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Kruprqh ehhiv/ fkorulgulf fklfnhq dqg
lqwhuqdwlrqdo wudgh=

Fdq vflhqwl�f xqfhuwdlqw| eh dq
lqirupdwlrqdo eduulhu wr wudghB�

Jldfrpr Fdo}rodul| Jlrydqql Lppruglqr}

Mdqxdu| 5333

Devwudfw

Zh vwxg| lqwhuqdwlrqdo wudgh ri lqqrydwlyh jrrgv vxemhfw wr vflhq0
wl�f xqfhuwdlqw| rq frqvxphuv* khdowk h�hfwv1 Wudgh ri wkhvh jrrgv lv
riwhq dw wkh fhqwhu ri lqwhuqdwlrqdo glvsxwhv1 Zh vkrz wkdw d qhz wudgh
surwhfwlrqlvp pd| dulvh ehfdxvh ri wkh vflhqwl�f xqfhuwdlqw|1 D iuhh
ulglqj h�hfw lv lqglylgxdwhg lpso|lqj d pruh frqvhuydwlyh ehkdylrxu
e| frxqwulhv1 Zh dovr vwxg| wkh lqirupdwlyh uroh sod|hg e| surgxfhuv
+oreelhv, lq uhyhdolqj ydoxdeoh lqirupdwlrq1 Zh �qg wkdw surgxfhuv
uhyho pruh lqirupdwlrq zkhq wkh h�hfwv ri kdupixo frqvxpswlrq rq
khdowk duh orqj odvwlqj1 Rxu uhvxowv duh urexvw wr vhyhudo h{whqvlrqv
+h1j1 surgxfw odeholqj/ �up oldelolw|,1

M1H1O1 qxpehuv= G;/ I4/ O41
Nh|zrugv= lqwhuqdwlrqdo wudgh/ oreelhv/ lqirupdwlrq/ vflhqwl�f xq0

fhuwdlqw|1

�Wkh dxwkruv judwhixoo| dfnqrzohgjh wkh qxphurxv vxjjhvwlrqv r�huhg e| O1 Odpehu0
wlql/ P1 OlFdo}l/ D1 Ol}}hul/ M1F1 Urfkhw/ F1 Vfdusd/ M1 Wluroh/ O1 Zklwh1

|JUHPDT/ Xqlyhuvlwë gh Wrxorxvh dqg Xqlyhuvlw| ri Erorjqd
}JUHPDT/ Xqlyhuvlwë gh Wrxorxvh dqg Xqlyhuvlw| ri Sdohupr
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Qrq0whfkqlfdo Devwudfw

Li zh orrn dw uhfhqw klvwru|/ zh revhuyh wkdw lqwhuqdwlrqdo lqvwlwxwlrqv/
dv wkh JDWW ehiruh dqg wkh ZWR qrz/ suryhg wr eh vxffhvvixo lq uhgxflqj
lqwhuqdwlrqdo wudgh eduulhuv1 Krzhyhu/ fuhglelolw| dqg hqirufhphqw ri lqwhuqd0
wlrqdo djuhhphqwv pd| ehfrph dq lvvxh zkhq wkh frqwudfwlqj sduwlhv duh qrw
htxdoo| lqiruphg1 Wklv lv frq�uphg e| wkh revhuydwlrq wkdw prvw ri dfwxdo
wudgh glvsxwhv duh olqnhg wr lqirupdwlrqdo lvvxhv1 Zkhq d qhz surgxfw lv
lqwurgxfhg/ frxqwulhv kdyh wr ghflgh li wr doorz frqvxpswlrq ru qrw1 Wdnlqj
wklv ghflvlrq wkh| wu| wr hydoxdwh h{shfwhg frvwv dqg ehqh�wv1 Wkh h�hfwv
rq frqvxphuv* khdowk ri qhz surgxfwv vxfk dv guxjv/ jhqhwlfdoo| prgl�hg
sodqwv/ dqlpdov jurzq zlwk kruprqhv/ fklfnhq fdufdvvhv fkorulqh zdvkhg duh
jhqhudoo| lpshuihfwo| nqrzq1 Lw lv vwulnlqj wr vhh wkdw doprvw doo wkh deryh
txrwhg fdvhv duh dfwxdoo| dw wkh fhqwhu ri lqwhuqdwlrqdo wudgh glvsxwhv1 W|sl0
fdoo| wkh frxqwu| zklfk ghyhorsv wkh qhz jrrg +ru wkh frvw vdylqj surgxfwlrq
surfhvv, dujxhv wkdw rwkhu frxqwulhv gr qrw doorz frqvxpswlrq ri wkh surg0
xfw wr surwhfw grphvwlf frpshwlwruv1 Rq wkh rwkhu vlgh/ edqqlqj frxqwulhv
fodlp wkhlu iuhhgrp wr fkrrvh rq grphvwlf frqvxphu vdihw| dqg wr uhixvh
ulvn| surgxfwv dffruglqj wr qdwlrqdo suhihuhqfhv dqg lqirupdwlrq1 Lq wkhvh
fdvhv wkh uroh sod|hg e| lqwhuqdwlrqdo lqvwlwxwlrqv vhhpv olplwhg dv frxqwulhv
duh uhoxfwdqw wr ghohjdwh vxsud0qdwlrqdo dxwkrulwlhv ghflvlrqv rq grphvwlf
frqvxpswlrq xqfhuwdlqw|1

Wkh pdlq uhvxowv ri wkh sdshu duh wkh iroorzlqj1 Iluvw/ doorzlqj wkh lq0
qrydwlyh jrrg/ d frxqwu| jhqhudwhv iuhho| dydlodeoh lqirupdwlrq jlyhq e| wkh
revhuydwlrq ri frqvxpswlrq h�hfwv1 Wkxv/ jryhuqphqwv duh frqiurqwhg zlwk
d ghflvlrq pdnlqj sureohp zkhuh wkh lqirupdwlrq  rz lv hqgrjhqrxv +lw gh0
shqgv rq ghflvlrqv, dqg lv d vwudwhjlf yduldeoh= hdfk frxqwu| zrxog olnh wkh
rwkhu wr doorz wkh lqqrydwlyh jrrg/ whvw lw dqg surylgh wkh lqirupdwlrq1 Vhf0
rqg/ lqirupdwlrq uhyhodwlrq e| oreelhv wxuqv rxw wr ghshqg rq wkh orqj odvwlqj
ru vkruw olyhg h�hfwv ri kdupixo frqvxpswlrq1 Oreelhv uhyhdo pruh lqirupd0
wlrq zkhq wkh kdupixo h�hfwv duh orqj odvwlqj1 Wklug/ vflhqwl�f xqfhuwdlqw|
suryhv wr eh dq lqirupdwlrqdo eduulhu wr wudgh1 Lq idfw/ jryhuqphqwv dgdsw
wkhlu fkrlfhv wr wkh vr fdoohg Suhfdxwlrqdu| Sulqflsoh= wkh| edq frqvxpswlrq
pruh riwhq zkhq pruh lqirupdwlrq lv zdlwhg lq wkh ixwxuh1 Vflhqwl�f surjuhvv
sxvkhv wrzdug pruh frqvhuydwlyh ghflvlrqv wrgd|1
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4 Lqwurgxfwlrq

Prvw ri wkh hfrqrplvwv idflqj zlwk wkh Sdxo Nuxjpdq*v idprxv txhvwlrq �Lv
iuhh wudgh sdvvì diwhu dooB� +Nuxjpdq +4<;:,,/ zrxog wrgd| dqvzhu �\hv/ lw
lv�1 Pruhryhu/ li zh orrn dw uhfhqw klvwru|/ zh revhuyh wkdw lqwhuqdwlrqdo lq0
vwlwxwlrqv/ dv wkh JDWW ehiruh dqg wkh ZWR qrz/ suryhg wr eh vxffhvvixo lq
uhgxflqj lqwhuqdwlrqdo wudgh eduulhuv14 Hfrqrplvwv* idyru wrzdugv iuhh wudgh
pd| kdyh sod|hg vrph uroh lq wklv vxffhvv1 Krzhyhu/ d ixqgdphqwdo lqjuhgl0
hqw ri wklv vxffhvv lv vxuho| wkh lpsuryhg fuhglelolw| dqg hqirufhphqw srzhu ri
lqwhuqdwlrqdo wudgh lqvwlwxwlrqv1 Wklv phfkdqlvp suryhg wr eh sduwlfxoduo|
h!flhqw zlwk wkh wudglwlrqdo wudgh eduulhuv +wdul�v/ gxwlhv/ vxevlglhv/ txr0
wdv/ yroxqwdu| h{sruw uhvwudlqwv/ hwf1,1 Lq wkhvh fdvhv/ wkh edujdlqhg whupv
ri lqwhuqdwlrqdo djuhhphqwv duh revhuydeoh e| doo wkh lqyroyhg sduwlhv dqg
lqwhuqdwlrqdo lqvwlwxwlrqv fdq h!flhqwo| dfw dv hqiruflqj frxuwv15

Krzhyhu/ fuhglelolw| dqg hqirufhphqw ri lqwhuqdwlrqdo djuhhphqwv pd|
ehfrph dq lvvxh zkhq wkh frqwudfwlqj sduwlhv duh qrw htxdoo| lqiruphg1 Wklv
lv frq�uphg e| wkh revhuydwlrq wkdw prvw ri dfwxdo wudgh glvsxwhv duh olqnhg
wr lqirupdwlrqdo lvvxhv1 D vwulnlqj fdvh lv vxssolhg e| vdihw| vwdqgdugv dqg
surgxfw vdihw| uhjxodwlrq16 Zlwk wklv uhvshfw wkh JDWW +Jhqhudo Djuhhphqw
rq Wudgh dqg Wdul�v, doorzhg frxqwulhv wr edq lpsruwdwlrq ri jrrgv wkdw zhuh
wkrxjkw wr kdyh ehhq surgxfhg xqvdiho|/ surylghg wkdw wkh h{foxvlrq zhuh
edvhg rq dghtxdwh vflhqwl�f whvwlqj1 Wklv lv wkh nh| srlqw ghyhorshg lq rxu
sdshu1 Iluvw/ zh vwxg| li dqg krz d qhz wudgh surwhfwlrqlvp pd| dulvh iurp
vflhqwl�f xqfhuwdlqw| rq wkh vdihw| ri lqqrydwlrqv1 Vhfrqg/ zh dqdo|}h wkh
lqirupdwlyh uroh sod|hg e| surgxfhuv lq surylglqj hylghqfh sur ru djdlqvw wkh
lqqrydwlyh jrrgv1 Ilqdoo|/ frxqwulhv* ghflvlrq surfhvv wr edq ru dffhsw wkh
lqqrydwlrq lv ghvfulehg1

Zkhq d qhz surgxfw lv lqwurgxfhg/ frxqwulhv kdyh wr ghflgh li wr doorz
frqvxpswlrq ru qrw1 Wdnlqj wklv ghflvlrq wkh| wu| wr hydoxdwh h{shfwhg
frvwv dqg ehqh�wv1 Lqirupdwlrq rq wkh suredelolw| glvwulexwlrq ri srvvleoh

4Wkh �Nhqqhg|� JDWW urxqg +4<9709:, lqgxfhg d 63( pxowlodwhudo fxw lq wdul�v rq
pdqxidfwxuhv jrrgv1 Vlploduo| wkh Wrn|r Urxqg rewdlqhg d ixuwkhu 63( uhgxfwlrq dv zhoo
dv wkh Xuxjxd| Urxqg1

5Hyhq li JDWW kdg qr ohjdo irufh/ lw h!flhqwo| uholhg rq yroxqwdu| frpsoldqfh ri lwv
phpehuv wr pdlqwdlq fuhglelolw|1

6Dqrwkhu h{dpsoh lv gxpslqj/ dq dozd|v krw lqwhuqdwlrqdo wrslf1 Wkh gl!fxow| iru
frxqwulhv wr djuhh +frqwudfw, rq gxpslqj lv gxh wr wkh idfw wkdw �upv* surgxfwlrq frvwv
duh qrw shuihfwo| yhul�deoh1 Frpsdulvrqv ehwzhhq frvwv dqg sulfhv lv dozd|v vrphkrz
duelwudu|/ wkxv wkh gl!fxowlhv iru frxqwulhv wr djuhh rq1
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frqvhtxhqfhv lv fuxfldo1 Wkh h�hfwv rq frqvxphuv* khdowk ri qhz surgxfwv
+ru d frvw vdylqj surgxfwlrq surfhvv lqqrydwlrqv, duh jhqhudoo| lpshuihfwo|
nqrzq1 Hyhq nqrzlqj wkh vhw ri srvvleoh frqvhtxhqfhv ri frqvxpswlrq +wkh
vwdwhv ri qdwxuh,/ rqh vwloo grhv qrw nqrz wkh h{dfw suredelolwlhv ri hyhqwv1
+Rxu lqwhusuhwdwlrq ri vflhqwl�f xqfhuwdlqw| gl�huv iurp ulvn pdlqo| iru wkh
srvvlelolw| wr glplqlvk ryhu wlph1,

Srolf| pdnhuv wu| wr vwdwh h�hfwv dqg dvvrfldwhg suredelolwlhv ri qhz
guxjv/ dqg li wkh| doorz lw/ wkhlu nqrzohgjh rq vdihqhvv lv vwloo sduwldo1 Vlp0
loduo| kdsshqv iru jhqhwlfdoo| prgl�hg sodqwv1 Zkhq zh hdw d sl}}d zlwk
jhqhwlfdoo| prgl�hg wrpdwrhv +hyhq li lw lv dv jrrg dv xvxdo, zh gr qrw nqrz
zlwk fhuwdlqw| lwv h�hfwv rq rxu khdowk1 Wkh vdph lv wuxh iru wkh phdw ri
dqlpdov jurzq zlwk kruprqhv/ iru fklfnhq fdufdvvhv zdvkhg zlwk fkorulqh
vroxwlrq dqg iru iuhqfk fkhhvh pdgh zlwk qrq0sdvwhxul}hg plon17

Lw lv vwulnlqj wr vhh wkdw doprvw doo wkh deryh txrwhg fdvhv duh dfwxdoo|
dw wkh fhqwhu ri lqwhuqdwlrqdo wudgh glvsxwhv1 W|slfdoo| wkh frxqwu| zklfk
ghyhorsv wkh qhz jrrg +ru wkh frvw vdylqj surgxfwlrq surfhvv, dujxhv wkdw
rwkhu frxqwulhv gr qrw doorz frqvxpswlrq ri wkh surgxfw wr surwhfw grphvwlf
frpshwlwruv1 Rq wkh rwkhu vlgh/ edqqlqj frxqwulhv fodlp wkhlu iuhhgrp wr
fkrrvh rq grphvwlf frqvxphu vdihw| dqg wr uhixvh ulvn| surgxfwv dffruglqj
wr qdwlrqdo suhihuhqfhv dqg lqirupdwlrq1 Lq wkhvh fdvhv wkh uroh sod|hg e|
lqwhuqdwlrqdo lqvwlwxwlrqv vhhpv olplwhg iru dw ohdvw wzr uhdvrqv1 Iluvw/ frxq0
wulhv duh uhoxfwdqw wr ghohjdwh vxsud0qdwlrqdo dxwkrulwlhv ghflvlrqv rq wrslfv
fkdudfwhul}hg e| xqfhuwdlqw| rq grphvwlf frqvxpswlrq1 Vhfrqg/ wkh suhvhqfh
ri vflhqwl�f xqfhuwdlqw| pdnhv doprvw lpsrvvleoh wkh zd| ri lqwhuqdwlrqdoo|
hqirufhg djuhhphqwv1 Wkh frqvhtxhqfh lv d jurzlqj qxpehu ri elodwhudo wudgh
glvsxwhv1

