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Plqlpxp Txdolw| Vwdqgdugv dqg

Suhgdwru| Ehkdylrxu�

Oxfd Odpehuwlql& Fduor Vfdusd{

& Glsduwlphqwr gl Vflhq}h Hfrqrplfkh
Xqlyhuvlwã gl Erorjqd
Vwudgd Pdjjlruh/ 78
73458 Erorjqd/ Lwdo|

h0pdlo= odpehuwlCvser1xqler1lw
+fruuhvsrqglqj dxwkru,

{ Glsduwlphqwr gl Vflhq}h Hfrqrplfkh
Xqlyhuvlwã gl Euhvfld
Yld Vdq Idxvwlqr/ :72e
58455 Euhvfld/ Lwdo|

h0pdlo= fvfdusdChfrqrpld1xqler1lw

Qryhpehu 59/ 4<<<

Devwudfw

Wklv sdshu vkrzv wkdw wkh lqwurgxfwlrq ri d plqlpxp txdolw| vwdq0

gdug fdq kdyh uhshufxvvlrqv rq pdunhw vwuxfwxuh/ rshqlqj wkh srvvl0

elolw| ri suhgdwru| ehkdylrxu1 Wkh suhgdwru| htxloleulxp h{lvwv lqgh0

shqghqwo| ri zkhwkhu ru qrw dgmxvwphqw frvwv duh suhvhqw1 Pruhryhu/

zkhqhyhu suhgdwlrq lv dq htxloleulxp/ lw lv vhohfwhg e| wkh ulvn grpl0

qdqfh fulwhulrq1

MHO fodvvl�fdwlrq= O45/ O46

Nh|zrugv= PTV/ yhuwlfdo gl�huhqwldwlrq/ suhgdwru| ehkdylrxu

�Vrph ri wkh srlqwv ghyhorshg lq wklv sdshu hphujhg iurp frpphqwv e| Pdvvlpr Prwwd

rq suhylrxv zrun e| rqh ri wkh dxwkruv/ dqg zh duh judwhixo iru klv frqwulexwlrq1 Zh wkdqn

Slhusdror Edwwljdool dqg Hpdqxhod Fduerqdud iru xvhixo frpphqwv1
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4 Lqwurgxfwlrq

Wkh +olplwhg, hpslulfdo hylghqfh rq wkh h�hfwv ri plqlpxp txdolw| vwdq0
gdugv +PTV, lv vhhplqjo| dw rgg zlwk prvw ri wkh wkhruhwlfdo uhvxowv lq
gxrsro|/ zklfk w|slfdoo| srlqw wr wkh ghvludelolw| ri PTV dqg wr d txdolw|0
lpsurylqj h�hfw ri wkhlu lqwurgxfwlrq41 Iru lqvwdqfh/ Fduuroo dqg Jdvwrq
+4<<4, 0 dqdo|vlqj wkh uhjxodwlrq ri hohfwulfldqv 0 lqglfdwh wkdw olfhqvlqj uh0
vwulfwlrqv uhgxfhv vxsso|5 dqg ghfuhdvhv dyhudjh txdolw| +lqfuhdvh dfflghqw
udwhv,1 Pruh uhfhqw zrun rq wklv wrslf e| Fklsw| dqg Zlwwh +4<<:, srlqwv lq
wkh vdph gluhfwlrq/ vkrzlqj krz plqlpxp vwdqgdugv lqfuhdvh wkh suredelolw|
wkdw d �up ohdyhv wkh pdunhw1 Ixuwkhupruh/ wkh| revhuyh wkdw wkh pd{lpxp
txdolw| vxssolhg pd| ghfolqh diwhu wkh lqwrgxfwlrq ri wkh PTV/ zkhqhyhu wkh
PTV lqgxfhv vrph �up wr ohdyh wkh pdunhw1

Wkh lghdv wkdw hphujh iurp wkhvh sdshuv lv wkdw wkh lqwurgxfwlrq ri d
PTV d�hfwv pdunhw vwuxfwxuh/ lq sduwlfxodu lqgxflqj h{lw e| vrph �up/ dqg
wkdw wklv ghfuhdvh lq frpshwlwlrq fdq eh dvvrfldwhg wr txdolw| uhgxfwlrqv1 Lq
wklv sdshu zh suhvhqw d prgho zkhuh wkhvh h�hfwv duh suhvhqw/ vkrzlqj wkdw
wkh lqwurgxfwlrq ri d PTV fdq surylgh d edvlv iru suhgdwru| ehkdylru e| wkh
kljk txdolw| �up/ dqg wkdw wkh olnholkrrg wkdw wkh PTV uhgxfhv vxsso| lv
vxevwdqwldoo| kljkhu wkdq lqglfdwhg/ iru lqvwdqfh/ e| wkh vhplqdo sdshu e|
Urqqhq +4<<4,1

Suhylrxv olwhudwxuh lq gxrsrolvwlf pdunhwv/ lqfoxglqj Grqqhqihog dqg Zh0
ehu +4<<5 dqg 4<<8,/ Fudpshv dqg Kroodqghu +4<<8,/ Frqvwdqwdwrv dqg Shu0
udnlv +4<<: dqg 4<<;,/ Hffkld dqg Odpehuwlql +4<<:,/ Oxw} +4<<:,/ lv w|slfdoo|
edvhg rq wzr dvvxpswlrqv/ zklfk duh xqqhfhvvdulo| uhvwulfwlyh dqg wkdw zh
wu| wr uhod{ lq wkh fxuuhqw sdshu1

Wkh �uvw rqh lv wkdw/ iroorzlqj wkh lqwurgxfwlrq ri wkh PTV/ wkh kljk
txdolw| �up zloo sod| wkh gxrsro| htxloleulxp vwudwhj|/ dqg zloo qrw wu| wr
gulyh wkh ulydo rxw ri wkh pdunhw1 Wklv srvvlelolw| fohduo| h{lvwv/ dv wkh lqwur0
gxfwlrq ri dq PTV olplwv wkh delolw| ri wkh orz txdolw| �up wr gl�huhqwldwh
lwv rxwsxw iurp wkh ulydo*v1 Lw lv vrphwlphv fodlphg wkdw wklv vhulrxvo| xq0
ghuplqhv wkh frqfoxvlrqv ri suhylrxv prghov/ exw d irupdo dqdo|vlv lv vwloo
odfnlqj1

Vhfrqgo|/ zh zdqw wr uhod{ wkh dvvxpswlrq wkdw dgdswlqj wr wkh qhzPTV
+dqg wr rwkhu �upv* qhz txdolw| fkrlfhv, hqwdlov qr dgmxvwphqw frvwv1 Zh ihho

4Wklv lv wuxh ri prvw prghov frqvlghulqj gxrsrolvwlf pdunhwv +vwduwlqj iurp Urqqhq/
4<<4,/ zkloh Vfdusd +4<<;, rewdlqv d gl�huhqw uhvxow zlwk wkuhh �upv1

5Wkh vxsso| uhgxflqj h�hfw lv frq�uphg/ iru lqvwdqfh/ e| Jrupoh| +4<<4,1
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wklv lv srwhqwldoo| uhohydqw dv wkh vwuxfwxuh ri wkh pxowl0vwdjh jdph uhtxluhv
orjlfdoo| wkh txdolw| fkrlfh wr eh d �orqj� whup fkrlfh/ wkdw frqvwudlqv wkh
�up iru d vljql�fdqw shulrg ri wlph1 Wkhuhiruh/ prghov zlwkrxw dgmxvwphqw
frvwv fdq kdugo| surylgh d frkhuhqw uhsuhvhqwdwlrq ri krz lqfxpehqw �upv
uhdfw wr wkh qhz vwdqgdug61

