~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Lahiri, Kajal; Liang, Zhongwen; Peng, Huaming

Working Paper

The Local Power of the IPS Test with Both Initial Conditions
and Incidental Trends

CESifo Working Paper, No. 6313

Provided in Cooperation with:
Ifo Institute - Leibniz Institute for Economic Research at the University of Munich

Suggested Citation: Lahiri, Kajal; Liang, Zhongwen; Peng, Huaming (2017) : The Local Power of the
IPS Test with Both Initial Conditions and Incidental Trends, CESifo Working Paper, No. 6313, Center
for Economic Studies and ifo Institute (CESifo), Munich

This Version is available at:
https://hdl.handle.net/10419/155555

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/155555
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

The international platform of Ludwig-Maximilians University’s Center for Economic Studies and the Ifo Institute

CESifo Working Papers

www.cesifo.org/wp

The Local Power of the IPS Test with Both
Initial Conditions and Incidental Trends

Kajal Lahiri
Zhongwen Liang
Huaming Peng

CESIFO WORKING PAPER NO. 6313

CATEGORY 12: EMPIRICAL AND THEORETICAL METHODS
JANUARY 2017

An electronic version of the paper may be downloaded

o from the SSRN website: www.SSRN.com
o from the RePEc website: www.RePEc.org
o from the CESifo website: www.CESifo-group.org/wp

ISSN 2364-1428

CESifo

Center for Economic Studies & Ifo Institute


http://www.ssrn.com/
http://www.repec.org/
http://www.cesifo-group.de/

CESifo Working Paper No. 6313

The Local Power of the IPS Test with Both
Initial Conditions and Incidental Trends

Abstract

This paper investigates the asymptotic local power of the the averaged t-test of Im, Pesaran and
Shin (2003, IPS hereafter) in the presence of both initial explosive conditions and incidental
trends. By utilizing the least squares detrending methods, it is found that the initial condition
plays no role in determining the asymptotic local power of the IPS test, a result strikingly
different from the finding in Harris et al. (2010), who examined the impact of the initial
conditions on local power of IPS test without incidental trends. The paper also presents, via an
application of the Fredholm method discussed in Nabeya and Tanaka (1990a, 1990b), the exact
asymptotic local power of IPS test, thereby providing theoretical justifications for its lack of
asymptotic local power in the neighborhood of unity with the order of N"¥2T™ while attaining
nontrivial power in the neighborhood of unity that shrinks at the rate N"/*T™. This latter finding
is consistent with Moon et al. (2007) and extends their results to IPS test. It is also of practical
significance to empirical researchers as the presence of incidental trends in panel unit root test
setting is ubiquitous.
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1 Introduction

The panel unit root tests have been extensively studied in the past two decades. Some recent com-
prehensive literature surveys on this topic, for example, by Phillips and Moon (2000), Choi (2006),
Breitung and Pesaran (2008) and Westerlund and Breitung (2012), shed insights on various panel
unit root tests, e.g., the pooled t-test proposed by Levin, Lin and Chu (2002), the IPS test and the
combination tests based on Fisher-type statistics in Maddala and Wu (1999) and Choi (2001). Among
these, the IPS test is the most cited and influential.

Researchers have recently realized that the initial conditions and incidental trends could have
significant impact on the local power of the unit root tests in both time series and panel data models.
Miiller and Elliot (2003) demonstrated that the power envelopes of unit root tests in time series models
display quite distinct characteristics depending on the initial values. The dependence of the power of
Dickey-Fuller type tests on the initial conditions has also been found in Harvey and Leybourne (2005)
and Harvey et al. (2009). In panel data setting, Moon, Perron and Phillips (2007, hereafter MPP)
investigated the asymptotic power envelopes of five tests (Ploberger and Phillips (2002), Moon and
Phillips (2004), Breitung (2000), Levin et al. (2002), and Moon and Perron (2008)) with or without
trends under the assumption of zero initial value. Since the IPS test can not be evaluated within
the MPP framework, no analytical power result for IPS is currently available, even though simulation
results in MPP indicate that IPS test tends to have inferior asymptotic local power when compared
to those proposed by Ploberger and Phillips (2002) and by Breitung (2000). The asymptotic local
power of the IPS test under explosive initial conditions has also been examined by Harris et al. (2010),
who concluded that the power declines monotonically with the increase of the magnitude of the initial
value.

The main goal of this paper is to fill the void of lack of analytical asymptotic local power result
for IPS test with both explosive initial conditions and incidental trends. More specifically, this paper
aims to answer whether the IPS test with time trend has nontrivial local power at rates N—1/47—1
and N~1/27~1 respectively. Some interesting findings of our paper are as follows. First, detrending
the data by least squares method will effectively take care of the initial condition by canceling out
its dominant components, thereby eliminating its effect on the asymptotic local power. ' This result
will be elaborated in the next section. Second, the IPS test has no local power in the neighborhood
of unity at the rate of N=1/27~1 but gains local power at order N~Y4T~1. This result is obtained
using the Fredholm method discussed in Nabeya and Tanaka (1990a, 1990b), and could not be derived
within the analytical framework of Harris et al. (2010).

The rest of this paper is organized as follows. Section 2 discusses the local power of the IPS test
for the model with both initial conditions and incidental trends. Monte Carlo simulation results are

reported in Section 3. The detailed proofs are present in the Appendix.

Moon and Perron (2004) also found that the presence of incidental trend prevents their ¢ ratio type test statistic, which
is constructed from ordinary least squares detrending, from obtaining power beyond size in a N~ *T~! neighborhood of
unity with x > é.



2 Local Power of the IPS test

Consider the following standard setup for the panel autoregressive model

zit = dit + Yit,

Yit = PilYit—1 + Ui,

die = Poi+ Pit,

vio = & (2.1)

where for each 4, d;; is the time trend with incidental coefficients, y;; is a potentially unit root process,
and y;o gives the random initial conditions. In panel panel unit root test setting, the hypotheses are

given by

Hy:p; =1, for all 4,
Hy:p; <1, for M of i,

where M satisfies limpy_,00o M/N =p, 0 < p < 1.

Following Harris et al. (2010), the following assumptions are made:

Assumption 1 The errors u;; are i.i.d. with (0, afm) acrosst = 1,...,T and also independently across
i=1,...,N.
Assumption 2 Set & = 7o, where 7; is 1.i.d. with (g, 03) across i = 1,..., N with finite fourth

2

i is the short-run variance of y;; for p; < 1, hence,

moment, and is independent of {u;}. Here o
§i = ”Yz‘\/@ii (1- :0@2)
Assumption 3 Let p; = 1+ ¢;/(NY*T) where ¢; <0,i=1,...,N.

