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Abstract
A model of ecologically sustainable endogenous growth is pre-

sented, in which environmental quality has a positive in‡uence on
individual welfare and on the productivity of capital. The e¤ect of
di¤erent environmental policies on the long-run growth of the econ-
omy is studied in the framework of this model. The results establish
that an optimal policy which taxes production and subsidizes pollu-
tion abatement has a favorable e¤ect on environmental quality, and
could increase the growth rate if the positive external e¤ects of the
environment on the productivity are important. Furthermore, it is
shown that this kind of environmental policy is neutral in budgetary
terms, i.e. tax receipts are equal to subsidies. Finally, it is demon-
strated that a policy based on emission control will only have a positive
e¤ect on the growth rate if the initial level of environmental quality is
su¢ciently low.
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1 Introduction

A great many papers have been written on the relationship between eco-
nomic growth and environmental preservation since R.C. d´Arge published
his Essay on economic growth and environmental quality in 1971. The princi-
pal questions occupying economists have been: Is long-run economic growth
compatible with environmental preservation? That is to say, is sustainable
growth viable? Under what conditions? What would be the e¤ect of greater
concern for the environment over economic growth? How do environmental
externalities in‡uence growth rate, and thus, what is the e¤ect of environ-
mental policy on economic growth?

These questions have been analyzed in many of these papers in the frame-
work of stationary models and exogenous growth models.1 In this type of
models, either there is no long-run growth or if there is long-run growth it is
exogenously determined, so that environmental quality may have a negative
e¤ect on capital accumulation or no e¤ect on the growth rate. In addition, in
this literature the emphasis has been put on analysis of the e¢cient growth
path without paying much attention to growth based on market equilibrium.

However, since the appearance of the new theory of growth at the end of
the eighties and the start of the nineties, a series of papers has been pub-
lished in which these questions are addressed in the framework of endogenous
growth models.2 Among these, we would like to draw particular attention
to those of Gradus and Smulders (1993), Ligthart and Ploeg (1994), Huang
and Cai (1994), Hung, Chang and Blackburn (1994), Ewijk and Wijnber-
gen (1995), Bovenberg and Smulders (1995) and (1996), Michel and Rotillon
(1995), Smulders (1995b), Smulders and Gradus (1996), Mohtadi (1996),
Rosendahl (1996) and Stokey (1998). These contributions can be classi…ed
into two groups. The …rst, comprised of the work of Ligthart and Ploeg
(1994), Huang and Cai (1994), Hung, Chang and Blackburn (1994), Michel
and Rotillon (1995) and Mohtadi (1996), would include models which pre-
dict ecologically unsustainable growth. In these models growth is achieved at
the cost of continuous deterioration in environmental quality. In the second
group, which contains the remaining papers, appears models which predict
ecologically sustainable growth. According to these models, under deter-
mined conditions, the economy could follow a path of balanced growth with
stable emissions, and therefore a constant level of environmental quality, and
in some cases growth could even be compatible with decreasing emissions.3

1See Rubio and Fisher (1994) for a review of this literature.
2A thorough survey of these papers can be found in Smulders (1995a).
3In Stokey’s (1998) paper, stabilization of the emissions has a negative e¤ect on the

rate of return of capital and makes long-run sustainable growth inviable. Reference can
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Within this latter group we can discern three sub-groups according to the
e¤ect on growth rate of a greater concern of the individuals for the envi-
ronment. Using an extension of Rebelo’s (1991) basic model, Gradus and
Smulders (1993) show that a higher environmental quality reduces the rate
of growth when environmental quality only a¤ects consumers’ welfare. The
same authors and Ewijk and Wijnbergen (1995) conclude that the e¤ect is
positive using di¤erent versions of Lucas’ (1988) model, even when envi-
ronmental quality a¤ects utility, as demonstrated by Gradus and Smulders
(1993).4 This result is based on the fact that environmental quality has a
positive e¤ect on the accumulation of human capital. Finally, Bovenberg and
Smulders (1995) and (1996), and Smulders and Gradus (1996) show that the
e¤ect is ambiguous and that it depends on the relative importance of en-
vironmental quality as amenity value or as productive value. For the same
reason, when the e¤ect of a tighter environmental policy based on emission
control is addressed, they also get an ambiguous e¤ect (Bovenberg and Smul-
ders (1996)), so that only if the productive value of environmental quality is
higher than the amenity value will a tighter environmental policy have posi-
tive e¤ects, not only on environmental quality but also on economic growth.
Furthermore, Smulders and Gradus (1996) show that while the market equi-
librium growth rate can be higher or lower than the e¢cient rate, in the
latter case an environmental policy based on Pigouvian taxes and subsidies
could result in an improvement in both environmental quality and growth
rate.

Our contribution continues along the line of the papers published by Mo-
htadi (1996) and Smulders and Gradus (1996). We are particularly interested
in the design of optimal environmental policy, as set out by Mohtadi (1996),
but in the framework of a model of ecologically sustainable growth.5 For
this purpose we present a model of endogenous growth à la Rebelo, in which
the productivity of capital depends positively on environmental quality but
is constant for a given level of environmental quality, and we assume that
…rms can devote resources to pollution abatement but that the productivity

also be made to the papers of John and Pecchenino (1994), Fisher and van Marrewijk
(1998) and Elbasha and Rose (1996). In John and Pecchenino (1994) and Fisher and van
Marrewijk (1998), the relationship between environmental quality and growth is analyzed
in the framework of an overlapping generations model, and this subject is addressed with
the inclusion of technological change and international trade in Elbasha and Rose (1996).

4In Rosendahl’s (1996) paper the e¤ect is null because environmental quality only
a¤ects the production of consumer goods and not the accumulation of human capital.

5See Bovenberg and de Mooij (1997) and Hettich (1998) for a complementary approach.
In these papers is studied how an environmental tax reform a¤ects pollution and economic
growth in endogenous growth models with pre-existing tax distortions.

