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SUMMARY

Non-strategic firms with rational expectations make investment and
emissions decisions. The investment rule depends on firms’ beliefs about
future emissions policies. We compare emissions taxes and quotas when
the (strategic) regulator and (nonstrategic) firms have asymmetric
information about abatement costs, and all agents use Markov Perfect
decision rules. Emissions taxes create a secondary distortion at the
investment stage, unless a particular condition holds; emissions quotas
do not create a secondary distortion. We solve a linear-quadratic model
calibrated to represent the problem of controlling green-house gases. The
endogeneity of investment favors taxes, and it increases abatement.

Keywords: Pollution control, investment, uncertainty, rational
expectations, choice of instruments
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1 Introduction

The possiblerelationbetweencarbonstocksandglobalwarminghasled to a renavedinterest
in theproblemof controllingemissionsvhenthereis asymmetrianformationaboutabatement
costs. If ervironmentaldamagesrerelatedto the stockof pollution, aswith globalwarming,
the regulator’s problemis dynamic. Most of the currentliteratureon this dynamicproblem
assumedhat nonstratgic firms solve a successiorof static problems. If, however, a firm’s
abatementostsdependon the stock of abatementapital, the firm makesa dynamicinvest-
mentdecisionaswell asthe staticemissionslecision. We studythe regulatoryproblemwith
asymmetricdnformationwhenfirms investin abatementapital. Nonstratgic firms andthe
regulatorsolve coupleddynamicproblems.

For a variety of pollution problems,capital costscomprisea large part of total abatement
costs(Vogan[28]) andinvestmenin abatementapitaldepend®ntheregulatoryervironment.
In thesecasesthe endogeneityf investmenis animportantaspecof theregulatoryproblem.
Several recentpapers(Buonannocet al. [2], Goulderand Mathai[5], Goulderand Schneider
[6], andNordhaug24]) assumehatthe regulatorcanchooseemissionsandalsoinducefirms
to provide thefirst-bestievel of investmentge.g. by meansof aninvestmentax/subsidy

We considerthe situationwherethe regulator hasa single policy, eitheran emissiongax
or aquota. Thisassumptions consistentvith mary regulationsandproposalghatinvolve an
emissiongolicy but ignoreendogenousivestmente.g.,the Kyoto Protocol). In virtually any
real-world problem,theregulatoris likely to have fewer instrumentghantargets. Our model
is an exampleof this generaldisparity betweenthe numberof instrumentsand targets, and
thereforels empirically relevant. Therestrictionenablesisto compareour resultsto thoseof
previous paperghatstudythe asymmetrianformation,stockpollutantproblemin theabsence
of investmentin abatementapital(Hoel andKarp [7] [8], Karp andZhang[13], and Newell
andPizer[21]). We identify a previously unrecognizedlifferencebetweertaxesandquantity
restrictions,andwe provide a simplemeansof solving the regulatoryproblemwhena certain
conditionholds. We now describethe problemin moredetail.

In eachperiodtherepresentate firm obseresa costshockthatis privateinformation. If
this costshockis serially correlatedthe regulatorlearnssomethingaboutits currentvalue by
observingpastbehaior. Thefirm knows the currentvalue of the costshockandthereforeis
betterinformedthanthe regulator Both typesof agentsobtaininformationover time. We
assumehat the regulator conditionsthe currentemissiongpolicy only on payof-relevantin-



formation: aggreate capitaland pollution stocksand (the regulator’s) beliefsaboutthe cost
shock. Theregulatorcannotmake bindingcommitmentgegardingfuture policies;thatis, we

restrictpoliciesto be Markov Perfect. Firms have rationalexpectationsthey take the current
emissiongolicy asgivenandthey understandhow theregulatorchooseduture policies. The

non-atomicrepresentate firm is not ableto affect the economy-widevariablesthatdetermine
future policies. The firm thereforebehaesnon-stratgically (but not myopically), anduses
Markov policies.

Theregulatorunderstandthatfuture emissiongoliciesaffect the currentshadav value of
abatementapitalandthusaffect currentinvestment. Therefore the regulatormight wantto
commit to future policiesasa meansof affecting currentinvestment. This incentive is the
sourceof the familiar time-consisteng problem. Our settinghasthe usualingredientsthat
leadto this problem: the regulatorhasa second-besinstrument(the emissiongax or quota)
andhewantsto influenceforward-lookingagents.If the privatelevel of investmenis socially
optimal, thenthe regulatorhasno desireto alterit. In thatcase thereis no time-consistenc
problem. If however, the regulators emissionspolicy createsa secondarydistortion at the
investmenstagethetime-consistengproblemdoesarise. In thatcase the Markov restriction
is bindingandwe needto solve anequilibriumproblem(adynamicgamebetweertheregulator
andnon-stratgic firms) ratherthanarelatively simpledynamicoptimizationproblem. In other
words,thetype of problemthatwe needto solve — anequilibrium problemor anoptimization
problem- depend®nwhetherthe Markov Perfectemissiongolicy (thetax or quota)causes
secondarylistortionin investment.

We shaw thatthetime-consistengproblemdoesnot arisewhentheregulatorusesanemis-
sionsquota. It doesarisewhentheregulatorusesatax, unlesshe primitive functionssatisfya
separabilitycondition.

This resultis useful for two reasons. First, whenthe separabilitycondition holds, we
can solve the dynamicgameby solving a much simpler dynamicoptimizationproblemthat
combineselementf the regulators andthe firms’ optimizationproblems. The separability
conditionholdsfor animportantspecialcasethathasbeenusedto studythe problemof regu-
lation of a stockpollutantunderasymmetrianformation. We generalizethis specialcaseby
includingendogenouswvestment. Secondunderplausiblecircumstancetheseparabilitycon-
dition doesnothold. In thesecasesanemissiondax createasecondarynvestmentistortion,
whereasheemissiongjuotadoesnot. Thus,we have identifieda differencebetweertaxesand



guotasthathaspreviously beenunnoticed.

We apply our resultsto global warmingmodelin which the separabilitycondition holds.
In additionto confirming the robustnessof previous results,we shav that the endogeneity
of investmentencouragestricterabatementandthat it favors the useof taxes over quotas.
Optimalabatemenlevelsin our modelaresimilar to levels proposedy the Kyoto Protocol.

Thenext two sectiongdescribehe problem. We thenestablistthetime-consistengresults
describedabore, andwe shav how to solve the gameby solvinga controlproblem. We apply
thismethodto alinearquadratianodel,whichwe thenspecializen orderto studythe problem
of greenhousgasses. We review previous comparison®f taxes and quotasin this linear
guadraticsetting,andthendiscusshow theseresultschangewvheninvestmenis endogenous.

2 TheBasics

Thestockof pollutantatthe beginningof periodt is S;_; andtheflow of emissionsn periodt
isx;. Thefraction0 < A < 1 of the pollutantstocklastsinto the next period,sothe growth
equationfor S; is:

Sy = AS; 1 + 2. (1)

Theperiodt stock-relategrvironmentaldamageequalsD, = D (S,_;) ,with D" > 0, D" > 0.

We normalizethe numberof representatie firms to unity. In this sectionwe make no
distinctionbetweerthefirm’sandtheaggreatelevelsof emissionandinvestment.Investment
in periodt becomeswvailablein the subsequernperiod. Therepresentate firm’s benefitfrom
emissionss a functionof emissionsy;, abatementapital K;_;, anda randomcostshocké; :
B, = B (K,_1,0;, ).

We canthink of the function B (-) asarestrictedprofit functionin which input andoutput
pricesaresuppressed.Alternatively, we caninterpretB (-) asthe amountof abatementosts
that the firm avoids. For the latter interpretation,definez? asthe Business-as-UsugBAU)
level of emissionsj.e. the level of emissionsunderthe statusquo. Definea; = z? — z; as
the level of abatementj.e. the reductionin emissionsdueto a new regulatorypolicy. The
additionalabatementostsassociatedvith the new regulationsare A; = A (K; 1,6, a4,). |If
x? is afunctionof (K; 1,6;), we canrewrite the abatementostfunctionas A (K; 1,0;,a;) =
B (K 1,0, 7¢), with A, (1) = —B, (-): maginal abatementostsequalthe negative of the
mamginal benefitof emissions.



The benefitfunctionis increasingand concae in x and K andincreasingn 6 (Bx > 0,
By >0, B, >0, Bxx <0, By, < 0). More abatementapitaldecreasethe marginal costof
abatemenandthereforelowersthe mamginal benefitof pollution,so B,x < 0. A highercost
shockincreaseshe mamginal benefitsof abatementapitalandpollution: Bxy > 0, B,s > 0.

At time ¢ only the firm knows the value of the randomcostshocké,; thereis persistent
asymmetridnformation. All agentsknow the stochastiqrocesdor the costshock,which we
assumes AR(1):

0y = pbi—1 + pa, g ~ iid (07 Ui) ; vVt > 1, (2)

with —1 < p < 1. Thesequencd .} (t > 1) is generatedy ani.i.d. randomprocesswith
zeromeanand commonvarianceo.. At time 0 the regulatorhasa subjectve prior for the
initial costshocké,, with meand, andvariances?; 6, andy, (Vt > 1) areindependent. At
timet > 1 hisvariancefor the currentshockis ai providedthathe haslearnedhevalueof the
previousshock?

