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SUMMARY

Non-strategic firms with rational expectations make investment and
emissions decisions. The investment rule depends on firms’ beliefs about
future emissions policies. We compare emissions taxes and quotas when
the (strategic) regulator and (nonstrategic) firms have asymmetric
information about abatement costs, and all agents use Markov Perfect
decision rules. Emissions taxes create a secondary distortion at the
investment stage, unless a particular condition holds; emissions quotas
do not create a secondary distortion. We solve a linear-quadratic model
calibrated to represent the problem of controlling green-house gases. The
endogeneity of investment favors taxes, and it increases abatement.

Keywords: Pollution control, investment, uncertainty, rational
expectations, choice of instruments
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1 Introduction

Thepossiblerelationbetweencarbonstocksandglobalwarminghasled to a renewedinterest

in theproblemof controllingemissionswhenthereis asymmetricinformationaboutabatement

costs. If environmentaldamagesarerelatedto thestockof pollution,aswith globalwarming,

the regulator’s problemis dynamic. Most of the currentliteratureon this dynamicproblem

assumesthat nonstrategic firms solve a successionof static problems. If, however, a firm’s

abatementcostsdependon the stockof abatementcapital, the firm makesa dynamicinvest-

mentdecisionaswell asthestaticemissionsdecision. We studytheregulatoryproblemwith

asymmetricinformationwhenfirms invest in abatementcapital. Nonstrategic firms andthe

regulatorsolvecoupleddynamicproblems.

For a variety of pollution problems,capitalcostscomprisea large part of total abatement

costs(Vogan[28]) andinvestmentin abatementcapitaldependsontheregulatoryenvironment.

In thesecases,theendogeneityof investmentis animportantaspectof theregulatoryproblem.

Several recentpapers(Buonannoet al. [2], GoulderandMathai [5], GoulderandSchneider

[6], andNordhaus[24]) assumethat theregulatorcanchooseemissionsandalsoinducefirms

to provide thefirst-bestlevel of investment,e.g.by meansof aninvestmenttax/subsidy.

We considerthe situationwherethe regulatorhasa singlepolicy, eitheran emissionstax

or a quota. This assumptionis consistentwith many regulationsandproposalsthat involve an

emissionspolicy but ignoreendogenousinvestment(e.g.,theKyotoProtocol). In virtually any

real-world problem,theregulatoris likely to have fewer instrumentsthantargets. Our model

is an exampleof this generaldisparity betweenthe numberof instrumentsand targets,and

thereforeis empiricallyrelevant. Therestrictionenablesusto compareour resultsto thoseof

previouspapersthatstudytheasymmetricinformation,stockpollutantproblemin theabsence

of investmentin abatementcapital(Hoel andKarp [7] [8], Karp andZhang[13], andNewell

andPizer[21]). We identify a previously unrecognizeddifferencebetweentaxesandquantity

restrictions,andwe provide a simplemeansof solving theregulatoryproblemwhena certain

conditionholds. Wenow describetheproblemin moredetail.

In eachperiodtherepresentative firm observesa costshockthat is privateinformation. If

this costshockis seriallycorrelated,theregulatorlearnssomethingaboutits currentvalueby

observingpastbehavior. Thefirm knows thecurrentvalueof thecostshockandthereforeis

betterinformedthanthe regulator. Both typesof agentsobtain informationover time. We

assumethat the regulatorconditionsthe currentemissionspolicy only on payoff-relevant in-
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formation: aggregatecapitalandpollution stocksand(the regulator’s) beliefsaboutthe cost

shock. Theregulatorcannotmake bindingcommitmentsregardingfuturepolicies;that is, we

restrictpoliciesto beMarkov Perfect. Firmshave rationalexpectations;they take thecurrent

emissionspolicy asgivenandthey understandhow theregulatorchoosesfuturepolicies. The

non-atomicrepresentative firm is not ableto affect theeconomy-widevariablesthatdetermine

future policies. The firm thereforebehavesnon-strategically (but not myopically), anduses

Markov policies.

Theregulatorunderstandsthatfutureemissionspoliciesaffect thecurrentshadow valueof

abatementcapitalandthusaffect currentinvestment. Therefore,the regulatormight want to

commit to future policiesasa meansof affecting currentinvestment. This incentive is the

sourceof the familiar time-consistency problem. Our settinghasthe usualingredientsthat

leadto this problem: the regulatorhasa second-bestinstrument(the emissionstax or quota)

andhewantsto influenceforward-lookingagents.If theprivatelevel of investmentis socially

optimal, thenthe regulatorhasno desireto alter it. In thatcase,thereis no time-consistency

problem. If however, the regulator’s emissionspolicy createsa secondarydistortionat the

investmentstage,thetime-consistency problemdoesarise. In thatcase,theMarkov restriction

is bindingandweneedto solveanequilibriumproblem(adynamicgamebetweentheregulator

andnon-strategic firms)ratherthanarelatively simpledynamicoptimizationproblem. In other

words,thetypeof problemthatwe needto solve – anequilibriumproblemor anoptimization

problem– dependsonwhethertheMarkov Perfectemissionspolicy (thetaxor quota)causesa

secondarydistortionin investment.

Weshow thatthetime-consistency problemdoesnotarisewhentheregulatorusesanemis-

sionsquota. It doesarisewhentheregulatorusesa tax,unlesstheprimitive functionssatisfya

separabilitycondition.

This result is useful for two reasons. First, when the separabilitycondition holds, we

cansolve the dynamicgameby solving a muchsimplerdynamicoptimizationproblemthat

combineselementsof the regulator’s andthefirms’ optimizationproblems. Theseparability

conditionholdsfor animportantspecialcasethathasbeenusedto studytheproblemof regu-

lation of a stockpollutantunderasymmetricinformation. We generalizethis specialcaseby

includingendogenousinvestment.Second,underplausiblecircumstancestheseparabilitycon-

dition doesnothold. In thesecases,anemissionstaxcreatesasecondaryinvestmentdistortion,

whereastheemissionsquotadoesnot. Thus,wehaveidentifiedadifferencebetweentaxesand
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quotasthathaspreviouslybeenunnoticed.

We apply our resultsto global warmingmodel in which the separabilityconditionholds.

In addition to confirming the robustnessof previous results,we show that the endogeneity

of investmentencouragesstricterabatement,and that it favors the useof taxesover quotas.

Optimalabatementlevelsin ourmodelaresimilar to levelsproposedby theKyotoProtocol.

Thenext two sectionsdescribetheproblem. Wethenestablishthetime-consistency results

describedabove,andwe show how to solve thegameby solvinga controlproblem. We apply

thismethodto a linear-quadraticmodel,whichwethenspecializein orderto studytheproblem

of greenhousegasses. We review previous comparisonsof taxes and quotasin this linear-

quadraticsetting,andthendiscusshow theseresultschangewheninvestmentis endogenous.

2 The Basics

Thestockof pollutantat thebeginningof period
�

is �����	� andtheflow of emissionsin period
�

is 
�� . Thefraction ��
���
�� of thepollutantstocklastsinto thenext period,so thegrowth

equationfor ��� is: �������������	����
���� (1)

Theperiod
�
stock-relatedenvironmentaldamageequals�������! "�����	�$#&%with �('*)+�,%���' '*)+���

We normalizethe numberof representative firms to unity. In this sectionwe make no

distinctionbetweenthefirm’sandtheaggregatelevelsof emissionsandinvestment.Investment

in period
�

becomesavailablein thesubsequentperiod. Therepresentative firm’s benefitfrom

emissionsis a functionof emissions,
,� , abatementcapital -.���	� , anda randomcostshock /0� :1 ��� 1  2-3���	�4%$/5��%�
,�"#6�
We canthink of thefunction

1  879# asa restrictedprofit function in which input andoutput

pricesaresuppressed.Alternatively, we caninterpret
1  87:# astheamountof abatementcosts

that the firm avoids. For the latter interpretation,define 
	;� as the Business-as-Usual(BAU)

level of emissions,i.e. the level of emissionsunderthe statusquo. Define <=�>�?
�;�A@ 
�� as

the level of abatement,i.e. the reductionin emissionsdueto a new regulatorypolicy. The

additionalabatementcostsassociatedwith thenew regulationsare BC�D��BE F-.���	�0%$/0��%$<G��%H# . If
 ;� is a functionof  F-.���	�0%$/0�"# , we canrewrite theabatementcostfunctionas BE F-.���	�4%$/5�8%I<=�"#A�1  2-3���	�4%$/5��%�
,�"# , with BKJL �7:#M� @ 1CN  879# : marginal abatementcostsequalthe negative of the

marginalbenefitof emissions.
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The benefitfunction is increasingandconcave in 
 and - andincreasingin / (
1KO )P� ,1RQ )S� , 1CN )S� , 1KOTO�U � , 1CNHN3U � ). More abatementcapitaldecreasesthemarginal costof

abatementandthereforelowersthemarginal benefitof pollution, so
1VN4OWU � . A highercost

shockincreasesthemarginalbenefitsof abatementcapitalandpollution:
1ROXQRY � , 1CNZQCY � .

At time
�

only the firm knows the valueof the randomcostshock /0� ; thereis persistent

asymmetricinformation. All agentsknow thestochasticprocessfor thecostshock,which we

assumeis B>[. 8�\# : /0���^]_/5���	�`�bac��% ac��d�e2e"f3g2��%$h*ijGk % l � Y �=% (2)

with @ � U ] U � . Thesequencemna&�po (
� Y � ) is generatedby an i.i.d. randomprocesswith

zeromeanandcommonvarianceh ij . At time � the regulatorhasa subjective prior for the

initial costshock /nq , with mean r/sq andvarianceh iq ; /sq and a&�D tl � Y �n# areindependent. At

time
� Y � hisvariancefor thecurrentshockis h ij providedthathehaslearnedthevalueof the

previousshock.1

Therepresentativefirm investsin abatementcapitalto reducefutureabatementcosts,i.e. to

increasefuturebenefitsfrom pollution. Theflow of investmentin period
�

is uZ� . Thefraction

of abatementcapitalthatlastsinto thenext periodis �(
�vw
x� , sothegrowth equationfor -.�
is: -.���Svy-.���	���EuZ�8� (3)

The costof investment,z � �{z+ |u � %H- ���	� # , is increasingandconvex in u � . This convexity

meansthat abatementcapitaldoesnot adjustinstantaneously. A greaterdegreeof convexity

impliesthatcapitaladjustsmoreslowly.