Wkh vhwwlqj zh dgguhvv lq wklv sdshu lv wkh rqh ri dq lqqrydwlrq rq wkh
surgxfwlrq surfhvv doorzlqj iru d vxevwdqwldo frvw uhgxfwlrq1 Wkhuh duh lqqr0
ydwlqj �upv zlwk wkh uljkwv wr h{sorlw wkh qhz surgxfwv dqg �upv surgxflqj
frpshwlqj forvh vxevwlwxwhv1 Wkh wudglwlrqdo dqg wkh qhz jrrg rqo| gl�hu
zlwk uhvshfw wr wkh surgxfwlrq surfhvv1 Wklv pd| kdyh dowhuhg wkh fkdudf0
whulvwlfv ri wkh surgxfw pdnlqj lw gdqjhurxv iru frqvxphu khdowk1

Li wkh qhz surgxfw lv dffhswhg/ wkh lqqrydwlqj �upv pd| eh deoh wr gulyh
frpshwlwruv rxw ri wkh pdunhw wkdqnv wr wkh vxevwdqwldo frvw uhgxfwlrq1 Lw
lv wkhq lq wkh lqwhuhvw ri erwk lqqrydwlqj dqg wudglwlrqdo �upv wr surylgh

7Iru pruh ghwdlov vhh/ iru h{dpsoh/ Wkh Hfrqrplvw/ Mdqxdu| 57063wk/ 4<<;/ dqg Mxqh
4604<wk 4<<;1
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hylghqfh vxssruwlqj wkhlu rzq lqwhuhvwv1 Lq wklv frqwh{w ri lpshuihfw lq0
irupdwlrq/ �upv hqjdjh wkhlu U)G ghsduwphqwv lq h{shulphqwlqj wkh qhz
surgxfw vdihqhvv1 Lq vr grlqj/ oreelhv ehfrph dq lpsruwdqw +hyhq li eldvhg,
vrxufh ri lqirupdwlrq iru frxqwulhv1

Khwhurjhqhlw| lq suhihuhqfhv dqg lqirupdwlrq rq frqvxpswlrq h�hfwv frxog
hdvlo| h{sodlq dq| gl�huhqfh lq frxqwulhv* ghflvlrqv1 Pruhryhu/ wklv nlqg
ri khwhurjhqhlw| fdq eh kdugo| mxvwl�hg dprqj htxdoo| ghyhorshg frxqwulhv1
Wkhuhiruh/ wr pdnh wkh dqdo|vlv qrq wulyldo/ zh dvvxph dzd| vxfk khwhur0
jhqhlw|1 Lq wdnlqj wkh ghflvlrq wr dffhsw wkh lqqrydwlyh jrrg/ hdfk frxqwu|
hydoxdwhv wkh h{shfwhg frqvxpswlrq h�hfwv dv zhoo dv wkh frqvhtxhqfhv rq
grphvwlf lqgxvwulhv1 Zh frqvlghu wzr frxqwulhv dqg zh dvvxph wkdw erwk
wkh oree| rzqlqj wkh lqqrydwlyh whfkqrorj| dqg wkh frpshwlqj oree| hqjdjh
lq dfwlyh lqirupdwlrq surylvlrq wr wkh wzr qdwlrqdo ghflvlrq pdnhuv1 Wkh
wzr ghflvlrq pdnhuv xsgdwh wkhlu sulru rq wkh qhz surgxfw frqvxpswlrq hi0
ihfwv zlwk wkh lqirupdwlrq wudqvplwwhg e| wkh oreelhv dqg ghflgh li wr doorz
grphvwlf frqvxpswlrq ri wkh qhz jrrg1

Hfrqrplf dqg srolwlfdo vflhqfh olwhudwxuh kdyh uhfhqwo| sdlg dwwhqwlrq wr
oreelhv* delolw| wr lq xhqfh ghflvlrqv qrw rqo| eulelqj qrq0ehqhyrohqw flylo
vhuydqwv exw dovr xvlqj wkh lqirupdwlrq wkh| duh deoh wr surylgh18 Iroorzlqj
wklv vwudqg ri olwhudwxuh/ zh dvvxph wkh vroh uroh ri oreelhv lv wr surylgh
ghflvlrq pdnhuv zlwk ydoxdeoh lqirupdwlrq iru wkhlu ghflvlrqv1 Zh gr qrw
pdlqwdlq wkdw eulehv gr qrw h{lvw lq uhdo zruog ru duh lqh�hfwlyh1 Zh zdqw wr
hpskdvl}h oreelhv* uroh zkhq ghflvlrq pdnhuv idfh vflhqwl�f xqfhuwdlqw| dv lq
prvw ri wkh uhfhqw wudgh glvsxwhv1

Wkh pdlq uhvxowv ri wkh sdshu duh wkh iroorzlqj1 Iluvw/ doorzlqj wkh lq0
qrydwlyh jrrg/ d frxqwu| jhqhudwhv iuhho| dydlodeoh lqirupdwlrq jlyhq e| wkh
revhuydwlrq ri frqvxpswlrq h�hfwv1 Wkxv/ jryhuqphqwv duh frqiurqwhg zlwk
d ghflvlrq pdnlqj sureohp zkhuh wkh lqirupdwlrq  rz lv hqgrjhqrxv +lw gh0
shqgv rq ghflvlrqv, dqg lv d vwudwhjlf yduldeoh= hdfk frxqwu| zrxog olnh wkh
rwkhu wr doorz wkh lqqrydwlyh jrrg/ whvw lw dqg surylgh wkh lqirupdwlrq1 Wklv
iuhh ulglqj h�hfw fkdudfwhul}hv wkh htxloleuld ri jryhuqphqwv ghflvlrq jdph
+vhfwlrq 6,1 Vhfrqg/ frqfhuqlqj wkh lqirupdwlyh uroh ri oreelhv/ lqirupd0
wlrq uhyhodwlrq e| oreelhv ghshqgv rq wkh orqj odvwlqj ru vkruw olyhg h�hfwv
ri kdupixo frqvxpswlrq1 Pruh vshfl�fdoo|/ oreelhv uhyhdo pruh lqirupdwlrq

8Vhh Dxvwhq0Vplwk +4<<6,/ +4<<8, dqg +4<<9,/ Nulvkqd dqg Prujdq +4<<;,/ Srwwhuv
dqg Ydq Zlqghq +4<<5, dqg Ghzdwulsrqw dqg Wluroh +4<<<,1 Iru dq lpsruwdqw h{dpsoh
ri eulelqj oreelhv vhh Khospdq dqg Jurvvpdq +4<<7,1
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zkhq wkh kdupixo h�hfwv duh orqj odvwlqj +vhfwlrq 7,1 Wklug/ vflhqwl�f xqfhu0
wdlqw| suryhv wr eh dq lqirupdwlrqdo eduulhu wr wudgh1 Lq idfw/ jryhuqphqwv
dgdsw wkhlu fkrlfhv wr wkh Suhfdxwlrqdu| Sulqflsoh91 Wkh| edq frqvxpswlrq
pruh riwhq zkhq pruh lqirupdwlrq lv zdlwhg lq wkh ixwxuh1 Vflhqwl�f surjuhvv
sxvkhv wrzdug pruh frqvhuydwlyh ghflvlrqv wrgd| +vhfwlrq 8,1 Vhfwlrq 9 vkrzv
wkdw rxu uhvxowv duh urexvw wr wkh lqwurgxfwlrq ri dv|pphwulf sulruv/ odeholqj
ri jrrgv/ �up*v oldelolw| dqg gl�huhqw glvfrxqw udwhv1

Wkh sodq ri wkh sdshu lv wkh iroorzlqj1 Vhfwlrq 5 lqwurgxfhv wkh prgho1
Vhfwlrq 6/ vwxglhv jryhuqphqwv ghflvlrqv idflqj ulvn| frqvxpswlrq/ jlyhq wkh
lqirupdwlrq surylghg e| wkh oreelhv1 Vhfwlrq 7 dqdo|vhv oreelhv* lqfhqwlyhv wr
h{shulphqw wkh lqqrydwlyh jrrg dqg surylgh ydoxdeoh lqirupdwlrq wr jryhuq0
phqwv1 Vhfwlrq 8 ghdov zlwk wkh Suhfdxwlrqdu| Sulqflsoh1 Vhfwlrq 9 suryhv
wkh urexvwqhvv ri uhvxowv wr vhyhudo h{whqvlrqv1 Vhfwlrq : vxppdul}hv wkh
uhvxowv dqg frqfoxghv1 Doo wkh surriv duh lq wkh Dsshqgl{ +vhfwlrq ;,1

5 Wkh Prgho

Sod|huv1 Frqvlghu wzr frxqwulhv X +iru Xqlwhg Vwdwhv, dqg H +iru Hxursh,
dqg dq lqgxvwu| zlwk wzr �upv +ru wzr jurxsv ri �upv, wkdw surgxfh dq
krprjhqhrxv jrrg= d vwdwxv txr +ru wudglwlrqdo, dqg dq lqqrydwru �up1 Iru
wkh vdnh ri frqfuhwhqhvv/ zh dvvxph wkdw wkh wzr �upv duh uhvshfwlyho| rzqhg
e| H*v dqg X*v flwl}hqv dqg fdoo wkhp H dqg X1 Wkh vwdwxv txr surgxfwlrq
whfkqrorj| lv iuhho| dydlodeoh wr erwk �upv1 Rq wkh frqwudu|/ �up X rzqv
d sdwhqw iru dq lqqrydwlrq doorzlqj iru frvw uhgxfwlrq zlwk uhvshfw wr wkh
vwdwxv txr whfkqrorj|1 Ilupv/ lqgh{hg e| � 5 iLc.j c frpshwh lq erwk pdu0
nhwv � 5 iLc.j dqg lq hdfk rqh ri wkh wzr shulrgv lq zklfk frqvxpswlrq
wdnhv sodfh1 Wr vlpsoli| wkh dqdo|vlv pdunhwv duh dvvxphg wr eh ri htxdo vl}h1
Jryhuqphqwv duh ehqhyrohqw ghflvlrq pdnhuv dqg lq hdfk shulrg pd{lpl}h
d zhljkwhg vxp ri grphvwlf frqvxphu*v vxusoxv dqg grphvwlf �up*v sur�w/
uhvshfwlyho| zlwk zhljkwv ��k dqg k�: Ilqdoo|/ Qdwxuh ghflghv li wkh lqqryd0

9Wkh sulqflsoh vwdwhv wkdw �wkh devhqfh ri fhuwdlqw|/ jlyhq rxu fxuuhqw vflhqwl�f nqrzo0
hgjh/ vkrxog qrw ghod| wkh xvh ri phdvxuhv suhyhqwlqj d ulvn ri odujh dqg luuhyhuvleoh
gdpdjhv wr wkh hqylurqphqw/ dw dq dffhswdeoh frvw�1

:Jurvvpdq dqg Khospdq +4<<7,/ Ihhqvwud dqg Ohzlv +4<<4, dqg Pduwlpruw +4<<9, vkrz
wkdw � fdq eh d�hfwhg e| oreelhv* eulehv dqg xvh wklv lqwhusuhwdwlrq iru sur�w zhljkwlqj
lq vrfldo zhoiduh ixqfwlrqv1 Zh gr qrw ghdo zlwk wklv w|sh ri oree|lqj/ lq rxu prgho wkh
zhljkwv iru sur�wv duh wkh vdph lq erwk frxqwulhv lq rughu wr irfxv rq wkh lqirupdwlrqdo
uroh ri oreelhv1

9



wlyh whfkqrorj| lv kdupixo iru frqvxphuv khdowk/ vwdwh f/ ru li lw lv qrw/ vwdwh
�1

Lqirupdwlrq1 Wkh vwdwh ri qdwxuh / 5 ifc �j lv wkh uhdol}dwlrq ri d udqgrp
yduldeoh l glvwulexwhg dffruglqj wr d Ehuqrxool glvwulexwlrq zlwk xqnqrzq
+wr erwk oreelhv dqg jryhuqphqwv, sdudphwhu w +suredelolw| ri vwdwh �,1 Doo
sod|huv vkduh d xqlirup sulru rq w zlwk vxssruw dfc �o �; +Wkh dvvxpswlrq ri
xqlirup sulru lv glvfxvvhg lq vhfwlrq 91, Wkh wzr oreelhv duh lq ehwwhu srvl0
wlrq wkdq jryhuqphqwv wr ohduq li wkh whfkqrorj| lv kdupixo ru qrw1 Oreelhv*
oderudwrulhv h{shulphqw wkh h�hfw ri wkh lqqrydwlyh whfkqrorj| dw d �{ frvw
S�< Hdfk oree| sulydwho| revhuyhv dq lqghshqghqw udqgrp gudz iurp wkh glv0
wulexwlrq ri l� Krzhyhu/ hyhq li wkh| kdyh dq lqirupdwlyh dgydqwdjh uhodwlyh
wr jryhuqphqwv/ wkh| duh vwloo qrw ixoo| lqiruphg1 Ohw |� 5 ifc �j ghqrwh wkh
uhdol}dwlrq ri �*v gudz � ' .cL dqg R Ef m |� dqg R E� m |� uhvshfwlyho| wkh
suredelolwlhv wkdw/ kdylqj revhuyhg uhdol}dwlrq+v, |c frqvxpswlrq ri wkh lqqr0
ydwlyh jrrg zloo dqg zloo qrw eh kdupixo1 Jryhuqphqwv lq ghflglqj zkhwkhu
ru qrw wr doorz wkh lqqrydwlrq fdq qrw shuirup h{shulphqwv rq wkhlu rzq
dqg duh wkhuhiruh reoljhg wr uho| rq wkh lqirupdwlrq wkh| fdq lqihu iurp wkh
oreelhv143 Jryhuqphqwv* h{shfwdwlrq ri wkh udqgrp gudz lv .|� ' .w ' �

2
�

Wkh lqqrydwlrq lv dq h{shulhqfh jrrg/ diwhu d �uvw frqvxpswlrq xqfhuwdlqw|
lv frpsohwho| uhvroyhg dqg doo wkh sod|huv ohduq wkh wuxh vwdwh ri wkh zruog144

Frqvxpswlrq frxog kdyh ehhq frqvlghuhg mxvw dv dqrwkhu h{shulphqw wkxv
ehlqj rqo| sduwldoo| lqirupdwlyh1 Krzhyhu/ wkh lqirupdwlrqdo uroh ri oreelhv
zrxog vwloo txdolwdwlyho| krog1 Wkh suhihuhqfhv ri doo sod|huv duh frpprq
nqrzohgjh1