Therepresentate firm investsin abatementapitalto reducefutureabatementosts,.e. to
increasduture benefitsfrom pollution. Theflow of investmenin periodt is I;. Thefraction
of abatementapitalthatlastsinto the next periodis 0 < § < 1, sothegrowth equationfor K,
is:

K, =6K, ,+ I,. (3)

The costof investment,C; = C (I;, K;—1), is increasingand corvex in I;. This corvexity
meansthat abatementapitaldoesnot adjustinstantaneously A greaterdegreeof cornvexity
impliesthatcapitaladjustsmoreslowly.

The endogeneityof the investmenidecisionmeanghat the maiginal abatementostfunc-
tion, — B, (-), changegndogenously Slower adjustmenbf abatementapitalmeanghatit is
optimalto adjustemissionsnoreslowly.

1This (possible)changein the regulators variance betweertheinitial andall subsequenperiods,makesthe
agents'decisionproblemsnonstationary This non-stationarityis uninterestingoecausét vanishesafterthefirst
period. A moreexactnotationfor the valuefunctionsandpolicy rulesbelonv would includeanindicatorfunction
identifying whetherwe arein thefirst or in a subsequenperiod. We do not include sucha function becauset
cluttersthe notationwithout addinganything of substance.



3 The Game

In this sectionit is helpful to distinguishbetweerthe representate firm’s level of capitaland
theaggreatelevel of capital. We denotetheformerby &k andthelatterby k4. Wherethereis no
dangerof confusionwe denotebothusing K. Sincewe normalizethenumberof representate
firmsto 1, k4 = k = K. Therepresentate firm understandshatit controlsk, andthatthis
variableaffectsits payof directly, via thefunction B (-). Thisfirm takestheaggreatelevel of
capitalk* asexogenousk” hasno directeffect on the firm’s payof. However, in a Markov
Perfectequilibrium,wheretheregulatorconditionspolicieson payof-relevantinformation, k4
affectsthefirm’s beliefsaboutfuture policies.

In orderto avoid a proliferationof notation,we do not distinguishbetweerthe firm’s level
of emissionandtheaggreatelevel of emissions.However, it isimportantto bearin mindthat
thefirm treataggregateemissionsandthereforethe aggreatepollution stock,asexogenous.

The regulatoralways usestaxesor alwaysusesquotas. The periodt policy is the tax p;
or thequotaz;. At time ¢ the regulatorknows the aggreate capitalstockk/ ,, the pollution
stock S; ; and (aswe explain below), the laggedcostshockd; ;. Theseare the payof-
relevant variablesfor the regulator In a Markov Perfectrational expectationsequilibrium,
the representatie firm takesthe currentlevel of the regulatory policy (at time t) asgiven; it
understandshatthe policy attime 7 > t will be a function of (k;“,l, Sr_1, 0T_1). Sincethe
firm takestheseconditioningvariablesto be exogenousit treatsfuture policiesasexogenous.
Thisfirm choosesnvestmentl, underbothpolicies,andit chooseshelevel of emissionsf the
regulatorusesatax.

In view of thetiming corventionsin themodel,theregulators current(tax or quota)policy
influencesthe firm’s currentemission,but not the currentlevel of investment. Investment
depend®nthefirm’s beliefsaboutfuture policies.

3.1 TheFirm’sEmission and I nvestment Responses

The firm wantsto maximizethe expectationof the presentvalue of the streamof costsaving
from polluting (B) minusinvestmentost(C) minuspollutiontax paymentgundertaxes). The
constandiscountfactoris 3, andwe usethe superscriptd’ and( to distinguishfunctionsand
variablesundertaxesandquotas.

Taxes. The firm’s valuefunction undertaxes, V7 (k;,_1, 6, p; Si—1, k{* ), solvesthe dy-



namicprogrammingequation(DPE)
VT (kt—la O¢, pe; St—1, kfl_l) = maxwh[t{B (kt—la 0;, iEt) —pixy —C (It, kt—l)
+BE, [VT (kt79t+17pt+l;sta kfl)}}a

subjectto the equationof motionfor the costshock(2), the capitalstock(3), andthe pollution
stock(1). Thefirm’s expectationat ¢ of 6, ,; andp,,, is conditionedon the payof-relevant
variables(k |, 6;, S;_1).

We assumehat optimal decisionsare interior. The optimal level of emissionssolvesa
staticproblemwith the following first-ordercondition

B, (kt—la 0s, xt) —p=0. (4)
Solvingfor z, we obtainthe optimalemissiorresponse
x; = X (ki=1,0:,00) = Xe (5)

Theoptimallevel of investmenequateshe mamginal costof investmenandthediscounted
shadev valueof abatementapital. Settingk® = k = K, the stochastiEulerequationis?

ﬁEt {BK (Kta 9t+17 Xt+l) - CK (It+l7 Kt) + 50[ (It+l7 Kt)} - CI (Ita Kt—l) = 0. (6)

This second-ordedifferenceequatiorhastwo boundaryconditions the currentabatementap-
ital K;_;, andthetrans\ersalitycondition

Tlgr;o EA{B"*Cr (Ir, Kr—1) K7} = 0. (7)

Quotas. Firmsarehomogeneouandquotasarenot bankable.Thus,undera quotapolicy,
thereis noincentiveto tradepermits. We assumehatthequotalevel is bindingwith probability
13 Thefirm solvesthe DPE

VO (ko1 0, 243 Sp-1, kit 1) = max {B (ki-1, 0y, 20) — C (I, k1)
+BE, V9 (kt, 01,0155, k{‘)} )

2For all of the control problems,we merelywrite the Euler equationsincethe derivationsare standard.The
first orderconditionof the DPE with respecto I, providesoneequation. In this first ordercondition,the firm’s
expectationof p,, is independenbf its investment. This independenceeflectsthe factthatthe firm is unable
to affect aggreyate capitalor pollution stock,andthereforecannotaffect valuesof the variablesthataffect future
regulation.We differentiatethe DPEwith respecto &;_1, usingtheenvelopetheoremto obtainasecondequation.

Combiningthesetwo equationgivesthe stochasticculerequation.
3CostelloandKarp [3] considera staticmodel(without tradein quotas)in which quotasmay be bindingwith

probability lessthanl1. Karp andZhang[13] shav how the dynamicproblem(when quotasare binding with
probability 1) canbe modifiedto accounfor heterogenousostshocksandtradein permits.

6



Again, thefirm’s beliefsaboutthe quotain the next perioddepencbn (k71 , 6;, S;—1).
The optimallevel of investmensolvesthe stochasticulerequation

BE, {Bk (K, 0411, Ti41) — Cx (Iig1, Ki) + 6Ct (Lyy1, Ky} — Cr (I, K—1) = 0, (8)

andthetrans\ersalitycondition(7).

Theinvestment rule Undereithertaxesor quotastherepresentatie firm’sinvestmentule
attimet is afunctionof (k:t,l, 0:; Si 1, k;‘;l). Whenthereis no dangerof confusion we write
theinvestmentuleas’ (K; 1,6;,S; 1), j = T, Q (for tax or quota). Underbothtaxesand
guotasthecurrentlevel of investmentlepend®n beliefsaboutfuture policy levels, but it does
notdependonthe currentpolicy level.

3.2 TheRegulator’s Problem

Theregulators payof equalsthe payof to the representatie firm netof taxes,minuserviron-
mentaldamages.The regulatormaximizesthe expectationof the presentdiscountedvalue of
theflow of the payof, i.e. the expectationof

> BB (K1, 0:,30) — C (I, Kima) — D(Si—1)) -

His policy (alwaysataxor alwaysaquota)canbeafunctionof (only) payof-relevantvariables:
thecurrentstocksof pollutionandcapital,andtheregulators currentinformationaboutthe cost
shock. Undertaxestheregulatorknows thatequation(5) determinesmissions.Undereither
policy, heknows thatinvestmenis givenby I’ (K;_1,6;,S;-1),7 =T, Q.

Theregulatortakesasgiventhe investmentule and (undertaxes)the emissiongule. At
time ¢ the regulatorobseresthe aggreate stocksS; 1, K; ;. The pastcostshockprovides
informationaboutthe currentshockif andonly if p # 0. Undertaxes,theregulatorlearnsthe
previous costby observingthe responseo the previous tax (via equation(5)). Provided that
Bgy # 0 theregulatorwho usesquotascanlearnthepreviouscostshockby observinghelevel
of investmentin the previous period,i.e. by inverting the investmentfunction 7% (-). From
equation(8), Bxy # 0 meansthat currentinvestmentdependson beliefs aboutfuture cost
shocks. Whenp # 0 thesebeliefs— andthereforecurrentinvestment dependon the current
costshock.

