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In this paper we propose a new heuristic to solve the well-known multiple 

resource-constrained project scheduling problem. The method is basically a biased 

random sampling procedure which shows extremely good results by use of the 

following features: A problem-based selection of the Solution Space, a sample-size-

based guidance of the search, application of a priority rule superior to so-far 

existing rules, and finally the application of global and local (lower) bounds. 

Evaluating this new heuristic on a set of widely used benchmark-instances we show 

that it derives superior results than all other existing polynomially bounded 

algorithms. 

Keywords: Resource-constrained project scheduling; heuristics; biased random sampling. 

1. Introduction 

The multiple resource-constrained project scheduling problem addresses the question on how 

a number of activities which are interrelated by technological (so-called precedence 

constraints) and multiple capacity constraints (so-called resource constraints) have to be time-

phased (i.e. scheduled) in order to accomplish a pre-specified management-goal. 

These type of problems occur in a wide ränge of practical and theoretical problem settings. 

E.g., economic concepts of the 90's like re-engineering and simultaneous engineering rely 

heavily on project scheduling. Furthermore, within production management, the schedule 

generation components of modern computer-controlled Leitstand-systems [cf. e.g. Adelsberger 

/ Kanet (1991)] make use of project scheduling models and methods. The theoretical 

importance results from the fact that project scheduling as very general problem embodies 

single and multiple machine scheduling as well as job shop and (permutation) flow shop 

scheduling. 

On behalf of the great interest in this problem, researchers have devised numerous methods in 

order to provide managers with efficient solution-tools. Especially, in recent years a number of 

ingenious and competitive approaches for heuristically solving the multiple resource-

constrained project scheduling problem have been proposed. In the next Section we will 

outline the problem in a more formal way and give a brief summary of past research. 

Afterwards we will introduce a new Solution approach which finally will be benchmarked 

against the best procedures so-far available. 

2. Model and Methods 

In order to model the multiple resource-constrained project scheduling problem (RCPSP) we 

consider the following: A single project consists ofy=l,...,</ activities with a non-preemptable 

duration of dj periods. The activities are interrelated by precedence and resource constraints: 

Precedence constraints - as known from traditional CPM-analysis - force an activity not to be 

started before all its predecessors are finished. Let Pj define the set of immediate predecessors 
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of activity j. For ease of notation the activities are topologically ordered, i.e. each predecessor 

of activity j has a smaller number than j. Furthermore, activity j= 1 (j=J) is defined to be the 

unique dummy source (sink). 

Resource constraints arise as follows: In order to be processed, activity j requires kjr units of 

resource type r e R during every period of its duration. Since resource r is only available with 

the constant period availability of Kr units for each period, activities might not be scheduled at 

their earliest (precedence-feasible) Start time but later. Our objective is to schedule the activi

ties such that precedence and resource constraints are obeyed and the makespan of the project 

is minimised. 

Let T denote an upper bound on the project's makespan. Then we obtain a time-window 

[.EFTj, LFTj] of earliest and latest finish times for the completion time of each activity j by 

performing a forward recursion and a backward recursion with LFTj=T as e.g. outlined in 

Elmaghraby (1977). Defining the decision variables 

_ 11, if activity j is finished at the end of period t 
xJt [ 0, otherwise 

as proposed by Pritsker et al. (1969), the following 0-1 programming model for the RCPSP 

arises [cf. Patterson / Huber (1974) and Patterson / Roth (1976)]: 

minimise<j)= ^ txjt (1) 
t=EFTj 

s.t. 

X Xjt=l 7=1, -/ (2) 
t=EFTj 

LFTj LFTj 
X tx't ^ S (t-dj)xJt j=2,...,j, i e Pj (3) 

t=EFTj t=EFTj 

J f+üW 
X kjr zl xji —Kr T e R, t=\,...,T (4) 

7=1 x=t 

e {0,1} (5) 

The objective function (1) minimises the completion time of the unique sink and thus the 

makespan of the project. Constraint set (2) assures that to each activity a unique finish time 

within its time window is assigned. Constraints (3) take into consideration the precedence rela-
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tions between each pair of activities (/', j), where i immediately precedes j. Finally, constraint 

set (4) limits the total resource usage within each period to the available amount. 

