosen

as well as the parameter I characterizing f(z).

To start off the analysis we have to assume that (19) is holding,otherwise

there cannot be any REE,eihter under (16) ,because meaning,‘lxess,or (17),
ecoromzcally

becausefunfeasible.

First we notice that the first fixed point z1 is alwayahot reachable by

313 o
almostV%equence:{ zz} »Since we have:
T

=0

F’(Zi) - M =1+ (S-iylhg‘jb; (d-gjbﬁ))}’ S 1 (33)

unless the terminal condition is chosen in such a way that:

2 A 1 4
I._ (g'i)- ((S'i>fhb‘jb&(d,;bgbln

~ -

7= 2':0 =y xzFE ¥ = £
AL T R T (2by bl Ig) (34)

But,z=z we have pointed out before, this choice would imply a negative expected

€

¥r-0;.

anc actual price,so that the agents would probably wish to rule out this
possibility.Obviously, this argument is satisfactory as long as we believe in

the confidence in the market for the agents.

- 15_



To make the solution of (27) fully determined,so to have a fully specified
path for all expected future priceﬂpt any date t,we ought to fix a terminal

condition,which has the form in terms of x or z:

A A A A L 2
Zo: ZO 1 %:“’oo X_y- X P ZOZX(Btij/S )-Nli‘ZN (29)
In linear rational expectations models the set of admissable terminal o

conditions is customarily chosen so that the solution Iies on a stable mani=
fold,according to the conventional saddlepoint approach. This (arbitrary)
choice can sometimes be rationalized in terms of the transversality conditions
characterizing an optimaf%?g‘models with infinite-lived households(ZI). Essen=
tiaily,it requires that non-predetermined variables -like assets price here
involved- behave as if they were co-state variables of Hamiltonian dynamics
(i.e. shadow prices). Even though in many models this justification is total=
ly ad hoc,dit is -enough for having a well defined REE,as far as a linear dyna=
mics in expectations is concerned.

We shall see that,although we are assuming expected price not growing "too
fast",namely of exponential order lower than the rate of pure time preference he]d'
Sfj the agents,a REE needs not to be well defined,unless the choice were restri=
cted to a set with only one element.

To make (28) operational,one must choose one value of N from (29);it is fairly

natural to stick with:

No (S0 - (080 L by b (do By b))
ZE Y b;

because it allows the following relationship in terms of fixed points for f(z)

(30)

and g(x) defined in (28) and (27):

ZL‘—‘- 's) ::) Xt = (S-i)‘ ([S-.t}l-» ngb;(d-gjb:))z

s (30)
Zzli—% =7 (Zb‘jbﬁ,\/é) A 1
x*_ (§-1)4 ((5-8)v L hydd (d-bhyd?))?
Tt Ll i) vhby0p (d-bybe))

(2,}35 b5 | s )
z" = ? (Z") , XL:%(XL) 21}
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On the okher hand one can show,plotting the parable defind by f(z) 11-'% phase

dyagram, that the economically feasible REE defined by x2 i.e. 22 ig always
QQ

reachable by the sequence{ t} whatever terminal condition zo is chosen,
=0
because it is *ocally stable stationary point,since we have:

! ‘ , A A ‘ * .
'P(Zz)=~M-'Zzi—([é-i)iubtsb; (d-By8)Yee (o1} o
rovided that: . ) .
((S~L)L+l+l>¢3b; (d,-ﬁlﬁbt.))lé (O, 2) (36)

.c:e one :\;an prove that =z js a stablel node for |
((S’l)‘i‘l&bbéj (d- E‘jbz))L (O, i) (37)

or a stable spiral if

({5—1)1+L¢ /Ebéj (d~ g3 bz))% c (1(2) (38)

These two cases correspond respectively to monotonlc convergence and

over or under—shootlng of the sequence { ‘t 1-'::Dowards the REE
= :( - 5- r=0

‘1Pt § ) (( i)‘:LLSbP (d bgb‘)) /(1536;5/5)
Vhe: b 9

eneve o0 ([S’L)*L"E‘jb‘é(d, L‘jbl ”l> 2 “*0) (39)
the secuerice {Z't }‘c never converges,unless the terminal condition