3



of these resources is decreasing.6 Our main purpose is to study the e¤ect of
environmental policy on the growth rate, focussing on two types of policy.
First, we are interested in an environmental policy based on Pigouvian taxes
and subsidies, the objective of which is to restore the allocative e¢ciency of
the market, which we can de…ne as a pricing policy. In the second place,
we focus on a sub-optimal policy of pollution control, that is, a policy based
on standards, and we analyze the e¤ect on the growth rate of a tighter en-
vironmental policy, consisting of requiring a lower emission level from …rms.
In line with Mohtadi (1996) this paper is solely concerned with long-term
e¤ects as long as the AK models of endogenous growth has no transitional
dynamics.

Our results indicate that the optimal environmental policy, which consists
of establishing a tax on production and a subsidy on abatement pollution,
has a positive e¤ect on growth only if the external e¤ects on productivity
are su¢ciently large in comparison with the external e¤ects on consumers’
welfare. This conclusion can be also found in Smulders and Gradus’s paper.
Moreover, we show that the optimal policy is self-…nancing, in the sense that
tax receipts are su¢cient to pay for subsidies needed to restore the allocative
e¢ciency. This result is of interest since one of the limitations of Pigouvian
taxes (subsidies) is that lump sum subsidies (taxes) are required to distribute
the gains resulting from the restoration of the e¢ciency. Finally, we conclude
that a tighter environmental policy based on emissions control can have a
positive e¤ect on growth if the initial level of environmental quality is low,
although it is appropriate to mention that very low levels of environmental
quality can bring the very process of economic growth into question. This
result shows that in those countries in which emissions control is very low or
non-existent a tighter environmental policy promote economic growth.

The paper is structures as follows: in Section 2 we present the model
of endogenous growth and environmental quality; and in Section 3 we de-
velop a …rst approach to the issues which interest us, on the assumption
that environmental quality only a¤ects utility. This approach allows us to
evaluate in Section 4, by comparison, the importance of the productive value
of environmental quality. This Section includes four sub-sections. In the
…rst the e¢cient balanced growth path is studied, in the second the market
equilibrium path, in the third the Pigouvian taxes are calculated, and …nally

6This assumption di¤erentiates our paper from Mohtadi’s (1996), which does not take
into consideration that …rms can allocate resources to pollution abatement. Smulders and
Gradus (1996) have developed a model where growth could be compatible with decreasing
emissions. In our paper we do not consider this possibility which requires that the pollution
function can be homogeneous of a degree lower than zero in the pollution abatement and
capital stock.
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in the fourth policy based on emissions control is analyzed. Last come the
conclusions.

2 The model

Let us consider an endogenous growth model for a closed economy with a
rational representative consumer and two goods: a private good, C (t), and a
public good, E (t), which represents the level of environmental quality. The
preferences are described by the following utility function

U (C (t) ; E (t)) =
1

1¡ ¾
h
(C(t)E(t)®)1¡¾ ¡ 1

i
; (1)

where ® and ¾ are positive constants. The social welfare is given by

W =
Z 1

0

1

1¡ ¾
h
(C(t)E(t)®)1¡¾ ¡ 1

i
e¡½tdt; (2)

where ½ is the discount rate. For this speci…cation the elasticities of mar-
ginal utility, both that with respect to consumption and that with respect
to environmental quality, are constant and the intratemporal elasticity of
substitution between C(t) and E(t) in utility is unity. In this function the
parameter ® lets us characterize the individual preferences with respect to
the two goods, such that the greater is the value of ® the greater the impor-
tance of environmental quality is in the preferences. Keep in mind that for
a given combination of (C(t); E(t)), ® determines the willingness to pay for
environmental quality which is de…ned by the Marginal Rate of Substitution,
MRSCE = ®C(t)=E(t); so that an increment in ® increases the willingness
to pay for environmental quality.

Next we establish the relationship between the environment and economic
activity. We assume that the environmental quality is related negatively to
the capital stock, K (t) ; and positively to the pollution abatement, A (t)7.
Given the linear dependency we are going to establish between production
and capital stock, the negative e¤ect of accumulation of capital on envi-
ronmental quality represents the environmental damage caused by the pro-
ductive activity. In this paper we adopt the pollution function proposed
by Gradus and Smulders (1993, page 31), but we interpret it in the terms
appearing in Mohtadi (1996).

E (t) =

Ã
A (t)

K (t)

!´
; 0 < ´ < 1: (3)

7In this paper we exclude the pollution associated with consumption activity.
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The principal characteristic of this function is that it shows decreasing returns
for pollution abatement, EAA < 0:

The technology is linear with respect to K (t) ;but concave with respect
to E (t),

Y = f (K (t) ; E (t)) = BK (t)E (t)¯ ; 0 < ¯ < 1: (4)

So that environmental quality is considered, although indirectly, to be a
production factor, in the sense that a higher level of environmental quality
positively a¤ects the productivity of the direct production factors, in the
Rebelo’s model, the capital stock.

De…ned the production function, the capital stock dynamics is given by
the following di¤erential equation

_K = BK (t)E (t)¯ ¡ C (t)¡ A (t) : (5)

We do not take into account the depreciation of capital stock, although in-
corporating it into the analysis through a constant depreciation rate would
not modify the qualitative results of the paper.

3 The sustainable balanced growth rate and
the optimal environmental policy.

In this section we are interested in determining the conditions which make
economic growth compatible with environmental preservation, and in the
Pigouvian taxes which lead the economy to the e¢cient growth path when
the environment only a¤ects consumers’ welfare. The results of this section
will enable us to clarify what e¤ects environmental quality has on the growth
path of the economy through productivity.

3.1 The e¢cient path.

First we calculate the e¢cient growth path which we use later both to evalu-
ate the market equilibrium path and to calculate the Pigouvian taxes which
correct the allocative distortions caused by the external e¤ects associated
with the environment.

