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Uhjxodwlrq dw krph/ frpshwlwlrq deurdg= d
wkhruhwlfdo iudphzrun

Jldfrpr Fdo}rodul
Glsduwlphqwr gl Vflhq}h Hfrqrplfkh/ Xqlyhuvlwã gl Erorjqd

fdo}roduCvser1xqler1lw

Fduor Vfdusd
Glsduwlphqwr gl Vflhq}h Hfrqrplfkh/ Xqlyhuvlwã gl Euhvfld

dqg
Irqgd}lrqh Hql Hqulfr Pdwwhl/ Plodq

fvfdusdChfr1xqlev1lw

Mdqxdu| 4;/ 5334

Devwudfw

Wklv sdshu dqdo|vhv lq d klgghq fkdudfwhulvwlf vhw0xs wkh ghvljq ri wkh

rswlpdo sulfh iru d �up zklfk lv d prqrsrolvw dw krph exw frpshwhv deurdg

djdlqvw iruhljq �upv1 Dv orqj dv glvhfrqrplhv ri vfrsh duh qrw wrr vwurqj/

wkh rswlpdo sulfh lv lghqwl�hg1 Wkh sulfh uxoh ghshqgv rq wkh vljq ri wkh

whfkqrorjlfdo uhodwlrqvkls ehwzhhq krph rxwsxw dqg iruhljq rxwsxw1 Zlwk

hfrqrplhv ri vfrsh/ wkh uhjxodwru vkrxog vhw d sulfh ehorz pdujlqdo frvw/

lq rughu wr khos wkh �up lq wkh iruhljq pdunhw/ dqg ylfh0yhuvd zlwk glvhf0

rqrplhv ri vfrsh1 Lqirupdwlrqdo dv|pphwu| lqwurgxfhv d glvwruwlrq lq wkh

sulfh uxoh/ zklfk lv xvxdoo| dpsol�hg e| wkh h{lvwhqfh ri d iruhljq pdunhw1

41 Lqwurgxfwlrq

Lq pruh dqg pruh lqgxvwulhv wudglwlrqdoo| fkdudfwhulvhg dv �qdwxudo prqrsrolhv�
zh kdyh uhfhqwo| revhuyhg d wuhqg wrzdugv wkh lqwurgxfwlrq ri frpshwlwlrq lq dw
ohdvw rqh vhjphqw ri wkh exvlqhvv1 Hohfwulflw| jhqhudwlrq dqg vxsso| uhsuhvhqw



d fohdu h{dpsoh ri vhjphqwv zklfk duh rshq wr frpshwlwlrq dw ohdvw lq pdq|
frxqwulhv1 Krzhyhu/ wklv surfhvv lv idu iurp jhqhudolvhg/ vr wkdw zh kdyh pdunhwv
lq zklfk d �up dfwv dv prqrsrolvw zlwklq d frxqwu| exw kdv wr frpshwh lq rwkhu
pdunhwv1 HgI/ wkh Iuhqfk hohfwulflw| prqrsrolvw/ lv dq lpsruwdqw fdvh ri wklv w|sh/
dqg dqdorjrxv h{dpsohv fdq eh irxqg lq prvw frxqwulhv zklfk nhhs d uhjxodwhg
krph pdunhw/ exw zkrvh �qdwlrqdo fkdpslrqv� duh doorzhg wr frpshwh deurdg1

Wklv vlwxdwlrq udlvhv qryho lvvxhv/ lq wkdw lw fdq eh dujxhg wkdw krph uhjxodwlrq
vkrxog dovr wdnh lqwr dffrxqw zkdw wkh krph �up grhv rxwvlgh qdwlrqdo erxqg0
dulhv1 Lqghhg/ zkhq wkhuh duh whfkqlfdo vslooryhuv +l1h1 zkhq frvwv dw krph dqg
deurdg duh qrw lqghshqghqw,/ lqgxflqj wkh krph �up wr surgxfh d odujh rxwsxw
ohyho pljkw hlwkhu khos ru klqghu lwv dfwlylwlhv deurdg/ d�hfwlqj wkh sur�w lw fdq
rewdlq wkhuh1 Wkh vljq ri wkhvh h�hfwv zloo ghshqg rq wkh uhodwlrqvkls ehwzhhq
krph rxwsxw dqg wkh frvw ri iruhljq surgxfwlrq1

Lq wklv sdshu zh zdqw wr wdfnoh wklv lvvxh lq wkh klgghq fkdudfwhulvwlf vhw0
xs e| Edurq dqg P|huvrq +4<;5, ^EP` lq rughu wr ghwhuplqh rswlpdo uhjxodwru|
vfkhphv zkhq wkh uhjxodwhg �up frpshwhv deurdg1 Zh wkxv h{whqg wklv sdshu lq
wklv gluhfwlrq/ vkrzlqj krz wkh rswlpdo sulfh vfkhph uhodwhv wr wkh ruljlqdo EP
fdvh1 Dv orqj dv glvhfrqrplhv ri vfrsh duh qrw wrr vwurqj/ wkh rswlpdo sulfh lv
lghqwl�hg1

Wkh sulfh uxoh ghshqgv rq wkh vljq ri wkh whfkqrorjlfdo uhodwlrqvkls ehwzhhq
krph rxwsxw dqg iruhljq rxwsxw1 Zlwk ixoo lqirupdwlrq dqg zlwk hfrqrplhv ri
vfrsh/ wkh uhjxodwru vkrxog vhw d sulfh ehorz pdujlqdo frvw/ lq rughu wr khos wkh
�up lq wkh iruhljq pdunhw/ dqg ylfh0yhuvd zlwk glvhfrqrplhv ri vfrsh1 Lqiru0
pdwlrqdo dv|pphwu| lqwurgxfhv d glvwruwlrq lq wkh sulfh uxoh/ zklfk lv xvxdoo|
dpsol�hg e| wkh h{lvwhqfh ri d frpshwlwlyh iruhljq pdunhw1

Wklv lvvxh kdv qrw vr idu ehhq frqvlghuhg e| wkh h{lvwlqj olwhudwxuh rq uhjxodwlrq
+vhh Dupvwurqj hw do1 +4<<9, iru dq h{fhoohqw vxuyh|,/ zklfk lqglfdwhv krz rswlpdo
sulfh vkrxog eh deryh pdujlqdo frvw1 Wkh zhgjh ehwzhhq sulfh dqg pdujlqdo frvw
lv gxh wr wkh lqirupdwlrqdo dv|pphwu| dqg wr wkh orzhu zhljkw dwwdfkhg wr sur�w
lq wkh vrfldo zhoiduh ixqfwlrq1 Rqh olplwdwlrq ri wklv olwhudwxuh wkdw zh wu| wr
uhod{ lv wkh dvvxpswlrq wkdw wkh �up surgxfhv rqo| rqh rxwsxw +lq wkh uhjxodwhg
pdunhw,1 Vrph sdshuv kdyh ehhq ghyhorshg rq wkh uhodwlrqvkls ehwzhhq uhjxodwlrq
dqg frpshwlwlrq/ exw wkh| frqvlghu hlwkhu wkh h�hfwv ri uhjxodwhg +dffhvv, sulfhv
rq frpshwlwlrq +dprqj rwkhuv/ Gh Iudmd/ 4<<<,/ ru wkh zd| frpshwlwlrq lq uhodwhg
+h1j1/ lqsxw, pdunhwv fdq khos uhjxodwlrq +Khop dqg Mhqnlqvrq/ 4<<:,1

D vhfrqg vwuhdp ri olwhudwxuh4 wkdw lv uhohydqw wr rxu dqdo|vlv lv wkh rqh rq

4Dq lpsruwdqw olqn ehwzhhq wkh uhjxodwlrq olwhudwxuh dqg wkh lqwhuqdwlrqdo wudgh rqh lv wkh
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vwudwhjlf wudgh srolflhv +h1j1/ Eudqghu dqg Vshqfhu/ 4<;8,1 Rqh edvlf �qglqj ri wklv
olwhudwxuh lv vrphkrz �lqfrqfoxvlyh�/ lq wkdw wkh rswlpdo wudgh srolf| ghshqgv rq
zkhwkhu frpshwlwlrq deurdg lv lq sulfhv +Ehuwudqg, ru lq rxwsxw ohyhov +Frxuqrw,1
Zlwk Frxuqrw frpshwlwlrq/ wkh krph �up vkrxog eh vxevlglvhg/ zkloh wklv frq0
foxvlrq lv uhyhuvhg +d wd{ ehfrphv rswlpdo, li frpshwlwlrq lv ä od Ehuwudqg1 Lq rxu
prgho zh gr qrw kdyh wklv dpeljxlw|/ lq wkdw fkdqjhv lq wkh krph sulfh prgli|
wkh �up*v pdujlqdo frvw/ zklfk xqdpeljxrxvo| ghfuhdvhv wkh �up*v sur�w lq wkh
iruhljq pdunhw1 Zlwk uhvshfw wr wklv vwudqg ri olwhudwxuh zh zloo vkrz wkh lqwhu0
sod| ehwzhhq dv|pphwulf lqirupdwlrq lq wkh grphvwlf pdunhw dqg wkh suhvhqfh
ri d iruhljq pdunhw zlwk frpshwlwruv1 Lq rxu prgho wkh grphvwlf uhjxodwru idfhv
d wudgh0r� ehwzhhq uhgxflqj �up*v uhqw +zklfk uhtxluhv vpdoohu krph surgxfwlrq
ru kljkhu sulfhv, dqg lqfuhdvlqj wkh iruhljq sur�wv ri wkh grphvwlf �up1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Vhfwlrq 5 od|v grzq wkh prgho/ surylglqj d
ixoo lqirupdwlrq ehqfkpdun dqg vwuhvvlqj ihdwxuhv ri wkh htxloleulxp lq wkh iruhljq
pdunhw1 Wkh edvlf vhw0xs lv wkhq ghyhorshg lq vhfwlrq 61 Vhfwlrq 7 surylghv wkh
h{solflw vroxwlrq wr wkh prgho/ doorzlqj rqh wr vhh krz wkh uhohydqw sdudphwhuv
d�hfw htxloleulxp sulfh/ erwk lq ixoo lqirupdwlrq dqg zlwk dv|pphwulf lqirupdwlrq1
Vhfwlrq 8 frqfoxghv wkh sdshu1

51 Wkh prgho

D pxowlqdwlrqdo vhuyhv wzr frxqwulhv1 Lq frxqwu| � +krph, wkh �up lv d uhjxodwhg
prqrsrolvw dqg lq frxqwu| s +iruhljq, lw frpshwhv djdlqvw rwkhu �upv1 Wzr
rwkhuzlvh vhsdudwh pdunhwv duh olqnhg e| whfkqlfdo olqnv lq wkh frvw ixqfwlrq ri
wkh krph �pxowlqdwlrqdo� hqwhusulvh +PQH,1

Wkh +lqyhuvh, ghpdqg lq pdunhw � lv R�Et�� zkhuh R� lv sulfh dqg t� lv wkh wrwdo
dprxqw ri jrrg frqvxphg lq �1 Wkh +pxowlqdwlrqdo, �up surgxfhv rxwsxwv +�c +s
uhvshfwlyho| iru pdunhw � dqg s dqg wkhq t� ' +� dqg ts ' +s n t s zkhuh t s lv
rxwsxw surgxfhg e| wkh �up*v frpshwlwruv lq s�

Ohw � E+�c +s ( w� ghqrwh wkh wrwdo surgxfwlrq frvw1 Zh gh�qh hfrqrplhv ru
glv0hfrqrplhv ri vfrsh wkurxjk wkh vljq ri wkh vhfrqg furvv ghulydwlyh ri wkh frvw
ixqfwlrq1 Lqghhg/ zh pd| kdyh

Y2�

Y+�Y+s
0 f +514,

olwhudwxuh rq wkh uhjxodwlrq ri pxowlqdwlrqdo �upv1 Rq wklv srlqw vhh Erqg dqg Juhvln +4<<9,
dqg Fdo}rodul +4<<<,1
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Zkhq wklv furvv ghulydwlyh lv qhjdwlyh/ zh kdyh hfrqrplhv ri vfrsh +surgxflqj
lq rqh frxqwu| ghfuhdvhv wkh pdujlqdo frvw lq wkh rwkhu frxqwu|,/ dqg ylfh0yhuvd1
Qrwlfh wkdw li +� dqg +s duh krprjhqhrxv surgxfwv/ wklv gh�qlwlrq fruuhvsrqgv wr
wkh gh�qlwlrq ri hfrqrplhv ri vfdoh1

Ilqdoo|/ wkh sdudphwhu w lv dq lqyhuvh h!flhqf| phdvxuh ri wkh �up= wkh vpdoohu
w wkh pruh h!flhqw lv wkh �up/ �w : fc �w+� � f +vxevfulswv lqglfdwh sduwldo
ghulydwlyhv, zlwk � ' �c s� Pruhryhu/ w lv wkh lqgxvwu|*v sulydwh lqirupdwlrq1 Wkh
uhjxodwru rqo| nqrzv wkdw w lv glvwulexwhg dffruglqj wr wkh fxpxodwlyh glvwulexwlrq
8 Ew� dqg wkh ghqvlw| sEw� : f ryhu wkh vxssruw X '

k
wc w

l
dqg sE�� vdwlv�hv wkh

prqrwrqh kd}dug udwh surshuw| _ d8 Ew�*sEw�o *_w � f lq X� Zh dvvxph wkdw wkh
PQH*v frpshwlwruv revhuyh +� ehiruh sod|lqj wkh pdunhw jdph/ vr wkdw zh fdq
prgho frpshwlwlrq deurdg dv d jdph zlwk dv|pphwulf lqirupdwlrq1 Ilqdoo|/ wkh
PQH/ lwv frpshwlwruv dqg wkh uhjxodwru kdyh frpprq nqrzohgjh rq wkh prgho1

Li A lv wkh uhjxodwru| lqvwuxphqw +wd{, hpsor|hg e| wkh uhjxodwru lq frxqwu|
�/ wrwdo PQH*v sur�w lv

�E+�c +s ( w� '
[
�'�cs

+�R Et��� � E+�c +s ( w�� A +515,

Wkh uhjxodwru pd{lpl}hv dq xwlolwduldq remhfwlyh ixqfwlrq zklfk lv d zhljkwhg
vxp ri qhw frqvxphu vxusoxv/ ri wkh krph �up*v sur�w dqg wd{hv +ru wudqvihuv,1
Sur�wv hduqhg e| wkh krph �up lq wkh krph pdunhw dqg deurdg duh qrw htxdoo|
ydoxhg +vhh ehorz, dqg wkxv wkh uhjxodwru kdv wr �qg d zd| wr glvhqwdqjoh wkh
wzr iurp wkh wrwdo �up*v sur�w1 Jlyhq wkdw lq sulqflsoh wkh frvw ixqfwlrq lv qrq0
vhsdudeoh lq wkh wzr rxwsxwv/ gh�qlqj krph dqg iruhljq sur�wv fdq qrw eh grqh
lq dq xqltxh zd|51 Zh dvvxph wkdw wkh vsolwwlqj uxoh wkh uhjxodwru kdv wr hpsor|
lv wkh iroorzlqj

�� E+�( w� ' +�R E+��� 7�� E+�( w�� A +516,

�s E+�c +s ( w� ' +sR Ets �� U� E+�c +s ( w�

zkhuh 7�� E+�( w� ' � E+�c f( w� lv wkh vwdqg0dorqh frvw +wkdw wkh �up lqfxuv lq
fdvh lw rqo| surgxfhv iru wkh krph pdunhw, dqg U� E+�c +s ( w� ' � E+�c +s ( w� �
� E+�c f( w� lv wkh lqfuhphqwdo frvw wkh �up sd|v zkhq surgxflqj iru wkh iruhljq
pdunhw dv zhoo1 Wkh sur�w pdgh e| wkh �up lq wkh krph pdunhw lv wkh rqh wkh �up

5Wkh lvvxhv lqyroyhg lq wkh sureohp ri doorfdwlqj frpprq frvwv lv zhoo xqghuvwrrg +erwk lq
wkhru| dqg lq sudfwlfh,1 Qrwlfh wkdw prvw Hxurshdq frxqwulhv uhtxluh sxeolf xwlolwlhv wr kdyh
vrph �xqexqgolqj� ri wkh dffrxqwv iru gl�huhqw dfwlylwlhv1
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zrxog jdlq surgxflqj iru wkh rqo| grphvwlf pdunhw1 Rq wkh frqwudu| wkh iruhljq
sur�w lv wkh h{wud0jdlq wkh �up fdq rewdlq h{sdqglqj lwv dfwlylwlhv lq wkh iruhljq
pdunhw1 Qrwh wkdw wklv sur�w sduwlwlrq lv frqvlvwhqw lq wkh vhqvh wkdw ��n�s ' ��

Ohw T E+�� '
+�U
f

R�E��_� ghqrwh jurvv frqvxphu vxusoxv lq frxqwu| �1 Wkhq wkh

zhoiduh ixqfwlrq pd{lpl}hg e| wkh uhjxodwru lv=

` ' T E+��� +�R E+�� n A n k�� n q�s c +517,

zkhuh k dqg q duh wkh zhljkw iru wkh sur�wv hduqhg e| wkh krph �up uhvshfwlyho|
dw krph dqg deurdg1 Wkh sdudphwhu k 	 � lv wkh xvxdo zhljkw hpsor|hg lq wkhvh
prghov wr dyrlg wkh Orhe0Pdjdw sdudgr{1 Dv iru wkh ydoxh ri q/ zh kdyh dw ohdvw
wzr srvvlelolwlhv1 Li wkh mxvwl�fdwlrq iru k 	 � lv wkh uhjxodwru*v glvwulexwlrqdo
frqfhuq/ lw zrxog vhhp qdwxudo wr vhw q ' �= doo sur�wv hduqhg dw wkh h{shqvh
ri iruhljq fxvwrphuv dqg ulydo �upv uhsuhvhqw wkh �up*v lqfrph1 Krzhyhu/ li wkh
mxvwl�fdwlrq iru k 	 � lv wkdw d sduw ri wkh �up*v vkduhv duh lq wkh kdqgv ri iruhljq
vkduhkroghuv/ zh vkrxog vlpso| vhw q ' k1 Zh suhihu wr dyrlg d fohdu frpplwphqw
rq dq| rqh lqwhusuhwdwlrq/ dqg wkxv zh srvwsrqh dq| ghflvlrq rq wklv srlqw/ dqg
d glvfxvvlrq ri wkhvh lvvxhv +lq dq| fdvh/ q � k,1 Iru vlpsolflw| zh dvvxph wkdw
wkh vkdgrz frvw ri sxeolf ixqgv lv }hur16 Ilqdoo|/ iru wkh vdnh ri frqfuhwhqhvv/ zh
dovr dvvxph wkdw frqvxphu vxusoxv lq frxqwu| � lv vx!flhqwo| kljk vxfk wkdw wkh
uhjxodwru dozd|v suhihuv wr kdyh wkh PQH surgxflqj1

Iroorzlqj Edurq dqg P|huvrq ^4<;5`/ wkh uhjxodwru vhwv d zhoiduh pd{lpl}lqj
uhjxodwru| lqvwuxphqw A E+�� zklfk lv d qrq olqhdu wudqvihu ixqfwlrq ri wkh revhuy0
deoh grphvwlf surgxfwlrq fkrvhq e| wkh PQH +�� Zh pdnh wkh dvvxpswlrq wkdw
wkh uhjxodwru fdqqrw frqglwlrq wkh lqvwuxphqw rq wkh �up*v iruhljq dfwlylw|1 Wklv
fdq eh mxvwl�hg rq vhyhudo jurxqg1 Iluvw/ uhjxodwru| srzhuv duh olplwhg zlwklq gr0
phvwlf erxqgdulhv dqg uhjxodwru � fdq qrw gluhfwo| lq xhqfh frqvxpswlrq deurdg1
Vhfrqg/ iruhljq surgxfwlrq pd| zhoo eh gl!fxow wr revhuyh1

Lq wkh vroxwlrq ri wkh uhjxodwru| jdph zh zloo hpsor| wkh Uhyhodwlrq Sulqflsoh1
Wkxv/ zh zloo vroyh wkh jdph lq zklfk wkh uhjxodwru vhwv d phqx ri frqwudfwv
i+�Ew�c A Ew�j frqglwlrqdo rq wkh �up*v w|sh dqg wkh PQH dqqrxqfhv lwv w|sh 	w

wkxv fkrrvlqj wkh vshfl�f frqwudfw
q
+�E	w�c A E	w�

r
�

Wkh wlplqj ri wkh jdph lv wkh iroorzlqj1 Wkh PQH sulydwho| ohduqv klv w|sh1
Wkh uhjxodwru vhwv wkh zhoiduh pd{lpl}lqj phqx ri frqwudfwv i+�Ew�c A Ew�j � Wkh
PQH ghflghv lq zklfk frxqwulhv wr surgxfh dqg dqqrxqfhv lwv w|sh 	w wr wkh

6Lqwurgxflqj frxqwu| vshfl�f dqg odujhu wkdq }hur frvw ri sxeolf ixqgv zrxog qrw dowhu txdo0

lwdwlyho| rxu uhvxowv1
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uhjxodwru1 Ilqdoo|/ wkh uhjxodwlrq lv hqirufhg/ frpshwlwlrq lq wkh iruhljq pdunhw
wdnhv sodfh dqg sd|r�v uhdol}h1

Qrwlfh wkdw wkh uhjxodwru lv khuh d Yrq Vwdfnhoehuj ohdghu zlwk uhvshfw wr
wkh iruhljq pdunhw dfwlylwlhv1 Wkhuhiruh/ wkh uhjxodwru fdqqrw xvh wkh revhuyd0
wlrq ri iruhljq rxwsxw7 wr lqihu wkh ydoxh ri w1 Wklv dvvxpswlrq lv prwlydwhg e|
wkh h{lvwhqfh ri frqvwudlqwv lq fkdqjlqj uhjxodwru| srolflhv1 Wkh idfw wkdw uhjx0
odwru| uhvsrqvhv duh lq jhqhudo vxevwdqwldoo| vorzhu wkdq lqgxvwu| fkdqjhv lv zhoo
grfxphqwhg1 Pruh vshfl�fdoo|/ wkh jhqhudo sulqflsohv ri uhjxodwru| srolflhv duh
xvxdoo| glfwdwhg e| qrupv/ dqg hyhq wkhlu dssolfdwlrq fdqqrw eh hdvlo| prgl�hg1
Iru lqvwdqfh/ wkh -�U � % v|vwhp +wkh prvw frpprq zd| wr sxw lqwr sudfwlfh
wkh qrwlrq ri �lqfhqwlyh sulfhv�, hqylvdjhv d sulfh uxoh zklfk uhpdlqv �{hg iru d
shulrg ri wlph iurp wkuhh wr �yh |hduv +Dupvwurqj hw do1/ 4<<:,1 Wkhuhiruh/ dvvxp0
lqj wkdw uhjxodwhg sulfhv uhsuhvhqw orqjhu whup frpplwphqwv uhodwlyh wr pdunhw
ghwhuplqhg sulfhv vhhpv txlwh qdwxudo lq wklv vhw0xs1

