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Qrq0lqwulqvlf frpprq djhqf|�

Jldfrpr Fdo}rodul| Fduor Vfdusd}

Vhswhpehu/ 4<<<

Devwudfw

Lq wklv sdshu zh dqdo|vh d frpprq djhqf| prgho lq zklfk djhqwv

fdq fkrrvh zlwk krz pdq| sulqflsdov wkh| zdqw wr zrun/ zkloh sulq0

flsdov fdq qrw frqglwlrq frqwudfwv rq wkh djhqw*v ghflvlrq wr dffhsw

rwkhu frqwudfwv1 Lq wklv fdvh ri �qrq0lqwulqvlf� frpprq djhqf| zh

fkdudfwhul}h wkh htxloleulxp1 Xqohvv wkh vxevwlwxwdelolw| ehwzhhq wkh

wzr rxwsxwv lv yhu| vwurqj/ rswlpdolw| frqglwlrqv iru sulqflsdov* frq0

wudfwv duh wkh vdph dv zlwk lqwulqvlf frpprq djhqf|1 Krzhyhu/ sulq0

flsdov vx�hu iurp uhflsurfdo frpshwlwlrq/ zklfk zlwk �prghudwh� vxe0

vwlwxwdelolw| lqfuhdvhv wkh lqirupdwlrqdo uhqw djhqwv rewdlq lq htxlole0

ulxp1

M1H1O1 Fodvvl�fdwlrq= O473/ O743/ G;531

�Zh wkdqn Hpdqxhod Fduerqdud/ Dohvvdqgur sdydq dqg Oduv Vwroh iru khosixo frpphqwv

rq d suhylrxv gudiw1
|JUHPDT/ Xqlyhuvlwì ghv Vflhqfhv Vrfldohv gh Wrxorxvh/ Pdqxidfwxuh ghv Wdedfv/

Edw1I/ 54/ Dooìh gh Eulhqqh/ 64333 Wrxorxvh dqg Xqlyhuvlw| ri Erorjqd/ Lwdo|1 H0pdlo=
fdo}roduCvser1xqler1lw

}Glsduwlphqwr gl Vflhq}h Hfrqrplfkh/ yld Vdq Idxvwlqr :72e/ 58455 Euhvfld/ Lwdo|1
H0pdlo= fvfdusdChfrqrpld1xqler1lw
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4 Lqwurgxfwlrq

Wkh iudphzrun ri frpprq djhqf| zlwk dgyhuvh vhohfwlrq kdv pdq| lpsru0
wdqw dssolfdwlrqv lq hfrqrplfv1 Iru h{dpsoh/ d uhwdlohu/ sulydwho| lqiruphg
rq �qdo ghpdqg/ pd| eh wkh frpprq djhqw ri vhyhudo zkrohvdoh surgxfhuv
+Pduwlpruw/ 4<<9,1 D sulydwho| lqiruphg pxowlqdwlrqdo hqwhusulvh pd| eh
wkh +frpprq, djhqw ri krvw frxqwulhv* uhjxodwruv +Fdo}rodul/ 4<<;,1 Dq lq0
whuqdwlrqdo lqyhvwru pd| eh wkh frpprq djhqw ri qdwlrqdo wd{ dxwkrulwlhv
+Rovhq dqg Rvpxqgvhq/ 4<<;,1 Dqg vr rq1

Lq vwdqgdug frpprq djhqf| prghov/ hdfk sulqflsdo +vkh, lqghshqghqwo|
dqg vlpxowdqhrxvo| r�huv d frqwudfw wr wkh djhqw +kh,41 Li wkh djhqw dffhswv
wkh frqwudfwv/ kh kdv wr shuirup doo frqwudfwxdo uhtxluhphqwv1

Li wkh djhqw rqo| kdv wkh srvvlelolw| wr dffhsw hlwkhu erwk frqwudfwv/ ru
qrqh ri wkhp/ zh duh lq wkh fdvh nqrzq dv lqwulqvlf frpprq djhqf| ^Ehuq0
khlp dqg Zklqvwrq +4<;8/ 4<;9,`1 Lw lv �lqwulqvlf� lq wkh vhqvh wkdw hlwkhu
wkh djhqw dffhswv wr zrun zlwk erwk sulqflsdov ru/ li kh uhixvhv/ kh fdq qrw
rshudwh dw doo1 Wklv lv wkh iudphzrun hpsor|hg e| wkh wkhruhwlfdo olwhudwxuh
+h1j1/ Pduwlpruw/ 4<<5 dqg Vwroh/ 4<<5, dqg e| wkh douhdg| phqwlrqhg pruh
dssolhg sdshuv1

Wkh fdvh zkhuh wkh djhqw pd| ghflgh wr dffhsw vrph 0 exw qrw qhfhv0
vdulo| doo 0 frqwudfwv lv dqdo|vhg rqo| zlwklq wkh iudphzrun fdoohg ghohjdwhg
frpprq djhqf| +Ehuqkhlp dqg Zklqvwrq/ 4<;8,1 Lq wklv fodvv ri prghov
hdfk sulqflsdo grhv qrw vlpso| sursrvh d frqwudfw/ exw ghvljqv d phqx ri
frqwudfwv/ zklfk duh pdgh frqwlqjhqw rq wkh djhqw*v ghflvlrq wr sduwlflsdwh
ru qrw zlwk wkh rwkhu sulqflsdo+v,51

Dxwkruv jhqhudoo| dgrsw wkh lqwulqvlf frpprq djhqf| vfhqdulr lq dssolhg
zrunv wr vlpsoli| wkh dqdo|vlv1 Krzhyhu/ wkh dvvxpswlrq wkdw wkh djhqw lv
qrw iuhh wr fkrrvh wr zrun rqo| zlwk d vxe0vhw ri sulqflsdov lv qrw dozd|v
hdv| wr mxvwli|1 Rq wkh rwkhu kdqg/ ghohjdwhg frpprq djhqf| lv lq d vhqvh
ohvv uhvwulfwlyh/ exw lw lv pruh gl!fxow wr ghdo zlwk dqg wkh frqwudfwxdo vwuxf0
wxuh ri frqglwlrqdo r�huv vhhpv dw rgg zlwk vrph revhuyhg vlwxdwlrqv1 Lq
sduwlfxodu/ qrwlfh wkdw r�hulqj frqglwlrqdo frqwudfwv fdq eh vhhq dv d zd| wr

4Iru d prgho zlwk qrq vlpxowdqhrxv r�huv vhh Edurq +4<;8,1
5Dq h{wuhph fdvh ri ghohjdwhg djhqf| lv wkh rqh zkhuh sulqflsdov h{solflwo| iruelg wkh

djhqw wr sduwlflsdwh zlwk rwkhu sulqflsdo+v,/ fdvh nqrzq dv h{foxvlyh ghdolqj +Ehuqhklp

dqg Zklqvwrq/ 4<<;,1 D vrphkrz vlplodu vlwxdwlrq lv wkh rqh zkhuh sulqflsdov frpshwh

iru wkh djhqw/ exw whfkqrorj| pdnhv frpprq djhqf| lpsrvvleoh +Eljodlvhu dqg Ph}}hwwl/