If Bxg # 0, aswe hereafteassumetaxesandquotasprovide the sameinformationabout
the previous costshock,andthusaboutthe currentcostshock. Neitherpolicy hasaninforma-

7



tionaladvantage.Of courseusingobsenedemissiongundertaxes)to infer the pastcostshock
requiresonly thatthe regulatorsolve thefirst orderconditionof a staticproblem. Using ob-
senedinvestmeniunderquotas)}o infer the pastcostshockrequiresthatthe regulatorknows
thefunction 79 (K;_1,6;, S;_1); thatrequiresthe solutionof the entireequilibrium. Thus,al-
thoughboth policies have the sameinformationalcontent(unlessp # 0 and Biy = 0), this
informationis easierto extractundertaxes.

Theregulators decisionrule is a function 2* (K;_1,0;_1,5;_1),j = T, Q thatdetermines
the currenttax (j = T') or quota(j = Q) asa function of his currentinformation, given his
beliefsaboutthefirm’s decisionrules.

3.3 TheEquilibrium

Boththeregulatorandtherepresentatie firm solve stochasticontrolproblemstheexactprob-
lem thatoneagentsolvesdependsn the solutionto the otheragents problem. Therational
expectationgquilibriuminvestmentule for thefirm depend®ntheregulators policy rule,and
thatpolicy rule depend®ntheequilibriuminvestmentule. Theinvestmentandtheregulatory
decisionrulesgeneratarandomsequencef pollutionandcapitalstocks. Agentshaverational
expectationsabouttheserandomvariables.

An equilibriumconsistof a(possiblynon-uniquepairof decisionrules’?* (K;_1, 0;, S;_1)
andz’* (K;_1,0;_1,5;_1) for j = T, Q thataremutually consistentthe superscript *” indi-
catesequilibriumfunctions. Hereaftewereferto I'* (K;_1, 6;, S;_1), andz™ (K;_1,6;_1,S;_1)
asMarkov Perfectpolicy rules.

Modern computationaimethodsmalke it possibleto (approximately)solve thesekinds of
dynamicequilibrium problemsj.e. to find a fixed pointin function space.(See.for example,
Judd[11], MarimonandScott[17], MirandaandFackler[19].) Thesedfixedpointproblemsare
nottrivial, especiallywhenthe statespacehasmorethanonedimension- it hasthreein our
problem?

4If thefunctionsB (-), C (-), andD (-) arelinearquadraticwe know thatthereexist linearequilibriumdecision
rules. In thatcasetheoriginal equilibriumproblemrequiredinding coeficientsof lineardecisionrulesthatsolve
afixed point problem. Our earlierwork (Karp andZhang[14], Zhang[31]) solvesthis problemwith the help of
the Schurdecomposition.Theimplementatior{asopposedo thedescription)of thealgorithmis complicatedand
thealgorithmleadsonly to anapproximatesolution. We abandonethis directapproactof solvingtheequilibrium
problemwhenwe discoreredthe simplerandmoregeneralbpproactdescribedn the next section.



4 Finding the Markov Perfect Equilibrium

In mary casesthetype of modeldescribedn the previous sectionmustbe solved asan equi-
librium problemratherthanasan optimizationproblem. The next subsectiorexplainswhy
this complicationmight arise. Using anauxiliary control problemin which the regulatorhas
two policy instrumentswe thenidentify conditionsunderwhich the modelcanbe solvedasa
straightforvard optimizationproblem.

4.1 TheTime-Consistency Problem

In general the regulatormight wantto announcea rule that would determinefuture levels of
thetax or quota. The purposeof suchanannouncemenwould beto alterthefirm’sinvestment
rule — asdistinctfrom alteringa stockthatappearsasanargumentof theinvestmentule. The
inability to make binding commitmentsandthe Markov assumptiongxcludethis possibility
In arationalexpectationgequilibrium,currentinvestmentepend®n beliefsaboutfuture poli-
cies,andthesebeliefsdependnthepollutionstock. By choiceof thecurrentquotaor taxlevel,
theregulatoraffectsthe future pollution stock,which canaffect future investment. Underour
assumptiongheonly meandy which theregulatorcaninfluencefuturelevelsof investments
by influencingthefuturelevel of the pollution stock.

Considera simplerproblemwithout asymmetrianformation, wherea representate firm
with rationalexpectationgnakesinvestmenidecisions. The firm’s optimal decisionsdepend
onits beliefsaboutfutureregulations,andtheregulatorwantsto influencethefirm’s decisions.
If theregulatorhasafirst bestpolicy (definedasonethatdoesnot causesecondarglistortions),
he caninducethefirm to selectexactly thedecisionghattheregulatorwould have used hadhe
beenin a positionto choosethemdirectly. In thatcase theregulatoryproblemcanbe solved
asstandardptimizationproblem. If, however, theregulatorhasonly a second-begbolicy, the
familiartime-consistengproblemarises.(SeeXie [30] for arecentdiscussiorof this problem,
andreferences.) The Markov restrictionis bindingin this setting,so finding the equilibrium
requiressolvinganequilibrium problemratherthana standardptimizationproblem.

The presenceof asymmetricinformation in our model leadsto the possibility of time-
inconsisteng of the optimalemissiongax or quota. We know from theliteratureon principal-
agentproblemsthatwith asymmetridnformation,non-linearpoliciesaregenerallysuperiorto
eitherthelineartaxor thequota:neitherthelineartax northequotais typically theinformation-



constrainedirst bestpolicy. We shavedabove thatthefirm’sinvestmentiepend®nits beliefs
aboutfuture policies. Sincethe regulator hastwo targets, (emissionsand investment)and
only oneinstrument(which is typically inferior to somenon-linearpolicy), it appearghatthe
regulatormightwantto usefuture emissiongaxesor quotasto influencethe firm’s currentin-

vestmentdecision. In thatcase the information-constrainedirst besttax or quotawould be
time-inconsistentthe ability to make commitmentsaboutfuture taxesor quotaswould enable
theregulatorto achieve ahigherpayof thanundertheMarkov restriction. If thiswerethecase,
we would not beableto obtaina Markov Perfectequilibriummerelyby solvinga dynamicop-

timization problem,but would insteadhave to solve the equilibrium problemdescribedn the
previoussection.

4.2 An Auxiliary Control Problem

This subsectiordescribesan auxiliary control problemthat helpsidentify conditionsunder
which the Markov Perfectequilibrium canbe obtainedby solving an optimizationproblem.
In this control problem,in eachperiodthe regulator setsan emissiongax or quotausingthe
sameinformationasin the game;laterin the sameperiodhe obseresthe currentcostshock
andthenchoosesnvestmentirectly. (In contrast,in the gametheregulatorchoosesnly an
emissiongolicy.) Theability to control currentinvestmendirectly, knowing the currentcost
shock,eliminatesary incentve to usefuture emissiongoliciesto controlcurrentinvestment.

In this setting,it doesnot matterwhethertheregulatorchoosesnvestmendirectly (e.g. by
commandandcontrol), or decentralizeshis decisionby meansof an investmentax/subsidy
In theformercasefirms make noinvestmentlecision,andin thelattercasefirms merelycarry
outthe optimalinvestmentecisioninducedby the investmentax/subsidy

As anaid to intuition, it is usefulto think of decentralizinghe optimal investmentdeci-
sion (from the auxiliary problem)using an investmentiax/subsidy The optimal investment
tax/subsidyis identically O if andonly if Markov Perfectrulesare equvalentto the optimal
policy rulesin theauxiliary problem. With anidentically zeroinvestmentax, agentshave ex-
actly the sameoptimizationproblemasin thegame. It is optimalto usea non-zeranvestment
tax/subsidyif andonly if the Markov Perfectpoliciesdo not solve theauxiliary problem.

TheMarkov Perfectequilibriuminvestmentuleis conditionedon (K, 1,0;, S; 1), whereas
theemissionguleis conditionedon (K; 1,6, 1,S; 1). Consequentlyin theauxiliary problem
we needto considera two-stageoptimizationwithin eachperiod. At the beginning of the
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periodtheregulatorknows (K;_;, 6;_1, S;—1) andchoosesheemissiongolicy (ataxor quota);
theregulatorthenlearnsé, andchooseghe level of investment(equvalently, the investment
tax/subsidy).

It doesnot matterwhetherthis time-line is “plausible”. We usethis problemonly asa
meansof finding conditionsunderwhich the Markov Perfectrulescanbe obtainedby solving
a control problem. If the Markov Perfectinvestmentule is equivalentto the investmentule
in the auxiliary problem, then a regulator who had to chooseinvestment(or an investment
tax/subsidy)beforeknowing 6, would obviously preferto allow firms to chooseinvestment;
i.e.,theregulatorwould usea zeroinvestmentax/subsidy

We describeheauxiliary control problemwhenthe regulatorusesanemissiongjuota,and
thenwhenheusesanemissiongax.

