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Abstract
This paperdistinguishesrelative risk aversionandresistanceto intertemporal

substitutionin climate risk modeling. Stochasticrecursive preferencesare in-
troducedin a stylizednumericclimate-economymodelusingpreliminaryIPCC
1998scenarios.It shows that higherrisk aversionincreasesthe optimal carbon
tax. Higher resistanceto intertemporalsubstitutionalonehasthe sameeffect as
increasingthe discountrate,provided that the risk is not too large. We discuss
implicationsof thesefindingsfor thedebateupondiscountingandsustainability
underuncertainty.

Key Words: recursiveutility, risk, discounting,sustainability, climate

Résuḿe
Cetexteétudiela différenceentrel’aversionrelativeaurisqueet la résistancèa

la substitutionintertemporelledansla mod́elisationdu risqueclimatique. Les
préférencesrécursives stochastiquessont utiliséesdansun mod̀ele numérique
stylisé utilisant les sćenariospréliminairesGIEC 1998sur l’ économieet le cli-
mat. On montrequ’une aversionau risqueplus forte conduit à augmenterle
niveauoptimaldetaxationdel’ énergie. Augmenterla résistancèa la substitution
intertemporellea le mêmeeffet qu’augmenterle tauxd’actualisation,tantquele
risquen’estpastrop grand.Nousdiscutonslesimplicationsdecesrésultatspour
le débatsurl’actualisationet la durabilité sousincertitude.

Motsclés: utilit é récursive,risque,actualisation,durabilité,climat

JEL: Q20,D81,D90,H43
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Non-technicalabstract
In this paper, we proposea modelingframework to analyserisky andintergen-

erationalissues.We thenapplyit to theissueof climatechange.This framework
is stochasticrecursiveutility. It allowsto representabroaderrangeof preferences
thanwhatis usuallyfoundin thelitterature.

The structureof the paperis the following. Theone-pageintroductionframe
the issue. It requiresa graduatelevel in economictheory to be read. Section
two presentsan ultra-long period model of the climate risk namedULTRAL.
Sectionthreepresentsthe calibrationof the model, wherewe discussnumeric
values. Sectionfour presentsand discussthe results. Sectionfive concludes.
Theappendixdefinesthemodelanddataused.Lastly, thereis the list of the35
references.

The tool usedin this paper, stochasticrecursive utility, appearedin economic
theory abouttwenty yearsago. To our knowledge,it hasnot beenpreviously
usedin integratedassessmentmodeling.Onthetheoreticalside,it allow to put in
perspective thedebateondiscountingunderuncertainty.

Policy interpretationsof theresultsshouldbeconductedwith extremecaresince
this morea methodologicalpaper. Thesimplestinsight is that theassumptionof
a positive expectedclimatedamageis not neededto inducesomeactionnow. In
this model,climatechangeis beneficialnine timesout of ten,neverthelessthere
is someprecautionaryabatement.

In asequentialdecisionmakingprocess,theinitial levelof abatementwasfound
to besensitivethedateof policy revision. Theearlieris policy revisionscheduled,
thelower is initial carbontax level.

The model also show that larger risk aversionstrengthensoptimal pollution
control andthat previous works possiblyunderestimatedthe sensitivity of their
resultsto theshapeof theutility function.
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1. INTRODUCTION

This paperis motivatedby two importanteconomicaspectsof climatechange
economics:intergenerationalequityandrisk. A classicwayto introducerisk is to
consideranutility functionwith constantrelative risk aversion� , suchas:�����	��
 �
�������� � (1)

A classicway to introducethe issueof intergenerationalequity is to consideran
intertemporalobjectivefunctionsuchas:� ��� ��� ������
���� � � ���� � ! �"�#� ���%$ �&� ���' � �)((+*#, (2)

where � representspopulationand � consumptionlevels,see[2, 19, 30].
Thispaperfocuseson � andonthetwoparametersof theintertemporalobjective

function function:
$
, the discountrate for the secondtime period, and - , the

resistanceto intertemporalsubstitution.
The simplestpossiblemodel known to integratethesethreeparametersmay

bestochasticrecursive utility, initially introducedby KrepsandPorteus[18]. To
our knowledge,all previously publishedmodelsof theclimaterisk literatureuse
simplerutility functionsrestrictedto - 
.� [24, 20, 16]. This situationhasleft
openasetof questionwe proposeto examine.

Fromatheoreticalpointof view, letusfirst remindthatresistancetosubstitution- controlsthe attitudetoward variationsin consumptionacrosstime, undercer-
tainty. Ontheotherhand,risk aversion� controlstheattitudetowardvariationsin
consumptionacrossstatesof theworld, atagivendate.Sotherestriction- 
/� is
suspicioussinceit links twoconceptuallydifferentaspectsof preferences.Wewill
examinewhetherthereis empiricalevidenceandeconomicrationaleto support
this constraint,or whetherit is anunfortunatesequelof expectedutility models.

Froma technicalpoint of view, this restrictionis particularlyinadequatewhen
analyzingthequestionof equityunderuncertainty. It preventsfrom considering
plausiblesituationswheresocietyhashigh risk aversiontogetherwith low resis-
tanceto substitution,or vice versa.Anotherdirectconsequenceis that theeffect
of resistanceto substitutionandrisk aversioncannotbeconvenientlyinvestigated:
A changein thecurvaturein theutility functiondoesnot permitanunambiguous
interpretationsincetheresistanceto substitutionandrisk aversionmovetogether.
Wewill examinetheeffectof riskaversiononoptimalclimatepolicy andtheeffect
of resistanceto substitutionon sustainability.

Sectiontwo presentsanultra-longperiodmodelnamedULTRAL. Sectionthree
presentsthecalibrationof themodel,wherewe discussnumericvaluesfor - and� . Sectionfour presentsthe results,wherewe study the sensitivity of optimal
controlstrategiesto specificationsof theutility function,to uncertainty, andto a
sustainabilityconstraint.Sectionfiveconcludes.