Theendogeneityof the investmentdecisionmeansthat themarginal abatementcostfunc-

tion, @ 1VN  �7:# , changesendogenously. Slower adjustmentof abatementcapitalmeansthat it is

optimalto adjustemissionsmoreslowly.
1This (possible)changein theregulator’s variance,betweenthe initial andall subsequentperiods,makesthe

agents’decisionproblemsnonstationary. This non-stationarityis uninterestingbecauseit vanishesafter thefirst

period. A moreexactnotationfor thevaluefunctionsandpolicy rulesbelow would includeanindicatorfunction

identifying whetherwe arein the first or in a subsequentperiod. We do not includesucha function becauseit

cluttersthenotationwithoutaddinganythingof substance.
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3 The Game

In this sectionit is helpful to distinguishbetweentherepresentative firm’s level of capitaland

theaggregatelevelof capital. Wedenotetheformerby } andthelatterby }�~ . Wherethereisno

dangerof confusion,wedenotebothusing - . Sincewenormalizethenumberof representative

firms to 1, } ~ ��}���- . Therepresentative firm understandsthat it controls } , andthat this

variableaffectsits payoff directly, via thefunction
1  87:# . Thisfirm takestheaggregatelevel of

capital } ~ asexogenous;} ~ hasno directeffect on thefirm’s payoff. However, in a Markov

Perfectequilibrium,wheretheregulatorconditionspoliciesonpayoff-relevantinformation, }�~
affectsthefirm’s beliefsaboutfuturepolicies.

In orderto avoid a proliferationof notation,we do not distinguishbetweenthefirm’s level

of emissionsandtheaggregatelevel of emissions.However, it is importantto bearin mindthat

thefirm treataggregateemissions,andthereforetheaggregatepollutionstock,asexogenous.

The regulatoralwaysusestaxesor alwaysusesquotas. The period
�

policy is the tax �,�
or thequota 
�� . At time

�
the regulatorknows theaggregatecapitalstock } ~����� , thepollution

stock �����	� and (as we explain below), the laggedcost shock /0���	� . Theseare the payoff-

relevant variablesfor the regulator. In a Markov Perfectrational expectationsequilibrium,

the representative firm takesthe currentlevel of the regulatorypolicy (at time
�
) asgiven; it

understandsthat thepolicy at time �E) �
will bea functionof g }�~� �	� %H� � �	�0%$/ � �	� k . Sincethe

firm takestheseconditioningvariablesto beexogenous,it treatsfuturepoliciesasexogenous.

Thisfirm choosesinvestmentuZ� underbothpolicies,andit choosesthelevel of emissionsif the

regulatorusesa tax.

In view of thetiming conventionsin themodel,theregulator’scurrent(taxor quota)policy

influencesthe firm’s currentemission,but not the current level of investment. Investment

dependson thefirm’s beliefsaboutfuturepolicies.

3.1 The Firm’s Emission and Investment Responses

Thefirm wantsto maximizethe expectationof the presentvalueof thestreamof costsaving

from polluting(
1

) minusinvestmentcost( z ) minuspollutiontaxpayments(undertaxes). The

constantdiscountfactoris � , andwe usethesuperscripts� and � to distinguishfunctionsand

variablesundertaxesandquotas.

Taxes. The firm’s valuefunction undertaxes, ��� g }\���	�4%I/0��%|�,�8�Z�����	�0%H} ~���	� k , solvesthe dy-
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namicprogrammingequation(DPE)��� g }\���	�4%$/5��%|�,�8�Z�����	�0%H} ~���	� k �^�(�\� NZ��� ��� m 1  "}������0%$/0��%�
��"# @ �,�|
,� @ z� |uZ��%H}������I#�K��� ��� �>� g }���%$/5���&�4%F���t�&�p�����8%Z} ~� ks� o�%
subjectto theequationof motionfor thecostshock(2), thecapitalstock(3), andthepollution

stock(1). The firm’s expectationat
�

of /5�t�c� and �,���&� is conditionedon the payoff-relevant

variables g }�~���	� %I/0��%H�����	� k .
We assumethat optimal decisionsare interior. The optimal level of emissionssolvesa

staticproblemwith thefollowing first-ordercondition1CN  "}����	�0%$/0��%�
��2# @ �,���S�,� (4)

Solvingfor 
 , weobtaintheoptimalemissionresponse
&�� �^�  2}����	�4%$/5��%|�,�2#�¡��`�8� (5)

Theoptimallevel of investmentequatesthemarginal costof investmentandthediscounted

shadow valueof abatementcapital. Setting } ~ �¢}���- , thestochasticEulerequationis2�£� � m 1KO  2-.�8%$/5���&�0%��*�t�&�$# @ z O  |uZ�t�&�4%I-3�"#`�Evyz �  |uZ�t�&�4%I-.�2#Ho @ z �  FuH��%I-.�����I#��S�,� (6)

Thissecond-orderdifferenceequationhastwo boundaryconditions,thecurrentabatementcap-

ital -.���	� , andthetransversalitycondition¤�¥ ���¦¨§ �A�c©ª� � �ª� z �  Fu � %I- � �	�$#,- �L« �S��� (7)

Quotas. Firmsarehomogeneousandquotasarenot bankable.Thus,undera quotapolicy,

thereis noincentiveto tradepermits. Weassumethatthequotalevel is bindingwith probability

1.3 Thefirm solvestheDPE�­¬�g®}������0%$/5�8%$
,���H�������0%H} ~���	� k �^�M�n� ��� m 1  2}����	�4%$/5��%�
,�"# @ z� FuH��%H}������I#�K�£� � � ¬�g }��8%$/5�t�c�0%�
��t�c�0�H����%H}�~� k « �
2For all of the control problems,we merelywrite the Euler equationsincethe derivationsarestandard.The

first orderconditionof theDPEwith respectto ¯p° providesoneequation. In this first ordercondition,thefirm’s

expectationof ±�°³²�´ is independentof its investment. This independencereflectsthe fact that thefirm is unable

to affect aggregatecapitalor pollution stock,andthereforecannotaffect valuesof thevariablesthataffect future

regulation.WedifferentiatetheDPEwith respectto µZ°·¶�´ , usingtheenvelopetheorem,to obtainasecondequation.

Combiningthesetwo equationsgivesthestochasticEulerequation.
3CostelloandKarp [3] considera staticmodel(without tradein quotas)in which quotasmaybebindingwith

probability lessthan1. Karp andZhang[13] show how the dynamicproblem(whenquotasarebinding with

probability1) canbemodifiedto accountfor heterogenouscostshocksandtradein permits.
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Again, thefirm’s beliefsaboutthequotain thenext perioddependon g } ~���	� %I/0��%H�����	� k .
Theoptimallevel of investmentsolvesthestochasticEulerequation�£� � m 1KO  F-.��%$/0�t�&�4%$
,�t�&�$# @ z O  FuH�t�&�4%H-3�"#`�bv=z �  |uZ���&�4%H-3�"#Ho @ z �  |uZ��%I-.���	�$#����,% (8)

andthetransversalitycondition(7).

The investment rule Undereithertaxesor quotas,therepresentativefirm’s investmentrule

at time
�

is a functionof g }����	�0%$/0���H�����	�4%Z} ~���	� k . Whenthereis nodangerof confusion,wewrite

the investmentrule as u\¸X 2- ���	� %I/ � %H� ���	� # , ¹º���C%I� (for tax or quota). Underboth taxesand

quotas,thecurrentlevel of investmentdependsonbeliefsaboutfuturepolicy levels,but it does

notdependon thecurrentpolicy level.

3.2 The Regulator’s Problem

Theregulator’s payoff equalsthepayoff to therepresentative firm netof taxes,minusenviron-

mentaldamages.The regulatormaximizestheexpectationof thepresentdiscountedvalueof

theflow of thepayoff, i.e. theexpectationof§» �t¼�q � �  1  2-.���	�4%$/5��%�
��2# @ z� FuZ�8%I-.�����I# @ �½ 2�����	�$#$#&�
His policy (alwaysataxor alwaysaquota)canbeafunctionof (only) payoff-relevantvariables:

thecurrentstocksof pollutionandcapital,andtheregulator’scurrentinformationaboutthecost

shock. Undertaxestheregulatorknows thatequation F¾G# determinesemissions.Undereither

policy, heknows thatinvestmentis givenby u\¸T 2-3���	�4%$/5��%H�����	�I# , ¹.�^�C%I� .

The regulatortakesasgiven the investmentrule and(undertaxes)theemissionsrule. At

time
�

the regulatorobservesthe aggregatestocks �����	�4%I-.����� . The pastcostshockprovides

informationaboutthecurrentshockif andonly if ]À¿�x�,� Undertaxes,theregulatorlearnsthe

previous costby observingthe responseto the previous tax (via equation  F¾ª# ). Provided that1KOXQ ¿��� theregulatorwhousesquotascanlearnthepreviouscostshockby observingthelevel

of investmentin the previous period, i.e. by inverting the investmentfunction u ¬  879# . From

equation  FÁª#6% 1KOXQ ¿�{� meansthat currentinvestmentdependson beliefsaboutfuture cost

shocks. When ]À¿�Â� thesebeliefs– andthereforecurrentinvestment– dependon thecurrent

costshock.

If
1KOXQ ¿�x� , aswe hereafterassume,taxesandquotasprovide thesameinformationabout

thepreviouscostshock,andthusaboutthecurrentcostshock. Neitherpolicy hasaninforma-
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tionaladvantage.Of course,usingobservedemissions(undertaxes)to infer thepastcostshock

requiresonly that the regulatorsolve thefirst orderconditionof a staticproblem. Usingob-

servedinvestment(underquotas)to infer thepastcostshockrequiresthat theregulatorknows

thefunction u_¬� 2-3���	�4%I/0��%H�����	�$# ; that requiresthesolutionof theentireequilibrium. Thus,al-

thoughboth policieshave the sameinformationalcontent(unless]�¿�Ã� and
1KOXQ �Ä� ), this

informationis easierto extractundertaxes.

