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Djhqgd Frqwuro lq Frdolwlrq Irupdwlrq�

Iudqflv Eorfk| dqg Vwìskdqh Urwwlhu}

Iheuxdu| ;/ 5333

Devwudfw

Wkhruhwlfdo prghov ri jryhuqphqw irupdwlrq lq srolwlfdo vflhqfh

xvxdoo| dvvxph wkdw wkh khdg ri vwdwh lv qrq0vwudwhjlf1 Lq wklv sdshu/

zh dqdo|}h wkh srzhu ri dq djhqgd vhwwhu zkr fkrrvhv wkh rughu lq

zklfk sod|huv duh uhfrjql}hg wr irup frdolwlrqv lq vlpsoh jdphv1 Zh

fkdudfwhul}h wkrvh vhwv ri sod|huv zklfk fdq eh lpsrvhg lq wkh htxl0

oleulxp frdolwlrq dqg vkrz wkdw wkh rqo| ghflvlyh vwuxfwxuhv zkhuh wkh

djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri dq| plqlpdo zlqqlqj frdol0

wlrq duh dsh{ jdphv/ zkhuh d odujh sod|hu irupv d zlqqlqj frdolwlrq

zlwk dq| ri wkh vpdoo sod|huv1

MHO Fodvvl�fdwlrq qxpehuv= F:5/ G:5

Nh|zrugv= frdolwlrq irupdwlrq/ djhqgd frqwuro/ jryhuqphqw iru0

pdwlrq

�Zh wkdqn +zlwkrxw lpsolfdwlqj, Plfkho Oh Euhwrq iru klv frpphqwv dqg Iudqfhvfr gh

Vlqrsrol iru klv fduhixo uhdglqj ri wkh sdshu1 Zh duh dovr judwhixo wr vhplqdu sduwlflsdqwv lq

JUHTDP/ Jkhqw/ FhqwHU/ GHOWD dqg Fhuj|0Srqwrlvh iru khosixo frpphqwv1 Ilqdqfldo

vxssruw iurp wkh Frppxqdxwì Iudqêdlvh gh Ehojltxh +surjudpph g*Dfwlrqv gh Uhfkhufkhv

Frqfhuwìhv 4<<<237�568, lv judwhixoo| dfnqrzohgjhg
|LUHV/ Ghsduwphqw ri Hfrqrplfv/ dqg FRUH/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ Eho0

jlxp1
}LUHV/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwì fdwkroltxh gh Orxydlq/ Ehojlxp1
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4 Qrqwhfkqlfdo Devwudfw

Fdq d khdg ri vwdwh fkrrvh wkh frpsrvlwlrq ri d fdelqhw e| vhohfwlqj wkh rughu

lq zklfk sduw| ohdghuv dwwhpsw wr irup wkh jryhuqphqwB Fdq wkh fkdlupdq ri

d erdug ghflgh rq wkh frpsrvlwlrq ri dq h{hfxwlyh frpplwwhh e| fkrrvlqj wkh

rughu lq zklfk erdug phpehuv vshdnB Lq rughu wr dqvzhu wkrvh txhvwlrqv/ zh

ghyhors d irupdo prgho ri djhqgd frqwuro lq wkh irupdwlrq ri frdolwlrqv1 Lq

sduwlfxodu/ zh uhodwh wkh srzhu ri wkh djhqgd vhwwhu wr wkh xqghuo|lqj ghflvlyh

vwuxfwxuh dprqj sod|huv1 Lv lw hdvlhu iru d khdg ri vwdwh wr pdqlsxodwh wkh

rxwfrph ri frdolwlrqdo edujdlqlqj zkhq doo sduwlhv kdyh htxdo vl}h/ ru zkhq

sduwlhv duh dv|pphwulfB Duh vpdoo ru odujh sduwlhv pruh olnho| wr eh lpsrvhg

lq wkh fdelqhwB Krz vkrxog wkh khdg ri vwdwh ghvljq wkh rughu ri pryhv lq

uhodwlrq wr wkh sduwlhv* zhljkwvB Zh surylgh dq dqvzhu wr wkhvh txhvwlrqv lq

wkh jhqhudo frqwh{w ri frrshudwlyh vlpsoh jdphv/ zkhuh frdolwlrqv ri sod|huv

duh glylghg ehwzhhq orvlqj dqg zlqqlqj frdolwlrqv1

Pruh vshfl�fdoo|/ zh vxssrvh wkdw wkh djhqgd vhwwhu vhohfwv dq rughulqj

ri wkh sod|huv/ dqg wkdw edujdlqlqj rffxuv dffruglqj wr wkh iroorzlqj vlpsoh

vhtxhqwldo surfhgxuh1 Zkhq d sod|hu lv uhfrjql}hg wr pdnh d sursrvdo/ vkh

r�huv wr irup d frdolwlrq zlwk rwkhu sod|huv1 Li doo frdolwlrq phpehuv djuhh/

wkh frdolwlrq lv iruphg dqg wkh jdph hqgv1 Li dw ohdvw rqh ri wkh sod|huv

uhmhfwv wkh r�hu/ wkh qh{w sod|hu lq wkh vhtxhqfh lv uhfrjql}hg wr pdnh dq

r�hu1 Li dw wkh hqg ri wkh vhtxhqfh/ qr frdolwlrq kdv ehhq iruphg/ doo sod|huv

rewdlq wkhlu �{hg vwdwxv txr rxwfrph1

Rxu pdlq uhvxow vkrzv wkdw wkh rqo| vwuxfwxuh lq zklfk wkh djhqgd vhwwhu

fdq ixoo| pdqlsxodwh wkh rxwfrph ri frdolwlrqdo edujdlqlqj lv wkh dsh{ vwuxf0

wxuh/ zlwk rqh odujh sod|hu dqg ? � � vpdoo sod|huv/ zkhuh wkh odujh sod|hu

rqo| qhhgv rqh ri wkh vpdoo sod|huv wr irup d zlqqlqj frdolwlrq1 Lq doo rwkhu

vwuxfwxuhv/ wkh srzhu ri wkh djhqgd vhwwhu lv olplwhg= kh pd| eh deoh wr irufh

wkh suhvhqfh ri vrph ri wkh sod|huv lq wkh frdolwlrq iruphg/ exw fdqqrw pd0
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qlsxodwh wkh rughu wr jxdudqwhh wkdw dq| srvvleoh plqlpdo zlqqlqj frdolwlrq

lv iruphg1 Li doo sod|huv duh v|pphwulf/ wkh djhqgd vhwwhu*v srzhu lv hyhq

pruh olplwhg= kh fdq rqo| fkrrvh rqh sod|hu wr eh lqfoxghg lq wkh frdolwlrq/

dqg rqh sod|hu wr eh h{foxghg iurp wkh frdolwlrq1

Ixuwkhupruh/ iru dq| vlpsoh jdph/ zh frpsohwho| fkdudfwhul}h wkh vhwv ri

sod|huv zkr fdq eh lqfoxghg lq wkh frdolwlrq iruphg e| wkh djhqgd vhwwhu1 Zh

dovr vkrz wkdw zkhq sod|huv fdq eh rughuhg e| ghvludelolw|/ dv lq sduoldphqwv/

zkhuh sduwlhv duh pruh ghvludeoh li wkh| kdyh pruh vhdwv/ wkh djhqgd vhwwhu

vkrxog fkrrvh wkh ohdvw ghvludeoh frdolwlrq phpehu wr eh wkh �uvw pryhu/ dqg

wkh prvw ghvludeoh phpehu rxwvlgh wkh frdolwlrq wr eh wkh vhfrqg pryhu1 Lq

wkh frqwh{w ri fdelqhw irupdwlrq/ wklv lpsolhv wkdw wkh khdg ri vwdwh vkrxog

uhfrjql}h �uvw wkh vpdoohvw sduw| kh zdqwv wr lqfoxgh lq wkh frdolwlrq/ dqg ohw

wkh odujhvw sduw| kh zdqwv wr h{foxgh eh wkh vhfrqg pryhu1

Rxu sdshu wkxv frqwulexwhv wr wzr vwudqgv ri wkh olwhudwxuh1 Iluvw/ lw h{0

whqgv wkh irupdo prghov ri jryhuqphqw irupdwlrq lq srolwlfdo vflhqfh/ zkhuh

wkh uroh ri wkh khdg ri vwdwh lv xvxdoo| ohiw xqprghohg1 Vhfrqg/ lw surylghv d

ehwwhu xqghuvwdqglqj ri wkh jdph wkhruhwlf prghov ri frdolwlrq irupdwlrq/ e|

fohduo| rxwolqlqj wkh uhodwlrq ehwzhhq wkh rughu lq zklfk r�huv duh pdgh dqg

wkh frdolwlrq iruphg1 Zh eholhyh wkdw rxu prgho dovr surylghv lqwhuhvwlqj

uhvxowv wr xqghuvwdqg wkh vwudwhjlf uroh ri wkh khdg ri vwdwh lq wkh irupd0

wlrq ri d fdelqhw1 Lw fohdou| lqglfdwhv zklfk sduwlhv fdq eh lpsrvhg lq wkh

jryhuqphqw/ dqg lqglfdwhv wkdw/ lq rughu wr pdlqsxodwh wkh irupdwlrq ri wkh

fdelqwh/ wkh khdg ri vwdwh vkrxog ohdyh wkh lqlwldwlyh wr irup wkh jryhuqphqw

wr d vpdoo sduw|/ dqg dvn d odujh sduw| wr eh fdoohg vhfrqg1
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5 Lqwurgxfwlrq

Fdq d khdg ri vwdwh fkrrvh wkh frpsrvlwlrq ri d fdelqhw e| vhohfwlqj wkh rughu

lq zklfk sduw| ohdghuv dwwhpsw wr irup wkh jryhuqphqwB Fdq wkh fkdlupdq ri

d erdug ghflgh rq wkh frpsrvlwlrq ri dq h{hfxwlyh frpplwwhh e| fkrrvlqj wkh

rughu lq zklfk erdug phpehuv vshdnB Lw lv jhqhudoo| eholhyhg wkdw wkh dqvzhu

wr wkhvh txhvwlrqv lv dw ohdvw sduwldoo| srvlwlyh= xqghu vrph flufxpvwdqfhv/

wkh khdg ri vwdwh ru wkh fkdlupdq ri wkh erdug fdq xvh wkhlu djhqgd vhwwlqj

srzhu wr lq xhqfh wkh frdolwlrqv iruphg dv wkh rxwfrph ri edujdlqlqj ehwzhhq

sduwlhv ru erdug phpehuv1 Lq wkh srolwlfdo uhdop/ wkh khdg ri vwdwh*v delolw|

wr lq xhqfh wkh irupdwlrq ri jryhuqphqw frdolwlrqv ydulhv iurp frxqwu| wr

frxqwu|1 Zkloh yhu| ihz frqvwlwxwlrqv kdyh vshfl�f surylvlrqv rq wkh rughu lq

zklfk sduw| ohdghuv duh uhfrjql}hg wr irup jryhuqphqwv/ lq vrph frxqwulhv/

wkh srzhu ri wkh khdg ri vwdwh lv olplwhg e| frqyhqwlrqv/ zklfk glfwdwh wkdw

wkh odujhvw sduw| vkrxog eh dvnhg wr irup wkh jryhuqphqw �uvw1 Lq rwkhu

frxqwulhv/ olnh Ilqodqg ru Lwdo|/ wkh Suhvlghqw ri wkh Uhsxeolf kdv xvhg klv

srzhu wr fkrrvh wkh rughu lq zklfk sduwlhv dwwhpsw wr irup wkh jryhuqphqw

+Vwurp/ Exgjh dqg Odyhu/ 4<<7,1

Lq wklv sdshu/ zh ghyhors d irupdo prgho ri djhqgd frqwuro wr dqdo|}h

wkh srzhu ri wkh khdg ri vwdwh ru wkh fkdlupdq ri wkh erdug lq lq xhqflqj

wkh frdolwlrqv iruphg1 Lq sduwlfxodu/ zh uhodwh wkh srzhu ri wkh djhqgd vhwwhu

wr wkh xqghuo|lqj ghflvlyh vwuxfwxuh dprqj sod|huv1 Lv lw hdvlhu iru d khdg ri

vwdwh wr pdqlsxodwh wkh rxwfrph ri frdolwlrqdo edujdlqlqj zkhq doo sduwlhv

kdyh htxdo vl}h/ ru zkhq sduwlhv duh dv|pphwulfB Duh vpdoo ru odujh sduwlhv

pruh olnho| wr eh lpsrvhg lq wkh fdelqhwB Krz vkrxog wkh khdg ri vwdwh

ghvljq wkh rughu ri pryhv lq uhodwlrq wr wkh sduwlhv* zhljkwvB Zh surylgh dq

dqvzhu wr wkhvh txhvwlrqv lq wkh jhqhudo frqwh{w ri frrshudwlyh vlpsoh jdphv/

zkhuh frdolwlrqv ri sod|huv duh glylghg ehwzhhq orvlqj dqg zlqqlqj frdolwlrqv1

Pruh vshfl�fdoo|/ zh vxssrvh wkdw wkh djhqgd vhwwhu vhohfwv dq rughulqj
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ri wkh sod|huv/ dqg wkdw edujdlqlqj rffxuv dffruglqj wr wkh iroorzlqj vlpsoh