6 HA DUONG AND TREICH

2. MODEL

The ULTRAL model is a stylizedultra-longperiodclassicalmacroeconomic
model,stochasticwith a recursive utility function,whereclimatechangedueto021 � accumulationaffectsproductivity andtheefficiency of investment.Thetime
stepis 30years.Therearefour dates3 startingfrom 1990,thereforethreeperiods
representingcurrent,next andfuturegenerations.Therearetwostatesof theworld,4

and 5 , referredto by theindex 6 .
The model is codedin GAMS andsolved usingnonlinearoptimizationwith

MINOS or CONOPT. In this section,we will discusstheequationsof ULTRAL.
For convenience,they arepresentedall togetherin theannex. Equationscanbe
divided into threeblocks. Thefirst block A.1–A.5 describesclassicaleconomic
growth with a naturalresource[33]. Thesecondblock A.6–A.9 computes

021 �
accumulation,concentration,temperatureincreaseand climatic damages.The
third blockA.10–A.11describespreferences.

2.1. Climate-economy
The macroeconomicblock is built arounda capital-labor-energy production

function. Population�87 is exogenous.All variablessuchascapital 9;:�< 7 , energy
input =>:�< 7 andproduction?�:�< 7 areper-capita.Technicalprogress@ 7 is exogenous.
Productivity decreaseswith global warming througha multiplier AB:�< 7 . Capital
depreciatesand is renewed accordingto a fixed saving rate C 7 as describedin
equationA.4.

The control variable DE:�< 7 is a multiplier to the costof the energy input. Ex-
ante, thereferencecostof energy is F 7 . Theamountof energy input =>:G< 7 entering
theproductionfunctiondependsupon F 7 DE:�< 7 its ex-postcost. Broadlyspeaking,DE:G< 7 �H� is thepercentageof energy taxover thereferenceprice. It is constrained
to bepositive.

The model runs a cost-benefitanalysis. The cost of control is computedas
follows. At period 3 , capital 9 :G< 7 is fixedfrom thepreviousperiod’s investment.
Productivity @ 7 andpopulation� 7 areexogenous.EquationsA.3 (discussedbelow)
andA.1 togetherdetermineproduction ? :�< 7 andenergy = :G< 7 . Consumption

0 :�< 7
andinvestmentfollow sincethesaving rateis fixed. Economicactivity decreases
with DI:�< 7 .

Solving ?�:�< 7 and =>:�< 7 equationsyields:? :�< 7&J ? � 
K� @ 7 F �'L7 � ((+*NM A ((+*NM:G< 7 � 9 :G< 7&J 9 � �PO(+*NM D *NM(Q*NM:�< 7 (3)=>:�< 7 J = � 
K� @ 7 AB:�< 7 J F 7+� ((Q*NM � 9;:�< 7 J 9 � �PO(+*NM D (MR*S(:�< 7 (4)

wheresuperscriptedparameters? � and= � denoteex-antefirst periodvalues,and
where 9 � is fixed. Notethat for valuesof T muchsmallerthanunity, production?U:�< 7 is muchlesselasticthanenergy =V:G< 7 to changesin energycostDE:�< 7 . Assuming
for example 3 
 � , A � < : 
 � and

�V� TXW � in theabove equations,thenenergy
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TABLE 1.

Reductioncostcurve in first period.YVZ+[ \^]E_
0 10% 50% 100% 200%`ba Z+[ \
0 -9% -24% -51% -68%`bc Z+[ \
0 -0.4% -1.7% -2.8% -4.5%

consumption= � < : is inverselyproportionalto thetax D � < : , while output ? � < : only
decreasesas D �'L� < : . Thecorrespondingreductioncostcurve is numericallyshown
in Table1.

EquationA.3 stemsimplicitly from abehavioral assumption:theenergy sector
maximizesits profit blindly, in a sequenceof staticequilibria. Due to this as-
sumption,themodelcanbeseenasa two-stageoptimizationstructure:economic
agentsoptimizewithin a 30-yearshorizon,andonly the centralplannerhasan
intergenerationalpointof view. Giventhatthepriceof outputis 1 andthepriceof
energy is F 7 D :G< 7 , this assumptionof intragenerationalagentoptimizationimplies
a well-known Cobb-Douglasfunctionproperty, that:?U:�< 7F 7 D :�< 7 = :�< 7 
 T
This correspondsto equationA.3. The shareof energy T disappearbecausethe
equationat date 3 is scaledwith theequationat date1. NotethatequationA.1 is
alsoscaledthisway. Adjustmentcostskick-in todecreaseconsumptionwhenD :�< 7
increasesfasterthan2%peryear, thatis 1.81perperiod.This is equationA.5.

Finally, themodelrepresentsthesequentialityof thedecisionmakingprocess
for climatepolicies. It is known from thestartthat thepolicy computedinitially
will berevisedatdate3 
edgf . This is why all variablesareindexedby thestateof
theworld 6 andthereis aconstraintDEhi< 7�
 DEj'< 7 for 3lk d f . This is astochastic
dynamicprogrammingtechniquewhich would not be neededif the conceptof
“time unfoldingon a stochastictree” wasbuilt in themodelinglanguages.This
sophisticationwill only be importantwhen we analyzeuncertaintyin the last
subsection4.3,sincebeforewe will assumed f 
nm .

Thebenefitsof reducingemissionsarecomputedasfollows. Thecarboncycle
centralvariableis a simplenon-controversialindex usedby scientistsandpolicy-
makers:globalcumulativefossil andindustrialcarbonemissionssince1990.Leto :�< 7 bethis index computedby equationA.6 in GtC.