Since the RCPSP is a generalisation of the static job shop problem it belongs to the class of 

/VP-hard problems [cf. Blazewicz et al. (1983)]. Consequently, only heuristic solutions can be 

derived when facing large real-world problems. 

A brief review of recent research may be given as follows: 

Optimal procedures proposed are dynamic programming [cf. Carruthers / Battersby 

(1966)], zero-one programming [cf. e.g. Pritsker et al. (1969), Patterson / Roth (1976)], as 

well as implicit enumeration with branch and bound [cf. e.g. Patterson (1984), 

Demeulemeester / Herroelen (1992)]. Currently, the branch and bound approach of 

Demeulemeester and Herroelen (1992) seems to be the most powerful optimal procedure 

available. 

The first heuristic methods were priority-rule-based scheduling methods [cf. Kelley (1963), 

Bedworth / Bailey (1982)]. Up to now, a multitude of priority rules were proposed and tested 

experimentally [cf. e.g. Davis / Patterson (1975), Alvarez-Tamarit (1989a,b), Boctor (1990)]. 

Priority-rule-based heuristics have the advantage of being robust, intuitive, and fast in terms of 

the computational effort. But at the same time they do not excel w.r.t. the average deviation 

from the optimal objective function value. Hence, recent research interests shifted to more 

elaborate heuristics like truncated branch and bound [cf. Alvarez-Valdes / Tamarit (1989a)], 

integer programming based heuristics [cf. Oguz / Bala (1994)], disjunctive arc concepts [cf. 

Alvarez-Valdes / Tamarit (1989a), Bell / Han (1991)], local constrained-based analysis [cf. 

Ulusoy / Özdamar (1994)], and local search techniques [cf. Sampson / Weiss (1993), Leon / 

Balakrishnan (1994)]. With a greater computational effort these methods derive superior 

solutions than simple priority-rule-based heuristics. Nevertheless, in the sequel we will show 

how priority-rules can be employed in order to devise a new heuristic which dominates all 

other approaches proposed so far. 

3. Fundamental Single-Pass Scheduling Scheines 

Generally, a priority-rule-based scheduling heuristic is made up of two components, a 

schedule generation scheme and a priority rule. Within a single-pass application, one 

scheduling scheme and one priority rule are used deterministically in order to derive one 

feasible Solution. We distinguish two different schemes: The so-called serial and the parallel 

method. Both are extending a partial schedule (i.e. a schedule where only a subset of the 

activities has been assigned a finish time) in a stage-wise fashion. In each stage n the generation 

scheme forms the set of all schedulable activities, the so-called decision set Dn. A specific 

priority rule is then employed in order to choose one or more activities from the decision set 

which will be scheduled. 

We will now present both scheduling schemes in more detail. A formal description can be 

found in the Appendix. For a conceptual comparison of the schemes with optimal branch-and-

bound-based procedures compare Kolisch (1994a). 
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The serial method (SM) has been proposed by Kelley (1963). It consists of «=1,...,/stages. 

In each stage n one of the precedence-feasible activities is selected with a priority rule and 

afterwards scheduled at its earliest precedence- and resource-feasible Start time. The priority 

rule which showed for the serial method a consistently good Performance is the latest finish 

time (LFT) rule [cf. e.g. Kolisch (1994a)]. That is, the precedence-feasible activity j with the 

smallest priority value v(j)=LFTj as determined by backward recursion from an upper bound of 

the project's makespan is selected for scheduling. 