Assumption 1 and 3 are standard in the panel unit root test literature. The dependence of initial
conditions on both N and T in Assumption 2 is to simplify the analysis. It is critical in Harris et
al. (2010), but not pivotal in establishing the analytical results of this paper. This is because, in our
analysis, as the time trend is estimated and removed, initial conditions will be effectively eliminated.

Our analysis relies on the standard local to unity asymptotics. From the model (2.1), it follows
that

t
Yit = pi&i + Z Pl s, (2.2)
s=1
Following Miiller and Elliott (2003), one can readily obtain

T2y, () — Yi0)

N { ou,iWi(r) for ¢; = 0, } (2.3)

ViOu,i (e”ci]\ﬁl/4 — 1) (—QCZ'N_I/4)_1/2 + 0w for eCiN71/4(T_S)dWi(s) else.

t

=1 pﬁ_suis, where the first term

as T — oo. It is clear from (2.2) that y;; consists two terms: pl&; and >

characterizes individual initial condition, and the second one is a stochastic trend or near unit-root



process with p; close to unity. By Taylor expansion, y; can be rewritten as

it = €i(1+(10gm)t+%(10gpi)2t2)+Z(1+(10gpi)( $))uis + O(N~V2V15/1?)

s=1
t t
= &+ (logpz)ﬁnwl(logpz &t + ) " uis + (log pi) > (t — s)uis + O(NT2VE5/T?) (2.4)
s=1 s=1

Notice that when one estimates an autoregressive model and removes the time trend, both & and
(log p; )&t will be filtered out in the process as evident in (A.5) in Appendix. This causes our result to
differ from that in Harris et al. (2010). In Harris et al. (2010), the panel autoregressive with initial
conditions is considered but not with time trend, so the local power comes from ((log p;)¢;t)%,% the
cross product term of S°'_ u;s and (logp;) S4_ (t — s)ujs, and the squared cross product term of
(log pi)&it and 3" _| w;s. However, in our case, (log p;)&;t is removed, and hence the local power sources
exclusively from ((log p;) 3-°_, (t—s)u;s)? and the cross product term of 3" _, u;s and (log p;) >\, (t—
s)u;s. Also, the order of (3 (log p;)?&;t%)? is O(N~=3/4(¢*/T3)), which is smaller than (3°%_, us)? = O(t),
((log pi) S8, (t — s)uis)? = O(N~Y2(t3/T?)). Hence, (1 (log p;)?¢;t%)? is asymptotically negligible.
The IPS test can be carried out in the following two ways. (i) One way is to run the OLS regression

directly. For fixed i, one estimates a linear regression of z;; on 1, t and z;;—1 as
Zip = Qi + 0t + piZip—1 + Wi,

then one obtains the estimator for the coefficient of z; ;1 as

(Zt t—f) ) Zt Zit—1 _Zzt 1)(Zzt Zit)) (Zt E) Zzt 1— Zi,t 1 Zt t_ﬂ Zzt Zzt

' (Xt =12 (Cy(zip—1 — Zip-1)?) — (Ot — D (2541 — Zip—1)) ’
(2.5)
where all the summations are taken over 2 to T', and
; 1 «— T+2 _ 1 ET: i} 1 ET:
= — S=—, Zit-1= —— Zis—1, Zit = = Zi s
T_-1 9 i,t—1 T_1 1,5—1; it T _1 1,8
s=2 s=2 s=2
Then the t-statistic is given by
h; — 1
t = pi , (2.6)

(3' . Et(t_ﬂ2 .
o (i t=02) (3 (zie-1—Zi0-1)%) = (3, (=D (zi,e-1—Zit—1))

where 6, ; \/T T Zt o(zit — & — Sit — pizit—1)? is a consistent estimator for o,.
(ii) The other way to test the unit root is to detrend first, i.e. to regress z;; on 1, t, then test the

estimated residuals for the unit root process. Thus, one obtains

Boi = Zi— P,

Bli _ Zstl(s —5)(2is — 5@'8)7
Zle(s —5)?

g = 2t — Boi — Put.

2t is also worthy of pointing out that that the local power is actually not from (log p;)&;t but from its square, which
is essentially its variance.



Further, the t-statistic for the autoregressive regression of £;; is constructed as
- pi — 1 > i1y —Eip)
Gui(D s ézz,t—1)_l/2 B Guin/ D é%t_l
S [(zito1 = Zig1) — Bri(t — )] (zit — Zit — zig—1 + Zig1)
5u,¢\/2t[(2’i,t—1 — Zig-1) — Pu(t —1))2

where p; = (37, é?t_l)_l Y i Eit—1€i¢ is the OLS estimator of the autoregression coefficient of £;; and

)

Oui = \/ﬁ ZtT:g(éit — pi€it—1)?. After some algebraic operations, one can see that, with ,6311- plugged
in, t; and t; are essentially the same even though p; is different from ;. That is, t; and ¢; are same
except for 6, and 7,;. Therefore, without loss of generality, this paper focuses on the first method.
The IPS test statistic is constructed as the standardized statistic of t-statistic, i.e.
VNN Yt — B(to)]
V(to)
where E(tg) and V(ty) are the mean and the variance of the limiting distribution of the Dickey-Full

7" =

)

statistic with both intercept and time trend, respectively.

Under Hy, one can readily see that, as T' — oo,

L
. fo WH(r)dW;(r) — 12 [ (r — DYWi(r)dr [ (r — 3)dW;(r) af Us
1 2 V )
\/fo W (r)2dr — 12 (fo - OW, r)dr) 5
where W;(r) is a standard Brownian motion and W} (r) fo s)ds. In addition, E(ty) =

—2.18135582 and +/V (tp) = 0.74990847 based on the s1mulat10ns in Nabeya (1999).
From the derivations in the Appendix, one can now obtain the following theorem for the asymptotic

local power of the IPS test with both explosive initial conditions and incidental trends.

Theorem 2.1 Under Assumptions 1-3, when T — oo followed by N — oo,
B, — 12B5Bg Bis — 12B19By (By — 12B5Byg)(Bs — 12B2)
F|————2" ) +E - E
VF VF 2V I3
(Bg — 1235B9)(Bg — 1235310) (Bl — 1236B9)(B4 - 123536)
—E —E
VF3 VI3
(3(32 —12B5Bg) (B4 — 123536)2)
+E
2/ F5

2, F=A-12B2,

i=1Ci>

[ weorar

/01 {/OTW(S)ds—/Ol /OtW(s)dsdt}dW(r),
NS

I

ZT = N(0,1) + ¢

/\/ Var(ty),

where ¢ = limpy oo N7 SN

r)dW (r),

07" W(s)ds — /01 /Ot W(s)dsdt}2 dr,

4



oo [ [ v [ [ W)

By = /( WA (rdr,

oo oo [ [

o= [02 e,

By — /1W“(T){/r(r—s ds—//t—s dsdt}d
By — /O(T—;)dW( /W

N (| ey J

B = [ <r2—§>dW<r>,

B — /01{/ (r— s)W ds—/ / (t— )W dsdt}dW(r),

with W (r) a standard Brownian motion and WH(r) fo

Remark 1 From (A.6) in Appendix, it is obvious that Z7 would have local power in the neighbourhood
of unity with the order of N=1/27-1 if E(\/F) + F (7317\1/215639> - F <(B2_1235Bg)(34_123536)) # 0.