5141 D ixoo lqirupdwlrq ehqfkpdun

Zlwkrxw lqirupdwlrqdo sureohpv/ wkh uhjxodwru pd{lplvhv +517, zlwk uhvshfw wr +�1
Qrwlfh wkdw khuh rswlpdo sulflqj hqwdlov d ghsduwxuh iurp pdujlqdo frvw sulflqj
lq wkdw wkh uhjxodwru lv lqwhuhvwhg lq khoslqj wkh krph �up wr jdlq d sur�w lq
wkh iruhljq pdunhw dv zhoo1 Zkhq wrwdo sur�w lv erxqg wr eh qrq0qhjdwlyh/ wkh
vroxwlrq uhtxluhv wkh krph sulfh wr eh vhw zkhuh

RE+�� '
Y7��

Y+�
� E�� kn q�

Y�s

Y+�
+518,

ru hovh 0 devhqw glvwulexwlrqdo frqfhuq=

RE+�� '
Y�

Y+�
� Y-s

Y+�
+519,

zkhuh -s lv wkh uhyhqxh wkh krph �up fdq rewdlq lq wkh iruhljq pdunhw1 Qrwlfh

wkdw wkh vljq ri
Y-s

Y+�
ghshqgv rq zkhwkhu rxwsxwv duh vxevwlwxwhv ru frpsohphqwv/

dqg ghshqgv wkxv rq wkh vshfl�f prgho zh orrn dw1 Zlwk glvhfrqrplhv ri vfrsh/
lqfuhdvlqj krph surgxfwlrq uhgxfhv d �up*v frpshwlwlyhqhvv lq iruhljq pdunhwv
dqg wkhuhiruh

Y-s

Y+�
	 f> lq wklv fdvh krph sulfh zloo eh kljkhu wkdq pdujlqdo frvw

dqg frqvxphuv* lqwhuhvw zloo jlyh lq wr wkh �up*v lqwhuhvw lq frpshwlqj lq iruhljq
pdunhwv1

7Hyhq li wkh uhjxodwru frxog revhuyh wkdw/ dq dqdorjrxv uhvxow zrxog eh rewdlqhg li wkh

uhjxodwru frxog qrw revhuyh wkh frvw ohyhov ri iruhljq �upv1

:



5151 Iruhljq surgxfwlrq dqg wkh uhjxodwlrq jdph zlwk dv|pphwulf lq0

irupdwlrq

Lq wkh iruhljq pdunhw �upv frpshwh/ dqg zh gr qrw lpsrvh sduwlfxodu uhvwulfwlrqv
rq wkh irup frpshwlwlrq wdnhv1 Zh fdq wkxv vshfli| wkh iruhljq jdph zlwk uhvshfw
wr wkh jhqhulf yduldeohv %s c %

W
s / zklfk pd| eh hlwkhu txdqwlwlhv ru sulfhv1 Li zh odeho

e| i+s wkh htxloleulxp rxwsxw ohyho lq wkh iruhljq pdunhw dqg zh vhw 6E+�c +s c w� �
Y�
Y+s

/ wkh �uvw dvvxpswlrqv zh qhhg/ zklfk duh vdwlv�hg lq prvw roljrsro| prghov

+lqfoxglqj wkh fodvvlfdo Frxuqrw dqg Ehuwudqg8,/ fdq eh vxppdulvhg dv

Dvvxpswlrq 41
Y�sE%s c %

W
s c +�Ew�c w�

Y6
	 f +51:,

Yi+s E+�Ew�c w�
Y6

	 f +51;,

Khqfh/ zkdwhyhu lqfuhdvhv pdujlqdo frvw6 ghfuhdvhv wkh PQH*v pdunhw vkduh dqg
sur�w ohyho1 Wkhuhiruh/ jlyhq wkdw fkdqjhv lq krph rxwsxw +� d�hfw wkh iruhljq
jdph rqo| lq wkdw wkh| d�hfw pdujlqdo frvw 6 zh kdyh=

Y�sE%s c %
W
s c +�Ew�c w�

Y+�
� � Y2�

Y+�Y+s
+51<,

Y�sE%s c %
W
s c +�Ew�c w�

Yw
� � Y2�

YwY+s
	 f +5143,

dqg
Yi+sE+�Ew�c w�

Y+�
� � Y2�

Y+�Y+s
+5144,

Qrwlfh wkdw wkh vljqv ri +51<, dqg +5144, ghshqg rq zkhwkhu zh kdyh hfrqrplhv
ru glv0hfrqrplhv ri vfrsh1

Wkh vroxwlrq ri wkh v|vwhp ri �uvw rughu frqglwlrqv jlyhv wkh htxloleulxp lq
wkh iruhljq pdunhw/ surylghg wkdw wkh �up �qgv lw sur�wdeoh wr eh dfwlyh lq wkh
iruhljq pdunhw1 Qrwh wkdw dv orqj dv frvwv duh qrq vhsdudeoh/ htxloleulxp rxwsxw
ohyhov lq wkh iruhljq pdunhw ghshqg rq wkh grphvwlf PQH*v surgxfwlrq +� +dqg
w|sh w,1

8wkh Frxuqrw fdvh lv wuhdwhg lq odwhu vhfwlrqv1 Vhh wkh Dsshqgl{ iru dq h{dpsoh zlwk Ehuwudqg

frpshwlwlrq1

;



Vxevwlwxwlqj htxloleulxp rxwsxw ohyhov/ wkh sur�w ri d w|sh0w PQH zklfk dq0
qrxqfhv wr eh d w|sh 	w ehfrphv �

�
	w( w

�
' ��

�
	w( w

�
n�s

�
	w( w

�
zlwk

��

�
	w( w

�
' +�E	w� R

k
+�E	w�

l
� 7��

�
+�E	w�( w

�
� A E	w� +5145,

i�s

�
	w( w

�
' i+s

�
+�E	w� ( w

�
R
kits

�
+�E	w� ( w

�l
� U�

k
+�ci+s

�
+�E	w� ( w

�
( w
l

Wkh gl�huhqw urohv wkdw iruhljq dqg krph sur�w sod| fdoo iru vhsdudwh wuhdwphqw
dqg uhtxluh vhsdudwh dwwhqwlrq lq wkh uhjxodwru*v surjudp1 Wkh uhjxodwru| sureohp
fdq wkhq eh zulwwhq dv iroorzv

ES�

;AAAAAA?
AAAAAA=

�@%
t+�E��cA E���

U
X
` _8 Ew�

v1w1

�Ew( w� � �
�
	w( w

�
;
�
	wc w

�
5 X�X EU���

�� Ew( w� n �s Ew( w� � �f

s Ew( w� ;
�
	wc w

�
5 X�X EU-�

zkhuh
�f

s Ew( w� ' +fs R
k
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s

l
� U�

k
fc +fs ( w

l

lv htxloleulxp iruhljq sur�w zkhq surgxfwlrq dw krph lv vkxw grzq +lq wklv fdvh
iruhljq dqg wrwdo sur�wv frlqflgh dqg doo wkh �{hg frvw lv sd|hg rq iruhljq sur�wv,
dqg +fs ' i+s Ef ( w� c t f

s ' its Ef ( w�1 Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw EU���

lv vwdqgdug dqg dvvxuhv wkdw wkh �up suhihuv wr uhsruw lwv w|sh wuxwkixoo| +	w ' w,1
Lq d zd|/ frqvwudlqw +LU, lv wkh vwdqgdug udwlrqdolw| +ru sduwlflsdwlrq, frqvwudlqw>
krzhyhu/ qrwlfh wkdw wkh rxwvlgh rswlrq wkh PQH kdv lv wkh sur�w ohyho lw fdq
rewdlq lq wkh iruhljq pdunhw zkhq grphvwlf surgxfwlrq zhuh }hur/ �f

s Ew( w�1 Wklv
lv d fdvh ri uhjxodwlrq/ zkhuh wkh �up*v uhvhuydwlrq sur�w lv w|sh ghshqghqw91
Li wklv frqvwudlqw zhuh qrw phw/ wkh �up zrxog eh ehwwhu r� forvlqj grzq lwv
dfwlylwlhv dw krph dqg surgxflqj rqo| iru wkh iruhljq pdunhw:1

61 Htxloleulxp grphvwlf sulfh

Wr fkdudfwhul}h htxloleulxp grphvwlf surgxfwlrq zh �uvw kdyh wr dqdo|}h wkh frq0
vwudlqwv ri wkh surjudp ES�1

9Wkh jhqhudo fdvh lv vwxglhg e| Mxoolhq +4<<;,1 D vlplodu fdvh zlwk frpprq djhqf| lv dqdo|vhg
lq Lydogl dqg Pduwlpruw +4<<7, dqg Fdo}rodul dqg Vfdusd +4<<<,1

:Zh dvvxph wkdw �3

i +�> �, A 3 zlwklq wkh uhohydqw udqjh ri sdudphwhuv/ l1h1 wkdw surgxflqj
dw krph lv qrw fuxfldo wr wkh vxuylydo ri wkh PQH lq wkh iruhljq pdunhw1 Wklv lv srwhqwldoo|
uhohydqw rqo| lq wkh fdvh ri hfrqrplhv ri vfrsh1

<



Wkh grphvwlf jdlqv iru wkh �up duh +l1h1 wkh jdlqv wkh PQH rewdlqv iurp
surgxflqj deurdg dqg dw krph dv zhoo,

CEw( w� ' �� Ew( w� n �s Ew( w�� �f

s Ew( w� +614,

dqg frqvwudlqw EU-� fdq eh uhzulwwhq dv

CEw( w� � f +615,

Zh kdyh qrz wr ghdo zlwk wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw EU��� ri
surjudp ES�� Iroorzlqj vwdqgdug dqdo|vlv +vhh Ixghqehuj dqg Wluroh/ 4<<5, lw fdq
eh vkrzq wkdw d EU��� lv vdwlv�hg li dqg rqo| li

_�

_w
'

Y�

Yw
+616,

dqg
Y2�

Y+�Yw
�+� Ew� � f +617,

zkhuh �+� Ew� � _+M
_Yw

1 Lq d vwdqgdug uhjxodwlrq surjudp/ wkh �up rqo| surgxfhv iru

wkh grphvwlf pdunhw dqg Y2�
Y+�Yw

' � Y2�
Y+�Yw

	 f� Wkh vhfrqg rughu frqglwlrq +617,

wkhq vlpso| ehfrphv �+� Ew� � f� Lq rxu prgho/ rq wkh frqwudu|/ zh kdyh

Y2�

Y+�Yw
'

Y2��

Y+�Yw
n

Y2i�s

Y+�Yw

Wkh �uvw whup fdq eh uhzulwwhq dv Y2��
Y+�Yw

' �Y27��
Y+�Yw

	 f exw wkh vhfrqg whup kdv

xqghwhuplqhg vljq;1 Lq wkh iroorzlqj zh zloo dvvxph wkdw wkh vwdqgdug vljq iru
wkh vlqjoh furvvlqj frqglwlrq krogv dqg zh zloo surylgh vx!flhqf| frqglwlrqv iru
wklv wr kdsshq1