Theregulator’s decisionrule is a function Å�Æ� 2-3���	�4%$/5���	�0%H�����	�$#&%"¹Ç�x�C%I� thatdetermines

the currenttax (¹À�?� ) or quota(¹À�Ã� ) asa function of his currentinformation,given his

beliefsaboutthefirm’s decisionrules.

3.3 The Equilibrium

Boththeregulatorandtherepresentativefirm solvestochasticcontrolproblems;theexactprob-

lem thatoneagentsolvesdependson thesolutionto theotheragent’s problem. Therational

expectationsequilibriuminvestmentrulefor thefirm dependsontheregulator’spolicy rule,and

thatpolicy ruledependsontheequilibriuminvestmentrule. Theinvestmentandtheregulatory

decisionrulesgeneratearandomsequenceof pollutionandcapitalstocks. Agentshaverational

expectationsabouttheserandomvariables.

An equilibriumconsistsof a(possiblynon-unique)pairof decisionrules u\¸ �  2-3���	�4%$/5��%H�������I#
and Å5¸ �  2-.���	�4%I/0���	�4%H�����	�$# for ¹È���C%I� that aremutually consistent;thesuperscript“ É ” indi-

catesequilibriumfunctions. Hereafterwereferto u ¸ �  2-3���	�4%I/0��%H�����	�$# , and Å Æ �  F-.���	�4%I/0���	�4%H�����	�$#
asMarkov Perfectpolicy rules.

Moderncomputationalmethodsmake it possibleto (approximately)solve thesekinds of

dynamicequilibriumproblems,i.e. to find a fixedpoint in functionspace.(See,for example,

Judd[11], MarimonandScott[17], MirandaandFackler[19].) Thesefixedpointproblemsare

not trivial, especiallywhenthe statespacehasmorethanonedimension– it hasthreein our

problem.4

4If thefunctionsÊ Ë|ÌÎÍ , Ï(Ë|ÌÐÍ , and Ñ½Ë|ÌÎÍ arelinear-quadratic,weknow thatthereexist linearequilibriumdecision

rules. In thatcase,theoriginalequilibriumproblemrequiresfindingcoefficientsof lineardecisionrulesthatsolve

a fixedpoint problem. Our earlierwork (Karp andZhang[14], Zhang[31]) solvesthis problemwith thehelpof

theSchurdecomposition.Theimplementation(asopposedto thedescription)of thealgorithmis complicated,and

thealgorithmleadsonly to anapproximatesolution. Weabandonedthisdirectapproachof solvingtheequilibrium

problemwhenwediscoveredthesimplerandmoregeneralapproachdescribedin thenext section.
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4 Finding the Markov Perfect Equilibrium

In many cases,thetypeof modeldescribedin theprevioussectionmustbesolvedasanequi-

librium problemratherthanasan optimizationproblem. The next subsectionexplainswhy

this complicationmight arise. Usinganauxiliary controlproblemin which the regulatorhas

two policy instruments,we thenidentify conditionsunderwhich themodelcanbesolvedasa

straightforwardoptimizationproblem.

4.1 The Time-Consistency Problem

In general,the regulatormight want to announcea rule that would determinefuture levelsof

thetaxor quota. Thepurposeof suchanannouncementwouldbeto alterthefirm’s investment

rule – asdistinctfrom alteringa stockthatappearsasanargumentof theinvestmentrule. The

inability to make bindingcommitments,andtheMarkov assumption,excludethis possibility.

In a rationalexpectationsequilibrium,currentinvestmentdependsonbeliefsaboutfuturepoli-

cies,andthesebeliefsdependonthepollutionstock. By choiceof thecurrentquotaor taxlevel,

theregulatoraffectsthefuturepollution stock,which canaffect futureinvestment. Underour

assumptions,theonly meansby which theregulatorcaninfluencefuturelevelsof investmentis

by influencingthefuturelevel of thepollutionstock.

Considera simplerproblemwithout asymmetricinformation,wherea representative firm

with rationalexpectationsmakesinvestmentdecisions. The firm’s optimal decisionsdepend

on its beliefsaboutfutureregulations,andtheregulatorwantsto influencethefirm’sdecisions.

If theregulatorhasafirst bestpolicy (definedasonethatdoesnotcausesecondarydistortions),

hecaninducethefirm to selectexactly thedecisionsthattheregulatorwouldhaveused,hadhe

beenin a positionto choosethemdirectly. In thatcase,theregulatoryproblemcanbesolved

asstandardoptimizationproblem. If, however, theregulatorhasonly asecond-bestpolicy, the

familiar time-consistency problemarises.(SeeXie [30] for arecentdiscussionof thisproblem,

andreferences.) TheMarkov restrictionis binding in this setting,sofinding the equilibrium

requiressolvinganequilibriumproblemratherthanastandardoptimizationproblem.

The presenceof asymmetricinformation in our model leadsto the possibility of time-

inconsistency of theoptimalemissionstaxor quota. Weknow from theliteratureonprincipal-

agentproblemsthatwith asymmetricinformation,non-linearpoliciesaregenerallysuperiorto

eitherthelineartaxor thequota:neitherthelineartaxnorthequotais typically theinformation-

9



constrainedfirst bestpolicy. Weshowedabovethatthefirm’s investmentdependsonits beliefs

aboutfuture policies. Sincethe regulator hastwo targets,(emissionsand investment)and

only oneinstrument(which is typically inferior to somenon-linearpolicy), it appearsthat the

regulatormightwant to usefutureemissionstaxesor quotasto influencethefirm’s currentin-

vestmentdecision. In that case,the information-constrainedfirst besttax or quotawould be

time-inconsistent:theability to make commitmentsaboutfuturetaxesor quotaswould enable

theregulatorto achieveahigherpayoff thanundertheMarkov restriction. If thiswerethecase,

wewouldnotbeableto obtainaMarkov Perfectequilibriummerelyby solvingadynamicop-

timizationproblem,but would insteadhave to solve theequilibriumproblemdescribedin the

previoussection.

4.2 An Auxiliary Control Problem

This subsectiondescribesan auxiliary control problemthat helps identify conditionsunder

which the Markov Perfectequilibrium canbe obtainedby solving an optimizationproblem.

In this control problem,in eachperiodthe regulatorsetsan emissionstax or quotausingthe

sameinformationasin the game;later in the sameperiodhe observesthe currentcostshock

andthenchoosesinvestmentdirectly. (In contrast,in thegametheregulatorchoosesonly an

emissionspolicy.) Theability to controlcurrentinvestmentdirectly, knowing thecurrentcost

shock,eliminatesany incentive to usefutureemissionspoliciesto controlcurrentinvestment.

In this setting,it doesnot matterwhethertheregulatorchoosesinvestmentdirectly (e.g.by

commandandcontrol), or decentralizesthis decisionby meansof an investmenttax/subsidy.

In theformercase,firmsmakenoinvestmentdecision,andin thelattercase,firmsmerelycarry

out theoptimalinvestmentdecisioninducedby theinvestmenttax/subsidy.

As an aid to intuition, it is useful to think of decentralizingthe optimal investmentdeci-

sion (from the auxiliary problem)usingan investmenttax/subsidy. The optimal investment

tax/subsidyis identically 0 if andonly if Markov Perfectrulesareequivalent to the optimal

policy rulesin theauxiliary problem. With anidenticallyzeroinvestmenttax,agentshave ex-

actly thesameoptimizationproblemasin thegame. It is optimalto useanon-zeroinvestment

tax/subsidyif andonly if theMarkov Perfectpoliciesdonot solve theauxiliaryproblem.

TheMarkov Perfectequilibriuminvestmentruleis conditionedon  2-3���	�4%$/5��%H�����	�$# , whereas

theemissionsrule is conditionedon  F-.���	�4%I/0���	�4%H�����	�$# . Consequently, in theauxiliaryproblem

we needto considera two-stageoptimizationwithin eachperiod. At the beginning of the

10



periodtheregulatorknows  F-.���	�0%$/0���	�4%Z�	���	�$# andchoosestheemissionspolicy (ataxor quota);

the regulator thenlearns /0� andchoosesthe level of investment(equivalently, the investment

tax/subsidy).

It doesnot matterwhetherthis time-line is “plausible”. We usethis problemonly asa

meansof finding conditionsunderwhich theMarkov Perfectrulescanbeobtainedby solving

a controlproblem. If theMarkov Perfectinvestmentrule is equivalentto the investmentrule

in the auxiliary problem, then a regulator who had to chooseinvestment(or an investment

tax/subsidy)beforeknowing /5� would obviously prefer to allow firms to chooseinvestment;

i.e., theregulatorwoulduseazeroinvestmenttax/subsidy.

We describetheauxiliary controlproblemwhentheregulatorusesanemissionsquota,and

thenwhenheusesanemissionstax.