VF3
Indeed, by utilizing the Fredholm method discussed in Nabeya and Tanaka (1990a, 1990b), Lemma
A.1(i) shows that E(vF) + E (%\/}%) _E <(B2—123533)§4—123536)> = 0, which is confirmed by

simulation study in the next section.

Remark 2 The theoretical result further provides the direct calculation for the expectations in the

asymptotics. It follows from the derivations in (A.8) in Appendix that
By —12B5B B2 — 12ByB By — 12B5By) (B3 — 12B2
E< 4 5 6)+E< 12 10 9>_E<( 2 5B9) (B3 6)>

vE VF 2V/F3
_E ((Bz - 123532%3;8 - 1235310)) 5 <(B1 - 123633/)%?4 - 123536)>
\E (3(32 — 12B5l;3%4 — 123536)2)
- = / 3 Fan(2)] 22 ( - Sin;g(x) N 900;1(36) 33 si;h(x) . 48(0081;(630) - 1))dx7 27

where foo(z) =4 (;73 sinh(z) — %[cosh(m) —1]) from (7) and page 147 in Nabeya (1999). From (2.7),
one can directly compute the value of the expectations in the asymptotic local power. Specifically,
using approximation scheme similar to that in Nabeya (1999), one can obtain the following.
11, 1 1 1 o
foa(@) % 3+ 0+ 15507 * 113.200° T 11,975, 000"
sinh(z) n 9cosh(z)  33sinh(z) n 48(cosh(z) — 1)

3 x? 0 26
Lo, 192, 480 4
840 10‘ 12' ’



Plugging the above approximation into (2.7), then performing numerical integration with MATLAB
yields

\/; /oo[3f22(x)]_3/2< B Sinfg(:c) n 900211(%) 33 si;{)h(x) n 48(0051;(:) — 1)>dx ~ —0.0283. (2.8)
™Jo

An immediate consequence of the calculation of the expected local power is the following corollary.

Corollary 2.2 Under Assumptions 1-3, when T — oo followed by N — oo,

Z™ = N(0,1) — 0.0283¢2/\/Var(ty), (2.9)
where \/V (to) = 0.74990847.

Remark 3 Since there is no term associated with +; in Theorem 2.1 and Corollary 2.2, the explosive
initial condition has little, if any, impact on local asymptotic power, which differs remarkably from
finding in Harris et al. (2010). As evident from the derivation, this discrepancy is due solely to the fact
that the model considered in this paper assumes the the presence of both initial conditions and time
trend and that removal of the trend eliminates initial conditions simultaneously. By contrast, Harris et
al. (2010) consider only the explosive initial conditions without considering the existence of time trend
in their model, thus the initial condition matters in Harris et al. (2010). Specifically, the asymptotic

local power in this study is related to ¢? = limy_yoo N} Efil cf instead of ¢ = imy_yoo N1 Zf\il Ci
because all of terms related with c¢; are either canceled out or asymptotically negligible, which can
be seen in (A.7) in Appendix. This is also a major obstacle we faced in the proof. The local power
in Harris et al. (2010) on the other hand results from the terms associated with ¢. Furthermore, in
the model with time trend, the IPS test has no local power in the neighborhood of unity with order
N~Y27-1 but gains local power in the neighborhood of unity with order N=Y4T~1. This result
agrees with Moon et al. (2007), but is unattainable in the Harris et al. (2010) framework. This hurdle
was overcame by resorting to the Fredholm method shown in Lemma A.1(i) and Lemma A.1(ii) in the

Appendix.

3 Monte Carlo Simulations

In this section, some simulations are conducted to verify the theoretical results. The first to be verified
is a result in Lemma A.1(i):
By — 12Bg¢B By — 12B5Byg)(By — 12B5B
E[\/FJF 1 6By (B2 5B9) (B 56)]_0.
VF V3

To do this, A, By, Bo, By, Bs, Bg, By are approximated respectively by

T t T t
Ap = (T=1D72) O us—(T-1)7> ) ),
ey R r
Bir = (T—1PY 3 ) w—(T-1)7" ) (ue = (T =1)7" Y ),
t=2 s=1k=1 t=2 s=1 k=1 t=2
T t-1 T t-1 T
Bor = (T=1)7'Y O us—(T=1)7" > > ) (we — (T =171 ),
t=2 s=1 t=2 s=1 t=2



T t—1 T t—1 t—1 s T t—1 s
Bir = (T-1D7Y O ue— (T =17 > u)O Y u—(T-1)7> ur),
t=2 s=1 t=2 s=1 s=1k=1 t=2 s=1 k=1
T T t—1 T t—1
By = (T—-1)°2) ¢—(T-1)"'> 1) (Zus — (-1 u),
t;Q t;? . t=2 s;l L
By = (T-1)72) ¢—(T-1)7"'>"1) ZZuk— T-1)7) 3 w),
t=2 t=2 s=1 k=1 t=2 s=1 k=1
T T
By = (T-1)72Y (¢t—(T-1)""> t)(u—T" Zut (3.1)
t=2 t=2

where u; follows i.i.d. N(0,1). Note that IV times of replication are carried out and for each replication
i, Ar, Bir, Bor, Bar, Bsr, Ber, Bor are denoted by A;r, Bir, Boir, Bair, Bsir, Beir, Boir

respectively. The sample averages

(3.2)

N
1 Z B2 Blz’T —12Bei7Boir  (Bair — 12Bsi7 Boir ) (Bair — 12Bsi7 Beir)
N 5zt -

= Air — 12B5ZT \/(AlT - 12B§iT)3

are reported in Table 1 for different T = 50, 100, 250, 5000 with the number of replications N being

50,000. Clearly, as T increases, the sample average tends to 0.