4<<6,1
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lqfuhdvh rwkhu sulqflsdov* frvwv e| d�hfwlqj wkh djhqw*v zloolqjqhvv wr zrun
iru wkhp> wklv w|sh ri ehkdylrxu lv xvxdoo| vdqfwlrqhg e| dqwlwuxvw odzv lq
wkh pdqxidfwxuhu0uhwdlohu uhodwlrqvkls61

Lq wklv sdshu zh dqdo|}h d vlwxdwlrq lq zklfk +l, wkh djhqw lv iuhh wr
fkrrvh zlwk krz pdq| sulqflsdov kh zdqwv wr zrun +dprqj wkrvh r�hulqj
d frqwudfw,/ dqg +ll, qr sulqflsdo fdq frqglwlrq khu frqwudfw rq wkh djhqw*v
ghflvlrq wr dffhsw rwkhu frqwudfwv1 Lq wkhvh lqvwdqfhv wkh djhqw lv r�huhg
mxvw rqh frqwudfw e| hdfk sulqflsdo dqg kdv wkh iuhhgrp wr dffhsw doo/ vrph
ru hyhq qrqh ri wkhp1 Wklv fdvh lv dq lqwhuphgldwh fdvh ehwzhhq ghohjdwhg
frpprq djhqf| dqg lqwulqvlf frpprq djhqf|/ zklfk zh odeho qrq0lqwulqvlf
frpprq djhqf|71

Wkh dlp ri wklv sdshu lv wr fkdudfwhul}h wkh htxloleulxp ri wklv djhqf|
sureohp1 Zkhq jrrgv duh frpsohphqwdu|/ zh suryh wkdw htxloleulxp frq0
wudfwv duh lghqwlfdo wr zkdw zh kdyh zlwk lqwulqvlf frpprq djhqf|1 Wkhuhiruh
frqfoxvlrqv rq wkh h!flhqf| ri frqwudfwv lq lqwulqvlf frpprq djhqf| prghov
jhqhudol}h wr wklv fdvh/ dv qr dgglwlrqdo glvwruwlrq lv lqwurgxfhg1

Zkhq jrrgv duh vxevwlwxwhv/ rswlpdolw| frqglwlrqv iru sulqflsdov* frq0
wudfwv uhpdlq wkh vdph xqohvv vxevwlwxwdelolw| lv �wrr vwurqj�1 Krzhyhu/ zlwk
qrq0lqwulqvlf frpprq djhqf| sulqflsdov vx�hu iurp uhflsurfdo frpshwlwlrq1
Hdfk ri wkhp kdv wr ghvljq d frqwudfw zklfk pdnhv wkh djhqw sduwlflsdwh
zlwk khu zkdwhyhu kh grhv zlwk wkh rwkhu+v,1 Zh vkrz wkdw wklv dgglwlrqdo
frpshwlwlrq lqfuhdvhv wkh lqirupdwlrqdo uhqwv djhqwv rewdlq lq htxloleulxp/
ehfdxvh lq wkh jdph zlwk hdfk sulqflsdo wkh djhqw*v uhvhuydwlrq xwlolw| lv 0
hqgrjhqrxvo| 0 kljkhu1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh ghvfuleh wkh frpprq
djhqf| ehqfkpdun prgho zlwk ixoo lqirupdwlrq dqg dv|pphwulf lqirupdwlrq
zlwk frrshudwlqj sulqflsdov1 Lq vhfwlrq 6 zh vroyh wkh prgho zlwk lqwulqvlf
dqg qrq0lqwulqvlf frpprq djhqf| dqg zh frpsduh wkh wzr fdvhv dqg hvwdeolvk
rxu pdlq uhvxowv1

6Wkh djhqw*v ghflvlrq wr sduwlflsdwh zlwk rwkhu sulqflsdov +dv zhoo dv rwkhu frqwudfw

fkdudfwhulvwlfv, pd| eh qrq revhuydeoh ru qrq0frqwudfwleoh1 Ghvljqlqj gl�huhqwldwhg frq0

wudfwv lv vrphwlphv iruelgghq e| wkh odz ru pd| eh frqvlghuhg xqidlu zlwk uhvshfw wr rwkhu

sulqflsdov1 Iru lqvwdqfh/ zkhq wkh djhqw lv d pxowlqdwlrqdo hqwhusulvh dqg wkh sulqflsdov

duh qdwlrqdo uhjxodwruv/ r�hulqj gl�huhqw frqwudfwv ghshqglqj rq zkhwkhu wkh �up sur0

gxfhv lq rwkhu frxqwulhv zrxog eh frqvlghuhg dq h{whqvlrq ri grphvwlf mxulvglfwlrq rxwvlgh

qdwlrqdo erxqgdulhv1
7Qrwlfh wkdw zkhq wkh frqwudfwlqj dfwlylw| ri rqh sulqflsdo lv hvvhqwldo wr wkh sur�wdelo0

lw| ri wkh uhodwlrqvkls zlwk wkh rwkhu sulqflsdo+v,/ wkhq wklv fdvh frlqflghv zlwk wkh rqh ri

lqwulqvlf frpprq djhqf|1
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5 Wkh prgho

Wr idflolwdwh frpsdulvrq zlwk wkh h{lvwlqj olwhudwxuh/ zh edvh wkh dqdo|vlv rq
wkh douhdg| �fodvvlfdo� surgxfhuv2uhwdlohu iudphzrun e| Pduwlpruw +4<<9,1
Zh frqvlghu rqo| wzr surgxfhuv/ wkh sulqflsdov ��/ �2 dqg rqh djhqw/ wkh
uhwdlohu �� Surgxfhuv kdyh wkh whfkqrorj| wr rewdlq dq lqwhuphgldwh lqsxw
zklfk lv hvvhqwldo iru wkh �qdo rxwsxw1 Krzhyhu/ wkh| duh qrw deoh wr shuirup
wkh �qdo vwdjh lq surgxfwlrq1 Rq wkh frqwudu|/ wkh djhqw qhhgv rqh xqlw ri
wkh lqwhuphgldwh lqsxw wr surgxfh rqh xqlw ri wkh �qdo jrrg1

Wkh djhqw kdv d slhfh ri sulydwh lqirupdwlrq w> lw lv frpprq nqrzohgjh
wkdw w 5

k
wc w

l
dqg sulqflsdov h{shfw lw wr eh glvwulexwhg dffruglqj wr d

fxpxodwlyh glvwulexwlrq 8 Ew� dqg ghqvlw| sEw��
Pdqxidfwxuhu � r�huv d qrq olqhdu zkrohvdoh sulfh f� E^�� zklfk wkh djhqw

kdv wr sd| wr uhfhlyh ^� xqlwv ri lqwhuphgldwh lqsxwv/ vxfk wkdw iru � ' �c 2

f�E^�� '