ULTRAL usesablack-boxlinearrepresentationbaseduponsevenmajormodels
describedin [8]. At eachperiod,thesemodelsassociate

021 � concentrationlevelsp :�< 7 with
o :G< 7 . A linearrelationshipwasestimatedusingleast-squareinterpolation

to determineqBr7 and q �7 in equationA.7. EquationA.6 computes
o :�< 7 from

p :�< 7
usingtheselinearcoefficients.
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TemperatureincreasesI:G< 7 is estimatedin equationA.8 using a 2.5-degrees
increasefor a doubling of pre-industrialconcentration. The 275 ppm number
representspre-industriallevelsof

021 � in theatmosphere.
EquationA.9 representstheeconomiceffectsof climatechange At:G< 7 asanoverall

mean-preservingproductivity jump. It canbeinterpretedasanextremeirreversible
event,occurringatdatedgu , whichchangestheglobalclimaticconditionsin such
a way thata majorpartof thecapitalandtechnologicalstockhasto bereplaced.
To accountfor thepossibilityof adaptationandpublishedimpactestimates[22],
the expectedvalueof the productivity jump is zero: before d u , the modelsetsA 7 
 �

. At a givendate d u , productivity dropspermanentlya lot with a small
probability v (state

4
), or increasesa little with a largeprobability

�w� v (state5 ). Themagnitudeof thefall dependsquadraticallyupontemperaturechange.

2.2. Recursive utility
We now describethe representationof preferenceswith recursive utility. The

motivationis to separateattitudetowardsintertemporalsubstitutionfrom attitude
towardsrisk.

Koopmanspresentedanearlyaxiomaticdeductionof recursivepreferences[17].
He wrote x 7 
 � ��� 7 � x 7Gy � � and called

�
the aggregator function. Kreps and

Porteus[18] generalizedthisstructureto stochasticmodels:x 7z
 � ����7 �R{ 7��	|x 7Gy � �&�
where { 7 is the certaintyequivalentof future utility evaluatedwith information
availableat date 3 . Let it be computedusing } �R~�� , a von Neuman-Morgenstern
utility function: { 7 � |�g��
 } �g� �&� 7 } � |�'���
This classof preferencesseparatesrisk aversion— tied to the certaintyequiva-
lencefunction { or } — from intertemporalsubstitution— tied to theaggregator
function

�
. Interestingly, they satisfythepropertiesof intertemporalconsistency

andstationarityof preferences.
Thespecificationof

�
and } is not unique. Define �� ��� �&� �V
 } � � ��� � } ��� � � �&�&�

and �x 7��R~��>
 } � x 7��&~ ��� . Then �x 7i
 �� ����7 � ��7 | �x 7Gy � � definethesamepreferencesas
before.

Herewe follow EpsteinandZin [10] andtake
�

and { 7 isoelastic:

� ��� ��� ��
K� q � ���� !�� � ���� � ((+*#, (5){ 7�� |�g��
K�&��7 |� ���U� � ((Q*�� (6)
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Threepositive parameters� , � , and - characterizethe preferences.The - in
the aggregator function is the constantresistanceto intertemporalsubstitution.
Theparameter� is theArrow-Prattconstantrelative risk aversion.The � is next
period’s felicity discountfactor. Sinceit is known that isoelasticfunctionstend
continuouslytowardthelogarithmwhen - or � tendtowardsunity, wewill simply
ignorethecases- 
 � or ��
 � .

It is possibleto chooseq accordingto theunitsof consumptionandutility. In
oneequation,therecursivepreferencesin themodelare:

x ���' 7 
�� �>� � �R� ���' 7 !)� �&� 7 |x ���U�7Gy � � (Q*#,(+*�� ~ (7)

As usualin theliterature,q is setto
�l� � . In orderto explain theassumptions

underlyingthis equality, let �� be the expectedgrowth of utility beyond the last
period,thatis |xz� 
.� � ! ���� x�� . Thenequation7 is equivalentto:

q ��� � J x � � ���� 
 ��� ��� �g� � ! ���� ���U�N� (+*#,(Q*�� (8)

The equality q 
 �2� � arisesfrom the two following conditions: x�� 
�� �
togetherwith ��X
�� . Thefirst conditionis numericallyimportant.Ourexperience
shows thatmostotherformulationsfor q leadto non-convergencewhensolving
for various � , � and - . Thesecondconditionis a first approximationpotentially
leadingtomathematicalproblemswith azeroutility discount rate,as� 
 � impliesq 
�� . Divergenceunderassumptionsof zerogrowth andzerodiscountingis
normalsincerecursivepreferencesgeneralizesclassicalintertemporalutility. So,
theproblemdisappearsif eithersomegrowthisassumedor,ashere,utility discount
ratenevergoesto zero.

As shown equationA.10, the certaintyequivalent of next generationutility{ 7��	|x 7Gy � � isexplicitly representedbythestatevariable� 7 definedbyequationA.11.
In that equation,the 3 
�m caseis the final condition introducedabove, where
consumptionlevel � � isnotcomputedexplicitly,butapproximatedby � �U������ , where9;� is itself takenfrom equationA.4.

Finally, theguidelineto introducepopulation�87 wasto retrieve, in thespecial
case- 
/� , thestandardintertemporalexpectedutility model:

�87 x 7�
 � � ��� � �����87R� ���' 7 ! ��7����.�87Gy � � � � ���' 7Gy � � � ((+*#,
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3. CALIBRA TION

3.1. Preferences
We now turn to the calibrationof stochasticrecursive utility functions. The

utility discountrateis setat 1% peryearin thebasecase.Values0, 0.5 and2%
peryearwill alsobediscussed.Thisrangeof valuesis typical in theliterature,see
for examplePortney andWeyant[30].

Theothertwo parameters- and � needmorediscussion.
Firstof all, thegoldenruleof optimaleconomicgrowth givesatheoreticalway

for estimating- , given
$
,   , � andreal risk-freemarginal productivity of capital¡ . Let it bequickly reminded.Assumingin equation2 that � � 
¢� � ! ���&� � and� � 
£� � !   �R� � , andthat � ,   and

$
aresmall, the marginal rateof substitution

betweenfutureandpresentconsumptionis:¤P¥V¦ ��§ � 
 � < �� < � W � ! $X�   ! - � � (9)

It followsfromthefirstoptimalitycondition
� ! ¡2
 ¤¨¥V¦ �©§ � that ¡2
 $i�   ! - � .