4.2.1 Quotas

Theregulatorsolvesthefollowing DPE:

T (Ky1,Si-1,0,1) = max,, Ep g, ,{B (Ki_1,0;, ) — D (S;-1)

9
+ maxy, [_C (It K1) + BIC (K3, St, et)}} ?

subjectto equationg1) and(3). Thefirst orderconditionfor the optimalquotais
Eo,0, {Bs (Ki1,00,m0) + BIS (Ki, S1,6,)} =0 (10)
andthe Eulerequationfor investmenunderquotass
BEg,, 116, {Bic (K,0141,2041) — Ok (Ir1, Ki) + 00 (Iyr, Ki)} — Or (I, K1) = 0. (11)
Thetrans\ersalityconditionis

Lim Ep,p, {B7*C; (Ir, Kr_1) K} = 0. (12)

4.2.2 Taxes

Usingthe firm’s emissionresponsdunction (5), the regulatorin the auxiliary problemsolves
thefollowing DPE

JT (Kt—b Si—1, 9t—1) = maxy, Eot|9t,1{B (Kt—h et, xf) -D (St—l) +

(13)
maxy, [—C (L, K1) + BT (K, Sty et)}}
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subjectto equationg1), (3) and(5). We usethe definition
H, = [By (Ky1, 00, 27) + BTG (K1, S, 04)]

andthe abbreviation x; = x (K;—1,6;,p:) = z;. Thefunction H, is the socialbenefitof an
additionalunit of emissions. With this notation,we canwrite the first-ordercondition with
respecto p; as
OXt
E H-— 5% =0, 14
016:—1 { tapt } ( )
andthe stochasticulerequationfor investments

/BE0t+1|9t {BK (Kt, 0t+1a x:—i—l) - CK (ItJrl; Kt) + 50] (ItJrla Kt) + Ht+1 3{;{;;;1 } (15)
—Cr (I;, Ky—1) = 0.

Thetrans\ersalityconditionis equation(12).

4.3 Social Optimality of the Markov Perfect Rules

Herewe find conditionsunderwhich the solutionto the auxiliary control problemis a Markov
Perfectequilibriumto the original game. We referto the following asthe “separabilitycon-
dition” sinceit requiresthat %Bm = %BM = 0 when evaluatedat the optimal level of
emissions:

Condition 1 (Sepaability) B,, and B,x, evaluatedat the optimal z*, are bothindependent
of thecostshod 6.

We have

Ox(Kt—1,0t,pt)
Opt

is independenof ;. (b) 3’“?}(‘7;_’?”’” is independenof 6;, whete p, is theemissiongax at time
t.

Lemma 1l Theseparbility conditionis equivalento thefollowingtwo conditions:(a)

Proof. Totally differentiatingthefirst-ordercondition(4) gives
% 1 aXt _ BxK (Kt—laetvxt*)

Opy - Bia (Kt—h@t,lﬁf)’ 0K; 1 - Bia (Kt—1,9t,$f).
Condition(a) holdsif andonly if B,, (K; 1,6;,z;) is independenof §,. Thisindependence
meanghatCondition(b) holdsif andonly if B,k (K; 1,6, x;) isindependenof 6;. =
Ourmainresultis thefollowing

12



Proposition 1 (i) Whentheregulator usesemissiongjuotasthesolutionto theauxiliary prob-
lem (9) is a Markov Perfectequilibrium to the original game (ii) Whenthe regulator uses
emissiongaxes,the solutionto the auxiliary problem(13) is a Markov Perfectequilibriumto
theoriginal gameif andonly if the sepaability conditionholds.

The proof, containedn AppendixA, verifiesthatthe equilibriumconditionsin the gamesand
in theauxiliary problemsareidenticalunderthe conditionsstatedn the Proposition.

4.3.1 Discussion of the proposition

When the regulator usesquotasto control emissionsthe Markov Perfectinvestmentrule is
sociallyoptimal. If theregulatorusegaxesto controlemissionstheMarkov Perfectinvestment
rule is socially optimal provided that the separabilityconditionis satisfied. This condition
depend®only on the benefitfunction B (-), not on the damageor the investmentcostfunction.
Underthe two conditionsin Propositionl, the investmentax that would supportthe optimal
investmen{from the auxiliary problem)is identicallyO.

Propositionl identifiesa previously unnoticeddifferencebetweertaxesandquotas. When
the separabilitycondition doesnot hold, the emissionstax createsa secondarydistortionin
investment.In thesecircumstancegrivateinvestmenis optimalunderanemissiongjuotabut
notunderanemissiongax.

ThePropositioralsoprovidesa simpleway of obtainingthe equilibriumfor thegamewhen
the separabilityconditionholds. This methodrequiresonly solving a dynamicoptimization
problemratherthana dynamicequilibriumproblem.

4.3.2 Interpretation of the Separability Condition

Supposehat firms facean investmenttax s;, so their single period payof is B(-) — C (-) —
s¢Iy — pyxy. By writing the Eulerequationfor capitalstockcorrespondingo this problem,and
comparingit to equation(15), we concludethatthe tax supportsthe socially optimal level of
investmentif andonly if®

0
—S¢ + ﬁ5E9t+1|9t8t+1 = /8E0t+1|9t {Ht+l%} . (16)
t

STheright sideof equation(16) equalsthefunction, usedin the proof of Propositiont.
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Underthe investmenttax, an additionalunit of investmentcoststhe firm s; in the current
period, but reduceshe costof tax paymentsby SdE;s; 1 in the next period. The left side
of equation(16) equalsthe effect of the tax sequencen the mamginal incentie to investin
the currentperiod. H,,, is the mamginal valueto societyof an additionalunit of emissions
in the next period,and %X—gl equalsthe changein emissionsn the next period causedoy an
additionalunit of investmentin the currentperiod. Thus,the termin bracletsin equation
(16) is the valueto societyof the lower future emissionscausedy the additionalinvestment.
The optimal investmenttax sequencenducesthe firm to internalizethe presentvalue of the
expectationof this additionalsocial benefitof investment. Whenthe separabilitycondition
holds,this additionalexpectedsocialbenefitis identically 0.

Under the optimal emissionsquota, the expectedsocial benefitof an additionalunit of
emissionss 0in eachperiod(equation(10)). Theoptimality conditionfor theemissiongax,on
theotherhand requireghatanexpectedmaginal changean thetax has0O socialvalue(equation
(14)). Thisconditionimpliesthatthe expectedsocialbenefitof anadditionalunit of emissions
is 0 if andonly if B, isindependenof § (equialently, if andonly if g—z is independenof 6).
Evenif thisindependenceolds, H; (the socialbenefitof anadditionalunit of emissions)s a
randomvariable,afunctionof 4. If 3—}@ is alsoafunctionof @ (i.e.,if B,k is hotindependenof
), thenthe socialbenefitof anadditionalunit of emissionss correlatedwith g%g. In thatcase,
the expectedmarginal valueto societyof the lower future emissionscausedy the additional
investment,is non-zero. Here,the investmentexternality is non-zero. Consequentlyboth
B.. and B, x mustbeindependenof § in orderfor theinvestmeniexternalityto vanishunder
emissiondaxes.

5 TheLinear-Quadratic M odel

The linearquadraticmodelhasbeenwidely usedboth for qualitatve andnumericalanalysis.
Herewe provide thelinearquadrationodelthatincludesendogenousivestment.
Therepresentatee firm’s benefitfunctionis

b
B (Kt—h 025, .Tt) == f() + (fl + wﬁt) Kt—l — %Kf—l + (CL — ¢Kt_1 + at) Ty — 51’?

with f; > 0, fo > 0,b > 0,% > 0, ¢ > 0. Thefunction B (-) (which includestherentalcost

14



of capital)satisfieghe separabilitycondition. The costof changingthelevel of capitalis®

d
C(h)=5 1), d>0.

Environmentaldamagesrealsoquadratic:

D(S-1) = 2 (Si—1 — 5)°

N |

whereS is the stocklevel thatminimizesdamages.

Thefollowing Remarkcollectsa numberof usefulfactsaboutthe comparisorof policies.
Theseresultswill be obviousto readerdamiliar with the linearquadraticcontrol problem,so
we statethemwithout proof:

Remark 1 In thislinear-quadmatic modelwith additiveerrors, thePrinciple of CertaintyEquiv-
alenceholds. Theexpectedrajectoriesof all stodk andflowvariablesare thesameundertaxes
and quotas. Thehighermomentof thesetrajectoriesdiffer underthe two policies. Neither
the policy rankingnor the magnitudeof the payof differencedepend®n the informationstate
(Ki-1,S:-1,6:—1). Themagnitude(but notthesign)of thedifferencein payofs depend®nthe
parametes o anda,.

In thestaticversionof this problem,damagesrecausedy theflow of pollution,shocksareiid,
andthereis noabatementapital. Thestaticlinearquadratianodelhaspropertiesanalogouso
thoselistedin Remarkl. In boththestaticandthedynamicproblemsthesepropertiesmake it
possibleto comparepoliciesusinga minimumof information(e.g.,without usinginformation
onthe magnitudeof uncertaintyor stocks).

5.1 Regulated Emissionsand | nvestment

For the linearquadraticmodelwe obtainan explicit equationfor the emissiongule (equation
(5)) undertaxes:

. 0 a—p
Ty :Zt—gKt,1+3t; 2y = b t.