We refer to the parallel method (PM) as proposed by Brooks [cf. Bedworth / Bailey 

(1982)]. In distinction to the serial method, the parallel method makes use of a schedule time 

tn: Activities have to be precedence- and resource-feasible at tn in order to be choosable. The 

priority rule used for the parallel method is the worst case slack rule of Kolisch (1994c) which 

showed superior results than all other priority rules currently available. It is an extension of the 

well-known minimum slack rule and it is calculated as follows: We denote with APn the set of 

all activity pairs in the decision set at stage n, i.e. APn := { (/',/) | i,j e Dn, i 2 j). The set of 

activity pairs is divided into three disjoint subsets: The set of currently schedulable pairs 

(CSPn) contains the activity pairs which can be scheduled simultaneously at the current 

schedule time, the set of generally forbidden pairs (GFP„) contains activity pairs which - due to 

resource constraints - can never be scheduled simultaneously. Finally, the set of temporarily 

forbidden pairs (TFPn) contains pairs of activities which in general can be scheduled simultane

ously but due to limited left-over capacity cannot be scheduled simultaneously at the schedule 

time. Denoting with TJKV the left-over capacity of resource r at the schedule time tn, we can 

define the set of temporarily forbidden pairs as follows: 

77% = {(U) I 0 ,;) G AP», (;,;) $ 3 r E ^ ^ ^ } (6) 

Obviously, the earliest time two activities of an activity pair can be started simultaneously is 

the schedule time if (ij) e CSPn and oo if (ij) e GFPn. The question is at what period the two 

activities of a pair can be scheduled simultaneously if they belong to the set TFPn. Let us 

denote with An the set of activities which are in progress at the schedule time and with FTj the 

finish time of activity j. Now we can make the following considerations: At stage n, T?(i,j), the 

earliest time the temporarily forbidden activity pair (ij) can be processed simultaneously w.r.t. 
resource r only, is given by 

Tf(i,j) := min { r [Z khr + nKr> kir + kjr, T= tn,...,T} (ij) e TFPn (7) 
heAn\FTh<T 

and II(;j), the earliest time to process two activities (i,j) of a temporarily forbidden activity 
pair simultaneously w.r.t. all resource types, is 

n(i,j) '•=max {| reR} (ij) e TFP„ (8) 

Now, we can define II (,j), the earliest time for any activity pair (ij) to be scheduled simulta
neously, as 
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n (ij) 

00, if(y) E G% 
if(y)e (/,;) 6 (9) 

t„, if (ij) e CSPn 

Consequently, for the activity pair (ij), Ej, the earliest time to schedule activity j if activity i is 

started at the schedule time t„, is given by: 

Ej:= min {tn+ dx, TIQJ) | (ij) e AP„ } (10) 

This enables us to formulate the priority rule as follows: Schedule the activity j which - if not 

chosen - will have the worst case slack (WCS). More formally, the WCS priority value of 

activity jj e Dn, is calculated as 

v(j) = LSTj - max { Ej \ (ij) e AP„ } (11) 

The activity with the minimum priority value is selected. A more elaborate description of the 

new priority rule as well as the application to an example problem can be found in Kolisch 

(1994c). 

4. Multi-Pass Sampling 

The fact that priority-rule-based single-pass approaches are very modest w.r.t. the computa

tional effort has brought up the idea of performing several passes [cf. Baker (1974)]. In order 

to benefit from multiple passes the selection of activities via priority rules has to be altered 

between two adjacent passes. W.r.t. the number of schedules inspected, multi-pass procedures 

can be viewed as a Solution method in-between single-pass and enumeration procedures [cf 

Baker (1974)]. Whilst single-pass procedures generate just one schedule and enumeration 

procedures have to inspect at least implicitly all schedules of a specific set, multi-pass 

procedures inspect only a subset of the schedules. Generally, two different approaches of 

multi-pass procedures have been proposed in the literature [cf. Baker (1974)]: The first one, 

entitled as raulti-priority rule approach, employs one scheduling scheme and different 

priority rules [cf. e.g. Lawrence (1985), Ulusoy / Özdamar (1989), Boctor (1990), Li / Willis 

(1992)]. The second one makes use of one scheduling scheme and one priority rule only. For 

the latter, different schedules are obtained by biasing the selection of the priority rule through a 

random device. This Solution methodology is commonly known as multi-pass sampling. The 

use of a random device can be interpreted as a mapping 

y/ .j e Dn —> [0,1] (12) 

which at stage n assigns to each activity in the decision set Dn a probability y4j) of being se

lected (where Zj^DnW) =1 holds). Three different methods can be distinguished: (z) random 

sampling, (/'/') biased random sampling, and (iii) parameterised regret-based biased random 

sampling. We will introduce each method under the assumption that for the deterministic 
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single-pass case we are selecting the activity j with the minimum priority value v(j). The 

general mapping function can be found in Kolisch (1994a). 
(i) Random sampling assigns to each activity j in the decision set Dn the same probability: 

»0) = (°) 

(ii) Biased random sampling biases the probabilities dependent on the priority values of the 

activities to favour those activities which seem to be a more sensible choice [cf. Baker (1974)]. 