Decreasingtheannualutility discountrate
$

canbecompensatedwith ahigher- .
With

$ 
n� , given � in the1 to 2 percentperyearrange,annualglobalpopulation
growth

$
between1 and1.5,and ¡ in between3 and6 percentperyear, thisgives- in the 2 to 7.5 range. But thesecalculationsaresubjectto controversies.For

example,Cline [7] considersa wedgeof market distortionreducing ¡ by 50%,
whereasNordhaus[26] statesthat he doesnot seehow anyonecould convince
himselfthat ¡ is below 6%.

FollowingtheseminalKrepsandPorteus’ paper[18], anotherinterestingthought
experimentis to compareutility if � 6 � uncertaintyis resolvedatperiod3 to utility
if � 6ª6 � uncertaintyis resolvedatperiod2:� 6 � x ���' � 
 q � ���� � ! q � � ���� � !�� � � � �� ���U�« � (+*#,(+*��� 6ª6 � x ���' � 
 q � ���� � !)�;¬ �g� q � ���' � !)� �� ���� « � (+*��(Q*#,�­ (Q*#,(+*��
It canbeshown thatearly information � 6Q6 � is preferredif andonly if �)® - . In

thissense,assumingthatsocietyexhibit atastefor earlyinformation(or adistaste
for late information)would limit the rangeof plausiblevaluesfor - and � . The
usualintertemporallyadditiveexpectedutility model,correspondingto - 
e� , is
equivalentto assumingindifferenceto thetiming of uncertaintyresolution.

Researchonsaving andportfolio behavior analysisderivedempiricalestimates
of � and - directly. In aseminalpaper, Hall [14] estimatedtheresponseof saving
to therealinterestrate,thatis theelasticityof intertemporalsubstitution(

� J - ). All
estimatespresentedby Hall reportsmall elasticityof substitutionthat may well
bezero. OgakiandReinhart[28] arguedthatHall’s modelwasmisspecifiedand
foundestimatesof resistanceto substitution- thatvarybetween2.2and3.1.
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Another important issuewith current - and � parametrisationis the equity
premiumpuzzleasexposedby MehraandPrescott[21]. Mehra-PrescottandHall
modelshave beencriticizedon thegroundthat they fail to separateresistanceto
substitutionfrom risk aversion.In doingso,EpsteinandZin [11] foundestimates
for - thatvary between1.2 and5 andestimatesfor � that vary between0.8 and
1.3. Usinga similar approach,NormandinandSaint-Amour[27] estimatesfor -
and� arein therangeof 1.5. It is alsonoticeablethatthey acceptedthehypothesis- 
n� while Epstein-Zinrejectedtheexpectedutility model.

In anexperimentalframework,Barsky, Juster, Kimball andShapiro[4] reported
estimatesof eachparameterbasedon individual responsesto hypotheticalsitua-
tions. They found high heterogeneityamongindividuals. A striking resultsof
their studyis thatrisk aversionandresistanceto substitutionarenot correlatedat
all acrossindividuals.

We foundno decisive empiricalevidenceeitherto rejector to acceptintertem-
poral expectedmodels( - 
¯� ) nor to choosesomespecificvaluesfor - and � .
Arrow [1] reportsthat1.5is thecurrentlyavailablebest-guessfor bothparameters.
ULTRAL usesvaluesin the0.6 to 4 interval, with emphasisupon1.3and2.0.

3.2. Socio-economicscenarios
The socio-economicparametersarecalibratedusingpreliminaryIntergovern-

mentalPanelon ClimateChange1998Scenarios,seetheannex. Therearefour
scenariosA1, A2, B1 andB2. Eachscenarioproposesa particularfuture. It is
importantto stressthat thesescenariosarenon-mitigationscenarioswith respect
to climatechange.

AccordingtotheIPCCdatadistributioncenter,scenarioA1 representsaworldof
veryrapideconomicgrowth, low populationgrowthandrapidintroductionof new
andmoreefficienttechnology. In thisworld, peoplepursuepersonalwealthrather
thanenvironmentalquality. ScenarioA2 describesa world with high population
growth with lessconcernfor rapideconomicdevelopment.ScenarioB1 accounts
for dematerializationandfor theintroductionof cleantechnologies.ScenarioB2
describesaworld in which theemphasisis on localsolutionsto economic,social,
andenvironmentalsustainability.

Parametersdisplayedin theannex correspondto theA1 scenario.Spacecon-
straintspreventusfrom reportingthefour parametersset,but all numericsimula-
tionswereconductedon all four scenarios.As canbeseenon Figure1 panela,
futurecarbonemissionsprofilesspana largeinterval.

Population�87 andcarboncontentof energy ° 7 aredrawn from IPCCscenarios.
Productionandcapitalparametersarebaseduponorderof magnitudesusually
acceptedin theoreticalandempiricalliterature.Thesaving ratio is C 7l
±�²~�³#´ for
all 3 . In theproductionfunction,theshareof laboris �²~ µ , andtheshareof energy
is aboutten timessmallerthanfor capital,that is ¶ 
·�^~ ¸Nµ and T 
·�^~ �#m . The
reductioncostcurve in period1 implicit to this is shown in Table1.
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The ex-antelevels of production ? � andenergy = � correspondto DE:G< � 
 �
andaregivenparameters.Theinitial level of capital 9 � is setat threetimes ? � .
Finally, capitaldepreciationfactor ¹ and investmentaccumulationº arebased
upona 5%annualdepreciationrate.

Calibrationof @ 7 andF 7 wasdoneasfollows. Control DE:�< 7 anddamageAB:�< 7 were
setto unity, i.e. ignored.Thisallowedto computevaluesfor baselineenergycostsF 7 by usingscenariovaluesfor ? :�< 7 and = :G< 7 in equationA.3. Thencoefficientsfor
technicalprogress@ 7 werecomputedbysolvingequationsA.3andA.1 recursively.
Theeffectof thiscalibrationis thatwhenthereisnoclimatedamage,growthtracks
themark-upscenariofrom IPCC.