vhtxhqwldo surfhgxuh1 Zkhq d sod|hu lv uhfrjql}hg wr pdnh d sursrvdo/ vkh

r�huv wr irup d frdolwlrq zlwk rwkhu sod|huv1 Li doo frdolwlrq phpehuv djuhh/

wkh frdolwlrq lv iruphg dqg wkh jdph hqgv1 Li dw ohdvw rqh ri wkh sod|huv

uhmhfwv wkh r�hu/ wkh qh{w sod|hu lq wkh vhtxhqfh lv uhfrjql}hg wr pdnh dq

r�hu1 Li dw wkh hqg ri wkh vhtxhqfh/ qr frdolwlrq kdv ehhq iruphg/ doo sod|huv

rewdlq wkhlu �{hg vwdwxv txr rxwfrph1

Rxu pdlq uhvxow vkrzv wkdw wkh rqo| vwuxfwxuh lq zklfk wkh djhqgd vhwwhu

fdq ixoo| pdqlsxodwh wkh rxwfrph ri frdolwlrqdo edujdlqlqj lv wkh dsh{ vwuxf0

wxuh/ zlwk rqh odujh sod|hu dqg ? � � vpdoo sod|huv/ zkhuh wkh odujh sod|hu

rqo| qhhgv rqh ri wkh vpdoo sod|huv wr irup d zlqqlqj frdolwlrq1 Lq doo rwkhu

vwuxfwxuhv/ wkh srzhu ri wkh djhqgd vhwwhu lv olplwhg= kh pd| eh deoh wr irufh

wkh suhvhqfh ri vrph ri wkh sod|huv lq wkh frdolwlrq iruphg/ exw fdqqrw pd0

qlsxodwh wkh rughu wr jxdudqwhh wkdw dq| srvvleoh plqlpdo zlqqlqj frdolwlrq

lv iruphg1 Li doo sod|huv duh v|pphwulf/ wkh djhqgd vhwwhu*v srzhu lv hyhq

pruh olplwhg= kh fdq rqo| fkrrvh rqh sod|hu wr eh lqfoxghg lq wkh frdolwlrq/

dqg rqh sod|hu wr eh h{foxghg iurp wkh frdolwlrq1

Ixuwkhupruh/ iru dq| vlpsoh jdph/ zh frpsohwho| fkdudfwhul}h wkh vhwv ri

sod|huv zkr fdq eh lqfoxghg lq wkh frdolwlrq iruphg e| wkh djhqgd vhwwhu1 Zh

dovr vkrz wkdw zkhq sod|huv fdq eh rughuhg e| ghvludelolw|/ dv lq sduoldphqwv/

zkhuh sduwlhv duh pruh ghvludeoh li wkh| kdyh pruh vhdwv/ wkh djhqgd vhwwhu

vkrxog fkrrvh wkh ohdvw ghvludeoh frdolwlrq phpehu wr eh wkh �uvw pryhu/ dqg

wkh prvw ghvludeoh phpehu rxwvlgh wkh frdolwlrq wr eh wkh vhfrqg pryhu1 Lq

wkh frqwh{w ri fdelqhw irupdwlrq/ wklv lpsolhv wkdw wkh khdg ri vwdwh vkrxog

uhfrjql}h �uvw wkh vpdoohvw sduw| kh zdqwv wr lqfoxgh lq wkh frdolwlrq/ dqg ohw

wkh odujhvw sduw| kh zdqwv wr h{foxgh eh wkh vhfrqg pryhu1

Lq wkh srolwlfdo vflhqfh olwhudwxuh/ wkh djhqgd vhwwlqj uroh ri wkh khdg ri

vwdwh lv xvxdoo| ohiw xqprghohg1 Iru h{dpsoh/ lq wkhlu uhfhqw zlgh0udqjlqj

dqdo|vlv ri fdelqhw irupdwlrq edvhg rq srolf| sruwirolrv/ Odyhu dqg Vkhsvoh

8



+4<<7/ ss1 86087, lqglfdwh wkdw �Lw lv dw zhoo wr eh txlwh fohdu wkdw ^wkh|`

dvvxph wkdw wkh uhfrjqlwlrq ri wkh dfwruv zkr fdq sursrvh qhz jryhuqphqwv

lv qrq0vwudwhjlf1 Wklv lpsolhv iru h{dpsoh wkdw wkh khdg ri vwdwh lv qrw d

vwudwhjlf dfwru lq wkh jryhuqphqw irupdwlrq surfhvv�1 Vlploduo|/ Edurq +4<<4/

s1 46:, qrwhv wkdw/ lq klv qrqfrrshudwlyh prgho ri jryhuqphqw irupdwlrq/

�wkh srolwlfdo edujdlqlqj ehjlqv zlwk d qrq0vwudwhjlf suhvlghqw ru prqdufk

zkr vhohfwv d sduw| wr eh dffrughg wkh rssruwxqlw| wr dwwhpsw wr irup d

jryhuqphqw�1 Khqfh/ rxu sdshu frqwulexwhv wr wkh qrqfrrshudwlyh wkhru| ri

frdolwlrq irupdwlrq lq srolwlfdo vflhqfh e| hqgrjhql}lqj wkh djhqgd vhwwlqj

uroh ri wkh khdg ri vwdwh1

Rqfh wkh khdg ri vwdwh kdv fkrvhq wkh rughulqj ri sursrvhuv/ wkh prgho

ri frdolwlrqdo edujdlqlqj zh dgrsw lv gluhfwo| lqvsluhg e| wkh qrqfrrshud0

wlyh prghov ri frdolwlrq irupdwlrq lqlwldwhg e| Edurq dqg Ihuhmrkq +4<;<,

dqg Dxvwhq0Vplwk dqg Edqnv +4<;;,1 Dv lq Edurq dqg Ihuhmrkq +4<;<,/ zh

dvvxph d sxuho| uhglvwulexwlyh iudphzrun/ dqg gr qrw lqfrusrudwh dq lgh0

rorjlfdo glphqvlrq lq sduw| suhihuhqfhv1 +Vhh dovr Edurq +4<<4 dqg 4<<6,

dqg Mdfnvrq dqg Prvhooh +4<<;, iru prghov ri frdolwlrq irupdwlrq zkhuh sdu0

wlhv kdyh suhihuhqfhv ryhu srolf| rxwfrphv1, Lq doo wkhvh prghov/ wkh rughu

lq zklfk sod|huv duh uhfrjql}hg lv h{rjhqrxvo| �{hg1 Iru h{dpsoh/ Edurq

dqg Ihuhmrkq +4<;<, dvvxph wkdw wkh suredelolw| ri ehlqj uhfrjql}hg lv sur0

sruwlrqdo wr wkh qxpehu ri vhdwv zkhuhdv Dxvwhq0Vplwk dqg Edqnv +4<;;,

vxssrvh wkdw sduwlhv duh jlyhq wkh rssruwxqlw| wr irup d jryhuqphqw lq wkh

rughu jlyhq e| wkhlu qxpehu ri vhdwv1 Lq uhfhqw hpslulfdo zrun/ Phuor +4<<:,

dqg Glhuphlhu dqg Phuor +4<<<, lqyhvwljdwh wkh hpslulfdo ydolglw| ri gl�huhqw

edujdlqlqj surfhgxuhv1 Lq sduwlfxodu/ Glhuphlhu dqg Phuor +4<<<, qrwh wkdw

wkh gdwd gr qrw vxssruw wkh surfhgxuh ghvfulehg e| Dxvwhq0Vplwk dqg Edqnv

+4<;;,/ exw jlyh vrph ydolglw| wr wkh sursruwlrqdo surfhgxuh ri Edurq dqg

Ihuhmrkq +4<;<,1 Wkh| dovr qrwh wkh lqfxpehqw lv pruh olnho| wr eh vhohfwhg

wr dwwhpsw wr irup wkh qhz jryhuqphqw1
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Lq wkh jdph0wkhruhwlf olwhudwxuh rq frdolwlrqdo edujdlqlqj/ Fkdwwhumhh hw

do1 +4<<6,/ Eorfk +4<<9, dqg Ud| dqg Yrkud +4<<<, kdyh dqdo|}hg vhtxhqwldo

prghov zkhuh wkh rughu ri sursrvhuv dqg uhvsrqghuv lv �{hg e| dq h{rjh0

qrxv surwrfro1 Wkhvh vwxglhv hpskdvl}h wkh uroh sod|hg e| wkh surwrfro lq

wkh ghwhuplqdwlrq ri wkh htxloleulxp frdolwlrqv dqg wkh glylvlrq ri frdolwlrqdo

sd|r�v1 Zh eholhyh wkdw rxu zrun dovr vkhgv oljkw rq wkhvh prghov ri qrq0

frrshudwlyh frdolwlrqdo edujdlqlqj e| dqdo|}lqj +lq wkh uhvwulfwhg frqwh{w ri

vlpsoh jdphv, wkh uhodwlrq ehwzhhq wkh surwrfro dqg wkh frdolwlrqv iruphg

lq htxloleulxp1

Ilqdoo|/ rxu prgho ehduv d pruh glvwdqw uhodwlrqvkls wr wkh vwxg| ri

djhqgd frqwuro lq elqdu| yrwlqj vxuyh|hg lq Urvhqwkdo +4<<3, dqg Ploohu

+4<<8,1 Wkh ghvfulswlrq ri wkh uroh ri wkh djhqgd vhwwhu lq wkrvh prghov lv

txlwh gl�huhqw iurp rxuv1 Lq elqdu| yrwlqj/ wkh djhqgd vhwwhu kdv wkh delo0

lw| wr fkrrvh wkh sursrvdo wr eh slwwhg djdlqvw wkh vwdwxv txr +dv lq wkh

vhplqdo zrun ri Urphu dqg Urvhqwkdo +4<:;,, ru wkh frpsohwh vhtxhqfh

ri elqdu| yrwhv +dv lq wkh wrxuqdphqw frqwh{w ri Ploohu +4<;3, dqg Edqnv

+4<;8,,1 Rqfh d sdlu ri dowhuqdwlyhv kdv ehhq fkrvhq/ djhqwv yrwh ehwzhhq

wkh wzr dowhuqdwlyhv1 Dv lq rxu zrun/ wkh pdlq remhfwlyh ri wkh olwhudwxuh lv

wr fkdudfwhul}h wkh vhw ri rxwfrphv zklfk fdq eh rewdlqhg iru dq| djhqgd/

dqg vwxg| wkh vwudwhjlf uroh ri wkh djhqgd vhwwhu1 Krzhyhu/ gl�huhqfhv lq wkh

prghov suhfoxgh d gluhfw frpsdulvrq ehwzhhq wkh �qglqjv ri wkh olwhudwxuh

rq elqdu| yrwlqj dqg rxu uhvxowv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh glvfxvv

ixoo| wkh srzhu ri wkh khdg ri vwdwh lq wkh irupdwlrq ri d fdelqhw zlwk �yh

sduwlhv ru ohvv1 Lq Vhfwlrq 6/ zh lqwurgxfh rxu jhqhudo iudphzrun dqg ghulyh/

iru dq| �{hg rughulqj ri sursrvhuv/ wkh vxejdph shuihfw htxloleulxp ri wkh

qrqfrrshudwlyh prgho ri frdolwlrq irupdwlrq1 Lq Vhfwlrq 7/ zh dqdo|}h wkh

srzhu ri wkh djhqgd vhwwhu dqg suryh rxu pdlq wkhruhp/ fkdudfwhul}lqj wkh

ghflvlyh vwuxfwxuhv xqghu zklfk wkh djhqgd vhwwhu fdq ixoo| pdqlsxodwh wkh
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rxwfrph ri wkh surfhgxuh ri frdolwlrq irupdwlrq1 Wkh odvw Vhfwlrq frqwdlqv

rxu frqfoxvlrqv/ dqg d glvfxvvlrq ri wkh olplwdwlrqv ri rxu dqdo|vlv1

6 Fdelqhw Irupdwlrq zlwk 6/ 7 dqg 8 Sduwlhv

Wr looxvwudwh wkh sureohp ri wkh djhqgd vhwwhu lq frdolwlrq irupdwlrq/ zh

dqdo|}h lq wklv vhfwlrq wkh uroh ri wkh khdg ri vwdwh lq wkh irupdwlrq ri d

fdelqhw zlwk wkuhh/ irxu dqg �yh sduwlhv1 Dw wkh ehjlqqlqj ri wkh jdph/

wkh khdg ri vwdwh fkrrvhv wkh vhtxhqfh lq zklfk wkh gl�huhqw sduw| ohdghuv

dwwhpsw wr irup d jryhuqphqw14 Zh vxssrvh wkdw hdfk sduw| ohdghu kdv dq

rssruwxqlw| wr irup wkh jryhuqphqw/ dqg wkdw qr sduw| fdq eh fdoohg wzlfh lq

wkh vhtxhqfh15 Zkhq d sduw| ohdghu lv uhfrjql}hg wr irup d jryhuqphqw/ vkh

pdnhv dq r�hu wr wkh rwkhu sduwlhv wr mrlq lq d jryhuqphqw1 Li doo survshfwlyh

phpehuv dffhsw wkh r�hu/ wkh jryhuqphqw lv iruphg dqg wkh jdph hqgv1 Li dw

ohdvw rqh ri wkh frdolwlrq phpehuv uhmhfwv wkh r�hu/ wkh jdph frqwlqxhv/ dqg

wkh qh{w sduw| lq wkh vhtxhqfh lv uhfrjql}hg wr irup wkh jryhuqphqw1 Li doo

r�huv kdyh ehhq uhmhfwhg dw wkh hqg ri wkh vhtxhqfh/ doo sduwlhv rewdlq wkhlu

vwdwxv txr rxwfrph1

Zh vxssrvh/ dv lq Edurq dqg Ihuhmrkq +4<;<,/ wkdw sduwlhv* suhihuhqfhv

rqo| ghshqg rq wkhlu vkduh lq wkh jryhuqphqw ehqh�wv/ dqg qrw rq wkh srolf|

4Zh dvvxph wkdw wkh khdg ri vwdwh frpplwv wr wkh hqwluh vhtxhqfh ri pryhv dw wkh

ehjlqqlqj ri wkh jdph1 Dowhuqdwlyho|/ rqh frxog frqvlghu wkdw wkh khdg ri vwdwh rqo|