In the context of the Job shop problem, biased random sampling is usually referred to as 

probabilistic dispatching [cf. Conway et al. (1967), Baker (1974)]. Biased random sampling 

mappings have been proposed by Alvarez-Valdes / Tamarit (1989b), Cooper (1976), and Wiest 

(1967) for the RCPSP and by Baker (1974) for the job shop problem. The mapping of Cooper 

(1976) is as follows: 

1 
v(i) 

vti)=—T v(/) * 0 (14) 

i&Dn 

Obviously, there are two disadvantages connected with this probability mapping: It is only 

applicable to priority rules which always yield positive priority values for activities j in the 

decision set D„. Additionally, for (equally) large v(j) random sampling is performed regardless 

of the priority rule. 

(iii) In order to overcome the outlined deficiencies, Drexl (1991) introduced the utilisation of 

regret measures for determining the selection probabilities. We refer to this as parameterised 

regret-based biased random sampling. The regret pj compares the priority value of activity j 

with the worst consequence in the decision set as follows: 

pj := max v(z') - v(j) (15) 
isDn 

Therewith, the parameterised probability mapping arises to 

i&Dn 

Adding the constant " 1" to the regret value pj assures that the selection probability for each 

activity in the decision set is greater zero and thus every schedule of the population may be 

generated. By choice of the parameter a, the amount of bias can be controlled. Associated 

with an arbitrary large a will be no bias and thus deterministic activity selection on the basis of 

the employed priority rule (with random selection as a tie breaker) while an a of 0 will give 

way for random activity selection. 
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Figure 1 shows the general impact of the bias-parameter a on the distribution of the objective 

fünction value (j). N ote that the distribution is discrete since we have <|) e N. Suppose we have 

an optimal objective function value of <|)*=78 and our deterministically applied scheduling 

method yields ((>=82. Given a sample size ofZ=100, the distribution of the (f>-values for random 

sampling (a=0) with a mode of 88 is depicted in Figure 1. The distribution is a function of the 

problem-data and the scheduling method employed [for the impact of the scheduling method 

on the Solution space cf Kolisch (1994a)]. Increasing a, we get (|)-distributions which are 

biased towards the deterministically obtained objective function value <t>=82. Hence, we can 

conjecture that biasing the ((»-distribution with a "good" priority rule will improve the results 

obtained by pure random sampling. 

Figure 1: General Impact of Bias-Parameter a on the (̂ -Distribution 

5. Preliminary Computational Results 

In order to draw preliminary conclusions we have employed the 308 optimally solved 

ProGen-instances from the open literature [cf. Kolisch et al. (1995)]. These instances were 

generated under a füll factorial design of the following variable-levelled parameters: 

(/) The network complexity (NC) is the ratio of non-redundant precedence relations to the 

number of activities. (/'/') T he resource factor (RF) reflects the density of the two dimensional 
array kjnj=2,...,J-\ and r=l,...,|i?|. That is, for RF—l each non-dummy activity requests the füll 

complement of the |i?| resource types while for RF= 0 none of the activities requests any of the 

resource types. (/»') Finally, the resource strength (RS) measures the degree of resource-

constrainedness in the interval [0,1]. For each resource type r,r e R, the resource strength is 

computed as follows: RS-(Kr-Krmm)l(Krmax-Krmin), where Krmin is the minimum availability 

of resource type r in order to assure feasibility of the RCPSP, i.e. Krmin = max {kjr\j=l,...,J], 

and Krmax is the peak demand of resource type r in a CPM-schedule. That is, for RS= 1 we 

have the resource-unconstrained CPM-case, while for RS=Q we have a highly resource 

constrained problem. The following levels of the problem parameters were chosen: NC = {1.5, 

1.8, 2.1}, RF- {0.25, 0.5, 0.75, 1}, and{0.2, 0.5, 0.7}. 
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For all problems the number of non-dummy activities equalled 30 (i.e. J= 32) and the number 

of resource types was 4 (i.e. ji?|=4). 