Thereis a 5% probability that onedegreeof warmingcausesa 10% drop in
productivity. Thatcanberelatedto theEMF 14uncertaintysubgroupmodelcom-
parisonframedin [25]. Thatnotesuggested,with a5%probability, to multiply the
damagefunctionby 7.8. In this framework the10%dropis equivalentto a1.28%
unitarydamagecoefficient,which is in line with valuesusedin theliterature[5].
In themodel,adding3.5degreesto theclimatetemperaturesensitivity wouldhave
thesameeffect asmultiplying economicdamagesensitivity by a factorof about
5.8.

3.3. Baselineoptimal control
As a referenceoptimal control scenario,we considerthe - 
 � ~ ¸ , �»
 � ~ ¸

utility function. Policy revisionandclimateeventoccursat thesameperiod d f 
dgu�
em , for zeroexpectedclimatedamage.
Panelb of Figure1 displaystheoptimal

021 � emissionslevelswith ULTRAL
in eachof the four IPCC markupscenarios.For eachscenario,emissionsrise
very slowly duringfirst period,until 2020. Thentheemissionsof eachscenario
stronglydiverge. In scenarioB1 for instance,thereis a stabilizationof emissions
around8GtC,while in scenarioA2 emissionsincreasesharplyfrom5GtCin 2020
to 16GtCin 2050.Theseresultsbearnoimplicationsfor thetiming debate,given
thecoarse30-yeartimestep.

Thepanelc of thesameFigure1presentsanotherview of thesameresults,where
the verticalaxis shows optimal control level D :�< 7 , i.e. the energy tax, insteadof
carbonemissions.Thehorizontaltimescalegoesonly to 2050,sinceD ��< : equalsD « < : by assumption.

Boththecarbontaxandtheoverall level of emissionsarehigherin scenarioA2
thanin any otherscenariosin 1990and2020.Notehoweverthatthis is no longer
true in 2050. Thereis highercontrol in 2050for scenarioA1 thanfor scenario
A2. This canberelatedto thegrowth effect: percapitaproductionis very high
in scenarioA1, theeconomyexpandsat anaveragerateof aboutthreepercentto
2080.As aconsequence,investmentin controlwill berelatively lesscostlyin the
long run in scenarioA1.
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FIG. 1. ULTRAL referenceprofiles. Panel a Baselinecarbonemissionsaccordingto IPCC
preliminary1998scenarios.Panelb Optimal carbonemissionswith ¼¾½ _�¿ À and ÁÂ½ _�¿ À utility
function. Panelc Correspondingoptimalcontrol
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FIG. 2. Optimalcontrol(energy costmultiplier
Y ÃRÅ^ÆÄ ) for varyingrelative risk aversionÁ , given

constant¼i½ _�¿ À .
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4. RESULTS

4.1. Sensitivity to utility function coefficients
In this section,we examinethesensitivity of theoptimalcontrolprofile to the

threeparametersof thesocialplanner’spreferences� , - and � .
What is theeffect of risk aversionon theoptimalclimatepolicy? Somestud-

ies [6] found that risk aversionwarrantsaggressive abatementactionwhile an-
other[24] did not find a largeeffect of risk aversionin his sensitivity analysis.A
problemis that theseresultsareambiguoussincethey arebasedupona change
in thecurvatureof theutility functionrepresentingbothresistanceto substitution
andrisk aversion.

Theisolatedeffectof risk aversionwasfirst investigatedin theliteratureonsav-
ings underuncertainty. Selden[31] andWeil [34] usedrecursive preferencesto
show thatoptimalprecautionarysavingstendsto bedeterminedsolelyby theelas-
ticity of intertemporalsubstitutionandnotby therisk aversionparameter. Similar
resultswerealsofoundin theliteratureof dynamicresourcemanagement[15, 9].

Figure2displaystheeffectof relativeriskaversionontheoptimalclimatepolicy
in scenarioA2. We consider� varyingfrom 0.5to 4. Relativerisk aversionleads
unambiguouslyto an increasein the carbontax in order to facelessrisk in the
future. For example,increasing� from 1.3to 2.6 leadsto increaseD �� from 1.29
to 1.65. Doublingrisk-aversiondoesmorethandoublingtheoptimalenergy tax
level.
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FIG. 3. Optimal control (energy costmultiplier
Y Ã+Å^ÆÄ ) for varying resistanceto intertemporal

substitution¼ , givenconstantÁw½ _�¿ À .
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With ULTRAL, theresultthatrisk aversionincreasesoptimalcontrol is robust
with respectto thebaselinescenarioandthevalueof - .

Turningtotheeffectof resistancetointertemporalsubstitution,Figure3displays
the optimal carbontax for different valuesof - . Numericalsimulationsshow
that increasingresistanceto substitutiontendsto rotatethe optimal controlpath
counterclockwise,towardslesscontrol in the currentperiod and more control
in the future periods. This goesin the directionof reducingthe differencesof
consumptionlevels betweengenerations. The intuition explaining this results
is thereforethat more emphasison equity — larger - — imply higher current
emissionslevelsto smooththedifferenceswith following, richergenerations.

This is adiscountingeffect. Sincecontrolcostsarebornein theshorttermand
benefitswill bereceivedin thelong term,increasing- implieslesscontrol in the
currentdecade.

Indeed,asequation9 shows,assumingapositiverateof growth, anincreasein- increasesthecostdiscountrate. To someextend,
$

and - have thesameeffect.
For example,for - 
¢�e
�³ and � 
 �

, the optimal tax rate in first period is
15%. Model runsshow that lowering the discountrateto 0.5 hasbasicallythe
sameeffectaslowering - from 2 to 1.3.

Sensitivity of resultsto joint variationsin - , � and � arereportedin table2
for the B2 scenario. Comparingthe - 
¢�±
 � ~ ¸ caseswith - 
¢�±
�³ , the
optimaltax level doesnotchangemuch: from 15%to 17%in onecase,from 77%
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TABLE 2.

Sensitivity of theoptimaltax level at Ç^½�È to theutility functionparameters¼ , Á and É .