When the environment does not a¤ect productivity the parameter ¯ is
equal to zero, and the e¢cient path is found by internalizing the external
e¤ects associated with consumption, which is done by maximizing for C(t)
and E(t) the social welfare function (2) subject to the restrictions (3) and
(5) for a given initial value of capital stock. Eliminating E(t) using pollution
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or environmental quality function (3), the control variables of the optimal
control problem we have just de…ned are C(t) and A(t) and the current
Hamiltonian associated with the problem is8

H (K;¸; C;A; t) =
1

1¡ ¾

"
C1¡¾

µ
A

K

¶´®(1¡¾)
¡ 1

#
+ ¸ [BK ¡ C ¡A] ; (6)

where ¸ is the co-state variable.
The …rst-order conditions establish that

C¡¾
µ
A

K

¶´®(1¡¾)
= ¸; (7)

´®
C1¡¾

K

µ
A

K

¶´®(1¡¾)¡1
= ¸: (8)

On the margin, the marginal utility of consumption must be equal to the
marginal valuation of pollution abatement which is given by the product of
the marginal utility of environmental quality and the marginal e¤ect of the
pollution abatement on environmental quality. The second-order condition
is satis…ed if the utility function, U(C;E(A;K)) = U(C;E;K); is strictly
concave with respect to control variables which implies that the marginal
utility of consumption and pollution abatement are decreasing and, moreover,
that ¾+´®(¾¡1) is positive. This inequality de…nes a lower bound, less than
unity, on the elasticity of marginal utility of consumption, ´®=(1 + ´®) < ¾:

Also, for the co-state variable, we get

_̧ = ¸ (½¡B) + ´®C
1¡¾

K

µ
A

K

¶´®(1¡¾)
: (9)

Thus, equations (5) and (7)-(9), together with the transversality condition
lim
t!1

e¡½t¸K = 0 implicitly describe the e¢cient path for any given initial
capital stock value. The easiest way to characterize the optimal paths is to
look for the sustainable balanced growth paths which we de…ne as a solution
fK;¸;C;Ag to the optimization problem for an initial condition K (0) = K0,
such that the growth rates of K;¸; C;A and the ratios Y=K; C=K and
A=K are constant. We call this sustainable growth because the growth is
compatible with preservation of the environment; that is, with a constant
level of environmental quality. Remember that environmental quality is a
function of the ratio A=K.

8Without loss of generality, the time reference of the variables will be omitted, provided
it is not required for correct interpretation of the expressions.
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Let gC be the growth rate of consumption, _C=C. Then from (7), by
di¤erentiation, we get _̧ =¸ = ¡¾gC, where ¾ is the elasticity of marginal
utility of consumption. In the process of di¤erentiating (7), we treat the
ratio A=K as a constant, , just as we have established above in the de…nition
of sustainable balanced growth. From (9) we get

B = ½+ ¾gC +
´®

¸

C1¡¾

K

µ
A

K

¶´®(1¡¾)
: (10)

Thus, along the path of balanced growth, the marginal product of capital
is equal to its opportunity cost, which in our model includes an additional
term in comparison with the standard growth model which represents the
negative e¤ect that capital stock has on utility through its in‡uence on en-
vironmental quality

¡UEEK = ´®
C1¡¾

K

µ
A

K

¶´®(1¡¾)
: (11)

To have an homogeneous expression this term is divided in (10) by the price
of consumption good de…ned by the marginal utility of consumption, UC = ¸:

Using (8) to eliminate ¸ from the right-hand side of (10) and reordering
terms, we obtain

gC =
1

¾

·
B ¡ ½¡ A

K

¸
(12)

which, interpreting (10), we name the asset market equilibrium condition.
From (7) and (8) we have C = A=´®; and substituting in the dynamic

restriction (5) yields

_K = BK ¡ A

´®
¡A; (13)

adding terms and dividing by K we get

gK = B ¡
Ã
1 + ´®

´®

!
A

K
; (14)

which we name the goods market equilibrium condition. Imposing gC = gK;
the system of equations (12) and (14) allows us to calculate the growth rate
and the level of environmental quality which correspond with the e¢cient
path of sustainable balanced growth of the economy. If we also keep in mind
that gA = gK;given that the level of environmental quality must remain
constant, we conclude that all the variables in our model must grow at the
same rate g.
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Solving the system (12) and (13) we obtain

µ
A

K

¶

P
=

´® [½+B(¾ ¡ 1)]
¾ + ´®(¾ ¡ 1) ; (15)

gP =
B ¡ ½ (1 + ´®)
¾ + ´®(¾ ¡ 1) : (16)

Where ¾+´®(¾¡1) is positive by the strict concavity of the utility function.
Then (A=K)P and gP have strictly positive values if the following conditions
on the parameters are ful…lled9

B ¡ ½
B

< ¾; ® <
B ¡ ½
´½

; (17)

where the terms of the inequalities are positive, provided that B ¡ ½ > 0:
The …rst condition guarantees that the environmental quality is positive and
the second condition that the rate of growth is also positive. These two
conditions impose certain restrictions on the preferences to get a sustainable
balanced growth for the economy. In particular, the elasticity of marginal
utility of consumption cannot be very low and the willingness to pay for
environmental quality cannot be very high. Nevertheless, our results show
that a sustainable balanced growth is compatible with a elasticity of marginal
utility of consumption lower than unity since (B¡½)=B < 1: This also means
that is not necessary to establish any particular assumption on the sign of
the cross-e¤ects on marginal utilities to reach a path of sustainable growth.
Finally, we may add that it is easy to prove that if condition (B¡ ½)=B < ¾
is met, the transversality condition is also ful…lled.

Next, we evaluate the impacts of variations in the parameters on the
quality of the environment and on the growth rate of the economy. Let us
consider …rst the e¤ects of variations in ®

@
³
A
K

´
P

@®
=

´¾ [½+B(¾ ¡ 1)]
(¾ + ®´(¾ ¡ 1))2 > 0; (18)

@gP
@®

= ¡ ´ [½+B(¾ ¡ 1)]
(¾ + ®´(¾ ¡ 1))2 < 0: (19)

The signs of the derivatives establish that an increase in (marginal) willing-
ness to pay for environmental quality (a increase in ®) results in an increase

9P denotes the Pareto e¢cient intertemporal allocation.
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in environmental quality and a decrease in the sustainable balanced growth
rate.