5We canreplacethe investmentcostfunction with a quadraticfunction of net ratherthan grossinvestment,

sothat adjustmentcostsare zeroin the steadystate. This slightly more plausiblemodeldoesnot leadto ary
interestingchangesn analysisbelon. However, it complicateghe problemof calibratingthe model. Therefore
we discussonly the modelin which adjustmentiepend®n grossinvestment.
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A highercostshockincreasesurrentemissionsandahighertaxor ahigherstockof abatement
capitaldecreasesmissions.

Using standardmethods(e.g. Chapterl4 of Sagent[26]) we cansolwe the firm’s Euler
equation((6) undertaxesand(8) underquotas)}o write currentinvestmentsa linearfunction
of currentcapital(K;_,) andthefirm’s expectation®f thefuturecostshocksandpolicies(taxes
or quotas).The optimalinvestmenunderemissiongaxesis

x _ __ABh
L= i85+ (A= 0) Kia

+%Et [(w - %) ZOO:O (Aﬁ)j 9t+1+j -9 Z;io ()\B)j Zt+1+j:|

where0 < X < 1 is the smallerroot of the quadraticequation)\? + %)\ + % = 0 and
= - [% + % <f2 — %2) + 65] . A lower expectedfuturetax (i.e., a highervalueof z,, ;) de-
creasegurrentinvestment. A higherexpectedfuture costshockincreasegdecreasesjurrent
investmentf ¢—% is positive (negative). SinceBgy = ¥ > 0, ahigherexpectedcostshockin-
creasesheexpectedmaminal benefitof capital— andthusincreaseshe mamginal shadaev value
of capital. Thiseffectencouragesvestment.However, ahigherexpectedcostshockincreases
expectedemissionsyeducingthe expectedmamginal benefitof capital (B,x = —¢ < 0) and
discouragingnvestment. Theseoffsettingeffectsareexactly balancedf ¢ = %5, in which case
thecostshockhasno effect on investmentunderemissiongaxes.
Theoptimalinvestmenunderemissiongjuotass

If = dé?lﬁ—f;lw) +(p—0) Kiy

B e J 00 J (17)
+as Bt [2/) > im0 (WB) Orrasj — 03 20 (1B) 93t+1+]}

where0 < p < 1 is the smallerroot of the quadraticequationy? + Bh+ % = 0 and
w=— (% + % + 56). Higherexpectedgquotasdecreasevestmentandhigherexpectedcost
shocksgncreasenvestment. With quotascostshockshare anunambiguougffect, becaus¢he
firm treatsfuture emissiongjuotasasexogenous.

5.2 A Limiting Case: Flow Externality

If A = 0themodelcollapsego thecaseof aflow externality, in which emissionsn thecurrent
period causedamagenly in the next period: D(S; 1) = D(z; ). By defining D(z;) =

BD (z;) we canwrite the differencebetweenthe benefitsand costsof currentemissionsas
B (K 1,0, x) — [)(xt). This simplificationeliminatesa statevariable(S), makingit possible
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to obtainsomeanalyticresults. We cansolve thedynamicprogrammingequationsindertaxes
andquotasandcomparethe payofs. (Detailsof the calculationsareavailableonrequest).

We notedin Section3.2 that both policiesenablethe regulatorto acquirethe sameinfor-
mationaboutthe currentcostshockif eitherof theseconditionshold: (a) p = 0; or (b) p # 0
andvy # 0. Thelastinequalityimplies thatthe regulatorlearnsthe laggedvalue of 6 by ob-
servinginvestmenunderquotas- seesection3.2andequation(17). We shaw thatin eitherof
thesetwo casesthe policy rankingdoesnot dependon the parametersssociatedavith abate-
mentcosts. If, however, neitherof thesetwo conditionshold (andif in additionquotasarenot
traded)taxeshave aninformationaladvantage. In thatcase the policy rankingdoesdependn
the parameterassociateavith abatementosts.

If p = 0, the payof differenceundertaxesandquotasjs’

T _ o _@
75y (7).

If p # 0, andy # 0 thepayof differenceis

Theseexpressionseproduceresultin Weitzmans [29] staticmodelandin two dynamicmod-
els(HoelandKarp[7], KarpandZhang[13]).

If p # 0andy = 0, andquotasarenottradedtheregulatorlearnsthe pastcostshockunder
taxesbut notunderquotas. Herethe payof differenceequals

1
o2l (-2)

ThefunctionT" > 0 embodieghe informationaladvantageof taxes;I" depend®n f,, d andé
(amongotherparameters).
We summarizéheimplicationsof theseexpressionsn thefollowing:

Remark 2 (i) Whentaxesandquotashavethesamenformationalcontent(i.e., if (a) p = 0, or
if (b) p #£ 0 andvy # 0), the policy rankingdepend®only on the relative slopes(appropriately
discounted)f the maminal benefitand damage functions. (i) Whentaxeshavean informa-
tional advantaye (i.e., whenneitherconditions(a) or (b) in part (i) hold and quotasare not
traded)the policy rankingalsodepend®n the parametes associatedvith abatementapital.

"With uncorrelateatostshockswe assumé, ~ iid (6, o3), Vt > 0.
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The next sectionconsidersthe problemof a stock-relatedpollutant. There,even when
neithempolicy hasaninformationaladvantagethepolicy rankingdoesdependntheparameters
associateavith abatementapital— in contrasto Remark2.i. Herewe explain why stockand
flow pollutantshave this qualitative difference.

As Remarkl notes the expectedevels of emissionsaandof investmentrethe sameunder
taxesandquotas. Thefirst orderconditionfor investmen{usingequation(9) or (13)) is

—Cr (I, Ki1) + 5J}g (K, Si,60,) =0, i=T,Q.

Thelinearquadraticstructurewith additive shocksmpliesthat 7t (K3, S;, 6;) = j}? (K3, S, 04):
theinvestmentulesundertaxesandquotasconditionalon (K; 1, S, 0;), areidentical.

For a stock pollutant, ij,s # 0, soinvestmentat time ¢ dependon the pollution stock
at the begginning of the next period, S;. That pollution stock dependon currentemissions;
therefore.emissiongn periodt affectinvestmenin periodt. Conditionalon the information
at the beginning of a period, the currentlevel of emissionsis randomundertaxesandis a
choicevariableunderquotas. Therefore,conditionalon the information at the beginning of
a period, the distribution function for the currentlevel of investmentdiffers underthe two
policies. Theexpectedpayof differencethereforedependsn the parameterassociateavith
abatementapital.

In contrast,with a flow pollutant, the currentlevel of emissionshasno effect on future
payofs. Theshadev valueof capital 7. depend®nly on (K3, 6;). With aflow pollutant,the
currentinvestmentndcurrentemissionglecisionsaredecoupled. Therefore thevalueto the
regulatorof the differencein emissionsundertaxesandquotasdoesnot dependon investment

costs.

6 An Application to Global Warming

With a stockexternality problemsuchasglobalwarming,we have threestatevariablesgreen-
housegassesthe capital stock, and the expectedcost shock)and thereforecannotobtainan
analyticsolution.However, usingPropositiond, it is straightforvardto solve thetax andquota
problemsnumerically The resultingcontrol problemis almoststandardexceptthatnew in-
formationarriveswithin a period,sotherearetwo stagef optimizationwithin aperiod. This
factaccountdor the nestedmaximizationin equationg9) and(13). For thelinearquadratic
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1. Pollutantstockgrowth Sp—=S=A(S-1—5) 4z
2. Environmentaldamage D (Si—1) =2 (S-1 — 5)2.
3. Abatementapitalgronth K, =0K;_1+ 1.

4. Investmentost C (L) = ¢12.

5. “Businessasusual’emissions 2t =my—mi K, 1+ 6,.

6. Abatementost Aw) =t (b — )"

7. “General”benefitfunction

B (Kt—l, oy, ﬂft) = fo+ (fl + lbet) K1 — %Kf_l + (a — oK1+ 91:) Ty — %93%

Parameterestriction:
0<A<LI1, ¢g>0, 0<6<1, d>0, my>0, m;y >0, b>0.
Relationof parameters:

(915 = bét, fo = —%m%, f1 = bmoml, f2 = bm%, a = bmo, ¢ = bml, and’tp = % =m;.

Tablel: TheModel of GlobalWarming.

model,we cansolve eachof thesedynamicprogrammingproblemsby solvinga matrix Riccati
equation. (Detailsareavailableuponrequest.)

6.1 Modd Calibration

Tablel describegshemodel. In orderto calibratethe generalinearquadrationodeldescribed
in the previoussectionwe assumehatbenefitsareequalto thevalueof abatementostthatthe
firm avoids by increasingemissions. Abatementostsarea quadraticfunction of abatement,
z — x; (row 6), wherethe BAU emissionsz? is a decreasinginear function of abatement
capital(row 5). A higherlevel of abatementapitalmakesit cheapeto reacha given (low)
level of emissionsandalsodecreasethe maginal abatementosts. The costshockd (which
is proportionalto the randomvariablef usedabose) changeghe level of BAU emissionsaand
thereforechangesmamginal abatementosts. Row 7 of Table 1 repeatsthe generallinear
guadraticmodel;thefinal row givesthe parameterestrictionsunderwhich this generaimodel
reproduceshe specialmodeldescribedn therows 2- 6 of thetable®

Table 2 lists baselingparametewalues. In presentinghe simulationresults,we usethe

8We ignorethe effect of § on the constantermsincethe constanhasno effect on the regulators control.
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parameterr, definedasthe percentagéossin GrossWorld Productdueto adoublingof green-
housegasses. This parameteis linearly relatedto g, the slopeof maginal damages. Our
baselineparametersassumehat = 1.33, an estimatethat hasbeenwidely used(Nordhaus
[23]). For comparisonwe alsodiscussesultswhenm = 3.6 (the averageof expertopinions,
reportedby Nordhauq22]) andn = 21 (the maximumof theseexpertopinions).