Table 1: Sample average in (3.2)
T=50 | T=100 | T=250 | T=5000
N=50,000 | 0.0213 | 0.0100 | 0.0042 | 0.0005

The next to be simulated is the asymptotic local power

B, — 12B5B Bis — 12B1yB Bs — 12B5By)(B; — 12B?
E(4 56>+E< 12 10 9>_E<(2 5B9) (B3 6)>

VF VF 2V F3
(By — 12B5Byg)(Bg — 12B5Byg) (B1 — 12BgByg) (B4 — 12B5Bs)
- < N ) -F ( VF )
3(Bs — 12B5By) (B, — 12B5Bg)?
+E ( 2V F5 ) ’

in Theorem 2.1. In addition to (3.1), Bs, Bs, Bio, Bi2, F' are approximated by

T t—1 s T t—1 s
Byr = (T=1)7'3 Q% we—=(T=17T"3 % > w)?
t=2 s=1k=1 t=2 s=1 k=1
T t—1 T t—1 t—1 s T t—1 s
Bsy = (T—=1)""Y O ue— (T -1 ue)( t—shup — (T =17 Y > (= s)up),
t=2 s=1 t=2 s=1 s=1 k=1 t=2 s=1 k=1
T T t—1 s T t—1 s
Bigr = (T—-1)72Y (¢ —(T—1)""> 1) t—shu— (T—1)"") (t — s)u),
t=2 t=2 s=1 k=1 t=2 s=1 k=1



t—1 s T

T T
Bir = (T-1*> ( (t—s)up— (T -1 (t—s)up)(ur — (T =17 ),

t=2 s=1k=1 t=2 s=1 k=1 t=2
2
Fr = Arp—12B2.

Again, N times of replication in simulation are carried out, and for each replication i, Bir, Bor,

Bsr, Byr, Bsr, Ber, Bsr, Bor, Bior, Biar, Fr are denoted respectively by Biir, Boir, Bair, B,

Bsir, Beir, Bsir, Boir, Bioirs Bizir, Fir. The sample averages
N

1 Z Buir — 12B5ir Beir n Bioir — 12B1oir Boir  (Bair — 12Bsir Boir) (Bair — 12B5;1)
N P v Eir Fir 24 /_FZST

(Bair — 12Bsi7 Boir)(Bsir — 12BsirBroir)  (Biir — 12BsiT BoiT ) (Bair — 12Bsi7BeiT)

V Eir v Eir
+3(BQiT — 12Bs;7 Boir) (Bair — 12Bsi7 Beir)*
NG

are summarized in Table 2 for different 7" = 50, 100, 250, 5000 with the number of replications N
being 50,000. As evident in Table 2, the simulated values get closer to the value calculated by the

(3.3)

Fredholm method in (2.8) as T" increases.

Table 2: Sample average in (3.3)
T=50 | T=100 | T=250 | T=5000
N=50,000 | -0.0242 | -0.0266 | -0.0277 | -0.0278

Finally, we want to validate the findings from our analytical derivation by simulations. More
specifically, the aim is to verify the following three results: (i) The initial condition does not have
any impact on the asymptotic local power when we consider the IPS test with time trend. (ii) The
IPS test with time trend dose not have local power in the neighborhood of unity with the order of
N~127-1 but attains local power in the neighborhood of unity with the order of N=1/4T~1. (iii) The
local power for the IPS test increases with ¢?. In addition, the theoretical asymptotic local powers
based on Corollary 2.2 are computed, and the results are presented in Table 5. To achieve these aims,

the following data generating processes similar to that in Moon et al. (2007) are adopted.

zit = boi + b1t + Yir,
o
Yit = (1 — nailT) Yit—1 + 0i€it,

yio = & =i\0}/(1—p3), boi,bui,eir ~ iid N(0,1),7; ~ (119, 02),

o2 ~ U0.5,1.5].

(2

Various different cases are being considered where ¢; follows different distributions, i.e., (1) ¢ ~
iid U[0,1]; (2) ¢; ~ iid U0,8]; (3) ¢; ~ did x*(1); (4) ¢; ~ iid x*(6); (7) ¢ci =1, (8) ¢c; =8. N and T



are selected from {10, 25,100} and {50, 100,250} respectively. The results at 5% significance level are
reported in Table 3 and Table 4 with 2,000 replications. Also, we set & = 1/2 in Table 3 and a = 1/4
in Table 4.

Table 3: Power of IPS test in the neighborhood of N~1/27-1

Yi = 0 Yi U[0.5, 1.5]
T=50 T=100 T=250 | T=50 T=100 T=250
¢ ~iid U[0,1] | 0.0535 0.0525 0.0530 | 0.0535 0.0530 0.0525
¢ ~ iid U[0,8] | 0.0785 0.0745 0.0715 | 0.0790 0.0750 0.0730
ci ~iid x*(1) | 0.0690 0.0505 0.0530 | 0.0710 0.0505 0.0545
N=10 | G~ iid x?(6) | 0.0880 0.1030 0.0870 | 0.0815 0.1075 0.0820
ci=1 0.0585 0.0595 0.0510 | 0.0580 0.0600  0.0505
c; =38 0.1265 0.1140 0.1040 | 0.1150 0.1065 0.1035
¢i ~1id U[0,1] | 0.0545 0.0540 0.0460 | 0.0540 0.0535 0.0460
¢ ~ iid U[0,8] | 0.0670 0.0555 0.0530 | 0.0660 0.0545 0.0510
ci ~iid x*(1) | 0.0565 0.0530 0.0505 | 0.0565 0.0520 0.0505
N=o25 | G~ iid x?(6) | 0.0810 0.0710 0.0705 | 0.0745 0.0710  0.0690
ci=1 0.0590 0.0570 0.0460 | 0.0575 0.0570  0.0465
ci =38 0.0880 0.0905 0.0850 | 0.0825 0.0830 0.0780
¢ ~ id U[0,1] | 0.0645 0.0580 0.0395 | 0.0655 0.0580 0.0395
¢; ~ iid U[0,8] | 0.0565 0.0640 0.0620 | 0.0565 0.0670 0.0615
ci ~did x*(1) | 0.0505 0.0565 0.0500 | 0.0490 0.0565 0.0515
N=100 | €™ iid x*(6) | 0.0625 0.0630 0.0710 | 0.0640 0.0645 0.0680
ci=1 0.0495 0.0580 0.0540 | 0.0490 0.0580 0.0540
¢ =38 0.0715 0.0710 0.0825 | 0.0715 0.0670  0.0795

Clearly, the simulation results support our theoretical findings. Firstly, by comparing the cases
where v; = 0 and ~; ~ UJ0.5,1.5] within each table, there is not much difference in the local power.
This agrees with our conclusion that the effect on local power from the initial condition is eliminated
effectively when trends are present and removed . Secondly, Table 3 and Table 4 signal that IPS test
with time trend has no local power in the neighborhood of unity with the order of N~/27~1 but has
nontrivial local power in the neighborhood of unity with the order of N~Y4T~1 even though when
c? is small, the difference is not substantial. Table 3 indicates that local power falls as either N or T
increases for the case of N~1/27~1. By contrast, Table 4, the local power increases with either N or T
for the case of N~Y/4T~1. Finally, Table 4 suggests that the local power increases substantially when

2 increases from 1 to 64, the

c? is getting larger. For example, when ¢; increases from 1 to 8, i.e., ¢
local power jumps to 0.4380 which is almost 9 times larger than 0.0565 that is corresponding to ¢ = 1
when N = 100 and T = 250. When we compare ¢; ~ iid x?(1) and ¢; ~ iid x?(6), ¢? increases from 3
to 48, the local power increases from 0.0620 to 0.2590 when N = 100 and T" = 100. Also, the values
in Table 4 are consistent with the theoretical values in Table 5, even though the simulated values are
slightly smaller than the theoretical values, a phenomenon also observed in Table 2 in Moon et al.