fkrrvhv wkh lghqwlw| ri wkh qh{w sursrvhu diwhu dq dwwhpsw wr irup wkh jryhuqhphqw kdv

idlohg1 Wr prgho wklv vlwxdwlrq/ wkh khdg ri vwdwh kdv wr eh wuhdwhg dv d sod|hu lq wkh

vhtxhqwldo jdph/ zkr fdq frqglwlrq klv fkrlfh rq wkh sdvw klvwru|1 Wklv zrxog ohdg wr

d gl�huhqw prgho/ zklfk lv pruh frpsoh{ wr dqdo|}h/ dqg grhv qrw doorz iru d vlpsoh

ghvfulswlrq ri wkh uhodwlrq ehwzhhq wkh rughu ri pryhv dqg wkh rxwfrph ri edujdlqlqj1
5Dv orqj dv wkh vhtxhqfh ri pryhv li �qlwh/ wkh dvvxpswlrq wkdw qr sduw| pryhv wzlfh

lq wkh jdph lv pdgh zlwkrxw orvv ri jhqhudolw|1 +Vhh wkh glvfxvvlrq lq wkh odvw Vhfwlrq ri

wkh sdshu1,

;



fkrvhq e| wkh jryhuqphqw1 6 Khqfh/ d sursrvdo wr irup wkh jryhuqphqw rqo|

hqwdlov d glylvlrq ri wkh jryhuqphqw ehqh�wv dprqj wkh sduwlhv1 Wr vlpsoli|

wkh dqdo|vlv/ zh dvvxph wkdw wkh jryhuqphqw ehqh�wv duh htxdo wr rqh iru

doo wkh srvvleoh frdolwlrqdo jryhuqphqwv/ dqg wkdw wkh vwdwxv txr rxwfrph lv

lghqwlfdoo| htxdo wr }hur iru doo wkh sduwlhv1

Wkh rqo| vrxufh ri khwhurjhqhlw| dprqj sduwlhv lq rxu prgho wkxv vwhpv

iurp wkh glvwulexwlrq ri vhdwv lq sduoldphqw1 Ohwwlqj �� ghqrwh wkh qxpehu

ri vhdwv ri sduw| � lq sduoldphqw/ d frdolwlrqdo jryhuqphqw � fdq eh iruphg

li dqg rqo| li
S

�M�
�� �

S
��

2
� Glvuhjduglqj wkh xqlqwhuhvwlqj fdvh zkhuh rqh

sduw| rewdlqv d pdmrulw| ri vhdwv lq sduoldphqw/ ru zkhq vrph sduwlhv duh

�gxpp| sod|huv�/ zkr gr qrw sod| d vljql�fdqw uroh lq sduoldphqw/ zh fdq

hdvlo| fkdudfwhul}h wkh ghflvlyh vwuxfwxuhv zlwk wkuhh/ irxu dqg �yh sod|huv1

Yrq Qhxpdqq dqg Prujhqvwhuq +4<86/ ss1 78:0795, zhuh wkh �uvw wr qrwh

wkdw/ zkloh wkhuh duh ri frxuvh d odujh qxpehu ri srvvleoh glvwulexwlrqv ri

vhdwv lq sduoldphqw/ wkhuh duh rqo| d ihz surwrw|slfdo ghflvlyh vwuxfwxuhv

zklfk uhsuhvhqw wkh glvwulexwlrq ri srzhu dprqj wkh sduwlhv1 Wr fkdudfwhul}h

wkhvh ghflvlyh vwuxfwxuhv/ zh uhfdoo wkh gh�qlwlrq ri d zhljkwhg txrwd jdph1

D zhljkwhg txrwd jdph lv gh�qhg e| d olvw d^(��c �2c ��c �?o zkhuh ^ ghqrwhv

wkh txrwd/ �� wkh zhljkw ri sod|hu � dqg d frdolwlrq � lv zlqqlqj li dqg rqo| li
S

�M�
�� � ^1 Yrq Qhxpdqq dqg Prujhqvwhuq +4<86/ ss1 78:0795, vkrz wkdw

wkhuh duh rqo| vl{ zhljkwhg txrwd jdphv uhsuhvhqwlqj wkh ghflvlyh vwuxfwxuhv

iru ohvv wkdq �yh sod|huv1

Iru ? ' �/ wkh vwuxfwxuh d2( �c �c �o

Iru ? ' e/ wkh vwuxfwxuh d�( 2c �c �c �o

Iru ? ' D/ wkh vwuxfwxuhv d�( �c �c �c �c �oc de( 2c 2c �c �c �oc de( �c �c �c �c �oc

dD( �c 2c 2c �c �o�

6
Zh glvfxvv lq wkh frqfoxvlrq wkh h{whqvlrq ri rxu prgho wr d vlwxdwlrq zkhuh sduwlhv*

suhihuhqfhv ghshqg rq srolf| rxwfrphv1
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Zlwk wkuhh sod|huv/ wkh rqo| ghflvlyh vwuxfwxuh lv wkh vlpsoh pdmrulw|

fdvh/ zkhuh wzr sod|huv rxw ri wkuhh duh qhhghg wr irup wkh jryhuqphqw1

Wkh vwuxfwxuhv d�( 2c �c �c �o dqg de( �c �c �c �c �o duh h{dpsohv ri dsh{ jdphv

zkhuh wkhuh h{lvwv d vlqjoh odujh sod|hu/ zkr fdq irup d zlqqlqj frdolwlrq

zlwk dq| ri wkh vpdoo sod|huv1 Wkh vwuxfwxuh d�( �c �c �c �c �o lv d v|pphwulf

pdmrulw| jdph/ zkhuh doo sod|huv duh lghqwlfdo dqg d pdmrulw| lv iruphg e|

pruh wkdq d kdoi ri wkh sod|huv1 Wkh rwkhu wzr vwuxfwxuhv/ de( 2c 2c �c �c �o

dqg dD( �c 2c 2c �c �o glvwlqjxlvk ehwzhhq odujh/ plggoh dqg vpdoo sod|huv/ dqg

uhsuhvhqw pruh frpsoh{ glvwulexwlrqv ri srzhu dprqj wkh sduwlhv1

Dv d �uvw vwhs lq wkh dqdo|vlv/ zh qhhg wr ghwhuplqh/ iru hyhu| srvvleoh

rughulqj ri wkh sduwlhv/ wkh frdolwlrqv iruphg lq htxloleulxp1 Zh zloo looxvwudwh

wkh edvlf sulqflsohv zlwk wkh fdvh ri wkuhh sduwlhv1 Fohduo|/ wkh odvw sduw| lq

wkh vhtxhqfh fdq h{wudfw wkh hqwluh vxusoxv e| sd|lqj wkh rwkhu sduwlhv wkhlu

vwdwxv txr rxwfrph ri f1 Wkh vhfrqg sduw| lq wkh vhtxhqfh wkxv vkrxog qhyhu

sursrvh wr irup d frdolwlrq zlwk wkh odvw sduw|/ exw vkrxog lqvwhdg sursrvh

wr irup d frdolwlrq zlwk wkh �uvw sduw|/ sd|lqj wkh �uvw sduw| lwv frqwlqxdwlrq

sd|r� ri f/ dqg nhhslqj d vxusoxv ri �1 Khqfh/ dw wkh ehjlqqlqj ri wkh jdph/

wkh �uvw sduw| qhyhu sursrvhv wr irup d frdolwlrq zlwk wkh vhfrqg sduw|/ exw

irupv lqvwhdg d frdolwlrq zlwk wkh odvw sduw|17

Wkh vdph uhdvrqlqj fdq eh dssolhg wr frpsxwh wkh frdolwlrqv iruphg lq

htxloleulxp zlwk irxu sduwlhv1 Uhrughu wkh sduwlhv/ vr wkdw sduw| � lv wkh odujh

sduw| dqg 2/ � dqg e duh wkh vpdoo sduwlhv1 Eduulqj v|pphwulhv ehwzhhq wkh

vpdoo sduwlhv/ wkhuh duh irxu glvwlqfw rughulqjv wr frqvlghu1 Frqvlghu �uvw wkh

rughulqj �c 2c �c e1 Dw wkh odvw vwdjh ri wkh jdph/ sduw| e rewdlqv wkh hqwluh

vxusoxv1 Khqfh sduw| � vkrxog irup d frdolwlrq h{foxglqj wkh irxuwk sduw|/

7Wklv uhvxow kdv dovr ehhq rewdlqhg e| Dxvwhq Vplwk dqg Edqnv +4<;;, zkhq sduwlhv*

suhihuhqfhv duh gh�qhg ryhu jryhuqphqw ehqh�wv dqg srolf| rxwfrphv1 Lq wkhlu prgho/ wkh

frdolwlrq lv iruphg e| wkh odujhvw sduw| +wkh �uvw sod|hu lq wkh jdph, dqg wkh vpdoohvw

sduw| +wkh odvw sod|hu lq wkh jdph,1
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qdpho| frdolwlrq i�c �j ru frdolwlrq i�c 2c �j1 Sduw| 2 wkhq vkrxog fkrrvh wr

irup d frdolwlrq zlwk sduw| � ru sduwlhv � dqg e1 Dw wkh ehjlqqlqj ri wkh

jdph/ sduw| � wkxv hlwkhu irupv wkh frdolwlrq i�c �j ru i�c ej ru i�c �c ej1

Qh{w frqvlghu wkh rughulqj 2c �c �c e1 Sduw| e djdlq rewdlqv wkh hqwluh vxusoxv/

vr wkdw sduw| � vkrxog irup hlwkhu wkh frdolwlrq i�c �j ru i�c 2c �j1 Sduw|

� wkxv vhohfwv wr irup frdolwlrq i�c 2j/ frdolwlrq i�c ej ru frdolwlrq i�c 2c ej1

Sduw| 2 wkhq irupv d frdolwlrq h{foxglqj sduw| �/ qdpho| wkh frdolwlrq ri

vpdoo sduwlhv i2c �c ej1 Li qrz wkh rughulqj lv 2c �c �c e/ dw wkh odvw vwdjh ri

wkh jdph/ sduw| e vwloo fdswxuhv wkh hqwluh vxusoxv1 Khqfh sduw| � irupv dq|

ri wkh wkuhh frdolwlrqv i�c 2j/ i�c �j ru i�c 2c �j1 Sduw| � wkhq fkrrvhv wr

irup wkh frdolwlrq i2c �c ej/ dqg sduw| 2 irupv d frdolwlrq h{foxglqj sduw|

�/ qdpho| dq| ri wkh frdolwlrqv i�c 2j ru i�c 2c ej1 Ilqdoo|/ li wkh rughulqj lv

2c �c ec �/ sduw| � fdswxuhv wkh hqwluh vxusoxv dw wkh odvw vwdjh ri wkh jdph1

Khqfh sduw| e irupv i2c �c ej1 Sduw| � wkhq irupv hlwkhu i�c �j ru i�c 2c �j

dqg sduw| 2 irupv hlwkhu i�c 2j ru i�c 2c ej1

Wkh dqdo|vlv ri wkh frdolwlrqv iruphg dw htxloleulxp iru ? ' � dqg ? ' e

vkrzv wkdw dw hdfk vwdjh ri wkh jdph/ wkh sduw| zklfk lv uhfrjql}hg fdq

fdswxuh wkh hqwluh vxusoxv/ e| iruplqj d zlqqlqj frdolwlrq zklfk h{foxghv

wkh qh{w sduw| lq wkh vhtxhqfh1 Khqfh/ lq htxloleulxp/ wkh �uvw sduw| irupv

dq| zlqqlqj frdolwlrq h{foxglqj wkh vhfrqg sduw|1 Wklv uhvxow vkrzv wkdw wkh

rqo| uhohydqw sduw ri wkh vhtxhqfh ri pryhv fkrvhq e| wkh khdg ri vwdwh duh

wkh lghqwlwlhv ri wkh �uvw dqg vhfrqg sduwlhv1 Khqfh/ zkhq frpsxwlqj wkh

htxloleulxp frdolwlrq/ zh fdq uhvwulfw rxu dwwhqwlrq wr wkh lghqwlwlhv ri wkh

�uvw wzr sduwlhv lq wkh vhtxhqfh1

Zh qrz frqvlghu wkh frdolwlrqv iruphg zlwk D sduwlhv lq wkh gl�huhqw

ghflvlyh vwuxfwxuhv1 Lq wkh v|pphwulf vwuxfwxuh d�( �c �c �c �c �o/ doo rughulqjv

duh htxlydohqw1 Li sduwlhv � dqg 2 duh wkh �uvw wzr sduwlhv/ wkh htxloleulxp

plqlpdo zlqqlqj frdolwlrqv duh i�c �c ej/ i�c �c Dj dqg i�c ec Dj dqg i�c �c ec Dj1