Resistanceto substitution( ¼ ) 2 2 1.3 1.3 2 2 1.3 1.3
Aversionto risk ( Á ) 2 1.3 2 1.3 2 1.3 2 1.3
Annualdiscountrate(gives É ) 1% 1% 1% 1% 0.5% 0.5% 0.5% 0.5%

Optimaltax level (
Y ÃRÊ�ÆÆ ]E_

) 15% 0% 72% 17% 77% 18% 83% 80%

to 80%in theother. This seeminglysmall sensitivity disappearswhenonly - or� change.This illustratesthatparameters- and � tendto cancelout whenthey
movetogether.

In the light of previousresults,the explanationis straightforward. Increasing
risk aversionleadsto increaseearly control to prevent the climatic catastrophe.
But increasingresistanceto substitutionin thesametimeleadsto decreasecontrol
to favor the currentgenerationwhich is the poorestin average. Thus the use
of intertemporallyadditive expectedutility model ( - 
Ë� ) underestimatesthe
sensitivity of theresultssincethetwo parametersmovetogetherandtriggersthese
two oppositeeffects.

Threemain resultsemergedfrom this section. First, increasingrisk aversion� hasa positive effect on the control rate. Second,increasingresistanceto in-
tertemporalsubstitution- hasthesameeffectasincreasingthediscountrate

$
, it

decreasestheinitial levelof control.Thirdandconsequently,theclassicalexpected
utility modelinducesa biastowardamoreneutralclimatepolicy.

4.2. Discountingand sustainability under uncertainty
If - and

$
have the sameeffect, why usetwo parameters?The secondresult

above suggeststhat thereis someredundancy in theparametrisationof recursive
utility function. Onepossibilityis to eliminatetimepreference

$ 
�� andgofor a
resistanceto substitutionhigherthantheusual - 
 � log-of-consumptionmodel,
for example - 
Ì³ . A morewidespreadattitudeis to restrictutility functionsto
the - 
Í� subsetandfocusthediscussionon

$
.

In this section,we first explorewith ULTRAL thedifferencebetween- and
$

whenit comesto the questionof sustainability. The discussionof theseresults
will allow to show limitationsof theattitudefocusingonly on thediscountrate.

Therearemany definitionsof sustainability. Amongstthem,let us singleout
Solow’s [32] formalizationasnon-decreasingutility throughtime. This interpre-
tationimposesachainof obligationbetweeneachsuccessivegenerationwhichcan
very convenientlyberepresentedwith recursive utility. Sustainabilityundercer-
tainty is definedx 7 k±x 7Gy � , for all 3 . A naturalgeneralizationunderuncertainty
discussedtheoreticallyin [3] is: x 7 k { 7�� |x 7Gy � � (10)
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FIG. 4. Optimal control (energy cost multiplier
Y ÃRÅ^ÆÄ ) with the sustainabilityconstraint,for¼l½ _�¿ À and Áw½ _�¿ À .
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By usinga certaintyequivalentfunction { 7 �&~ � , this definition allows welfare to
decreaseif badluck arises,but to anextentcontrolledby therisk aversionparam-
eter. Pezzey [29] suggestedto considersustainabilityasa prior constrainton the
optimizationprogram.It canalsobeusedasacriteriato evaluateex-postoptimal
paths.We conductedbothanalysis.

We examined,for 76 model runsusingvarying parameterssets,which ones
weresustainablein theabove sense.As couldbeexpected,scenarioA2 wasthe
leastoften sustainable,followedby B2, A1 andB1 in this order. This explains
why, whensolvingthemodelunderthesustainabilityconstraint10, in themodelx 7 k»� 7 , theeffect is importantonly for A2 andB2 scenarios(comparefigure4
with theunconstrainedoptimafigure1 panelc).

Discountingfelicity at a high rate, two or threepercentper year, led to un-
sustainablepathwayswith two interestingexceptions. For A1 and

$ 
Î³NÏ , a
risk aversionof �n
�³ restoredsustainabilitywhere ��
 � ~ ¸ did not. For B1,
a resistanceto substitution- 
¢³ led to sustainableoptima. The latter result is
interestingsince- 
 � ~ ¸ did notleadto sustainability. Here

$
and- haveopposite

consequenceson theoptimalpath.
Our explanationis that substitutioneffectsdependuponthe absolutelevel of

welfare,whereasdiscountingdependsupontime.Aslongasthereisamonotonous
relationshipbetweentimeandwealth,i.e.growth,substitutionanddiscountingare
broadlyequivalent.But thestochasticmodelusedherebreaksthisrelationshipfor
somestatesof theworld. This is why

$
and - haveoppositeeffects.
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Thisresultillustratesthat,from thesustainabilitypointof view, thereis morein
resistanceto substitutionthansimply in discounting.Consequently, focusingthe
debateon intergenerationalequityonly on

$
is problematic.

Thisaddstootherproblemswith thediscountingapproachwhenanalyzingvery
largescaleandlong termprojects.Thereis anendogeneityquestionsincelarge
scaleprojectsaffect the growth pathof the economy. This pathshouldnot be
consideredasexogeneous.

Thereis alsotheneedto introducerisk whenconsideringlong-runprojects.In
theirrecentpath-breakingpapers,Weitzman[35] andGollier [12] examinedirectly
how macroeconomicuncertainty affectsthechoiceof thediscount rate.They prove
thatit reducessignificantlythediscountratefor verylong-termprojects,maybeat
its lowestpossiblevalue.On theotherhand,usualpracticeis to increasethedis-
countratefor risky project.For anthropicclimatechange,thecorrelationof risks
betweenemissions,economicactivity andimpactsthereforeleadto ambiguity.

We do not seehow analysisof sustainabilitycould avoid to deal with non-
marginal differencesin the welfarelevels. More generalmodelsof intergenera-
tionalutility, suchasthestochasticrecursiveframework,seemsto usmoreappro-
priate. It appearsthatincreasingthediscountrateis not thesameasincreasingthe
resistanceto intertemporalsubstitution.

4.3. Sensitivity to uncertainty
In this sectionwe presentthe sensitivity of optimal control to uncertaintyin

ULTRAL.
Resultsupto thispointassumedd f 
/dgu)
em , in otherwordsthatbifurcations

occursafter 2050. We examinenow how an earlier climatic event affects the
optimalcontrol. Still assumed f 
±dgu , thatpolicy is revisedin thesameperiod
asclimatechangehappens.Figure5 illustratesoptimalstrategiesin a sequential
framework.