=0
is chosen in such a way to have: (LL)
1

A 2 - A ‘L (§-1 ) ([5 i)’fl.t) b * )
Z,=Z2=4- (ilM):::)XJ:E)D =X=X = ”(OL Lgb))
Therefore the REE does not exists as long as (40) does not hold. ‘-\‘:Oli‘?,-:,

.'17-
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This result throws new light on the condition (19) for the existence of a

REE,which turns out to be far more restrictive than before from a practical

viewpoint;in fact the discriminant defined in (14) needs to be not only

positive,but has in practice an upper bound,namely 4. The terminology "in

practice" here means that,whenever (40) holds, the only admisééble transversality

condition for the existence of the REEibecomes (41),s0 that even a very small

perturbation,due for instance to a not perfect knowledge of the parameters

appearing in the model by the agents,can destroy the potential REE.

Summarizing,we might say that,if (40) is holding, then the REE is not robust
land vnpercezved)

under smallVperturbations in the parameters. On the contrary,as long as

(36) is fulfilled, the REE is very robust,because any terminal condition

that one might have chosen leads to a well defined REE.

To complete the framework,we shall give some indication about the expectations

path under (40);we11 known results on chaotic dynamics tell us the following

()

classification

{ E ) }'t:-t°° (( . r o, d A nt
Y =0 vatues of ((6-1) 44 bydy (d- bybe))=

2-period cycle (2 ¢ 2o kng)
4-period cycle (2.443, 2. Sti)
8-period cycle (2.5, 2.56L)
Even k-period cycle k16 (2.5 ,2.530)
All even-period cycles ( 2. 320, 2. £79)
Odd-period cycles ( 2. 5731 2.828)
Chaotic behaviour (2.%28, 3)

—_ g ( 3, « o )

this table is essential based on the relationship:

M- 1+ ((S~1)l+ug5b}; (Ci‘g'ij))lL (42)
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therefore the classificatory parameter M,characterizing f(z),has been used

as reference to evaluate the numbers in the table .

As it is well known(zs),the emergence of chaos implies a very strong sensitivity

of the expected price path from the terminal condition,so that even an infi

nitesimal deg;atibn from ;o = z? can lead to a very complicated tféjectory

for{E r A g:cd.;troying the REE,since it is certainly not convergent to a point
t-siE+T-T ¥ a0

(in the backward direction). Hence,erratic path occurring for expectations

would demand extraordinary analytical power of the investors in the assets

market to locate the terminal condition in the unique point allowing the

existence of the REE. Any,even little,change of regime in the market could

be accocpanied by the RED breakdown,because agents might not be able to detect

istantaneously the switch.

To conclude this section,we ought to say something about the results found

by Bege (1984) and Van der Ploeg (1985) for bonds market case. Clearly

this paper is inspired by those works,although there are some fairly important

differences. Essentially Begg's conclusions coincide with what we have

found in this section,because,holding é;O in (35),we get the expression

(30) in Begg (1984)’ and,roughly speaking,our conditions (36) and (40)

can be locally summarized by the figures 3 and 4 that he puts forwardfz‘)

The same,on the other hand,does not apply to Van der Ploeg (1985),who first

suggests the analytical treatment in terms of chaotic dynamics for the

equation (26),but it does not seem aware of the fact that these dynamics

contradict the notion of REE. '~ As we have seen,non convergent sequences

cﬂ‘{ztiggre incompatible with the existence of thé REE,ﬂence it is substan=

tially :;2ng to say that "(...) there exists,(...),a unique non-convergent

and forward-looking rational expectations path in the shape of a limit cycle

or errazic behaviour”(ZS). The implication of this incompatibility“is that

the Efficient Market argument ,regarding asset prices as Jjump variables

that efficiently incorporate 'news' zhout current and future events,might

contradict market equilibrium.
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Next section will be devoted to a more in-depth exploration of this issue.

3.4
So far we have dealt with the case of symmetric information »that is to say

each agent in the market is conditioning the expected price ;pon the same set

of information. We shall show that the non-existence problem for the REE

carries over also when there are informational asymmetries in the market.