Dvvxpswlrq 5 Y2�
Y+�Yw

	 f 1

Qrwh wkdw wklv dvvxpswlrq lpsolhv/ dv lw lv vwdqgdug/ wkdw grphvwlf +lqfhqwlyh
frpsdwleoh, rxwsxw pxvw eh qrq0lqfuhdvlqj lq w/ l1h1 �+� Ew� � f�

Iroorzlqj wkh zhoo nqrzq �uvw rughu dssurdfk +Jxhvqhulh dqg Od�rqw +4<;7,,/
lqvwhdg ri dqdo|}lqj wkh ruljlqdo surjudp ES� zh vwxg| d uhod{hg surjudp ESo�

;Pruhryhu/ qrwlfh wkdw wkh suhylrxv h{suhvvlrq pd| fkdqjh vljq dorqj �1 Vhh Dudxmr dqg
Pruhlud +4<<;, iru d �uvw dwwhpsw ri phfkdqlvp ghvljq zlwk qrq frqvwdqw vruwlqj frqglwlrq1
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lq zklfk zh prphqwdulo| qhjohfw frqvwudlqw +617,1 Zh zloo yhuli| h{0srvw li wkh
vroxwlrq ri ESo� yhuli| wklv frqvwudlqw1

ESo�

;AAAA?AAAA=
�@%

t+�E��cA E���

U
X` _8 Ew�

v1w1
_�
_w

' Y�
Yw

EU��o�
C Ew( w� � f EU-�

Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv rswlpdo grphvwlf surgxfwlrq +� Ew� lq
wklv fdvh1

Sursrvlwlrq 6141 Zlwk hfrqrplhv ri vfrsh ru dv orqj dv glvhfrqrplhv ri vfrsh
duh qrw wrr vwurqj +l1h1 +fs Ew� � +s Ew� lv qrw �wrr odujh�,/ htxloleulxp grphvwlf
sulfh lv fkdudfwhul}hg e| wkh iroorzlqj qhfhvvdu| frqglwlrq

RE+�� '
Y7��

Y+�
n E�� k�

8 Ew�

sEw�

%
Y27��

YwY+�
� Y2i�s

YwY+�

&
� E�� kn q�

Yi�s

Y+�
+618,

Wkh htxloleulxp sur�w ri wkh ohdvw h!flhqw �up lv htxdo wr wkh iruhljq rxwvlgh
rssruwxqlw| �f

s

�
7w( 7w

�
dqg pruh h!flhqw �upv rewdlq wrwdo sur�w

�Ew( w� '
] 7w

w
�w E+� E�� c +s E�� (�� _�n�f

s

�
7w( 7w

�
�

Surri1 Wkh �uvw wklqj zh zdqw wr vkrz lv wkdw _CEw(w�
_w

	 f/ vr wkdw wkh rqo|

lqglylgxdo udwlrqdolw| frqvwudlqw zh qhhg wr frqvlghu lv C
�
7w( 7w

�
� f1 Ohw xv wrwdoo|

gl�huhqwldwh wkh frqvwudlqw zlwk uhvshfw wr w� Wkh hqyhorsh wkhruhp lpsolhv wkdw

_CEw( w�

_w
'

'
Y�

�
	w ' w( w

�
Y	w

Y	w

Yw
n

Y�
�
	w ' w( w

�
Yw

�
Y�f

s

�
	w ' w( w

�
Y	w

Y	w

Yw
�

Y�f
s

�
	w ' w( w

�
Yw

Lw lv vlpsoh wr vkrz wkdw
Y�E	w(w�

Y	w
' f +e| wkh hqyhorsh wkhruhp, dqg wkdw

Y�f

sE	w(w�
Y	w

'
f +ehfdxvh zlwk +� ' f wkhuh lv qr dqqrxqfhphqw dw doo,1 Dovr/ hpsor|lqj wkh

hqyhorsh wkhruhp iru +s dqg uhfdoolqj wkdw +s ' +s
�
+�E	w� ( w

�
/ zh fdq vhh wkdw
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Y�E	w(w�
Yw

' ��w E+� Ew� c +s Ew� ( w� dqg �qdoo|
Y�f

sE	w(w�
Yw

' ��w

�
fc +fs Ew� ( w

�
�Zh wkhq

rewdlq/
_CEw( w�

_w
' ��w E+� Ew� c +s Ew� ( w� n �w

�
fc +fs Ew� ( w

�
Wkh uhodwlyh pdjqlwxgh ri wkh ydoxhv ri +s lq wkh wzr whupv rq wkh UKV ghshqgv
rq zkhwkhu �+�+s 	 f ru �+�+s : f� Wkh suhylrxv frqglwlrq fdq eh uhzulwwhq dv

_CEw( w�

_w
' �

] +�Ew�

f
�w+� E�c +s Ew� ( w� _�n

] +f
s
Ew�

+s Ew�
�w+s Efc �( w� _� +619,

Zlwk hfrqrplhv ri vfrsh/ +619, lv dozd|v qhjdwlyh dv +s Ew� � +fs Ew�1 Zlwk glvhf0
rqrplhv ri vfrsh/ +s Ew� � +fs Ew� dqg/ jlyhq �w+� E�� : f/ zh kdyh

_CEw( w�

_w
	 f +61:,

zkhqhyhu +fs Ew� lv qrw wrr odujh uhodwlyh wr +s Ew�/ l1h1 zkhq glvhfrqrplhv duh qrw
wrr vwurqj1 Wkh qhw uhqw +615, lv wkxv ghfuhdvlqj lq w dqg pdnlqj frqvwudlqw EU-�
elqg iru w|sh w lpsolhv wkdw frqvwudlqw EU-� lv vdwlv�hg iru doo w|shv1

Qrz zh wudqvirup wkh surjudp irfxvlqj rq �� Ew( w� dv wkh uhohydqw �up*v uhqw1
Frqvwudlqw EU��o� lq surjudp ESo� fdq eh uhzulwwhq dv

_��

_w
' �Yi�s

Y+�
�+�Ew�� Y7��

Yw
+61;,

Qrz vxevwlwxwh wkh gh�qlwlrq +516, ri �� lqwr wkh remhfwlyh ixqfwlrq dqg wkh
uhod{hg surjudp ehfrphv
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U
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Wr pd{lpl}h wklv h{suhvvlrq z1u1w1 +� zh hpsor| fdofxoxv ri yduldwlrqv1 Iluvw gh0

�qh @ ' T E+���7��E+�c w��E��k�Y7��
Yw

8 Ew�
sEw�

nq�s dqg K ' �E��k�
Yi�s

Y+�
�+�Ew�

8 Ew�
sEw�

�
Wkh Hxohu*v htxdwlrq fdq wkhq eh zulwwhq dv

Y@

Y+�
'

YK

Yw

Zklfk/ uhduudqjlqj/ ehfrphv +618,1 Jlyhq wkh srvlwlrq ri ��

�
7w( 7w

�
lq wkh zhoiduh

ixqfwlrq/ wkh wudqvihu zloo pdnh wklv frqvwudlqw elqglqj1
Wkh deryh uhvxow krogv xqghu wkh frqglwlrq wkdw glvhfrqrplhv ehwzhhq krph

rxwsxw dqg iruhljq rxwsxw duh qrw �wrr vwurqj�/ l1h1 wkdw wkh gl�huhqfh +fs Ew� �
+s Ew� lv qrw �wrr odujh�1 Wklv whup lv wkh gl�huhqfh ehwzhhq zkdw wkh �up zrxog
surgxfh deurdg zlwkrxw rshudwlqj lq wkh krph pdunhw/ dqg zkdw lw surgxfhv
deurdg lq htxloleulxp +l1h1/ zkloh vhuylqj wkh krph pdunhw dv zhoo,1 Wkh grphvwlf
dfwlylw| lqfuhdvhv wkh �up*v frvw/ dqg wkxv uhgxfhv lwv iruhljq rxwsxw ohyho1 Li wklv
h�hfw lv olplwhg/ Sursrvlwlrq 614 krogv ehfdxvh +619, krogv1 Iru lqvwdqfh/ li iruhljq
rxwsxw dqg krph rxwsxw duh krprjhqhrxv +vr wkdw wrwdo frvw rqo| ghshqgv rq wkh
vxp +�n+s, wkh deryh frqglwlrq erlov grzq wr +

f
s Ew� 	 +�Ew�n+sEw�/ dq h{wuhpho|

uhdvrqdeoh frqglwlrq lq rxu frqwh{w1 Zh zloo vrrq surylgh dqrwkhu h{dpsoh1
Xqghu wklv frqglwlrq zh wkxv kdyh wkh sulfh uxoh +618,/ zklfk uhsuhvhqwv wkh

rswlpdo uhjxodwru| vfkhph<1 Wr surylgh dq lqwxlwlrq/ lw lv xvhixo wr glvwlqjxlvk
wkh wzr fdvhv ri hfrqrplhv dqg glv0hfrqrplhv ri vfrsh vhsdudwho|1

Glv0hfrqrplhv ri vfrsh1 Devhqw dv|pphwulf lqirupdwlrq dqg glvwulexwlrqdo
sureohpv +k ' q ' �,/ wkh rswlpdo sulfh lv vlpso| wkh gl�huhqfh ehwzhhq wrwdo

pdujlqdo frvw dqg wkh ghulydwlyh ri iruhljq uhyhqxh uhodwlyh wr krph rxwsxw
�
Y-s

Y+�

�
1

Zlwk Frxuqrw frpshwlwlrq/
Y-s

Y+�
	 f vr wkdw wkh �up zloo eh lqgxfhg wr uhgxfh

krph surgxfwlrq dqg sulfh deryh wrwdo pdujlqdo frvw/ lq rughu wr khos lwv frp0
shwlwlyhqhvv lq iruhljq pdunhwv1 Lq erwk fdvhv/ RE+�� : Y7��

Y+�
/ zklfk pljkw eh

lqwhusuhwhg lqglfdwlqj wkdw wkhuh lv dq rswlpdo furvv vxevlg| wkdw wkh uhjxodwru
vkrxog surylgh wkh qdwlrqdo �up= vrph frqvxphuv* vxusoxv lv wudghg r� iru vrph
+iruhljq, sur�w1

Zkhq vrph glvwulexwlrqdo frqfhuq lv suhvhqw +k 	 �,/ wkh zhljkw ri wkh whup
Y�s

Y+�
lv kljkhu dv orqj dv q : k1 Wkhuhiruh/ zkhq wkh krph zhoiduh ixqfwlrq

zhljkv krph sur�wv +rewdlqhg dw wkh h{shqvh ri krph frqvxphuv, ohvv wkdq sur�wv
rewdlqhg deurdg/ wkh zhgjh ehwzhhq sulfh dqg pdujlqdo frvw zlghqv1

<
Li |3i +�, AA |i +�, wkhq vljq

�
gJ

g�

�
lv hqgrjhqrxv dqg zlwk frpprq whfkqltxhv qrwklqj fdq

eh vdlg rq krz wr vdwlvi| frqvwudlqw +LU,1
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Ixuwkhupruh/ zkhq lqirupdwlrqdo dv|pphwulhv pdwwhu zh kdyh d vhfrqg rughu
whup 0 lq olqh zlwk Edurq0P|huvrq +4<;5, 0 zklfk djdlq lv wkh gl�huhqfh ehwzhhq
wkh gluhfw h�hfw rq vwdqg dorqh frvw dqg wkh lqgluhfw h�hfw rq iruhljq sur�w1 Wklv
lqirupdwlrqdo zhgjh lv }hur iru wkh prvw h!flhqw �up +8 Ew� ' f,1