First we evaluated the different sampling schemes as follows: We solved each instance with 

every combination of the two scheduling methods, the three sampling schemes, and a sample 

size of Z=100. Recall from Section 3 that we applied the latest finish time priority rule within 

the serial method and the worst case slack priority rule within the parallel method, respectively. 

In order to make the biased random sampling method of Cooper applicable, we calculated the 

latest Start and finish times for the activities from an upper bound of the project's makespan. 
This way we restricted v(j) to > 0. Additionally, according to preliminary results, we set a=l 

for the regret-based biased random sampling scheme. 

For each of the sampling methods Table 1 shows the mean (|i), the Standard deviation (a), 

and the maximum (max) of the percentage deviation from the optimal objective function value 

as well as the percentage of optimally solved instances (%). We evaluated the difference of the 

sampling schemes by applying the Wilcoxon 2-tailed matched-pairs signed-ranks test to each 

pair of the sampling methods. As already conjectured, the biased random sampling scheme 

(BRS) of Cooper produces only marginally different results than pure random sampling (RS). 

The level of significance was p = 0.0782. But our regret-based biased random sampling 

method (RBRS) significantly outperforms each of the two other methods (p - 0.0000). 

method RS BRS RBRS 

2.66 2.50 1.58 

CT 3.28 3.08 2.36 

max 16.30 13.64 13.64 

% 45.12 47.40 57.95 

Table 1: Performance of Sampling Methods 

As stated above, we set the bias-parameter a equal "1". This adjustment gave us the best 

results for sample sizes of Z=100. To inquire the general dependency of the bias-parameter a 

and the sample size Z we performed the following study: We solved each instance with every 

combination of the two scheduling schemes, sample sizes of Z=l, 5, 10, 50, 100 and bias-

parameters of a=0, 1, 2, 3. Additionally, we performed a deterministic pass which is denoted 
with a= oo. 

The results are given in Table 2 where each entry reflects the average fx o f the parallel and 

the serial method when performed with a bias-parameter a and a sample size Z. Within each 

column the entry with the best Performance is put in a hatched field. It can be clearly seen that 

the bias-parameter a which gives the best Performance is a function of the sample size Z. That 

is, for a single pass the deterministic rules (oc= oo) y ields the best results. When the sample size 

is increased to 5 (10), the a with the best Performance decreases to 3 (2). Finally, applying 

sample sizes of Z > 50, the best Performance is achieved with an a=l. Loosely spoken, with 
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growing sample size it is beneficial to "squeeze" the distribution by decreasing the bias-

parameter a. 

z 1 5 10 50 100 

a = oo 5.04 5.04 5.04 5.04 5.04 

3 6.28 3.65 ! 2.99 2.12 1.89 

2 6.67 3.75 2.83 1.98 1.70 

1 8.03 3.85 3.10 I 88 1,58 

0 13.29 6.73 5.30 3.29 2.66 

Table 2: Performance for Different Combinations of Bias-Parameter and Sample Size 

The next experiment compared the two scheduling methods. Once more we solved each of 

the 308 instances with every combination of the two scheduling schemes, sample sizes of Z=l, 

5, 10, 50, 100 and a bias-parameter of oc=l. Figure 2 shows the Performance of the two 

scheduling methods for different sample sizes. While the Performance is almost identical for a 

sample size of Z=10, for smaller samples the parallel method is superior while for larger 

samples the serial method produces better results. With * and ** we indicate a significant 

better Performance at the 5%- and the 1%-level of confidence, respectively. The rationale for 

this fact is that the parallel method searches in the set of non-delay schedules while the serial 

method searches in the set of active schedules [cf. Kolisch (1994b)]. Since the set of non-delay 

schedules is a (non-proper) subset of the set of active schedules, the Solution space is much 

smaller for the parallel method. At the same time, the (regulär) objective function value of the 

best solutions within the set of non-delay schedules is close to the one of the optimal Solution. 