In asequentialframework, thecentralresultis near-termpolicy: How doesthe
possibilityof soonerclimateeventaffect theoptimalfirst-periodcontrol?Results
show that an later settlementof climate changeuncertaintiesimplies a higher
control in the short run. This result, which Ha-Duong,Grubb and Hourcade
alreadyfoundin [23], callssomediscussion.

At first, thepotentialfor earlierclimatic eventimplies largertotal lifetime im-
pactssincethey comesoonerandthus last longer. This could leadto increase
controlin thecurrentperiod.But earlydamagealsoallowsfor abetteradaptation
strategy sinceefforts maybedevelopedsooner. Thereis thusalsoa substitution
effect betweenex postandex antecontrol. Figure5 shows that the substitution
effect seemsto dominate.

To confirmthishypothesis,weexaminedthedifferencebetweenD �� sensitivity
to dgu andits sensitivity to d f . Thisneedssometheoreticalcommentsfirst.
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FIG. 5. Optimalcontrolstrategies
Y ÃÅ^Æ [ Ä for differentperiodof uncertaintyresolution,assuming

thatpolicy revision andclimaticeventcoincide,for ¼l½ _�¿ À and Áw½ÐÈ .
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In many situations,assumingd u 
»d'f is realistic. In somefinancialmarkets
for example,themovementsof exchangerates( d'u ) areobservedin real time by
operatorswhich adjusttheir portfolio within minutes( d f ). For climatechange,
this is different.

Thereis ongoingclimatic researchandit is hopefulthatscientistsandpolicy-
makerswill know well in advancetheseverity of climatechange.This suggests
that precautionaryaction is possible,and gives backgroundto the assumptiond f k dgu of early perfectforesight. On the otherhand,ULTRAL doesnot ex-
cludeeitherthe oppositesituation d f ®�dgu . This is a way to introduceinertia
into themodel. Internationaldecisionproceduresusuallyinvolvesalargetimelag.
Anothersourceof time lag is thenaturalvariability of climatewhich complicate
detectionandattribution of anthropicclimatechange.This is why in ULTRAL
thereis no a priori relationbetweend u , the dateof climatic event,and dgf , the
dateof policy revision.

Table3 summarizessensitivity of first-periodoptimalcontrol D ��Ñ �� to theun-
certaintyparametersdgu , d f andrisk aversion� , with - 
 � ~ ¸ in theA2 scenario.

Resultsareverysensitiveto d f indeed.Comparetheline d f 
nm with d f 
e¸ .
Thereis much lower initial control with earlierpolicy revision. For the lower
valuesof risk aversion � k ³ , earlierlearningmay even leadto no effort at all.
Thisremainswhencomparingd f 
/m with d f 
�³ . Thisastandardwait andsee
effectwhichcanbelinkedto thetheoryof irreversibility. Theprospectto beable
to adaptpoliciessoonergivesanincentive to differ control.
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TABLE 3.

Sensitivity of optimalinitial tax (
YÒÃ+Å^ÆZ ];_

) to uncertaintyparametersÓ�Ô , Ó�Õ and Á .ÁV½ À
¿ Ö ÓSÕÂ½Â×Ó�ÕÂ½ÐÈ ÓSÕÂ½ À ÓSÕ;½Ð× Áw½ _�¿ À Áw½ À
¿ Ö Áw½ÐØ ¿ ÙÓ Ô ½�È 24% 27% 28% 0 28% 48%ÓSÔE½ À 01% 11% 10% 0 10% 65%ÓSÔE½Ð× 55% 74% 81% 29% 81% 81%

Resultsconfirmthehypothesisthatthesubstitutioneffectdominatesthedamage
effect. Table3 shows that optimal control is muchlesssensitive to d u thantodgf . Chancey Starrhasa sayinghe calls the Noahprinciple of decisionunder
uncertainty:“Predictingrainsdoesnot count,building arkdoes”.

Studyingthesensitivity of resultstouncertaintyparameterswith recursiveutility
is all the moreinterestingthat it mostpublishedwork to datehasbeenled with
a logarithmic intertemporalexpectedutility function [20, 24, 16]. Yet Gollier,
JulienandTreich[13] have shown that thelogarithmiccaseis preciselythelimit
casewherebetterinformationhasnoeffectonthelevel of currentconsumptionin
a stockpollutantmodel(take �Ú
 �

in their proposition1). With respectto this
initial motivationof ourwork, numericalsimulationsledwith parameterscloseto
1 werenonconclusive.
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5. CONCLUSION

In thispaper, weconsideredthegeneralizedKreps-Porteusstochasticrecursive
preferencesthatpermit to cut the link betweenrisk aversion � andresistanceto
intertemporalsubstitution- . They wereusedto build a stylizedintergenerational
integratedassessmentmodel,ULTRAL.

Themodelhaszeroclimatedamagesonaverage.Thishighlightasimpleinsight:
theassumptionof apositiveexpectedclimatedamageis absolutelynotneededto
inducesomeprecautionaryabatementin theoptimalpath.

Anothercharacteristicof themodelis thedistinctionbetweenthedateof policy
revision d f andthe dateof effective climatechangedgu . It wasfound that the
initial level of abatementis muchmoresensitive to theformer thanto the latter:
Theearlieris policy revisionscheduled,thelower is initial carbontax level.

On the theoreticalside,stochasticrecursive utility contributesdirectly to the
discussionon discountingin cost-benefitanalysis[2, 19, 30] by providing an
unifying framework for the main differentpointsof view. For example,many
climate changemodelsusethe discountedsum of logarithmic expectedutility,
correspondingto the - 
Í��
 � case.In thispaper, weanalyzedthesensitivity of
theoptimalenergy consumptionpathto thespecificationsof theutility function.