+
f iru ^� ' fc

7%� n %�E^�� iru ^� : f�
+4,

Li wkh djhqw ex|v qrwklqj wkhq kh sd|v qrwklqj/ exw li kh ex|v d vwulfwo|
srvlwlyh dprxqw ri ^� wkhq kh sd|v d �{hg ihh 7%� +srvvleo| htxdo wr }hur, dqg
d yduldeoh ihh %�E^��1 Wkh wzr frqwudfwv duh r�huhg vlpxowdqhrxvo|1

Iroorzlqj wkh h{lvwlqj olwhudwxuh/ zh gr qrw doorz iru frqwudfwv ri wkh w|shif E^�c ^�� lq zklfk wkh frqwudfw sursrvhg e| sulqflsdo � dovr ghshqgv rq wkh
txdqwlw| fkrvhq e| wkh djhqw iurp wkh rwkhu sulqflsdo1 Wklv lqfrpsohwh frq0
wudfw uhodwlrqvkls fdq eh mxvwl�hg rq vhyhudo jurxqgv1 Iru h{dpsoh/ txdqwlw|
^� pd| qrw eh frqwudfwleoh ru hyhq revhuydeoh e| sulqflsdo �1 Pruhryhu/ lq

wkh fdvh dw kdqg d frqwudfw olnh if� E^�c ^�� pd| eh surklelwhg iru dqwlwuxvw
uhdvrqv1

Wkh djhqw*v wrwdo xwlolw| lv

L � � E^�c ^2c w��f� E^���f2 E^2� +5,

zkhuh �E�� lqglfdwhv wkh sur�w wkh uhwdlohu rewdlqv iurp wkh �qdo rxwsxw pdu0
nhw81 Zkhq wkh djhqw wdnhv/ vd|/ rqo| sulqflsdo �*v frqwudfw/ klv sd|r� lv

L E^�c fc w� ' � E^�c fc w��f� E^�� +6,

vlploduo| zlwk sulqflsdo 2� Zkhq wkh djhqw grhv qrw sduwlflsdwh zlwk dq|
sulqflsdo kh jhwv klv uhvhuydwlrq xwlolw| zklfk zh qrupdol}h wr }hur1 Wkh

8D vxevfulsw wr y+�, ghqrwhv d ghulydwlyh zlwk uhvshfw wr wkh uhohydqw yduldeoh1
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djhqw revhuyhv wkh frqwudfwv dqg wkhq fkrrvhv rxwsxw ohyhov ^� dqg ^21 Zh
hpsor| wkh iroorzlqj uhjxodulw| dvvxpswlrqv1

Dvvxpswlrq 41 �E�� lv vwulfwo| frqfdyh lq erwk lqwhuphgldwh lqsxwv1

Dvvxpswlrq 51 Wkh furvv ghulydwlyh ���E�� kdv frqvwdqw vljq1

Dvvxpswlrq 61 �w 	 f1

Dvvxpswlrq 71 ��w 	 f iru � ' �c 2�

Dvvxpswlrq 81 � Efc fc w� ' f1

Sulqflsdov* xwlolw| ixqfwlrqv duh txdvl0olqhdu dqg/ iru vlpsolflw|/ wkh +ydul0
deoh, surgxfwlrq frvw ri wkh lqwhuphgldwh lqsxw S E^�� lv wkh vdph iru erwk
sulqflsdov1 Wkxv/ wkh wrwdo sd|r� ri sulqflsdo � lv

`� ' f� E^��� S E^�� +7,

514 Wkh ehqfkpdunv

Lw lv vwudljkwiruzdug wr vkrz wkdw zkhq erwk sulqflsdov duh lqiruphg dqg wkh|
frrshudwh/ wkh lqsxw ohyhov

�
^8
�
Ew� c ^8

2
Ew�

�
duh gh�qhg e| wkh wzr qhfhvvdu|

frqglwlrqv iru wrwdo vxusoxv pd{lpl}dwlrq9

��
�
^8
�
Ew� c ^8

2
Ew� c w

�
� S�

�
^8� Ew�

�
' f

iru � ' �c 2�Pruhryhu/ sulqflsdov xvh d �{hg ihh wr h{wudfw doo wkh djhqw*v uhqw/
zklfk lv wkhq doorfdwhg ehwzhhq wkh wzr sulqflsdov dffruglqj wr dq h{rjhqrxv
uhglvwulexwlrq uxoh +ru edujdlqlqj surfhvv,1

Zkhq wkh wzr sulqflsdov gr qrw frrshudwh/ wkh qhfhvvdu| frqglwlrqv duh
vwloo wkh vdph1 Krzhyhu/ wkh odfn ri frruglqdwlrq pd| ohdg wr htxloleuld lq
zklfk wkh djhqw suhihuv qrw wr surgxfh1 Wkhvh htxloleuld duh holplqdwhg zlwk
frrshudwlrq dv erwk sulqflsdov suhihu wr kdyh wkh djhqw surgxflqj1

Xvlqj vwdqgdug whfkqltxhv +surriv duh rplwwhg,/ wkh wzr frrshudwlqj sulq0
flsdov xqghu lqfrpsohwh lqirupdwlrq ghvljq zkrohvdoh sulfhv vxfk wkdw txdq0
wlw| ohyhov

�
^�
�
Ew� c ^�

2
Ew�

�
duh ghwhuplqhg dffruglqj wr frqglwlrqv

��
�
^�
�
Ew� c ^�

2
Ew� c w

�
� S�

�
^�� Ew�

�
n
8 Ew�

s Ew�
��w

�
^�
�
Ew� c ^�

2
Ew� c w

�
' f

9Vhh Pduwlpruw +4<<9,1
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iru � ' �c 2� Zh wkxv vhh wkdw lq d v|pphwulf htxloleulxp txdqwlwlhv duh glv0
wruwhg grzqzdugv1 Lq dgglwlrq/ wr vdwlvi| lqfhqwlyh frpsdwlelolw| frqvwudlqwv/
doo djhqwv exw wkh ohdvw h!flhqw duh ohiw zlwk d srvlwlyh uhqw1 Sulqflsdov wkhq
wudgh r� doorfdwlyh h!flhqf| +zklfk uhtxluhv qr glvwruwlrqv, zlwk glvwulexwlyh
h!flhqf| +plqlpl}lqj wkh uhqwv ohiw wr wkh djhqw,1

6 Frpprq djhqf|

Zh qrz frqvlghu d frpprq djhqf| zlwk qrq frrshudwlqj xqlqiruphg sulq0
flsdov1 Zh �uvw dgguhvv wkh lqwulqvlf frpprq djhqf| vhwwlqj/ w|slfdoo| xvhg
lq wkh olwhudwxuh1 Wkhq zh fkdudfwhul}h htxloleuld zlwk qrq0lqwulqvlf frpprq
djhqf|1 Ilqdoo| zh frpsduh wkh wzr1

Zh vroyh wkhvh jdphv pdnlqj h{solflw xvh ri lqgluhfw phfkdqlvpv gh0
vfulehg e| frqwudfwv f� E^�� � Zh zloo qrw uho| rq gluhfw phfkdqlvpv lq zklfk
wkh djhqw dqqrxqfhv klv w|sh 	w� wr sulqflsdo �� Wkh uhdvrq iru wklv fkrlfh lv
wkdw wkh Uhyhodwlrq Sulqflsoh grhv qrw jhqhudoo| dsso| lq frpprq djhqf|
jdphv zlwk dgyhuvh vhohfwlrq1: Vroylqj iru lqgluhfw phfkdqlvpv zh zloo iro0
orz wkh Pduwlpruw +4<<9, prgho pdnlqj xvh ri wkh whfkqltxh ghyhorshg lq
Fdo}rodul +4<<;,1