This fact is widely known from job shop scheduling [cf. Conway et al. (1967)]. Hence for 

deterministic scheduling and for sampling with small sample sizes the parallel method obtains 

superior solutions. But when the sample size is increased the parallel method suffers from the 

fact that - when seeking for a regulär measure of Performance - the set of non-delay schedules 

A final experiment compared the two scheduling methods on the 63 instances with a high 

resource factor (RF > 0.75), i.e. the instances where in the average each non-dummy activity 
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requested more than 3 out of the 4 resource types. Again, we solved each of these 63 instances 

with every combination of the two scheduling schemes, sample sizes of Z=l, 5, 10, 50, 100 

and a bias-parameter of a=l. Figure 3 shows that for problems with a high resource factor the 

parallel method performs consistently better than the serial method. 

1* 3"10* 50 100 

Figure 3: Performance of Scheduling Methods for Instances with RF >0.75 

6. A Hybrid Solution Procedura 

Based on the preliminary computational results presented in the last section, a quite obvious 

idea is to combine the two scheduling methods into a hybrid Solution procedura (HSP). This 

way we can take advantage of the parameter-dependent superiority of the scheduling methods. 

More precisely, for instances with an RF > 0.75 we always use the parallel method while for 

problems with an RF <0.75 we use the parallel method for sample sizes Z < 10 and the serial 

method for sample sizes Z > 10. Additionally, we continually increase the bias of the <j>-

distribution by adjusting the bias-parameter a according to the actual sample size z (cf. Table 

3). On account of these adjustments, HSP performs a problem-based selection of the Solution 

space by choosing the set of active schedules or the set of non-delay schedules, respectively. 

Within the selected Solution space HSP starts with the deterministic derivable Solution. Along 

with an increasing actual sample size z the search is then enlarged to further regions within the 
Solution space. 

z 1 ] 1,5] ]5,10] >10 

a:=cp (z) oo 3 2 1 

Table 3: Adjustment of the Bias-Parameter a 

In order to give a formal description of the hybrid Solution procedure with sample size Z 

(HSP/Z), we denote with S=(FT\ FTT) the incumbent best schedule and with BR the 

backward recursion from the upper bound of the project's makespan T. Furthermore, recall 

SM/a and PM/a to be the serial and the parallel method applied for sampling with bias-

parameter a as given in the Appendix. 
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HSP/Z 

Initialisation: READ Problem Data, READ Sample Size Z, CALCULATE RF, 
T\=Ldj, PERFORM BR with LFTJ~LSTJ=T, F7j~LFTj, 1 <j<J; 

FOR.Z — 1 TO Z DO Pass z 

BEGIN 

IF (Z > 10 AM) RF < 0.75) THEN 
PERFORM SM/a 

ELSE 
PERFORM PM7a; 

IF (j)(6) < <j)(5) THEN S\=S] 
END; 

Stop: A feasible schedule SM FT] FTf) has been generated. 

*** 

7. Lower Bounding Techniques 

It has been stated above that sampling procedures are a Solution method in-between 

single-pass heuristics and enumeration procedures. Therefore, it almost suggests itself to 

borrow from a central concept of the latter, namely bounding, in order to decrease the 

computational effort. Without presenting bounds or computational results, this idea has already 

been suggested by Cooper (1976). 

Two well-known bounds for the RCPSP are the precedence- and the resource-based lower 

bound [cf. Stinson et al. (1978)]. The precedence-based lower bound is computed by assuming 

adherence only to precedence constraints, i.e. relaxing (3) and solving (1) - (5). The resource-

based lower bound does only take the resource constraints into consideration, i.e. we relax (4) 

and solve (1) - (5). Although both bounds belong to the oldest which were suggested for the 

RCPSP, especially the first one still pertains to the most powerful bounds available today [(cf. 