This result leads us to the conclusion that preferences which imply a
higher valuation of the environment are associated with a lower growth rate.
In other words, a higher environmental conservation will only be achieved
at the cost of a reduction in growth. This result is implicit in conditions
(12) and (14), which show an inverse relationship between growth rate and
environmental quality, and de…ne a clear trade-o¤ between these two vari-
ables. Observe that ® determines the ratio C=A and the allocation of output
between the investment and the expenditure in consumption and pollution
abatement. This is very clear if we rewrite condition (13) as

Y = BK = _K +
1 + ´®

´®
A: (20)

Then, for given values of K and A, an increase in ® reduces the expendi-
ture and increases the investment resulting in an increase of the growth rate.
With gC = gK; this change causes a disequilibrium in the asset market since
the opportunity cost of capital increases. In order to reach again the equi-
librium in the asset market, without a¤ecting the equilibrium in the goods
market, the rate of growth must decrease and the environmental quality in-
crease. Notice that the adjustment in the asset market cannot be reached
by a reduction both the growth rate and the environmental quality because
this would cause a disequilibrium in the goods market.

Changes in ´ a¤ect the productivity of pollution abatement, and have
the same e¤ects on the growth rate and the environmental quality that the
ones caused by a variation of ® as long as both parameters determines the
allocation of the output between the investment and the expenditure in con-
sumption and pollution abatement (see (20) again). Finally, we emphasize
the positive e¤ect of an increase in the discount rate on the environmental
quality.

3.2 The equilibrium path

In this …rst part we assume that the environmental quality, which depends
on decisions of the …rms, does not a¤ect productivity, on account of which
the market allocation is seen to be distorted by the presence of unidirectional
external e¤ects, from the production activity to the consumption activity. In
this framework individuals determine the demand for consumption goods,
taking the level of environmental quality as given, and the …rms have no
incentive to spend in pollution abatement, for which reason we expect that
market equilibrium leads to an ecologically unsustainable growth, as occurs,
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for example, in the paper of Ligthart and Ploeg (1994) and Mohtadi (1996).
Hence ecologically sustainable growth will only be possible through public
intervention.

Next we show that the e¢cient intertemporal allocation can be replicated
through a proportional tax on production. Moreover, tax receipts are exactly
su¢cient to …nance the public expenditure required to stabilize the emis-
sions and achieve the level of environmental quality corresponding to the
e¢cient outcome, so that the resulting public intervention is neutral from
the budgetary perspective.

Let us assume that the representative consumer maximizes the utility
function over an in…nite horizon, choosing consumption subject to the usual
intertemporal budgetary restriction and taking the level of environmental
quality as given. From this maximization problem the well-known Keynes-
Ramsey rule is obtained: r = ½ + ¾gC ;where r is the market interest rate.
Let us also assume that a great number of …rms exist which produce a …nal
homogeneous good under conditions of perfect competition. The …rms max-
imize pro…ts, and the …rst-order condition for a maximum establishes that
r = (1¡ ¿)B; where ¿ stands for the rate of taxation on production. These
two conditions allows us to establish the asset market equilibrium condition
for a decentralized economy

gC =
1

¾
[(1¡ ¿ )B ¡ ½] : (21)

If we impose the balanced budget condition, GA = ¿Y = ¿BK, where GA
is the public expenditure allocated to pollution abatement, the goods market
equilibrium condition is written

gK = (1¡ ¿)B ¡ C

K
; (22)

and the economy grows at the rate gM = gC = gK given by (21)10. Observe
that the growth rate and the consumption-capital relationship depend on
the tax rate. To determine the optimum policy we establish that GA = AP ;
and using the balanced budget condition we obtain the optimal tax rate:
¿ ¤ = 1

B
( A
K
)P : Substituting this optimal value in the equilibrium condition for

the assets market we get gM(¿¤) = gP :
Next we show that the optimal tax rate does not only ensure that the

environmental quality and the growth rate corresponding to the equilibrium
path are socially optimal but that the decentralized solution exactly repro-

10gM stands for the sustainable balanced growth rate of market equilibrium.
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duces the e¢cient allocation. If we calculate the initial values, we obtain

GA0 =
´® [½+B(¾ ¡ 1)]
¾ + ´®(¾ ¡ 1) K0; (23)

which is obtained from the balanced budget condition, substituting the op-
timal value for ¿ , and we get

CM0 =
½+B(¾ ¡ 1)
¾ + ´®(¾ ¡ 1)K0; (24)

which is obtained from the goods market equilibrium condition, substituting
the optimal value for ¿ and gP for gK : It can easily be proved that these
initial values correspond with those for the e¢cient solution, so that when
the tax is set to obtain gP = gM and (A=K)P = (A=K)M ; we have that
AP0 = GA0 and CP0 = CM0; and the equilibrium path coincides with the
e¢cient path.

3.3 Regulation of emissions

In this last subsection we address the study of environmental policy based on
emission control. If the government …xes the level of environmental quality,
using this variable as an instrument of environmental policy, we have that
the ratio A=K is exogenously determined,and the …rms support the cost of
pollution abatement. Then the environmental quality function (3) de…nes
a linear dependence between A and K; A = ¹E1=´K; where ¹E is the level
of environmental quality …xed by the regulatory authority. In this case, the
…rm’s pro…ts are given by

¼ = BK ¡ rK ¡ A = BK ¡ rK ¡ ¹E1=´K; (25)

and the …rst order condition for the maximization of pro…ts can be written
as r = B ¡ ¹E1=´, whereas the asset market equilibrium condition is

gC =
1

¾

³
B ¡ ½¡ ¹E1=´

´
; (26)

and the goods market equilibrium condition is

gK = B ¡ ¹E1=´ ¡ C

K
: (27)

If we set the balanced growth condition, which requires a constant capital
stock growth rate, we get that the market equilibrium growth rate is given
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by (26) and the C=K relationship by (27). As was to be expected, we …nd a
negative relationship between the growth rate and the environmental policy
instrument. Thus, any tightening of environmental policy has a negative
e¤ect on the growth rate of the economy, independently of the initial level of
environmental quality.

4 The environment a¤ects productivity

In this section we show that if the environment a¤ects productivity, there
exists a positive relationship between growth rate and environmental qual-
ity, provided that the level of environmental quality is not very high. This
happens because the increment of production due to an improvement in en-
vironmental quality is greater than the increment in resources needed to
reduce the pollution and stabilize the environmental quality. For this reason
a more restrictive environmental policy could have positive e¤ects on both
environmental quality and growth rate.