614 Lqwulqvlf Frpprq Djhqf|

Dw wkh �uvw vwdjh/ hdfk sulqflsdo pdnhv r�huv rqh frqwudfw wr wkh djhqw1 Lq
wkh vhfrqg vwdjh wkh djhqw hlwkhu dffhswv erwk r�huv ru qhlwkhu1 Li kh uhixvhv
erwk frqwudfwv/ kh lv ohiw zlwk wkh +}hur, uhvhuydwlrq xwlolw|/ dqg vr duh wkh
sulqflsdov1

Wkh djhqw fkrrvhv rxwsxwv wr pd{lpl}h klv xwlolw|/ gh�qhg lq +5,

E^� Ew� c ^2 Ew�� 5�o}�@%
^�c^2

i� E^�c ^2c w��f� E^���f2 E^2�j +8,

dqg dffhswv wkh frqwudfwv li klv +lqgluhfw, xwlolw| lv qrw ohvv wkdq }hur/

L Ew� � f +9,

zkhuh L Ew� � i� E^� Ew� c ^2 Ew� c w��f� E^� Ew���f2 E^2 Ew��j � +8, lv wkh lq0
fhqwlyh frpsdwlelolw| frqvwudlqw zkloh +9, lv wkh sduwlflsdwlrq frqvwudlqw1 Xv0
lqj +7,/ wkh sulqflsdo sureohp lv wkxv/ lq lwv ruljlqdo irup=

:Pduwlpruw dqg Vwroh +4<<:, dqg Fdo}rodul +4<<;,1
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Ohw xv frqvlghu sulqflsdo �*v pd{lpl}dwlrq surjudp +vlploduo| fdq eh grqh
iru sulqflsdo �,1 Sulqflsdo � wdnhv dv jlyhq wkh djhqw*v ghflvlrq frqfhuqlqj
^�/ dqg dqwlflsdwhv wkdw 0 jlyhq f� 0 wkh djhqw zloo fkrrvh ^� wr pd{lpl}h klv
xwlolw|1 Surjudp +:, fdq eh vlpsol�hg lq wzr vwhsv1

Iluvw ri doo/ ohw xv odeho e| ^� E^�c w�wkh rxwsxw ohyho ^� zklfk pd{lpl}hv
wkh djhqw*v xwlolw| iru dq| ^�1 Zh fdq qrz gh�qh

e� E^�c w� � � E^�c ^� E^�c w� w��f� E^� E^�c w�� +;,

Wklv lv wkh jurvv xwlolw| wkdw wkh djhqw fdq rewdlq 0 ghdolqj zlwk sulqflsdo �
0 jlyhq wkh xwlolw| pd{lpl}lqj ohyho ri ^�1 Vxevwlwxwlqj edfn lqwr wkh djhqw*v
xwlolw|/ wkh frqvwudlqw +8, fdq wkhq eh uhzulwwhq dv

^� Ew� 5�o}�@%
^�

ie� E^�c w��f� E^��j +<,

Iurp wklv pd{lpl}dwlrq rqh rewdlqv wkh htxloleulxp ydoxh ^� Ew�/ vr wkdw
L Ew� ' e� E^�Ew�c w��f� E^� Ew�� dqg wkhuhiruh zh rewdlq wkh �uvw xvhixo uhvxow=

f� E^� Ew�� ' e� E^�Ew�c w�� L Ew� +43,

Wkh vhfrqg vwhs lv wkh iroorzlqj;1 Wkh hqyhorsh wkhruhp lpsolhv wkdw li
lqfhqwlyh frpsdwlelolw| frqglwlrqv +<, duh phw/ wkhq

Lw ' e�w E^�Ew�c w� +44,

Lqwhjudwlqj +44, e| sduwv/ zh kdyh wkdw

] w

w
�L Ew� } Ew� _w ' �L

�
w
�
n
] w

w

e�w E^�Ew�c w�C Ew� _w +45,

Pruhryhu/ zlwk dq hqyhorsh dujxphqw zh dovr kdyh e�w E^�Ew�c w� ' �w E�� 	 f�

Wkxv/ vhwwlqj wr }hur wkh xwlolw| ri wkh djhqw zlwk wkh kljkhvw w/ L
�
w
�
' fc

;Wr vlpsoli| wkh suhvhqwdwlrq zh rqo| xvh �uvw rughu qhfhvvdu| frqglwlrqv iru wkh djhqw*v
ghflvlrq dqg rplw djhqw*v orfdo vhfrqg rughu dqg joredo vx!flhqf| frqglwlrqv iru lqfhqwlyh

frpsdwlelolw|1 Zh wkxv hpsor| wkh vr fdoohg vhfrqg rughu dssurdfk zklfk frqvlvwv lq xvlqj
rqo| �uvw rughu +qhfhvvdu|, frqglwlrq dqg fkhfnlqj h{0srvw wkdw wkh rwkhu frqglwlrqv duh

phw1

:



doo sduwlflsdwlrq frqvwudlqwv +9, duh vdwlv�hg1 Ilqdoo|/ ghvljqlqj wkh frqwudfw

vr wkdw L
�
w
�
' f lv rswlpdo ehfdxvh ohdylqj uhqwv wr wkh djhqw lv frvwo|1

Hpsor|lqj wkh uhvxowv +43, dqg +45,/ surjudp E���
U� +:, ehfrphv

�@%
^�Eu�

] w

w

+
e� E^�c w�� S E^�� n e�w E^�c w� C Ew�

} Ew�

,
} Ew� _w +46,

Qrwlfh wkdw 0 dv zh kdyh vxevwlwxwhg iru f� E^� Ew��/ zklfk lqfrusrudwhv ^�Ew�/
wkh djhqw*v rswlpdo fkrlfh 0 wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +<, lv dx0
wrpdwlfdoo| vdwlv�hg/ dqg lw lv dv li wkh sulqflsdo frxog gluhfwo| fkrrvh ^�1
Zlwk wklv wudqvirupdwlrq wkh surjudp orrnv olnh d vwdqgdug sulqflsdo0djhqw
sureohp zklfk wkhq fdq eh vroyhg xvlqj vwdqgdug whfkqltxhv1

Srlqwzlvh pd{lpl}dwlrq wkhq jlyhv qhfhvvdu| frqglwlrq/

	�^� E^�c w�� S� E^�� n 	�w^� E^�c w�
C Ew�

} Ew�
' f +47,

Qrwlfh wkdw zlwk rxu wudqvirupdwlrq wklv qhfhvvdu| frqglwlrq lv vlplodu wr
zkdw zh rewdlqhg zlwk xqlqiruphg frrshudwlqj sulqflsdov1 Wkh gl�huhqfh lv
wkdw khuh zh xvh ixqfwlrq 	� E�� lqvwhdg ri � E�� � Wr rewdlq frpsdudeoh irupx0
odwlrqv zh kdyh wr wudqvirup wkh ghulydwlyhv 	�^� c 	�w^� lq whupv ri � E�� � Xvlqj
wkh hqyhorsh wkhruhp zh kdyh 	�^� E^�c w� ' �

�
E^�c ^2c w� � Pruhryhu/ gl�huhqwl0

dwlqj 	�w E�� ' �w E�� z1u1w1 ^�c jlyhv 	�w^� E�� ' �w� E�� n �w� E��
Y 	̂�
Y^�
� Vxevwlwxwlqj

edfn lqwr +47,/ zh rewdlq

�
�
E^�c ^2c w�� S� E^�� n

%
�w� E^�c ^2c w� n �w� E^�c ^2c w�

Y 	̂�
Y^�

&
C Ew�

} Ew�
' f

Wrwdoo| gl�huhqwldwlqj wkh djhqw*v �uvw rughu frqglwlrq iru ^� zlwk uhvshfw wr w
rqh hdvlo| rewdlqv Y 	̂�

Y^�
' ��2Eu� �̂�Ew�

��2Eu� �̂�Ew�n�w�Eu�
dqg wkh rswlpdolw| frqglwlrq ehfrphv

�
�
E^�c ^2c w��S

� E^��n

5
9997
�w� E�� �w� E�� n ��2 E��

2S
�'�

�w� E�� �̂� Ew�

��2 E�� �̂� Ew� n �w� E��

6
:::8 C Ew�

} Ew�
' f +48,

Vroylqj vlploduo| iru sulqflsdo � jlyhv wkh rwkhu qhfhvvdu| frqglwlrq1 Wkh
vroxwlrq ri wklv v|vwhp ri wzr gl�huhqwldo htxdwlrqv surylghv wkh +fdqglgdwh,

htxloleulxp txdqwlwlhv lq lqwulqvlf frpprq djhqf|
�
^U�
�

Ew� c ^U�
2

Ew�
�
1

;



615 Qrq0lqwulqvlf Frpprq Djhqf|

Zh qrz wxuq wr wkh fdvh zkhuh sulqflsdov fdq qrw frqglwlrq frqwudfwv rq wkh
djhqw*v ghflvlrq wr dffhsw rwkhu frqwudfwv1 Lq rwkhu zrugv/ sulqflsdo � fdq
rqo| sursrvh d frqwudfw f� E^�� dv gh�qhg lq +4,1 Vkh fdq qrw r�hu d phqx

ri frqwudfwv
q
f.(
� E^�� c f

��
� E^��

r
/ dv lq ghohjdwhg frpprq djhqf|/ zkhuh

f.(
� E^�� dssolhv li wkh djhqw lv dq h{foxvlyh ghdohu dqg f��

� E^�� dssolhv li kh
zrunv iru erwk sulqflsdov1 Lq wkh vdph zd|/ wkh djhqw fdqqrw eh irufhg wr
fkrrvh ehwzhhq zrunlqj iru erwk sulqflsdov dqg qrw zrunlqj dw doo1 Lqghhg/
lq wkh vhfrqg vwdjh ri wkh jdph wkh djhqw pd| dffhsw erwk r�huv/ rqo| rqh
ri wkh wzr/ ru pd| uhixvh erwk1

Dv zh kdyh grqh lq wkh suhylrxv vhfwlrq/ zh vroyh iru sulqflsdo �1 Sulqflsdo
� qrz kdv wr pdnh vxuh wkh djhqw dffhswv khu frqwudfw/ zkdwhyhu kh grhv zlwk
wkh rwkhu sulqflsdo +wkh txdqwlw| ^� wkh djhqw surgxfhv lv jlyhq wr sulqflsdo
�,1 Lq dq| fdvh sulqflsdo � zdqwv wr ghvljq d frqwudfw zklfk wkh djhqw dffhswv1

Hpsor|lqj wkh suhylrxv qrwdwlrq ^vhh +;,/ zklfk ghshqgv rq ^�E^�c w� dv
zhoo` zh gh�qh/

L E^�c ^�E^�c w�c w� ' e� E^�c w��f� E^�� +49,

dqg eL Efc ^�Efc w�c w� ' 4@ iL Efc ^�Efc w�c w� c fj +4:,

H{suhvvlrq +4:, ghqrwhv wkh rxwvlgh rssruwxqlw| wkh djhqw kdv lq klv uhod0
wlrqvkls zlwk sulqflsdo �1 Qrwlfh wkdw lq fdvh L Efc ^�Efc w�c w� 	 f/ wkh djhqw
dozd|v pdlqwdlqv wkh rswlrq ri qrw sduwlflsdwlqj dw doo/ zlwk d uhvhuydwlrq
xwlolw| htxdo wr f1 Wkh sduwlflsdwlrq frqvwudlqw lq wkh jdph zlwk sulqflsdo �
ehfrphv/ lq olqh zlwk +6,/

L E^�Ew�c ^�Ew�c w� � eL Efc ^�Efc w�c w� +4;,

Wklv lv wkh fuxfldo gl�huhqfh ehwzhhq wklv sureohp dqg � U�
� 1 Lq wkdw

surjudp wkh sduwlflsdwlrq frqvwudlqw +9, lpsolhv wkdw hdfk sulqflsdo pxvw vhw
khu frqwudfw pdnlqj vxuh wkdw wkh djhqw*v wrwdo xwlolw| lv srvlwlyh1 Khuh/ zkdw
pdwwhuv wr wkh ghflvlrq ri wkh djhqw wr zrun zlwk sulqflsdo � lv wkh djhqw*v
lqfuhphqwdo xwlolw|= wkh gl�huhqfh ehwzhhq zkdw kh zrxog jhw zrunlqj +dovr,
zlwk sulqflsdo � dqg zkdw kh zrxog dq|zd| uhfhlyh iurp sulqflsdo � li kh
glg qrw dffhsw wkh frqwudfw zlwk sulqflsdo �1 Qrwlfh wkdw ^� lv jlyhq wr
sulqflsdo � +wkh wzr sulqflsdov pryh vlpxowdqhrxvo|, dqg lwv dfwxdo ydoxh zloo

<



eh ghwhuplqhg lq htxloleulxp1 Ilqdoo|/ zlwk frqvwudlqw +4;, lw lv dv li wkh
djhqw kdg d w|sh0ghshqghqw uhvhuydwlrq xwlolw|< eL Efc ^�c w�1

Zlwk wkh vdph dssurdfk hpsor|hg deryh/ zh qrz zulwh wkh surjudp ri
sulqflsdo � zlwk qrq0lqwulqvlf frpprq djhqf|/

E���
�U�

;A?
A=

�@%
f�Eu�

U w
w ie� E^�c w�� S E^� Ew��� L Ew�j } Ew� _w

r�|� Eb�c E�H� ;w 5
k
wc w

l
�

Djdlq/ wkh qhfhvvdu| lqfhqwlyh frpsdwlelolw| frqglwlrq dqg wkh hqyhorsh wkh0
ruhp lpso| +45, dqg wkhq wkh surjudp ehfrphv