Consequently,the standard notion of informationally efficient capital markets ,

where eguilibrium price is supposed to fully reflect all available information

in the market and communicate it noiselessly to the market participants who

evaluate this infornation correctly,breaks down,because,under rational expecta=

tions an? stochastic rate of interest,there might not be equilibrium price

in the market. () It is moteworthy to point out that this result requireg as

Becessary and sufflclent condition a rate of interest being a realization of

an underlying stochastic process. In fact,as Hellwig (1982) has shown,if the

rate of interest is constant the (linear) REE is well defined,moreover,in contrast

with the Grossman and Stiglitz (1976) and (1980) critique, the marke+ cen ap=

proximate full informational efficiency arbitrarily closely and yet the re=

turn to being informed remains bounded away from zero. Nevertheless, the

Hellwig's result does not appear to be robust,relying on a constant (and

deterministic) rate of interest,even though it has overcome the main Grossman

and Stiglitz argument,according to which informational efficiency destroys

any incentive to spend resource on information,so that there would not be Ef?uéjxo
Brfﬁm in both markets, goods and information,simultaneously.

The asyr=etry in the information structure will be modeled in the simplest

possible way. Some agents in the market are assumed to be informed in period

t of the realization of the dividends transitory component at the end of pe=

riod t;formally,we may write down

Etri € '/Lt; VaiéAi ] AiCA ,VtéT

(43)

-20-



where Al should indicate the group of the so called informed agents,whereas
with A2 is the label of the complement of Al,namely the agents who know, as
before, just all realizations up to period t of all variables in the model.

-

(42) implies in conjunction with (11) that informed agents actually are aware
of the dividend that will be payed at the end of period t when they formulate
their demand of assets. in the light of this argument,the expected gross
return and its variance conditional to the information set held by the

informed agents are given by:

~ (44)

atN
= Es 3 - g
E H... d « et TR, IVARTH, = vag P.. vate A,
Vie T

whereas for those uninformed we have:

Eaz H d ~ ‘ al N 2 ~
t t lteg [ bty t T
L b’az € /ﬁl

VteT
we have intentionally dropped the superscript a; and a, in the expectation

operator for price,because,under normality assumption as well as independency

for the process{é?t} ,it turns out that(Z?)
teT
s g ZE"’Z Py ~ =
= ... - E = - FE~  (46)
% Fc’i % Fc’i ! R Qﬁé RARS™ Et'i) 5&11‘ % ﬁ:«x

%]
VARi—'\, - VAR ~ ( _ z _ ~ QA o
S Pt*l. t Pt*j. 1-R )‘ VﬁR Ftu.: V?R Ftvj_ bri

For the sake of simplicity,we shall assume that the "size" of the informed
agents set is exogenously determined and costant over time,although the return

of bein-

(=1

informed it is not. This latter could be easily checked out,plugging
(44) ang (45) into (9) and evaluating the related indirect utility function
(8. It would turn out that there would be always an incentive to gather
informetion,since thetgain from being informed is strictly positive.

hat

This would also proveYthe presence of incentive to become inforsed rules

out the non-existence problem caused by the "Grossman and Stiglitz paradox".
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Substituting (44) and (45) into (10),we get the dynamic equation driving

the assets pric& under asymmetric information:

-p (B Lecesfhe [ dr R

Y AR
A A
¢ £>1 A l)z

k Eq, Var E+1+ bé’ ‘j)/ “
V;R\P— + vmz ﬁ’J,b,) f(i b(a) Jdpta) = }3 j(i b(2))d )z bz

bty

To solve (47),we look for a REE of the following linear type:

Pl::ﬂ,—(ni* TFZEL-H) Vte T

(48)
Plugging (48) in(o (47),the undetermined coefficients method tells us
that the following system must be fulfilled:(zg)
A . A
Z,= d,[m 65 + U [d,!:-"j (U’+b2’-)1
‘ A (49)
Z’_: Li ('U' + bé)
where
A A
1
Zez (4-8) ( bv+ b, bY)TT,
Z,: (% E X (50)
T = V + by 6) th
- 1 .7 P TN S )
Vs TG e LS b
A A A
It Turns out that the following polynomial equa tIOn in A .