(2007).



Table 4: Power of IPS test in the neighborhood of N—1/471

v =0 i ~ U[0.5,1.5] \

T=50 T=100 T=250 | T=50 T=100 T=250

ci ~1id U[0,1] [ 0.0580 0.0540 0.0455 | 0.0595 0.0525 0.0465

ci ~1id U[0,8] | 0.0975 0.1125 0.1250 | 0.0975 0.1150 0.1170

ci ~iid x*(1) | 0.0690 0.0610 0.0645 | 0.0690 0.0610 0.0610

N=10 ci ~iid x2(6) | 0.2350 0.1240 0.2170 | 0.2265 0.1190 0.2120
ci=1 0.0700  0.0565 0.0470 | 0.0700 0.0555 0.0470

ci =8 0.2800 0.2645 0.2615 | 0.2775 0.2670  0.2665

ci ~1id U[0,1] [ 0.0480 0.0500 0.0490 | 0.0480 0.0475 0.0490

ci ~1id U[0,8] | 0.1210 0.1220  0.1280 | 0.1205 0.1150 0.1155

ci ~iid x*(1) | 0.0615 0.0560 0.0590 | 0.0590 0.0545 0.0585

Neos | i~ iid x2(6) | 0.2665 0.2060 0.1685 | 0.2535 0.1995  0.1520
ci=1 0.0590 0.0645 0.0510 | 0.0590 0.0645 0.0505

ci=38 0.3725 0.3710  0.3725 | 0.3620 0.3455  0.3465

ci ~1id U[0,1] [ 0.0500 0.0565 0.0555 | 0.0505 0.0565 0.0545

ci ~iid U[0,8] | 0.1270  0.1340  0.1505 | 0.1155 0.1320  0.1380

ci ~iid x*(1) | 0.0560 0.0620 0.0580 | 0.0555 0.0625 0.0580

T ci ~iid x*(6) | 0.2920 0.2590  0.2390 | 0.2695 0.2395  0.2240
ci=1 0.0440  0.0640 0.0565 | 0.0450 0.0630 0.0595

ci =8 0.4205 0.4290 0.4380 | 0.3925 0.3855 0.4035

Table 5: Theoretical asymptotic local power of IPS test in the neighborhood of N~1/47-1
c; ~ iid Ul0,1] | U[0,8] | x*(1) | x%6) | c;=1] ¢;=8
Theoretical values | 0.0513 | 0.2005 | 0.0628 | 0.5661 | 0.0540 | 0.7794

4 Conclusion

This paper derives the analytical asymptotic local power of the IPS test when both the initial conditions
and incidental trends are present in the panel data. An important empirical consequence of the present
investigation is that, in the presence of incidental time trends, initial conditions no longer have any
nonnegligible impact on the asymptotic local power in IPS test as least squares detrending effectively
eliminates the initial conditions. Consistent with the findings in Moon et al. (2007), the IPS test has
no asymptotic local power in the neighborhood of unity with the order N~1/27~! but gains nontrivial
local power in the neighborhood of unity that shrinks at the rate N=1/47~! when incidental trends are
fitted. Since no analytical power result is currently available for the IPS test, these results obtained
by utilizing the Fredholm method proposed in Nabeya and Tanaka (1990a, 1990b), fill this void and
complement those in Moon et al. (2007).
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Appendix

From the model (2.1), we have that

zit = Boi + Brit + yir = Boi + Brit + piYi—1 + Uit (A.1)

Then,
Zig—1 = Poi+ Pt —1) +yii—1, (A.2)
Yig—1 = Zig—1 — Boi — Pri(t — 1). (A.3)

By plugging (A.3) into (A.1), we have
Zig = Poi + Brit + pi(ziz—1 — Boi — Pri(t — 1)) + us
= (1= pi)Boi + Bripi + (1 — pi) Brit + pizi—1 + wir
= o+ 0t + pizig—1 + wi,
and from (A.2), we have
Zig—1 — Zig—1 = Pri(t —t) + Yig—1 — Gi—1- (A.4)
Also, by Assumption 1 and the standard Law of Large Number, we have

T

. 1 N
Oui = J T 1 > (2t — i = it — pizip1)> > o

t=2
Then, by plugging (2.5) and (A.4) into (2.6) and applying (2.3), we have that as T'— oo
pi—1
a—ui Zz(t_E)Q
V(2 -02) (2, (zit—1=2i,0-1)2) = (X (0D (20,6 -1—Zi 1))

2
— 6;’ ((Pz - 1)\l (Z(zi,tl _ 5“1)2) (D, (¢ ;t?tt_lf)Q Zii-1))

t

(Zt t— E) ) Zt Zit—1 — Z t—l)((]- - pi)/Bli t - ﬂ + uit - azt)))
\/Ztt_EQ\/ t—{)z ) (i (zig—1 — Zip— 1)?) — (Dot E)Zzt 1— Zit— 1))2
Gt =D (zig—1 — Zie—1)) O, (€ = 1)((1 = pi) Brit — 8) + (wir — Uir))) )
V2t — IE)2\/(Zt('5 02 (X4 (zi1 = Zip1)?) = (O (= D (zi0-1 — Zig1))?
1 C; _ = t)(Zig—1 — Zip— 2
o <TN/J <Z< - >> S =

4 (=) (Caluamr = Een) (i — ) = (40t = Dliams = Fem)) (Salt — D = 7))
\/W\/ Zt t - ﬂ Zt(zzt 1— th 1) ) - (Zt(t — E)(Zi,t—l _ zi,t—l))2
1 = U (=D (Yir1 — Tig-1))?
- a(me (Z(%m —yi,t1)2> o %(it _152.1; D)

t

(Zt(t —1)?) O Wi — Ti—1) (wie — @) — (30, (8 = ) (yie—1 — Gie—1)) (O, (t — 1) (uie — i)

ti =

2

+

\/W\/ Zt 75 - ﬂ Zt(yzt 1~ Yit— 1) ) - (Zt(t - E)(yi,tfl - gi,tfl))2
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e \// r)2dr — 12 (/01(7“ - KL )dr>2

. Jo KL (r)dWi(r) =12 [ (r = D)KL (r)dr [y (r — 1)dwi(r)
\/ Jo Kb r2dr =12 (f = EE, (r)r)

where K/’ (1) = Ki,(r) — fol ici(s)ds, and

Kic,(r) = (emiN_l/4 — 1) (—QCZ-N—l/‘l)fl/2 + /T 6ciN_1/4(r—s)dWi(S)
0

- ~1/2 r -
= % (erciN v 1) (—201']\771/4) + Wi(r) + ciN1/4/0 ecilV 1/4(T*S)I/I/i(s)ds.