4.2.1 Quotas

Theregulatorsolvesthefollowing DPE:Ò ¬� F-.���	�4%H�����	�4%$/5�����I#��^�(�\� NH� � Q2�FÓ Q ��ÔyÕ m 1  F-.�����4%I/0��%�
��"# @ �! "�����	�$#�º�(�\� ��� � @ z� |uZ��%I-.���	�$#���� Ò ¬( F-.�8%Z�	��%$/5�"# � o (9)

subjectto equations 8�\# and  FÖª# . Thefirst orderconditionfor theoptimalquotais� QF�2Ó Q ��ÔyÕ m 1CN  F-.���	�4%$/5�8%$
,�"#`�b� Ò ¬×  F-.��%H����%$/0�"#HoØ�S� (10)

andtheEulerequationfor investmentunderquotasis�£� Q �9ÙGÕ Ó Q � m 1RO  2-3��%$/5���&�0%�
����&�$# @ z O  |uZ�t�&�4%I-.�2#`�Evyz �  FuH�t�&�4%I-.�"#Io @ z �  FuZ�8%H-3���	�$#��S��� (11)

Thetransversalityconditionis¤³¥ ��,¦¨§ � QFÚ�Ó Q2� ©ª� � �ª� z �  Fu � %I- � ���I#,- �L« �S�,� (12)

4.2.2 Taxes

Using thefirm’s emissionresponsefunction (5), the regulatorin theauxiliary problemsolves

thefollowing DPEÒ �  2-.���	�4%Z�����	�4%I/0���	�$#��^�M�n�GÛ � � QF�2Ó Q �³Ô=Õ m 1  2-3���	�4%$/5��%�
 �� # @ �Â 2�����	�$#	��M�n� ����� @ z� FuZ�8%I-.���	�$#`��� Ò �  2-3��%H����%$/5�"# � o (13)
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subjectto equations 8�\# ,  FÖª# and  2¾G# . WeusethedefinitionÜ ��¡ �91CN  F-.���	�4%$/5�8%$
c�� #`��� Ò �×  2-3��%H����%$/5�2# � %
andthe abbreviation �`�K¡W�Ý 2-.���	�4%I/0��%|�,�"#��Þ
 �� . The function

Ü � is the socialbenefitof an

additionalunit of emissions. With this notation,we canwrite the first-orderconditionwith

respectto ��� as � QF�2Ó Q �³Ô=Õ�ß Ü �4à �*�à ���6á ���,% (14)

andthestochasticEulerequationfor investmentas�£� Q �9ÙGÕ Ó QF�&â*1KO g -3��%$/5�t�c�0%�
 ��t�&� k @ z O  FuH�t�&�4%I-.�2#��bvyz �  FuZ���&�4%I-.�"#`� Ü �t�&�\ãHä �9Ù=Õã O*��å@ z �  |uZ�8%H-3���	�$#À� �,� (15)

Thetransversalityconditionis equation(12).

4.3 Social Optimality of the Markov Perfect Rules

Herewe find conditionsunderwhich thesolutionto theauxiliary controlproblemis a Markov

Perfectequilibrium to the original game. We refer to the following asthe “separabilitycon-

dition” sinceit requiresthat ãã Q 1CNHN � ãã Q 1CNZO � � when evaluatedat the optimal level of

emissions:

Condition 1 (Separability)
1CNHN

and
1VN4O

, evaluatedat theoptimal 
 � , are both independent

of thecostshock / .
Wehave

Lemma 1 Theseparability conditionisequivalentto thefollowingtwoconditions:(a) ãHäGæ O ��ÔyÕ � QF��� Û �·çã Û �
is independentof /5� . (b) ãZä=æ O �³Ô=Õ � QF�|� Û �tçã O ��ÔyÕ is independentof /0� , where ��� is theemissionstax at time�
.

Proof. Totally differentiatingthefirst-ordercondition  |è_# givesà �*�à � � � �1 NHN  2- ���	� %I/ � %�
 �� # % à �`�à - ���	� � @ 1VN4O  2-3���	�4%$/5��%�
 �� #1 NHN  F- ����� %I/ � %�
 �� # �
Condition(a) holdsif andonly if

1CNIN  2-3���	�4%$/5�8%$
 �� # is independentof /5� . This independence

meansthatCondition(b) holdsif andonly if
1CN4O  F-.�����0%$/0��%�
 �� # is independentof /5� .

Ourmainresultis thefollowing
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Proposition 1 (i) Whentheregulatorusesemissionsquotas,thesolutionto theauxiliary prob-

lem  |é_# is a Markov Perfectequilibrium to the original game. (ii) Whenthe regulator uses

emissionstaxes,thesolutionto theauxiliary problem  ��5Ö_# is a Markov Perfectequilibriumto

theoriginal gameif andonly if theseparability conditionholds.

Theproof, containedin AppendixA, verifiesthat theequilibriumconditionsin thegamesand

in theauxiliaryproblemsareidenticalundertheconditionsstatedin theProposition.

4.3.1 Discussion of the proposition

When the regulatorusesquotasto control emissions,the Markov Perfectinvestmentrule is

sociallyoptimal. If theregulatorusestaxestocontrolemissions,theMarkov Perfectinvestment

rule is socially optimal provided that the separabilitycondition is satisfied. This condition

dependsonly on thebenefitfunction
1  �7:# , not on thedamageor theinvestmentcostfunction.

Underthe two conditionsin Proposition1, the investmenttax thatwould supporttheoptimal

investment(from theauxiliaryproblem)is identically0.

Proposition1 identifiesapreviouslyunnoticeddifferencebetweentaxesandquotas.When

the separabilitycondition doesnot hold, the emissionstax createsa secondarydistortion in

investment.In thesecircumstances,privateinvestmentis optimalunderanemissionsquotabut

notunderanemissionstax.

ThePropositionalsoprovidesasimplewayof obtainingtheequilibriumfor thegamewhen

the separabilityconditionholds. This methodrequiresonly solving a dynamicoptimization

problemratherthanadynamicequilibriumproblem.

4.3.2 Interpretation of the Separability Condition

Supposethat firms facean investmenttax ê4� , so their singleperiodpayoff is
1  �7:# @ z+ 879# @ê0�|uZ� @ �,��
�� . By writing theEulerequationfor capitalstockcorrespondingto thisproblem,and

comparingit to equation  8�n¾G# , we concludethat the tax supportsthesociallyoptimal level of

investmentif andonly if5

@ ê4���b��vy� Q �:ÙGÕ Ó Q2� ê0���&�ë�^�£� Q �:ÙGÕ Ó Q2� ß Ü �t�&��à �*�t�&�à -3� á � (16)

5Theright sideof equationËFì�í4Í equalsthefunction î , usedin theproofof Proposition1.
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Underthe investmenttax, an additionalunit of investmentcoststhe firm ê4� in the current

period,but reducesthe costof tax paymentsby ��v=�A�"ê4�t�&� in the next period. The left side

of equation  8�sïª# equalsthe effect of the tax sequenceon the marginal incentive to invest in

the currentperiod.
Ü �t�&� is the marginal valueto societyof an additionalunit of emissions

in the next period,and ãHä �:ÙGÕã O6� equalsthe changein emissionsin the next periodcausedby an

additionalunit of investmentin the currentperiod. Thus, the term in brackets in equation ��5ï_# is thevalueto societyof the lower futureemissionscausedby theadditionalinvestment.

The optimal investmenttax sequenceinducesthe firm to internalizethe presentvalueof the

expectationof this additionalsocialbenefitof investment. Whenthe separabilitycondition

holds,thisadditionalexpectedsocialbenefitis identically0.

Under the optimal emissionsquota, the expectedsocial benefitof an additionalunit of

emissionsis0 in eachperiod(equation 8�s�ª# ). Theoptimalityconditionfor theemissionstax,on

theotherhand,requiresthatanexpectedmarginalchangein thetaxhas0 socialvalue(equation ��0è�# ). Thisconditionimpliesthattheexpectedsocialbenefitof anadditionalunit of emissions

is 0 if andonly if
1CNHN

is independentof / (equivalently, if andonly if ãHäã Û is independentof / ).
Even if this independenceholds,

Ü � (thesocialbenefitof anadditionalunit of emissions)is a

randomvariable,a functionof / . If ãZäã O is alsoafunctionof / (i.e., if
1CN4O

is not independentof/ ), thenthesocialbenefitof anadditionalunit of emissionsis correlatedwith ãHäã O . In thatcase,

theexpectedmarginal valueto societyof the lower futureemissionscausedby theadditional

investment,is non-zero. Here, the investmentexternality is non-zero. Consequently, both1CNHN
and

1CNZO
mustbeindependentof / in orderfor theinvestmentexternality to vanishunder

emissionstaxes.

5 The Linear-Quadratic Model

The linear-quadraticmodelhasbeenwidely usedboth for qualitative andnumericalanalysis.

Hereweprovide thelinear-quadraticmodelthatincludesendogenousinvestment.

Therepresentativefirm’sbenefitfunctionis1  F-.���	�4%$/5�8%$
,�"#L�ñðnqT�� 2ðG���bòó/5�2#�-3���	� @ ð iô -½i���	� �� |< @Eõ -3���	���b/5�"#�
,� @�öô 
�i�
with ðG�C)�� , ð i )��,% ö )�� , ò Y � , õ Y � . Thefunction

1  �7:# (which includestherentalcost
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of capital)satisfiestheseparabilitycondition. Thecostof changingthelevel of capitalis6

z� FuH�"#�� f ô  |uZ�2# i % f()+� .
Environmentaldamagesarealsoquadratic:�½ 2�����	�$#L��÷ô g �����	� @ r� k i

where r� is thestocklevel thatminimizesdamages.

Thefollowing Remarkcollectsa numberof usefulfactsaboutthecomparisonof policies.

Theseresultswill beobvious to readersfamiliar with the linear-quadraticcontrolproblem,so

westatethemwithout proof:

Remark 1 In thislinear-quadraticmodelwithadditiveerrors,thePrincipleofCertaintyEquiv-

alenceholds. Theexpectedtrajectoriesof all stock andflowvariablesarethesameundertaxes

andquotas. Thehighermomentsof thesetrajectoriesdiffer underthe two policies. Neither

thepolicy rankingnor themagnitudeof thepayoff differencedependson theinformationstate 2-3���	�4%Z�����	�4%I/0���	�$# . Themagnitude(but not thesign)of thedifferencein payoffsdependsonthe

parameters h iq and h ij .
In thestaticversionof thisproblem,damagesarecausedby theflow of pollution,shocksare e2e"f ,
andthereis noabatementcapital. Thestaticlinear-quadraticmodelhaspropertiesanalogousto

thoselistedin Remark1. In boththestaticandthedynamicproblems,thesepropertiesmake it

possibleto comparepoliciesusinga minimumof information(e.g.,without usinginformation

on themagnitudeof uncertaintyor stocks).

5.1 Regulated Emissions and Investment

For the linear-quadraticmodelwe obtainanexplicit equationfor theemissionsrule (equation 2¾G# ) undertaxes:


&�� �¢Å4� @ õ ö -3���	��� /5�ö �?Å4��¡ < @ ���ö �
6We canreplacethe investmentcost function with a quadraticfunction of net ratherthangrossinvestment,

so that adjustmentcostsarezero in the steadystate. This slightly moreplausiblemodeldoesnot leadto any

interestingchangesin analysisbelow. However, it complicatestheproblemof calibratingthemodel. Therefore

wediscussonly themodelin whichadjustmentdependsongrossinvestment.
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A highercostshockincreasescurrentemissions,andahighertaxor ahigherstockof abatement

capitaldecreasesemissions.