Hfrqrplhv ri vfrsh1 Lq wklv fdvh/ zkdw fkdqjhv lv wkh vljq ri wkh whup
Y�s

Y+�
lq +618,/ zklfk lv qhjdwlyh zlwk glv0hfrqrplhv ri vfrsh dqg lv srvlwlyh lq wkh

fxuuhqw fdvh1 Wklv phdqv wkdw wkh rswlpdo sulfh whqgv wr eh orzhu wkdq pdujlqdo
frvw1 Lqghhg/ zlwk k ' q ' � dqg Frxuqrw frpshwlwlrq/

Y-s

Y+�
: f dqg wkh �up

zloo eh lqgxfhg wr lqfuhdvh krph surgxfwlrq dqg sulfh ehorz wrwdo pdujlqdo frvw/
lq rughu wr h{sorlw vfrsh hfrqrplhv dqg lpsuryh frpshwlwlyhqhvv lq wkh iruhljq
pdunhw1 Lq erwk fdvhv/ RE+�� 	

Y7��
Y+�

/ zklfk fdswxuhv wkh idfw wkdw zlwk hfrqrplhv
ri vfrsh wkh ghihqvh ri frqvxphuv* lqwhuhvw dqg �upv* sur�wv gr qrw qhfhvvdulo|
fodvk1

H{dfwo| dv lq wkh suhylrxv fdvh/ wkh suhvhqfh ri dv|pphwulf lqirupdwlrq zlghqv
wkh zhgjh ehwzhhq sulfh dqg pdujlqdo frvw1

Ilqdoo|/ qrwlfh wkdw lq erwk fdvhv +61:, lpsolhv wkdw lq htxloleulxp zh kdyh

�
�
7w( 7w

�
' �f

s

�
7w( 7w

�
+61<,

Wklv lqglfdwhv wkdw 0 xqolnh wkh EP fdvh 0 khuh hyhq wkh ohdvw h!flhqw �up
hqmr|v d srvlwlyh uhqw/ exw wklv lv hqwluho| gxh wr klv delolw| wr frpshwh lq wkh
iruhljq pdunhw1 Qr dgglwlrqdo uhqw dffuxhv wr klp lq wkh krph pdunhw1

Zh pxvw qrz wxuq wr fkhfn zkhwkhu wkh vhfrqg rughu frqglwlrq �+� Ew� � f lv
phw1 Jlyhq

RE+�� '
Y7��

Y+�
n E�� k�

8 Ew�

sEw�

%
Y27��

YwY+�
� Y2 i�s

YwY+�

&
� E�� kn q�

Yi�s

Y+�

wklv uhtxluhv ghwhuplqlqj xqghu zkdw frqglwlrqv YRE+��
Yw

� f1

YRE+��

Yw
'

Y27��

YwY+�
n E�� k�

Y 8 Ew�
sEw�

Yw

%
Y27��

YwY+�
� Y2 i�s

YwY+�

&
n +6143,

E�� k�
8 Ew�

sEw�

%
Y�7��

YwY+�Yw
� Y� i�s

YwY+�Yw

&
� E�� kn q�

Y2 i�s

YwY+�

Wkh �uvw wzr whupv duh srvlwlyh/ jlyhq wkh prqrwrqlflw| ri wkh kd}dug udwh/

dqg Y27��
YwY+�

�E��knq�
Y2i�s

YwY+�
: f li wkh gl�huhqfh q�k lv qrw wrr odujh�1 Pruhryhu/
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Y2i�s

YwY+�
2 b 1 Krzhyhu/ wkh vljq ri wkh wklug whup lv kdug wr ghwhuplqh lq jhqhudo/

dqg rqh pxvw dvvxph wkdw wkh gluhfw h�hfw Y27��
YwY+�

n E�� k�
Y
8Ew�
sEw�

Yw

�
Y27��
YwY+�

� Y2i�s

YwY+�

�
+zklfk lv srvlwlyh, lv vwurqj hqrxjk lq rughu wr jxdudqwhh wkh frqfdylw| ri wkh
uhjxodwru| surjudp1

71 D prgho zlwk dq h{solflw vroxwlrq

Lq wklv vhfwlrq zh hpsor| d vlpsoh prgho zklfk dq eh h{solflwo| vroyhg/ doorzlqj
xv wr h{soruh lq juhdwhu ghwdlo krz iruhljq frpshwlwlrq d�hfwv htxloleulxp sulfh1
Ohw wkh frvw ixqfwlrq iru wkh uhjxodwhg PQH eh

� ' wE+� n +s � n b+�+s +714,

zlwk b : E	�f uhvshfwlyho| zlwk glv0hfrqrplhv ru hfrqrplhv ri vfrsh ehwzhhq
grphvwlf dqg iruhljq rxwsxwv/ wkh frvw ixqfwlrq ri iruhljq �up+v, �W ' wW+Ws dqg
wkh iruhljq dqg grphvwlf lqyhuvh ghpdqg ixqfwlrqv uhvshfwlyho| Rs ' @�KE+Wsn+s �
dqg R� ' @� K+��

Frpshwlwlrq deurdg wdnhv wkh irup ri d Frxuqrw jdph zklfk ohdgv wr wkh
iroorzlqj rswlpdo rxwsxwv iru wkh iruhljq pdunhw

+Ws '
@� E2wW � w�

�K
n

b

�K
+�

+s '
@� E2w � wW�

�K
� 2b

�K
+� +715,

Vxevwlwxwlqj iru +s dqg +Ws / wkh iruhljq sur�w fdq eh zulwwhq dv d ixqfwlrq ri
wkh grphvwlf rxwsxw=

�s

�
+�E	w�( w

�
'

k
@� 2w n wW � 2b+�E	wc w�

l2
bK

Qrwlfh wkdw @�2wnwW�2b+�E	w� : f iru +s : f/ vr wkdw 0 lq olqh zlwk lqwxlwlrq
0 zh kdyh

Y�s

�
+�E	w�( w

�
Y+�

' �eb

k
@� 2w n wW � 2b+�E	wc w�

l
bK

� �b +716,
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Vxevwlwxwlqj +715, lqwr +714,/ zh fdq vhh wkdw wkh frvw ixqfwlrq frqvlghuhg
e| wkh �up 0 lq ghflglqj 	w 0 dqg e| wkh uhjxodwru 0 zkhq vhwwlqj wkh lqfhqwlyh
phfkdqlvp 0 lv qrz wkh iroorzlqj

� '
�

�K

k
w E@� 2w n wW� n E�Kw n b E@� ew n wW�� +� � 2b2+2�

l
+717,

Lw lv lqwhuhvwlqj wr srlqw rxw wkdw wklv ixqfwlrq lv qrz frqfdyh lq +�1 Wklv lv ehfdxvh
Y+s
Y+�

� �b= dq lqfuhdvh lq +� lqgxfhv d fkdqjh lq +s zklfk lv lqyhuvho| sursruwlrqdo
wr b vr wkdw/ zklfkhyhu wkh vljq ri bc wkh pdujlqdo frvw ri +� ghfuhdvhv1

Zh fdq qrz wdnh dv ehqfkpdun wkh fdvh zkhq wkh uhjxodwru lv ixoo| lqiruphg
+IL,/ dqg frpsduh lw zlwk wkh dv|pphwulf lqirupdwlrq vroxwlrq +DL,1 Vxevwlwxwlqj
wkh suhylrxv h{suhvvlrqv lqwr wkh PQH*v sur�w/ vlpsoh fdofxodwlrqv doorz xv wr
rewdlq wkh grphvwlf rswlpdo txdqwlw| dqg sulfh

+8U� Ew� '
b KE @� w�

b K2�Hb2E�� kn q�
� E��kn q�

eb E@� 2wnwW�

b K2�Hb2E�� kn q�
+718,

R8UEw� ' w n E�� kn q�
eb

k
@� 2w n wW � 2b+�E	wc w�

l
bK

zklfk/ jlyhq +718, ehfrphv=

R8UEw� ' w n E�� kn q�
eb dKE@� 2w n wW�� 2bE@� w�o

bK2 � Hb2E�� kn q�
+719,

Qrwlfh wkdw/ vxevwlwxwlqj +718, lqwr +715,/ zh rewdlq

+8Us '
K d@� 2w n wWo� 2bE@� w�

bK2 � Hb2E�� kn q�
+71:,

Qrwlfh wkdw iru +8Us : fc R8UEw� : w li dqg rqo| li b : f�
Lq rughu wr kdyh vhqvleoh frpsdulvrqv zh zloo frqvlghu sdudphwhuv vxfk wkdw

wkh vhfrqg rughu frqglwlrq iru wkh IL surjudp lv vdwlv�hg=

b K2�Hb2E�� kn q� � f +71;,

Lq fdvh ri dv|pphwulf lqirupdwlrq/ wkh iruhljq jdph uhpdlqv wkh vdph dv
ghvfulehg deryh/ exw zh fdq hpsor| wkh uhvxow lq Sursrvlwlrq 614 wr fdofxodwh wkh
rswlpdo txdqwlw| iru wkh uhjxodwhg grphvwlf pdunhw=

+�U� Ew� ' +8U� Ew�� E�� k�
8 Ew�

sEw�

bK� Hb

bK2�Hb2E�� kn q�
+71<,
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Wkh iroorzlqj Ohppd vkrzv wkdw lq wkh fdvh ri vxevwlwxwhv doo dvvxpswlrqv
ri �qrw wrr vwurqj� vxevwlwxwdelolw| qhhghg lq wkh jhqhudo prgho duh khuh dozd|v
vdwlv�hg1 Lqghhg/ wkh| duh lpsolhg e| wkh vhfrqg rughu frqglwlrq iru wkh uhjxodwlrq
surjudp1 Wklv vxjjhvwv wkdw wkrvh uhtxluhphqwv zhuh lq idfw qrw wrr ghpdqglqj1

Ohppd 7141 Li wkh vhfrqg rughu frqglwlrq iru wkh IL uhjxodwlrq surjudp +71;,

dqg wkh vwdqgdug prqrwrqh kd}dug udwh dvvxpswlrq EY
�
8 Ew�
sEw�

�
*Yw � f� duh vdwlv0

�hg/ wkhq wkh txdqwlw| lq +71<, lv wkh rswlpdo grphvwlf txdqwlw| iru dq| ohyho ri
vxevwlwxwdelolw| dqg frpsohphqwdulw|1

Surri1 Wkh vhfrqg rughu frqglwlrq iru wkh IL uhjxodwru*v surjudp +71;, fdq eh
uhzulwwhq dv

mbm � b7�� � �K

e

s
2s

�� kn q
+7143,

Wkh fdvh ri hfrqrplhv ri vfrsh +b 	 f, lv vlpsoh1 Dvvxpswlrq 5 lv vdwlv�hg dv
orqj dv Hb3bK

bK
	 f zklfk lv dozd|v wuxh iru b 	 f> pruhryhu lq Sursrvlwlrq 614

b 	 f lpsolhv wkdw _C
_w

	 f1
Lq wkh fdvh ri glv0hfrqrplhv ri vfrsh +b : f,/ Dvvxpswlrq 5 fdq eh zulwwhq

dv b � bK
H
� Lw lv vlpsoh wr yhuli| wkdw bK

H
� b7�� iru dq| q � k : f/ zklfk phdqv

wkdw +71;, lpsolhv wkdw Dvvxpswlrq 5 krogv1 Vhfrqg/ wkh frqglwlrq iru �qrw wrr
vwurqj� vxevwlwxwdelolw| lq wkh surri ri Sursrvlwlrq 614 ehfrphv/ zlwk dojheudlf
pdqlsxodwlrqv