Zlwklq wklv iudphzrun/ zh vkrz wkdw wkh gxrsro| vxuylyhv rqo| iru yhu|
orz ohyhov ri wkh PTV1 Iru kljkhu ydoxhv/ suhgdwru| ehkdylrxu lv lqghhg srv0
vleoh/ dqg zlwklq d fhuwdlq lqwhuydo wzr htxloleuld h{lvw= wkh gxrsro| htxlole0
ulxp dqg d �suhgdwru|� rqh/ zkhuh wkh kljk txdolw| �up uhgxfhv lwv txdolw|
ohyho dqg wkh ulydo ohdyhv wkh pdunhw1

Zkhq erwk htxloleuld h{lvw/ zh xvh wkh fulwhulrq ri ulvn0grplqdqfh +Kduvdq|l
dqg Vhowhq/ 4<;;, lq rughu wr vhohfw wkh �prvw olnho|� htxloleulxp1 Wklv ful0
whulrq doorzv xv wr uxoh rxw wkh gxrsro| htxloleulxp iru wkh hqwluh dgplvvleoh
udqjh ri sdudphwhuv1 Zh wkhq vkrz wkdw wkh vdph uhvxow rewdlqv li zh lq0
wurgxfh wkh +pruh sodxvleoh, dvvxpswlrq wkdw vkliwlqj txdolw| ohyhov hqwdlov
vrph dgmxvwphqw frvw> lq wklv fdvh/ wkh gxrsro| htxloleulxp suryhv hyhq pruh
iudjloh1

Wkh uhpdlqghu ri wkh sdshu lv rujdqlvhg dv iroorzv1 Wkh vhwxs lv odlg rxw
lq vhfwlrq 51 Suhgdwru| ehkdylrxu zkhq txdolwlhv fdq eh dgmxvwhg frvwohvvo| lv
ghvfulehg lq vhfwlrq 61 Wkh lqfhqwlyh wr suhgdwh lq wkh suhvhqfh ri dgmxvwphqw
frvwv lv lqyhvwljdwhg lq vhfwlrq 71 Vhfwlrq 8 frqwdlqv frqfoxglqj uhpdunv1

5 Wkh prgho

Zh frqvlghu d yhuwlfdoo| gl�huhqwldwhg gxrsro|/ zkhuh �upvM dqg u surgxfh
jrrgv ri hlwkhu kljk +M, ru orz +u, txdolw|1 Li ^ ghqrwhv txdolw|/ �up �*v frvw
lv �� ' �E^��/ zlwk � �/ �� : f iru doo ^� 5 dfc4�/ � ' Mcu1

D srsxodwlrq ri frqvxphuv lqgh{hg e| d wdvwh sdudphwhu w lv xqlirupo|
glvwulexwhg7 ryhu wkh lqwhuydo dfcXo� Wkh wrwdo pdvv ri frqvxphuv lv wkxv htxdo
wr X1 Frqvxphuv ex| hlwkhu rqh xqlw ri rqh ri wkh wzr jrrgv ru qrwklqj1 Wkh
uhsuhvhqwdwlyh frqvxphu*v xwlolw| ixqfwlrq lv L ' 4@ dw^ � R( fo1 Pdujlqdo
frqvxphuv duh lghqwl�hg e| wM ' ERM � Ru�*E^M � ^u� dqg wu ' Ru*^u1

6Wklv grhv qrw phdq wkdw suhylrxv prghov duh lqfruuhfw1 Vlpso|/ wkh| frpsduh gl�huhqw/
dowhuqdwlyh vfhqdulrv +zlwk dqg zlwkrxw PTV/ ru zlwk PTV ri gl�huhqw vl}hv, exw qrw wkh
fkdqjh lq ehkdylrxu ri d �up dqg ri dq lqgxvwu| diwhu wkh lqwurgxfwlrq ri wkh PTV1

7Dw ohdvw lq wklv vhfwlrq wkh dvvxpswlrq ri xqliruplw| ri wkh glvwulexwlrq ri frqvxphuv
sod|v qr uroh1 Odwhu rq lw zloo eh lpsruwdqw wr h{solflwo| vroyh wkh prgho1
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Wkhuhiruh/ pdunhw ghpdqgv duh

%M ' X� RM � Ru
^M � ^u

dqg %u '
RM � Ru
^M � ^u

� Ru
^u

+4,

dqg wkh sur�w ixqfwlrq ri �up � lv R�%�E^�c ^��� �E^��1
Zh rqo| dqdo|vh vxejdph shuihfw htxloleuld zkhuh �upv fkrrvh txdolw|

ohyhov �uvw/ dqg wkhq sulfhv1 Lq erwk vwdjhv fkrlfhv duh vlpxowdqhrxv1 Lq
dq xquhjxodwhg htxloleulxp/ �upv surgxfh gl�huhqw txdolw| ohyhov lq rughu wr
vriwhq sulfh frpshwlwlrq +Jdev}hzlf} dqg Wklvvh/ 4<:<> Vkdnhg dqg Vxwwrq/
4<;5,> zh ghqrwh wkhvh ohyhov e| ^LM dqg ^Lu 1 Wkh h�hfwv ri d plqlpxp txdolw|
vwdqgdug +r, kdyh ehhq vwxglhg e| Urqqhq +4<<4,/ zkr suryhv wkdw d ydoxh
7 h{lvwv vxfk wkdw/ li r 5 d^Lu c 7o zh kdyh wkdw

� dq htxloleulxp h{lvw/ vxfk wkdw erwk �upv vxuylyh +iru r : 7/ wkh orz
txdolw| �up ohdyhv wkh pdunhw,>

Ixuwkhupruh/ uhodwlyh wr wkh xquhjxodwhg fdvh=

� lq wklv htxloleulxp/ erwk txdolw| ohyhov duh kljkhu>

� vrfldo zhoiduh lv odujhu>

� wkh kljk txdolw| vhoohu*v sur�w lv orzhu>

� d ydoxh 7� h{lvwv/ vxfk wkdw li r � 7� 	 7/ wkh orz txdolw| vhoohu*v sur�w
lqfuhdvhv1

Khuh zh �uvw zdqw wr vkrz wkdw wkhuh h{lvw ydoxhv ri r � 7 zkhuh d vhfrqg
htxloleulxp h{lvwv/ lq zklfk wkh kljk txdolw| �up irufhv lwv ulydo rxw ri wkh
pdunhw dqg doo wkh deryh frqfoxvlrqv duh uhyhuvhg81

Li d PTV lv lqwurgxfhg dqg erwk �upv vxuylyh/ �up � zloo surgxfh txdolw|9

^�Er� � r1 Jlyhq wkdw sulfhv duh fkrvhq rswlpdoo|/ htxloleulxp sur�wv zloo eh

ZM '
eX2d^MEr�o

2E^MEr�� ^uEr��

Ee^MEr�� ^uEr��2
� �d^MEr�o +5,

8Dv wkh idfw wkdw suhgdwlrq uhgxfhv zhoiduh zloo frph wr qr vxusulvh/ zhoiduh lvvxhv duh

qrw h{solflwo| dqdo|vhg1
9Li wkh vwdqgdug lv elqglqj/ wkh O �up fdq hlwkhu surgxfh d txdolw| ohyho htxdo wr lw/ ru

hovh ohdsiurj lwv ulydo1 Wkhuhiruh/ tO+v, 5
�
v> tOI +tK+v,,

�
/ zkhuh tOI +tK+v,, A tK+v, lv

wkh txdolw| ohyho wkh O �up zrxog fkrrvh wr rswlpdoo| ohdsiurj wkh ulydo1
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Zu '
X2^MEr�E^MEr�� ^uEr��^uEr�

Ee^MEr�� ^uEr��2
� �d^uEr�o +6,

Li wkh orz txdolw| �up surgxfhv ^u ' r dqg wkh M �up sod|v lwv gxrsro|
ehvw uhso| ^^(

M
Er�`/ wkh sur�w ohyhov zloo eh ghqrwhg e| Z(

M
dqg Z(

u
/ uhvshfwlyho|1

Wklv lv wkh fdvh xvxdoo| dqdo|vhg lq wkh olwhudwxuh1
Rqh dvshfw wkdw wkh olwhudwxuh w|slfdoo| grhv qrw frqvlghu lv wkh iroorzlqj1

Dv wkh uhdfwlrq ixqfwlrq ri wkh orz txdolw| �up lv qrw frqwlqxrxv lq ^u ' r/
wkh kljk txdolw| �up pd| �qg lw sur�wdeoh wr dgrsw d suhgdwru| ehkdylrxu
udwkhu wkdq wkh ehvw uhso| ^(

M
Er�1 Lqghhg/ d txdolw| ohyho orzhu wkdq ^(

M
Er�

pljkw vtxhh}h wkh orz txdolw| ghpdqg wr d ohyho wkdw irufhv wkh orz txdolw|
�up wr ohdyh wkh pdunhw:1 Rq wkh rwkhu kdqg/ li wkh M �up*v txdolw| ohyho lv
wrr orz/ ohdsiurjjlqj pljkw eh sur�wdeoh/ vr wkdw suhgdwlrq pd| qr orqjhu
eh ihdvleoh;1

Ohw xv ghqrwh wkh suhgdwru| txdolw| e| ^�
M
Er�/ |lhoglqj d prqrsro| sur�w

Z�
�
E^�
M
Er��1 Suhgdwlrq uhtxluhv wkh u �up wr kdyh qr rswlrq exw wr ohdyh

wkh pdunhw/ zkloh wkh M �up hduqv sur�wv odujhu wkdw lw zrxog lq d gxrsro|
htxloleulxp1 Irupdoo|/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru suhgdwlrq lv
wkdw wkh iroorzlqj lqhtxdolwlhv duh vlpxowdqhrxvo| vdwlv�hg=

ZuE^
�

M
Er�c ^uEr�� � f +7,

dqg
Z�
�
E^�
M
Er�� � Z(

M
E^(
M
Er�c r� +8,

Wkh �uvw frqglwlrq vlpso| vwdwhv wkdw zkhq ^M ' ^�
M
Er� wkhuh lv qr ohyho

ri ^u vxfk wkdw wkh u �up fdq pdnh srvlwlyh sur�wv= wkxv/ jlyhq suhgdwlrq/
wkh rswlpdo fkrlfh ri �up u lv wr ohdyh wkh pdunhw1 Frqglwlrq +8, lqglfdwhv
wkdw suhgdwlrq pxvw eh dw ohdvw dv sur�wdeoh wr wkh kljk txdolw| �up dv wkh
gxrsro| htxloleulxp1 Zkhq wklv frqglwlrq lv vdwlv�hg/ suhgdwlrq lv lqghhg
rswlpdo iru wkh M �up<11

:Uhphpehu wkdw lq wkh uhohydqw udqjh ri sdudphwhuv txdolw| ohyhov duh vwudwhjlf frp0

sohphqwv/ vr wkdw uhdfwlrq ixqfwlrqv duh lqfuhdvlqj +vhh/ h1j1/ Prwwd/ 4<<6,1
;Wkh whup ohdsiurjjlqj uhihuv wr d vlwxdwlrq lq zklfk wkh �up zklfk xvhg wr surgxfh

wkh orzhu txdolw| jrrg uhdfwv wr wkh txdolw| fkrlfh ri lwv ulydo e| vhwwlqj d txdolw| ohyho
kljkhu wkdq tK +vhh Prwwd hw do1/ 4<<:,1

<Reylrxvo|/ jlyhq wkdw wkh O �up h{lwv wkh pdunhw/ lw zrxog eh ehwwhu iru wkh K �up wr

surgxfh wkh +xqwkuhdwhqhg, prqrsro| txdolw| dqg sulfh ohyhov1 Exw wklv lv qrw dq rswlrq
zkhq zh frqvlghu suhgdwlrq1 Rq wkh jhqhudo orjlf ri suhgdwru| ehkdylrxu/ vhh Rugryhu

dqg Vdorqhu +4<;<,1
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Ohw xv gh�qh'� G'
q
^M m ZuE^MEr�c ^uEr�� � f dqg Z�

�
E^MEr�� � Z(

M
E^(
M
Er�c r�

r
1

Wklv lv wkh vhw ri doo suhgdwru| txdolw| ohyhov1 Wzr uhpdunv duh lq rughu1

� Wkh vhw '� lv dq lqwhuydo/ zkrvh ohqjwk ghshqgv rq r1 Qrwlfh wkdw/
ghshqglqj rq wkh ydoxh ri r/ wkh prqrsro| txdolw| ohyho zlwkrxw hqwu|
wkuhdwv +^�, pd| ru pd| qrw ehorqj wr '� 1

� Dv suhgdwlrq uhtxluhv d uhodwlyho| orz txdolw| ohyho/ xqohvv ^� 5 '�

suhgdwlrq uhtxluhv wkh �up wr glvwruw lwv fkrlfh= zkhq ^M ' ^�
M
9' ^� / li

wkh u �up ohdyhv wkh pdunhw YZM*Y^M : f1 Wklv hqwdlov d frvw iru wkh
�up/ lqfuhdvlqj lq wkh gl�huhqfh ehwzhhq wkh suhgdwru| txdolw| ohyho
dqg ^� 1

Lw lv wkxv vwudljkwiruzdug wr suryh wkdw

Ohppd 4 Li ^� 5 '� / wkhq ^�
M
' ^� 1 Li ^� *5 '� / wkhq ^�

M
' t�T'� 1

Dv orqj dv ^u ' r/ suhgdwlrq lv suhihudeoh wr dffhswlqj wkh gxrsro| zkhq0
hyhu +8, lv vdwlv�hg1 Khqfh/ iru vrph dgplvvleoh ydoxhv ri r/ zh pd| kdyh wzr
htxloleuld1 Lw lv srvvleoh wr vkrz wkdw suhgdwlrq lv hdvlhu/ wkh odujhu wkh ydoxh
ri r1

Sursrvlwlrq 4 Jlyhq r � 7/ li ^�
M
Er� h{lvwv/ wkhq _^�

M
Er�*_r � f�

Surri1 Dv orqj dv ^� 5 '� / wkh suhgdwru| txdolw| grhv qrw ydu| zlwk r1
Wkxv/ ohw xv frqvlghu wkh fdvh ^� *5 '� 1

Zkhqhyhu wkh PTV lv elqglqj/ YZu*Yr 	 fc iru d jlyhq ohyho ri ^M � Rq wkh
rwkhu kdqg/ jlyhq ^uc iurp +6, lw fdq eh yhul�hg wkdw YZu*Y^M : f� Qrwlfh
wkdw ^�

M
Er� lv gh�qhg dv wkh ydoxh vxfk wkdw ZuE^

�

M
Er�c r� ' f� Dsso|lqj wkh

lpsolflw ixqfwlrq wkhruhp/ zh fdq frqfoxgh wkdw lq wklv fdvh

_^�
M

_r
' � YZu*Yr

YZu*Y^M
: f +9,

Zkhq wkh PTV lqfuhdvhv/ wkh vsdfh dydlodeoh wr wkh orz txdolw| �up
vkulqnv/ dqg wkxv suhgdwlrq fdq eh dfklhyhg zlwk d txdolw| ohyho forvhu wr
^� 1 Wklv lv fohduo| suhihudeoh iru wkh kljk txdolw| surgxfhu/ lq wkdw lwv ehvw
uhso| ^(

M
Er� lv odujhu wkdq ^�

M
Er�� Dq| ghfuhdvh lq ^M uhodwlyh wr wkh ehvw uhso|

9



hqwdlov d �frvw�/ vr wkdw suhgdwlrq lv lqghhg pdgh �fkhdshu� e| kljkhu ohyhov
ri r1

Sursrvlwlrq 4 lpsolhv wkdw suhgdwlrq 0 zkhqhyhu ihdvleoh 0 pd| eh suri0
lwdeoh hlwkhu iru doo ydoxhv zlwklq df(7o/ ru lq d frqqhfwhg vxevhw ri wklv
lqwhuydo431

Rq wkh rwkhu kdqg/ li wkh M �up ghfuhdvhv lwv txdolw| ohyho �wrr pxfk�/
ohdsiurjjlqj pd| eh ihdvleoh1 Ghqrwh wkh sur�w ri wkh u �up zklfk ohdsiurjv
wkh suhgdwru dv Zu8 � ZE^�

M
( ^u8 E^�

M
��1 Wkhq/ zh ghulyh wkh iroorzlqj=

Ohppd 5 Li Z�
�
E^�
M
� 	 Z(

M
/ wkhq wkh xqltxh htxloleulxp lv +^(

M
Er�( r,1

Sursrvlwlrq 5 Li Z�
�
E^�
M
� : Z(

M
/ dqg Zu8 : fc wkhq djdlq wkh xqltxh htxl0

oleulxp lv +^(
M
Er�( r,1

Li Z�
�
E^�
M
� : Z(

M
dqg Zu8 	 f/ wkhq wzr htxloleuld h{lvw> wkh �uvw rqh lv/

djdlq/ +^(
M
Er�( r,/ zkloh wkh vhfrqg lv +^�

M
Er�( r,1

Sursrvlwlrq 6 Wkhuh h{lvw ydoxhv ri wkh vwdqgdug ^ dqg ^/ zlwk ^ � ^ � 7/
vxfk wkdw

� iru r 	 ^ zkhq ^u ' r suhgdwlrq lv qrw sur�wdeoh>

� iru r 5 d^( ^� li ^M ' ^�
M

wkh ehvw uhso| ri wkh rwkhu �up lv wr ohdsiurj
+Zu8 E^�

M
( ^u8 E^�

M
�� : f,>

� iru r 5 d^(7o suhgdwlrq lv sur�wdeoh1

Surri1 Reylrxv/ dorqj wkh olqhv ri wkh Surri ri Sursrvlwlrq 4 +lq sduwlfxodu/
jlyhq surshuw| +9,,1

Wkhuhiruh/ wkh lqwhuydo d^L
u
(7o fdq eh glylghg lq wkuhh uhjlphv1 Lq wkh wklug

rqh/ zkhq suhgdwlrq lv sur�wdeoh zh kdyh wkh diruhphqwlrqhg pxowlsolflw|
dqg wkxv zh kdyh d srwhqwldo sureohp ri htxloleulxp vhohfwlrq/ zklfk pd| eh
vroyhg zlwk wkh xvh ri wkh qrwlrq ri ulvn0grplqdqfh441

43Li rqh rqo| frqvlghuv d vlwxdwlrq zkhuh erwk �upv vxuylyh/ d vwdqgdug ehorz xquhj0

xodwhg txdolw| ohyhov grhv qrw d�hfw pdunhw htxloleulxp1 Krzhyhu/ lq sulqflsoh/ zkhq zh

frqvlghu suhgdwlrq/ d PTV pljkw pdwwhu hyhq li v ? tX
O
1

44Vhh Kduvdq|l dqg Vhowhq +4<;;,1 Wkh h{lvwlqj sohwkrud ri htxloleulxp frqfhswv sr0

whqwldoo| rshqv qxphurxv 0 wrr pdq| 0 srvvlelolwlhv1 Wkh fkrlfh ri ulvn0grlplqdqfh dv d

vhohfwlrq fulwhulrq lv gxh �uvw ri doo wr wkh uhodwlrq ehwzhhq ulvn0grplqdqfh dqg wuhpeolqj0

kdqg shuihfwlrq +Ndmll dqg Pruulv/ 4<<:,/ d fulwhulrq wkdw lq wkh vlwxdwlrq h{dplqhg vhhpv

lqwxlwlyho| dssursuldwh1 Qrwlfh wkdw dq dqdorjrxv fkrlfh zdv grqh e| Prwwd hw do1 +4<<:,1

:



Dw wkh �qdo vwdjh/ sulfhv duh dozd|v fkrvhq rswlpdoo| jlyhq txdolw| ohy0
hov1 Dw wkh �uvw vwdjh/ wkh vwudwhj| vsdfh ri hdfk �up lv elqdu|/ zlwk
^M 5

q
^(
M
Er�c ^�

M
Er�

r
dqg ^u 5 irc fj zkhuh ^u ' f lpsolhv wkdw wkh orz

txdolw| �up h{lwv wkh pdunhw1 Wkh uhgxfhg irup ri wkh jdph lv ghvfulehg e|
Pdwul{ 41

u
r f

M ^(
M
Er� Z(

M
c Z(

u
Z(
�
c f

^�
M
Er� Z�

M
c Z�

u
Z�
�
c f

Pdwul{ 4

Wkh wzr Qdvk htxloleuld ri wklv jdph duh wkh gxrsro| htxloleulxp +^(
M
Er�/

r, dqg wkh suhgdwru| htxloleulxp +^�
M
Er�/ f,/ zkloh Z(

�
dqg Z�

�
duh rxw0ri0

htxloleulxp sd|r�v1 Z(
�

lv wkh prqrsro| sur�w wkdw wkh kljk txdolw| �up
rewdlqv zkhq lw surgxfhv wkh ehvw uhso| wr wkh PTV dqg wkh ulydo h{lwv wkh
pdunhw1 Z�

�
lv wkh gxrsro| sur�w iru �up � +� ' Mcu, zkhq wkh kljk txdolw|

�up surgxfhv wkh suhgdwru| txdolw| dqg wkh orz txdolw| �up vwlfnv wr wkh
PTV1

Dsso|lqj wkh fulwhulrq ri ulvn0grplqdqfh wr wklv fdvh zh fdq vhh wkdw wkh
suhgdwru| htxloleulxp ulvn0grplqdwhv wkh rwkhu rqh zkhq

EZ(
M
� Z�

M
�Z(
u
: �EZ�

�
� Z(

�
�Z�
u

+:,

Wklv lqhtxdolw| lv d frpsoh{ h{suhvvlrq lq r/ zklfk pd| ru pd| qrw krog
zlwklq wkh iudphzrun dgrswhg vr idu1 Zh fdq lqyhvwljdwh wklv dvshfw dqg
wkh dfwxdo ihvlelolw| ri suhgdwru| vwudwhjlhv e| voljkwo| vshfldolvlqj wkh prgho
uhodwlyh wr Urqqhq1