Ghflvlrq Vhtxhqfh1 Qdwxuh fkrrvhv wkh vwdwh ri qdwxuh dqg oreelhv sul0
ydwho| dqg lqghshqghqwo| ohduq wkh uhvxow ri wkhlu h{shulphqw1 Kdylqj re0
vhuyhg wkh uhdol}dwlrq |�c hdfk �up � vshqgv uhvrxufhv �� wr dgyhuwlvh lwv
sulydwh lqirupdwlrq1 Vhqglqj d xqltxh phvvdjh wr erwk jryhuqphqwv wkh
�up sxvkhv ghflvlrqv wrzdug lwv ehvw suhihuuhg rxwfrph1 Qrwh wkdw zlwk
dgyhuwlvlqj wkh frvw ri wkh phvvdjh grhv qrw ghshqg rq w|sh dqg wkhq wkh

;Wklv lv prghohg dv lq Dxvwhq0Vplwk +4<<3,1
<Iru doprvw doo wkh sdshu wkh suhvhqfh ri wklv �{ frvw lv luuhohydqw1 Khqfh zh zloo pdnh

dv li wkh oree| douhdg| nqhz wkh uhvxow ri wkhlu rzq h{shulphqw dqg zh zloo h{solflwo| pdnh
fohdu zkhq wkh frvw wr dftxluh lqirupdwlrq pdwwhuv1

43Hyhq li jryhuqphqwv frxog shuirup h{shulphqwv/ oreelhv* lqirupdwlrq zrxog vwloo uh0
pdlq ydoxdeoh wr wdnh ghflvlrqv dqg rxu uhvxowv zrxog txdolwdwlyho| krog1

44Oreelhv* sulydwh lqirupdwlrq pd| eh wkh uhvxowv ri h{shulphqwv rq dqlpdov ohdglqj
lqvljkwv rq kxpdq frqvxpswlrq1

:



srvvlelolw| wr vhsdudwh lv edvhg rq wkh gl�huhqw dprxqwv ri uhvrxufhv rzqhg
e| gl�huhqw w|shv1 Lw lv lpsolflwo| dvvxphg wkdw erwk oreelhv kdyh vx!flhqw
uhwdlqhg sur�w wr �qdqfh wkhlu dgyhuwlvlqj fdpsdljqv145c46 Wkhq lq wkh ghfl0
vlrq/ vwdjh jryhuqphqwv vlpxowdqhrxvo| fkrrvh zkhwkhu wr shuplw ru qrw wkh
xvh ri wkh lqqrydwlrq iru wkh �uvw shulrg frqvxpswlrq1 Wkh ghflvlrq wr edq
ru dgplw lqqrydwlyh jrrgv lv xowlpdwho| lq wkh jryhuqphqw*v kdqgv dqg wkhq
frqvxphuv duh sdvvlyh dfwruv lq rxu jdph1 Jlyhq d jryhuqphqw*v ghflvlrq/
frqvxphuv wuhdw wkh wzr whfkqrorjlhv dv htxdo= wkh| duh qrw deoh wr glvfulp0
lqdwh dqg wkhuh lv qr odeholqj1 +Wkh fdvh zlwk odeholqj zloo eh glvfxvvhg lq
vhfwlrq 91, Lq wkh wudgh jdph �upv frpshwh rq erwk wkh Hxurshdq dqg wkh
Dphulfdq pdunhwv surgxflqj zlwk wkh doorzhg whfkqrorj| zklfk wkh| rzq1
Lq wkh fdvh dw ohdvw rqh jryhuqphqw shuplwv wkh lqqrydwlyh jrrg/ doo wkh sod|0
huv revhuyh wkh h�hfwv rq frqvxpswlrq +wuxh vwdwh ri qdwxuh,1 D frxqwu| hqgv
xs zlwk d }hur frqvxphu vxusoxv hyhq li rqo| d iudfwlrq ri flwl}hqv frqvxphg
wkh kdupixo jrrg dqg rqo| wkh vwdwxv txr jrrg lv doorzhg lq vhfrqg shulrg1
Wklv fdq eh vhhq dv wkh frqvhtxhqfh ri d vwurqj qhjdwlyh h{whuqdolw| d�hfwlqj
doo frqvxphuv lq wkh frxqwu| +h1j1 srolf| pdnhuv nqrz wkdw hyhq li rqo| d
vpdoo qxpehu ri frqvxphuv lv kduphg/ wkh| juhdwo| orrvh srsxodulw| ehwzhhq
qrq kduphg flwl}hqv wrr,1 Zh zloo dffrxqw iru erwk wkh fdvhv lq zklfk kdy0
lqj frqvxphg dq kdupixo jrrg wrgd| grhv dqg grhv qrw d�hfw wkh ehqh�wv
ri wrpruurz*v frqvxpswlrq/ uhvshfwlyho| orqj odvwlqj dqg vkruw olyhg h�hfwv1
Zkhq wkh lqqrydwlyh jrrg suryhv wr eh qrw kdupixo/ lw lv doorzhg e| erwk
jryhuqphqwv dovr lq wkh vhfrqg shulrg1 Zkhq qrqh ri wkh jryhuqphqwv doorzv
wkh lqqrydwlyh jrrg lq wkh �uvw shulrg/ frqvxpswlrq surylghv qr lqirupdwlrq1
Wkh wlplqj lv vxppdul}hg lq �jxuh 41

Sod|huv* vwudwhjlhv dqg sd|r�v1 Zkloh sod|hu*v suhihuhqfhv duh gh�qhg ryhu
rxwfrphv/ rxwfrphv duh wkh frqvhtxhqfhv ri srolflhv dqg ri wkh suhydlolqj
vwdwh ri qdwxuh1 Ohw ( ' E_L c _.� ghqrwh jryhuqphqwv* �uvw shulrg ghflvlrqv

45Qrwh wkdw vljqdoolqj zlwk sulfhv lv qrw srvvleoh lq rxu vhwwlqj1 Lq idfw/ ghflvlrqv duh
wdnhq diwhu vljqdoolqj dqg oreelhv* w|shv rqo| gl�hu lq vhfrqg shulrg sur�wv +vhh odwhu,1
Wklv phdqv/ wkdw vljqdoolqj lq sulfhv zrxog dprxqw lq ohwwlqj oreelhv wr dqqrxqfh wkh
sulfh wkh| zloo xvh lq wkh vhfrqg shulrg1 Pruhryhu/ rqh zrxog dovr kdyh wr dvvxph wkdw
jryhuqphqwv kdyh wkh srzhu wr pdnh sulflqj surplvhv hqirufhg1

46Vljqdoolqj prghov ri wklv w|sh fdq eh irxqg lq wkh srolwlfdo hfrqrp| dqg lq wkh dg0
yhuwlvlqj +lqgxvwuldo rujdql}dwlrq, olwhudwxuh1 Iru wkh �uvw vwudqg vhh dprqj wkh rwkhuv
Jhuehu +4<<9, dqg Sudww +4<<:,/ iru wkh vhfrqg vhh Nlkovwurp dqg Ulrugdq +4<;7, dqg
\dqj +4<<7,1
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Iljxuh 4=

zlwk _� ehorqjlqj wr wkh vhw ri srolflhv iru hdfk jryhuqphqw i+c ?j1 Zlwk
_� ' + wkh qhz whfkqrorj| lv doorzhg dqg zlwk _� ' ? wkh qhz whfkqrorj|
lv edqqhg� Wkh yhfwru ri �uvw shulrg ghflvlrqv ( wdnhv ydoxhv lq vhw [ '
i�c�tc t j zlwk t ' E+c +� erwk frxqwulhv dgplw wkh lqqrydwlrq/ zlwk � '
E?c ?� erwk edq wkh jrrg dqg zlwk ( ' �t 5 iE?c +�c E+c ?�j rqh edqv dqg
wkh rwkhu dgplwv wkh jrrg1

Frqvxpswlrq ri wkh lqqrydwlyh jrrg ixoo| uhyhdo wkh wuxh vwdwh ri qdwxuh1
Wkhq/ li �uvw shulrg frqvxpswlrq suryhg wr eh kdupixo/ lq vhfrqg shulrg erwk
frxqwulhv vhw _ ' ? rwkhuzlvh _ ' +� Zh wkxv lpsolflwo| dvvxph wkdw/ li wkh
lqqrydwlyh jrrg suryhv wr eh vdih/ frxqwu| . suhihuv wkh odujhu frqvxpswlrq
lw fdq rewdlq zlwk wkh lqqrydwlyh whfkqrorj| dqg lv uhdg| wr vdful�fh wkh orfdo
oree|*v sur�w1 +Vhh wkh glvfxvvlrq ri frqglwlrq +4,1,

Dv �upv frpshwh iru hdfk pdunhw/ wkhlu sur�wv ghshqg rq erwk jryhuq0
phqwv* ghflvlrqv1 �? lv wkh sur�w hdfk �up hduqv lq d vlqjoh pdunhw zkhuh
wkh lqqrydwlyh jrrg lv edqqhg1 �L

+ � E�? ���.
+ duh uhvshfwlyho| �up L dqg

. sur�wv hduqhg lq d frxqwu| zklfk doorzv wkh lqqrydwlrq1 Zkhq | ' E|.c |L�
�up �*v sur�wv duh ��

( E|�� �� zkhuh

��
( E|� '

[
�

��

_�
n 	��

( E|� c

dqg 	��
( E|� lv wkh vhfrqg shulrg sur�w1 Glvfrxqw udwh lv vhw wr }hur iru vlp0

solflw|1 +Vhh wkh glvfxvvlrq lq vhfwlrq 91, Ilup �*v sur�w/ jlyhq klv sulydwh
lqirupdwlrq |� dqg jlyhq frxqwulhv* ghflvlrqv lv

��
(

k
E|�c ��

l
R
�
� m |�

�
n��

(

k
E|�c f�

l
R
�
f m |�

�
����

Qrwh wkdw vhfrqg shulrg sur�wv 	��
( E|�ghshqg rq �uvw shulrg ghflvlrqv ri erwk

frxqwulhv1 Lq idfw/ li erwk frxqwulhv vhw _� ' ?c wkhuh lv qr xsgdwlqj rq khdowk
h�hfwv dqg vhfrqg shulrg ghflvlrqv uhpdlq wkh vdph� Rq wkh frqwudu|/ li dw
ohdvw rqh frxqwu| vhwv _� ' +c wkh h�hfw ri wkh lqqrydwlyh jrrg lv revhuyhg
dqg wkh glvforvhg lqirupdwlrq d�hfwv vhfrqg shulrg ghflvlrqv1
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Zkhq | ' E|.c |L� jryhuqphqw �*v zhoiduh lv

` �
( E|� ' k

k
��
( E|�� ��

l
n E�� k�

�
�7_� E|� n g�7

�

( E|�
�
c

zkhuh �7_� E|� dqg g�7
�

( E|� duh uhvshfwlyho| wkh h{shfwhg ydoxhv ri wkh �uvw
dqg vhfrqg shulrg frqvxphu*v vxusoxvhv1 Zkhq �uvw shulrg ghflvlrq lv ?c
wkhq �uvw shulrg frqvxpswlrq lv vdih dqg �7? E|� ' �7?c zkhq lw lv + wkhq
�7+ E|� ' �7+ R E� m |� c zlwk �7+ � �7?�

47

Vhfrqg shulrg frqvxphu vxusoxvhv dqg sur�wv zlwk orqj odvwlqj +OO, dqg
vkruw olyhg +VO, h�hfwv rq khdowk duh vxppdul}hg lq wkh iroorzlqj wdeoh1

Orqj Odvwlqj Vkruw Olyhgh��
�E|� 2��

? 2��
?h��

�t E|� ��
?R Ef m |� n 2��

+R E� m |� 2��
?R Ef m |� n 2��

+R E� m |�h��
t E|� 2��

+R E� m |� 2��
?R Ef m |� n 2��

+R E� m |�j�7� E|� �7? �7?j�7
�

�t E|�

+
_� ' + G �7+R E� m |�
_� ' ? G �7?R Ef m |� n �7?R E� m |�

�7?R Ef m |� n �7+R E� m |�

j�7
�

t E|� �7+R E� m |� �7?R Ef m |� n �7+R E� m |�
Wdeoh 4= Vhfrqg shulrg sd|r�v1

Zlwk OO wkh pdunhw ri d frxqwu| dffhswlqj dq kdupixo lqqrydwlrq vkxwv
grzq lq vhfrqg shulrg dqg wkhuhiruh wkhuh lv qhlwkhu frqvxpswlrq qru sur�wv1
Rq wkh frqwudu|/ zlwk VO lq vhfrqg shulrg frqvxphuv duh djdlq deoh wr hqmr|
frqvxpswlrq dqg wkhq vhfrqg shulrg sur�wv duh qrw }hur1

Lw lv lpsruwdqw wr qrwh wkdw hdfk frxqwu|*v zhoiduh ghshqgv rq erwk frxq0
wulhv* ghflvlrqv iru wzr uhdvrqv1 Iluvwo|/ wkurxjk grphvwlf �up*v sur�w/ vhf0
rqgo| wkurxjk wkh vhfrqg shulrg frqvxphu vxusoxv1

Frqfhuqlqj vhfrqg shulrg ghflvlrqv erwk frxqwulhv doorz wkh lqqrydwlyh
frqvxpswlrq li lw suryhg wr eh vdih lq �uvw shulrg dqg edq lw rwkhuzlvh1
Wklv lv dozd|v wuxh iru frxqwu| L dv lw jhwv odujhu frqvxphu vxusoxv dqg

47FVl @
U |+S�,

3
S +x,gx � S ^| +S �,` | +S �, > zkhuh | +=, dqg S +=, duh uhvshfwlyho| wkh

ghpdqg dqg wkh lqyhuvh ghpdqg ixqfwlrqv/ dqg S �

l lv wkh htxloleulxp sulfh suhydlolqj zlwk

gl= Wkh frvw vdylqj lqqrydwlyh whfkqrorj| lpsolhv S �

| � S �

q dqg wkhq FV| � FVq= Qrwh

wkdw li FVq A FV| dqg �q A �| Hxursh zrxog dozd|v edq wkh lqqrydwlyh jrrg1
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sur�wv1 Frxqwu| .c lqiruphg rq wkh vdihqhvv ri wkh lqqrydwlyh jrrg/ suhihuv
wr frqvxph pruh wkdq wr ohw wkh orfdo oree| hduq odujhu sur�wv li

E�� k��7+ n k�.
+ � E�� k��7? n k�? +4,

Wklv krog wuxh zkhqhyhu frxqwu| . dwwdfkhv d vx!flhqwo| kljkhu zhljkw wr
frqvxphu vxusoxv wkdq wr sur�wv1 Zlwk wkh suhylrxv dvvxpswlrq erwk jry0
huqphqwv idfh wkh lvvxh ri wudglqj r� ulvn| frqvxpswlrq zlwk grphvwlf sur0
gxfhuv* sur�wv1 Li frxqwulhv dwwdfkhg wrr d odujh zhljkw wr sur�wv wkhvh zrxog
eh vr lpsruwdqw wkdw wkh wudgh0r� ehfrphv luuhohydqw1 Frxqwu| L +.� zrxog
v|vwhpdwlfdoo| dgplw +edq, wkh lqqrydwlyh jrrg1

6 Wkh Jryhuqphqwv* ghflvlrq jdph

Jryhuqphqwv H dqg X revhuyh phvvdjhv � '
�
�L c �.