E���
�U�

;A?
A=

�@%
^�Eu�

U w
w

qe� E^�c w�� S E^�� n 	�w E^�c w�
CEw�
}Ew�

r
} Ew� _w � L

�
w
�

r�|� E�H� ;w 5
k
wc w

l
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Zh qrz lqwurgxfh wkh iroorzlqj gh�qlwlrqv1

Frpsohphqwv= Jrrgv � dqg � duh frpsohphqwv zkhq ���E�� : f1

Vxevwlwxwhv= Jrrgv � dqg � duh vxevwlwxwhv zkhq ���E�� 	 f1

Zh fdq qrz suryh rxu �uvw uhvxow1

Sursrvlwlrq 4 +l, Surylghg wkh wzr jrrgv duh hlwkhu frpsohphqw ru wkhlu

vxevwlwxwdelolw| lv qrw �wrr vwurqj�/ vhwwlqj L
�
w
�
' eL �

fc ^�c w
�
yhul�hv wkh

sduwlflsdwlrq frqvwudlqwv +4;, iru dq| w�

+ll, Xqghu wkh deryh dvvxpswlrq/ rswlpdolw| frqglwlrqv duh wkh vdph dv
zlwk lqwulqvlf frpprq djhqf| +48,1

Surri1

+l, Wdnh L E^�c ^�c w�� 	L Efc ^�c w� dqg gl�huhqwldwh z1u1w1 wc

_
k
L Ew�� 	L Efc ^�c w�

l
_w

' �w E^� Ew� c ^�Ew�c w�� �w Efc ^�Efc w�c w� +4<,

Wkh uhodwlyh pdjqlwxgh ri wkh ydoxhv ri ^�Ew� lq wkh wzr whupv rq wkh UKV
ghshqgv rq zkhwkhu wkh wzr jrrgv duh frpsohphqwv ru vxevwlwxwhv1 Lq wkh

<D jhqhudo whfkqlfdo dqdo|vlv ri wklv w|sh ri frqvwudlqw lv surylghg e| Mxoolhq +4<<:,1

43



fdvh ri frpsohphqwv/ jlyhq �w� E�� 	 f/ zh kdyh
_dLEw�3 	LEfc^�Ew�cw�o

_w
	 f dqg

wkh qhw uhqw L E^�c ^�c w� � 	L Efc ^�Efc w�c w� lv ghfuhdvlqj zlwk w1 Vhwwlqj

L
�
^�c ^�c w

�
' eL �

fc ^� Efc w� c w
�
lpsolhv wkdw wkh sduwlflsdwlrq frqvwudlqwv

+4;, duh vdwlv�hg iru doo wkh rwkhu w|shv1 Lw lv hdv| wr fkhfn wkdw wkh vdph
uhvxow iroorzv zkhqhyhu ^� Efc w� lv qrw wrr odujh uhodwlyh wr ^�Ew�/ l1h1 zkhq
vxevwlwxwdelolw| lv qrw �wrr vwurqj�1

+ll, Zkhq wkh uhvxow suryhq lq +l, krogv/ surjudp E���
�U� ehfrphv/

�@%
^�Eu�

] w

w

+
	� E^�c w�� S E^�� n 	�w E^�c w�

C Ew�

} Ew�

,
} Ew� _w � 	L

�
fc ^�Efc w�c w

�
c

zklfk lv lghqwlfdo wr wkh surjudp zlwk lqwulqvlf frpprq djhqf| +46, h{fhsw

iru wkh frqvwdqw whup � 	L
�
fc ^�c w

�
� Wkh qhfhvvdu| frqglwlrqv +48, duh wkhq

xqfkdqjhg1
Wklv uhvxow vwdwhv wkdw dw wkh pdujlq wkh h{lvwhqfh ri dq dgglwlrqdo srvvl0

elolw| iru wkh djhqw +l1h1/ wr dffhsw ru qrw wkh frqwudfw zlwk sulqflsdo �, grhv
qrw fkdqjh klv uhodwlrqvkls zlwk sulqflsdo � uhodwlyh wr wkh fdvh ri lqwulqvlf
frpprq djhqf|1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw lq htxloleulxp wkh
djhqw zloo dq|zd| dffhsw erwk frqwudfwv/ vr wkdw zkhwkhu ru qrw wkh djhqf|
lv �lqwulqvlf� grhv qrw fkdqjh pxfk lq htxloleulxp1

Wklv uhvxow ghshqgv rq wkh uhodwlrqvkls ehwzhhq wkh wzr jrrgv1 Ohw xv
vhh zk| lw pxvw eh vr1 Zkhq ghdolqj zlwk sulqflsdo �/ zkdw pdwwhuv wr
wkh djhqw lv wkh gl�huhqfh ehwzhhq wkh xwlolw| kh jhwv lq htxloleulxp dqgeL Efc ^�Efc w�c w�/ wkh xwlolw| kh jhwv zkhq sduwlflsdwlqj zlwk khu rqo| ^vhh
+4;,`1 Wklv gl�huhqfh lv prqrwrqlf zkhq wkh wzr jrrgv duh frpsohphqwv/ dv
�w Efc ^�Efc w�c w� lv fhuwdlqo| vpdoohu lq devroxwh ydoxh wkdq �w E^� Ew� c ^�Ew�c w�1
Zlwk vxevwlwxwhv/ wklv fhuwdlqw| ydqlvkhv/ dqg zh fdq kdyh d qrq0prqrwrqlf/
w|sh0ghshqghqw sduwlflsdwlrq frqvwudlqw431 Zkhqhyhu wklv kdsshqv/ zh pd|
kdyh d glvwruwlrq lq wkh lqfhqwlyh surylghg wr wkh djhqw/ jlyhq wkdw qrz wkh
lqfuhphqwdo xwlolw| dq djhqw jhwv dffhswlqj d frqwudfw qr orqjhu lqfuhdvhv zlwk
wkh djhqw*v h!flhqf|> ohvv h!flhqw djhqwv pd| �qg wkhpvhoyhv lq d vwurqjhu
srvlwlrq1

Wkh lqwxlwlrq pljkw eh wkh iroorzlqj1 Sulqflsdo � zrxog olnh wr kdyh dq
djhqw zkr kdv d odujh ydoxh ri ��1 Jlyhq wkdw ��w 	 f/ vkh whqgv wr suhihu

43Zkhq vxvevwlwxwdelolw| lv h{wuhpho| vwurqj/ zh fdq kdyh d prqrwrqlfdoo| lqfuhdvlqj

htxloleulxp sd|r� +
g^X+�,�aX+3>tm>�,`

g�
A 3,1 Wkh lqwhuphgldwh fdvh pljkw eh dqdo|vhg rq wkh

edvlv ri Mxoolhq +4<<:,/ dowkrxjk zh ohdyh wklv vwxg| wr srwhqwldo ixwxuh uhvhdufk1
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h!flhqw/ orz0w djhqwv1 Krzhyhu/ li ��� lv qhjdwlyh dqg �odujh�/ sulqflsdo �
whqgv wr suhihu dq djhqw zkr surgxfhv vpdoo txdqwlwlhv ri wkh rwkhu rxwsxw/
dqg wkxv pd|eh 0 vrphkrz sdudgr{lfdoo| 0 ohvv h!flhqw djhqwv1 H!flhqw
djhqwv duh shu vh ghvludeoh/ exw +zlwk ��� 	 f, wkh| ehfrph ohvv ghvludeoh dv
wkh| surgxfh d odujh txdqwlw| ri wkh rwkhu rxwsxw1 Li wkh odwwhu h�hfw suhydlov/
wkhlu htxloleulxp uhqw pljkw eh orzhu wkdq wkh rqh ri ohvv h!flhqw w|shv1