[\

Also, we have

I 1 1 1 1
t—D2= —(T-1D)(T-1)?%-1)=—-T2—--T>+ -T.
;( ) 12( )(( ) ) 1 i e

Similar as that in the Appendix of Harris et al. (2010)7 we have that for any z
6g:ciz\/—l/4 — 14+ ze;N™ 1/4 22 2N 1/2+O( 3/4)
2 )
and
Kic(r) = ~irci(—2¢)” 12N-1/8 4 2’yr A (=2¢;) V2N L wi(r)

—i—cZ-N_l/A‘/O Wi(s)ds—i—c?N_l/Q/O (r — 8)Wi(s)ds + O,(N5/8),

Kf () = %(r—l) i(—2c;) " VANTHE 4 7(7" —%> (—2¢;)"Y2NT3/8 4 Wh(r)

+eiN 1/4{/W ds—//W dsdt}

+Z N~ 1/2 {/ (r—s)W, ds—/ / (t—s)W, dsdt}—l—Op(N_5/8).
Thus, we have

1 1
/(r—)KZHC_(T)dT
0 20
1., 1

1 1
= / vi(r — 1)Qc,-(—2ci)*1/2N71/80l7" + 1/ Yi(r — =) (r? — 2)cA(=2¢;,) VAN T3 Bdr
o 2 2 /s 2 3

+/01(r—)W“( )dr + ¢;N~ 1/4/0 (r—f {/ Wis ds—/ / Wi(s dsdt}dr
+/01(r—;)c?N1/2{/ (r—s)W, ds—/ / (t—s)W, dsdt}dr—i—Op(N5/8)

1 _ _ 1 _
_ E%Ci(_QCi) /2 \-1/8 4 24% 2(_9¢;)"1/2N—3/8

+/01(r—;)W”( )dr+cN1/4/ {/W ds—//W dsdt}
+63N—1/2/01(r_;){/ (r—s)W, ds—/ / (t—s)W, dsdt} dr + Op(N /%),
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and

/ Vdr — 12 (/Ol(r—)KZ"CZ( )dr )2

A; + ’)/i c; (— CZ')_IN_I/4/12 + C?N_l/QBgi + 736?(—261)_1]\[_1/2/12 + 2’yici(—26i)_1/2N_1/8B5i
+2’yicz(—2 -)_1/2N_3/SB6- + %-02(— ci)_l/QN_3/8B74 + QCZ‘N_I/4B4Z' + QC?N_I/ZBSZ‘

—12B2, — 422 (=2¢;) "NV )12 — 122N V2 B2, — 263 (—2¢) T NTY2 /12 — 2v,¢i(—2¢;) VAN TVE By,
—27;c2(=2¢;) V2N T3/8 Bgi — i (—2¢) V2N T3/8 By — 24Bsic; N4 Bg; — 24BN V2 By,

+O,(N /%)
A; —12B2, + 2¢;N~Y*(By; — 12B5; Bg;) + vic? (—2¢;) " Y2N73/8(By; — Bs;) + ZN~V/2(Bs; — 12B2)
+2012N71/2(Bgi — 1235i310i) + Op(N75/8). (A,5)

By plugging the previous results into t;, we have that

t;
= CiN71/4\/A,L' — 123%1 + 2C,‘N_1/4(B4,‘ — 12BSzB6z) + OP(N_?’/S)
+(B21 —+ (1/2)’)@0?(7261‘)71/2]\[73/831” + CiN71/4BM —+ C?Nil/ZBlgi
—(1/2)’}%‘0?(—2Ci)_1/2N_3/8B91' — 12351391 — IQCiN_1/4B6iBgi — 126?]\]_1/23101‘39;‘ + OP(N_5/8))/
(Az — 12Bgz + 2CiN_1/4(B47; — ].2B57,B67,) + "/iC?(—QCi)_l/2N_3/8(B77; — Bgn) + C?N_1/2(B37; — 12331)
1/2
+2€§N_1/2 (Bgi — 12BSiBIOi) + Op(N_5/8>)
= CiN71/4\/A1' — 12B§1 + QCiN71/4(B4i — ]-QBszBGz) + Op(Nf'?’/S)
+(BQ»L — 12B5lB91 —+ CiN71/4(Bli — 12362391) —+ (1/2)’}/1‘0?(—QCi)71/2N73/8(B11i — Bgi)
FEN"Y2(Byy; — 12B10;Bo;) + 0,,(N*5/8)) /(Ai —12B2, + 2¢;N~Y*(By; — 12Bs,; Bei)
1/2
+9:¢2(=2¢,) "Y2NT3/8(By; — Bs;) + 2N"Y2(Bs; — 12B2,) 4+ 2¢2N~Y/2(Bg; — 12B5; B1oi) + OP(N*E’/S)) ,
where

»“ 2dr

{/W ds—//W dsdt}dW()

(r)dWi(r),

By =

By =

/1
|
e
By = /01{/{:Wi(s)ds—/OI/OtWi(s)dsdt}2dr,
Bu = [wrw{[w t

/

1
(r — )WL),
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B, :/r_{/w ds—//W dsdt}

Bz, = /0(T2—3)Wiu(7')d7“,

Bs; = ;Wf(r){/ (r—s)W, ds—// (t —s)W, dsdt}d
1
Bgi = /0 (7’ — i)dWZ(T) = *Wi(l) —/ Wi(r)dr,

B = /Ol(r—;){/( ds—//t—s dsdt}d

1
1
B — / (2 — Lyaw, ),
. 3

By = /01{/ (r— )W, ds—/ / (t— )W, dsdt}dWi(fr),

and W/ (r) fo s)ds. Clearly, we can see the terms involving 42 are canceled out. Recall
that ~; is from the exploswe initial condition. This means the initial condition effect is eliminated by
the least squares detrending. Even though, there is one term with ~; left, we can show that this term
is asymptotically negligible in Lemma A.1(ii).
Let
F, = A;—12B%,
G, = 26#\771/4(34@' — 1235i36i) + %C?(—Qci)flﬂj\f*g/g(Bn — B5Z')
+C?N71/2(Bgi — 1236231') + 26?N71/2(B8i - 1235,‘310,‘) + Op(Nis/S).