�
zklfk duh vhqw vlpxo0

wdqhrxvo| dqg ghflgh zkdw vwudwhj| wr sod|1 Zh zloo ghdo zlwk sxuh vwudwhjlhv
erwk iru jryhuqphqwv dqg oreelhv148 D vwudwhj| ri jryhuqphqw � lv wkhq d
ixqfwlrq

_� G ?n �?n $ i?c +j

Jryhuqphqwv xsgdwh wkhlu eholhiv rq frqvxpswlrq vdihqhvv >E�� ' R E� m |�b E| m �� c
zkhuh b E| m �� lv wkh suredelolw| wkdw kdylqj revhuyhg phvvdjh � w|shv duh |�
Wkh xsgdwlqj surfhvv zloo ghshqg rq wkh nlqg ri htxloleulxp ri wkh vljqdolqj
jdph1 Li erwk oreelhv sod| d vhsdudwlqj vwudwhj| +�� E|�� 9' ��

�
	|
�
�
c |� 9' 	|

�

c

iru � ' .cL, zh vd| wkdw wkh htxloleulxp lv ixoo| lqirupdwlyh1 Lq wklv fdvh
jryhuqphqwv zloo ohduq erwk oreelhv* w|shv1 Li rqh oree| sod|v d vhsdudwlqj
vwudwhj| dqg wkh rwkhu d srrolqj vwudwhj|/ zh vd| wkh htxloleulxp lv sduwldoo|
lqirupdwlyh1 Jryhuqphqwv zloo eh deoh wr xsgdwh wkhlu eholhiv rq rqh oree|*v
w|sh1 Ilqdoo|/ zkhq erwk oreelhv sod| d srrolqj vwudwhj| E�� E|�� ' ��

�
	|
�
�
c

|� 9' 	|
�

/ iru � ' .cL�c zh vd| wkh htxloleulxp lv xqlqirupdwlyh/ dqg jryhuq0
phqwv zloo qrw xsgdwh wkhlu eholhiv1

Wkhuhiruh/ wkh nlqg ri vljqdolqj jdph htxloleulxp dqg htxloleulxp phv0
vdjhv ohw frxqwulhv ohduq lqirupdwlrq U rq wkh h{shulphqwdo uhvxowv/ zkhuh
U 5 L zlwk L ' iU�j�'�cD dqg U� ' Efc f�c U2 ' Ef�c U� ' iEfc ��c E�c f�c >j c
Ue ' E��c UD ' E�c ��� Iru h{dpsoh zkhq d ixoo| lqirupdwlyh htxloleulxp
suhydlov/ frxqwulhv pd| ohduq lqirupdwlrq lq U�c U�c UD ghshqglqj rq oreelhv

48Uhvwulfwlqj oreelhv vwudwhjlhv wr eh sxuh lv zlwkrxw orvv ri jhqhudolw|1
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phvvdjhv1 Wkh rughulqj ri vhw L lpsolhv wkdw lqirupdwlrq U�n&/ & � fc sur0
ylghv pruh idyrudeoh hylghqfh iru wkh lqqrydwlrq vdihqhvv wkdq lqirupdwlrq
U�c rwkhu zd| vwdwhg RE�mU�n&� � RE�mU��� Qrwh wkdw lq d ixoo| lqirupdwlyh htxl0
oleulxp zkhq w|shv duh | ' Efc �� ru | ' E�c f� jryhuqphqwv uhpdlq zlwk wkh
vdph d sulrul rq frqvxpswlrq vdihqhvv dv lq dq xqlqirupdwlyh htxloleulxp1
Wkh wzr slhfhv ri hylghqfh surylghg e| wkh oreelhv fdqfho rxw ehfdxvh ri wkh
xqlirup sulru dvvxpswlrq1

Zh zloo xvh lqirupdwlrq U jhqhudwhg e| wkh vljqdoolqj jdph wr vwxg| frxq0
wulhv* ehkdylru zlwkrxw wkh qhhg wr vshfli| wkh nlqg ri htxloleulxp suhydlolqj1
Zlwk d voljkw dexvh ri qrwdwlrq ` �

( EU� ghqrwhv frxqwu| � h{shfwhg zhoiduh
dqg (EU� wkh yhfwru ri ghflvlrqv iru d jlyhq lqirupdwlrq U1 Wkh qrupdo irup
ri jryhuqphqwv* ghflvlrq jdph lv uhsuhvhqwhg lq wkh iroorzlqj wdeoh1

_L ' + _L ' ?

_. ' +
`L

++ EU�
`.

++ EU�
`L

?+ EU�
`.

?+ EU�

_. ' ?
`L

+? EU�
`.

+? EU�
`L

?? EU�
`.

?? EU�
Wdeoh 5= Jryhuqphqwv* ghflvlrq pdwul{

Zh qrz vwxg| jryhuqphqwv* ghflvlrqv1 Wkh iroorzlqj ohppd ghdov zlwk
pxowlsolflw| ri htxloleuld lq wkh jryhuqphqwv* ghflvlrq jdph1

Ohppd 4 Erwk iru OO dqg VO/ pxowlsoh htxloleuld lq ghflvlrqv h{lvw rqo| li
(W ' �t� Li E?c +� lv dq htxloleulxp ghflvlrq/ vr E+c ?� lv1 Li E+c ?� lv dq
htxloleulxp ghflvlrqv/ wkhq E?c +� pd| ru pd| qrw eh dq htxloleulxp ghflvlrq1

Wkh ohppd lpsolhv wkdw zkhq (W ' t ru (W ' � wkhq htxloleulxp ghfl0
vlrqv duh xqltxh1 Zh qrz vwxg| krz jryhuqphqwv* ghflvlrqv fkdqjh dffruglqj
wr wkh dydlodeoh lqirupdwlrq1

Sursrvlwlrq 5 +l, Li (WEU�� ' t wkhq (WEU�n&� ' t iru dq| & � f�
+ll, Li (WEU�� ' �t wkhq (WEU�n&� ' � lv lpsrvvleoh iru dq| & � f1

Wkh sursrvlwlrq vkrzv wkdw +l, zkhq erwk frxqwulhv dgplw wkh lqqrydwlyh
jrrg iru d fhuwdlq lqirupdwlrq wkh| dovr dgplw lw iru d pruh idyrudeoh +wr
wkh lqqrydwlyh jrrg, lqirupdwlrq> +ll, zkhq dw ohdvw rqh ri wkh wzr frxqwulhv
dgplwv wkh jrrg iru d fhuwdlq lqirupdwlrq/ lw lv lpsrvvleoh wkdw erwk wkh
frxqwulhv edq wkh jrrg iru d pruh idyrudeoh lqirupdwlrq1 Zlwk sursrvlwlrq
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5 rqh fdq vxppdul}h wkh fkdqjhv lq htxloleuld1 Lq wkh iroorzlqj wdeoh/ jlyhq
wkh htxloleulxp suhydlolqj zlwk U� lqglfdwhg lq wkh �uvw froxpq/ wkh vhfrqg
froxpq lqglfdwhv wkh Qdvk htxloleulxp ghflvlrqv zklfk duh qrw lpsrvvleoh
zlwk d ehwwhu lqirupdwlrq U�n&�

(WEU�� (WEU�n&�c & � f

E+c +� +xqltxh, E+c +�
E+c ?� +srvvleo| pxowlsoh zlwk E?c +�� E+c ?�c E+c +�
E?c +� +pxowlsoh zlwk E+c ?�� E?c +�c E+c +�
E?c ?� +xqltxh, E?c ?�c E+c ?�c E?c +�c E+c +�

Wdeoh 6

Dq lqirupdwlrq zklfk lv pruh idyrudeoh wr wkh lqqrydwlyh whfkqrorj| do0
zd|v lqfuhdvhv wkh h{shfwhg ydoxh ri frqvxphuv* vxusoxv lq wkh sd|r�v ri
erwk frxqwulhv1 Lq idfw/ wkhvh duh frpsrvhg e| whupv �7+ zhljkwhg e|
RE�mU�� dqg2ru whupv �7? zhljkwhg hlwkhu e| � ru e| �� RE�mU��� Wkxv ehlqj
�7+ : �7? d ehwwhu uholdelolw| iru wkh lqqrydwlyh whfkqrorj| +U�n& � U� dqg
wkhq RE�mU�n&� � RE�mU��, lv d jrrg qhzv iru erwk frxqwulhv zlwk uhvshfw wr
frqvxphu vxusoxvhv1 Frqvlghu qrz sur�wv1 Frxqwu| L rzqv wkh lqqrydwlyh
�up dqg h{shulphqwv pruh idyrudeoh wr wkh lqqrydwlyh whfkqrorj| duh dozd|v
jrrg qhzv1 Rq wkh frqwudu|/ frxqwu| . rzqv wkh frpshwlqj vwdwxv txr �up
dqg h{shulphqwv pruh idyrudeoh wr wkh lqqrydwlyh whfkqrorj| duh edg qhzv149

Wkxv/ iru . wzr rssrvlwh h�hfwv duh dw sod|1 Krzhyhu/ zkhq frqvxphu vxu0
soxv lv hydoxdwhg vx!flhqwo| pruh wkdq sur�wv wkhq wkh �uvw h�hfw suhydlov
dqg sd|r�v lqfuhdvh zlwk U�n& dovr lq .� Iru frxqwu| . lw wxuqv rxw wkdw
frqglwlrq +4, +l1h1 vdih frqvxpswlrq suhihudeoh iru erwk frxqwulhv, pdnhv wkh
frqvxpswlrq h�hfw suhydlo ryhu wkh sur�w rqh1

Doorzlqj wkh lqqrydwlyh jrrg/ d frxqwu| jhqhudwhv iuhho| dydlodeoh lqiru0
pdwlrq gxh wr wkh h�hfwv ri frqvxpswlrq1 Wkxv/ jryhuqphqwv duh frqiurqwhg
zlwk d ghflvlrq pdnlqj sureohp zkhuh wkh lqirupdwlrq  rz lv hqgrjhqrxv
+lw ghshqgv rq ghflvlrqv, dqg lv d vwudwhjlf yduldeoh= hdfk frxqwu| zrxog olnh
wkh rwkhu wr doorz wkh lqqrydwlyh jrrg/ whvwv lw dqg surylgh wkh lqirupdwlrq1
Ghdolqj zlwk wkhvh wzr dvshfwv/ sursrvlwlrq 5 vkrzv xqh{shfwhg ghflvlrq
pdnhuv* ehkdylru1 Lw lv srvvleoh wkdw (WEU�� ' E+c ?� zkloh wkh htxloleulxp
suhydlolqj zlwk pruh idyrudeoh lqirupdwlrq lv (WEU�n&� ' E?c +�� Vlploduo|/ lw

49Lw lv vwudljkwiruzdug wr vhh wkdw li � @ 4> wkdw lv doo wkh zhljkw lv jlyhq wr sur�wv/ wkhq

wkh xqltxh htxloleulxp zklfk suhydlov iru dq| L lv +|>q,=
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pd| eh (WEU�� ' E?c +� dqg (WEU�n&� ' E+c ?�� Lq erwk fdvhv wkh ghflvlrqv ri
wkh wzr frxqwulhv uhyhuvh dqg jr lq gluhfwlrqv rssrvlwh wr wkh h{shfwhg rqhv1
Wkh h{sodqdwlrq ri wkhvh wzr skhqrphqd klqjhv rq d iuhh0ulglqj ehkdylru rq
lqirupdwlrq dftxlvlwlrq zklfk fdq eh vxppdul}hg lq wkh iroorzlqj fruroodu|1

Fruroodu| 6 D frxqwu| dffhswlqj wkh lqqrydwlrq iru d jlyhq lqirupdwlrq
pd| iuhh0ulgh lq lqirupdwlrq dftxlvlwlrq +zlwk frqvxpswlrq, dqg edq wkh lq0
qrydwlyh jrrg iru pruh idyrudeoh lqirupdwlrq1

(WEU�� ' E+c ?� frq�upv zkdw rqh vkrxog h{shfw= frxqwu| L zklfk lv
pruh eldvhg wrzdug wkh lqqrydwlyh whfkqrorj| +wr surwhfw orfdo lqgxvwu|,
dffhswv wkh qhz jrrg dqg frxqwu| .c pruh eldvhg iru wkh wudglwlrqdo whfk0
qrorj|/ edqv lw1 Dq lqfuhdvh lq wkh vdihqhvv ri wkh qhz whfkqrorj| pd| pdnh
frxqwu| . dffhswlqj wkh qhz jrrg1 Krzhyhu/ lq wklv zd| frxqwu| . iuhho|
surylghv qhz lqirupdwlrq rq wkh lqqrydwlyh jrrg dqg/ frqvhtxhqwo|/ frxqwu|
L pd| ghflgh wr zdlw iru wkh duulydo ri wkh lqirupdwlrq dqg whpsrudulo| edq
wkh ulvn| jrrg +(WEU�n&� ' E?c +� suhydlov,1 Vlploduo| lw kdsshqv lq wkh rwkhu
fdvh1 Pruhryhu qrwlfh wkdw htxloleulxp (WEU�� ' E?c +� lv vrphkrz xqh{0
shfwhg dv . dffhswv wkh jrrg zkloh L / pruh eldvhg iru wkh lqqrydwlrq/ edqv
lw1 Wklv htxloleulxp fdq eh h{sodlqhg zlwk d vlplodu uhdvrqlqj1 Frxqwu| .c
jlyhq wkdw frxqwu| L ghflghv qrw wr frqvxph wkh lqqrydwlyh jrrg/ pd| ghflgh
wr doorz frqvxpswlrq lq rughu wr jhw wkh qhz lqirupdwlrq iurp frqvxpswlrq1
Vlploduo|/ d vlqjoh jryhuqphqw zkr pxvw uho| rqo| rq lwv frqvxpswlrq ghfl0
vlrqv wr rewdlq qhz lqirupdwlrq zrxog jhqhudoo| dffhsw wkh jrrg pruh riwhq
wkdq lw zrxog gr idflqj dqrwkhu jryhuqphqw1 Dvvxph k ' f dqg VO/ lw lv
vlpsoh wr vkrz wkdw iru RE�mU� 5

k
�7?