Wr lpsuryh wkh lqwxlwlrq/ ohw xv frqvlghu d frxsoh ri pruh vshfl�f fdvhv
zkhuh w lv d frvw sdudphwhu1 Dvvxph wkdw ^� dqg ^� duh krprjhqhrxv
jrrgv dqg wkh frvw ixqfwlrq lv � ' wE^� n ^��

q� Khuh �w E^� Ew� c ^�Ew�c w� '

��w E^�Ew�c ^�Ew�c w� ' � d^�Ew� n ^�Ew�o
q zkloh �w Efc ^�Efc w�c w� ' � d^�Efc w�o

q1

Qrz +4<, ehfrphv � d^�Ew� n ^�Ew�o
q n d^�Efc w�o

q/ zklfk lv dozd|v qhjdwlyh
zlwk qrq0lqfuhdvlqj pdujlqdo frvwv Eq � �� ehfdxvh ^�Ew� � ^�Efc w� exw pd|
ehfrph qhjdwlyh lq wkh rssrvlwh fdvh441 Qrwlfh wkdw h{suhvvlrq +4<, lv qhjd0
wlyh zkhqhyhu lq htxloleulxp ^�Ew�n^�Ew� : ^�Efc w� zklfk vhhpv wr uhsuhvhqw
wkh prvw sodxvleoh fdvh hyhq zlwk vxevwlwxwdelolw|1

Dq dqdorjrxv vwru| fdq eh wrog zlwk khwhurjhqhrxv jrrgv1 Lq wklv fdvh
+4<, lv qhjdwlyh zkhq wkhuh duh hfrqrplhv ri vfrsh/ exw pd| eh srvlwlyh li
glvhfrqrplhv ri vfrsh duh odujh1

Ohw xv qrz wxuq wr wkh sureohp ri zkhwkhu wkh djhqw jdlqv uhodwlyh wr
wkh fdvh ri lqwulqvlf frpprq djhqf|1 Wr wklv hqg zh �uvw qhhg wr hvwdeolvk d
suholplqdu| uhvxow451

Ohppd 5 Li wkh jrrgv duh frpsohphqwv �E^�c ^2c w� : �E^�c fc w� n �Efc ^2c w�
dqg li wkh| duh vxevwlwxwhv �E^�c ^2c w� 	 �E^�c fc w� n �Efc ^2c w�1

Surri1 Wkh vwdwhphqw zlwk frpsohphqwv fdq eh zulwwhq dv

d�E^�c ^2c w�� �E^�c fc w�o� d�Efc ^2c w�� �Efc fc w�o : f

Wklv lq wxuq pd| eh zulwwhq dv
] ^2

�'f
�2E^�c ��_��

] ^2

�'f
�2Efc ��_� : f

zklfk ehfrphv
] ^2

�'f
d�2E^�c ��� �2Efc ��o _� : f

44Qrwlfh wkdw khuh zh duh wdnlqj htxloleulxp rxwsxw ydoxhv/ zklfk lq wxuq ghshqg rq �1
45Wklv uhvxow lv d uhvwdwhphqw ri Sursrvlwlrq 7E4 e| Edxpro hw do1 +4<;5,1
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dqg wkhq 0 iroorzlqj wkh vdph surfhgxuh/

] ^�

r'f

] ^2

�'f
�2�Erc ��_r_� : f

zklfk krogv zkhq �2� : f/ surylqj wkh uhvxow1 Wkh fdvh ri vxevwlwxwhv lv
frpsohwho| dqdorjrxv1

Wkh iroorzlqj uhvxow vkrzv wkdw wkh lqfuhdvh lq wkh uhvhuydwlrq xwlolw| gxh
wr wkh rswlrq wr dffhsw rqh frqwudfw rqo| doorzv dw ohdvw vrph djhqwv wr
h{wudfw d odujhu uhqw1

Sursrvlwlrq 6 Lq wkh QLF surjudp/ xqghu wkh vdph frqglwlrqv dv lq Sursr0
vlwlrq 4/ wkh iroorzlqj krogv=

+l, Doo djhqwv jhw d xwlolw| ohyho juhdwhu ru htxdo wr wkh rqh wkh| jhw xqghu

lqwulqvlf frpprq djhqf|
k
E���

U�
l
1

+ll, Zlwk vxevwlwxwdelolw| doo djhqwv jhw d xwlolw| ohyho vwulfwo| juhdwhu wkdq
wkh rqh wkh| jhw xqghu lqwulqvlf frpprq djhqf|1

+lll, Zlwk frpsohphqwdu| rxwsxwv/ djhqwv jhw wkh vdph xwlolw| wkh| jhw
xqghu lqwulqvlf frpprq djhqf|1

Surri1 46

+l, Wulyldoo| iroorzv iurp +4;,1
+ll, Wkh djhqwv* uhqwv duh wkh vxp ri wzr frpsrqhqwv= wkh uhqw dffuxhlqj

wr wkh zruvw w|sh +lq wkh suhvhqw fdvh/ eLEfc ^�Efc 7w�c 7w� iru sulqflsdo � dqg
dqdorjrxvo| iru sulqflsdo �, dqg d whup ghshqglqj rq ^� dqg ^�1 Dv htxl0
oleulxp rxwsxw ohyhov duh wkh vdph lq QLF dv zlwk lqwulqvlf frpprq djhqf|/
wkh yduldeoh frpsrqhqw lv wkh vdph lq wkh wzr fdvhv dqg wkh uhqwv pd| gl�hu
rqo| li wkh xwlolw| ohyhov ri wkh zruvw djhqw lq wkh wzr fdvhv gl�hu1

Dv zlwk lqwulqvlf frpprq djhqf| LE7w� ' f/ zh rqo| kdyh wr suryh wkdw
zlwk vxevwlwxwdelolw| LE7w� ' eLEfc ^�Efc 7w�c 7w� : f1 Wkh surri surfhhgv lq wzr
vwhsv1 Iluvw/ zh vkrz wkdw lw lv lpsrvvleoh wr kdyh erwk LEfc ^�Efc 7w�c 7w� 	 f
dqg LE^�Efc 7w�c fc 7w� 	 f1 Wkhq zh suryh wkdw LEfc ^�Efc 7w�c 7w� � f lpsolhv
LE^�Efc 7w�c fc 7w� : f/ vr wkdw eL : f1