E��Kn 2b�
+�Ew�
�K

	 f

zklfk lv htxlydohqw wr b 	 �K
2
� Reylrxvo| b7�� 	 �K

2
/ vr wkdw wkh uhvxow iroorzv1

Ilqdoo|/ lw uhpdlqv wr fkhfn wkdw wkh vhfrqg rughu frqglwlrq lq wkh DL surjudp
+6143, lv vdwlv�hg1 Wkh frqglwlrq _REw�

_w
� f qrz zulwhv dv

�� Hb E�� kn q� EK� b�

bK2 � Hb2 E�� kn q�
n E�� k�

Y 8 Ew�
sEw�

Yw

K Eb K� Hb�

bK2 � Hb2E�� kn q�
� f

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh vxp ri wkh �uvw dqg wkh vhfrqg whupv lv
srvlwlyh11 Lq idfw/

�� Hb E�� kn q� EK� b�

bK2 � Hb2 E�� kn q�

 f / bK� HbE�� kn q� j f

4:



dqg zh douhdg| vkrzhg wkdw lw pxvw eh bK � HbE�� kn q�� Khqfh1 wkh vwdqgdug

prqrwrqh kd}dug udwh dvvxpswlrq
Y
8 Ew�
sEw�

Yw
� f lpsolhv frqglwlrq +6143,1

Wkh vhfrqg rughu IL frqglwlrq +71;, lqwurgxfhv erwk d orzhu dqg dq xsshu
olplw wr wkh ydoxh ri b1 Wkh uhdvrq zk| wklv kdsshqv lv uhodwhg wr htxdwlrq +717,/
zklfk vkrzv krz wkh frvw ixqfwlrq/ rqfh zh frqvlghu krz +s ghshqgv rq +�/ lv
frqfdyh lq +�/ dqg krz wkh ghjuhh ri frqfdylw| ghshqgv rq b21 Wkxv/ dq lqfuhdvh
lq wkh devroxwh ydoxh ri b mhrsduglvhv wkh frqfdylw| ri wkh remhfwlyh ixqfwlrq1

Jlyhq wklv uhvxow zh fdq qrz ghwhuplqh wkh rswlpdo uhjxodwhg sulfh xvlqj +71<,=

R�UEbc kc q� ' w n ebE�� kn q�
dKE@� 2w n wW�� 2bE@� w�o

bK2 � Hb2E�� kn q�
n

nE�� k�
8 Ew�

sEw�

K Eb K� Hb�

bK2 � Hb2E�� kn q�

l1h1=

R�UEbckc q� ' R8UEw�n E�� k�
8 Ew�

sEw�
( +7144,

zkhuh ( � bK3Hb
bK23Hb2E�3knq�

�
Lw lv hdv| wr vhh wkdw zlwk k ' q G

R�UEbck� ' w n eb
dKE@� 2w n |�� 2bE@� w�o

bK2 � Hb2
nE�� k�

8 Ew�

sEw�

K Eb K� Hb�

bK2 � Hb2

zkloh devhqw dq| glvwulexwlrqdo frqfhuq +k ' q ' �, zh kdyh

R�UEb� ' wneb
K E@� 2wnwW�� 2bE@� w�

b K2�Hb2

zklfk lq wklv fdvh reylrxvo| frlqflghv zlwk R8U 1

7141 Frpsdulvrq L= wkh uroh ri dv|pphwulf lqirupdwlrq

Ohw xv qrz dqdo|vh wkh uroh sod|hg e| wkh suhvhqfh ri lqirupdwlrqdo dv|pphwu|1
Wkh htxloleulxp sulfh +7144, lv dq h{suhvvlrq zkhuh wkuhh h�hfwv lqwhudfw1 Lqghhg/
zh nqrz wkdw=

R�UE+�� '
Y7��

Y+�
n E�� k�

8 Ew�

sEw�

%
Y27��

YwY+�
� Y2�s

YwY+�

&
� E�� kn q�

Y�s

Y+�
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dqg zh fdq vhh wkdw lqirupdwlrqdo dv|pphwu| pdwwhuv lq wkuhh uhvshfwv1 Wkh �uvw
wzr duh zlwklq vtxduh eudfnhwv dqg duh

� Y27��
YwY+�

/ zklfk lq rxu fdvh lv htxdo wr �>

� � Y2�s

YwY+�
/ zklfk jlyhq +716,/ lv

� Y2�s

YwY+�
' �Hb

bK
� �b

� D wklug h�hfw jrhv wkurxjk
Y�s

Y+�
/ zklfk ghshqgv rq +�/ zklfk lq wxuq ghshqgv

rq zkhwkhu ru qrw zh kdyh dv|pphwulf lqirupdwlrq1 Wkhuhiruh/ lq rxu fdvh
wklv h�hfw lv htxdo wr=

E�� kn q�

%
Hb2E�� k�

8 Ew�

sEw�

b K� Hb

bK EbK2 � Hb2E�� kn q��

&
: f

Wkh �uvw dqg wkh wklug h�hfw duh dozd|v srvlwlyh/ zkloh wkh vhfrqg rqh ghshqgv
rq b1 Krzhyhu/ wkh vxp ri wkhp lv dozd|v srvlwlyh/ dv rqh fdq vhh iurp +7144,>
wklv lv reylrxv zkhq b 	 f/ zkloh li b : f wklv lqglfdwhv wkdw wkh �uvw dqg wkh
wklug h�hfw suhydlo rq wkh vhfrqg rqh1

Wkh iroorzlqj sursrvlwlrq vwdwhv wklv uhvxow dqg/ hpsor|lqj wkh vhfrqg whup
rq wkh u1k1v1 ri frqglwlrqv +71<, dqg +7144,/ lw vxppdul}hv wkh frpsdudwlyh vwdwlfv
ri wkh glvwruwlrqdu| whupv zlwk uhvshfw wr wkh uhohydqw sdudphwhuv/ l1h1 wkh ghjuhh
ri +glv0,hfrqrplhv ri vfrsh +b, dqg wkh sur�w zhljkwv kc q�

Sursrvlwlrq 7151 Iru dq| ydoxh ri bc R�U : R8U �
Wkh dv|pphwulf lqirupdwlrq glvwruwlrq (

� ghfuhdvhv zlwk k dqg lqfuhdvhv zlwk q +lqfuhdvhv lq wkh gl�huhqfh q � k,>

� lqfuhdvhv zlwk b li b : �b � K
�

b
H
�

s
bE�3knq�3H

H
s

�3knq

�
: f +vwurqj glv0hfrqrplhv

ri vfrsh,1 Qrwlfh wkdw �b � b7�� dqg Y�b
YK

: fc Y�b
Yk

: fc Y
�b

Yq
	 f

� ghfuhdvhv zlwk b dv orqj dv b 	 �b +plog glv0hfrqrplhv ri vfrsh/ ru hovh
hfrqrplhv ri vfrsh,1
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Surri1 Jlyhq wkdw +71;, lpsolhv b K� Hb : f/ lqhtxdolw| R�U : R8U vlpso|

iroorzv iurp +7144,1 Pruhryhu/ wdnh wkh glvwruwlrqdu| whup E�� k�8 Ew�
sEw�

( iurp +71<,

ru +7144, dqg gh�qh & � �� kn q1 Gl�huhqwldwlqj zh kdyhY(
Y&

' HEbK3Hb�b2

EbK23H&b2�
� f

dv orqj dv b � b
H
K1 Lw lv vwudljkwiruzdug wr yhuli| wkdw wklv frqglwlrq lv dozd|v

lpsolhg e| wkh vhfrqg rughu frqglwlrq1
Pruhryhu/ Y(

Yb
� �bK2n2bEbK� eb�&1 Lw lv wkhq reylrxv wkdw Y(

Yb
	 f li b � f�

Zkhq b : f/ rq wkh frqwudu| Y(
Yb

: f l� �b � b � 7bzlwk �b � K
�

b
H
�

s
bE�3knq�3H

H
s

�3knq

�

dqg 7b ' K
�

b
H
n

s
bE�3knq�3H

H
s

�3knq

�
� Wkhq rqh fdq hdvlo| vkrz wkdw wkh xsshu erxqg

b � 7b lv dozd|v lpsolhg e| wkh vhfrqg rughu frqglwlrq1 Pruhryhu/ dv lw lv
�b � b7��c zh fdq kdyh erwk wkh fdvhv= �b � b � b7�� zlwk Y(

Yb
: f dqg

b � �b � b7�� zlwk Y(
Yb

	 f�
Wkh lqirupdwlrqdo uhqw sdlg wr wkh �up rxw ri krph pdunhw*v vxusoxv lv sur0

sruwlrqdo wr wkh rxwsxw surgxfhg dw krph1 Wklv lv zk| Y(
Yk

	 f= dv vwdqgdug
+vhh Edurq dqg P|huvrq/ 4<;5, d kljkhu zhljkw ri krph sur�wv lqgxfhv d kljkhu
htxloleulxp rxwsxw dqg khqfh d kljkhu uhqw iru wkh PQH1

Wkh lqwhusuhwdwlrq ri wkh h�hfw ri q lv ohvv reylrxv1 Qrwlfh wkdw zkhq wkh �up
rewdlqv d odujhu sur�w deurdg wkh uhjxodwru lv deoh wr uhgxfh wkh uhqwv wkdw kdyh
wr eh sdlg wr wkh PQH dw krph zlwkrxw ylrodwlqj wkh sduwlflsdwlrq frqvwudlqw1
Wkhuhiruh/ wkhuh lv dq lpsolflw wudgh r� ehwzhhq krph sur�wv dqg iruhljq sur�wv=
uhyhuvlqj wkh deryh dujxphqw/ zh fdq wkxv vhh wkdw d kljkhu ohyho ri q zloo pdnh
grphvwlf uhqwv ohvv ghvludeoh iru wkh uhjxodwru/ zkr zloo wkxv uhgxfh grphvwlf
htxloleulxp rxwsxw1 Lq rwkhu whupv/ iruhljq sur�wv dqg krph sur�wv duh �htxdoo|
jrrg� lq phhwlqj wkh sduwlflsdwlrq frqvwudlqw/ exw wkh dv|pphwu| ehwzhhq k dqg
q lqwurgxfhv wkh uhjxodwru wr suhihu iruhljq sur�wv1 D odujhu ydoxh ri q pdnhv wklv
h�hfw vwurqjhu1

Ilqdoo|/ wkh lqirupdwlrqdo glvwruwlrq ghfuhdvhv zlwk b xqohvv b lv srvlwlyh dqg
�odujh�1 Wr vhh zk| wklv pd| eh wkh fdvh lw lv xvhixo wr frqvlghu krz wkh pdujlqdo
frvw ri krph surgxfwlrq ydulhv zlwk b jlyhq wkh iruhljq pdunhw jdph1 Lqghhg 0
xvlqj +717, 0 zh kdyh

Y2�

Y+�Yb
'

@� ew n wW � Hb+�
�K

zklfk ghfuhdvhv zlwk b dqg pljkw hyhq ehfrph qhjdwlyh zlwk b vx!flhqwo| odujh1
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7151 Frpsdulvrq LL= wkh uroh ri frpshwlwlrq1

Ohw xv qrz dqdo|vh wkh frqvhtxhqfhv ri rxu jhqhudolvdwlrq ri wkh Edurq0P|huvrq
prgho wr wkh fdvh lq zklfk wkh uhjxodwhg �up idfhv frpshwlwlrq lq d iruhljq
pdunhw1 Wkh Edurq0P|huvrq sulfh +zlwkrxw frpshwlwlrq lq d iruhljq pdunhw, lv