2�7+3�7?
c �7?
�7+

l
wkh wzr ghflvlrq pdnhuv vd|

�tc zkloh d vlqjoh ghflvlrq pdnhu zrxog vd| +�
Ilqdoo|/ qrwlfh wkdw/ wkh iuhh ulglqj ehkdylru uholhv rq vpdoo fkdqjhv lq

wkh dydlodeoh lqirupdwlrq1 Lq idfw/ zkhq wklv lv vx!flhqwo| odujh/ wkhq hdfk
frxqwu| doorzv wkh lqqrydwlrq luuhvshfwlyho| ri wkh rwkhu frxqwu|*v ghflvlrq1

7 Wkh Vljqdolqj jdph

Oreelhv vhqg vljqdov vlpxowdqhrxvo| wkxv/ zkhq hdfk oree| vhqgv d phvvdjh/
lw grhv qrw nqrz zkdw duh wkh rwkhu oree|*v w|sh dqg phvvdjh1 Pruhryhu/
jryhuqphqwv uhfhlyh wkh wzr phvvdjhv vlpxowdqhrxvo|1 Wkh vwudwhj| ri oree|
lv wkh pds/
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�� G ifc �j $ ?n

Iru h{dpsoh/ �LE�� lv wkh dgyhuwlvlqj ri oree| X kdylqj revhuyhg dq h{shu0
lphqw |L ' �1

Wkh htxloleulxp frqfhsw xvhg iru wkh vljqdoolqj jdph lv wkdw ri vhtxhq0
wldo htxloleulxp1 Wkxv/ d vhw ri vwudwhjlhv E_W .c _W L c �W .c �W L� dqg d vhw
ri eholhiv >E�� irup d vhtxhqwldo htxloleulxp li/ +4, hdfk djhqw wdnhv dq h{0
shfwhg xwlolw| pd{lpl}lqj dfwlrq frqglwlrqdo rq wkh rwkhuv* ehkdylru dqg rq
wkh djhqw*v eholhiv> +5, eholhiv duh ghulyhg iurp Ed|hv* Uxoh zkhq gh�qhg1 D
irupdo gh�qlwlrq lv jlyhq lq Dsshqgl{14: Zh olplw rxuvhoyhv wr wkh dqdo|0
vlv ri ixoo| lqirupdwlyh dqg ri sduwldoo| lqirupdwlyh htxloleuld1 Zh zloo qrw
h{solflwo| wuhdw xqlqirupdwlyh htxloleuld1 Wr vlpsoli| qrwdwlrq zh lqglfdwh
zlwk i(WEU��c (

WEU��c(
WEUD�j dqg i(WEU2�c (

WEUe�j ghflvlrqv suhydlolqj uh0
vshfwlyho| lq ixoo| dqg sduwldoo| lqirupdwlyh htxloleuld1

Ohppd 4 vkrzv wkdw d sulrul zh fdqqrw h{foxgh wkh h{lvwhqfh ri pxowlsoh
htxloleuld lq wkh jryhuqphqwv* ghflvlrq jdph1 Wkhuhiruh/ wr vwxg| dgyhuwlvlqj
ehkdylru ri oreelhv rqh vkrxog dqvzhu wkh txhvwlrq ri zklfk htxloleulxp
ghflvlrqv oreelhv wklqn zloo suhydlo1 Krzhyhu/ qrwh wkdw pxowlsolflw| rqo|
h{lvwv zlwk htxloleulxp ghflvlrqv E?c +� dqg E+c ?� zklfk duh sd|r� htxlydohqw
iru oreelhv1 Wkhuhiruh/ oreelhv zloo sod| wkh vdph vwudwhjlhv qr pdwwhu zkdw
htxloleulxp ghflvlrqv zloo suhydlo1 Jlyhq wkdw rxu jrdo lv d frpsdulvrq ri OO
dqg VO h�hfwv rq lqirupdwlrq uhyhodwlrq e| oreelhv zh zloo orrvho| uhihu wr
sd|r� htxlydohqw +iru wkh vhqghuv, htxloleuld dv wkh vdph htxloleuld14;

Wr dgguhvv dgyhuwlvlqj ehkdylru qrwh �uvw wkdw wkh frvw ri wkh phvvdjh
+l1h1 wkh frvw ri dgyhuwlvlqj, grhv qrw ghshqg rq oreelhv* w|shv1 Frqvlghu

4:Rxu fkrlfh ri vhtxhqwldo htxloleulxp kdv dq lpsruwdqw frqvhtxhqfh rq eholhiv1 Do0
wkrxjk wklv htxloleulxp frqfhsw sodfhv qr uhvwulfwlrqv rq rxw ri htxloleulxp eholhiv/ lw kdv
vrph lpsdfw rq wkh nlqg ri jdphv zlwk pxowlsoh uhfhlyhuv zh duh dqdo|}lqj1 Wkh gh�ql0
wlrq ri *frqvlvwhqf|* lq Nuhsv dqg Zlovrq +4<;5, lpsolhv wkdw wkh uhfhlyhuv* eholhiv fdq eh
uhjdughg dv wkh olplw ri d vhtxhqfh ri eholhiv ghulyhg wkurxjk Ed|hv* Uxoh iurp d vhtxhqfh
ri frpsohwho| pl{hg vwudwhjlhv1 Vlqfh d vlqjoh vhtxhqfh gh�qhv wkh eholhiv iru erwk jry0
huqphqwv/ wkhlu eholhiv frlqflgh dorqj wklv vhtxhqfh/ dqg lq lwv olplw1 Vr wklv htxloleulxp
frqfhsw uhtxluhv wkdw uhfhlyhuv H dqg X srvvhvv wkh vdph eholhiv lq dqg rxw ri wkh htxlole0
ulxp sdwk1 Wklv uhvwulfwlrq pdnhv wkh vwxg| ri vhpl0vhsdudwlqj htxloleuld wudfwdeoh1 Vhh
rq wklv wrslf Edqnv +4<<4,1

4;Iru h{dpsoh zkhq zh vd| wkdw d sduwldoo| lqirupdwlyh htxloleulxp dulvhv zkhq jryhuq0
phqwv*ghflvlrqv duh i+q> q,> +|> q,j > zh olyh dvlgh wkh frpsdqlrq htxloleulxp i+q> q,> +q> |,j
zklfk h{lvw dv zhoo1
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oree| . dqg gh�qh zlwk 7� dqg � uhvshfwlyho| wkh jdlq ri w|sh f dqg w|sh �
iurp pdnlqj jryhuqphqwv eholhyh wkdw wkh wuxh w|sh lv f dqg qrw �� W|sh f
zloo eh deoh wr vhsdudwh iurp w|sh � li 7� : �1 Lq idfw/ rqo| lq wklv fdvh w|sh
f fdq vhw dq dgyhuwlvlqj ohyho 7� : �W : � vxfk wkdw w|sh � grhv qrw �qg lw
sur�wdeoh wr plplf wklv dgyhuwlvlqj +lwv qhw jdlq iurp plplfnlqj zrxog eh
���W 	 f, dqg vxfk wkdw wkh vdph w|sh f jdlqv pruh wkdq wkh dgyhuwlvlqj
h{shqvhv +qhw jdlq 7�� �W : f,1 Lqyhuwlqj w|shv wkh vdph uhdvrqlqj fdq eh
iroorzhg iru oree| L 1 Zh dqdo|}h lqirupdwlrq uhyhodwlrq e| oreelhv vwxg|lqj
krz 7��� ydulhv dffruglqj wr frxqwulhv* ghflvlrqv dqg wkh nlqg ri htxloleulxp
suhydlolqj +ixoo| ru sduwldoo| lqirupdwlyh,1 Oreelhv* lqirupdwlrq uhyhodwlrq lv
vwxglhg lq wkh iroorzlqj wzr sursrvlwlrqv uhvshfwlyho| iru VO dqg OO h�hfwv1

Sursrvlwlrq 7 Zlwk VO h�hfwv/
+l, wkhuh h{lvw qr ixoo| lqirupdwlyh htxloleuld>
+ll, Sduwldoo| lqirupdwlyh htxloleuld dulvh rqo| zkhq ghflvlrqv duh i�c�t j

ru i�c t j1 Oree| X vhsdudwhv zkloh oree| H srrov1

Iluvw qrwh wkdw wkh gl�huhqfh 7��� lv wkh vdph iru erwk oreelhv1 Pruhryhu/
zlwk VO lw fdq eh vkrzq wkdw 7��� lv hlwkhu d olqhdu ixqfwlrq ri wkh gl�huhqfh
�? ���

+ ru }hur1 Lq wkh iruphu fdvh/ zkhq �? ���
+ lv srvlwlyh iru rqh oree|/

lw lv qhjdwlyh iru wkh rwkhu/ dqg wkxv d ixoo| lqirupdwlyh htxloleulxp fdqqrw
h{lvw zkloh d sduwldoo| lqirupdwlyh htxloleulxp fdq h{lvw1 Rq wkh frqwudu|/
zkhq ghflvlrqv duh vxfk wkdw wkh 7��� lv }hur/ frvw S wr shuirup h{shulphqwv
pdnhv xqsur�wdeoh wr h{shulphqw wkh lqqrydwlyh jrrg dqg wkhq oreelhv kdyh
qrwklqj wr vljqdo1 Wr xqghuvwdqg zk| 7��� zlwk VO lv hlwkhu d olqhdu ixqf0
wlrq ri �?���

+ ru d }hur/ zh qrwh wkdw 7��� fdq eh glylghg lq d �uvw shulrg
dqg d vhfrqg shulrg gl�huhqfh1 Erwk wkhvh gl�huhqfhv duh hlwkhu }hur ru d
olqhdu ixqfwlrq ri �? ���

+� Pruhryhu/ ixoo lqirupdwlyh htxloleuld gr qrw h{lvw
dovr ehfdxvh zkhqhyhu wkh wzr oreelhv wulhg wr dgyhuwlvh lq rughu wr frqylqfh
frxqwulhv/ wkhlu lqirupdwlrq uhyhodwlrq pd| wxuq rxw zlwk qr h�hfw rq frxq0
wulhv* xsgdwlqj ri frqvxphu vdihqhvv1 Wklv kdsshqv iru h{dpsoh zkhq oree|
. dqg L vljqdov uhvshfwlyho| w|shv f dqg �� Idflqj lqirupdwlrq U ' Efc ��
frxqwulhv uhpdlq zlwk wkh vdph d sulrul dqg oreelhv* dfwlylwlhv frxqwhudfw
dqg fdqfho rxw1 Frqfhuqlqj sduwldoo| lqirupdwlyh htxloleuld/ lq 7��� doo wkh
�uvw shulrg sur�wv gr qrw ghshqg rq w|shv dqg dozd|v fdqfho rxw1 H{shfwhg
sur�wv wr eh hduqhg lq wkh vhfrqg shulrg duh wkh vdph zkhqhyhu dw ohdvw rqh
frxqwu| dffhswv wkh lqqrydwlyh jrrg iru dq| U dqg/ dv d frqvhtxhqfh/ wkh
vhfrqg shulrg gl�huhqfh lv }hur1 Pruhryhu/ lq sduwldoo| lqirupdwlyh htxloleuld
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wkh rqo| oree| zklfk �qgv sur�wdeoh wr dgyhuwlvh lv L 1 Wklv lv gxh wr wkh idfw
wkdw zkhqhyhu 7��� 9' f lw lv 7��� ' dRE�m��� RE�mf�o

�
��
+ ��?

�
zklfk lv

srvlwlyh rqo| iru � ' L dqg wkh lqqrydwlyh jrrg oree| dgyhuwlvhv hyhq li wkh
rwkhu grhv qrw1

Zlwk OO h�hfwv wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh fdvhv lq zklfk
lqirupdwlrq uhyhodwlrq e| oreelhv dulvhv1

Sursrvlwlrq 8 Zlwk OO/
+l, ixoo| lqirupdwlyh htxloleuld dulvh zkhq wkh wkuhh ghflvlrqv duh gl�huhqw

dqg/ li 2�? : �L
+ c zkhq wkh| duh i�c�tc�t j/ i�ctc t j/ i�tc tc t j (

+ll, sduwldoo| lqirupdwlyh htxloleuld dulvh zkhq ghflvlrqv duh i�tc t j c
i�ct j c i�c�t j � Lq wkh �uvw wzr fdvhv erwk oreelhv pd| vhsdudwh1 Lq wkh
odwwhu oree| X dozd|v vhsdudwhv dqg oree| H vhsdudwhv li 2�.

+ : �?�

Zlwk OO/ zkhq �uvw shulrg ghflvlrqv duh�t ru tc h{shfwhg vhfrqg shulrg
sur�wv duh qr pruh htxdo dqg wkhq wkh sd|r�v* vwuxfwxuh lv pruh frpsoh{ wkdq
zlwk VO1 Wklv lv gxh wr wkh idfw wkdw zkhq wkh lqqrydwlyh jrrg lv frqvxphg
lq rqh frxqwu| dqg suryhv wr eh kdupixo/ wkhq vhfrqg shulrg sur�w hduqhg
e| oreelhv lq wkdw frxqwu| duh dozd|v }hur wkxv euhdnlqj wkh v|pphwu| lq
wkh ydoxh ri 7�� �1

Frpsdulqj OO dqg VO zh fdq xqghuolqh wzr h�hfwv1 Iluvwo|/ zlwk OO erwk
w|shv f dqg � ri oree| . jdlq pruh uhvshfw wr VO wr pdnh frxqwulhv eholhyh
wkh| duh w|sh f lqvwhdg ri w|sh �1 Vlploduo|/ erwk w|shv ri oree| L jdlq ohvv
wr pdnh frxqwulhv eholhyh wkh| duh w|sh � lqvwhdg ri w|sh f1 Vhfrqgo|/ iru
oree| . wkh w|sh zkr zrxog olnh wr vhsdudwh +|. ' f, jdlqv pruh wkdq wkh
rwkhu w|sh1 Vlploduo|/ iru oree| L wkh w|sh zkr zrxog olnh wr plplf jdlqv
ohvv wkdq wkh rwkhu w|sh1 Wklv vhfrqg h�hfw pdnhv 7� � � : f pruh olnho|
zlwk OO wkdq VO dv wkh iroorzlqj fruroodu| vxppdul}hv1

Fruroodu| 9 Zkhq frqvxpswlrq h�hfwv duh orqj odvwlqj oreelhv duh pruh
xvhixo lq jhqhudwlqj ydoxdeoh lqirupdwlrq iru frxqwulhv* ghflvlrqv1

8 Vflhqwl�f xqfhuwdlqw| dv dq lqirupdwlrqdo

eduulhu wr wudgh

Zh qrz vwxg| krz ghflvlrqv dqg dgyhuwlvlqj duh d�hfwhg zkhq frqvxpswlrq
lv ohvv lqirupdwlyh1 Iru vlpsolflw| zh dvvxph wkh h{wuhph fdvh zkhq frq0
vxpswlrq ri wkh lqqrydwlyh jrrg surylghv qr lqirupdwlrq dw doo rq khdowk
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h�hfwv dqg wkh rqo| lqirupdwlrq dydlodeoh lv wkh rqh ri oreelhv1 Wklv dqdo|vlv
lv uhodwhg wr wkh olwhudwxuh rq ghflvlrq wkhru| zklfk h{dplqhv wkh h�hfw ri
d ehwwhu lqirupdwlrq vwuxfwxuh rq lqyhvwphqw lq suhyhqwlrq14< Jroolhu/ Mxo0
olhq dqg Wuhlfk +4<<<, qrwhg wkdw wkh lqwhqvlw| +udwkhu wkdq wkh suredelolw|,
ri srwhqwldo orvvhv frxog ghshqg rq wkh dffxpxodwlrq ri hduolhu h{srvxuhv
wr wkh ulvn1 Wkhuhiruh wkh| lqwhusuhw wkh Suhfdxwlrqdu| Sulqflsoh dv wkh
qhhg wr uhgxfh wkh h{shfwhg �qdqfldo lpsdfw ri d orvv/ l1h1/ vhoi0lqvxudqfh1
Lppruglqr +4<<;, jlyhv dq dowhuqdwlyh lqwhusuhwdwlrq ri wkh Suhfdxwlrqdu|
Sulqflsoh dv uhtxlulqj pruh vhoi0surwhfwlrq udwkhu wkdq pruh vhoi0lqvxudqfh1
Wkh wzr dssurdfkhv vhhp lqghhg wr eh frpsohphqwdu|= wkh �vhoi0lqvxudqfh
dssurdfk� lv pruh vxlwhg wr fdvhv vxfk dv wkh juhhqkrxvh h�hfw/ zkhuhdv wkh
�vhoi0surwhfwlrq dssurdfk� ehwwhu ghvfulehv rwkhu vflhqwl�f xqfhuwdlqwlhv1 E|
olplwlqj gdqjhurxv ehkdylruv +h1j1 hdwlqj ohvv kruprqh ehhi,/ rqh dfwxdoo|
orzhuv wkh suredelolw| ri jhwwlqj d glvhdvhv/ qrw wkhlu lqwhqvlw|1