Our previous paper(Karp and Zhang[12])° describeghe calibrationof the growth and
damagédunctions(rows 1 and2 of Tablel) andof the equatiorfor therandomshock(equation
(2)). AppendixB reviews this material. Herewe discussonly the new calibrationmaterial,
involving rows 3- 6 of Tablel.

We assumethat abatementapital depreciatest an annualrate of 16.25%, the meanof
capitalstockdepreciatiorratesin 14 OECD countries{Cummins.etal. [4]). Thisdepreciation
rateimpliesthatd = 0.85.

A higherunit of abatementapitaldecreasetheBAU emissiondy m, units. Whenm, = 0,
BAU emissionsreconstantandabatementapitalhasno effectonthe mamginal benefitof pol-
lution (i.e.,on maminal abatementosts).In this specialcasethe firm’s emissiondecisionand
investmentdecisionaredecoupledandthefirm’s capitalstockhasno effect on theregulators
optimalpolicy. Therestrictionm; = 0 thereforereproducepreviouslinearquadratiomodels
of globalwarming.

Ourdecisionto have adjustmentostsdependn grossratherthannetinvestmenteadsto a
simplemethodof calibration. In the absencef additionalregulation—i.e., underBusinessas
Usual- firms neverinvest: I’ = 0, V¢ > 0. If theinitial level of abatementapitalis positie,
thelevel monotonicallydecreasesver time, soBAU emissionsnonotonicallyincrease:

Kf = 5t+1K,1, .’IJ? = Mgy — lef—l + ét = Mg — mldtK,1 + ét,

where K_; > 0 is the abatementapital at the beginning of the initial period(¢t = 0). Our
assumptiongrovide asimpleway to includeendogenouswvestmentandalsoto reproducehe
stylizedfactthat BAU emissionswill increase. The modelis “incomplete”, sinceit doesnot
explainwhy K ; > 0. Theexpectediuture BAU atmospheri€CO, stockis:

o [1-(3)"] 1= AR

S, =AMS | —m K ~ + [mo+ (1 —A)S] ——, (18)
1-2 1-A

9That paperstudiesthe problemin which the regulatorlearnsaboutthe relationbetweerpollution stocksand
environmentaldamagestherewe ignoreabatementapital.
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Parameter Note Value

I’ acontinuouddiscountrateof 5% 0.9512
A pollutantstockpersistence 0.9917
) capitalstockpersistence 0.85
T the percentagéossin GWPfrom doublingS  1.33
g slopeof themaminal damage 0.0022

billion $/(billion tonsof carbony

b slopeof themamginal abatementost, 26.992
billion $/(billion tonsof carbony

d slopeof themaiginalinvestmentost,billion $ 703.31

mo interceptof the BAU emissions, 12.466
billion tonsof carbon

my slopeof the BAU emissions, 0.7266
(billion tonsof carbon)/(billion$)

p costcorrelationcoeficient 0.90

ou standardieviation of costshock, 1.7275
$/(tonof carbon)

zl currentCO, emissiongnto theatmosphere 5.20
billion tonsof carbon

S preindustrialstock,billion tonsof carbon 590

S_1 currentpollutantstock,billion tonsof carbon 781

K 4 initial capitalstock,billion $ 10

Table2: ParameteiValuesfor the BaselineModel.
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whereS_; is the pollutantstockat the beginning of theinitial period.

The currentanthropogenidluxesof CGO, into theatmospherés 5.2 GtC!° sowe setEx§ =
mo — m1K_; = 5.2 to obtainone calibrationequation. The IPCC IS92ascenarioprojects
BAU CO, stocksat 1500GtCin 2100(IPCC[10], page23). This estimateequation(18), and
the estimateof currentatmosphericCO, concentratiorat S_; = 781GtC (Keelingetal. [15]),
givesa seconccalibrationequation. Thetwo equationsmply

my = 12.466, myK_ = 7.2661.

We have no dataon abatementapital, so we choosean arbitrary value for K_;.*' We set
K 1 =10.

We choosethe baselinevaluesof d (the slopeof the maginal investmentcost)andb (the
slopeof the marginal abatementost)to satisfya scenaridn which firms arerequiredto main-
tainemissionsatthecurrentlevel in eachperiod. Firmsbegin with theinitial abatementapital
andsolwe aninfinite horizoninvestmentproblemto minimize the presentdiscountedsum of
investmentand abatementost underemissionstabilization. In orderto determinethe two
unknavn parametersye assume(1) The annualizeddiscountedpresentvalue of firms’ total
(abatement-relatedjostsis about1% of 1998 GWP (ManneandRichels[16]).}? (2) In the
steadystatethe ratio of investmentcoststo total abatementostsis about0.5 (Vogan [28]).
Thesetwo assumptiongeadto the baselingparameteralues:d = 703.31, andb = 26.992.

6.2 Numerical Results

We bggin by summarizingresultsfrom earlier staticand dynamicmodels. We thendiscuss
resultsthataredirectly relatedto abatementapital.

10we use“current” to meantheyear2000. The currenttotal anthropogeni€ O, emissionsareabout8.12GtC,
which equalsthe sumof 6.518GtC of global CO, emissionsrom fossil fuel comhustionandcementproduction
(Marlandet. al. [18]) and 1.6 GtC annualaveragenet CO, emissiondrom changesn tropical land-use(IPCC
[10]). We obtainthe currentanthropogenidluxesof CO, into the atmospher&.20 GtC by multiplying the total

anthropogeniemissionsy 0.64,the maginal atmosphericetentionratio.
Evenfor pollution problemsthat have beenstudiedin more detail, dataon abatementapitalis difficult or

impossibleto obtain. For example,Becker andHendersorj1] notethe absencef estimateof abatementapital

stocksassociateavith U.S. air quality regulation.
2ManneandRichels[16] estimatethatthetotal global costsof stabilizingCO, emissionsatthe 1990level are

about4,560billions of 1990US dollars,or 20.29% of the 1990GWP We take the samepercentagéossanduse
theannuanlizedralue(1 — 3) x 20.25% = 1%.
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6.2.1 Previousresults

Previous papersstudy the relation betweenthe policy ranking and parametersn the linear
guadrationodelwith additive errors(HoelandKarp[7], Karp andZhang[13]; seealsoNewell
and Pizer [21] for an open-loopmodel). Thosepapersshawv that the differencein payofs
underoptimaltaxesandquotas, 7’ — J<, is increasingn 2. Theintuition is the sameasin
Weitzmans staticmodel[29]. A largervalueof ¢ meanghatdamagesremorecorvex in S.
In view of Jensers inequality asdamagedecomemorecorvex it becomesnoreimportantto
controlemissionsexactly (asundera quota)ratherthanto chooseonly the expectedvalue of
emissiongasunderatax). A highervalueof b makesit moreimportantfor thefirm to beable
to respondo changesn the costshockby changingemissions. It is ableto respondundera
tax but notundera quota.

Thereis a critical value of ¢ abore which quotasare preferred. This critical value is
increasingn both g andA. Whenmoreweightis put on future costsandbenefitsthigherj),
or whenthe stockis morepersistenthigherA), it is moreimportantto controlthe exactlevel
of emissiongasunderquotasyatherthanthefirst momentof emissiongasundertaxes).

The previous paperscalibratemodelsusing parametewaluesthat are consistentvith pub-
lishedestimate®f theabatementostsandernvironmentaldamagesissociateavith greenhouse
gasses. Thesestudiesfind that taxes dominatequotasfor the control of greenhous@asses.
A larger 8 magnifiesthe positive payof differencebetweernthetwo policies,andthereforein-
creaseshe preferencdor taxes. A larger A increasesheimportanceof controllingemissions
exactly, andthereforeerodegheadvantageof taxes. Themorepersistents thepollutionstock,
themorevaluableis thereducedstockvariability underquotas.

All of theseresultsalsohold for our parameterizationf the modelwith endogenouabate-
mentcapital. This robustnesdgs worth noting, but our analysisaddsnothingto the intuition
for theseresults,and thereforewe do not discussthemfurther Instead,we emphasizehe
comparatre staticsanddynamicsassociateavith endogenouabatementosts.