X —A(lf(f» E)" 4295 h,) + Nlhgt b2t} _

- ch“: bgb‘~zl> Boz(4-8))+ XM(2bih,+ 2 edb o

- (1- S)?’(bibe)z) t h (b J + bB (d—ELbé) =0

h. :-,oU: ybe : h =¥ bi(i-u (6 +b5)5 0
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with: Az (z,1 21) -~ b (52)

can determine the unknown coefficients TTl and TU > . In fact,

calling ‘A a root (51),we get from (49) and (50) the equality:

reo= d Bobt e X (d by (Foup )65 (05 Bt

(53)

A

s b (Aeb) [ L3, h K

so that the nature of the (potential) REE depends crucially upon the roots
of (51),being,in principle,d. loreover,one can notice that the relative
weights 51 and 62 of informed and uninformed agents significantly affect
the (potential) REE.
Since (51) 1s a polynomlal of fourth degree,it has always,if any,two real
roots, say Al and A »SO that the expected price looks like:
N N A Y ~y 7
/ s (dbibi Ay (d k- 5()11“ be )3) /(1'5)( bA+ Eibé)

(54)

t fz¢i
\5(d bsdt X, (db-y(X« bt )| (¢ SJ(UN&%)

obtainezd plugging (53) into (48) angd conditioning to urL t .

(54) does not define,as in (lS),g_well defined map from the set of information
to the real line,unless,A 1 and ,A2 were coincident roots. Therefore,up to

a set of (Lebesgue) feasure zero,the REL does not exist., As a matter of fact,
now there is no sensible (economic)reason for discarding a priori (andg in
general) one of the branches of (54),because,by contrast with (IA)the sign

of (42) is basically undeternined,as far as the realizeations of { € t gceT
can have either positive or negative sign.

Ve should now address the special case,analysed by Hellwig (1982) 1ﬂa bit more
compliczted framework,where the rate of interest is supposed to be a fixed

constap:. In our terminology this implies the assumption:
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‘H: :f VteT (55)

Inserting (55) into (47),the related REE of‘linear type is found in the form:

(56)

PC = d.() + dg Et*it VI:G.T

giving rise to the system of equations:

do=p (d+do- (y/f)aitr)

(57)
Loz g [ o (Blb,) (ake? [ 0F 4 02)= ¢ |14 (B1E, )4t a2

whose solution,as we show in the Appendix,is unique for real values of A‘l

and <L-2f%g%ience,the REE is now well defined .

One nmust however resist to the temp&ation of concluding that now as well

by reducing k},namely the interest rate variability,we can come "close" to

the RTZT existence,in the light of what comes about under (55),wher the variance

is vanishing. This would not be a priori legitimate,because,once it has

beer assumed:
58
'IBE =0 b‘ t & T- (58)

one has to prove that:

(65 )= 2t ?mni(bz)_

a0+ P 3 b5 0 S (59)

which s not absolutely obvious,since the nature of the function A ((bé )
is basically unknown on the grounds of (51). loreover,there is no a priori
reason  to discard bifurcations possibilities,being able to make invalid €=
ven the existence of such a limit., In conclusion,there is no evident and sensi=
ble eccnomic way to restore informational efficiency under non constant rate

of interest.
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4. CONCLUDING REMARKS

In this paper I have analysed the existence of the RE%&Of a mean-variance
(optimazing)model of financial markets and the related notion of
infbrm;tional efficiency. The specification of a suitable Bnterest

rate policy rule turns out to be crucial for thr existence of a roBust
REE,although this needs not to be true under asymmetric information.

In fact,under the simple monetary policy rules admitted in this paper, there
is no evident mechanism to restore informational efficiency in the market,
as far as the REE does not exist.

A clear-cut rationale for Government (or Central Bank)intervention is
therefore provided throughout the paper by restoring investors'confidence
in the market and stimulating a suitable propension to bear market risk .
The intervention must be designed,as far as the REE is concerned,to avoid
speculative (cyclical)bubbles,which make in trouble the (potential) REE.
However this type of interweation cannot be easily extended to the case

of azsymmetric of information,where,apparently,thﬁe is no sensible way

to escape from the non-existence problem. Nevertheless the preceding

result is still higly suggestive,because it sheds some light on the insuf=
ficiencies of the standardéaddlepoint approach under rational expectations.
This latter turns out to not be able to give sufficient conditions for
having the REE existence,as far as non linear dynamics (in expectations)
are concernec . This is coming about simply because Hamiltonian dynamics
imposeC to prices path do not rule out periodic cycles or chaotic behaviour,
whose emergence is sufficient to destroy the (potential) REE.