Frqvlghu qrz wkh vwuxfwxuh zlwk wzr odujh sduwlhv dqg wkuhh vpdoo sduwlhv/
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de( 2c 2c �c �c �o1 Ohw � dqg 2 ghqrwh wkh odujh sduwlhv dqg �/ e dqg D wkh vpdoo

sduwlhv1 Ljqrulqj v|pphwulhv/ wkhuh duh irxu rughulqjv ri wkh �uvw wzr sduwlhv

wr frqvlghu= hlwkhu wkh odujh sduwlhv duh sodfhg rq wrs/ ru rqh odujh dqg rqh

vpdoo sduw|/ ru rqh vpdoo dqg rqh odujh sduw|/ ru wzr vpdoo sduwlhv1 Wkh

iroorzlqj wdeoh vxppdul}hv wkh frdolwlrqv iruphg lq wkh irxu fdvhv1

rughu htxloleulxp frdolwlrq

�2 ��ec ��Dc �eDc ��eD

�� �2c �eDc �2ec �2Dc �2eD

�� 2�ec 2�Dc 2�eD

�e �2�c ��Dc 2�Dc �2�D

Lq wkh dsh{ jdph/ zlwk sduw| � ghqrwlqj wkh odujh sduw|/ wkhuh duh wkuhh

rughulqjv ri wkh �uvw wzr sduwlhv wr frqvlghu= hlwkhu sduw| � lv �uvw/ ru d vpdoo

sduw| lv �uvw dqg sduw| � vhfrqg/ ru wkh �uvw wzr sduwlhv duh vpdoo sduwlhv1

rughu htxloleulxp frdolwlrq

�2 ��c �ec �Dc ��ec ��Dc ��eD

2� 2�eD

2� �2c �2ec �2Dc �2eD

Ilqdoo|/ lq wkh vwuxfwxuh dD( �c 2c 2c �c �o/ zh ohw � ghqrwh wkh odujh sduw|/

2 dqg � wkh plggoh sduwlhv dqg e dqg D wkh vpdoo sduwlhv1 Wkhuh duh qrz ;

gl�huhqw rughuv ri wkh �uvw wzr sduwlhv wr frqvlghu1
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rughu htxloleulxp frdolwlrq

�2 ��c �eDc ��eD

�e �2c ��c �2Dc ��D

2� 2�ec 2�Dc 2�eD

2� �2c �2ec �2Dc �2eD

2e �2c �2�c �2Dc �2�D

e� 2�ec 2�eD

e2 �eDc ��ec ��eD

eD �2ec ��ec �2�ec 2�e

Wkhvh wdeohv fdq qrz eh xvhg wr dqdo|}h wkh srzhu ri wkh djhqgd vhwwhu

lq wkh gl�huhqw ghflvlyh vwuxfwxuhv1 Lw lv reylrxv wkdw wkh khdg ri vwdwh fdq

dozd|v fkrrvh rqh sduw| wr eh lqfoxghg lq wkh frdolwlrq +wkh �uvw lq wkh rughu,

dqg rqh sduw| wr eh h{foxghg lq wkh frdolwlrq +wkh vhfrqg lq wkh rughu,1 Fdq

wkh khdg ri vwdwh lpsrvh wkh suhvhqfh ri rwkhu sduwlhv lq wkh jryhuqphqwB

Wkh dqvzhu wr wklv txhvwlrq ghshqgv fuxfldoo| rq wkh ghflvlyh vwuxfwxuh ri

wkh jdph1 Iru h{dpsoh/ frqvlghu wkh v|pphwulf vwuxfwxuh zlwk �yh sduwlhv/

d�( �c �c �c �c �o1 Lq wkdw v|pphwulf pdmrulw| jdph/ wkh khdg ri vwdwh fdq qhyhu

jxdudqwhh wkh suhvhqfh ri pruh wkdq rqh sduw| lq wkh jryhuqphqw1 Li sduw|

� lv uhfrjql}hg �uvw/ vkh pd| irup d frdolwlrq zlwk hlwkhu sduwlhv � dqg e/

e dqg D ru � dqg D1 Wkhuh lv qr zd| wr irufh wkh suhvhqfh ri hlwkhu ri

wkrvh wkuhh sduwlhv lq wkh jryhuqphqw1 E| frqwudvw/ frqvlghu wkh vwuxfwxuh

zlwk rqh odujh sduw| dqg irxu vpdoo sduwlhv/ de( �c �c �c �c �o1 Wklv jdph kdv

�yh plqlpdo zlqqlqj frdolwlrqv= i�c 2jc i�c �jc i�c ejc i�c Dj dqg i2c �c ec Dj1

Zh fodlp wkdw wkh khdg ri vwdwh fdq jxdudqwhh wkh suhvhqfh ri dq| plqlpdo

zlqqlqj frdolwlrq lq wkh jryhuqphqw1 Lq rughu wr jxdudqwhh d frdolwlrq zlwk

wzr sduwlhv/ i�c 2j/ wkh khdg ri vwdwh fdq fkrrvh dq| rughu sodflqj 2 �uvw dqg

� lq wklug/ irxuwk ru �iwk srvlwlrq1 Lq rughu wr jxdudqwhh wkh irupdwlrq ri
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wkh frdolwlrq ri vpdoo sduwlhv/ wkh khdg ri vwdwh vkrxog sodfh wkh odujh sduw|

vhfrqg1 Lq wkh vwuxfwxuh zlwk wzr odujh sduwlhv dqg wkuhh vpdoo sduwlhv/ wkh

khdg ri vwdwh fdq jxdudqwhh wkh suhvhqfh ri rqh vpdoo sduw| dqg rqh odujh

sduw| lq wkh frdolwlrq/ vd| sduwlhv 2 dqg �/ e| sodflqj sduw| � �uvw dqg sduw|

� vhfrqg/ exw fdqqrw jxdudqwhh wkh suhvhqfh ri dq| rwkhu jurxs ri sduwlhv lq

wkh htxloleulxp frdolwlrq1 Lq wkh vwuxfwxuh zlwk rqh odujh sduw|/ wzr plggoh

sduwlhv dqg wzr vpdoo sduwlhv/ dD( �c 2c 2c �c �o/ wkh khdg ri vwdwh fdq jxdudqwhh

wkh suhvhqfh ri rqh odujh dqg rqh plggoh sduw|/ vd| sduwlhv � dqg 2/ e|

sodflqj sduw| 2 �uvw dqg sduw| � vhfrqg1 Kh fdq dovr lpsrvh wkh suhvhqfh ri

wkh plqlpdo zlqqlqj frdolwlrq frqvlvwlqj ri wkh wzr plggoh sduwlhv 2 dqg �

dqg rqh ri wkh vpdoo sduwlhv/ sod|hu e/ e| sodflqj sduw| e �uvw dqg sduw| �

vhfrqg1 Krzhyhu/ wkh khdg ri vwdwh fdqqrw irufh wkh suhvhqfh ri wkh plqlpdo

zlqqlqj frdolwlrq i�c ec Dj lq wkh jryhuqphqw= wkhuh h{lvwv qr rughulqj ri

wkh sduwlhv zklfk jxdudqwhhv wkdw i�c ec Dj dozd|v ehorqjv wr wkh htxloleulxp

frdolwlrq1

Wkh vwxg| ri jryhuqphqw irupdwlrq zlwk �yh sduwlhv ru ohvv wkxv vkrzv

wkdw wkh djhqgd vhwwhu*v delolw| wr lpsrvh wkh suhvhqfh ri d sod|hu lq wkh htxl0

oleulxp frdolwlrq lv uhodwhg wr wkh xqghuo|lqj ghflvlyh vwuxfwxuh ri wkh jdph1

Lq wkh qh{w vhfwlrqv ri wkh sdshu/ zh frqvlghu d jhqhudo prgho ri frdolwlrq

irupdwlrq lq vlpsoh jdphv/ dqg lqyhvwljdwh ixoo| wkh uhodwlrq ehwzhhq wkh

srzhu ri wkh djhqgd vhwwhu dqg wkh xqghuo|lqj vlpsoh jdphv1

7 Frdolwlrq Irupdwlrq lq Vlpsoh Jdphv

Zh frqvlghu d WX frrshudwlyh jdph E�c �� zkhuh � lv wkh vhw ri sod|huv

dqg � d frdolwlrqdo ixqfwlrq/ dvvljqlqj wr hdfk qrqhpsw| vxevhw � ri � / d

uhdo qxpehu �E�� 5 ?n1 Vlqfh rxu dlp lv wr vwxg| wkh srzhu ri wkh djhqgd

vhwwhu lq wkh ghwhuplqdwlrq ri wkh frdolwlrq iruphg/ udwkhu wkdq wkh glylvlrq
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ri sd|r�v dprqj frdolwlrq phpehuv/ zh irfxv lq wklv sdshu rq vlpsoh jdphv1

Uhfdoo wkdw d frrshudwlyh jdph lv vlpsoh li dqg rqo| li �E�� 5 ifc �j1 D

frdolwlrq � lv fdoohg zlqqlqj li �E�� ' � dqg orvlqj li �E�� ' f1

Zh �uvw uhfdoo vrph zhoo nqrzq surshuwlhv ri vlpsoh jdphv +vhh Zhehu

+4<<7,/ s145<4,1 D vlpsoh jdph lv prqrwrqh li �E�� ' �c � � ( , �E(� '

�1 Iru dq| prqrwrqh vlpsoh jdph/ zh fdq gh�qh plqlpdo zlqqlqj frdolwlrqv

dv wkh vpdoohvw zlqqlqj frdolwlrqv ri wkh jdph1 D vlpsoh jdph lv surshu li

�E�� ' � , �E�� ' f/ zkhuh � ghqrwhv wkh frpsohphqw ri wkh vhw �1 D

vlpsoh jdph lv vwurqj li �E�� ' f , �E�� ' �1 D vlpsoh jdph lv ghflvlyh li

lw lv surshu dqg vwurqj1 Sod|hu � lv fdoohg d yhwr sod|hu li vkh ehorqjv wr doo

zlqqlqj frdolwlrqv1 Sod|hu � lv pruh ghvludeoh wkdq sod|hu � li dqg rqo| li/ iru

dq| frdolwlrq � h{foxglqj � dqg �/ �E� ^i�j� ' �, �E� ^i�j� ' �� Ilqdoo|/

d sod|hu � lv d gxpp| sod|hu li vkh grhv qrw ehorqj wr dq| plqlpdo zlqqlqj

frdolwlrq1

Wkh surfhgxuh ri frdolwlrq irupdwlrq wkdw zh frqvlghu lv d vlpsoh h{0

whqvlyh irup qrqfrrshudwlyh jdph lqvsluhg e| uhfhqw prghov ri frdolwlrqdo

edujdlqlqj +Fkdwwhumhh hw do1 +4<<6,/ Eorfk +4<<9,/ Ud| dqg Yrkud +4<<<,,1

Sod|huv duh rughuhg dffruglqj wr d �{hg surwrfro 41 Sod|hu � lv fdoohg wkh 40nwk

sod|hu li 4E�� ' &� Wkh 40�uvw sod|hu vwduwv wkh jdph e| sursrvlqj d frdolwlrq

� wr zklfk vkh ehorqjv dqg d glylvlrq ri wkh frdolwlrqdo sd|r�v dprqj wkh

phpehuv ri �/ qdpho| d yhfwru ri sd|r�v i+�j�M� vxfk wkdw +� � f iru doo �

dqg
S

�M�
+� ' �� Doo wkh phpehuv ri � uhvsrqg wr wkh r�hu lq wkh rughulqj

vshfl�hg e| 41 Li doo phpehuv dffhsw wkh r�hu/ wkh frdolwlrq lv iruphg/ dqg

sod|huv rewdlq sd|r�v %� ' +� li � 5 �/ %� ' f li � *5 �1 Li dw ohdvw rqh ri

wkh phpehuv uhmhfwv wkh r�hu/ wkh 40vhfrqg sod|hu pdnhv d sursrvdo1 Li wkh

sursrvdo ri wkh vhfrqg sod|hu lv uhmhfwhg/ wkh wklug sod|hu pdnhv d sursrvdo1

Wkh jdph frqwlqxhv lq wkdw zd| xqwlo wkh 40odvw sod|hu pdnhv d sursrvdo1 Li

khu sursrvdo lv lq wxuq uhmhfwhg/ doo sod|huv rewdlq wkhlu vwdwxv txr sd|r�/
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%� ' @� zlwk @� � f dqg
S