4.1 The e¢cient path

To calculate the e¢cient solution we eliminate E (t) by substitution, using
the pollution function (3), which yields the Hamiltonian associated with this
problem

H (K;¸; C;A; t) =
1

1¡ ¾

"
C1¡¾

µ
A

K

¶´®(1¡¾)
¡ 1

#

+¸

"
BK

µ
A

K

¶´¯
¡ C ¡A

#
; (28)

and from the …rst-order conditions we obtain

C¡¾
µ
A

K

¶´®(1¡¾)
= ¸; (29)

´®
C1¡¾

K

µ
A

K

¶´®(1¡¾)¡1
+ ¸´¯B

µ
A

K

¶´¯¡1
= ¸: (30)

Again, the valuation of resources on the margin must be the same. However,
when the environment a¤ects productivity, the marginal valuation of pollu-
tion abatement presents an additional term which measures the e¤ect that
pollution abatement has on production through its e¤ect on environmental
quality: fEEA: Thus, condition (30), in terms of the functions of the model,
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may be written as UEEA + ¸fEEA = ¸ or (UEEA=UC) + fEEA = 1; where
1 is the opportunity cost of pollution abatement in terms of consumption.11

This condition requires that fEEA < 1, which implies that

´¯B
µ
A

K

¶´¯¡1
< 1: (31)

The dynamic of the state variable is given by the following di¤erential
equation

_̧ = ½¸+ ´®
C1¡¾

K

µ
A

K

¶´®(1¡¾)
¡ ¸B (1¡ ´¯)

µ
A

K

¶´¯
: (32)

As (29) is equal to (7), from (32) we obtain

B (1¡ ´¯)
µ
A

K

¶´¯
= ½+ ¾gC +

´®

¸

C1¡¾

K

µ
A

K

¶´®(1¡¾)
; (33)

which requires that the net marginal product of capital must be equal to
its opportunity cost along the path of sustainable balanced growth. If we
compare this condition with the one which we obtained in the previous section
(see (10)), we …nd that they di¤er only on the left-hand side. When the
environment a¤ects productivity, a variation in capital has two e¤ects, one
direct and positive for a given level of environmental quality, and the other
indirect and negative as a consequence of the dependence of environmental
quality on the capital stock. So that the net marginal productivity of capital
is the sum of these two e¤ects: fK + fEEK ; which for the functions in our
model gives us the expression that appears on the left-hand side of (33).12

Using (29) to eliminate ¸ from the right-hand side of (33), we get

B (1¡ ´¯)
µ
A

K

¶´¯
= ½+ ¾gc + ´®

C

K
: (34)

Furthermore, eliminating ¸ substituting (29) in (30) yields

C =
A

´®

"
1¡ ´¯B

µ
A

K

¶´¯¡1#
; (35)

which we can use to substitute for C in (34) and obtain the asset market
equilibrium condition

11Given the strict concavity of the environmental quality function and of the production
function, the strict concavity of the utility function, U(C;E(A;K)) = U(C;A;K), with
respect to control variables guarantees the ful…llment of the second-order condition.

12Observe that for the assumptions of the model the net marginal productivity is posi-
tive, since we have established that ´ < 1 and ¯ < 1, see (3) and (4).
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gC =
1

¾

"
B

µ
A

K

¶´¯
¡ ½¡ A

K

#
: (36)

Finally, using the relationship between C and A de…ned by (35) and the
capital stock dynamic restriction, we calculate the goods market equilibrium
condition

gK =
®+ ¯

®
B

µ
A

K

¶´¯
¡ 1 + ´®

´®

A

K
: (37)

For gC = gK , the system of equations (36) and (37) is de…ned for the
growth rate and the level of environmental quality corresponding to the e¢-
cient path and the solution for the level of environmental quality is given by
the following equation

¡®(¾ ¡ 1) + ¾¯
®

B
µ
A

K

¶´¯

P
+
¾ + ´®(¾ ¡ 1)

´®

µ
A

K

¶

P
¡ ½ = 0; (38)

which has an unique solution if the second-order condition for the maximiza-
tion of the Hamiltonian is satis…ed.

However, the fact that (A=K)P is positive does not guarantee that the
growth rate is positive, since (38) only implies that the growth rates are equal.
If we study functions (36) and (37) to determine whether the intersection
point is associated to a positive growth rate, we …nd two concave functions
which present a unique maximum for the following values

µ
A

K

¶¤

C
= [´¯B]

1
1¡´¯ ;

µ
A

K

¶¤

K
=

2
4´¯B

®+ ¯

®+ 1
´

3
5

1
1¡´¯

; (39)

which, keeping in mind that ¯ < 1=´; yields (A=K)¤K < (A=K)¤C . Then,
if the productivity parameter, B, is enough large, the maximum for both
functions gives a positive value and the intersection point de…nes a positive
value for the growth rate. Notice that for a given value of A=K, functions
(36) and (37) are increasing with respect to B:

Furthermore, we can establish that g
0
C (A=K) is negative at the intersec-

tion point: The derivative of this function is

g0C

µ
A

K

¶
=
1

¾

"
´¯B

µ
A

K

¶´¯¡1
¡ 1

#
; (40)

which is negative if condition (31) is ful…lled. We can also conclude that
g0C (A=K) > g

0
K (A=K) for (A=K)P . Let us assume that g0C (A=K) · g0K (A=K)

then it is obtained
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¾ + ´®(¾ ¡ 1)
´

· (®(¾ ¡ 1) + ¾¯) ´¯B
µ
A

K

¶´¯¡1

P
: (41)

On the other hand, we can rewrite (38) as

1

®

µ
A

K

¶

P

"
¡ (®(¾ ¡ 1) + ¾¯)B

µ
A

K

¶´¯¡1

P
+
¾ + ´®(¾ ¡ 1)

´

#
= ½ > 0;

which implies that

¾ + ´®(¾ ¡ 1)
´

> (®(¾ ¡ 1) + ¾¯)B
µ
A

K

¶´¯¡1

P
:

Then given that ´¯ < 1, we obtain that

¾ + ´®(¾ ¡ 1)
´

> (®(¾ ¡ 1) + ¾¯) ´¯B
µ
A

K

¶´¯¡1

P
: (42)