Demeulemeester / Herroelen (1992)]. Additionally, each bound is cheap in terms of the 

computational effort. More elaborated bounds like the Skyline bound [cf. Baker (1974], the 

critical sequence bound [cf. Stinson et al. (1978)] and the extended critical sequence bound [cf. 

Demeulemeester (1992)] do not seem useful for our heuristic approach, since the 

computational effort quickly exceeds the quite modest CPU-time of a single pass. 

We have used the bounds in two different ways: globally and locally. 

The global (general) bound stops HSP as soon as a Solution has been found where the 

makespan equals the maximum of the two lower bounds. If we denote with EFTj the earliest 

finish time as calculated by traditional forward recursion and with T«1 the unique integer in the 
interval [M,M+1[, then we have 



- 12-

rJ'! 
IF FTj = max { EFTj, T 2 dj kjr !K^\r&R } THEN S top HSP; (17) 

7=2 

Formula (17) has to be inserted before the END-command within pass z of HSP. 
Local (scheduling-method-based) bounds prematurely discard the schedule currently 

generated within pass z, 1 < z < Z. In contrast to the global bound the calculation of the local 

bounds has to be performed within each of the scheduling methods separately. Furthermore, 

the sampling procedure is continued afterwards with pass z+1. 

Kolisch (1994a) has shown that applying the resource-based bound locally does not result in 

a noteworthy decrease of the CPU-time. Hence, we have employed only the precedence-based 

bound locally. Denoting with Rn the set of remaining activities which neither have been 

scheduled nor are yet available for scheduling, we calculate for the parallel method: 

BF tn ^ min {LSTj \j sD„u Rn}- (LFTj -FTj) THEN Stop; (18) 

Formula (18) has to be inserted as last command-line within Step (1) of the parallel method 

provided in the Appendix. The local bound can be verbally described as follows: If the current 

schedule time tn equals or exceeds the minimum latest Start time of the unscheduled activities 

as calculated by backward recursion with the incumbent best makespan, i.e. T.=FTj, the 

Solution of the actual pass cannot lead to a better makespan than the incumbent best Solution. 

Hence, the pass is finished prematurely and the next pass is started. Note that since the latest 

start times have been derived with the first upper bound amenable, they are updated by 

subtracting the difference between the first upper bound LFTj and the incumbent best 

makespan FTj. 
Denoting with j* the activity which has been selected for scheduling, the precedence-based 

local bound of the serial method is calculated according to: 

IF FTj* > LFTj* - ( LFTj - FTj ) THEN Stop; (19) 

That is, if the earliest precedence- and resource-feasible finish time of the selected activity j* is 

not lower than the latest finish time as calculated by backward recursion from the incumbent 

Solution, we stop the current pass of the serial method. Formula (19) has to be inserted after 

the earliest precedence- and resource-feasible start time for the selected activity j* has been 

calculated. That is, after the 4-th line within stage n of the serial method as given in the 

Appendix. 

8. Computational Results 

HSP has been coded in PASCAL and implemented on an IBM compatible personal Computer 

with 80486dx processor, mathematical co-processor, and 60 MHz clockpulse. Table 4 presents 

the Performance of HSP for different sample sizes when applied to the ProGen-instances. 
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Z=1 Z=10 Z=100 Z=500 

n 4.27 2.53 1.22 0.71 

o 4.60 3.58 2.11 1.47 

max 26.39 18.46 "11.84 6.9 

% 31.16 50.32 66.23 76.62 

CPU 0.01 0.11 0.69 3.09 

Table 4: Performance of HSP on the ProGen-Instances 

In order to compare the proposed heuristic with other suboptimal procedures which have 

been recently proposed to solve the RCPSP, we employed the well-known benchmark-set of 

Patterson (1984). This instance-set was originally used to compare four exact Solution 

procedures for the RCPSP. A detailed description of the instances can be found in Patterson 

(1984) and Demeulemeester / Herroelen (1992). Briefly, there are 110 problems, each with 7 

to 50 non-dummy activities where each activity requires between one and three resource types. 