@� 	 ��8 Vlqfh wkh qrqfrrshudwlyh jdph ghshqgv

rq wkh xqghuo|lqj vlpsoh jdph � dqg wkh surwrfro 4/ zh ghqrwh lw e| CE�c 4��

Zkloh wklv jdph ri frdolwlrq irupdwlrq hperglhv vwurqj dvvxpswlrqv rq

wkh edujdlqlqj surfhgxuh/ zh kdyh dgrswhg lw ehfdxvh lw lv wkh vlpsohvw dqg

prvw wudqvsduhqw jdph zkhuh wkh surwrfro pdwwhuv1 Dv wkh jdph lv �qlwh/ dqg

wkh rughulqj ri pryhv lv ghwhuplqlvwlf/ wkh sd|r�v ri sod|huv duh frpsohwho|

ghwhuplqhg e| wkh surwrfro1 Lw lv wklv ihdwxuh ri wkh jdph wkdw zh hpskdvl}h

khuh/ ehfdxvh zh irfxv rq wkh uhodwlrqvkls ehwzhhq wkh surwrfro dqg wkh

frdolwlrqv iruphg lq htxloleulxp1

D vxejdph shuihfw htxloleulxp ri wkh jdph ri frdolwlrq irupdwlrq lv d

vhtxhqfh ri sursrvdov dqg uhvsrqvhv vxfk wkdw/ dw dq| srlqw lq wkh jdph/

doo sod|huv dfw rswlpdoo|1 Dq htxloleulxp frdolwlrq lv d frdolwlrq iruphg dw d

vxejdph shuihfw htxloleulxp ri wkh jdph1 Zh duh qrz uhdg| wr fkdudfwhul}h

wkh htxloleulxp frdolwlrqv iru dq| surwrfro 4 dqg dq| vlpsoh jdph � zlwkrxw

yhwr sod|huv1

Sursrvlwlrq 4 Vxssrvh wkdw wkh jdph � lv prqrwrqh dqg grhv qrw kdyh dq|

yhwr sod|hu1 Wkhq dq| frdolwlrq frqwdlqlqj wkh 40�uvw sod|hu dqg h{foxglqj

wkh 40vhfrqg sod|hu lv dq htxloleulxp frdolwlrq ri CE�c 4�1 Ixuwkhupruh/ wkh

40�uvw sod|hu fdswxuhv wkh hqwluh frdolwlrqdo vxusoxv1

Surri1 Ohw & ' �c 2���c ? ghqrwh wkh 40&wk sod|hu1 Iru dq| vxejdph

shuihfw htxloleulxp/ zh ghqrwh e| �& wkh frdolwlrq sursrvhg e| wkh &wk sod|hu

lq htxloleulxp1 Zh zloo vkrz e| lqgxfwlrq wkdw/ iru dq| vxejdph shuihfw

8Lq wkh srolwlfdo lqwhusuhwdwlrq/ wkh vwdwxv txr sd|r� uhsuhvhqwv wkh sd|r� ri wkh sduwlhv

lq d fduh0wdnlqj jryhuqphqw/ ru zkhq qhz hohfwlrqv duh fdoohg1 Wkh vshfl�fdwlrq ri d

yhfwru ri vwdwxv txr sd|phqw dovr doorzv xv wr h{whqg wkh dqdo|vlv wr dq lq�qlwh krul}rq

jdph zkhuh wkh �qlwh vhtxhqfh ri r�huv lv uhshdwhg1 Wkh vwdwxv txr sd|r�v fdq wkhq eh

lqwhusuhwhg dv wkh frqwlqxdwlrq sd|r�v ri wkh sod|huv lq d vwdwlrqdu| shuihfw htxloleulxp

ri wkh jdph/ dqg wkh dqdo|vlv ri wkh jdph uhpdlqv xqfkdqjhg1
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htxloleulxp ri wkh jdph/ iru dq| & ' �c 2c ��?� �/ wkh frdolwlrq iruphg e| wkh

&wk sod|hu h{foxghv sod|hu & n �/ l1h1 E& n �� *5 �&�

Zh �uvw gh�qh wkh frqwlqxdwlrq sd|r� wkdw sod|hu � rewdlqv diwhu wkh

r�hu ri sod|hu & lv uhmhfwhg/ �&� � Li wkh r�hu ri sod|hu ? lv uhmhfwhg/ doo sod|huv

rewdlq wkhlu vwdwxv txr sd|r�/ vr �?� ' @�1 Frqvlghu qrz wkh vhfrqg wr odvw

sod|hu/ sod|hu ? � � dqg ohw 7 dqg A eh wzr zlqqlqj frdolwlrqv frqwdlqlqj

sod|hu ?� � zlwk ? *5 7 dqg ? 5 A 1 +Lw lv dozd|v srvvleoh wr �qg d zlqqlqj

frdolwlrq frqwdlqlqj ? � � dqg h{foxglqj ? vlqfh �qi?j lv zlqqlqj dqg wkh

jdph lv prqrwrqh1, Wkh plqlpdo dprxqw wkdw sod|hu ? � � pxvw jlyh wr

klv frdolwlrq sduwqhuv lq frdolwlrqv 7 dqg A lv jlyhq e|
S

�M7c� �'?3� �
?3�
� dqg

S
�MAc� �'?3� �

?3�
� uhvshfwlyho|1 Qrz/ fohduo|/ �?3�� ' f li � *5 �?c �?3�� ' @� li

� 5 �?c � 9' ? dqg �?3�? ' ��
S

�M�?c� �'? @�� Zh wkxv frpsxwh

[

�M7c� �'?3�

�?3�� '
[

�M7K�?c� �'?3�

@�

[

�MAc� �'?3�

�?3�� ' ��
[

�M�?c� �'?

@� n
[

�MAK�?c� �'?c� �'?3�

@�

Qh{w revhuyh wkdw vlqfh A lv d zlqqlqj frdolwlrq frqwdlqlqj sod|hu ?/

sod|hu ? frxog kdyh fkrvhq wr irup A 1 Khqfh

[

�MAc� �'?

@� �
[

�M�?c� �'?

@��

Exw

[

�MAc� �'?

@� '
[

�MA.�?c� �'?c� �'?3�

@� n
[

�MAK�?c� �'?c� �'?3�

@� n @?3�

Vr

[

�MAc� �'?3�

�?3�� � ��
[

�MA.�?c� �'?c� �'?3�

@� � @?3�

Qrz

[

�MA.�?c� �'?c� �'?3�

@� n @?3� n
[

�M7K�?c� �'?3�

@� �
[

�M�

@� 	 �c
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vr zh �qdoo| rewdlq

[

�MAc� �'?3�

�?3�� :
[

�M7c� �'?3�

�?3�� c

vkrzlqj wkdw/ lq dq| vxejdph shuihfw htxloleulxp ri wkh jdph/ sod|hu ?� �

irupv d frdolwlrq zklfk h{foxghv sod|hu ?1

Frqvlghu qrz wkh jhqhudo vwhs/ dqg vxssrvh wkdw iru doo | : &/ lq doo

vxejdph shuihfw htxloleuld ri wkh jdph/ | n � *5 �|� Frqvlghu djdlq wzr

zlqqlqj frdolwlrqv frqwdlqlqj sod|hu &/ 7 dqg A zlwk &n� *5 7 dqg &n� 5 A�

Wkh plqlpdo dprxqw wkdw sod|hu & pxvw jlyh wr klv frdolwlrq sduwqhuv lq

frdolwlrqv 7 dqg A lv jlyhq e|
S

�M7c� �'& �
&
� dqg
S

�MAc� �'& �
&
� uhvshfwlyho|1 Qrwlfh

wkdw/ iru dq| | � &/ wkh frqwlqxdwlrq sd|r�v ri wkh sod|huv duh jlyhq e| wkh

uhfxuvlyh h{suhvvlrqv= �|� ' f li � *5 �|n�/ �|� ' �|n�� li � 5 �|n�dqg � 9' | n �

dqg �||n� ' ��
S

�M�|n�c� �'|n� �
|n�
� � Khqfh zh rewdlq

[

�M7c� �'&

�&� '
[

�M7K�&n�c� �'&

�&n��

[

�MAc� �'&

�&� ' ��
[

�M�&n�c� �'&n�

�&n�� n
[

�MAK�&n�c� �'&c� �'&n�

�&n��

Vlqfh sod|hu & n � frxog kdyh fkrvhq wr irup wkh frdolwlrq A /

[

�MAc� �'&n�

�&n�� �
[

�M�&n�c� �'&n�

�&n�� �

Qrz qrwlfh wkdw

[

�MAc� �'&n�

�&n�� '
[

�MA.�&n�c� �'&c� �'&n�

�&n�� n
[

�MAK�&n�c� �'&c� �'&n�

�&n�� n �&n�&

Khqfh/

[

�MAc� �'&

�&� � ��
[

�MA.�&n�c� �'&c� �'&n�

�&n�� � �&n�&
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dqg

[

�MAc� �'&

�&� �
[

�M7c� �'&

�&� � ��
[

�MA.�&n�c� �'&c� �'&n�

�&n�� � �&n�& �
[

�M7K�&n�c� �'&

�&n�� �

Wr �qlvk wkh surri/ wzr fdvhv pxvw eh glvwlqjxlvkhg1 Li & n 2 *5 A / wkhq
S

�MA.�&n�c� �'&c� �'&n� �
&n�
� �

S
�MA.�&n�c� �'&c� �'&n� @�c �

&n�
& � @& dqg

S
�M7K�&n�c� �'& �

&n�
� �

S
�M7K�&n�c� �'& @�1 Khqfh

[

�MAc� �'&

�&� �
[

�M7c� �'&

�&� � ��
[

�MA.�&n�c� �'&c� �'&n�

@� � @& �
[

�M7K�&n�c� �'&

@�

� ��
[

�M�

@� : f�

Li & n 2 5 A / sod|hu & n � pxvw vwulfwo| suhihu wkh frdolwlrq �&n� wr wkh

frdolwlrq A 1 Khqfh/

[

�MAc� �'&n�

�&n�� :
[

�M�&n�c� �'&n�

�&n��

dqg

[

�MAc� �'&

�&� �
[

�M7c� �'&

�&� : ��
[

�MA.�&n�c� �'&c� �'&n�

�&n�� � �&n�& �
[

�M7K�&n�c� �'&

�&n�� �

Qrz/

��
[

�MA.�&n�c� �'&c� �'&n�

�&n�� � �&n�& �
[

�M7K�&n�c� �'&

�&n��

' ��
[

�MA.�&n�c� �'&c� �'&n�c&n2

�&n�� � E��
[

�M�&n2c� �'&n2

�&n2� �� �&n�& �
[

�M7K�&n�c� �'&

�&n��

'
[

�M�&n2c� �'&n2

�&n2� � E
[

�MA.�&n�c� �'&c� �'&n�c&n2

�&n�� n �&n�& n
[
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Qrz/ vlqfh & n 2 *5 �&n�dqg �&n2� � �&n�� iru doo � 9' & n 2/

[

�M�&n2c� �'&n2

�&n2� � E
[

�MA.�&n�c� �'&c� �'&n�c&n2

�&n�� n �&n�& n
[

�M7K�&n�c� �'&

�&n�� � � f

vr wkdw

[

�MAc� �'&

�&� �
[

�M7c� �'&

�&� : f

hvwdeolvklqj wkh lqgxfwlrq uhvxow1 Wr frpsohwh wkh surri/ qrwh wkdw sod|hu

� dozd|v irupv d frdolwlrq h{foxglqj sod|hu 2 dqg wkdw iru doo & � �/ ��& ' f1

Vr sod|hu � lv lqgl�huhqw dprqj doo wkh zlqqlqj frdolwlrqv zklfk h{foxgh

sod|hu 2 dqg lv deoh wr fdswxuh wkh hqwluh vxusoxv1

Sursrvlwlrq 4 frpsohwho| fkdudfwhul}hv wkh vxejdph shuihfw htxloleuld ri

wkh surfhgxuh ri frdolwlrq irupdwlrq/ zkhq wkh vlpsoh jdph grhv qrw kdyh

dq| yhwr sod|hu1 Doo vxejdph suhihfw htxloleuld lqgxfh wkh vdph glvwulexwlrq

ri sd|r�v/ zlwk wkh �uvw sod|hu fdswxulqj wkh hqwluh vxusoxv19 Wkh orjlf

xqghuo|lqj wkh uhvxow lv wkdw lq htxloleulxp/ dw dq| vwdjh ri wkh jdph/ d

sod|hu r�huv d frdolwlrq zklfk h{foxghv khu lpphgldwh vxffhvvru1 Uxqqlqj

wkh dujxphqw edfnzdugv/ lw dsshduv wkdw dw wkh ehjlqqlqj ri wkh jdph/ sod|hu

� vkrxog dozd|v h{foxgh sod|hu 21 Ixuwkhupruh/ vlqfh hdfk sod|hu & � � kdv

ehhq h{foxghg iurp wkh frdolwlrq iruphg e| lwv lpphgldwh suhghfhvvru/ khu

frqwlqxdwlrq sd|r� lq wkh jdph lv }hur/ dqg khqfh wkh �uvw sod|hu fdswxuhv

wkh hqwluh frdolwlrqdo vxusoxv1

9
Qrwlfh wkdw/ lq dq| vxejdph shuihfw htxloleulxp ri wkh jdph/ doo wkh sod|huv h{fhsw

wkh �uvw rqh sod| zhdno| grplqdwhg vwudwhjlhv1 Wkh| dffhsw dq r�hu ri 3 lpphgldwho|/