Therefore,our results might be useful in explaining the seeming confradiction
betveen tests of Market Efficiency on the one hand and tests of variance
bounds on the other for asset prices in the standardg approach. This latter
seens empirically violated - according to LeRoy (1934) and Shiller (1981)-

we believe,
becausefjit rules a priori out{cyclical) bubbles in expectations by vertue

©% & transversality condition,which is working insofar as the variance

of Investment return is ignored as well as higher moments.
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5. APPENDIX

5.1
We solve (12) under the linear assumption (13),which gives us the

following expressions for conditional mean and variance:

~ e z .2
E F = S ni_ ; VQR - 71—1 bﬁ (1a)
t t*i_ t Exrg
FteT
Plugging (13) and (1a) into (12) we get the identity:
» - A
: Tfipt'f)t(éﬂi +d.-l:5(ﬂf1lb;+b;)) (2a)

VieT

impliykng the polﬁnomial equation:

2 7 2 A
7[1 bﬂ b’} - (g‘-i) TCL —(Q’b - 5357&)“0 (3a)

whose solution is given by(14).

5.2
To solve (22),we evaluate from (23) the expressions for conditional

rn=zan and variance:

Rt ST TR v s

(42)
N ) FiteT
A = be L 2
VtR fe = 7o b, + T, bg (25+b8>
and (23)
sc that plugging (4a)Yinto (22), the fellowing identity must hold:
TCLO + I + TC Z, - 3
¢ lpt’i %ﬂ:‘ﬁ;(snifn—g(g*bz)-
A {
(5a)

- b (maby + 7y 2 25+ b
j 2 3 B( be‘)))*CPt_i* TEZ_PtZ
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equating the coefficients according to the date attached to the rat4of
discount,we end up with the equations (24).
Q.E.D.
5.8
To prove the second equalty into (46),it is sufficient to

2 .
notice that the correlation coefficient R™ is vanishing,since{€1:}

LeT
is independently distributed by hypothesis,so that one can write:
(€p-€c. )  FE(F-E7 \¢
Rl_ E E—w €y - ('Ptq_- T Fl‘*i)éf‘ti) (6a)
= S T =,
~ 1 A1 fvz
eﬁ:oi E eet‘vi E ':’L E ét"'
N
-..(Eé‘ )([( ~"\,\ (-—'\’z (7.
E+g Pt:ﬁ_ é Fl:q_ E Zﬁ‘vi bE) = 0
where:
s .
“hiR-ER e -k X 7
= ey e, = -
L4y E+q c FL‘Ti 1 Etﬂ_ E+q Ec 6'-"1.
Q.E.D
5.4

£ usual,in order to solve (47),we should evaluate conditional mean

and variance from the assumed linear type RZE,i.e. (48):

EpLT STy

(8a)
g 1 2 [
VAR - t z ¢
t Ftu' nibﬁ + T b ( 5 + bﬁ
Thusz,plugging (8a) and (42) into (47),0ne can get the system of equations
Tri = Li(d—*éni) ILLbQ*TC bl(g ‘f‘bﬁ))

+ b (d, 5"0(“5&*?3"(7% (8555)+ )] u) (B! T e (52
br Ty (8hbg))t fBamr e i s, bp)eL))t)

m-b (g« my b2 (5% B2y (R, (mbwn be (8% b5 ) *+
« B, (miby o« B2 (L (5% < g )eg)yt )t

yYielZing the system (49, sonce it has been made use on the definitions

(527,
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Now we plug the first two definitions in (50) into the third one,s0 that

one gets
2
ZL pA N Z, . . (10a)
V = = 5 5(}* U b 81-2)7'
(1-5) (Bv+ £,2%) o L ) (8 8) ,a

moreover, (49) can be insert into (10a) giving us

V= (dgibz +v (d]- Y (v+be ))/(1'5)(2V*£1b:))1b;+ (11a)

(b tve vty [buabowt) e (5% 05) 21 (w)

therefore solving (1la) is equivalent to find out fixed points for 1(v).
Suitable rearrangements within (11a) yield the polynomial equation (51), once
the variable v is replaced by the dummy variable A when we look for 1(.)'s
fixed points on the real and imaginary axis.