Using standardmethods(e.g. Chapter14 of Sargent [26]) we cansolve the firm’s Euler

equation((6) undertaxesand(8) underquotas)to write currentinvestmentasa linearfunction

of currentcapital( -3���	� ) andthefirm’sexpectationsof thefuturecostshocksandpolicies(taxes

or quotas).Theoptimalinvestmentunderemissionstaxesisu �� � øIùnú Õû8ü æ �p� øIù ç �S "ý @ v=#�-.���	�� øIùû®ü �D�ëþ g ò @!ÿ ; k�� §¸ ¼�q  "ý��X# ¸ /5���&�F� ¸ @bõ � §¸ ¼�q  2ý��X# ¸ Å0���&�F� ¸ �
where � U ý U � is the smaller root of the quadraticequation ý i ���ù ý � �ù � � and� ¡ @ þ �ü � ùû®ü�� ð i @!ÿ	�;�
 �b��v � . A lower expectedfuturetax (i.e., a highervalueof Å4�t� ¸ ) de-

creasescurrentinvestment. A higherexpectedfuturecostshockincreases(decreases)current

investmentif ò @ºÿ ; is positive(negative). Since
1ROXQ �^ò+) � , ahigherexpectedcostshockin-

creasestheexpectedmarginalbenefitof capital– andthusincreasesthemarginalshadow value

of capital. Thiseffectencouragesinvestment.However, ahigherexpectedcostshockincreases

expectedemissions,reducingthe expectedmarginal benefitof capital(
1CN4O � @�õ U � ) and

discouraginginvestment.Theseoffsettingeffectsareexactlybalancedif ò � ÿ ; , in whichcase

thecostshockhasno effecton investment,underemissionstaxes.

Theoptimalinvestmentunderemissionsquotasisu �� � j ù\ú Õû8ü æ �®� j ù ç �S |a @ v=#�-.���	�� j ùû8ü �A� þ ò � §¸ ¼�q  �a*�£# ¸ /0�t�&�F� ¸ @Eõ � §¸ ¼�q  |a6�X# ¸ 
����&�F� ¸ � (17)

where � U a U � is the smaller root of the quadraticequation a i ��� ù ab� �ù � � and
 ¡ @ g �ü �ñùnú �û®ü �b��v k . Higherexpectedquotasdecreaseinvestment,andhigherexpectedcost

shocksincreaseinvestment.With quotas,costshockshaveanunambiguouseffect,becausethe

firm treatsfutureemissionsquotasasexogenous.

5.2 A Limiting Case: Flow Externality

If ���S� themodelcollapsesto thecaseof aflow externality, in whichemissionsin thecurrent

periodcausedamagesonly in the next period: �½ 2�����	�$#(� �½ �
,���	�$# . By defining ��� �
��"#���£�! |
,�"# we can write the differencebetweenthe benefitsand costsof currentemissionsas1  2-3���	�4%$/5��%�
,�"# @ ��½ �
,�"# . Thissimplificationeliminatesastatevariable( � ), makingit possible
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to obtainsomeanalyticresults. Wecansolve thedynamicprogrammingequationsundertaxes

andquotasandcomparethepayoffs. (Detailsof thecalculationsareavailableon request).

We notedin Section3.2 that both policiesenablethe regulatorto acquirethe sameinfor-

mationaboutthecurrentcostshockif eitherof theseconditionshold: (a) ]Ç��� ; or (b) ]b¿���
and ò ¿�Þ� . The last inequalityimplies that the regulatorlearnsthe laggedvalueof / by ob-

servinginvestmentunderquotas– seesection3.2andequation ����G# . Weshow thatin eitherof

thesetwo cases,thepolicy rankingdoesnot dependon theparametersassociatedwith abate-

mentcosts. If, however, neitherof thesetwo conditionshold (andif in additionquotasarenot

traded)taxeshaveaninformationaladvantage.In thatcase,thepolicy rankingdoesdependon

theparametersassociatedwith abatementcosts.

If ]w�S� , thepayoff differenceundertaxesandquotas,is7Ò � @ Ò ¬ � h iqô ö  8� @ �X#�� � @ � ÷ö�� �
If ]½¿�S� , and ò!¿�S� thepayoff differenceisÒ � @ Ò ¬ � �ô ö � h iq � �� @ � h i� � � � @ � ÷ö � �
Theseexpressionsreproducearesultin Weitzman’s [29] staticmodelandin two dynamicmod-

els(HoelandKarp [7], KarpandZhang[13]).

If ]½¿�S� and ò �S� , andquotasarenot traded,theregulatorlearnsthepastcostshockunder

taxesbut not underquotas. Herethepayoff differenceequalsÒ � @ Ò ¬ � �ô ö � h iq � �� @ � h i� ����� � � � @ � ÷ö ���
Thefunction � )!� embodiesthe informationaladvantageof taxes; � dependson ð i , f and v
(amongotherparameters).

Wesummarizetheimplicationsof theseexpressionsin thefollowing:

Remark 2 (i) Whentaxesandquotashavethesameinformationalcontent(i.e., if (a) ].��� , or

if (b) ] ¿�Â� and ò ¿�Â� ), thepolicy rankingdependsonly on therelativeslopes(appropriately

discounted)of the marginal benefitand damage functions. (ii) Whentaxeshavean informa-

tional advantage (i.e., whenneitherconditions(a) or (b) in part (i) hold and quotasare not

traded)thepolicy rankingalsodependson theparametersassociatedwith abatementcapital.
7With uncorrelatedcostshocksweassume�8°�� �!�#"%$'&�)(+*-,/.(+0 , 13254�6 .
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The next sectionconsidersthe problemof a stock-relatedpollutant. There,even when

neitherpolicy hasaninformationaladvantage,thepolicy rankingdoesdependontheparameters

associatedwith abatementcapital– in contrastto Remark2.i. Herewe explain why stockand

flow pollutantshave thisqualitativedifference.

As Remark1 notes,theexpectedlevelsof emissionsandof investmentarethesameunder

taxesandquotas. Thefirst orderconditionfor investment(usingequation |é_# or  8�5Ö_# ) is

@ z �  FuH��%I-.���	�I#`��� Ò ÆO  F-.�8%Z���8%I/0�"#��S� , eX� �R%I���
Thelinear-quadraticstructurewith additiveshocksimpliesthat

Ò �O  F-.�8%Z���8%I/0�"#�¡ Ò ¬O  2-.�8%H����%I/0�"# :
theinvestmentrulesundertaxesandquotas,conditionalon  2-3���	�4%H����%$/5�"# , areidentical.

For a stockpollutant,
Ò ÆOX� × ¿� � , so investmentat time

�
dependson the pollution stock

at the beginning of the next period, ��� . That pollution stockdependson currentemissions;

therefore,emissionsin period
�

affect investmentin period
�
. Conditionalon the information

at the beginning of a period, the current level of emissionsis randomundertaxes and is a

choicevariableunderquotas. Therefore,conditionalon the informationat the beginning of

a period, the distribution function for the current level of investmentdiffers under the two

policies. Theexpectedpayoff differencethereforedependson theparametersassociatedwith

abatementcapital.

In contrast,with a flow pollutant, the currentlevel of emissionshasno effect on future

payoffs. Theshadow valueof capital
Ò ÆO dependsonly on  2-3��%$/5�2# . With a flow pollutant,the

current investmentandcurrentemissionsdecisionsaredecoupled.Therefore,thevalueto the

regulatorof thedifferencein emissionsundertaxesandquotasdoesnot dependon investment

costs.

6 An Application to Global Warming

With astockexternalityproblemsuchasglobalwarming,wehave threestatevariables(green-

housegasses,the capitalstock,andthe expectedcostshock)andthereforecannotobtainan

analyticsolution.However, usingProposition1, it is straightforwardto solve thetaxandquota

problemsnumerically. The resultingcontrolproblemis almoststandard,exceptthatnew in-

formationarriveswithin aperiod,sotherearetwo stagesof optimizationwithin aperiod. This

factaccountsfor thenestedmaximizationin equations Féª# and  8�sÖª# . For the linear-quadratic
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1. Pollutantstockgrowth ��� @ r�À��� g ������� @ r� k �b
,���
2. Environmentaldamage �Â 2�����	�$#��87 i g �����	� @ r� k i �
3. Abatementcapitalgrowth -.���Svy-.���	���EuH���
4. Investmentcost z+ |uZ�2#�� û i u i� �
5. “Businessasusual”emissions 
 ;� �:9 q @ 9½��-.���	��� �/0���
6. Abatementcost BE |
,�"#L� ;i g2
 ;� @ 
,� k i �
7. “General”benefitfunction1  2-3���	�4%I/0��%�
,�"#��¢ð\qT�S "ðG�`�bòA/0�"#,-.���	� @ ú �i - i���	� �S F< @bõ -.���	�`�E/5�2#�
,� @ ;i 
 i� �
Parameterrestriction:�w
S��
Â�G% ÷ ) �,% �.
Sv 
W�=% f()+��%;9 qC) �,%;9�� Y ��% ö )+�,�
Relationof parameters:/5��� ö �/0� , ðnq¨� @ ;i 9 iq , ð=�ë� ö 9 q<9�� , ð i � ö 9 i � , <w� ö 9 q , õ � ö 9�� , and òE� ÿ ; �=9½� .

Table1: TheModelof GlobalWarming.

model,wecansolveeachof thesedynamicprogrammingproblemsby solvingamatrixRiccati

equation. (Detailsareavailableuponrequest.)