suhfoxglqj wkh srvvlelolw| ri rewdlqlqj d srvlwlyh sd|r� dw odwhu vwdjhv lq wkh jdph1 Zkloh

wkhvh vwudwhjlhv pd| vhhp xqqdwxudo/ wkh| duh wkh rqo| vwudwhjlhv frqvlvwhqw zlwk vxejdph

shuihfw htxloleulxp sod|1
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Wkh vhtxhqwldo vwuxfwxuh ri wkh jdph wkxv |lhogv d yhu| xqhtxdo glvwul0

exwlrq ri wkh vxusoxv dprqj wkh sod|huv1 Lq rughu wr plwljdwh wklv sureohp/

zh frxog kdyh dvvxphg wkdw hyhu| sod|hu kdv dq rxwvlgh rswlrq 0� dqg pxvw

rewdlq dw ohdvw khu rxwvlgh rswlrq wr sduwlflsdwh lq wkh jryhuqphqw1 Iru d

yhfwru ri 0�*v vpdoo hqrxjk/ wkh wkuxvw ri wkh dqdo|lv uhpdlqv xqfkdqjhg/

dqg lq htxloleulxp/ doo sod|huv pxvw h{foxgh wkhlu lpphgldwh vxffhvvru lq

wkh frdolwlrq wkh| irup1 Zlwk d yhfwru ri rxwvlgh rswlrqv/ wkh htxloleulxp

frdolwlrq iruphg e| wkh �uvw sod|hu ehfrphv ghwhuplqdwh= lw lv wkh zlqqlqj

frdolwlrq h{foxglqj sod|hu 2 dqg frqwdlqlqj wkh sod|huv zlwk wkh vpdoohvw rxw0

vlgh rswlrq1 Qrwlfh lq sduwlfxodu/ wkdw lq wklv voljkwo| shuwxuehg yduldqw ri

wkh jdph/ wkh htxloleulxp frdolwlrq lv dozd|v d plqlpdo zlqqlqj frdolwlrq1

Wkh pdlq gl!fxow| lq wkh surri ri Sursrvlwlrq 4 vwhpv iurp wkh h{lvwhqfh

ri dq duelwudu| vwdwxv txr sd|r� iru wkh sod|huv1 Krzhyhu/ lw lv vwulnlqj wr

qrwh wkdw wkh htxloleulxp glvwulexwlrq ri wkh vxusoxv lv lqghshqghqw ri wkh

vwdwxv txr dqg rqo| ghshqgv rq wkh rughulqj ri wkh sod|huv1 Wklv uhvxow lv

rewdlqhg ehfdxvh hdfk sod|hu kdv dq rssruwxqlw| wr pdnh dq r�hu/ dqg khqfh

hdfk sod|hu lv h{foxghg iurp d frdolwlrq dw ohdvw rqfh lq wkh jdph/ vr wkdw

khu frqwlqxdwlrq sd|r� lv htxdo wr }hur dqg lqghshqghqw ri wkh vwdwxv txr1

Li wkh surwrfro glg qrw ohw doo sod|huv pdnh dq r�hu/ wklv uhvxow zrxog qrw

krog1 Vrph sod|huv pd| qhyhu eh h{foxghg iurp wkh frdolwlrq iruphg/ dqg

wkxv rewdlq dw ohdvw wkhlu vwdwxv txr sd|r�1

Wkh htxloleulxp fkdudfwhul}dwlrq ri Sursrvlwlrq 4 ghshqgv fuxfldoo| rq

wkh dvvxpswlrq wkdw wkh jdph � grhv qrw kdyh dq| yhwr sod|hu/ vr wkdw dq|

sod|hu fdq irup d zlqqlqj frdolwlrq h{foxglqj khu lpphgldwh vxffhvvru1 Li

wkh vlpsoh jdph � dgplwv yhwr sod|huv/ wkh vxejdph shuihfw htxloleuld ri

wkh jdph duh qrw hdvlo| fkdudfwhul}hg dqg ghshqg rq wkh vwdwxv txr sd|r�v1

Lw dsshduv wkdw vlqfh yhwr sod|huv ehorqj wr zlqqlqj frdolwlrqv/ wkh| pxvw

hduq dw ohdvw wkhlu vwdwxv txr sd|r� lq htxloleulxp1 Wkh odvw yhwr sod|hu

lq wkh jdph fdq vhfxuh iru khuvhoi d odujh vkduh ri wkh vxusoxv +rqh plqxv
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wkh plqlpxp vxp ri vwdwxv txr sd|r�v ri wkh rwkhu sod|huv lq d zlqqlqj

frdolwlrq,/ dqg rwkhu yhwr sod|huv fdq vlploduo| rewdlq d vkduh ri wkh vxusoxv

odujhu wkdq wkhlu vwdwxv txr sd|r�1 Ghshqglqj rq wkh rughu ri yhwr dqg

qrqyhwr sod|huv dqg wkh vwuxfwxuh ri wkh jdph/ vrph qrqyhwr sod|huv fdq dovr

rewdlq d srvlwlyh vkduh ri wkh vxusoxv1 Ryhudoo/ wkh htxloleulxp frdolwlrqv dqg

htxloleulxp sd|r�v ghshqg lq d frpsoh{ zd| rq wkh rughulqj ri sod|huv dqg

wkh vwdwxv txr rxwfrphv1

Wkh rqo| fdvh zkhuh wkh htxloleulxp ri d jdph zlwk yhwr sod|huv fdq

hdvlo| eh fkdudfwhul}hg lv zkhq doo vwdwxv txr sd|r�v duh htxdo wr }hur1 Lq

wkdw fdvh/ wkh odvw yhwr sod|hu fdswxuhv wkh hqwluh vxusoxv1 Ohw & ghqrwh wkdw

odvw yhwr sod|hu1 Lw lv hdv| wr vhh wkdw lq htxloleulxp/ wkh frqwlqxdwlrq sd|r�

rewdlqhg e| wkh sod|huv diwhu wkh r�hu ri sod|hu & kdv ehhq uhmhfwhg duh f iru

doo � 9' & n � dqg � iru sod|hu & n �1 Vlqfh krzhyhu/ e| dvvxpswlrq/ sod|hu

& n � lv qrw d yhwr sod|hu/ sod|hu & fdq irup d zlqqlqj frdolwlrq h{foxglqj

sod|hu &n�/ dqg sursrvh f wr doo frdolwlrq phpehuv1 Khqfh/ zkhq lw lv sod|hu

&*v wxuq wr pdnh dq r�hu/ vkh fdq vhfxuh iru khuvhoi d sd|phqw ri �1 Qh{w/

vlqfh sod|hu & lv d yhwr sod|hu/ vkh pxvw ehorqj wr dq| zlqqlqj frdolwlrq/ dqg

khqfh dq| sod|hu � pdnlqj r�huv ehiruh sod|hu & pxvw r�hu khu frqwlqxdwlrq

sd|r� ri �1

Wkh idfw wkdw wkh odvw yhwr sod|hu rewdlqv wkh hqwluh vxusoxv lv kdugo|

vxusulvlqj jlyhq wkh vhtxhqwldo vwuxfwxuh ri wkh surfhgxuh zh dqdo|}h1 Zkhq

wkhuh duh yhwr sod|huv/ rxu jdph fdq eh frqvwuxhg dv d vlpsoh h{whqvlrq ri

dq xowlpdwxp jdph +zkhq doo sod|huv duh yhwr sod|huv/ rxu jdph lv h{dfwo|

dq xowlpdwxp jdph,/ dqg wkh odvw sod|hu fdq wkxv rewdlq wkh hqwluh vxusoxv1

8 Djhqgd Frqwuro dqg Frdolwlrqv

Lq wklv vhfwlrq/ zh dqdo|}h wkh srzhu ri dq djhqgd vhwwhu zkr fkrrvhv wkh

rughu 4 lq zklfk sod|huv pdnh r�huv lq wkh qrqfrrshudwlyh jdph ri frdolwlrq
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irupdwlrq1 Zh irfxv khuh rq jdphv zlwkrxw yhwr sod|huv1 E| Sursrvlwlrq 4/

wkh rqo| uhohydqw sduw ri wkh surwrfro 4 lv wkh fkrlfh ri wkh �uvw wzr sod|huv1V

Sursrvlwlrq 4 dovr fohduo| vkrzv wkdw dq djhqgd vhwwhu fdq dozd|v lpsrvh wkh

suhvhqfh ri rqh ri wkh sod|huv +sod|hu �, dqg h{foxgh dqrwkhu sod|hu +sod|hu

2, iurp wkh htxloleulxp frdolwlrq1 Zh duh wkxv lqwhuhvwhg lq vlwxdwlrqv zkhuh

wkh djhqgd vhwwhu zdqwv wr lpsrvh wkh suhvhqfh ri pruh wkdq rqh sod|hu lq

wkh htxloleulxp frdolwlrq1

Gh�qlwlrq 5 Wkh djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri d vhw 7 ri sod|huv

lq wkh jdph � li wkhuh h{lvwv dq rughulqj 4 vxfk wkdw wkh vhw 7 ehorqjv wr doo

htxloleulxp frdolwlrqv ri wkh jdph CE�c 4�1

Xvlqj wkh fkdudfwhul}dwlrq uhvxow ri Sursrvlwlrq 4/ zh fdq suryh wkh iro0

orzlqj Sursrvlwlrq1

Sursrvlwlrq 6 Ohw � eh d prqrwrqh jdph zlwkrxw yhwr sod|huv1 Wkh djhqgd

vhwwhu fdq lpsrvh wkh suhvhqfh ri d vhw 7 ri sod|huv lq wkh jdph � li dqg rqo| li

wkhuh h{lvwv d sod|hu � 5 7 dqg d sod|hu � *5 7 vxfk wkdw iru doo & 5 7c & 9' �/

�E�qi�c &j� ' f1 Wr lpsrvh wkh suhvhqfh ri wkh vhw 7/ wkh djhqgd vhwwhu

fkrrvhv 4E�� ' �c 4E�� ' 2�

Surri1 Vxssrvh wkdw wkh frqglwlrq lv vdwlv�hg/ dqg frqvlghu dq rughulqj

zkhuh � lv sodfhg �uvw dqg � lv sodfhg vhfrqg1 E| Sursrvlwlrq 4/ dq| zlqqlqj

frdolwlrq frqwdlqlqj � dqg h{foxglqj � lv dq htxloleulxp frdolwlrq1 Qrz/ li

wkhuh h{lvwv & 5 7c & 9' � vxfk wkdw & grhv qrw ehorqj wr dq htxloleulxp frdol0

wlrq/ wkhuh pxvw h{lvw d zlqqlqj frdolwlrq h{foxglqj � dqg &/ frqwudglfwlqj

wkh dvvxpswlrq1

Vxssrvh qrz wkdw wkh frqglwlrq lv ylrodwhg/ dqg frqvlghu dq| rughulqj ri

wkh sod|huv1 Ohw � dqg � eh wkh �uvw dqg vhfrqg sod|huv lq wkdw rughulqj1 Li
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� 5 7/ e| Sursrvlwlrq 4/ � grhv qrw ehorqj wr wkh htxloleulxp frdolwlrq/ dqg

khqfh wkh djhqgd vhwwhu fdqqrw lpsrvh wkh suhvhqfh ri 7� Li qrz � *5 7/ vlqfh

wkh frqglwlrq lv ylrodwhg/ wkhuh h{lvwv & 5 7c & 9' � vxfk wkdw �E�qi�c &j� ' �1

Khqfh/ e| Sursrvlwlrq 4/ �qi�c &j lv dq htxloleulxp frdolwlrq/ dqg wkh djhqgd

vhwwhu fdqqrw lpsrvh wkh suhvhqfh ri 71

Sursrvlwlrq 6 surylghv d vlpsoh fulwhulrq wr fkhfn zkhwkhu d frdolwlrq

fdq eh lpsrvhg e| wkh djhqgd vhwwhu1 Lq wkh gh�qlwlrq ri wkh fulwhulrq/ wzr

sod|huv sod| d sduwlfxodu uroh= d phpehu ri wkh frdolwlrq � zkr lv sodfhg �uvw

e| wkh djhqgd vhwwhu/ dqg d sod|hu rxwvlgh wkh frdolwlrq/ sod|hu �/ zkr lv

sodfhg vhfrqg lq wkh rughu1 Lw lv hdv| wr vhh wkdw/ li sod|huv fdq eh rughuhg

e| wkh ghvludelolw| uhodwlrq/ lq rughu wr phhw wkh frqglwlrq/ sod|hu � vkrxog

eh vhohfwhg dv wkh ohdvw ghvludeoh phpehu ri wkh frdolwlrq/ dqg sod|hu � dv wkh

prvw ghvludeoh sod|hu rxwvlgh wkh frdolwlrq1 Irupdoo|/

Sursrvlwlrq 7 Ohw � eh d prqrwrqh jdph zlwkrxw yhwr sod|huv1 Li wkh

djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri d vhw 7 ri sod|huv e| fkrrvlqj