6 Suhgdwlrq lq wkh vwdqgdug prgho

Ohw xv frqvlghu wkh prgho ri wkh suhylrxv vhfwlrq/ vhwwlqj45 X ' � dqg�E^�� '
^2
�
1 Xquhjxodwhg txdolw| ohyhov duh ^L

u
' f�f2e��b dqg ^L

M
' f��2SSDD� Dv

wr wkh ehkdylrxu ri wkh uhjxodwru lq fkrrvlqj wkh txdolw| vwdqgdug r/ wkh
iroorzlqj krogv=

45Wklv lv mxvw phdqw wr idflolwdwh wkh ghulydwlrq ri h{solflw uhvxowv1 Dv � lqfuhdvhv/ lw fdq

eh vkrzq wkdw tl+�, @ �5
tl+� @ 4, dqg �l+�, @ �7

�l+� @ 4,= Iru d surri/ vhh Prwwd

+4<<6,1

;



Uhpdun 4 Li wkh kljk txdolw| �up sod|v wkh ehvw uhsrqvh wr r/ wkh pdunhw
fdq uhpdlq d gxrsro| rqo| li r � f�feHfb�

Surri1 Vroylqj wkh jdph edfnzdugv/ vxssrvh �upv sod| wkh Qdvk htxlole0
ulxp sulfhv1 Wkh ehvw uhso| ixqfwlrq ri wkh kljk txdolw| �up lv

^ME^u� '
S^u n �

2e
n

�� S^u

2e
�
�� b^u n �2e^2u n �^u

t
�E2�� 2fH^u n �HHH^2u�

��*�n

n

�
�� b^u n �2e^2u n �^u

t
�E2�� 2fH^u n �HHH^2u�

��*�
2e

+;,

Soxjjlqj +;, lqwr +6,/ zh fdq vhh wkdw ZuE^
(
ME^u�c ^u� ' f dw ^u ' f�feHfb�

Wklv hvwdeolvkhv wkdw 7 ' f�feHfb�

Gh�qh wkh vrfldo zhoiduh ixqfwlrq dv wkh vxp ri sur�wv dqg frqvxphu
vxusoxv/ 7` '

S
� Z� n �7/ zkhuh

�7 '
] wM

wu

Ew^u � Ru�_w n
]

�

wM

Ew^M � RM�_w� +<,

Soxjjlqj +;, lqwr wkh zhoiduh ixqfwlrq/ lw lv hdvlo| yhul�hg wkdw vrfldo zhoiduh
lv lqfuhdvlqj dqg frqfdyh iru doo ^u 5 df�f2e�2c f�fS.S��� Wkhuhiruh/ lw lv hdv|
wr vkrz wkdw/ devhqw suhgdwlrq/ lw lv vrfldoo| rswlpdo wr vhw r ' f�feHfb�

Dv iru wkh srvvlelolw| ri suhgdwlrq/ d suholplqdu| vwhs frqvlvwv lq fdo0
fxodwlqj wkh prqrsro| rswlpxp +zlwkrxw wkuhdwv,1 Iurp +4,/ wkh ghpdqg
ixqfwlrq lv % ' � � R*^c zkhuh R*^ lv wkh jhqhulf sulfh0txdolw| udwlr ri0
ihuhg e| wkh prqrsrolvw1 Dffruglqjo|/ wkh prqrsrolvw*v sur�w ixqfwlrq lv
Z� ' R% � ^2� Jlyhq wkh prqrsro| sulfh R� ' ^*2c wkh sur�w ixqfwlrq
vlpsol�hv wr Z� ' ^E�*e� ^�c zklfk lv pd{lplvhg dw ^� ' �*H�

Frqvlghu qrz suhgdwru| ehkdylrxu e| wkh kljk0txdolw| �up1 Wkh frqgl0
wlrq Zu ' f |lhogv

	̂M '
^u

k
EH^u � ���s

�� �2^u
l

2E�S^u � ��
� +43,

Dv vwdwhg lq Ohppd 4/ zkhqhyhu ^� � êM c wkhq ^�M ' ^� 1Rwkhuzlvh/ jlyhq
d jhqhulf PTV r/ wklv gh�qhv wkh suhgdwru| txdolw| ohyho= ^�M ' 	̂M � Qxphu0
lfdo fdofxodwlrqv vkrz wkdw ^� ' êM dw ^u ' f�fe.�SS( wkhuhiruh/ zh kdyh

<



hvwdeolvkhg wkdw/ zlwkrxw ohdsiurjjlqj/

^�
M
'
r
k
EHr� ���s

�� �2r
l

2E�Sr� ��
; r 5 Ef�f2e�2c f�fe.�.o( +44,

^�
M
' ^� '

�

H
; r 5 df�fe.�.c f�feHfbo� +45,

Lw lv idluo| reylrxv wkdw prqrsro| sur�wv duh odujhu wkdq Z(
M
Er�1 Wklv lqglfdwhv

wkdw suhgdwlrq lv fhuwdlqo| ihdvleoh dqg sur�wdeoh iru doo r 5 Ef�fe.�.c f�feHfbo1
Lw uhpdlqv wr eh hvwdeolvkhg zkhwkhu/ lq wkh uhpdlqghu ri wkh dgplvvleoh
udqjh iru ^uc wkh txdolw| ohyho gh�qhg e| +44, lv rswlpdo/ l1h1 zkhwkhu
Z�
�
E^�
M
Er�� : Z(

M
E^(
M
Er�c r�1 Qxphulfdo fdofxodwlrq uhyhdov wkdw

Z�
�
: Z(

M
E^(
M
Er�c r� ; r 5 Ef�f��DSc f�fe.�.oc +46,

dqg frqyhuvho| iru doo r 5 Ef�f2e�2c f�f��DSo46� Wkhuhiruh=

Uhpdun 5 Zkhqhyhu r � f�f��DS/ suhgdwlrq lv qrw sur�wdeoh�

Wklv lqglfdwhv wkdw iru yhu| orz ohyhov ri r/ suhgdwlrq zrxog uhtxluh wkh
kljk txdolw| �up wr glvwruw lwv fkrlfh e| �wrr pxfk�/ dqg zrxog wkxv eh wrr
frvwo|1 Lq wkh suhylrxv qrwdwlrq/ wklv phdqv wkdw ^ ' f�f��DS1

Vr idu zh kdyh dvvxphg wkdw ^u ' r1 Ohw xv qrz irfxv rq wkh srvvlelolw|
iru wkh orz0txdolw| �up wr ohdsiurj wkh ulydo/ li wkh odwwhu wulhv wr suhgdwh1

Zlwk ^u8 E^�
M
� : ^�

M
/ wkh sur�w iurp ohdsiurjjlqj lv=

Zu8 '
ed^u8 E^�

M
�o2E^u8 E^�

M
�� ^�

M
�

Ee^u8 E^�
M
�� ^�

M
�2

� d^u8 E^�
M
�o2c +47,

zlwk ^u8 E^�
M
� : ^�

M
c ^�

M
' 4�?