But this inequality de…nes a contradiction with respect to (41), so that we
have to conclude that g0C (A=K) > g

0
K (A=K) for (A=K)P .

Thus we obtain the following graphical representation of the solution to
the problem

[ FIGURE 1]

Next we evaluate the e¤ects of a variation of the willingness to pay for
environmental quality on environmental quality and the growth rate of the
economy. We will use expression (38) to study the e¤ect on environmental
quality. Di¤erentiating the left-hand side of equation (38), we obtain

"
¾ + ´®(¾ ¡ 1)

´
¡ (®(¾ ¡ 1) + ¾¯) ´¯B

µ
A

K

¶´¯¡1

P

#
d

µ
A

K

¶

P
(43)

=

"
½¡ (¾ ¡ 1)

µ
A

K

¶

P
+ (¾ ¡ 1)B

µ
A

K

¶´¯

P

#
d®:

The sign of the parenthesis of the left-hand side is positive given (42). To
know the sign of the parenthesis of the right-hand side, we use again (38)
which we rewrite as

½¡(¾¡1)
µ
A

K

¶

P
+(¾¡1)B

µ
A

K

¶´¯

P
=
¾

®

µ
A

K

¶

P

"
1

´
¡ ¯B

µ
A

K

¶´¯¡1

P

#
; (44)

where the sign of the parenthesis of the right-hand side is positive as long
as condition (31) must be satis…ed for the optimal solution. The result is
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that @(A=K)P=@® > 0: The e¤ect on growth rate is given by @gP=@® =
@gP=@(A=K)P@(A=K)P=@®; which is negative because @gP=@(A=K)P is neg-
ative at the intersection point of the functions gC and gK (see Figure 1).
Hence, we have the same qualitative results as in Section 3, which con…rms
the long-term con‡ict existing between the preservation of nature and eco-
nomic growth, given that we again …nd that a change in preferences in favor
of the environment (an increase in ®) has a negative e¤ect on the growth
rate, even though the positive in‡uence of the environment on productivity
is taken into account in the model.

4.2 The equilibrium path

When the environment also a¤ects productivity, we …nd that, because of its
nature as a public good, external e¤ects on both consumption and produc-
tion are present, as a result of which …rms’ decisions a¤ect both consumer
welfare and other …rms’ pro…ts. In order to take these external e¤ects on
production into account we distinguish between an internal e¤ect and an
external e¤ect. We represent the external e¤ect, which the …rms consider to
be exogenously determined by Ee, and the internal e¤ect, which depends on
the …rm’s decisions by E:13 In this case the …rm’s pro…ts are given by

¼ = B
µ
A

K

¶´~̄ µ
A

K

¶´(¯¡~̄)

e
K ¡ A¡ rK;

where E = (A=K)´; Ee = (A=K)´e and ~̄ < ¯:The …rst-order conditions for
the maximization of pro…ts are

B(1¡ ´ ~̄)
µ
A

K

¶´ ~̄ µ
A

K

¶´(¯¡~̄)

e
= r; (45)

´ ~̄B
µ
A

K

¶´ ~̄¡1 µ
A

K

¶´(¯¡~̄)

e
= 1: (46)

The …rst condition establishes that the …rm uses capital until its net marginal
productivity equals the interest rate, and the second that the …rm spends in
pollution abatement until its marginal productivity is equal to its opportunity
cost.

The market is in equilibrium when the value of E which maximizes pro…ts
coincides with the value that the …rm consider to be exogenously determined,

13This approach was used by Lucas (1998) to analyze the external e¤ects of human
capital on the technology of the economy. Here, we adapt this approach to represent the
external e¤ects of environmental quality.
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Ee, such that the expected and the present behaviour of this variable are the
same. Setting this condition, E = Ee; the previous conditions become

B(1¡ ´ ~̄)
µ
A

K

¶´¯
= r; (47)

´ ~̄B
µ
A

K

¶´¯¡1
= 1: (48)

Taking the Keynes-Ramsey rule into account, we now obtain from (47) the
equilibrium condition in the asset market

B(1¡ ´ ~̄)
µ
A

K

¶´¯
= ½+ ¾gC ; (49)

which gives us the following expression for the growth rate of consumption

gC =
1

¾

"
B(1¡ ´ ~̄)

µ
A

K

¶´¯
¡ ½

#
: (50)

Furthermore, the goods market equilibrium condition can be expressed as

gK = B
µ
A

K

¶´¯
¡ C

K
¡ A

K
; (51)

and if we set gM = gK = gC ; the market equilibrium path is determined by
conditions (48), (50) and (51). Speci…cally, (48) de…nes the level of envi-
ronmental quality, (50) the balanced growth rate and (51) the consumption-
capital ratio. Thus for the decentralized solution, the level of environmental
quality can be obtained in explicit form

µ
A

K

¶

M
=

h
´ ~̄B

i 1
1¡´¯ ; (52)

and hence the values of growth rate and the consumption-capital ratio.
If we continue by comparing the two growth paths, we obtain that the

comparison between the levels of environmental quality is immediate. Ob-
serve that the e¢cient level is higher than the level (A=K)¤C de…ned by ex-
pression (39), see Figure 1, and that this expression is higher than the en-
vironmental quality level associated with the equilibrium path (52), so that
we get µ

A

K

¶

M
<

µ
A

K

¶¤

C
<

µ
A

K

¶

P
: (53)

This di¤erence is explained by the external e¤ects of environmental quality.
To evaluate the allocative distortion which these external e¤ects generate, we
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rewrite the optimality condition (30), which characterizes the e¢cient path,
as follows

´®

¸

C1¡¾

K

µ
A

K

¶´®(1¡¾)¡1
+ ´(¯ ¡ ~̄)B

µ
A

K

¶´¯¡1
+ ´ ~̄B

µ
A

K

¶´¯¡1
= 1;

or in terms of the functions of the model

UE
UC
EA + f

e
EE

e
A + f

i
EE

i
A = 1; (54)

where f eEE
e
A is the increase in production (external e¤ect) caused by a mar-

ginal increment of pollution abatement and f iEE
i
A is the increase of own

production (internal e¤ect), and we compare this expression with (48). The
result is that, when the …rms decide on pollution abatement, they do not
take into account the positive external e¤ects of their decisions on consumer
welfare and on the productivity of other …rms. The positive external ef-
fect on consumer welfare is represented by the …rst term on the left-hand
side,UEEA=UC ;and is given by the increment in utility due to the increment
in environmental quality resulting from the marginal increase in pollution
abatement. The positive external e¤ect on productivity is represented by
the second term on the left-hand side, f eEE

e
A;and measures the increment in

the productivity of capital owing to the increment in environmental quality
caused by the marginal increase in pollution abatement. Thus, the positive
e¤ect of A is undervalued in the decentralized solution, as a result of which
less resources are allocated to pollution abatement in comparison with the
Pareto e¢cient allocation.