6.1 Model Calibration

Table1 describesthemodel. In orderto calibratethegenerallinearquadraticmodeldescribed

in theprevioussection,weassumethatbenefitsareequalto thevalueof abatementcostthatthe

firm avoidsby increasingemissions. Abatementcostsarea quadraticfunctionof abatement,
 ;� @ 
,� (row 6), wherethe BAU emissions
 ;� is a decreasinglinear function of abatement

capital(row 5). A higherlevel of abatementcapitalmakesit cheaperto reacha given (low)

level of emissions,andalsodecreasesthemarginal abatementcosts. Thecostshock �/ (which

is proportionalto therandomvariable / usedabove) changesthe level of BAU emissionsand

thereforechangesmarginal abatementcosts. Row 7 of Table 1 repeatsthe generallinear

quadraticmodel;thefinal row givestheparameterrestrictionsunderwhich this generalmodel

reproducesthespecialmodeldescribedin therows2- 6 of thetable.8

Table2 lists baselineparametervalues. In presentingthe simulationresults,we usethe
8Weignoretheeffectof >� on theconstanttermsincetheconstanthasnoeffecton theregulator’s control.
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parameter? , definedasthepercentagelossin GrossWorld Productdueto adoublingof green-

housegasses. This parameteris linearly relatedto ÷ , the slopeof marginal damages. Our

baselineparametersassumethat ?S� �=� Ö=Ö , an estimatethat hasbeenwidely used(Nordhaus

[23]). For comparison,we alsodiscussresultswhen ? �WÖ,� ï (theaverageof expertopinions,

reportedby Nordhaus[22]) and ?½� ô � (themaximumof theseexpertopinions).

Our previous paper(Karp and Zhang[12])9 describesthe calibrationof the growth and

damagefunctions(rows1 and2 of Table1) andof theequationfor therandomshock(equation ô # ). AppendixB reviews this material. Herewe discussonly the new calibrationmaterial,

involving rows3- 6 of Table1.

We assumethat abatementcapital depreciatesat an annualrate of �5ï,� ô ¾A@ , the meanof

capitalstockdepreciationratesin 14 OECDcountries(Cummins,et al. [4]). This depreciation

rateimpliesthat vØ�S��� ÁG¾ .
A higherunit of abatementcapitaldecreasestheBAU emissionsby 9�� units.When9��ë�S� ,

BAU emissionsareconstant,andabatementcapitalhasnoeffectonthemarginalbenefitof pol-

lution (i.e.,onmarginalabatementcosts).In this specialcase,thefirm’semissiondecisionand

investmentdecisionaredecoupled,andthefirm’s capitalstockhasno effect on theregulator’s

optimalpolicy. Therestriction 9��¨�ñ� thereforereproducespreviouslinear-quadraticmodels

of globalwarming.

Ourdecisionto haveadjustmentcostsdependongrossratherthannetinvestmentleadsto a

simplemethodof calibration.In theabsenceof additionalregulation– i.e., underBusinessas

Usual– firms never invest: u ;� �Â� , l � Y � . If theinitial level of abatementcapitalis positive,

thelevel monotonicallydecreasesover time,soBAU emissionsmonotonicallyincrease:- ;� �Sv �t�&� - ���0% 
 ;� �=9 q @ 9��$- ;���	� � �/5���:9 q @ 9��8v � - �	�`� �/5�8%
where - �	�()Þ� is the abatementcapitalat the beginning of the initial period(

� �Ä� ). Our

assumptionsprovideasimplewayto includeendogenousinvestment,andalsoto reproducethe

stylizedfact thatBAU emissionswill increase. Themodelis “incomplete”,sinceit doesnot

explainwhy -Ý�	�D)+� . TheexpectedfutureBAU atmosphericCOi stockis:

�����¢� �t�&� ���	� @ 9½��- �	� v � þ � @ gCB ü k �t�c� �� @ B ü � � 9 qT�� �� @ ��# r� � � @ � ���&�� @ � % (18)

9Thatpaperstudiestheproblemin which theregulatorlearnsabouttherelationbetweenpollution stocksand

environmentaldamages;therewe ignoreabatementcapital.
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Parameter Note Value� acontinuousdiscountrateof 5% 0.9512� pollutantstockpersistence 0.9917v capitalstockpersistence 0.85? thepercentagelossin GWPfrom doubling r� 1.33÷ slopeof themarginaldamage 0.0022

billion $/(billion tonsof carbon)iö slopeof themarginalabatementcost, 26.992

billion $/(billion tonsof carbon)if slopeof themarginal investmentcost,billion $ 703.319 q interceptof theBAU emissions, 12.466

billion tonsof carbon9�� slopeof theBAU emissions, 0.7266

(billion tonsof carbon)/(billion$)] costcorrelationcoefficient 0.90h j standarddeviationof costshock, 1.7275

$/(tonof carbon)
 ;q currentCOi emissionsinto theatmosphere 5.20

billion tonsof carbonr� preindustrialstock,billion tonsof carbon 590����� currentpollutantstock,billion tonsof carbon 781-Ý�	� initial capitalstock,billion $ 10

Table2: ParameterValuesfor theBaselineModel.
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where ���	� is thepollutantstockat thebeginningof theinitial period.

Thecurrentanthropogenicfluxesof COi into theatmosphereis ¾,� ô GtC10 soweset �Ø
 ;q �9 q @ 9½��- �	� � ¾�� ô to obtainonecalibrationequation. The IPCC IS92ascenarioprojects

BAU COi stocksat 1500GtC in 2100(IPCC[10], page23). This estimate,equation 8�sÁª# , and

theestimateof currentatmosphericCOi concentrationat ���	�¨�D��Á,� GtC (Keelinget al. [15]),

givesasecondcalibrationequation. Thetwo equationsimply9 qD�x� ô � èGïGï,% 9���- �	���E��� ô ï=ï,�G�
We have no dataon abatementcapital, so we choosean arbitrary value for - ��� .11 We set- �	���x�5� .

We choosethe baselinevaluesof f (the slopeof the marginal investmentcost)and ö (the

slopeof themarginalabatementcost)to satisfyascenarioin whichfirms arerequiredto main-

tainemissionsat thecurrentlevel in eachperiod. Firmsbegin with theinitial abatementcapital

andsolve an infinite horizoninvestmentproblemto minimize the presentdiscountedsumof

investmentand abatementcost underemissionstabilization. In order to determinethe two

unknown parameters,we assume:(1) Theannualizeddiscountedpresentvalueof firms’ total

(abatement-related)costsis about ��@ of 1998GWP (ManneandRichels[16]).12 (2) In the

steadystatethe ratio of investmentcoststo total abatementcostsis about0.5 (Vogan [28]).

Thesetwo assumptionsleadto thebaselineparametervalues: f.�F�y�=Ö,� Ö,� , and ö � ô ï�� é=é ô .
6.2 Numerical Results

We begin by summarizingresultsfrom earlierstaticanddynamicmodels. We thendiscuss

resultsthataredirectly relatedto abatementcapital.
10Weuse“current” to meantheyear2000.Thecurrenttotal anthropogenicCO. emissionsareabout8.12GtC,

which equalsthesumof 6.518GtC of globalCO. emissionsfrom fossil fuel combustionandcementproduction

(Marlandet. al. [18]) and1.6 GtC annualaveragenet CO. emissionsfrom changesin tropical land-use(IPCC

[10]). We obtainthecurrentanthropogenicfluxesof CO. into theatmosphere5.20GtC by multiplying the total

anthropogenicemissionsby 0.64,themarginalatmosphericretentionratio.
11Even for pollution problemsthat have beenstudiedin moredetail, dataon abatementcapital is difficult or

impossibleto obtain.For example,Becker andHenderson[1] notetheabsenceof estimatesof abatementcapital

stocksassociatedwith U.S.air quality regulation.
12ManneandRichels[16] estimatethatthetotal globalcostsof stabilizingCO. emissionsat the1990level are

about4,560billions of 1990US dollars,or 20.25G of the1990GWP. We take thesamepercentagelossanduse

theannuanlizedvalue ËFìIHKJ,ÍMLON+6QP NSR	GUTÈì)G .
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6.2.1 Previous results

Previous papersstudy the relation betweenthe policy ranking and parametersin the linear-

quadraticmodelwith additiveerrors(HoelandKarp [7], KarpandZhang[13]; seealsoNewell

and Pizer [21] for an open-loopmodel). Thosepapersshow that the differencein payoffs

underoptimal taxesandquotas,
Ò � @ Ò ¬ , is increasingin 7 ; . The intuition is thesameasin

Weitzman’s staticmodel[29]. A largervalueof ÷ meansthatdamagesaremoreconvex in � .

In view of Jensen’s inequality, asdamagesbecomemoreconvex it becomesmoreimportantto

control emissionsexactly (asundera quota)ratherthanto chooseonly the expectedvalueof

emissions(asundera tax). A highervalueof ö makesit moreimportantfor thefirm to beable

to respondto changesin thecostshockby changingemissions. It is ableto respondundera

taxbut notunderaquota.

There is a critical value of 7 ; above which quotasare preferred. This critical value is

increasingin both � and � . Whenmoreweightis put on futurecostsandbenefits(higher � ),

or whenthestockis morepersistent(higher � ), it is moreimportantto control theexact level

of emissions(asunderquotas)ratherthanthefirst momentof emissions(asundertaxes).

Thepreviouspaperscalibratemodelsusingparametervaluesthatareconsistentwith pub-

lishedestimatesof theabatementcostsandenvironmentaldamagesassociatedwith greenhouse

gasses. Thesestudiesfind that taxesdominatequotasfor the control of greenhousegasses.

A larger � magnifiesthepositive payoff differencebetweenthetwo policies,andthereforein-

creasesthepreferencefor taxes. A larger � increasestheimportanceof controllingemissions

exactly, andthereforeerodestheadvantageof taxes. Themorepersistentis thepollutionstock,

themorevaluableis thereducedstockvariability underquotas.

All of theseresultsalsohold for ourparameterizationof themodelwith endogenousabate-

mentcapital. This robustnessis worth noting, but our analysisaddsnothingto the intuition

for theseresults,and thereforewe do not discussthemfurther. Instead,we emphasizethe

comparativestaticsanddynamicsassociatedwith endogenousabatementcosts.