We have that

(F;+Gy) /2

1 G; 3G?
VF; 2ﬂ/ F3 8,/
1 2CiN 1/4(B4i — 1QB5Z‘BGi) + %C?(—2Ci)71/2N73/8(B7Z’ — B5i)

\/Fi_ 21/Fz'3

N—3/4)

_C?N_1/2(Bgi — 123%@) + 2CZ'N_1/2(B&‘ — 12B5iBloi) n 3022]\7_1/2(341' — 12B5’iB6i)2 ) (N75/8)
D )
24/ F? 24/ F?

and F, + G; = VF, + ;N 1/4 (B4i_}/2£5i36i) + Op(N_3/8).

Hence, by further expansion we have that

Bji — 12Bs, By, b e N-YAJF 4+ o N-1/4 Bii — 12Bg; By, _1/4 (Bai — 12B5; By;)(B4; — 12B5,Bg;)

t; .
(]
_|_(1/2)7.02(_20.)—1/2]\7—3/8 (B11i — Byi) _ (B2; — 12B5;By;)(B7; — Bs;)
T VE, p
7
C2N—1/2 B4i - IQBBiBGi CZN_l/Q Blgz‘ — 12B10iBQi
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(BQZ‘ — 1235,‘391')(331‘ — 123&) + Q(Bgi — 12351'392')(B8i — 12351'3101‘)

2,/F3

—c?]\f_l/2

_2N? (B1i — 12B6; By;)(B4; — 12B5;Bs;) + AN 3(Bg; — 12B5;Bo;)(Ba; — 12B5;Bg;)?
F} 2,/ F?
+0,(N75/%), (A.6)

From Lemma A.1, the standard CLT and LLN, we have

VNNt~ B(to))

7" =
Var(to)
L NO LB <B4 - 12B5B6> LB <B12 — 1231039> & ((32 — 12B5By)(B3 — 12B§))
> VF VF 2VF3
B ((Bg — 12B5By)(Bs — 12B5B1) & (B1 — 12B¢By) (B4 — 12B5Bg)
VF3 VF3
3(By — 12B5By) (B4 — 12B5Bg)*
JrE((z 529);54 56)) 1 Var(ty),
which completes the proof.
Lemma A.1 As N — oo, we have
('L) N—l foil |:\/E+ Bli—%ﬁiBgi _ (Bzi—12B5iB9\i/)%4i—12B5iB6i):| — Op(N—1/2)7
.. _ _ B11;—By; B2;—12B5; Bg;)(B7;—Bs; —
(i) NV T2, k()2 (gt — (Basttbububnste) ) _ 0,(v-17),
_ - ; Bei — ; Bo; (B2;—12Bs; Bo;)(B3; —12B2,)+2(B2;—12B5; By; ) (Bs; —12B5; B10o:)
(iii) N lzil\il [012341 i/QFESZBGz 42 B2 1/2FEIOIBQI_CZ 6i ‘
= i 4 i ¢ 2\/FT.3
2 (B1i—12Bg; By;)(B4i—12Bs; Bs:) 2 3(B2i—12B5; By;)(B4i—12B5;Bgi)? | P, 2 B4—12B5Bg
-G + ¢ —c|E <7)
F? g 2\/Fp VF
2
+E <B12—12B10B9> _E ((32*123539)(33*12Bﬁ)> _E ((32*123539)(38*1235310))
VF 2VF3 V3
_ (B1—12BgBg)(B4—12B5Bs) 3(B2—12B5Bg)(B4—12B5Bg)? )
B VS )+ 5 ( 2VFS

Proof of Lemma A.1.
(i) We need to show that

B, —12B¢B By —12B5By)(By — 12Bs B
E[x/er 1 6By (B2 5B9) (B4 56)]:0.
VF V3

From the simulation results, we can see that the mean of this term is close to 0. We can show this
result based on the direct calculation of the characteristic function of ¢; using the Fredholm method

proposed in Nabeya and Tanaka (1990) or Nabeya and Sgrensen (1994).
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Substituting 6 = iu/2, * = —v/u and ¢ = ¢; N /4
Tanaka (1990), we have the joint m.g.f. for (Us, V3) as
w3(uav)

_ % e_ciN*i [(ciN_1/4)5 — (e N7YH2 — 4((e;N7YM2 4 3¢, N™Y4 4 27)u? — 8u((e: N7YV4)2 — 3¢, N~V* — 3)
B (2v — c2ZN~-1/2)2

into ¢4(6; ¢, 1,2) of Theorem 4 in Nabeya and

" sin y/2v — ¢ZN~1/2 n 24((e; N~V u + 8vu? — 4(e; N~ 4+ 1) (v — 3u?)) [ sin /20 — 2N -1/2
V20— c2ZN-1/2 (2v — c2ZN—1/2)3 /20 — EN-1/2
S8 V20— c2N-1/2 B 1 n ciN~! B 8(cINT u— EN3/120 4 4(2N~YV2 4 3¢, N~V 4 6)u?)
20— ¢ZN-1/2 20— ¢ZN-1/2 (2v — ZN~—1/2)2 (2v — cZN—1/2)3
—1/2

¢ conJo—ainie _ AN U A(EN T2 4 3e N — B — 2N (e N+ )]
i (20 — EN-1/2)3

Then, we have

0

71#3(”7 _U)
ou .
_ 1 e—cz'l\f% [(CiNl/A‘)S + 811((01]\771/4)2 — 3¢, N~1/4 — 3) sin \/_QU - C?N_lﬂ
2 (—2v — ZN-1/2)2 \/—211 — 2N-1/2
24(—4(e; N7/ 4+ 1)0?) (sin \/—21) — 2N-1/2 . cos \/—21) — 2N-1/2 1 >
— 90 — R2N—-1/2)3 o, 2N—1/2 T o, _ 2n—1/2
(—2v — 2N-1/2) \/—2U—C,L2N_1/2 20— cZN-V 20— cIN-V
_ _ _ _ -1/2
+ GV~ — SN a0) cos \/—21) —2N-1/2 - 4(2c}N V2u(e, NV 3))}
(—2v—2N-12)2 (=20 — 2N-1/2)3 ’ (—2v — 2N-1/2)3
1 e [(ciN1/4)5 T 80((eN-V4)? — 3¢, N1/ _ 3)sin y/—20 — 2N/
2 (—2v — ZN-1/2)2 \/—221 — 2N-1/2
24(_4(CiN_1/4 +1)0?) (sin \/—21) — 2N-1/2 . cos \/—20 — 2N-1/2 1 >
— 9., _ 2N—1/2)3 o, 2n—1/2 T o, _ 2n—1/2
(—2v — ZN—1/2) \/—221 — N1/ 20— cZN-V 20— 2N~/
_ _ _ _ —3/2
+ qN” — SN ia0) cos \/—21) —2N-1/2 - A(2¢iN V2u(e, NV 3))}
(=20 = ¢N7U2)2 (=20 — fN~1/2)3 ' (—20 — 2N -1/2)3