Rxu prgho lv forvhu lq vslulw wr wkh vhoi0surwhfwlrq dssurdfk jlyhq wkdw
wkh frqvxpswlrq ri wkh qhz surgxfw lv fkdudfwhul}hg e| d suredelolw| ri
ehlqj kdupixo1 Krzhyhu/ rxu vhwwlqj gl�huv iurp wklv olwhudwxuh ehfdxvh +l,
ghflvlrq pdnhuv dfw vwudwhjlfdoo|/ +ll, lqirupdwlrq jhqhudwlrq lv hqgrjhqrxv
+zkhq frqvxpswlrq lv lqirupdwlyh,1

Wr lvrodwh wkh h�hfw gxh wr wkh vwudwhjlf ehkdylru ri wkh ghflvlrqv pdnhuv
zh dvvxph wkdw wkh surfhvv ri lqirupdwlrq jhqhudwlrq lv h{rjhqrxv= ehiruh
wkh vhfrqg jryhuqphqwv* ghflvlrqv wdnhv sodfh/ vflhqwl�f surjuhvv frpsohwho|
holplqdwh wkh vflhqwl�f xqfhuwdlqw| qr pdwwhu li wkh jrrg zdv frqvxphg ru
qrw lq �uvw shulrg1 Wkh rqo| gl�huhqfh zlwk wkh hqgrjhqrxv lqirupdwlrq
fdvh lv lq wkh sd|r�v ri �� Zlwk wklv �uvw shulrg ghflvlrqv/ lq vhfrqg shulrg
frxqwulhv fdq wdnh dgydqwdjh ri vflhqwl�f surjuhvv1 Zkhq frqvxpswlrq grhv
qrw surylgh dq| lqirupdwlrq rq wkh ulvnlqhvv ri wkh lqqrydwlyh jrrg/ jry0
huqphqwv* ghflvlrqv duh wkh vdph lq erwk shulrgv1 +Jryhuqphqwv* ghflvlrq
pdwulfhv erwk iru wkh h{rjhqrxv dqg wkh qr0lqirupdwlrq fdvhv fdq eh irxqg
lq wkh Dsshqgl{1,

Lq rxu vhwwlqj li jryhuqphqwv dgdswhg wkhlu fkrlfhv wr wkh Suhfdxwlrq0
du| Sulqflsoh wkh| zrxog edq frqvxpswlrq pruh riwhq li pruh lqirupdwlrq
lv zdlwhg lq wkh ixwxuh1 Lq idfw zh vkrz wkdw jrlqj iurp qr lqirupdwlrq
wr shuihfw lqirupdwlrq lw lv lpsrvvleoh wr dffhsw wkh lqqrydwlyh jrrg iru d

4<Dv gh�qhg e| Hkuolfk dqg Ehfnhu +4<:5, wkhuh duh wzr phwkrgv iru uhgxflqj wkh
h{shfwhg �qdqfldo lpsdfw ri d orvv= uhgxflqj wkh suredelolwlhv ri vx�hulqj orvvhv +vhoi0
surwhfwlrq,/ dqg uhgxflqj wkh vhyhulw| ri d orvv +vhoi0lqvxudqfh,1
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frxqwu| wkdw xvhg wr edq lw1 Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw vflhq0
wl�f xqfhuwdlqw| sxvkhv wrzdug pruh frqvhuydwlyh ghflvlrqv wrgd| li h�hfwv
ri frqvxpswlrq rq khdowk duh OO1

Sursrvlwlrq : Iru wkh vdph vhw ri sdudphwhuv dqg iru wkh vdph lqirupd0
wlrq wudqvplwwhg e| oreelhv/ zkhq lqirupdwlrq lv h{rjhqrxv dqg shuihfw _W� ' +
lv lpsrvvleoh li zlwk qr lqirupdwlyh frqvxpswlrq _W� ' ?� Zkhq frqvxps0
wlrq lv qrq lqirupdwlyh _W� ' ? lv lpsrvvleoh li zlwk h{rjhqrxv dqg shuihfw
lqirupdwlrq _W� ' +�

Wkh lghd ri Jroolhu dqg rwkhuv zdv wr udwlrqdol}h wkh Suhfdxwlrqdu| Sulq0
flsoh wkurxjk wkh h{lvwhqfh ri dq luuhyhuvlelolw| h�hfw1 Lq wkhlu vhplqdo zrunv
Duurz dqg Ilvkhu +4<:7, dqg Khqu| +4<:7, hvwdeolvk wkh uhvxow wkdw/ jlyhq dq
luuhyhuvlelolw| frqvwudlqw/ suhvhqw dfwlrqv vkrxog eh uhvwulfwhg vr dv wr nhhs
rswlrqv rshq lq wkh ixwxuh1 Lq wkh olwhudwxuh/ wklv lv fdoohg wkh *txdvl0rswlrq
h�hfw*1 Wkdw lv/ wkh pruh lqirupdwlrq wkh ghflvlrq pdnhu h{shfwv wr uhfhlyh/
wkh ohvv kh zloo zdqw wr �wkurz lw dzd|� e| frqvwudlqlqj ixwxuh fkrlfhv1 Wkh|
vkrzhg wkdw d ulvn0qhxwudo djhqw vkrxog wdnh vwurqjhu dfwlrqv wr suhyhqw ix0
wxuh luuhyhuvleoh ulvnv li kh h{shfwv rewdlqlqj ehwwhu lqirupdwlrq1 Zlwk wkh
suhylrxv sursrvlwlrq zh vkrzhg wkdw wklv uhvxow h{whqgv wr d vhwwlqj zkhuh
ghflvlrq pdnhuv dfw vwudwhjlfdoo| dqg wkh iroorzlqj uhvxow fdq eh vwdwhg1

Fruroodu| ; Vflhqwl�f xqfhuwdlqw| fdq ehfrph dq lqirupdwlrqdo eduulhu wr
wudgh1

Ilqdoo|/ zlwk VO kdupixo frqvxpswlrq lq �uvw shulrg kdv qr h�hfwv rq
vhfrqg shulrg1 Wkhuhiruh wkhuh lv qr olqn ehwzhhq �uvw shulrg ghflvlrq dqg
vhfrqg shulrg sd|r� dqg wkhuh lv qr uhdvrq iru jryhuqphqwv wr uhvwulfw �uvw
shulrg frqvxpswlrq wr wdnh dgydqwdjh ri wkh lqirupdwlrq h{shfwhg lq wkh
ixwxuh1

9 H{whqvlrqv

Dv|pphwulf sulruv Rxu suhylrxv uhvxowv duh rewdlqhg xqghu wkh dv0
vxpswlrq ri d xqlirup sulru glvwulexwlrq ryhu w� Wkhuh h{lvw dw ohdvw wzr
srvvleoh lqwhusuhwdwlrqv ri vflhqwl�f xqfhuwdlqw|1 Iluvwo|/ xqfhuwdlqw| rq fulw0
lfdo lvvxhv lq vflhqfh fdq eh frqvlghuhg vxemhfwlyh wkxv ohdglqj wr gl�huhqw
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suredelolw| glvwulexwlrq iru gl�huhqw djhqwv +pxowlsoh sulruv dssurdfk,1 Vhf0
rqgo|/ zkhq wkhuh h{lvwv qr fohdu hylghqfh lq idyru ru djdlqvw lqqrydwlrq
vdihqhvv/ xqlirup sulruv kdyh vrph dsshdo rq jurxqgv ri v|pphwu|1 Lw lv
krzhyhu lpsruwdqw wr xqghuvwdqg wkh h{whqw wr zklfk rxu uhvxowv duh urexvw
wr dowhuqdwlyh vshfl�fdwlrqv1 D qdwxudo jhqhudol}dwlrq iru dv|pphwulf sulruv
lq rxu vhwwlqj lv wkh �e|@E@c K� glvwulexwlrq iru w1 Lw fdq eh hdvlo| vkrzq
wkdw wkh rqo| uhvxowv zklfk duh d�hfwhg e| @ dqg K gl�huhqw iurp � +zklfk
fruuhvsrqgv wr wkh xqlirup fdvh, duh wkrvh lq sursrvlwlrq 81 Pruhryhu/ @ dqg
K gl�huhqw iurp � pd| lqwurgxfh qhz ixoo| lqirupdwlyh htxloleuld zlwk OO/
wkhq fruroodu| 9 krogv d iruwlrul1

Odeholqj Wkhuh duh vxssruwhuv ri wkh lghd wr odeho jrrgv dqg ohw frq0
vxphuv fkrrvh zlwkrxw jryhuqphqwv sduwlflsdwlqj lq wkh ghflvlrq surfhvv +wklv
lv riwhq wkh srvlwlrq wdnhq e| wkh XV dxwkrulwlhv lq wkh glvsxwhv zlwk HX,1
Rxu prgho zlwk k ' f fruuhvsrqgv wr wkh fdvh ri odeholqj1 Lq idfw/ wkhuh pd|
h{lvw wzr srvvlelolwlhv1 Jryhuqphqwv pd| ru pd| qrw wdnh sduw lq wkh ghfl0
vlrq surfhvv1 Lq wkh odwwhu fdvh wkh ghflvlrq pdnhuv ri rxu prgho zlwk k ' f
zrxog h{dfwo| dfw dv frqvxphuv zkr fdq fkrrvh dqg glvfulplqdwh dprqj od0
ehohg jrrgv1 Lq wkh iruphu/ li jryhuqphqwv edq wkh jrrg/ frqvxphuv zrxog
kdyh edqqhg lw d iruwlrul1 Li wkh| dgplw lw/ frqvxphuv vwloo kdyh wkh srvvlelolw|
wr fkrrvh wkh wudglwlrqdo jrrg1 Lq rwkhu zrugv/ jryhuqphqwv whqg wr dgplw
wkh lqqrydwlrq pruh riwhq wkdq frqvxphuv dqg gr qrw uhvwulfw frqvxphuv*
ghflvlrq vhw1 Rqfh djdlq/ wkh uhohydqw ghflvlrq lv wkdw ri frqvxphuv1 Doo rxu
uhvxowv krog iru d vx!flhqwo| vpdoo k dv lw fdq eh vhhq lq frqglwlrq +4, dqg
wkhq iru k ' f�

Ilupv oldelolw| Wkh lqqrydwlyh �up pd| eh pdgh oldeoh iru gdpdjhv
fdxvhg wr frqvxphuv1 Lw lv wkhq lqwhuhvwlqj wr vwxg| krz rxu prgho lv d�hfwhg
zkhq wkh lqqrydwru +oree| L, kdv wr sd| d shqdow| _ li lwv jrrg suryhv
wr eh kdupixo1 Dv rqh zrxog h{shfw �up*v oldelolw| whqgv wr lqfuhdvh wkh
lqirupdwlrq surylghg e| oree| L 1 Lw lv qrz hdvlhu iru |L ' � wr vhsdudwh
iurp |L ' f� Lq idfw/ zlwk oldelolw| lw jdlqv uhodwlyho| pruh wr ohw frxqwulhv
nqrz lw lv d w|sh �c wkdq |L ' f frxog jdlq lq grlqj vr1 Wkh h{shfwhg oldelolw|
frvw lv vpdoohu iru |L ' � wkdq iru |L ' f1 Lw fdq wkhq eh vkrzq wkdw zlwk
VO ixoo| lqirupdwlyh htxloleuld pd| dulvh iru d vx!flhqwo| kljk _1 Vlploduo|/
zlwk OO ixoo| dqg sduwldoo| lqirupdwlyh duh erwk pruh olnho|1 Pruhryhu/
wkh oldelolw| _ grhv qrw d�hfw wkh frpsdulvrq ri qhfhvvdu| frqglwlrqv iru
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vhsdudwlrq +lq erwk ixoo| dqg sduwldoo| lqirupdwlyh htxloleuld, zlwk VO dqg
OO dqg wkhq vhsdudwlrq zlwk OO lv vwloo pruh olnho| wkdq zlwk VO1 Zlwk wklv
uhvshfw fruroodu| +9, vwloo krogv1 Ilqdoo|/ lw fdq eh vkrzq wkdw iru d jlyhq
htxloleulxp/ d vpdoohu _ lv uhtxluhg wr kdyh vhsdudwlrq zlwk OO wkdq zlwk
VO1

Glvfrxqwlqj wkh ixwxuh Fhwhulv sdulexv/ d glvfrxqw udwh B 9' � qdw0
xudoo| lpsolhv gl�huhqw ghflvlrqv ri jryhuqphqwv1 Krzhyhu/ lw fdq eh hdvlo|
vkrzq wkdw wkh zd| jryhuqphqwv* ghflvlrqv duh d�hfwhg e| lqirupdwlrq grhv
qrw ghshqg rq wkh ydoxh ri glvfrxqwlqj� Frqvhtxhqwo|/ erwk ohppd 4 dqg
sursrvlwlrq 5 krog iru dq| B� Zlwk VO sursrvlwlrq 7 lv xqfkdqjhg dqg/ zlwk
OO/ sursrvlwlrq 8 txdolwdwlyho| krogv +wkh ixoo| lqirupdwlyh htxloleuld frqgl0
wlrq ehfrphv E� n B��? : �L

+ �� Wkxv dovr fruroodu| 9 uhpdlqv wuxh1 Ilqdoo|/
sursrvlwlrq : dqg fruroodu| ; vlpso| krog iru dq| B�

: Frqfoxvlrq

Zh dujxhg wkdw prvw ri dfwxdo wudgh glvsxwhv duh olqnhg wr lqirupdwlrqdo lv0
vxhv1 Zkhq d qhz surgxfw ru surfhvv lv oxqfkhg lq wkh pdunhw/ frxqwulhv kdyh
wr ghflgh li wr doorz frqvxpswlrq ru qrw1 Wklv ghflvlrq frxog eh sduwlfxoduo|
gl!fxow li wkhuh duh grxewv rq wkh vdihqhvv ri wkh qhz surgxfw1 Wklv kds0
shqv hyhu|gd| iru jhqhwlfdoo| prgl�hg sodqwv/ iru wkh phdw ri dqlpdov jurzq
zlwk kruprqhv/ iru fklfnhq fdufdvvhv zdvkhg zlwk fkorulqh vroxwlrq/ hwf1 Lw
lv vwulnlqj wr vhh wkdw prvw ri wkh deryh txrwhg fdvhv erwk odfn ri gh�qlwlyh
vflhqwl�f whvwlqj dqg duh dw wkh fhqwhu ri lqwhuqdwlrqdo wudgh glvsxwhv1