6.2.2 The role of abatement capital

Therearethreeimportantparametersrelatedto abatementcapital: v�%ªf , and 9½� . We consider

the first two briefly, andthenconcentrateon the third. In all cases,we performthe obvious

experimentof varying oneof theseparameters,holding all othersconstant.This experiment

hasashortcomingthatwediscusslater, whereweconsiderasecondtypeof experiment.
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We explainedwhy a moredurablepollution stock(higher � ) decreasesthepreferencefor

taxes. However, a more durablecapital stock (higher v ) increasesthe preferencefor taxes.

Undertaxes,thefirm respondsto a costshockby changingthelevel of emissions.Underboth

taxesandquotas,thefirm respondstoacostshockbychangingthelevelof capital,providedthat]�¿��� .13 Theadjustmentmechanismvia capitalprovidesa partial substitutefor the inability

to changeemissionsunderquotas. A largevalueof v meansthatcurrentinvestmenthaslong-

lastingeffects,tendingto make capitallessflexible. Thedecreasedflexibility associatedwith

larger valuesof v increasesthe value of being able to respondto cost shocksby changing

emissions.A largervalueof v thereforeincreasestheadvantageof taxes.
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Figure1: Dependenceof expectedpayoff differenceon thecost-relatedparameters.

A lower valueof 9�� (a decreasein the marginal effect of capitalon BAU emissions)or

a larger valueof f (an increasein the adjustmentcost for abatementcapital), favors quotas.

Figure1 shows therelationbetweenthedifferencein payoffs (thevalueof usingtaxesminus

thevalueof usingquotas)andtheparametersf and 9�� for threevaluesof ? , holdingall other

parametersconstant.(Recallthat ? is thepercentagelossin globalworld productdueto adou-

bling of greenhousegasses.) Whenenvironmentaldamagesaresmall ( ?E�?�G� Ö=Ö or ?b��Ö�� ï )
the differencein payoffs is insensitive to changesin f and 9�� ; for large environmentaldam-

ages( ?b� ô � ) thechangein eitherparameterhasa noticeableaffect on thepayoff difference.
13If VWTX6 , thecurrentcostshockprovidesnoinformationaboutthefuturecostshocks.Sincecurrentinvestment

reducesabatementcostsonly in futureperiods,thefirm’s investmentdoesnot dependon thecurrentcostshockifVYT 6 .
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Previous linear-quadraticmodelsthat do not include investmentcapitalarea specialcaseof

themodelhere,obtainedby letting f Z [ or 9��\Z � . Thosemodelstendto understatethe

advantageof usingtaxes.

As f increases,capital increasinglyresemblesa fixed input; as 9�� decreases,abatement

capitalhaslesseffectonthemarginalbenefitof pollution. A largervalueof f or asmallervalue

of 9½� both imply lessflexibility of marginal abatementcosts(smaller
1CN

). This diminished

flexibility favorsquotas,just asdoesthediminishedflexibility in
1CN

associatedwith a smaller

valueof ö (theslopeof
1CN

).

In all cases,thepresentdiscountedvalueof thepayoff differenceundertaxesandquotasis

approximately1 billion dollars,implying anannualizedcostof about ¾y� million dollars. Our

parameterizationof abatementcostsassumesthat theannualizedcostof stabilizingemissions

is about � percentof income,or 290 billion dollars. Thus, the payoff differenceof the two

policiesis lessthan0.02%of theestimatedcostsof stabilizingemissions.

Thesmalldifferencein theexpectedpayoffs maybeduelargelyto thePrincipleof Certainty

Equivalence,mentionedin Section5: theexpectedstocktrajectoriesareidenticalundertaxes

and quotas– only higher momentsdiffer. Uncertaintyin our calibratedmodel (but not in

thegeneralformulation)arisesonly becauseBAU emissionsareuncertain. Giventhe(small)

magnitudeof this particulartypeof uncertainty, thehighermomentsof stockssimply arenot

very important. Modelsthat do not satisfythe Principleof CertaintyEquivalence(Hoel and

Karp [8], Pizer[25]) tendto find a largerpayoff differenceundertaxesandquotas.

Therelationsbetweentheequilibriumdecisionrulesandlevelsof thestatevariablesareas

expected. Theoptimalquota(which equalstheexpectedlevel of emissionsundertheoptimal

tax) decreaseswith the level of pollution and with the capital stock and increaseswith the

laggedcostshock(for ]b)Þ� , asin our calibration).Equilibrium investmentis an increasing

functionof thestockof pollutionanda decreasingfunctionof capitalstock. Firmsunderstand

that a higher pollution stock will lead to lower future equilibrium emissions,increasingthe

marginal valueof investment. A higheraggregatecapitalstockencouragesthe regulator to

reducefutureemissions,increasingthevalueof investment.However, therepresentativefirm’s

level of capitalequalsthe aggregate level. For a given quotaor tax, a highercapital stock

reducesthemarginal valueof investment. Theneteffect of highercapitalstocksis to reduce

investment.

For our baselineparameters,the optimal quotaduring the initial period is è��]�3� GtC, an
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Á�� Ö/@ decreasefrom the BAU level. It is interestingto comparethis level of abatementwith

the Kyoto Protocolproposals. The Protocolrequiredindustrializedcountriesto reducetheir

collective emissionsof greenhousegassesby 5.2%of 1990levels by the year2012. Targets

for individual countriesvaried;thereductionfor theUSwasto havebeen7%. (UNFCC[27])

In 2001theUSrejectedtheKyotoProtocol. A numberof prominenteconomistssupported

this rejectionon thegroundsthatsatisfyingtheProtocolwould be too expensive. Our results

suggestthat the proposedlevels of abatementmight have beencloseto optimal. Our simu-

lation resultsdo not provide independentevidencesupportingthe Kyoto Protocol,sinceour

calibrationusesthe samekinds of assumptionsthat form the basisfor the targetsin the Pro-

tocol. However, our resultssuggestthat the targetsin theProtocolareat leastapproximately

consistentwith anoptimizingmodelbasedonwidely heldassumptions.

As we mentionedabove, the comparative dynamicsassociatedwith a changein a single

parametervaluemight bemisleading. For example,whenwe decrease9½� holdingotherpa-

rametersconstant,we changethe BAU level of emissionsandtheabatementcostsassociated

with a particularemissionstrajectory, in additionto changingthemarginal effect of capitalon

abatementcosts. Hereweconsideraslightly differentexperiment:Whenwevary 9½� wemake

offsettingchangesin 9 q in orderto maintaincurrentBAU emissionsat ¾�� ô andsothattheyear

2100BAU emissionsareconsistentwith aparticularIPCCscenario.

Our baselinecalibration( 9½�K� �,�^� ô ïGï ) makesour modelconsistentwith the IPCC IS92a

scenariothat projectsBAU COi stocksof 1500GtC in the year2100– an approximatedou-

bling of stocks. For comparisonwe alsochooseparametersthatareconsistentwith the IS92c

scenarioof a Öª¾_@ increasein COi concentration( 9��ë�S��� �yè	�5ï ) andwith theIS92escenarioof

a �Q���A@ increasein COi concentration( 9½���x�=� ïGï ô=ô ).
Figure2 graphsoptimal abatementlevels, i.e. the differencein the BAU andthe optimal

levelsof emissions(theleft panel)andthedifferencebetweenBAU andtheregulatedpollution

stock (the right panel),as a function of time. The threegraphsin eachpanelcorrespond

to the threevaluesof 9½� . In all cases,abatementincreasesover time. Both the level and

the changeover time of abatementis greatestwhen abatementcapital hasa large effect on

marginalabatementcosts( 9½� is large).This resultis furtherevidencethattheconsiderationof

endogenousinvestmentin abatementcapitalincreasestheoptimallevel of abatement.
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Figure2: Changesin expectedpollutionflow andstockrelative to BAU levels.

7 Conclusions

We studiedthe problemof optimally controlling a stockexternality underasymmetricinfor-

mation aboutabatementcosts. Non-strategic firms have rational expectationsaboutfuture

policies,andthey make investmentdecisionsin abatementcapital. Theregulatoris ableto use

eitheremissionstaxesor quotas,but heis not ableto make crediblecommitmentsaboutlevels

of futureemissionspolicies. We considereda Markov Perfectequilibrium, i.e. onein which

agentsconditiontheir beliefson payoff-relevantvariables.

Whenthe regulatorusesquotas,the inability to make binding commitments(the Markov

Perfectrestriction)is not binding. In general,this inability to make commitmentsdoesreduce

theregulator’spayoff whenheusesemissionstaxes. Thesetaxescreateasecondarydistortion

in investment. Thus,we have identifieda previously unnoticeddifferencebetweentaxesand

quotas.

If a“separabilitycondition”holds,thefirm’semissionresponseto thetaxandto thelevel of

capitalarebothindependentof thecostshock. In thiscase,thesecondarydistortionassociated

with taxesvanishes.If theregulatorusesquotas,or if heusestaxesandtheseparabilitycondi-

tion holds,we canobtaintheMarkov Perfectequilibriumby solvinganoptimizationproblem

ratherthananequilibriumproblem.

The linearquadraticmodelsatisfiestheseparabilitycondition. In this model,if damages

arecausedby a flow, we obtainclosedform expressionsfor thepolicy ranking. Whenneither
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policy hasaninformationaladvantage– thetypical case– thepolicy rankingis independentof

parametersassociatedwith abatementcapital. We explainedwhy this independencedoesnot

holdwhendamagesarecausedby thestockratherthantheflow of pollution.

We calibratedthe linear-quadraticmodelto describetheproblemof globalwarming. We

confirmedthat previous resultshold in the more generalsettingwhereabatementcapital is

endogenous.In addition,we showedthat theendogeneityof abatementcapitalincreasesboth

thelevel of abatement,andthepreferencefor taxes. Wealsofoundthatourestimatesof optimal

abatementlevelsaresimilar to targetlevelsin theKyotoProtocol.

8 Appendix A: Proof of Proposition 1

Weusè ¸  �7:# (¹w� �C%I� ) for theregulator’svaluefunctionin thedynamicgame(wheretheregu-

latorchoosesonly anemissionspolicy), and
Ò ¸  �7:# (¹.�^�C%I� ) for theregulator’svaluefunction

in thecorrespondingauxiliary problem(wherethe regulatorchoosesanemissionspolicy and

thenchoosesinvestmentafter observingthe currentcostshock). We want to find conditions

underwhich the equilibrium capitalandpollution stocksare identical in the Markov Perfect

equilibriumto thegameandin theauxiliaryproblem. Equivalently, wewantto find conditions

underwhich theoptimalinvestmenttax/subsidyis identically0 in theauxiliaryproblem.