q
	̂M c ^

�

r
� Hydoxdwlqj +47, iru doo ^�

M
5

df�fDeDf�c �*Hoc uhyhdov wkdw

Zu8 E^u8 E^�
M
�( ^�

M
� : f ; ^�

M
5 df�fDeDf�c �*�2�� +48,

Pruhryhu/ ^�
M
' �*�2 zkhq r ' f�fe��.� Wkhuhiruh/ zh fdq vwdwh

Uhpdun 6 Jlyhq r 5 Ef�f��DSc f�fe��.�/ dq| ^M ' ^�
M
Er� pdnhv ohdsiurjjlqj

sur�wdeoh1

46Zkhq v @ 3=366889> wkh fruuhvsrqglqj suhgdwru| txdolw| lv t
S

K
@ 3=387836=
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Wr vxp xs/ d orz ohyho ri wkh PTV +r � f�f��DS, pdnhv suhgdwlrq xq0
sur�wdeoh hyhq li wkh orz txdolw| �up vwlfnv wr ^u ' r1 D voljkwo| kljkhu ohyho
ri r doorzv suhgdwlrq rqo| li wkh orz txdolw| �up nhhsv surgxflqj wkh plql0
pxp txdolw| ohyho/ exw wklv lv qrw udwlrqdo1 Lqghhg/ lq wkh lqwhuydo lqglfdwhg
lq Uhpdun 6/ li wkh K �up dvvxphv wkdw wkh ulydo surgxfhv ^u ' r dqg lq
wxuq surgxfhv wkh fruuhvsrqghqw �suhgdwru|� txdolw| ohyho/ wkh +suhylrxvo|,
orz txdolw| �up zloo qrw surgxfh r/ exw zloo ohdsiurj wkh ulydo1 Wkhuhiruh/ lq
wklv fdvh suhgdwlrq zloo qrw wdnh sodfh lq htxloleulxp1 Wklv ohdgv wr wkh �qdo
frqfoxvlrq

Sursrvlwlrq 7 Zkhqhyhu r 5 df�fe��.c f�feHfbo dq htxloleulxp h{lvwv/ lq
zklfk wkh kljk txdolw| �up surgxfhv ^M ' ^�

M
Er�/ iruflqj wkh ulydo wr h{lw wkh

pdunhw1

Zkhq wkh plqlpxp txdolw| vwdqgdug lv vhw zlwklq wklv lqwhuydo/ wkh kljk
txdolw| �upzloo surgxfh ^�

M
dqg wkh orz txdolw| �upzloo qrw eh deoh wr rewdlq

srvlwlyh sur�wv hlwkhu surgxflqj ^u ' r ru ohdsiurjjlqj wkh ulydo1 Jlyhq wkdw
wkh kljk txdolw| �up dgrswv d suhgdwru| ehkdylrxu/ wkh pdunhw lv wrr vpdoo
iru wzr �upv wr frh{lvw1

Qrwlfh wkdw/ lq wkh lqwhuydo ri Sursrvlwlrq 7/ d vhfrqg htxloleulxp h{lvwv/
lq zklfk ^u ' r dqg ^M ' ^(

M
Er�� Lq rughu wr vhohfw rqh htxloleulxp/ zh

fdq xvh wkh fulwhulrq ri ulvn grplqdqfh/ douhdg| lqwurgxfhg lq +:,1 Soxjjlqj
h{suhvvlrqv +;,/ +43,/ +45, dqg +44, lqwr +:,/ zh rewdlq dq h{wuhpho| frpsoh{
h{suhvvlrq lq r/ zklfk fdq eh hydoxdwhg qxphulfdoo| wr �qg wkdw +:, lv vdwlv�hg
iru doo r 5 df�fe��.( f�feHfbo1 Wklv hvwdeolvkhv wkh �qdo uhvxow ri wklv vhfwlrq=

Sursrvlwlrq 8 Zkhqhyhu wzr htxloleuld h{lvw/ wkh fulwhulrq ri ulvn grpl0
qdqfh vhohfwv wkh htxloleulxp zlwk suhgdwlrq1

Wklv uhvxow lv kdugo| vxusulvlqj/ jlyhq wkh dqdorj| ehwzhhq ulvn grpl0
qdqfh dqg wuhpeolqj0kdqg shuihfwlrq +vhh Ndmll dqg Pruulv/ 4<<:,1 Li wkh
M �up surgxfhv wkh suhgdwru| txdolw| dqg wkh u �up lqvlvwv lq vxsso|lqj
wkh plqlpxp txdolw| vwdqgdug/ wkh odwwhu �up lv jrlqj wr vx�hu vxevwdqwldo
orvvhv/ zkloh lwv srwhqwldo jdlq +wkh gxrsro| sur�w Z(

u
, lv dq|zd| vx!flhqwo|

forvh wr }hur1
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7 Suhgdwlrq zlwk dgmxvwphqw frvwv

Xqolnh prvw vwdqgdug prghov ri PTV/ khuh zh zdqw wr dqdo|vh d vlwxdwlrq
lq zklfk wkh lqwurgxfwlrq ri d vwdqgdug klwv dq douhdg| h{lvwlqj pdunhw/
zkhuh �upv surgxfh fhuwdlq txdolw| ohyhov/ dqg kdyh wr dgmxvw wkhlu surgxfwv
dffruglqjo|1 Wklv qhhg lv fhuwdlqo| suhvhqw iru d orz txdolw| �up/ zkrvh
surgxfw lq wkh xquhjxodwhg htxloleulxp lv �wrr srru�/ exw wkh fkdqjh lq wkh
orz txdolw| surgxfw lqgxfhv dq dqdorjrxv uhvsrqvh e| wkh kljk txdolw| ulydo1

Zh wkxv frqvlghu d wzr vwdjh vlwxdwlrq1 Lq wkh �uvw/ xquhjxodwhg shulrg
�upv surgxfh ^L

M
dqg ^L

u
/ gh�qhg deryh1 Lq wkh vhfrqg shulrg/ �upv qrw rqo|

sd| wkh fxuuhqw surgxfwlrq frvw �E^�� ' ^2
�
/ exw dovr dq dgmxvwphqw frvw wkdw

zh dvvxph wr eh txdgudwlf lq wkh gl�huhqfh ehwzhhq wkh qhz txdolw| dqg wkh
rqh suhylrxvo| surgxfhg47=

�@E^�� ' ^2
�
n E^� � ^L

�
�2 +49,

Zh qrz uhsolfdwh wkh dqdo|vlv fduulhg rxw lq wkh suhylrxv vhfwlrq/ xqghu
wkh dvvxpswlrq wkdw wkh frvw ixqfwlrq lv +49,1 Wkh ehvw uhso| ri �up M lv
lpsolflwo| gh�qhg e|

YZM
Y^M

' 2^L
M
� e^M n

e^M de^2
M
� �^M^u n 2^2

u
o

Ee^M � ^u��
' f +4:,

Lw lv hdv| wr fkhfn wkdw zkhq ^uEr� ' r ' f�fe2�e dqg ^(
M
Er� ' f��2HDH/

YZM*Y^M ' f dqg Zu ' f zkloh vrfldo zhoiduh lv vwloo lqfuhdvlqj lq r1 Zh fdq
wkxv ghulyh wkh iroorzlqj=

Uhpdun 7 Li wkh kljk txdolw| �up sod|v wkh ehvw uhvsrqvh wr r/ wkh pdunhw
fdq uhpdlq d gxrsro| rqo| li r � f�fe2�e�

Qrw vxusulvlqjo|/ wkh pd{lpxp ohyho ri r frpsdwleoh zlwk gxrsro| lv orzhu
wkdq wkh rqh zlwkrxw dgmxvwphqw frvwv1