R�� ' w n E�� k�
8 Ew�

sEw�

vr wkdw/ xvlqj +7144, zh kdyh

R�UEbc kc q�� R�� ' eb
k
E�� kn q� dKE@32wnwW�32bE@3w�o

bK23Hb2E�3knq�
n

� E�� k�8 Ew�
sEw�

2EK3bE�3knq��
bKEbK23Hb2E�3knq��

l +7145,

Wklv h{suhvvlrq lv reylrxvo| htxdo wr }hur zkhq b ' f1 Wr lqwhusuhw wklv
h{suhvvlrq/ lw lv xvhixo wr srlqw rxw wkdw/ uhodwlyh wr wkh vwdqgdug fdvh/ iruhljq
frpshwlwlrq lqwurgxfhv erwk

� d fkdqjh lq wkh rswlpdo ixoo0lqirupdwlrq sulfh/ zklfk lv phdvxuhg e| wkh
whup E��kn q�eb KE@32wnwW�32bE@3w�

bK23Hb2E�3knq�
> lwv vljq lv wkh vdph dv b jlyhq wkh qrq

qhjdwlylw| ri +8Us +vhh h{suhvvlrq +71:,,>

� dq dgglwlrqdo lqirupdwlrqdo glvwruwlrq/ phdvxuhg e| wkh vhfrqg whup lq
vtxduh eudfnhwv/ �E�� k�8 Ew�

sEw�
HbdK3bE�3knq�o

bKEbK23Hb2E�3knq��
2 �b dK� bE�� kn q�o

Wkh �uvw h�hfw lv vwudljkwiruzdug= devhqw lqirupdwlrqdo sureohpv/ iruhljq
frpshwlwlrq vkrxog lqgxfh wkh uhjxodwru wr ghfuhdvh krph sulfh zkhq wkhuh duh
hfrqrplhv ri vfrsh/ dqg ylfh0yhuvd431

Wkh vljq ri wkh lqirupdwlrqdo h�hfw ghshqgv rq zkhwkhu ru qrw

b 	 b� � K

�� kn q

Zlwk b 	 f/ wklv frqglwlrq lv phw dqg wkh wzr h�hfwv jr lq rssrvlwh gluhfwlrqv= wkh
lqirupdwlrqdo dv|pphwu| zrxog gulyh wrzdugv d sulfh kljkhu wkdq lq wkh vwdqgdug
Edurq0P|huvrq fdvh1 Wklv kdsshqv ehfdxvh d orzhu ohyho ri +� ghfuhdvhv wkh delolw|
ri wkh PQH wr rewdlq uhqwv1

43Lq wkh dsshqgl{ zh vkrz wkdw wklv h�hfw qdwxudoo| krogv dovr zlwk Ehuwudqg frpshwlwlrq1
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Zlwk glv0hfrqrplhv ri vfrsh/ wkh vdph krogv zkhq b lv vpdoo hqrxjk1 Krzhyhu/
qrwlfh wkdw b� 	 b7��/ vr wkdw wkhuh pljkw eh dgplvvleoh ydoxhv ri b vxfk wkdw wkh
dgglwlrqdo lqirupdwlrqdo glvwruwlrq fkdqjhv vljq dqg jrhv lq wkh vdph gluhfwlrq dv
wkh �uvw h�hfw1 Wr vhh zk| wklv pd| eh wkh fdvh/ lw lv xvhixo wr frqvlghu krz wkh
pdujlqdo frvw ri krph surgxfwlrq ydulhv zlwk b jlyhq wkh iruhljq pdunhw jdph1
Iluvw ri doo/ uhfdoo wkdw +717, lv frqfdyh lq +� dqg wkdw

Y2�

Y+2�
' �2b2

�K
	 f

lqfuhdvhv lq devroxwh ydoxh zlwk b� Lq rwkhu whupv/ wkh uhjxodwru lqgxfhv wkh �up wr
surgxfh d odujh ohyho ri rxwsxw dw krph ehfdxvh �ryhudoo� pdujlqdo frvw ri krph
surgxfwlrq lv ghfuhdvlqj1 Wklv krogv zlwk b 	 f +zkhq zh kdyh qr frq lfwlqj
h�hfwv,/ exw dovr zkhq b : f1 Zkhq b lv odujh/ wklv h�hfw pruh wkdq frpshqvdwhv
wkh suhvhqfh ri d iruhljq pdunhw zkhuh wkh PQH fdq rewdlq d sur�w1 Lq wklv odwwhu
fdvh/ zh fdq eh vxuh wkdw R�UEbc kc q�� R�� : f1

Krzhyhu/ lq jhqhudo/ wkh rswlpdo sulfh pljkw eh kljkhu ru orzhu wkdq R�� /
ghshqglqj rq zklfk h�hfw grplqdwhv1

Xs wr qrz zh dvvxphg wkdw wkhuh zdv d xqltxh iruhljq frpshwlwru1 Lw lv krz0
hyhu/ lqwhuhvwlqj wr dqdo|vh wkh h�hfwv ri lqfuhdvlqj iruhljq frpshwlwlrq rq wkh
uhjxodwhg sulfh1 Frqvlghu ? ulydo �upv lq wkh iruhljq pdunhw1 Vwdqgdug frpsx0
wdwlrqv |lhog rxwsxwv lq wkh iruhljq pdunhw iru wkh pxowlqdwlrqdo �up dqg lwv ?
frpshwlwruv

+s '
@n ?wW

E?n 2�K
� E?n ��

E?n 2�K
dw n b+�o

+Ws '
@� 2wW

E?n 2�K
n

w n b+�
E?n 2�K

vr wkdw htxloleulxp iruhljq sulfh lv

Rs '
@n ?wW n w n b+�

?n 2

Zkhq ? $ 4/ sulfh frqyhujhv wr Rs m?<" ' wW� Wkxv/ lq wklv olplw fdvh wkh
pxowlqdwlrqdo vhuyhv wkh iruhljq pdunhw rqo| li w n b+� � wW1

Wkh PQH*v sur�w lq wkh iruhljq pdunhw lv

�s '
E@n ?wW � E?n ��Ew n b+���

2

E?n 2�2 K
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Wkxv
Y�s

Y+�
' �2E?n ��b

@n ?wW � E?n ��Ew n b+��

E?n 2�2 K
� �b

dqg wkh pdujlqdo sur�wdelolw| ri krph rxwsxw +lq whupv ri sur�w rewdlqhg lq wkh
iruhljq pdunhw, ghfuhdvhv zlwk wkh qxpehu ri frpshwlwruv li dqg rqo| li44 b 	 f

Y2�s

Y+�Y?
' b

2

E?n 2��K
d?@� wWE�?n 2� n 2E?n ��Ew n b+��o � b +7146,

Lq wkh ixoo lqirupdwlrq fdvh/ surfhhglqj dv deryh lw lv hdv| wr vkrz wkdw wkh
rswlpdo sulfh fdq eh zulwwhq dv

R8U� E?� ' w n E�� kn q�b
2E?n �� dKE@� E?n ��w n ?wW�� bE?n ��E@� w�o

K2rE?��2b2E�� kn q�oE?�

zlwk rE?� ' E?n 2�2c oE?� ' E?n ��21 Pruhryhu/ wkh vhfrqg rughu frqglwlrq lv

2b2E�� kn q�oE?��K2rE?� 	 f

Djdlq wklv jxdudqwhhv wkdw iru +8Us E?� : fc R8U� E?� : w li dqg rqo| li b : f�

AIurp +518, lw dsshduv wkdw ? d�hfwv htxloleulxp sulfh rqo| yld
Y�s
Y+�

/ vr wkdw

+7146, lpsolhv wkdw
YR8U� E?�

Y?
' E�� kn q�

Y2�s

Y+�Y?
� b

Wklv hqwdlov wkdw d pruh frpshwlwlyh iruhljq pdunhw zloo lqgxfh wkh +ixoo|
lqiruphg, uhjxodwru wr lqfuhdvh sulfh dw krph zkhq R8U� E?� : w dqg ylfh0yhuvd1
Zlwk b : f/ wkh uhjxodwru lpsolflwo| surylghv wkh krph �up d vxevlg|/ lq rughu
wr doorz lw wr ehwwhu frpshwh lq wkh iruhljq pdunhw> wklv vxevlg| lv kljkhu/ zkhq
frpshwlwlrq deurdg jhwv wrxjkhu1

Zlwk dv|pphwulf lqirupdwlrq/ htxloleulxp grphvwlf rxwsxw dqg sulfh wkhq
ehfrph

+�U� Ew� ' +8U� Ew�� E�� k�
8 Ew�

sEw�

KrE?�� 2boE?�

K2rE?��2b2E�� kn q�oE?�

R�UE?c bc kc q� ' R8UEw�n E�� k�
8 Ew�

sEw�

KrE?�� 2boE?�

K2rE?��2b2E�� kn q�oE?�
+7147,

44Qrwlfh wkdw wkh h{suhvvlrq lq vtxduh eudfnhwv lq +7146, lv srvlwlyh iru dq| ydoxh ri �� vxfk
wkdw |�i � 31
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zklfk lv htxdo wr +7144, zkhq ? ' � dqg djdlq R�U : R8U 1 Ohw xv qrz vhh krz wkh
rswlpdo sulfh ydulhv zlwk wkh qxpehu ri iruhljq ulydov1

Vwduwlqj iurp wkh ixoo0lqirupdwlrq sulfh/ zh kdyh douhdg| vwuhvvhg wkdw wkh
h�hfw ri lqfuhdvlqj ? kdv wkh vdph vljq dv b1

Wkh lqirupdwlrqdo glvwruwlrq(? � KrE?�32boE?�
K2rE?�32b2E�3knq�oE?�

ydulhv zlwk ? dv iroorzv=

Y(?

Y?
' �b

eE�� k�K2E?n 2�E?n �� dK� bE�� kn q�o�
K2 E?n 2�2 � 2b2 E�� kn q� E?n ��2

�2 � +7148,

� �b dK� bE�� kn q�o

Zlwk hfrqrplhv ri vfrsh +b 	 f,/ wkh deryh h{suhvvlrq lv reylrxvo| srvlwlyh1 Zlwk
glv0hfrqrplhv ri vfrsh Eb : f� zh fdq kdyh dq dpeljxlw|1 Zlwk b vx!flhqwo|
vpdoo/ wkh h{suhvvlrq lq vtxduh eudfnhwv lq +7148, lv srvlwlyh/ vr wkdw Y(?