If we now rewrite condition (33) , we can compare it with (49) and …nd
out what the bias existing in the accumulation of capital is

B(1¡ ´ ~̄)
µ
A

K

¶´¯
¡ ´(¯ ¡ ~̄)B

µ
A

K

¶´¯
= r +

´®

¸

C1¡¾

K

µ
A

K

¶´®(1¡¾)
; (55)

or in terms of the functions of the model

fK + f
i
EE

i
K + f

e
EE

e
K = r ¡ UE

UC
EK; (56)

where fK+f iEE
i
K is the increase of own production (internal e¤ect) caused by

a marginal increment of capital stock whereas f eEE
e
K represents the external

e¤ect on productivity. Moreover, UEEK=UC is the negative external e¤ect
on consumer welfare due to the decrease in environmental quality resulting
from the marginal increase in capital stock. For this reason the negative
e¤ect of K is undervalued in the decentralized solution and the …rms keep
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their capital stock above the e¢cient level in each moment of time. This
explains why the level of environmental quality is lower for the equilibrium
path.

To compare the growth rates of both solutions, we proceed to deter-
mine the relative position of the functions gC (A=K) ; which are given by
expressions (36) and (50). To clarify our notation, we represent the func-
tion corresponding to the e¢cient solution by gPC and that corresponding to
the market solution by gMC : If we subtract one function from the other, we
obtain

gPC ¡ gMC = ¡ 1
¾

"
A

K

Ã
1¡ ´ ~̄B

µ
A

K

¶´¯¡1!#
: (57)

This di¤erence is zero for A=K = 0 and (A=K)M ; since for the environmental
quality level corresponding to the equilibrium path, condition (48) is satis…ed,
so that the di¤erence is positive for values of A=K lower than (A=K)M and
negative for values greater than (A=K)M : Given these relationships we obtain
the following graphical representation

[ FIGURE 2]

In the graph, the equilibrium growth rate is higher than the e¢cient
growth rate. However, we cannot rule out a di¤erent relationship between
these two growth rates, because the results only establish that the intersection
point between the two functions must be on the increasing section of the
function gPC ; which does not exclude that the equilibrium growth rate may
be lower than the e¢cient rate. This will depend on the magnitude of the
external e¤ects on production. In the model the magnitude of the external
e¤ects on production is represented by ~̄: If the value of this parameter is
close to ¯ the magnitude of the external e¤ects on production is low and the
environmental quality level of the equilibrium path is not far from (A=K)¤C ;
so that we can expect that the market growth rate is above the e¢cient level.
However, if the external e¤ects are important, ~̄ is close to zero, and both the
environmental quality level and the growth rate are lower than the e¢cient
levels.

4.3 Pigouvian taxes-subsidies

The previous analysis of the equilibrium and e¢cient paths allows us now to
address the design of the environmental policy which lets the economy reach
the e¢cient path as a market equilibrium. Thus, this subsection deals with
illustrating how Pigouvian taxes can be used to promote e¢ciency, which
moreover in this case means promoting environmental conservation.
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Let us consider the following taxation scenario on …rms: a proportional
tax on production (¿Y ) combined with a proportional subsidy on pollution
abatement (¿A): In this case the …rm’s pro…ts are given by

¼ = (1¡ ¿Y )B
µ
A

K

¶´ ~̄ µ
A

K

¶´(¯¡~̄)

e
K ¡ (1¡ ¿A)A¡ rK ¡ ¹T ; (58)

where ¹T is a lump-sum tax or subsidy, which is exogenously determined by
the government, equal to the budgetary balance resulting from the taxation
scenario which we have just de…ned: ¹T = ¿Y Y ¡ ¿AA: In this case, the …rst
order conditions for the maximization of pro…ts (47) and (48) can be written
as

(1¡ ¿Y )B(1¡ ´ ~̄)
µ
A

K

¶´¯
= r; (59)

(1¡ ¿Y )´ ~̄B
µ
A

K

¶´¯¡1
= 1¡ ¿A; (60)

and the asset market equilibrium condition is

gM(¿Y ) =
1

¾

"
(1¡ ¿Y )B(1¡ ´ ~̄)

µ
A

K

¶´¯
¡ ½

#
: (61)

Using the e¢cient values for g and A=K, the conditions (60) and (61) allow
us to calculate the optimal values for ¿Y and ¿A: We can rewrite condition
(61), making gM(¿¤Y ) = gP ; (A=K) = (A=K)P and changing the order of the
terms,

gP =
1

¾

"
B

µ
A

K

¶´¯

P
¡ ½

#
¡ 1

¾

"
¿¤YB

µ
A

K

¶´¯

P
+ (1¡ ¿ ¤Y )´ ~̄B

µ
A

K

¶´¯

P

#
:

Substituting (36) for gP and dividing by (A=K)P yields

1 = ¿¤YB
µ
A

K

¶´¯¡1

P
+ (1¡ ¿¤Y )´ ~̄B

µ
A

K

¶´¯¡1

P
:

As the second term on the right-hand side is equal to 1 ¡ ¿¤A according to
(60), we obtain the following relationship between the optimal values

¿¤A = ¿
¤
YB

µ
A

K

¶´¯¡1

P
: (62)

This relationship allows us to conclude that the proposed taxation scenario
is self-…nancing ( ¹T = 0): Multiplying the previous equality by AP ; we get

¿¤AAP = ¿
¤
YB

µ
A

K

¶´¯

P
KP = ¿

¤
Y YP :
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Finally, we eliminate ¿ ¤A from (60) using (62), and we solve to obtain the
optimal value for the tax rate