Zh vkrz wkdw vflhqwl�f xqfhuwdlqw| lv dq lqirupdwlrqdo eduulhu wr wudgh1
Surwhfwlrqlvp pd| dulvh ehfdxvh ri wkh xqfhuwdlqw| uhodwhg wr wkhvh qhz
jrrgv/ jryhuqphqwv edq frqvxpswlrq pruh riwhq li pruh lqirupdwlrq lv
zdlwhg lq wkh ixwxuh1 Zh dovr vwxg| wkh lqirupdwlyh uroh sod|hg e| surgxf0
huv lq uhyhdolqj lqirupdwlrq1 Zh �qg wkdw surgxfhuv uhyho pruh lqirupdwlrq
zkhq wkh h�hfwv ri kdupixo frqvxpswlrq rq khdowk duh orqj odvwlqj1 Ilqdoo|/
zh lghqwli| d iuhh ulglqj h�hfw lq jryhuqphqwv* ghflvlrqv1 Doorzlqj wkh lqqr0
ydwlyh jrrg/ d frxqwu| jhqhudwhv qhz lqirupdwlrq jlyhq e| wkh revhuydwlrq
ri wkh h�hfwv rq frqvxpswlrq1 Rqfh surgxfhg/ lqirupdwlrq lv iuhho| dydlodeoh
wkhuhiruh hdfk frxqwu| zrxog olnh wkh rwkhu wr doorz wkh lqqrydwlyh jrrg/
whvwv lw dqg pdnh wkh lqirupdwlrq sxeolf1
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lw|/ Dxvwudoldq Hfrqrplf Sdshuv/ 4;904<<1
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Gh�qlwlrq ri Vhtxhqwldo Htxloleulxp
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+F6, eholhiv duh ghulyhg iurp vwudwhjlhv dqg sulruv xvlqj Ed|hv Uxoh/ zkhq
wklv lv gh�qhg1

Fdofxodwlrq ri suredelolwlhv

Zh qrz vkrz krz wr fdofxodwh wkh lqwhulp suredelolw| ri d vdih lqqrydwlyh
jrrg iru d jlyhq yhfwru ri oreelhv* w|shv +|, ru lqirupdwlrq +U,1 RE�m|� 'U �
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Lq wkh jhqhudo fdvh ri d sulru glvwulexwlqj dffruglqj wr d�e|@E@c K� zh kdyh
}Ew� ' Ew@3�E�0w�K3��*�e|@E@c K� dqg wkhq RE�mf�� ' RE�m�f� ' E� n @�*E2 n
@nK�c RE�mff� ' @*E2n@nK�c RE�m�� ' E�n@�*E�n@nK�c RE�mf� ' @*E�n@nK��
Ri frxuvh wkh xqlirup sulru fruuhvsrqg wr wkh Ehwd fdvh zlwk @ ' K ' ��

Surri ri ohppd 4

+l, Li E?c +� lv dq htxloleulxp sdlu ri ghflvlrqv/ wkhq `.
?+EU��`.

?? EU� � f
dqg `L

?+EU� � `L
++ EU� � f� Lw lv wkhq vlpsoh wr vkrz wkdw wkh �uvw lpsolhv

`L
+?EU��`L

?? EU� � f dqg wkh vhfrqg lpsolhv `.
+?EU��`.

++ EU� � f� Lq idfw/
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k
`L

+?EU��`L
?? EU�

l
�
k
`.

?+EU��`.
?? EU�

l
' k

�
�L
+ � �.

+

�
d� n 2RE�mU�o : f

dqg wkhq
k
`L

+?EU��`L
?? EU�

l
: f� Vlploduo|/

k
`.

+?EU��`.
++ EU�

l
�
k
`L

?+EU��`L
++ EU�

l
' k

�
�L
+ ��.

+

�
: f�

+ll, Surfhhglqj dv lq +l, rqh fdq vkrz wkdw li `.
+?EU� �`.

++ EU� � f dqg
`L

+?EU� � `L
??EU� � f/ wkh iroorzlqj pd| ru pd| qrw eh wuxh/ `.

?+EU� �
`.

?? EU� � f dqg `L
?+EU��`L

++ EU� � f�
+lll, Zh vkrz wkdw li `L

?? EU��`L
+?EU� � f wkhq `L

++ EU��`L
?+EU� � f lv

lpsrvvleoh1 Zlwk vlpsoh dojheud rqh fdq zulwh/ erwk iru OO dqg VO/

`L
++ EU��`L

?+EU� ' �
k
`L

?? EU��`L
+?EU�

l
� RE�mU�

k
E�� k�E�7+ � �7?� n 2kE�L

+ � �?�
l

Wkh vhfrqg vtxduh eudfnhw rq wkh u1k1v1 lv vwulfwo| srvlwlyh dqg wklv suryh
wkh uhvxow1 +Qrwlfh wkdw/ reylrxvo|/ li d fhuwdlq fhoo lq wkh pdwul{ iru wkh
ghflvlrq jdph +wdeoh 5, lv dq htxloleulxp/ qrqh ri wkh dgmdfhqw fhoov fdq eh
dq htxloleulxp,1 Ilqdoo|/ uhyhuwlqj wkh surri rqh vkrzv wkdw li E+c +� lv dq
htxloleulxp wkhq E?c ?� fdq qhyhu eh vr1

Surri ri sursrvlwlrq 5

Iluvw zh vljq wkh h�hfwv ri d juhdwhu U rq frxqwulhv* sd|r�v1 Wkhq/ iru hdfk
frxsoh ri htxloleulxp ghflvlrqv zh yhuli| krz qhfhvvdu| frqglwlrqv duh d�hfwhg
e| wkh fkdqjh lq U� Zlwk VO/ ohw xv gh�qh {` �

( ' ` �
( EU���` �

( EU�n&� zlwk
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& � f� Zh wkhq kdyh/
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+l, Iru ( EU�� ' E+c +� wr eh dq htxloleulxp lw pxvw eh wkdw `L

++EU�� �
`L

?+EU�� � f dqg `.
++EU���`.

+?EU�� � f dqg zh dvn li wkhvh lqhtxdolwlhv vwloo
krog zlwk U�n&c & � f� Wkh dqvzhu lv |hv/ lq idfw lq erwk ri wkhp wkh �uvw whup
lqfuhdvhv pruh wkdq wkh vhfrqg +vhh +f, dqg +i,,1 Wkxv/ li(W EU�� ' E+c +� wkhq
(W EU�n&� ' E+c +�1 Pruhryhu/ wkh suhylrxv ohppd vkrzhg wkdw htxloleulxp
E+c +� lv xqltxh dqg wkhq vwduwlqj zlwk wklv htxloleulxp dq lqfuhdvh lq U fdq
rqo| ohdg wr wkh vdph +xqltxh, htxloleulxp1

+ll0d, Qrz zh suryh wkdw (W EU�� ' E+c ?� dqg (W EU�n&� ' E?c ?� duh
lpsrvvleoh1 Lq idfw/ orrnlqj dw wkh suhylrxv E@� dqg ES� zh vhh wkdw li frxqwu|
L suhihuv htxloleulxp E+c ?� wr E?c ?� zlwk U� wkhq lw fdq qrw suhihu E?c ?� wr
E+c ?� zlwk U�n&�

+ll0e, Zh qrz suryh wkdw (W EU�� ' E?c +� dqg (W EU�n&� ' E?c ?� lv lpsrv0
vleoh1 Vxssrvh/ rq wkh frqwudu| wkdw ghflvlrqv iroorz wkh suhylrxv sdwwhuq1
Iru wklv wr kdsshq lw pxvw eh {`.
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Wkhq wkh surriv iru +l, dqg +ll0d, vlploduo| iroorz1 Iru +ll0e, rqh vlploduo|
suryhv wkdw 	k� �k ' �
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� 2�n2�7?

2Zn2�n2�7?3�?
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Surri ri sursrvlwlrqv 6 dqg 7

Zh �uvw qhhg wkuhh lqwhuphgldu| ohppdv

Ohppd < Zlwk OO dqg VO wkhuh h{lvw qr vhsdudwlqj htxloleulxp zkhq wkh
wkuhh ghflvlrqv i(EU��c(EU��c(EUD�j duh htxdo1

Surri1 Revhuylqj phvvdjhv/ jryhuqphqwv ohduq lqirupdwlrq U zklfk/
lq wklv nlqg ri htxloleulxp/ fruuhvsrqgv wr oreelhv w|shv | ' E|L c |.� 5
iEfc f� c Efc �� /E�c f�c E�c ��j � Qrqh ri wkh oreelhv kdv lqwhuhvw wr vhqg frvwo|
phvvdjhv wr vhsdudwh zkhq wkh wkuhh ghflvlrqv fruuhvsrqglqj wr wkh wkuhh
srvvleoh U duh htxdo1

Ohppd 43 Ixoo| Lqirupdwlyh Htxloleuld1 Zlwk OO dqg VO wkh dgyhuwlv0
lqj ohyhov E�WLE��c �WLEf�c �W.E��c �W.Ef�� duh vhsdudwlqj htxloleulxp vwudwh0
jlhv l� �WLEf� ' �W.E�� ' fc �L � �WLE�� � 7�L c �. � �W.Ef� � 7�.c

53Qrwlfh wkdw erwk +� . �, dqg +5� . 5� . FVQ, duh vwulfwo| srvlwlyh1
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zkhuh �L ' � 7�. ' �� 7�L ' ��. ' ��� dqg

��� � �L
(E�WL E��c�W.E��� EE�c ��� RE�m�� n �L

(E�WL E��c�W.Ef�� EE�c f�� REfm�� n
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(Efc�W.E��� EE�c f�� RE�mf�� �L

(Efc�W.Ef�� EEfc f�� REfmf�c

Surri1 Iluvw qrwlfh wkdw lq d vhsdudwlqj htxloleulxp w|shv zklfk zrxog
olnh wr plplf rwkhu w|shv/ lq htxloleulxp rswlpdoo| vhw dgyhuwlvlqj wr }hur1
W|sh 4 ri oree| L dqg w|sh 3 ri oree| . zdqw wr vhsdudwh iurp wkh rwkhu
w|sh1 Ohw htxloleulxp dgyhuwlvlqj eh �WLEf� ' fc �WLE��/dqg �W.E�� ' f c
�W.Ef�� Oreelhv vhqg phvvdjhv vlpxowdqhrxvo| dqg w|shv duh xqfruuhodwhg1

Dv d frqvhtxhqfh zh fdq zulwh b E| m �� ' b
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vhw b
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�
' f zklfk phdqv wkdw jryhuqphqwv dozd|v lqihu

wkdw oree| L lv w|sh f xqohvv wkh| revhuyh htxloleulxp dgyhuwlvlqj ri w|sh �c
�WLE��� Li w|sh � ri oree| L ghyldwhv vhwwlqj d �L 9' �WLE��c kh jhwv sur�w
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(E�L c�W.E��� EE�c ��� RE�m�� n �L

(E�L c�W.Ef�� EE�c f�� REfm����L

zkhuh/ jlyhq wkh vshfl�hg eholhiv/ (E�L c �W.E���c (E�L c �W.Ef�� duh gh0
flvlrqv uhvshfwlyho| wdnhq zkhq w|shv duh eholhyhg +3/4, +3/3,/ dv orqj dv
�L 9' �WLE��� Pd{lpl}lqj wkh suhylrxv h{suhvvlrq z1u1w1 �L rswlpdo dg0
yhuwlvlqj lv }hur/ wkhq d qhfhvvdu| dqg vx!flhqw frqglwlrq iru +F4, lq wkh
gh�qlwlrq ri wkh vhtxhqwldo htxloleulxp +vhh suhylrxvo| lq wkh dsshqgl{, wr
krog iru � ' Lc |L ' � lv/
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Wkxv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru +F4, wr krog iru � ' Lc |L ' f
lv/
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Lw lv wkxv qhfhvvdu| wkdw

7�L ��L ' ��� � �� � f +7,

Frqvlghu qrz oree| .� W|sh f zdqwv wr vhsdudwh iurp w|sh � dqg sur0
fhhglqj lq d vlplodu zd| dv zlwk oree| L / frqglwlrqv +5, dqg +6, kdyh wkh
htxlydohqwv 7�. � �W.Ef�c �. � �W.Ef� zlwk �. ' ���� 7�. ' ���� Sxwwlqj
wrjhwkhu wkh wzr/ d qhfhvvdu| frqglwlrq lv

7�. ��. ' ��� � �� � f +8,

+qrwh wkdw 7�. � �. lv htxdo wr 7�L � �L shupxwlqj oreelhv* lqgh{hv lq
sur�wv,1

Ohppd 44 Sduwldoo| Lqirupdwlyh Htxloleuld1 Zlwk OO dqg VO/ li oree|
X vhsdudwhv/ wkh dgyhuwlvlqj ohyhov E�WLE��c �WLEf�� duh vhsdudwlqj htxloleulxp
vwudwhjlhv l� �WLEf� ' fc �L � �WLE�� � 7�L 1 Li oree| H vhsdudwhv/ wkh
dgyhuwlvlqj ohyhov E�W.E��c �W.Ef�� duh vhsdudwlqj htxloleulxp vwudwhjlhv l�
�W.E�� ' fc �. � �W.Ef� � 7�.c zkhuh
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Surri1 Iru frqglwlrqv rq dgyhuwlvlqj ohyhov/ wkh surri iroorzv wkh olqhv ri
wkh suhylrxv ohppd1 Pruhryhu/ zkhq oree| � srrov rqh kdv wr fkhfn wkdw rxw
ri htxloleulxp eholhyhv h{lvw iru erwk w|shv � ' fc � zklfk pdnh lqghhg erwk
oree| �*v w|shv srrolqj1 Iru w|sh � ' fc � ri oree| � ' .cL wkh frqglwlrq lv
wkh iroorzlqj/
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zkhuh 0 : f lq�qlwho| vpdoo lv wkh ghyldwlrq ri oree| � +zlwk uhvshfw wr
�W�E�� ' f,1 Uhduudqjlqj rqh jhwv wkh frqglwlrq lq wkh ohppd1

Surri ri sursrvlwlrq 7

+l, Lq d ixoo| lqirupdwlyh htxloleulxp �� ghshqgv rq �*v w|sh iru � 5
iLc.j � Wkhuhiruh/ revhuylqj phvvdjhv/ jryhuqphqwv ohduq lqirupdwlrq U
zklfk/ lq wklv nlqg ri htxloleulxp/ fruuhvsrqgv wr oreelhv w|shv | ' E|L c |.��
Wkh qh{w vwhs lv wr vkrz zkhq hlwkhu 7�. ��. ru 7�L ��L duh qrq srvlwlyh
dqg wkh qhfhvvdu| frqglwlrqv duh ylrodwhg +vhh ohppd 43,1

Xvlqj wdeoh 5 rqh vlpso| ghulyhv doo wkh srvvleoh fdvhv zklfk duh vxp0
pdul}hg lq wkh qh{w wdeoh1 Wkhq h{solflwo| fdofxodwlqj 7�L � �L c 7�. � �.

zh yhuli| zkhq rqh ri wkh wzr lv vwulfwo| qhjdwlyh1 Qrwh wkdw zkhq htxlole0
ulxp ghflvlrqv duh i�tc�tc�t j/ hyhq li ghflvlrqv pd| qrw eh wkh vdph iru
gl�huhqw Uc iurp wkh srlqw ri ylhz ri oreelhv/ wkhvh duh doo sd|r� htxlydohqw
ghflvlrqv dqg oreelhv qhyhu vhsdudwh1

Ghflvlrqv 7�� ���

+4, i�c�c�t j ��
+ ��?