Y?
	 f1

Krzhyhu/ wkhuh h{lvw ydoxhv ri b zklfk vdwlvi| wkh vhfrqg rughu frqglwlrq dqg
Dvvxpswlrq 5/ exw vxfk wkdw K� bE�� kn q� 	 f1

Wklv phdqv wkdw lq jhqhudo dq lqfuhdvh lq ? pd| d�hfw wkh ixoo0lqirupdwlrq
sulfh dqg wkh lqirupdwlrqdo glvwruwlrq lq rssrvlwh zd|v1 Wkh wrwdo h�hfw ri dq
lqfuhdvh lq ? rq wkh rswlpdo sulfh zloo ghshqg rq wkh lqwhusod| ehwzhhq wkhvh wzr
h�hfwv/ dqg wkh h�hfw rq wkh lqirupdwlrqdo zhgjh fdq uhyhuvh wkh h�hfw rq wkh ixoo
lqirupdwlrq sulfh1

Qrwlfh wkdw d shfxoldu lpsolfdwlrq li wkhvh uhvxowv lv wkh iroorzlqj1 Zlwk v|p0
phwulf lqirupdwlrq wkh sulfh zloo eh gl�huhqw iurp pdujlqdo frvw> wkh suhvhqfh ri
dv|pphwulf lqirupdwlrq w|slfdoo| rshudwhv lq wkh rssrvlwh gluhfwlrq/ gulylqj wkh
sulfh edfn wrzdugv pdujlqdo frvw/ sdudgr{lfdoo| khoslqj doorfdwlyh h!flhqf|1

81 Frqfoxvlrqv

Wklv sdshu kdv kljkoljkwhg krz wkh phuh h{lvwhqfh ri d iruhljq pdunhw/ zkhuh
uhjxodwhg �upv frpshwh zlwk iruhljq ulydov/ prgl�hv erwk ixoo lqirupdwlrq rswl0
pdo sulfh dqg wkh lqirupdwlrqdo glvwruwlrq wkdw hphujhv lq Edurq0P|huvrq w|sh
prghov1 Vhyhudo wkhphv/ krzhyhu/ uhpdlq rshq iru ixwxuh uhvhdufk1

Iru lqvwdqfh/ rqh ri wkhp lv wkh lvvxh ri lqfhqwlyhv wr lqyhvw1 Wkhuh lv dq
h{whqvlyh olwhudwxuh zklfk 0 qrw zlwkrxw dpeljxlw| 0 srlqwv rxw krz frpshwlwlrq
pljkw frqwulexwh wr wkh lqwhuqdo h!flhqf| ri wkh �up1 Dqdo|vlqj krz frpshwlwlyh
suhvvxuh gulyhv wkh �upv wr h{huw juhdwhu h�ruw/ frpshqvdwlqj wkh xqghulqyhvwphqw

sureohp srlqwhg rxw e| Od�rqw h Wluroh +4<;9, uhsuhvhqwv dq lpphgldwh srwhqwldo
h{whqvlrq ri wklv olqh ri uhvhdufk1
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D vhfrqg srvvlelolw| zrxog eh wr orrn dw wkh uhodwlrqvkls ehwzhhq uhjxodwlrq
dqg frpshwlwlrq zkhq wkh uhjxodwhg �upv frpshwhv lq d vhfrqg grphvwlf pdunhw
+udwkhu wkdq deurdg,1 Lqghhg/ lq pdq| pdunhwv frpshwlwlrq dqg uhjxodwlrq fr0
h{lvw/ dqg wkhlu lqwhusod| lv vwloo odujho| xqh{soruhg1 Wklv vlwxdwlrq lv dw ohdvw dv
frpprq dv wkh sureohp zh kdyh vwxglhg/ dv wkh fdvh ri hohfwulflw| +zkhuh yhuwlfdoo|
lqwhjudwhg �upv duh prqrsrolvwv lq glvwulexwlrq ru lq wudqvplvvlrq/ exw frpshwh
lq wkh jhqhudwlrq pdunhw, ru whohfrpv +zkhuh rqh w|slfdoo| revhuyhv d prqrsro|
lq wkh odvw ploh zkloh frpshwlwlrq lv h{whqvlyh lq rwkhu vhjphqwv,1

Vhyhudo frpphqwdwruv kdyh vxjjhvwhg wkdw frpshwlwruv ri d grplqdqw �up
vkrxog eh frpshqvdwhg zlwk irupv ri dv|pphwulf uhjxodwlrq1 Krzhyhu/ rqh frxog
dujxh wkdw d uhjxodwhg sulfh/ vhw lq rughu wr khos wkh �up djdlqvw lwv frpshwlwruv
zrxog uhgxfh wkh uhqwv wkh �up rewdlqv lq wkh uhjxodwhg pdunhw dw wkh h{shqvh ri
frqvxphuv1 Dq dqdo|vlv ri wkh uhodwlyh phulw ri wkhvh dujxphqwv lv d wdvn wkdw zh
ohdyh wr ixwxuh uhvhdufk1

Uhihuhqfhv

^4` Dudxmr/ D1 dqg K1 Pruhlud/ 4<<;/ Dgyhuvh vhohfwlrq sureohpv zlwkrxw wkh
vlqjoh furvvlqj surshuw|/ plphr/ Lvwlwxwr gh Pdwhpdwlfd Sxud h Dssolfdgd/
Ulr gh Mdqhlur1

^5` Dupvwurqj/ P1/ V1 Frzdq dqg M1 Ylfnhuv +4<<:,/ Uhjxodwru| Uhirup1 Wkhru|

dqg Eulwlvk H{shulhqfh/ PLW Suhvv/ Fdpeulgjh/ Pdvv1 dqg Orqgrq1

^6` Edurq/ G1dqg U1 P|huvrq +4<;5,/ Uhjxodwlqj d �up zlwk xqnqrzq frvw/
Hfrqrphwulfd/ y1 83/ lvv1 7/ ss1 <44063

^7` Erqg/ H1 dqg W1 Juhvln/ 4<<9/ Uhjxodwlrq ri Pxowlqdwlrqdo Ilupv zlwk Wzr
Dfwlyh Jryhuqphqwv= D Frpprq Djhqf| Dssurdfk/ Mrxuqdo ri Sxeolfv Hfr0
qrplfv 8<= 660861

^8` Eudqghu/ M1 dqg E1 Vshqfhu +4<;8,/ H{sruw Vxevlglhv dqg Lqwhuqdwlrqdo Pdu0
nhw Vkduh Ulydou|/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ y1 4;/ lvv1 405/ ss1
;60433

^9` Fdo}rodul/ J1 +4<<<,/ Uhjxodwlrq lq dq Lqwhuqdwlrqdo Vhwwlqj1 Wkh Fdvh ri d
Pxowlqdwlrqdo Hqwhusulvh/ plphr1

58



^:` Fdo}rodul/ J1 dqg F1 Vfdusd +4<<<,/ Qrq0lqwulqvlf frpprq djhqf|/ Ihhp
Zrunlqj Sdshu q1;71<<1

^;` Gh Iudmd/ J1 +4<<<,/ Dffhvv Sulflqj zlwk Dv|pphwulf Lqirupdwlrq/ Hxurshdq
Hfrqrplf Uhylhz/ y1 76/ lvv1 4/ ss1 43<067

^<` Ixghqehuj/ G1 dqg M1 Wluroh +4<<5,/ Jdph Wkhru|/ PLW Suhvv/ Fdpeulgjh/
Pdvv1 dqg Orqgrq1

^43` Jxhvqhulh/ U1 dqg M1M1 Od�rqw/ 4<;7/ D Frpsohwh Vroxwlrq wr d Fodvv ri
Sulqflsdo0Djhqw Sureohpv zlwk dq Dssolfdwlrq wr wkh Frqwuro ri d Vhoi0
Pdqdjhg Ilup/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 67= :404471

^44` Khop/ G1 dqg W1 Mhqnlqvrq +4<<:,/ Wkh Dvvhvvphqw= Lqwurgxflqj Frpshwl0
wlrq lqwr Uhjxodwhg Lqgxvwulhv/ R{irug Uhylhz ri Hfrqrplf Srolf|/ y1 46/ lvv1
4/ ss1 40471

^45` Lydogl/ P1 dqg G1 Pduwlpruw/ 4<<7/ Frpshwlwlrq xqghu qrqolqhdu sulflqj/
Dqqdohv g*Hfrqrplh hw gh Vwdwlvwltxh/ 67/ :404471

^46` Ylfnhuv/ M1 +4<<8,/ Frpshwlwlrq dqg uhjxodwlrq lq yhuwlfdoo| uhodwhg pdunhwv/
Uhylhz ri Hfrqrplf Vwxglhv/ 95/ 404:1

91 Dsshqgl{

Lq wklv Dsshqgl{ zh zdqw wr vkrz wkdw hyhq zlwk Ehuwudqg frpshwlwlrq dq|
ghfuhdvh lq wkh pdujlqdo frvw wkh �up ehduv lq wkh iruhljq pdunhw jdph lv dgydq0
wdjhrxv wr wkh �up lwvhoi1

Zlwkrxw orvv ri jhqhudolw|/ ohw xv frqvlghu d Ehuwudqg gxrsro| lq wkh iruhljq
pdunhw zlwk olqhdu ghpdqg dqg frvwv1 Wr dyrlg h{wuhph fdvhv/ zh wdnh wkh fdvh
ri gl�huhqwldwhg surgxfwv1 Qrwlfh wkdw zlwk krprjhqhrxv jrrgv d orzhu pdujlqdo
frvw lv hyhq pruh fulwlfdo wr d �up*v sur�wdelolw|1 Jrrg � idfhv d ghpdqg ixqfwlrq

^� ' @� KR� n rR� +914,

zlwk �c � ' �c 2 / � 9' �1 Wkh reylrxv uhvwulfwlrq mrm � K dssolhv1 Ohw wkh frvw
ixqfwlrq iru wkh uhjxodwhg PQH +�up 4, eh

�� ' wE+� n +�� n b+�+� +915,
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zlwk b : E	�f uhvshfwlyho| zlwk glv0hfrqrplhv ru hfrqrplhv ri vfrsh ehwzhhq
grphvwlf dqg iruhljq rxwsxwv1 Ohw xv gh�qh

S� � w n b+�

Wkh frvw ixqfwlrq ri iruhljq �up lv �2 ' S2+2
Wkhuhiruh/ �upv kdyh olqhdu frvwv lq wkh rxwsxwv vrog lq wklv pdunhw/ dqg wkdw

wkh uhohydqw sur�w ixqfwlrqv lq wklv pdunhw jdph duh

Z� ' ER� � S��E@� KR� n rR�� +916,

Wdnlqj �uvw rughu frqglwlrqv z1u1w1 sulfhv/ zh kdyh wkh uhdfwlrq ixqfwlrqv

R� '
@n KS� n rR�

2K
+917,

Htxloleulxp sulfhv duh=

RW� '
@E2Kn r� n 2K2S� n rKS�

eK2 � r2

Wklv lpsolhv wkdw wkh sulfh0frvw gl�huhqfh fdq eh zulwwhq dv=

RW� � S� '
@E2Kn r�� E2K2 � r2�S� n rKS�

eK2 � r2

Htxloleulxp ghpdqg lv

^W� ' K
@E2Kn r�� E2K2 � r2�S� n rKS�

eK2 � r2

vr wkdw dq lqfuhdvh lq �up �*v pdujlqdo frvw ghfuhdvhv erwk wkh sulfh0frvw pdujlq
dqg rxwsxw vrog e| �up �1 Lq htxloleulxp/ �up �*v sur�w lv

ZW

� ' K

#
@E2Kn r�� E2K2 � r2�S� n rKS�

eK2 � r2

$
2

+918,

vr wkdw 0 jlyhq ^W� : f 0 htxloleulxp sur�w ghfuhdvhv zlwk S�

YZW

�

YS�
' �2K

#
@E2Kn r�� E2K2 � r2�S� n rKS�

eK2 � r2

$
2K2 � r2

eK2 � r2
	 f

Wklv reylrxvo| lpsolhv wkdw

YZW

�

Y+�
'

YZW

�

YS�

YS�
Y+�

2 �b

l1h1/ dq| lqfuhdvh lq wkh krph rxwsxw surgxfhg e| wkh PQH lqfuhdvhv wkh sur�wv
rewdlqhg lq wkh iruhljq pdunhw li dqg rqo| ri wkhuh duh hfrqrplhv ri vfrsh lq wkh
�up*v frvw ixqfwlrq1
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