4E�� ' � dqg 4E�� ' 2/ dqg li �� 5 7 lv ohvv ghvludeoh wkdq � dqg �� *5 7

lv pruh ghvludeoh wkdq �/ wkhq wkh djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri

wkh vhw 7 e| fkrrvlqj 4E��� ' � dqg 4E��� ' 2�

Surri1 Vlqfh wkh djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri 7 e| sodflqj �

�uvw dqg � vhfrqg/ ;& 5 7c & 9' �c �E�qi�c &j� ' f1 Wr suryh wkh sursrvlwlrq/

zh vlpso| qhhg wr vkrz wkdw ;& 5 7c & 9' ��c �E�qi��c &j� ' f1 Iru doo & 5

7c & 9' �c �Ei��j ^�qi�c ��c &j� ' f1 Vlqfh �� lv pruh ghvludeoh wkdq �/ �Ei�j ^

�qi�c ��c &j� ' �E�qi��c &j� ' f1 Lq sduwlfxodu/ �E�qi��c ��j� ' �Ei�j ^

�qi�c ��c ��j� ' f1 Vlqfh � lv pruh ghvludeoh wkdq ��/ �Ei��j ^ �qi�c ��c ��j� '

�E�qi�c ��j� ' f/ frpsohwlqj wkh surri ri wkh Sursrvlwlrq1

Zkloh wkh gh�qlwlrq ri wkh fulwhulrq ri Sursrvlwlrq 6 dqg ri wkh ghvludelolw|

uhodwlrq pd| eh gl!fxow wr lqwhusuhw lq jhqhudo vlpsoh jdphv/ wkh| duh pruh
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wudqvsduhqw lq zhljkwhg txrwd jdphv1 Uhfdoo wkdw lq d zhljkwhg txrwd jdph/

sod|hu � lv pruh ghvludeoh wkdq sod|hu � li dqg rqo| li �� � ��1 Zh fdq qrz

frpelqh Sursrvlwlrq 6 dqg Sursrvlwlrq 7 wr fkdudfwhul}h wkh vhwv ri sod|huv

zkr fdq lpsrvhg e| dq djhqgd vhwwhu lq zhljkwhg txrwd jdphv1

Fruroodu| 8 Ohw � eh d zhljkwhg txrwd jdph1 Iru dq| frdolwlrq �/ ohw @� dqg

K� eh wkh vpdoohvw dqg odujhvw sod|huv lq �1 Wkh djhqgd vhwwhu fdq lpsrvh wkh

suhvhqfh ri d vhw 7 ri sod|huv li dqg rqo| li ;� 5 7/ � 9' @7c �� n�K
7
: �� ^1

Wr looxvwudwh Fruroodu| 8/ frqvlghu wkh suhvhqw +dv ri Ghfhpehu 4<<<,

frpsrvlwlrq ri wkh Gxwfk sduoldphqw1

sduw| vhdwv

Vrfldo ghprfudwv +SyGD, 78

Olehudov +YYG, 6;

Fkulvwldq Ghprfudwv +FGD, 5<

Ghprfudf| 99 +G99, 47

Juhhq Ohiw 44

Vrfldolvw Sduw| 8

Rwkhuv 43

Vlqfh wkh Sduoldphqw frqwdlqv 483 vhdwv dqg d vlpsoh pdmrulw| lv qhhghg

wr irup wkh jryhuqphqw/ wkh txrwd lv jlyhq e| ^ ' .S1 Iurp Fruroodu|

8/ lw dsshduv wkdw wkh khdg ri vwdwh fdq lpsrvh wkh suhvhqfh ri wkh Vrfldo

Ghprfudwv zlwk dq| rwkhu sduw| exw wkh Olehudov/ dqg wkh suhvhqfh ri wkh

Olehudov zlwk dq| rwkhu sduw| exw wkh Vrfldo Ghprfudwv1 Wkhvh duh wkh

rqo| jurxsv ri sduwlhv wkdw wkh khdg ri vwdwh fdq lpsrvh lq wkh htxloleulxp

frdolwlrq1

Lq wkh suhfhglqj dqdo|vlv/ zh kdyh fkdudfwhul}hg wkh vhw ri sod|huv wkdw

wkh djhqgd vhwwhu fdq lpsrvh lq dq htxloleulxp frdolwlrq1 Luuhvshfwlyh ri
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wkh xqghuo|lqj jdph/ wkh djhqgd vhwwhu fdq dozd|v lpsrvh wkh suhvhqfh ri

rqh djhqw +wkh �uvw, lq wkh zlqqlqj frdolwlrq1 Sursrvlwlrq 6 vkrzv wkdw/

xqghu vrph uhvwulfwlrqv rq wkh xqghuo|lqj vlpsoh jdph/ wkh djhqgd vhwwhu fdq

lpsrvh wkh suhvhqfh ri odujhu vhwv ri sod|huv lq wkh htxloleulxp frdolwlrq1 Fdq

wkh djhqgd vhwwhu lpsrvh wkh suhvhqfh ri doo phpehuv ri d zlqqlqj frdolwlrqB

Fohduo|/ li d qrqplqlpdo zlqqlqj frdolwlrq lv dq htxloleulxp frdolwlrq ri wkh

jdph/ wkhuh h{lvwv d plqlpdo zlqqlqj frdolwlrq zklfk lv dovr rewdlqhg lq

htxloleulxp1 Khqfh/ wkh djhqgd vhwwhu fdq qhyhu lpsrvh wkh suhvhqfh ri doo

sod|huv lq d zlqqlqj frdolwlrq zklfk lv qrw plqlpdo1 Zh qrz fkdudfwhul}h

wkh vlpsoh jdphv iru zklfk wkh djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri dq|

plqlpdo zlqqlqj frdolwlrq lq wkh htxloleulxp frdolwlrq1

Wr wklv hqg/ zh uhvwulfw rxu dwwhqwlrq wr ghflvlyh jdphv +jdphv zklfk duh

erwk surshu dqg vwurqj, dqg zh h{foxgh gxpp| sod|huv1 D ghflvlyh jdph �

lv fdoohg dq dsh{ jdph li wkhuh h{lvwv d sod|hu � vxfk wkdw �Ei�c �j� ' � iru doo

� lq � 1 Zh qrz vwdwh rxu pdlq Wkhruhp1

Wkhruhp 9 Ohw � eh d ghflvlyh vlpsoh jdph zlwkrxw yhwr sod|huv qru gxpp|

sod|huv1 Wkh djhqgd vhwwhu fdq lpsrvh wkh suhvhqfh ri dq| plqlpdo zlqqlqj

frdolwlrq lq wkh htxloleulxp frdolwlrq li dqg rqo| li � lv dq dsh{ jdph1

Surri1 Zh �uvw vkrz wkdw/ li � lv dq dsh{ jdph/ wkh djhqgd vhwwhu fdq

lpsrvh wkh suhvhqfh ri dq| plqlpdo zlqqlqj frdolwlrq1 Ohw � eh wkh odujh

sod|hu1 Frqvlghu �uvw d wzr sod|hu frdolwlrq 7 ' i�c �j1 Iru dq| & *5 7/

�E�qi�c &j� ' f1 Qrz frqvlghu wkh frdolwlrq ri doo wkh vpdoo sod|huv/ 7 '

�qi�j1 Iru dq| & 5 7/ �E�qi�c &j� ' f 1 Khqfh wkh frqglwlrq ri Sursrvlwlrq

6 lv vdwlv�hg iru dq| plqlpdo zlqqlqj frdolwlrq 71

Wr suryh wkh uhyhuvh lpsolfdwlrq/ frqvlghu d jdph � iru zklfk doo plqlpdo

zlqqlqj frdolwlrqv fdq eh lpsrvhg1 Zh zloo vkrz wkdw wkh jdph � lv dq dsh{

jdph1 Li m� m ' �/ wkh uhvxow lv lpphgldwh1 Vr vxssrvh wkdw m� m � e1 Vlqfh
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wkh jdph lv surshu/ wkhuh pxvw h{lvw d plqlpdo zlqqlqj frdolwlrq 7 zlwk

m7m � �1 Dv wkh khdg ri vwdwh fdq lpsrvh wkh suhvhqfh ri doo wkh sod|huv ri 7

lq wkh htxloleulxp frdolwlrq/ wkhuh h{lvw wzr sod|huv @ dqg K lq 7 dqg d sod|hu

5 *5 7 iru zkrp �Ei@c 5j� ' �EiKc 5j� ' ��

Qrz gh�qh ~ ' i� 5 �c � 9' 5c �Ei�c 5j� ' �j� Wkh vhw ~ lv wkh vhw ri

doo sod|huv zkr duh zlqqlqj zlwk 5/ dqg e| rxu suhylrxv dujxphqw/ m~m � 21

Vxssrvh wkdw wkhuh h{lvwv d sod|hu � 5 �c � 9' 5 vxfk wkdw � *5 ~1 Vlqfh

� lv qrw d gxpp| sod|hu/ wkhuh h{lvwv d plqlpdo zlqqlqj frdolwlrq 7� wr

zklfk vkh ehorqjv1 Qrz revhuyh wkdw/ vlqfh wkh jdph lv surshu/ iru doo @ 5

~c �E�qi@c 5j� ' f1 Wklv lpsolhv wkdw wkh zlqqlqj frdolwlrq 7� pxvw hlwkhu

frqwdlq 5 ru doo wkh sod|huv lq ~/ l1h1 hlwkhu 5 5 7� ru ~ � 7�1 Zh qrz vkrz

wkdw �E~� ' f1 Vxssrvh wr wkh frqwudu| wkdw �E~� ' �1 E| plqlpdolw| ri wkh

zlqqlqj frdolwlrq 7�c zh fdqqrw kdyh ~ � 7�1 Khqfh 5 5 7�1 Ixuwkhupruh/

dv �E~� ' � dqg wkh jdph lv surshu/ 7� _~ 9' >/ lpso|lqj wkdw wkhuh h{lvwv

@ 5 ~ vxfk wkdw i@c 5j � 7�/ frqwudglfwlqj wkh plqlpdolw| ri wkh zlqqlqj

frdolwlrq 7�1

Vlqfh �E~� ' f dqg wkh jdph lv vwurqj/ �E�q~� ' �1 Khqfh wkhuh h{lvwv

d plqlpdo zlqqlqj frdolwlrq 7 � �q~1 Fohduo|/ vlqfh ~ # 7/ 5 5 7� Zh qrz

fodlp wkdw m7m ' 21 Vxssrvh e| frqwudglfwlrq wkdw m7m � �1 Vlqfh wkh khdg

ri vwdwh fdq lpsrvh wkh suhvhqfh ri doo sod|huv lq 7 lq wkh plqlpdo zlqqlqj

frdolwlrq/ wkhuh h{lvwv _ 5 7c _ 9' 5 dqg + *5 7 vxfk wkdw �Ei_c +�j ' �� Qrz

uhfdoo wkdw �Ei@c 5j� ' �EiKc 5j� ' �� Vlqfh wkh jdph lv surshu/ _ 9' 5c _ 9'

@c _ 9' K dqg + 9' 5/ zh pxvw kdyh + ' @ dqg + ' K/ frqwudglfwlqj wkh idfw wkdw

@ dqg K duh glvwlqfw hohphqwv ri ~1 Zh frqfoxgh wkdw wkhuh h{lvwv d sod|hu

_ *5 ~ iru zkrp �Ei_c 5j� ' �/ frqwudglfwlqj wkh gh�qlwlrq ri ~1

Khqfh/ ~ ' �qi5j/ hvwdeolvklqj wkdw wkh jdph lv dq dsh{ jdph1

Wkhruhp 9 fodul�hv wkh uhodwlrqvkls ehwzhhq wkh djhqgd vhwwhu*v frqwuro

dqg wkh xqghuo|lqj vwuxfwxuh ri srzhu1 Lq d vhqvh/ lw vkrzv wkdw wkh djhqgd
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vhwwhu*v pdqlsxodwlrq srvvlelolwlhv duh udwkhu uhvwulfwhg= kh fdq rqo| ixoo|