Thefirst resultis thatlargerrisk aversionstrengthensoptimalpollutioncontrol.
Second,larger resistanceto substitution— moreemphasison intergenerational
equity— rotatestheoptimalcontrolpathtowardlesscontrolin thecurrentdecade
and more control in the future. This compareswith an increasein the utility
discountrate,but theeffectsdiffer from a sustainabilitypoint of view. Third and
finally, low resistancetosubstitution- with highriskaversion� leadsto thelargest
carbontax levels. Constraining- 
Û� leadsto underestimatingthesensitivity of
resultsto theshapeof theutility function.
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APPENDIX: THE ULTRAL MODEL
VariablesDE:G< 7 Energy costmultiplier (Controlvariable)?U:�< 7 Production(PIB percapitaperyearin kUS$90)9;:�< 7 Capitalstock(kUS$90 percapita)= :�< 7 Energy input (toepercapitaperyear)0 :G< 7 Consumption(kUS$90percapitaperyear)Ü :�< 7 Adjustmentcostsfactor(% of investment)o :�< 7 Begin-of-periodcuMulativeglobalemissions(GtC)p :�< 7 Begin-of-period

021 � mixing ratio (ppmv)sI:G< 7 Equilibrium temperatureincrease( Ý C)AB:�< 7 Climatedamage(fractionof ?�:G< 7 )xz:�< 7 Utility (k dol. 90 percapita)�^:�< 7 CertaintyequiValentof next generation’sutility (kUS$90 p.c.)

Equations
ULTRAL maximizesx hi< � underconstraintsA.1-A.11,thestochasticdynamic

programmingconstraintD j'< 7 
 D hi< 7 for all 3Ek d'f andthe final stationarity
condition D :G< � 
 D :G< « .
?U:�< 7 J ? � 
 @ 7 At:�< 7�� 9;:�< 7 J 9 � ��Þ�� =V:G< 7 J = � � L (A.1)0 :�< 7 
ß� ��� C 7 Ü 7 � ? :G< 7 (A.2)? :�< 7&J ? � 
 F 7 D :G< 7 = :�< 7�J = � (A.3)9 :�< 7Gy � � 7Gy � 
ß� ¹�9 :�< 7 ! º²C 7 ? :G< 7 �&� 7 (A.4)Ü :G< 7Gy � 
áàEâ�ãg� � ��ä � DE:G< 7 J DE:�< 7 �g� � (å �Í� ä J�æ � (A.5)o :G< 7Gy � 
 o :�< 7 !Hç ° 7 =>:�< 7R�87 (A.6)p :�< 7H
 q r7 ! q �7 o :G< 7 (A.7)s :�< 7 
è³�~�´²� p :�< 7 � ³Né�´N� J ³Né�´ (A.8)

A :�< 7 
ëê � if 3lì dgu����í s �:�< 7 if 3lî dgu and 6 
 4� ! v J � �V� v � í s �:�< 7 if 3lî d u and 6 
 5 (A.9)

x :�< 7 
 � � ��� � ����� 7�J � � �  0 ���� :�< 7 !�� � ���� :�< 7 � ((+*#, (A.10)

�U:G< 7R�87)
 ê xz:�< 7Gy � �87Gy � if 3wï
ed f and 3wï
emð v ���87Gy � xzhi< 7Gy � � ����� ! � ��� v �	���87Gy � xzjg< 7Gy � � ���U�Nñ ((Q*�� if 3 
ed f0 :G< � � � � ¹�9 :�< � ! º^C � ? :G< � � J 9 :G< � if 3 
em (A.11)
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Parameters(A1 scenario)¶ Elasticityof capital 0.36T Elasticityof energy 0.04�87 World population 5.26,7.49,8.70,7.72Giga@ 7 Technicalprogresscoefficient 1.00,1.81,3.69,5.52C 7 Saving ratio 0.25F 7 Baselineincreasein theenergy inputcost 1.00,1.28,2.05,2.70? � Productionpercapitain 1990withoutdamages 3.97k$90= � Energy percapitain 1990without reduction 1.07toe9 � Initial capital 11.92k$90¹ Inter-perioddepreciationof capital 0.215º Inter-periodaccumulationof investment 16.14æ MaximumX annualvariationwithoutadj.costs 0.02� Inter-periodutility discountfactor 0.74- Resistanceto intertemporalsubstitution 1.3� Relative risk aversion 2.0ç Durationof a period 30 years° 7 Carboncontentof energy 1.10,1.03,0.68,0.39tC/toeqòr7 Interceptof thecarbon-cyclerelation 354,371,390,297ppmvq �7 Slopeof thecarbon-cyclerelation 0, 0.154,0.129,0.278ppmv/toed u Dateof impact: productivity jumpEvent 4dgf Dateof policy Revision 4v Probabilityfor a negative impact 0.05í
Magnitudeof damagefor 1Ý C warming 0.1



24 HA DUONG AND TREICH

Scenarios
Datafrom IPCC preliminary1998scenariosusedfor calibration. Year2080

valuesarelinearlyinterpolatedexceptfor emissions.Energy Intensityin B1 taken
from A1.

1990 2020 2050 2080 2100

Population
_&Ù�ó

5.3 7.5 8.7 7.7 7.1
A1 GNPpercapita 1990k$ 4.0 7.5 20.8 50.5 74.9

Energy Intensity MJ/$ 11.3 8.8 5.5 4.2 3.3

Population
_&Ù ó

5.3 8.2 11.3 12.4 13.1
A2 GNPpercapita 1990k$ 4.0 5.0 7.3 8.9 9.9

Energy Intensity MJ/$ 12.8 12.4 10.0 7.4 5.7

Population
_&Ù ó

5.3 7.8 8.9 7.9 7.2
B1 GNPpercapita 1990k$ 4.0 6.2 12.8 31.4 46.7

Energy Intensity MJ/$ 11.3 8.8 5.5 4.2 3.3

Population
_&Ù ó

5.3 7.7 9.4 10.0 10.4
B2 GNPpercapita 1990k$ 4.0 6.6 11.7 18.5 22.6

Energy Intensity MJ/$ 12.9 8.5 6.0 4.8 4.0
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