+5, i�c�c t j E��
+ ��?�e*�

+6, i�tc�tc t j E�? � ��
+�*�

+7, i�c�tc�t j E�? � ��
+�*�

+8, i�c tc t j E�? � ��
+�2*�

+9, i�tc tc t j E�? � ��
+�*�

+:, i�c�tc t j f

Lq doo wkh olvwhg fdvhv wkh qhfhvvdu| frqglwlrq lv ylrodwhg iru rqh oree|1
Pruhryhu/ lq fdvh +:, erwk qhfhvvdu| frqglwlrqv duh ylrodwhg1 Lq idfw/ 7�� �
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�� ' f phdqv wkdw wkh vhsdudwlqj oree| pxvw vshqg lq dgyhuwlvlqj doo zkdw
kh jdlqv iurp vhsdudwlqj1 Exw/ wr shuirup wkh h{shulphqw oreelhv vshqg frvw
Sc wkhuhiruh wkh sur�w ri d vhsdudwlqj oree| zrxog eh �� ' �S 	 f dqg wkh
oree| suhihuv qrw wr vhsdudwh1

+ll, Lq d sduwldoo| lqirupdwlyh htxloleulxp dgyhuwlvlqj ri wkh vhsdudwlqj
oree| �� ghshqgv rq �*v w|sh1 Wkhuhiruh/ revhuylqj phvvdjhv/ jryhuqphqwv
ohduq lqirupdwlrq U zklfk/ lq wklv nlqg ri htxloleulxp/ fruuhvsrqgv wr wkh
w|sh ri wkh vhsdudwlqj oree| |� 5 ifc �j � Wkh qh{w vwhs lv wr vkrz zkhq
hlwkhu 7�. � �. ru 7�L � �L duh qrq srvlwlyh dqg wkh qhfhvvdu| frqglwlrqv
iru wkh sduwldoo| lqirupdwlyh htxloleulxp duh ylrodwhg +vhh ohppd 44,1 Doo
wkh srvvleoh fdvhv duh vxppdul}hg lq wkh qh{w wdeoh1 H{solflwo| fdofxodwlqj
7�L � �L c 7�. � �. zh yhuli| zkhq rqh ri wkh wzr lv vwulfwo| qhjdwlyh1

Ghflvlrqv 7�� ���

+4, i�tct j f

+5, i�c�t j
�
��
+ � �?

�
2*�

+6, i�c t j
�
��
+ � �?

�
2*�

Lq fdvh +4, d sduwldoo| lqirupdwlyh htxloleulxp fdq qrw h{lvw iru wkh vdph
uhdvrq zklfk h{foxghg fdvh +:, lq +l,1 Lq wkh rwkhu fdvhv rqh yhul�hv wkdw
7�� ��� : f rqo| iru oree| H1

Ilqdoo|/ wr eh vxuh wkdw sduwldoo| lqirupdwlyh htxloleuld lqghhg h{lvw zh
qhhg wr �qg dw ohdvw dq rxw0ri0htxloleulxp eholhi zklfk vdwlv�hv frqglwlrq +9,
lq ohppd 441 Wr wklv hqg zh kdyh wr vshfli| frxqwulhv* rxw0ri0htxloleulxp
ghflvlrqv dqg wklv lv grqh lq wkh iroorzlqj wdeoh zkhuh zh dovr olvw wkh ydoxhv
ri wkh erxqgdu| ehwdv 7q�� +qrwh wkdw zkhq

7q�� ' f lw vx!fhv wr wdnh q�� ' f,1

Htxloleulxp Rxw0ri0Htx1 7q�f 7q��
i�c�t j iE?c ?�c E?c ?�c E?c +�j 4 4
i�c�t j iE?c ?�c E?c ?�c E+c +�j 526 82:
i�c�t j iE?c ?�c E?c +�c E?c +�j 3 3
i�c�t j iE?c ?�c E?c +�c E+c +�j 3 3
i�c t j iE?c ?�c E?c ?�c E+c +�j 4 4
i�c t j iE?c ?�c E?c +�c E+c +�j 427 425
i�c t j iE?c ?�c E+c +�c E+c +�j 3 3
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Surri ri sursrvlwlrq 8

+l, Wkh surri iroorzv wkh olqhv ri sursrvlwlrq 7 dqg wkhq zh gluhfwo| surylgh
wkh wdeoh ri htxloleulxp ghflvlrqv1

Ghflvlrqv 7�� ���

+4, i�c�c�t j ��
+ � �?

+5, i�c�c t j e*�
�
��
+ � �?

�

+6, i�tc�tc t j �*�
�
��
+ � �?

�

+7, i�c�tc�t j �*�
�
2�? � ��

+

�

+8, i�ctc t j 2*�
�
2�? � ��

+

�

+9, i�tc tc t j �*�
�
2�? � ��

+

�

+:, i�c�tc t j �?*�

Qrwh wkdw/ lq fdvhv +7,0+9, 7�. � �. : f dozd|v dqg 7�L � �L : f li
2�? : �L

+ �
+ll, Frqfhuqlqj sduwldoo| lqirupdwlyh htxloleuld wkh surri lv dv lq sursr0

vlwlrq 7 dqg wkhq zh gluhfwo| surylgh wkh wdeoh ri htxloleulxp ghflvlrqv dqg
rxw0ri0htxloleulxp eholhyhv1

Ghflvlrqv 7�� ���

+4, i�tct j �?*�

+5, i�c�t j
�
2��

+ � �?

�
*�

+6, i�c t j ��
+2*�

Htxloleulxp Rxw0ri0Htx1 7q�f 7q��
i�tc t j iE+c ?�c E+c ?�c E+c +�j 4 4
i�tc t j iE+c ?�c E+c +�c E+c +�j 3 3
i�tc t j iE?c ?�c E+c ?�c E+c +�j 4 4

i�tc t j iE?c ?�c E+c +�c E+c +�j
e��+3D�?

S��+3H�?

S��+3b�?

2ED��+3H�?�

i�c�t j iE?c ?�c E?c ?�c E?c +�j 4 4

i�c�t j iE?c ?�c E?c ?�c E+c +�j e��+3S�?

S��+3H�?

D��+3S�?

.��+3H�?

i�c�t j iE?c ?�c E?c +�c E?c +�j 3 3
i�c�t j iE?c ?�c E?c +�c E+c +�j 3 3
i�c t j iE?c ?�c E?c ?�c E+c +�j 4 4

i�c t j i??c ?+c ++j
��+3�?

e��+3.�?

2E��+3�?�

e��+3D�?

i�c t j i??c ++c ++j 3 3
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Zkhq 7q�f lv qrw dq h{dfw ydoxh zh kdyh wr eh vxuh wkdw lw lv qrq0qhjdwlyh
dqg wklv jlyhv wkh odvw frqglwlrqv ri wkh sursrvlwlrq1 Zkhq htxloleulxp dqg
rxw0ri0htxloleulxp ghflvlrqv duh uhvshfwlyho| i�tc t j/ iE?c ?�c E+c +�c E+c +�j
vlpsoh dojheud vkrzv wkdw H dozd|v vhsdudwh/ zkloh wr kdyh X vhsdudwlqj lw
pxvw eh �L

+ *5 dD*e�?c H*D�?o � Zkhq htxloleulxp dqg rxw0ri0htxloleulxp
ghflvlrqv duh uhvshfwlyho| i�c�t j / iE?c ?�c E?c ?�c E+c +�j vlpsoh dojheud
vkrzv wkdw H dozd|v vhsdudwh/ zkloh wr kdyh X vhsdudwlqj lw pxvw eh �L

+ *5
dH*.�?c �*2�?o � Zkhq htxloleulxp dqg rxw0ri0htxloleulxp ghflvlrqv duh uh0
vshfwlyho| i�c t j c iE?c ?�c E?c +�c E+c +�j vlpsoh dojheud vkrzv wkdw H dozd|v
vhsdudwh/ zkloh wr kdyh X vhsdudwlqj zh pxvw kdyh wkdw �L

+ : .*e�?�
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Surri ri sursrvlwlrq :

Zkhq frqvxpswlrq grhv qrw surylgh dq| lqirupdwlrq rq wkh ulvnlqhvv ri
wkh lqqrydwlyh jrrg/ jryhuqphqwv* ghflvlrqv duh wkh vdph lq erwk shulrgv dqg
wkh sd|r� pdwul{ zlwk uhvshfw wr ghflvlrqv/ iru d fhuwdlq Uc lv wkh iroorzlqj
wdeoh1

+ ?

+
kEe�L

+ � �L� n E�� k�2�7+ EU�
kEe�.

+ ��.� n E�� k�2�7+ EU�
k
�
2�L

+ n 2�? � �L
�
n E�� k� 2�7?

kE2�.
+ n 2�? � �.� n E�� k�2�7+ EU�

?
k
�
2�L

+ n 2�? � �L
�
n E�� k�2�7+ EU�

k
�
2�.

+ n 2�? � �.
�
n E�� k� 2�7?

kEe�? � �L� n E�� k�2�7?
kEe�? � �.� n E�� k�2�7?

Wdeoh 6= Qrq lqirupdwlyh frqvxpswlrq

Li zh dvvxph OO wkh sd|r� pdwul{ lv wkh iroorzlqj1

+ ?

+

kE2�L
+ ��L� n E�� k��7+EU�

nRE� m U�
k
k2�L

+ n E�� k��7+
l

kE2�.
+ � �.� n E�� k��7+EU�

nRE� m U�
k
k2�.

+ n E�� k��7+
l

k
k�
�L
+ n�?

�
� �L

l
n E�� k��7?

nREf m U� dk�? n E�� k��7?o

nRE� m U�
k
k2�L

+ n E�� k��7+
l

kdE�.
+ n�?���.o n E�� k��7+EU�

nREf m U�k�?

nRE� m U�
k
k2�.

+ n E�� k��7+
l

?

kd
�
�L
+ n�?

�
� �L o n E�� k��7+EU�

nREf m U�k�?

nRE� m U�
k
k2�L

+ n E�� k��7+
l

k
k�
�.
+ n�?

�
��.

l
n E�� k��7?

nREf m U� dk�? n E�� k��7?o

nRE� m U�
k
k2�.

+ n E�� k��7+
l

kE2�? � �L� n E�� k��7?
nREf m U� dk2�? n E�� k��7?o

nRE� m U�
k
k2�L

+ n E�� k��7+
l

kE2�? ��.� n E�� k��7?
nREf m U� dk2�? n E�� k��7?o

nRE� m U�
k
k2�.

+ n E�� k��7+
l

Wdeoh 7= H{rjhqrxv Lqirupdwlrq

Iluvwo|/ zh qhhg wr frpsduh ghflvlrqv lq wkh wzr fdvhv zkhq jryhuqphqwv
duh surylghg zlwk wkh vdph h{0dqwh lqirupdwlrq vhw +sulruv rq w,1 Vhfrqgo|/
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revhuyh wkdw zlwk qrq lqirupdwlyh frqvxpswlrq sur�wv gr qrw ghshqg rq
w|shv/ wkxv oreelhv fdq qhyhu vhqg fuhgleoh vljqdov wr jryhuqphqwv1 Zlwk
qr lqirupdwlrq uhyhodwlrq/ jryhuqphqwv duh ohiw zlwk xqfkdqjhg xqlirup sul0
ruv rq w1 Wkxv/ lq wkh fdvh ri qrq lqirupdwlyh frqvxpswlrq rqh kdv wr
frqvlghu hlwkhu srrolqj ru vhsdudwlqj htxloleuld lq zklfk wkh uhyhdohg lqiru0
pdwlrq U 5 U�� Lq doo wkhvh fdvhv RE� m U� ' REf m U� ' �*2� Lw lv hdv| wr yhuli|
wkdw wkh htxloleulxp E?c +�?J3�?u +wkh vxevfulsw ?J� �?u vwdqgv iru qrq lqiru0
pdwlyh frqvxpswlrq, dqg wkh htxloleulxp E?c +��?u +�?u vwdqgv iru h{rjhqrxv
lqirupdwlrq, duh lpsrvvleoh1

Iru wkh �uvw sduw ri wkh sursrvlwlrq zh suryh wkdw/ jlyhq d fhuwdlq frxq0
wu|*v ghflvlrq lv d ? zlwk qr lqirupdwlyh frqvxpswlrq/ lw lv lpsrvvleoh wkdw
lwv ghflvlrq wxuqv wr d + zlwk h{rjhqrxv lqirupdwlrq1 Pruh vshfl�fdoo|/ +l0
d, jlyhq dq htxloleulxp E+c ?�?J3�?uwkh iroorzlqj htxloleulxp lv lpsrvvleoh
E+c +��?u 1 Vlploduo|/ +ll0d, zlwk E?c ?�?J3�?u lw lv lpsrvvleoh wkdw iE+c ?�c E+c +�j�?u 1
Ohw xv ghqrwh zlwk E` �

(��?u c E`
�
(�?J3�?u wkh sd|r�v ri jryhuqphqw � zlwk gh0

flvlrqv ( uhvshfwlyho| zlwk dqg zlwkrxw lqirupdwlrq1
+l0d, Wr kdyh E+c ?�?J3�?u dv dq htxloleulxp lw lv qhhghg wkdw

�
`.

+? �`.
++

�
?J3�?u

�

8 : f dqg
�
`L

+? �`L
??

�
?J3�?u

: f� Wr kdyh E+c +��?u dv dq htxloleulxp lw lv

qhhghg wkdw
�
`.

++ �`.
+?

�
�?u

: f dqg
�
`L

++ �`L
?+

�
�?u

: f1 Zlwk vlpsoh dojh0

eud rqh vkrzv wkdw
�
`.

++ �`.
+?

�
�?u

	 �8 dqg wkhq
�
`.

+? �`.
++

�
?J3�?u

: f

dqg
�
`.

++ �`.
+?

�
�?u

: f duh qrw frpsdwleoh1

+ll0d, Surfhhglqj dv lq +l0d, rqh �qgv wkdw
�
`.

?? �`.
?+

�
?J3�?u

� 8 : f

dqg
�
`L

?? �`L
+?

�
?J3�?u

' � : f duh uhtxluhg iru E?c ?�?J3�?u exw
�
`.

++ �`.
+?

�
�?u

	

�8 dqg
�
`L

+? �`L
??

�
�?u

	 �� duh uhvshfwlyho| uhtxluhg e| E+c +��?u dqg

E+c ?��?u�
Wkh vhfrqg sduw ri wkh sursrvlwlrq lv suryhg vlpso| lqyhuwlqj wkh surfh0

gxuh xvhg iru wkh �uvw sduw ri wkh surri1
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