Q.E.D.
5.5

To show that (57)has a unique (real) solution,we rewrite the second equation as:

Q(&L)E dy- (1 /i+(gz|g1)(dz}i+&i)):0 (12a)

it is ezsy to see that q(d,i) £ 0 for €,£0,6(d4) > 0 for daDl.

loreover,q(d4) is continuous and strictly increasing for positive d_l,since:

d C} (-'ux)
dy

therefore, there exists a unigue o(‘,' ;SUCh that qf QL’:_ }=0 and dt € (0,1).

- 4 +(d1’qtdi))z(‘gl,gi) (i/ i*ddz)l>0 (13a)

Substituting for d% into the first equation of (57),one gets

» p A b2
do = —— (d - (3[5)(&?)2296) (14a)
f
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NOTES

term
(1) See Fama (1970) and (1979). Unfortvnately, Lha meaninj of the\/,"quS reflact

hag Proved some what elusive (sea Rubinslex {1936,

(2) See Benhabib and Nishimura (1979) and Montruechio (1984).

‘(3) Benhabib and Day (1982) and Grandmont (1984) provide overlapping generations
models that generate competitive business cycles relying essentially on
this argument,as far as eéxpectations are concerned.

(4) This is obviously a very loose definition;for a more .comprehensive analysis

of this concept we refer to Frydman and Phelps (eds.) (1983).

(5)p. 132: |

(6) See Grossman (1981) for a proof of this statement.

(7) p. 527. Thag posnt has heap also brovght oul by Arrow (133¢)

(8) See Grossman (1981),Allen (1982) and (1983),and Jordan (1983) for such con=
ditions and related results.

(9) Obviously,we are referring to an artificial economy where every piece of

information is common knowledge in the Aumann's (1976) sense.

(10) For a rigourous definition of sufficient statistics see Grossman (1978 ;
roughly speaking,one might say that all the economy's information is made
redundant by the price system.

(11) This extension of the standard theorems of welfare economics requires
acditively separable utility and a set of complete markets to hold. The
former condition is certainly just sufficient,whereas the lztter mipght be
21so necessary (see Radner (1979)).

(12) £ good survey is provided by Jordan ancé Radner (1982) as well as by
Radner (1982).

(13) Soze counterexamples show that this restriction turns out toc be crucial

Green (1933)
fcr the existence proof;see Kreps (1977»fJordan and Radner (1979) and (1932},
ant Radner (1982) for a broader perspective.

(14) Lucas (1972) first (perhaps) used this innocuous-~looking technique,giving

2 tremendous insight on the notion of information conveied by prices.
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(15) See Grandmont (1984) p.21.

(16) See,for instance,Fama (1970),Grossman and Stiglitz (1976), Grossman (1976)
ard (1978),Bray (1981)}?;3;’12?1981).Hellwig (1982) and Stiglitz (1982).

(17) For a.useful introduction to the theory of choice under uncertainty leading
tc the Expected Utility Theorem see the survey by Schoemaker (1982), “Oxrever
tne SLandard reference xs Yon Neumann and Morgemstern (13¢.4), T

(18) S=e - section 5.1 in Appendix. -

(12) Anv textbook of (advanced) probability theory provides a proof of this
statement (for example,Tucker (1967),p. 211,th.1).

(20) See section 5.2 in Appendix.

(21) See Brock (1975).

(22) Many authors have dealt with non linear difference equations of type (28),
for instance,Hoppensteadt and Hyman (1977), Collet and Eckmann (19230) and
Crandmont (1983). From this latter we draw the tools to construct the table.

(23) This is a remarkable property of chaotic dynamics to be strongly influenced
by initial (or terminal,in dealing with forward—looking dynamics) conditions
(see,for example,Lt and Yorke (1975)).

(24) p.S6.

(25) Van der Ploeg (1985),p.2.

+3
o

(26) The non-existence of the REE is not,per se,é new result (see Jd%an and
Fedner (1979) and (1982) as well as Radner (1982)for a microeconomic
exzmple). Vhat appears to be new here is the generalitwa this possibility
i the model we have explored. Actually,the same conclusion should be
erslied to the macro-model exp_ofed in Violi (1984).

(27) See section 5.3 in Appendix for a proof. We draw the meader's attention on

thie fact that the first equality in (46) is a standard result for condi=

t_onal mean and variance (see, for example,Anderson (1958)).

(28) S¢¢ section 5.4 in Appendix,

(29) Sez section 5.5,
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