fkrrvh wkh plqlpdo zlqqlqj frdolwlrq zkhq wkh xqghuo|lqj vlpsoh jdph kdv

wkh vshfl�f vwuxfwxuh ri dq dsh{ jdph/ zlwk rqh odujh sod|hu dqg pdq| vpdoo

sod|huv1 Lq doo rwkhu vlwxdwlrqv/ wkh djhqgd vhwwhu*v srzhu lv yhu| uhvwulfwhg1

Kh pd| eh deoh wr lpsrvh vrph exw qrw doo plqlpdo zlqqlqj frdolwlrqv/ ru

hyhq qrw eh deoh wr lpsrvh wkh suhvhqfh ri dq| pruh wkdq rqh sod|hu/ dv zrxog

eh wkh fdvh lq d v|pphwulf pdmrulw| jdph zlwk pruh wkdq �yh sod|huv/ zkhuh

qr wzr0sod|hu frdolwlrq lv zlqqlqj1

9 Frqfoxvlrq

Lq wkh wkhruhwlfdo prghov ri jryhuqphqw irupdwlrq lq srolwlfdo vflhqfh/ lw lv

xvxdoo| dvvxphg wkdw wkh khdg ri vwdwh kdv qr vwudwhjlf srzhu1 Lq wklv sd0

shu/ zh ghyhors d irupdo prgho ri djhqgd frqwuro wr dqdo|}h wkh srzhu ri

dq djhqgd vhwwhu lq wkh irupdwlrq ri frdolwlrqv lq vlpsoh jdphv1 Zh vxssrvh

wkdw wkh djhqgd vhwwhu fdq fkrrvh wkh rughu lq zklfk sod|huv pdnh sursrvdov

wr irup frdolwlrqv lq d vlpsoh/ vhtxhqwldo qrqfrrshudwlyh surfhgxuh ri frdol0

wlrqdo edujdlqlqj1 Zh vkrz wkdw wkh djhqgd vhwwhu fdq dozd|v lpsrvh wkh

suhvhqfh ri rqh djhqw lq wkh frdolwlrq e| sodflqj klp �uvw/ dqg h{foxgh dq0

rwkhu djhqw e| sodflqj klp vhfrqg1 Wkh rqo| vwuxfwxuh lq zklfk wkh djhqgd

vhwwhu fdq lpsrvh wkh irupdwlrq ri dq| plqlpdo zlqqlqj frdolwlrq duh dsh{

jdphv/ zkhuh d odujh sod|hu irupv d zlqqlqj frdolwlrq zlwk dq| ri wkh rwkhu

sod|huv1 Ixuwkhupruh/ wkh djhqgd vhwwhu vkrxog dozd|v sodfh wkh ohdvw ghvlu0

deoh phpehu ri d frdolwlrq �uvw/ dqg wkh prvw ghvludeoh sod|hu rxwvlgh wkh

frdolwlrq vhfrqg1

Zkloh rxu uhvxowv surylgh d �uvw vwhs lq wkh xqghuvwdqglqj ri wkh uhodwlrq

ehwzhhq wkh rughu ri sursrvhuv dqg wkh frdolwlrqv iruphg lq d vhtxhqwldo edu0

jdlqlqj jdph/ zh srlqw rxw vrph lpsruwdqw olplwdwlrqv ri rxu dqdo|vlv/ zklfk
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qhhg wr eh dgguhvvhg lq ixwxuh uhvhdufk1 Iluvw/ zh irfxv lq wklv sdshu rq d

sxuho| uhglvwulexwlyh prgho ri frdolwlrq irupdwlrq1 Lq rughu wr h{sodlq wkh

irupdwlrq ri jryhuqphqwv lq sduoldphqwdu| ghprfudflhv/ zh qhhg wr h{whqg

wkh prgho wr dffrpprgdwh iru lghrorjlfdo suhihuhqfhv ri wkh srolwlfdo sduwlhv1

Dxvwhq Vplwk dqg Edqnv +4<;;, dqg Edurq +4<<4 dqg 4<<6, kdyh dqdo|}hg vh0

txhqwldo prghov ri jryhuqphqw irupdwlrq zlwk wkuhh sduwlhv zlwk suhihuhqfhv

ryhu d srolf| vsdfh1 Lq Dxvwhq Vplwk dqg Edqnv +4<;;,/ sduwlhv* xwlolwlhv dovr

ghshqg rq wkhlu vkduh lq wkh jryhuqphqw ehqh�wv/ dqg jryhuqphqw ehqh�wv

duh dvvxphg wr eh odujh hqrxjk wr frpshqvdwh d frdolwlrq phpehu iru dq|

orvv lq xwlolw| gxh wr dq dgyhuvh srolf| fkrlfh1 Khqfh/ lq htxloleulxp/ wkh

�uvw sduw| fkrrvhv lwv rswlpdo srolf| rxwfrph/ dqg xvhv d wudqvihu lq jry0

huqphqw ehqh�wv wr lqgxfh wkh rwkhu frdolwlrq phpehu wr sduwlflsdwh lq wkh

jryhuqphqw1 Lq hvvhqfh/ wkh dvvxpswlrq wkdw jryhuqphqw ehqh�wv duh kljk

hqrxjk lpsolhv wkdw doo wudqvihuv zloo eh pdgh wkurxjk d uhglvwulexwlrq ri

jryhuqphqw ehqh�wv/ dqg wkh htxloleulxp lv vlplodu wr wkh htxloleulxp lq wkh

sxuho| uhglvwulexwlyh jdph1 Lq Edurq +4<<4 dqg 4<<6,/ sduwlhv kdyh sxuho|

lghrorjlfdo suhihuhqfhv/ dqg edujdlq ryhu srolf| rxwfrphv1 Lq wkdw fdvh/ sdu0

wlhv* vwudwhjlhv dw wkh jryhuqphqw irupdwlrq vwdjh duh pxfk pruh frpsoh{

wr fkdudfwhul}h/ dqg wkh htxloleuld pd| lqyroyh gl�huhqw frdolwlrqv wkdq wkh

rqhv rewdlqhg lq wkh uhglvwulexwlyh fdvh1 Wkh fkdudfwhul}dwlrq ri htxloleulxp

frdolwlrqv zlwk pruh wkdq wkuhh sduwlhv lq Edurq*v prghov dsshduv wr eh d

iruplgdeoh wdvn1

Vhfrqg/ zh kdyh irfxvvhg rxu dwwhqwlrq wr vlpsoh jdphv/ glylglqj wkh vhw

ri frdolwlrqv lqwr rqo| wzr w|shv/ dqg rqo| doorzlqj iru frdolwlrqdo zruwkv ri f

ru �1 Dv vkrzq lq Fkdwwhumhh hw do1 +4<<6,/ wkh vwxg| ri wkh uhodwlrq ehwzhhq

wkh surwrfro dqg wkh htxloleulxp frdolwlrq lq jhqhudo frrshudwlyh jdphv zlwk

wudqvihudeoh xwlolw| lv h{wuhpho| frpsoh{1 Fkdwwhumhh hw do1 +4<<6, vkrz

wkdw/ lq rughu iru wkh judqg frdolwlrq wr eh iruphg iru dq| rughulqj ri wkh

sod|huv/ wkh shu phpehu zruwk ri wkh judqg frdolwlrq pxvw h{fhhg wkh shu
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phpehu zruwk ri dq| rwkhu frdolwlrq1 Lq doo rwkhu fdvhv/ wkh frdolwlrq iruphg

lq htxloleulxp pd| qrw eh h!flhqw +l1h1 pd| eh gl�huhqw iurp wkh judqg

frdolwlrq iru vwulfwo| vxshudgglwlyh jdphv, dqg pd| ghshqg rq wkh surwrfro1

Wkh h{dfw olqn ehwzhhq wkh surwrfro dqg wkh frdolwlrq iruphg lq htxloleulxp

lv krzhyhu gl!fxow wr fkdudfwhul}h1

Wklug/ zh kdyh frqvlghuhg d vshfl�f �qlwh surfhgxuh ri vhtxhqwldo edu0

jdlqlqj/ zkhuh hdfk sod|hu lv jlyhq wkh rssruwxqlw| wr irup d frdolwlrq rqfh1

Dv lv dssduhqw iurp wkh fkdudfwhul}dwlrq ri wkh vxejdph shuihfw htxloleulxp

ri wkh jdph ri frdolwlrq irupdwlrq/ doorzlqj sod|huv wr pryh pruh wkdq rqfh

lq wkh vhtxhqfh zrxog qrw d�hfw rxu uhvxowv1 Krzhyhu/ h{foxglqj vrph sod|0

huv iurp wkh rughu ri sursrvhuv zrxog fohduo| fkdqjh rxu dqdo|vlv/ vlqfh wkh

vwdwxv txr sd|r�v zrxog wkhq sod| d uroh lq wkh ghwhuplqdwlrq ri wkh htxl0

oleulxp rxwfrph1 Wklv lpsolhv wkdw wkh djhqgd vhwwhu frxog ehqh�w iurp

h{foxglqj vrph sod|huv iurp wkh rughu ri sursrvhuv/ dqg wkdw klv srzhu pd|

eh hqodujhg e| doorzlqj klp wr fkrrvh lqfrpsohwh rughulqjv ri wkh sod|huv1

: Uhihuhqfhv

Dxvwhq0Vplwk/ G1 dqg M1 Edqnv +4<;;, �Hohfwlrqv/ Frdolwlrqv dqg Ohjlvodwlyh

Rxwfrphv/� Dphulfdq Srolwlfdo Vflhqfh Uhylhz ;5/ 73807551

Edqnv/ M1 +4<;8, �Vrsklvwlfdwhg Yrwlqj Rxwfrphv dqg Djhqgd Frqwuro/� Vr0

fldo Fkrlfh dqg Zhoiduh 5/ 5<806391

Edurq/ G1 +4<<4, �D Vsdwldo Edujdlqlqj Wkhru| ri Frdolwlrq Irupdwlrq lq

Sduoldphqwdu| V|vwhpv/� Dphulfdq Srolwlfdo Vflhqfh Uhylhz ;8/ 46:04971

Edurq/ G1 +4<<6, �Jryhuqphqw Irupdwlrq dqg Hqgrjhqrxv Sduwlhv/� Dphu0

lfdq Srolwlfdo Vflhqfh Uhylhz ;:/ 6707:1

Edurq/ G1 dqg M1 Ihuhmrkq +4<;<, �Edujdlqlqj lq Ohjlvodwxuhv/� Dphulfdq

Srolwlfdo Vflhqfh Uhylhz ;6/ 44;4045391
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Eorfk/ I1 �Vhtxhqwldo Irupdwlrq ri Frdolwlrqv zlwk Il{hg Sd|r� Glylvlrq/�

Jdphv dqg Hfrqrplf Ehkdylru 47/ <304561

Fkdwwhumhh/ N1/ E1 Gxwwd/ G1 Ud| dqg N1 Vhqjxswd +4<<6, �D Qrqfrrshudwlyh

Wkhru| ri Frdolwlrqdo Edujdlqlqj/� Uhylhz ri Hfrqrplf Vwxglhv 93/ 79607:;1

Glhuphlhu/ G1 dqg D1 Phuor +4<<<, �Dq Hpslulfdo Lqyhvwljdwlrq ri Frdolwlrqdo

Edujdlqlqj Surfhgxuhv/� plphr1/ PHGV/ Qruwkzhvwhuq Xqlyhuvlw| dqg Qhz

\run Xqlyhuvlw|1

Mdfnvrq/ P1 dqg E1 Prvhooh +4<<;, �Frdolwlrq dqg Sduw| Irupdwlrq lq d

Ohjlvodwlyh Yrwlqj Jdphv/� plphr1/ Fdoliruqld Lqvwlwxwh ri Whfkqrorj|1

Odyhu/ P1 dqg N1 Vkhsvoh +4<<9, Pdnlqj dqg Euhdnlqj Jryhuqphqwv/ Fdp0

eulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Phuor/ D1 +4<<:, �Edujdlqlqj ryhu Jryhuqphqwv lq d Vwrfkdvwlf Hqylurq0

phqw/� Mrxuqdo ri Srolwlfdo Hfrqrp| 438/ 43404641

Ploohu/ Q1 +4<;3, �D Qhz Vroxwlrq iru Wrxuqdphqwv dqg Pdmrulw| Yrwlqj/�

Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 57/ 9;0<91

Ploohu/ Q1 +4<<8, Frpplwwhhv/ Djhqgdv dqg Yrwlqj/ Fkxu/ Vzlw}huodqg= Kdu0

zrrg Dfdghplf Sxeolvkhuv1

Ud|/ G1 dqg U1 Yrkud +4<<<, �D Wkhru| ri Hqgrjhqrxv Frdolwlrq Vwuxfwxuhv/�

Jdphv dqg Hfrqrplf Ehkdylru 59/ 5;906691

Urphu/ W1 dqg K1 Urvhqwkdo +4<:;, �Srolwlfdo Uhvrxufh Doorfdwlrq/ Frq0

wuroohg Djhqgd/ dqg wkh Vwdwxv Txr/� Sxeolf Fkrlfh 6627/ 5:0781

Urvhqwkdo/ K1 +4<<3, �Wkh Vhwwhu Prgho/� lq Dgydqfhv lq wkh Vsdwldo Wkh0

ru| ri Yrwlqj/ hg1 e| M1 Hqhorz dqg P1 Klqlfk1 Fdpeulgjh= Fdpeulgjh

Xqlyhuvlw| Suhvv1

Vwurp/ N1 / L1 Exgjh dqg P1 Odyhu +4<<7, �Frqvwudlqwv rq Fdelqhw Irupdwlrq

lq Sduoldphqwdu| Ghprfudflhv/� Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 6;/

63606681
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Yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq +4<86,Wkhru| ri Jdphv dqg Hfrqrplf

Ehkdylru/ 6ug hglwlrq/ Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1

Zhehu/ U1 +4<<7, �Jdphv lq Frdolwlrqdo Irup/� lq Kdqgerrn ri Jdph Wkh0

ru|/ Yro1 LL hg1 e| U1 Dxpdqq dqg V1 Kduw1 Dpvwhugdp= Hovhylhu Vflhqfh1
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