Table 5 shows that HSP is capable to derive extremely good results within a short 

computation time. By increasing the sample size the Solution space (as defined by HSP) is 

more intensively searched and the Performance is improved. 

Z=1 Z=10 

o
 

o
 

N
 Z=500 

3.71 1.82 0.78 0.43 

o 4.30 2.43 1.62 1.15 

max 16.67 12.12 9.43 6.45 

% 38.18 51.81 76.36 85.45 

CPU 0.005 0.04 0.25 1.14 

Table 5: Performance of HSP on the Patterson-Instances 

Finally, Table 6 provides an impressive documentation of the rapid progress heuristics for the 

RCPSP have been undergone in recent years. Comparing HSP to the methods so-far proposed, 

it is evident that each of the heuristics presented so far is dominated by our procedure when 

applied with different sample sizes as given by Table 5. 
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Bell/ Alvarez / Sampson / Leon/ Kolisch / 
Hanl Tamarit2 Weiss3 

i
 

i
 

PQ 

Drexl 

(1991) (1989) (1993) (1994) (1994) 

p 2.60 2.28 1.98 0.74 0.43 

a 3.1 3.76 2.62 1.42 1.15 

% 44.54 57.27 55.45 75.45 85.45 

CPU 28.4 0.58 56.24 7.46 1.14 

Table 6: Performance Comparison of Recent Heuristics for the RCPSP 

Appendix: Serial and Parallel Scheduling 

To give a formal description of the serial method (SM), we use the following notation: 

TtK.ru the left-over capacity of resource r in period t, 
n stage of the scheduling method, 
Cn complete set, i.e. set of activities which have already been scheduled at stage n, 
Dn decision set, i.e. set of precedence-feasible activities eligible for selection at stage n, 
EFTj earliest precedence-feasible finish time of activity j within the current partial schedule. 

The left-over capacity and the decision set are defined as follows: 

7tKrt = Kr- Z kjr 

jeCn 
Ar= {j \j £ C„, Pj C C„ } 

SM 

Initialisation: n:=1, Cn\- 0; 

WHILE \Cn\ <JDO Stage n 

BEGIN 
COMPUTE Dn and nKrU t=l,...,T, r e R; 
J* := min {j v(J)= min v(/)}; 

j sDn i sDn 
EFTj* — max { FT, | i s Pj* }+ dj*; 
FTj* := min {11 EFTj* <t< LFTj*, kj*r < nKn, x = t-dj* +1 r e R}; 
Cn+i := Cn u {j* }; 
n:=n+l, 

END; 

Stop 

1 Common Lisp / Macintosh Plus. 
2 FORTRAN / 80386dx-processor with 25 Mhz clockpulse 
3 C++ / NeXT 
4 C / IBM RS 6000 
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For the parallel method (PM), we use the following notation: 

n stage of the scheduling method, 
tn schedule time of stage n, 
A„ the active set, i.e. activities which are in progress at t„, 
Cn the complete set, i.e. activities which have been completed at tn, 
7iKr the left-over period capacity of resource r at t„, 
Dn, the decision set, i.e. precedence- and resource-feasible activities schedulable at tn. 

The left-over capacity and the decision set are defined as follows: 

nKr= Kr - £ kjr 
jeAn 

Dn={j\j <£ { Cn U An }, Pj c Cn, kjr <^VreÄ} 

PM 

Initialisation: n:=1, tn:=0, D„:={ 1}, An:=Cn'.- 0, nKr~Kr V r e R, GOTO Step (2); 

wmLE \A„ u Cn\ <JDO Stage n 

BEGIN 
(1) t„ := min { FTj | j e A„.i }; 

An ~An.i \ {j | j € An.i, FTj = t„ }; 
C„ := CB-i u {y |y e FTj = tn }; 
COMPUTE jjKr V r e i? and 

(2) j* := min {7 | v(/) = min v(z)}; 
j^-Dn isDn 

FTj* := tn + dj*\ 
An :=A„iu {j*}; 
COMPUTE 7zKr V r e R and Dn; 
wDn*0 THEN GOTO Step (2) ELSE n =n+1; 

END; 

Stop 
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