Xe

N [ _AN-T sin \/—21) — cIN-1/2 24cA N1 sin \/—21) — cZN-1/2
—C 2 Jr 1
(—2v — 2N-1/2)2 \/—21) — 2N-1/2 (—2v — ZN-1/2)3 \/_% — N2

cos \/—211 — 2N-1/2 1 4 -1
+ : + | - 8¢ cos \/—21) — 2N-1/2

—20 — ¢ZN-1/2 - ZN-1/2 (—2v — ZN—1/2)3
4N ]
(—2v— EN-1/2)31
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Further, we have

0
%¢3(U, —U) 0
1 1 2N-1/2 _ 3 N-1/4 _ 3ysing/—2v — N T1/2
= ——|(l—¢N i+ -3N"2+0(N) [SU(CZ 236 3) \/
2 2 (—2v — 2N-1/2)2 \/—211 — 2N-1/2
24(—4(c;N~V4 4 1)02) (sin \/—21) — 2N-1/2 . cos \/—21) — 2N-1/2 1
(—2v — ZN-1/2)3 \/—221 — 2N-1/2 —2v — ¢ZN-1/2 —2v — ¢IN-1/2
~1/2
4(6¢;N120) —3/4 -1
o cgN—1/2)3] +ONTH rowTh

1 [[SU(C,?NW N1/ g)sin /20 — AN 12

2 (—2v — 2N-1/2)2 \/_QU — 2N-1/2
24(—4(c;N~V4 4 1)02) (sin \/—2v — 2N-1/2 . cos \/—21) — 2N-1/2 1
(—2v — C%N_l/z)?’ \/—221 _ CZZN—l/Q —20 — C?N_l/Q —u — c%N_l/2

4(6c2N—1/2p) ] B [81)(—3612]\71/2 ~ 3¢ N4 sin \/—21) — ZN-1/2

(=20 —2N-1/2)3 (—2v — 2N-1/2)2 \/—21) — @N-1/2
CA(2N-L/2 4o N—1/4,2) [(sing /=20 — ZN-Y2 cos/—2v — cZN—1/2
+24( 4(01N +CzN )’U ) ) I ) B 1 ]
(—2v — ZN-1/2)3 \/—21) — 2N-1/? —2v — ¢ZN-1/2 —2v — ¢ZN-1/2

[ Aa(CagN o V2 N gy Nz sy -2 — N1
(—2v — ZN~1/2)2 \/—21) _2N-1/2 (20— ¢N~1/2)3 \/—21) — 2N~-1/2

—-1/2

cos \/—211 — czz]\f_l/2 1 )
+O(NT)

_|_ —
—2v — cZN-1/2 —2v — ¢2N-1/2

)} +O(N=3/)

B 1 [[411(50?]\7_1/2 —6) sin \/—21) — 2N-1/2 24(—40? + QCZZN—l/%?) <sin \/—21) — 2N-1/2

2| H(=20 — EN7H2)2 \/—21) —cIN-1/2 (—2v = fN-1/2)3 \/—21) — 2N-1/2
cos \/—211 —c2N-1/2 1 A(62N—1/2) -1/2
‘ — _ ( -3/4 -1
AN R a2NE) T (oo C?N_l/g)g] +ON3M| 4 ONY).(AT)

1/4 are canceled out, and there is no O(N~'/%) term

3 Bl—IQBng _ (32—12B5B9)(B4—1235B6) . } . _1/4
in (A.7). Also, we know that v/F + Nia N is corresponding to N

Clearly, we can see that the terms involving N~

term asymptotically. Therefore,

By —12BgB By — 12B5Bg) (B4 — 12B5 B,
E\/F—I— 1 69_(2 59)(4 56)]:0‘
VF VF3

Our result here can provide the direct calculation for the expectation in Lemma A.1(iii). Recall
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that t; = \/U‘g , and from Sawa (1972), we have
3

Us \_ 1 [ L 0
\ﬁV3> (3o Vv gu ) u=0dv.

Therefore, by the change of variable as x = v/2v and a Taylor expansion, we have

E(t;)=E (

BE(Z7)

N
= (Var(ty))"/>’N'2N"'Y (E(t;) — E(to))

i=1
N
_ 1 o _ _ —2sinh(xz)  18cosh(xz)  66sinh(x)
_ 12n1/2( _ 1 2\ A7—1/2 _
(Var(to) /2N ( = [3f22(w)+(N I R s

~1/2
+96 COSh(g) - 96) + O(N—3/4)] dx + O(N_l) - E(to))

X

2V 2w

)d:p + O(N73/%) — E(t0)>

= IS N N2 oo sinh(z
= Va?”(to))_l/QNl/Q(—\/;—ﬂ/o [3 faz ()] 2da + (N3 im N 2/0 [3f22(x)]—3/2(_27h()

+18 cosh(z)  66sinh(x) N 96 cosh(z) — 96

x4 P x6
2 e’} : .

_ _12f _3/2( sinh(z) 9cosh(z) 33sinh(z)  48(cosh(z)—1)
Va’l”(t())) (\/%/0 [3f22($)} ( .’E3 + 1.4 II,'S + .’IJG )dl’
+O(N—1/4)> : (A.8)

where fos(x) = 4 (5 sinh(z) — Z[cosh(z) — 1)), and E(tg) = —ﬁ fooo[3f22(x)]_1/2da: from (7) and
page 147 in Nabeya (1999).
Clearly, this shows that Z™ = O,(N~/2) and
N
_ By —12Bg;By;  (Bai — 12B5;By;)(Bai — 12B5;Bg;) 1
N1 F; + - = 0,(N71/?).
; v Yo = p(N7H2)

(2

(ii) As Bs;, Bri, Bo; and Biy; are odd functionals and Bs; is the even functional of W;(r), following
similar proof in Harris et al. (2010), we have the result.

(iii) From the standard Law of Large Numbers, we get the result.
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