(i) QuotasWhentheregulatorusesanemissionsquota,theEulerequationsfor investment

in theMarkov perfectequilibrium(equation |Á_# ) andinvestmentin theauxiliaryproblem(equa-

tion  ��=�n# ) areidentical,asarethecorrespondingtransversalityconditions. Weneedto confirm

thattheEulerequationsfor thepollutionstockarealsoidenticalin thetwo settings.

In theMarkov Perfectequilibriumwith quotastheregulatorsolvesthefollowing DPE:`ª¬  F-.���	�4%H�����	�4%$/5���	�$#L�S�(�n� NH� � Q2�FÓ Q ��ÔyÕ m 1  F-.�����4%I/0��%�
��"# @ �Â 2�����	�$# @ z � u ¬� %I-.���	� 
�K�M`ª¬ � vy-.���	���Eu ¬� %I�(�����	����
��8%I/0� 
 o�%
subjectto the private investmentrule u ¬� ¡ u_¬( F-.���	�0%$/0��%H�����	�$# , which is independentof the

currentquotalevel 
,� . ThestochasticEulerequationfor pollutionstockis:� QF�FÓ Q �³Ô=Õ 1CN  F-.���	�0%$/0��%�
��"# @ �£� '  2�������	����
��2# @ �£�w� Q �9ÙGÕ Ó Q �³Ô=Õ 1CN  2-.�8%$/5�t�c�0%�
,�t�&�I#L�S���
Thetransversalityconditionis¤�¥ ��,¦V§ � Q2Ú,Ó Q ��ÔyÕ ©ª� � �ª� 1CN  2- � �	�0%$/ � %�
 � #�� �L« �S���
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A straightfowardcalculationconfirmsthatthecorrespondingEulerequationandtransversality

conditionin theauxiliary problemareidenticalto thelasttwo equations.(To obtaintheEuler

equationin theauxiliary problemwe differentiatetheDPE  Féª# with respectto �����	� , usingthe

envelopetheorem;we combinethe resultingequationwith the first orderconditionequation ��5�_# .)
(ii) Taxes We first considerthe equationsthat determinethe evolution of capital stock.

Inspectionof the Euler equationsfor capital(equation  Fïª# in the Markov Perfectequilibrium

andequation ��s¾G# in theauxiliaryproblem)establishesthattheseareidenticalif andonly if the

function � , definedas �Z��¡��£� Q �9ÙGÕ Ó QF� ß Ü �t�&� à �*�t�&�à -.� á %
is identically0. We thereforefind necessaryandsufficient conditionsfor �Z��¡¢� . Notethatthe

assumptionsthat
1VN4O U � and

1KOXO^U � imply that ãHä �9ÙGÕã O6� ¿�S� .
By Lemma1, theseparabilityconditionis equivalentto

Condition 2 (a) ãZä=æ O �³Ô=Õ � QF�|� Û �tçã Û � is independentof /0� . (b) ãHäGæ O ��ÔyÕ � Q2��� Û �·çã O ��ÔyÕ is independentof /0���
We thereforeneedonly show thatCondition2 is necessaryandsufficient for �Z�ë¡�� . We first

considersufficiency. If Condition(2a)holds,thefirst-ordercondition(14) implies� Q2�FÓ Q ��ÔyÕ m Ü �®oØ�S��% l � � (19)

If Condition(2b)alsoholds,wecanwrite �Z� as

�Z��¡�� � à �*�t�&�à -.� � � Q �9ÙGÕ Ó QF� m Ü �t�&�HoA�
Usingequation ��5éª# , thelastequalityimpliesthat �Z��¡¢� . Clearlythetransversalityconditions

in thetwo problemsarethesame.

Thenecessityof theseparabilityconditionfollows from thepreviousargument. If either

partof Condition2 doesnot hold the function � is not identically0. (Of coursetheequality���Â� might hold for somevaluesof theinformationstate,but we needthestrongercondition

thattheequalityhold identically, i.e., for all possiblevaluesof theinformationstate.)

To completetheproof,we needonly checkthattheEulerequationsandtransversalitycon-

ditions for the pollution stockarealsothe samein the two problems. In the Markov Perfect
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equilibriumwith taxes,theregulatorsolvesthefollowing DPE:` �  F-.�����0%H�����	�4%$/5���	�I#L�S�(�n�GÛ � � Q2�FÓ Q ��ÔyÕ © 1  2-.���	�4%$/5��%��*�"# @ �! 2�����	�$# @ z g u �� %I-.���	� k�K�M` �½g vy-.���	���bu �� %I�(�����������*��%$/5� k « % (20)

subjecttoemissions�*� givenbyequation F¾G# , andtheprivateinvestmentrule u �� ¡¢u �  2-3���	�4%$/5��%H�����	�I# .u �� is independentof thecurrenttax level �,� asdiscussedin Section3; ãHä �ã Û � is independentof /5�
becauseof Condition1. Thusthefirst orderconditionfor theoptimaltax is� QF�2Ó Q �³Ô=Õ © 1CNba -.���	�4%I/0��%��  F-.���	�4%$/0��%|�,�"#dc,���M` � × a -.�8%H�������������Ý 2-.���	�4%I/0��%|�,�"#&%$/5�ec « �S��� (21)

DifferentiatingtheDPE(20) with respectto �����	� , usingtheenvelopetheorem,andcombining

theresultingequationwith thefirst ordercondition(21) givesthestochasticEulerequationfor

thepollutionstockin thedynamicgame:� Q2�FÓ Q ��ÔyÕ © 1CNfa -3���	�4%$/5�8%$�Ý 2-3���	�4%$/5��%|�,�2#gc @ �£�(' a �������	�����  F-.���	�0%$/0��%|�,�"#dc «@ ����� Q �:ÙGÕ Ó Q ��ÔyÕ 1CNfa -3��%$/5���&�4%$�Ý 2-3��%$/5�t�c�0%|�,���&�I#dc6�S� � (22)

Thetransversalityconditionis¤�¥ ���¦¨§ � Q2Ú,Ó Q ��Ô=Õ ©ª� � �G� 1CNba - � ���0%$/ � %��Ý 2- � �	�4%$/ � %|� � #gc�� �L« �S���
Again, it is straightforwardto obtaintheEulerequationfor pollutionstocksin theauxiliary

problem. We differentiateequation(13) with respectto ������� , using the envelopetheorem.

Combiningthe resultingequationwith the first order condition (19) leadsto the stochastic

Euler equationfor the pollution stockin the auxiliary problem. This equationis identicalto

equations(22). Thetransversalityconditionsarealsothesame. QED

9 Appendix B: Calibration Details

Theinformationhereappearedin a previouspaper, sothis appendixis not intendedfor publi-

cation. We reproducetheinformationsothattherefereecanassessthecalibration.

9.1 Pollutant Stock and Environmental Damages

Row 1 in Table1 is pollutantstockgrowth equation. We measureS� , the COi atmospheric

concentration,in billions of tonsof carbonequivalent(GtC). r� equals¾yéG� GtC,thepreindustrial
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COi concentration(Neftel et al. [20]). Let h4� betotal anthropogenicCOi emissionsin period�
. The proportionof emissionscontributing to the atmosphericstock is estimatedat 0.64

(Goulderand Mathai [5], Nordhaus[23]). This fraction accountsfor oceanicuptake, other

terrestrialsinks,andthecarboncycle (IPCC[10]). The linearapproximationof theevolution

of theatmosphericpollutantstockis��� @ ¾=é=� ���¢ 2�����	� @ ¾=é=�_#`�E�,� ï=èAh4�$�
Thisequationstatesthat64%of currentemissionscontributeto atmosphericCOi , andthatCOi
stocksin excessof thepreindustriallevel decaysnaturallyat anannualrateof � @ � . We take
��£¡!�,� ïyè/h4� , theanthropogenicfluxesof COi into theatmosphere,asthecontrolvariable.The

stockpersistenceis � �P��� é=é���� (anannualdecayrateof 0.0083anda half-life of 83 years).

(GoulderandMathai[5],Nordhaus[23])

WeassumethatthepreindustrialCOi concentrationhaszeroenvironmentaldamage.Dam-

agesfrom higherCOi concentrationare 7 i g � @ r� k i . (Row 2 in Table1). For easeof interpret-

ing thenumericalvalues,weuse? to denotethepercentagelossin GWP(GrossWorld Product)

from a doublingof thepreindustrialCOi concentration.With the1998GWPof 29,185billion

dollars(IMF [9]), wehave?i@W7 ô é��5Áª¾�� ÷kj ô 7\¾yéG�=i �Il ÷ ���,� �G�,�Q�Q?L�
For example, ? �P�=� Ö=Ö which is widely used(Nordhaus[23]) correspondsto ÷ �W�,� �=� ô=ô . For

thesensitivity analysiswe considertwo otherdamageparameters,?b��Ö�� ï and ?b� ô �G� � , the

meanandthemaximumof expertopinions(Nordhaus[22]).

9.2 Cost Correlation and Uncertainty

Using maximumlikelihood, we fit the following datageneratingprocessfor global carbon

emissionsover the50yearperiod1947-1996from Marlandet. al. [18].h4���mh5qT�on � �qps�8%rp5���S]Aps���	���tss��%uss��d�e2e"f�v g ��%$h*iw k �
The estimatesare ]�� ��� é and h w � �,��� GtC. We convert the emissionuncertainty h w into

costuncertaintyh j by multiplying it by 0.64(because
,�V¡P��� ïyè/h4� ), andthenby theslopeof

marginal abatementcost ö � ô ï�� é=é ô (because/5�.¡ ö �/5� ). The result is h j � �,����xE�,� ï=èyxô ï,� é=é ô � �G�^� ô �y¾Az j (ton of carbon). For simplicity, we assumeh�qÀ� h j . (The regulator’s

subjectiveprior on /sq hasthesamevarianceasthesubsequentshocks.)
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