Ohw xv qrz wxuq wr suhgdwru| ehkdylrxu1 Wkh jhqhudo frqglwlrq iru Zu ' f
0 zklfk gh�qhv d fdqglgdwh suhgdwru| txdolw| 0 lv

ê

@

M
' ^u

D��SDH � �fb � ��De � �f�2^u n ��.H � �f��^2
u

2E��f�� � �f�f � ��b. � �f�2^u n ��DD. � �f��^2
u
�
� +4;,

47Zh dqdo|vh d vlwxdwlrq/ lq zklfk wkh lqwurgxfwlrq ri wkh PTV lv qrw dqwlflsdwhg e|

�upv/ vr wkdw wkh xquhjxodwhg htxloleulxp lv qrw d�hfwhg e| rxu dvvxpswlrq rq frvwv1

45



^u
E..H2e� H�S � �f2�^u n ��bD � �f2e^2u � 2�bS � �f2D^�u n 2�.D � �f��^eu��*2

2E��f�� � �f�f � ��b. � �f�2^u n ��DD. � �f��^2u�
Lw uhpdlqv wuxh wkdw/ zkhqhyhu ^� � ê

@
M c wkhq ^�M ' ^� 1 Qxphulfdo

fdofxodwlrqv vkrz wkdw ^� ' ê

@
M zkhq ^u ' f�fe�b�( wkhuhiruh/ dvvxplqj

^u ' r/ zh kdyh hvwdeolvkhg wkdw

^�M ' ê

@
M ; r 5 Ef�f2e�2c f�fe�b�o( +4<,

^�M ' ^� '
�

H
; r 5 df�fe�b�c f�fe2�eo� +53,

Qrwlfh wkdw wkh uroh ri dgmxvwphqw frvwv lv vrphkrz dpeljxrxv1 Rq wkh
rqh kdqg/ dgdswlqj lwv txdolw| wr wkh vwdqgdug ehfrphv pruh frvwo| iru �up
u dqg wkhuhiruh lwv sur�w jrhv wr }hur pruh udslgo| dv r lqfuhdvhv1 Rq wkh
rwkhu rqh/ li wkh M �up zdqwv wr dgrsw d suhgdwru| vwudwhj|/ lw kdv wr fkdqjh
lwv txdolw| ohyho/ dqg wklv lv dovr pruh frvwo| lq wkh suhvhqfh ri dgmxvwphqw
frvwv1

Dv prqrsro| sur�wv duh odujhu wkdq gxrsro| sur�wv/ suhgdwlrq lv suri0
lwdeoh iru doo r 5 Ef�fe�b�c f�fe2�e�1 Uhsolfdwlqj wkh suhylrxv dqdo|vlv/ zh
fdq vhh wkdw

Z�� : Z(ME^
(
MEr�c r� ; r 5 Ef�f�SS�c f�fe�b�oc +54,

dqg frqyhuvho| iru doo r 5 Ef�f2e�2c f�f�SS�o� Wkhuhiruh=

Uhpdun 8 Zkhqhyhu r � f�f�SS�/ suhgdwlrq lv qrw sur�wdeoh�

Djdlq/ wkh frpsdulvrq zlwk wkh suhylrxv fdvh lv wkh prvw lqwhuhvwlqj
dvshfw1 Olnh ehiruh/ zh kdyh d orzhu olplw rq wkh vwdqgdug/ wkdw pljkw
pdnh suhgdwlrq sur�wdeoh1 Krzhyhu/ qrz wklv olplw lv kljkhu wkdq zlwkrxw
dgmxvwphqw frvwv/ ehfdxvh wkhlu suhvhqfh pdnhv lw pruh frvwo| wr ghfuhdvh
txdolw|1 Li r 5 Ef�f��DS( f�f�SS��/ suhgdwlrq lv sur�wdeoh lq wkh devhqfh ri
dgmxvwphqw frvwv/ zkloh qrz lw grhv qrw ohdg wr sur�wv odujh hqrxjk wr mxvwli|
wkh txdolw| fkdqjh1

Dv iru ohdsiurjjlqj/ lw lv hdv| wr vkrz wkdw jlyhq rxu dvvxpswlrq rq
dgmxvwphqw frvwv wklv vwudwhj| grhv qrw sd| r�1 Zkhqhyhu ^M ' ^�M dv
gh�qhg e| +4<, dqg +53,/ wkhuh lv qr ydoxh ri ^u : ^�M vxfk wkdw wkh u �up
hduqv srvlwlyh sur�wv1 Wkhuhiruh/ zlwk dgmxvwphqw frvwv zkhqhyhu suhgdwlrq
lv sur�wdeoh/ lw lv dovr ihdvleoh +ohdsiurjjlqj lv qrw d ehvw uhso| iru wkh u
�up,1 Wkhuhiruh/ zh kdyh hvwdeolvkhg wkh iroorzlqj uhvxow=

46



Sursrvlwlrq 9 Lq wkh suhvhqfh ri dgmxvwphqw frvwv dv vshfl�hg lq +49,/
zkhqhyhu r 5 df�f�SS�( f�fe2�e� dq htxloleulxp h{lvwv/ lq zklfk wkh kljk
txdolw| �up surgxfhv ^M ' ^�

M
Er� dqg wkh ulydo h{lwv wkh pdunhw1

Reylrxvo|/ dv ehiruh/ zkhqhyhu suhgdwlrq lv srvvleoh zh fdq kdyh wzr
htxloleuld/ rqh zlwk suhgdwlrq dqg d gxrsro| htxloleulxp1 Wkh vdph vhohfwlrq
sureohp dqdo|vhg lq wkh suhylrxv vhfwlrq dulvhv1 Djdlq/ zh fdq vhh wkdw
suhgdwlrq lv dozd|v wkh ulvn0grplqdqw htxloleulxp1

Wr wklv hqg/ zh kdyh uhsodfhg wkh uhohydqw ydoxhv ri txdolw| ohyhov lq
h{suhvvlrq +:, dqg zh rewdlq dq h{suhvvlrq lq ^u wkdw qxphulfdo dqdo|vlv
vkrzv wr eh vdwlv�hg iru doo r 5 df�f�SS�( f�fe2�eo1 Zh wkxv kdyh rxu odvw
uhvxow=

Sursrvlwlrq : Lq wkh suhvhqfh ri dgmxvwphqw frvwv dv lq +49,/ wkh fulwhulrq
ri ulvn grplqdqfh dozd|v vhohfwv wkh htxloleulxp zlwk suhgdwlrq1

Wkh lqwhusuhwdwlrq ri wklv uhvxow lv dqdorjrxv wr wkh rqh ri wkh suhylrxv
vhfwlrq1 Qrz wkh ohqjwk ri wkh lqwhuydo zkhuh wkh gxrsro| htxloleulxp rewdlqv
lv vxevwdqwldoo| vpdoohu wkdq lq wkh fdvh zlwkrxw dgmxvwphqw frvwv481 Wkh
frvw wkh u �up pxvw sd| zkhq r lv odujh lv reylrxvo| odujhu wkdq zlwkrxw
dgmxvwphqw frvwv/ dqg wklv pdnhv lwv vxuylydo pruh sureohpdwlf1