6.2.2 Therole of abatement capital

Therearethreeimportantparameterselatedto abatementapital: §, d, andm,. We consider
the first two briefly, andthenconcentraten the third. In all caseswe performthe obvious
experimentof varying one of theseparametersholding all othersconstant. This experiment
hasa shortcominghatwe discusdater, wherewe considera secondype of experiment.
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We explainedwhy a moredurablepollution stock (higher A) decreasethe preferencdor
taxes. However, a more durablecapital stock (higher §) increasedhe preferencefor taxes.
Undertaxes,thefirm respondgo a costshockby changingthe level of emissions.Underboth
taxesandquotasthefirm respondso acostshockby changinghelevel of capital,providedthat
p # 0.1¥ Theadjustmenmechanisnvia capital providesa partial substitutefor the inability
to changeemissionainderquotas. A large valueof § meanghatcurrentinvestmenthaslong-
lastingeffects,tendingto make capitallessflexible. The decreasedlexibility associateavith
larger valuesof ¢ increaseghe value of beingable to respondto cost shocksby changing
emissions.A largervalueof § thereforeincreaseshe adwantageof taxes.
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Figurel: Dependencef expectedpayof differenceonthe cost-relategparameters.

A lower value of m, (a decreasen the maginal effect of capitalon BAU emissions)or
a larger value of d (anincreasen the adjustmentostfor abatementapital), favors quotas.
Figure 1 shavs therelationbetweenthe differencein payofs (the value of usingtaxesminus
thevalueof usingquotas)andthe parameterd andm, for threevaluesof =, holdingall other
parametersonstant(Recallthatr is the percentagéossin globalworld productdueto adou-
bling of greenhousgasses.) Whenervironmentaldamagesaresmall(m = 1.33 or 7 = 3.6)
the differencein payofs is insensitve to changesn d andm,; for large ernvironmentaldam-
ages(m = 21) the changen eitherparametehasa noticeableaffect on the payof difference.

18if p = 0, thecurrentcostshockprovidesnoinformationaboutthefuturecostshocks. Sincecurrentinvestment

reducesabatementostsonly in future periods thefirm’sinvestmentloesnot dependn the currentcostshockif
p=0.
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Previous linearquadraticmodelsthat do not include investmentcapital are a specialcaseof
themodelhere,obtainedby lettingd — oo or m; — 0. Thosemodelstendto understatehe
adwantageof usingtaxes.

As d increasesg¢apitalincreasinglyresembles fixed input; asm; decreasesabatement
capitalhaslesseffectonthemaminal benefitof pollution. A largervalueof d or asmallervalue
of m; bothimply lessflexibility of mamginal abatementosts(smallerB,). This diminished
flexibility favorsquotasjustasdoesthe diminishedflexibility in B, associatedvith a smaller
valueof b (theslopeof B,).

In all casesthe presendiscounted/alueof the payof differenceundertaxesandquotass
approximatelyl billion dollars,implying anannualizeccostof about50 million dollars. Our
parameterizationf abatementostsassumeshatthe annualizedcostof stabilizingemissions
is aboutl percentof income,or 290 billion dollars. Thus,the payof differenceof the two
policiesis lessthan0.02%o0f the estimatedtostsof stabilizingemissions.

Thesmalldifferencen theexpectedhayofs maybeduelargelyto thePrincipleof Certainty
Equivalence mentionedn Section5: the expectedstocktrajectoriesareidenticalundertaxes
and quotas— only higher momentsdiffer. Uncertaintyin our calibratedmodel (but not in
the generalformulation)arisesonly becausdBAU emissionsareuncertain. Giventhe (small)
magnitudeof this particulartype of uncertainty the highermomentsof stockssimply arenot
very important. Modelsthatdo not satisfythe Principle of CertaintyEquialence(Hoel and
Karp[8], Pizer[25]) tendto find alargerpayof differenceundertaxesandquotas.

Therelationsbetweerthe equilibriumdecisionrulesandlevels of the statevariablesareas
expected. The optimal quota(which equalsthe expectedevel of emissionsunderthe optimal
tax) decreasesvith the level of pollution and with the capital stock and increaseswith the
laggedcostshock(for p > 0, asin our calibration).Equilibrium investmentis anincreasing
functionof the stockof pollution anda decreasingunctionof capitalstock. Firmsunderstand
that a higher pollution stock will leadto lower future equilibrium emissions,ncreasingthe
maiginal value of investment. A higheraggreate capital stock encourageshe regulatorto
reducefutureemissionsincreasinghevalueof investment. However, therepresentatie firm’s
level of capitalequalsthe aggreatelevel. For a given quotaor tax, a higher capital stock
reduceghe mamginal value of investment. The neteffect of highercapitalstocksis to reduce
investment.

For our baselineparametersthe optimal quotaduring the initial periodis 4.77 GtC, an

25



8.3% decreasdrom the BAU level. It is interestingto comparethis level of abatementvith
the Kyoto Protocolproposals. The Protocolrequiredindustrializedcountriesto reducetheir
collective emissionsof greenhousgassedy 5.2% of 1990levels by theyear2012. Tamets
for individual countriesvaried;thereductionfor the US wasto have been7%. (UNFCC|[27])

In 2001the USrejectedhe Kyoto Protocol. A numberof prominenteconomistsupported
this rejectionon the groundsthat satisfyingthe Protocolwould be too expensve. Our results
suggesthat the proposedevels of abatemenmight have beencloseto optimal. Our simu-
lation resultsdo not provide independengvidencesupportingthe Kyoto Protocol, sinceour
calibrationusesthe samekinds of assumptionshat form the basisfor the targetsin the Pro-
tocol. However, our resultssuggesthatthe targetsin the Protocolare at leastapproximately
consistentvith anoptimizingmodelbasedon widely heldassumptions.

As we mentionedabove, the comparatre dynamicsassociatedvith a changein a single
parametervalue might be misleading. For example,whenwe decreasen; holding otherpa-
rametersconstantwe changethe BAU level of emissionsandthe abatementostsassociated
with a particularemissiondrajectory in additionto changingthe mamginal effect of capitalon
abatementosts. Herewe consideraslightly differentexperiment:Whenwe vary m; we make
offsettingchangesn my in orderto maintaincurrentBAU emissionsat5.2 andsothattheyear
2100BAU emissionsareconsistentvith a particularlPCC scenario.

Our baselinecalibration(m; = 0.7266) makesour modelconsistenwith the IPCC 1S92a
scenariathat projectsBAU CO, stocksof 1500GtC in the year2100— an approximatedou-
bling of stocks. For comparisorwe alsochooseparametershatareconsistenwith theS92c
scenariof a35% increasen CO, concentratior{r; = 0.0416) andwith thelS92escenarioof
a170% increasen CO, concentratior{ m; = 1.6622).

Figure 2 graphsoptimal abatementevels, i.e. the differencein the BAU andthe optimal
levelsof emissiongtheleft panel)andthe differencebetweerBAU andtheregulatedpollution
stock (the right panel),as a function of time. The threegraphsin eachpanelcorrespond
to the threevaluesof m;. In all casesabatemenincreasever time. Both the level and
the changeover time of abatements greatestwhen abatementapital hasa large effect on
maiginal abatementosts(m; is large). This resultis furtherevidencethatthe consideratiorof
endogenougwvestmenin abatementapitalincreaseshe optimallevel of abatement.
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Figure2: Changesn expectedpollution flow andstockrelative to BAU levels.
7 Conclusions

We studiedthe problemof optimally controlling a stock externality underasymmetricinfor-
mation aboutabatementosts. Non-stratgic firms have rational expectationsaboutfuture
policies,andthey make investmentlecisiondn abatementapital. Theregulatoris ableto use
eitheremissiondaxesor quotas put heis not ableto make crediblecommitmentsaboutlevels
of future emissiongolicies. We considereda Markov Perfectequilibrium,i.e. onein which
agentsconditiontheir beliefson payof-relevantvariables.

Whenthe regulator usesquotas,the inability to make binding commitmentgthe Markov
Perfectrestriction)is notbinding. In generalthisinability to make commitmentsloesreduce
theregulator’s payof whenheusesemissiongaxes. Thesetaxescreatea secondarylistortion
in investment. Thus,we have identifieda previously unnoticeddifferencebetweenaxesand
quotas.

If a“separabilitycondition” holds,thefirm’s emissiorresponséo thetaxandto thelevel of
capitalarebothindependenof thecostshock. In this casethesecondarylistortionassociated
with taxesvanishes.If theregulatorusesguotaspr if heusesaxesandthe separabilitycondi-
tion holds,we canobtainthe Markov Perfectequilibrium by solving an optimizationproblem
ratherthananequilibriumproblem.

Thelinear quadraticmodelsatisfiesthe separabilitycondition. In this model,if damages
arecausedy a flow, we obtainclosedform expressiongor the policy ranking. Whenneither
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policy hasaninformationaladwantage- thetypical case- the policy rankingis independenof
parametersissociatedvith abatementapital. We explainedwhy this independencedoesnot
hold whendamagesrecausedy the stockratherthanthe flow of pollution.

We calibratedthe linearquadraticmodelto describethe problemof globalwarming. We
confirmedthat previous resultshold in the more generalsettingwhere abatementapital is
endogenous.In addition,we shavedthatthe endogeneityf abatementapitalincreasedoth
thelevel of abatemeniandthepreferencdor taxes. We alsofoundthatour estimate®f optimal
abatemenlevelsaresimilar to targetlevelsin the Kyoto Protocol.