¿ ¤Y =
1

1¡ ´ ~̄

"
1

B

µ
A

K

¶1¡´¯

P
¡ ´ ~̄

#
: (63)

This value is positive because ´ ~̄ < 1 and the di¤erence within the bracket
is positive. Remember that ´¯B(A=K)´¯¡1P < 1; see (31) in Subsection 4.1,

which implies that ´¯ < 1
B

³
A
K

´1¡´¯
P

and as ~̄ < ¯; the result is that the
di¤erence within the bracket in (63) is positive. Now, substituting (63) in
(62), we get the optimal value for the subsidy rate

¿ ¤A =
1

1¡ ´ ~̄

"
1¡ ´ ~̄B

µ
A

K

¶´¯¡1

P

#
: (64)

Observe that the system of equations to calculate the rates is completed
with equation (38), which de…nes implicitly the environmental quality level
corresponding to the e¢cient path.

Conditions (59) and (60) can be also written as

(1¡ ¿Y )(fK + f iEEiK) = r; (65)

(1¡ ¿Y )f iEEiA = 1¡ ¿A; (66)

so that if we compare them with the optimality conditions of e¢cient solution
(54) and (56) we obtain the following expressions for the optimal values of
the tax and subsidy rates

¿¤Y (fK + f
i
EE

i
K) = ¡

µ
feEE

e
K +

UEEK
UC

¶
; (67)

¿ ¤A = feEE
e
A + ¿

¤
Y f

i
EE

i
A +

UEEA
UC

: (68)

Thus, we can check that the proportional tax on output reduces the net
productivity of capital for an amount equal to the negative external e¤ects
of capital on production and consumers’ welfare, whereas the proportional
subsidy on pollution abatement is equal to the positive external e¤ects of
pollution abatement plus an additional term that compensates to the …rm
of the reduction of pollution abatement productivity caused by the tax on
output.

Finally, it is easy to show from (63) and (64) that an increase of the
marginal willingness to pay for environmental quality requires a higher tax
and subsidy because of the external e¤ects on consumers’ welfare increase
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with the marginal willingness to pay. However, an increase of the external
e¤ects on production, a decrease of ~̄; has an ambiguous e¤ect on taxation.
The reason of this ambiguity is that the internal net productivity of the
capital, in the left-hand side of (67), also increases with ~̄; see the …rst term
of the left-hand side of (55), since the negative e¤ect of capital on its own
productivity, through its negative e¤ect on environmental quality, decreases.
Notice that we assume that the parameter ¯; which determines the total
productivity of environmental quality, see (4), does not change.

4.4 Regulation of emissions

Finally, we study what the e¤ects of an environmental policy based on direct
control of pollution are. As occurred in Subsection 3.3, this kind of policy
establishes a linear relationship between A and K, A = ¹E1=´K; so that the
…rm’s pro…ts are given by

¼ = BK ¹E¯ ¡ rK ¡ A = BK ¹E¯ ¡ rK ¡ ¹E1=´K; (69)

and the …rst order condition for the maximization of pro…ts can be written as
r = B ¹E¯ ¡ ¹E1=´: In this case, the equilibrium condition in the asset market
de…nes the balanced growth rate of the economy

gM( ¹E) =
1

¾

³
BE

¯ ¡ ½¡ ¹E
1
´

´
: (70)

As this is a concave function with respect to the instrument of environmen-
tal policy, for a enough high value of B the function has a unique maximum
associated with a positive growth rate, so that between the critical values
for which gM

³
E

´
= 0, the relationship between E and gM is positive if E is

lower than the maximum and negative when E is higher. Based on this rela-
tionship we …nd that a tighter environmental policy, starting from low levels
of pollution control, has bene…cial e¤ects not only on environmental quality
but also on growth rate. Thus, for low levels of pollution control, there is
no con‡ict between growth and environment, so that a higher environmental
preservation is compatible with a higher economic growth. Furthermore, if
the initial level of environmental quality is very low and E is increased and
…xed at the e¢cient level, there can be a positive e¤ect on growth rate, al-
though the e¢cient combination [(A=K)P ; gP ] is located on the decreasing
section of the function gM

³
E

´
: However, if the initial level of environmen-

tal quality is high but lower than the e¢cient one, an increase in pollution
control could have negative e¤ects on the growth rate. This result also es-
tablishes that very low levels of environmental quality can bring the very
process of economic growth into question.
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5 Conclusions

In this paper we have developed a model of endogenous growth a la Re-
belo in which environmental quality, which depends positively on pollution
abatement and negatively on capital stock, has positive e¤ects on the utility
of consumers and on the productivity of capital. We have analyzed in the
framework of this model the e¤ect of di¤erent environmental policies on the
growth of the economy.

Our results establish that greater concern of individuals for the environ-
ment reduces the long-term growth rate. This is so because, for the optimal
values, the marginal e¤ect of environmental quality on the productivity of
capital is lower than the marginal e¤ect of environmental quality on the op-
portunity cost of capital, so that an increase of environmental quality has a
negative e¤ect on the growth rate since the marginal cost of capital increases
more than its marginal productivity. For this reason the growth rate must
decrease in order to recover the equilibrium in the asset market when the
willingness to pay for the environmental quality increases..

Furthermore, we show that the level of environmental quality associated
with the market equilibrium path is below the e¢cient level, while the growth
rate may be higher or lower depending on the extent of the external environ-
mental e¤ects on productivity. In this case, a policy which taxes production
and subsidizes pollution abatement would have a favorable e¤ect on envi-
ronmental quality, and could increase the growth rate of the economy if the
external e¤ects are important. In addition, we prove that this policy is neu-
tral since it does not a¤ect the budgetary balance of the government because
tax receipts are equal to expenditures, for this reason it could be implemented
without having to resort to lump-sum taxes/subsidies. Finally, we show that
a policy based on emissions control has a positive e¤ect on growth rate only
if the initial level of environmental quality is su¢ciently low, since this is
the only case where the positive e¤ect on productivity compensates for the
negative e¤ect on the accumulation of capital which results from the use of
resources for pollution abatement.
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