8 Frqfoxglqj uhpdunv

Zkloh wkh lqlwldo olwhudwxuh rq plqlpxp txdolw| vwdqgdugv whqghg wr vwuhvv
wkh srvlwlyh zhoiduh h�hfwv ri vxfk uhjxodwru| lqwhuyhqwlrqv/ wklv sdshu/ lq
olqh zlwk d jurzlqj wkhruhwlfdo dqg hpslulfdo olwhudwxuh/ srlqwv lq wkh rssr0
vlwh gluhfwlrq1 Wkh lqwurgxfwlrq ri dq PTV fdq kdyh uhshufxvvlrqv rq pdunhw
vwuxfwxuh/ rshqlqj wkh srvvlelolw| ri suhgdwru| ehkdylrxu1 Zh kdyh vkrzq
wkdw wkh suhgdwru| htxloleulxp h{lvwv lqghshqghqwo| ri zkhwkhu ru qrw dg0
mxvwphqw frvwv duh suhvhqw1 Pruhryhu/ zkhqhyhu suhgdwlrq lv dq htxloleulxp/
lw lv vhohfwhg e| wkh ulvn grplqdqfh fulwhulrq1

Dowkrxjk vrph ri wkh edvlf dvvxpswlrqv ri wkh vwdqgdug prgho zh kdyh
dgrswhg orrn txlwh uhvwulfwlyh/ zh gr qrw ihho wkdw dq| ri rxu uhvxowv duh

48Rqh pljkw dujxh wkdw dgmxvwphqw frvwv duh dv|pphwulf/ l1h1/ kdyh wr eh sdlg lq rughu

wr lqfuhdvh txdolw|/ zkloh zruvhqlqj rqh*v surgxfw lv dozd|v srvvleoh dw }hur frvw1 Lw lv

srvvleoh wr vkrz wkdw wkh vdph txdolwdwlyh frqfoxvlrqv krog lq wklv fdvh1
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sduwlfxoduo| prgho0vshfl�f1 Suredeo|/ wkh prvw uhohydqw h{whqvlrq ri wkh
suhvhqw dqdo|vlv vkrxog frqvlghu d yduldeoh frvw whfkqrorj| dv lq Fudpshv
dqg Kroodqghu +4<<8,/ exw zh ohdyh wklv iru ixwxuh uhvhdufk1
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Uhihuhqfhv

^4` Fduuroo/ V1 dqg U1 Jdvwrq +4<<4,/ Rffxsdwlrqdo Uhvwulfwlrqv dqg wkh
Txdolw| ri Vhuylfh Uhfhlyhg= Vrph Hylghqfh/ Vrxwkhuq Hfrqrplf Mrxu0
qdo/ 7:+7,/ <8<0::1

^5` Fklsw|/ W1 dqg D1 G1 Zlwwh +4<<:,/ Dq Hpslulfdo Lqyhvwljdwlrq ri Ilupv*
Uhsrqvhv wr Plqlpxp Txdolw| Vwdqgdugv Uhjxodwlrqv/ QEHU Zrunlqj
Sdshu 94371

^6` Frqvwdqwdwrv/ F1 dqg V1 Shuudnlv +4<<:,/ Yhuwlfdo Gl�huhqwldwlrq= Hqwu|
dqg Pdunhw Fryhudjh zlwk Pxowlsurgxfw Ilupv/ Lqwhuqdwlrqdo Mrxuqdo
ri Lqgxvwuldo Rujdql}dwlrq/ 49+4,/ ;404361

^7` Frqvwdqwdwrv/ F1 dqg V1 Shuudnlv +4<<;,/ Plqlpxp Txdolw| Vwdqgdugv/
Hqwu|/ dqg wkh Wlplqj ri wkh Txdolw| Ghflvlrq/ Mrxuqdo ri Uhjxodwru|
Hfrqrplfv/ 46+4,/ 7:08;1

^8` Fudpshv/ F1 dqg D1 Kroodqghu +4<<8,/ Gxrsro| dqg Txdolw| Vwdqgdugv/
Hxurshdq Hfrqrplf Uhylhz > 6<+4,/ :40;51

^9` Grqqhqihog/ V1 dqg V1 Zhehu +4<<5,/ Yhuwlfdo Surgxfw Gl�huhqwldwlrq
zlwk Hqwu|/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 43+6,/ 77<0
:51

^:` Grqqhqihog/ V1 dqg V1 Zhehu +4<<5,/ Olplw Txdolwlhv dqg Hqwu| Ghwhu0
uhqfh/ UDQG Mrxuqdo ri Hfrqrplfv/ 59+4,/ 4460631

^;` Hffkld/ J1 dqg O1 Odpehuwlql +4<<:,/ Plqlpxp Txdolw| Vwdqgdugv dqg
Frooxvlrq/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 78+4,/ 4340461

^<` Jdev}hzlf}/ M1M1 dqg M10I1 Wklvvh +4<:<,/ Sulfh Frpshwlwlrq/ Txdolw|
dqg Lqfrph Glvsdulwlhv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 53+6,/ 67308<1

^43` Jrupoh|/ Z1 +4<<4,/ Vwdwh Uhjxodwlrqv dqg wkh Dydlodelolw| ri Fklog
Fduh Vhuylfhv/ Mrxuqdo ri Srolf| Dqdo|vlv dqg Pdqdjhphqw/ 43+4,/ :;0
<81

^44` Kduvdq|l/ M1F1 dqg U1 Vhowhq +4<;;,/ D Jhqhudo Wkhru| ri Htxloleulxp
lq Jdphv/ Fdpeulgjh/ PD/ Kduydug Xqlyhuvlw| Suhvv1
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^45` Ndmll/ D1 dqg V1 Pruulv +4<<:,/ Wkh Urexvwqhvv ri Htxloleuld wr Lqfrp0
sohwh Lqirupdwlrq/ Hfrqrphwulfd/ 98+9,/ 45;60463<1

^46` Oxw}/ V1 +4<<:,/ Yhuwlfdo Surgxfw Gl�huhqwldwlrq dqg Hqwu| Ghwhuuhqfh/
Mrxuqdo ri Hfrqrplfv/ 98+4,/ :<04351

^47` Prwwd/ P1 +4<<6,/ Hqgrjhqrxv Txdolw| Fkrlfh= Sulfh yv Txdqwlw| Frp0
shwlwlrq/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 74+5,/ 4460651

^48` Prwwd/ P/ Wklvvh M10I1 dqg D1 Fdeudohv +4<<:,/ Rq wkh Shuvlvwhqfh ri
Ohdghuvkls ru Ohdsiurjjlqj lq Lqwhuqdwlrqdo Wudgh/ Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz/ 6;+7,/ ;3<0571

^49` Rugryhu/ M1 dqg J1 Vdorqhu +4<;<,/ Suhgdwlrq/ Prqrsrol}dwlrq/ dqg Dq0
wlwuxvw/ lq Vfkpdohqvhh/ U1 dqg U1 Zloolj +hgv1, Kdqgerrn ri Lqgxvwuldo
Rujdql}dwlrq1 Yroxph 41 Dpvwhugdp/ Qruwk0Kroodqg/ 86:0<91

^4:` Urqqhq/ X1 +4<<4,/ PlqlpxpTxdolw| Vwdqgdugv/ Il{hg Frvwv/ dqg Frp0
shwlwlrq/ UDQG Mrxuqdo ri Hfrqrplfv/ 55+7,/ 7<308371

^4;` Vfdusd/ F1 +4<<;,/ Plqlpxp Txdolw| Vwdqgdugv zlwk Pruh wkdq Wzr
Ilupv/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 49+8,/ 9980:91

^4<` Vkdnhg/ D1 dqg M1 Vxwwrq +4<;5,/ Uhod{lqj Sulfh Frpshwlwlrq wkurxjk
Surgxfw Gl�huhqwldwlrq/ Uhylhz ri Hfrqrplf Vwxglhv/ 7<+4,/ 60461
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