8 Appendix A: Proof of Proposition 1

Weusel (-) (j = T, Q) for theregulatorsvaluefunctionin thedynamicgame(wheretheregu-
lator choose®nly anemissiongolicy), and 77 (-) (j = T, Q) for theregulatorsvaluefunction
in the correspondinguxiliary problem(wherethe regulatorchoosesan emissiongolicy and
thenchoosesnvestmeniafter observingthe currentcostshock). We wantto find conditions
underwhich the equilibrium capitaland pollution stocksareidenticalin the Markov Perfect
equilibriumto thegameandin theauxiliary problem. Equivalently, we wantto find conditions
underwhich the optimalinvestmentax/subsidyis identically 0 in the auxiliary problem.

(i) QuotasWhentheregulatorusesanemissionsjuota,the Eulerequationdor investment
in theMarkov perfectequilibrium(equation(8)) andinvestmentn theauxiliary problem(equa-
tion (11)) areidentical,asarethe correspondingrans\ersalityconditions. We needto confirm
thatthe Eulerequationgor the pollution stockarealsoidenticalin the two settings.

In the Markov Perfectequilibriumwith quotastheregulatorsolvesthefollowing DPE:

39 (Ki-1, Sp-1,0i-1) = maxy, By jg,_,{ B (Ki-1,0;,2) — D (Sp-1) — C <ItQ’ Kt_l)
+B;]IQ <(5Kt—1 + ItQ, AS;_ 1 + x4, 0t> h

subjectto the private investmentrule ItQ = I9(K,_1,0;,S;_1), which is independenbf the
currentquotalevel z;. The stochasticEulerequationfor pollution stockis:

E6t|6t71B:C (Kt—17 9t7 It) - /BDI (A‘S’t—l + It) - BAEGH_lwt,le (Kt7 9t+17 ‘,I;t-i-l) == O
Thetrans\ersalityconditionis

Jll—{go E6T|0t—1 {BT_th (KT—b Or, ‘rT) ST} = 0.
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A straightfavard calculationconfirmsthatthe correspondindculer equationandtrans\ersality
conditionin the auxiliary problemareidenticalto thelasttwo equations. (To obtainthe Euler
equationin the auxiliary problemwe differentiatethe DPE (9) with respecto S;_,, usingthe
ernvelopetheorem;we combinethe resultingequationwith the first order conditionequation
(10).)

(i) Taxes We first considerthe equationsthat determinethe evolution of capital stock.
Inspectionof the Euler equationgor capital (equation(6) in the Markov Perfectequilibrium
andequation(15) in theauxiliary problem)establisheshattheseareidenticalif andonly if the
function, definedas

0
T = BE0t+1|6t {Ht+1 aX}t(—i:l } 5
t

is identically 0. We thereforefind necessarandsuficient conditionsfor , = 0. Notethatthe
assumptionshat B, x < 0 andBgx < 0 imply that d’““ £ 0.
By Lemmal, theseparabilityconditionis equvalentto

Condition 2 (a) 2X%=2%21) s independenof §;. (b) 24519624 s independentf 6;.

We thereforeneedonly shav that Condition2 is necessarnandsufiicientfor 7, = 0. We first
considersufiiciengy. If Condition(2a)holds,thefirst-ordercondition(14) implies

Epj0,_, {H:} =0, Vt. (19)

If Condition(2b) alsoholds,we canwrite 7; as

0
T = B ( aXIt;tl) E9t+1|0t {Ht+1} :

Usingequation(19), thelastequalityimpliesthat, = 0. Clearlythetrans\ersalityconditions
in thetwo problemsarethe same.

The necessityof the separabilityconditionfollows from the previous argument. If either
partof Condition2 doesnot hold the function 7 is notidentically 0. (Of coursethe equality
7 = 0 might hold for somevaluesof the informationstate but we needthe strongercondition
thatthe equalityhold identically i.e., for all possiblevaluesof theinformationstate.)

To completethe proof, we needonly checkthatthe Eulerequationsaandtrans\ersalitycon-
ditions for the pollution stockare alsothe samein the two problems. In the Markov Perfect
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equilibriumwith taxes,theregulatorsolvesthefollowing DPE:

j]:T (thla Stfl, etfl) = maxy, E9t|9t—1 {B (thla Ht, Xt) -D (Stfl) -C (ItT7 thl)

(20)
+B3" (5Kt71 + IT,ASi—1 + X, Ht)} ,

subjecto emissions; givenby equation(5), andtheprivateinvestmentule I” = I (K;_1,6;, S;_1).
I is independentf the currenttax level p; asdiscussedn Section3; 8—2‘: is independenof 6,
becaus®f Condition1. Thusthefirst orderconditionfor the optimaltaxis

Eo,16,_, {Bx (K1, 00, X (Ki—1,0:,p¢)] + /BJE [Ky, ASi1 + x (Ki-1,0, ) ,Gt]} =0. (21)

Differentiatingthe DPE (20) with respecto .S; 1, usingthe envelopetheoremandcombining
theresultingequationwith thefirst ordercondition(21) givesthe stochasticulerequationfor
thepollution stockin thedynamicgame:

E0t|0t—1 {Bw [Kt—la 0, x (Kt—la Gt,pt)] - BD/ [ASt—l +X (Kt—h etapt)]}

(22)
—BAEy,,19,_, By [K¢, 041, X (Kt 01, 041)] = 0

Thetrans\ersalityconditionis

711_I>Iolo E9T|9t71 {BTith [KTfla eTa X (KTfla HTapT)] ST} =0.

Again, it is straightforvardto obtainthe Eulerequatiorfor pollution stocksin theauxiliary
problem. We differentiateequation(13) with respectto S;_;, usingthe envelopetheorem.
Combiningthe resulting equationwith the first order condition (19) leadsto the stochastic
Euler equationfor the pollution stockin the auxiliary problem. This equationis identicalto
equationg22). Thetrans\ersalityconditionsarealsothesame. QED

9 Appendix B: Calibration Details

Theinformationhereappearedn a previous paper sothis appendixis not intendedfor publi-
cation. We reproduceheinformationsothattherefereecanassesshe calibration.

9.1 Pollutant Stock and Environmental Damages

Row 1 in Table 1 is pollutantstock growth equation. We measureS;, the CO, atmospheric
concentrationin billions of tonsof carbonequivalent(GtC). S equalss90GtC, thepreindustrial
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CO, concentratior(Neftel etal. [20]). Let e; betotal anthropogeni€€O, emissionsn period
t. The proportionof emissionscontrituting to the atmosphericstock is estimatedat 0.64
(Goulderand Mathai [5], Nordhaus[23]). This fraction accountsfor oceanicuptale, other
terrestrialsinks,andthe carboncycle (IPCC[10]). Thelinearapproximationof the evolution
of theatmospherigollutantstockis

S, — 590 = A (S,_1 — 590) + 0.64e,.

Thisequatiorstateghat64%of currentemissionsontributeto atmospheri€€Q,, andthatCO,
stocksin excessof the preindustrialevel decaysaturallyatanannualrateof 1 — A. We take
x; = 0.64¢;, theanthropogenidluxesof CGO, into the atmospheregasthe controlvariable. The
stockpersistencés A = 0.9917 (anannualdecayrate of 0.0083anda half-life of 83 years).
(GoulderandMathai[5], Nordhaud23])

We assumehatthe preindustrialCO, concentratiorhaszeroernvironmentaldamageDam-
agesfrom higherCQ, concentratiorare§ (S — 5‘)2. (Row 2in Tablel). Foreaseof interpret-
ing thenumericalalueswe user to denotethepercentagéossin GWP (GrossWorld Product)
from adoublingof the preindustrialCO, concentrationWith the 1998 GWP of 29,185billion
dollars(IMF [9]), we have

7% - 29185 = g/2 - 590> = g = 0.0017x.

For example,m = 1.33 which is widely used(Nordhaugq23]) corresponds$o g = 0.0022. For
the sensitvity analysiswe considertwo otherdamageparametersy = 3.6 andn = 21.0, the
meanandthe maximumof expertopinions(Nordhaud22]).

9.2 Cost Correlation and Uncertainty

Using maximum ik elihood, we fit the following datageneratingprocessfor global carbon
emissionoverthe50yearperiod1947-1996rom Marlandet. al. [18].

e = ey +nt+ Et, Et = PEt—1 t+ V¢, Vg~ 1d N (0,0'12}) .

The estimatesarep = 0.9 ando,, = 0.1GtC. We cornvert the emissionuncertaintyo,, into
costuncertaintyo,, by multiplying it by 0.64 (becauser; = 0.64e,), andthenby the slopeof
maiginal abatementostd = 26.992 (becausd, = b6,). Theresultis o, = 0.1 x 0.64 x
26.992 = 1.7275$/(ton of carbon). For simplicity, we assumes, = o,. (The regulators
subjectve prior on 6, hasthe samevarianceasthe subsequerghocks.)
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