Iluvw vwhs1 Dvvxph rq wkh frqwudu| wkdw LEfc ^�Efc 7w�c 7w� 	 f dqg LE^�Efc 7w�c fc 7w� 	
f/ zklfk lpso| wzr wklqjv1 Iluvw/ LE7w� ' fc dqg wkhq LEfc ^�Efc 7w�c 7w�n
LE^�Efc 7w�c fc 7w� 	 f1

46Wkh vwudwhj| zh iroorz lv vrphkrz uhodwhg wr wkh rqh hpsor|hg e| Lydogl dqg Pduwl0

pruw +4<<7, lq d gl�huhqw frqwh{w1
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E| wkh gh�qlwlrq ri LE7w� zh kdyh

LE^�E7w�c ^�E7w�c 7w� '4@ 
^�c^�

k
�E^�c ^�c 7w�� 7%� � %�E^��� 7%� � %�E^��

l
' f +53,

Wkh gh�qlwlrq ri LEfc ^�E7w�c 7w� lv

LEfc ^�Efc 7w�c 7w� '4@ 
^�

k
�Efc ^�c 7w�� 7%� � %�E^��

l
+54,

dqg dqdorjrxvo| iru LE^�Efc 7w�c fc 7w�1 Iurp +53, zh fdq rewdlq dq h{suhvvlrq
iru 7%� n 7%� zklfk/ vxevwlwxwhg lq LEfc ^�Efc 7w�c 7w�n LE^�Efc 7w�c fc 7w� 	 f/ jlyhv

4@ 
^�

k
�Efc ^�c 7w�� %�E^��

l
n 4@ 

^�

k
�E^�c fc 7w�� %�E^��

l
n

� 4@ 
^�c^�

k
�E^�c ^�c 7w�� %�E^��� %�E^��

l
	 f +55,

Wklv lv lpsrvvleoh1 Lq idfw/ Ohppd 5 vkrzv wkdw/ gxh wr vxevwlwxwdelolw|/
�E^�c ^�c 7w� � %�E^�� � %�E^�� 	 �Efc ^�c 7w� � %�E^��n �E^�c fc 7w� � %�E^�� zklfk
krogv d iruwlrul zkhq zh wdnh wkh pd{lpxp ri erwk vlghv1 Wkhuhiruh/ zh
fdqqrw kdyh erwk LEfc ^�Efc 7w�c 7w� 	 f dqg LE^�Efc 7w�c fc 7w� 	 f> dw ohdvw rqh
ri wkhvh h{suhvvlrqv pxvw eh qrq0qhjdwlyh1

Ohw xv qrz wxuq wr wkh vhfrqg vwhs1 Jlyhq wkh suhylrxv uhvxow/ wdnh
LE^�Efc 7w�c fc 7w� � f� Wr rewdlq dq h{suhvvlrq iru 7%�/ frqvlghu wkh iroorzlqj1 Lq
wkh jdph zlwk sulqflsdo � wkh zruvw w|sh djhqw zloo rqo| jhw klv uhvhuydwlrq
xwlolw|1 Frqglwlrq LE^�E7w�c ^�E7w�c 7w� ' eLE^�E7w�c fc 7w� iru sulqflsdo � fdq eh
uhzulwwhq dv

4@ 
^�c^�

k
�E^�c ^�c 7w�� 7%� � %�E^��� 7%� � %�E^��

l
'4@ 

^�

k
�E^�c fc 7w�� 7%� � %�E^��

l

ru/

7%� '4@ 
^�c^�

k
�E^�c ^�c 7w�� %�E^��� %�E^��

l
� 4@ 

^�

k
�E^�c fc 7w�� %�E^��

l
+56,

Vxevwlwxwlqj 7%� lqwr +54, zh kdyh

LEfc ^�Efc 7w�c 7w� '4@ 
^�

k
�E^�c fc 7w�� %�E^��

l
n 4@ 

^�

k
�Efc ^�c 7w�� %�E^��

l
�

� 4@ 
^�c^�

k
�E^�c ^�c 7w�� %�E^��� %�E^��

l
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Qrwlfh wkdw �E^�c fc 7w��%�E^��n�Efc ^�c 7w��%�E^�� : �E^�c ^�c 7w��%�E^���%�E^��
iru jlyhq rxwsxw ohyhov/ ehfdxvh ri wkh vxevwlwxwdelolw|1 Wklv krogv d iruwlrul
zkhq zh wdnh wkh pd{lpxp ri erwk vlghv/ dqg wkhuhiruh LEfc ^�Efc 7w�c 7w� : f�

Wklv vhfrqg vwhs lpsolhv wkdw LEfc ^�Efc 7w�c 7w� dqg LE^�Efc 7w�c fc 7w� duh erwk
vwulfwo| srvlwlyh/ zklfk suryhv wkh srlqw1

+lll, Frqfhuqlqj frpsohphqwdu| rxwsxwv/ Sursrvlwlrq 4 vkrzv wkdw wkh
qhw uhqw +L � eL, lv ghfuhdvlqj lq w� Lw lv wkhq rswlpdo wr vhw frqglwlrqv +4;,
zlwk htxdolw| iru 7w� Zh qrz vkrz wkdw wkh ydoxh ri eLE7w� +wkh pd{lpxp
rxwvlgh rswlrq iru w|sh 7w, lv }hur lq wkh jdph djdlqvw dw ohdvw rqh sulqflsdo1
Dv d frqvhtxhqfh wkh htxdolw| ri htxloleulxp uhqw zlwk wkh +}hur, rxwvlgh
rssruwxqlw| lpsolhv wkdw w|sh 7w jhwv wkh vdph +}hur, uhqw zlwk lqwulqvlf dqg
qrq0lqwulqvlf frpprq djhqf| +frqglwlrqv +4;, duh vdwlv�hg zlwk htxdolw| iru
7wc dqg iru dw ohdvw rqh ri wkh wzr wkh u1k1v1 lv }hur, wkxv frqfoxglqj wkh surri1

Wr suryh wkdw eLE7w� ' f zlwk dw ohdvw rqh sulqflsdo/ dvvxph wkh frq0

wudu|/ l1h1 wkdw eLEfc ^�Efc 7w�c 7w� '4@ 
^�

k
�Efc ^�c w�� 7%� � %�E^��

l
: f dqg

eLE^�Efc 7w�c fc 7w� '4@ 
^�

k
�E^�c fc w�� 7%� � %�E^��

l
: f1 Xvlqj +56,/ zh fdq re0

wdlq 7%� dqg 7%�> vxpplqj xs zh jhw

� E7%� n 7%��n 4@ 
^�c^�

k
�E^�c ^�c 7w�� %�E^��� %�E^��

l
'

'4@ 
^�

k
�E^�c fc 7w�� %�E^��

l
n 4@ 

^�

k
�Efc ^�c 7w�� %�E^��

l
�

� 4@ 
^�c^�

k
�E^�c ^�c 7w�� %�E^��� %�E^��

l
+57,

Wkh u1k1v1 lv qhjdwlyh/ jlyhq Ohppd 5/ lq wkh vdph zd| dv +55, lv qrw +qrwlfh
wkdw khuh zh frqvlghu wkh rssrvlwh fdvh ri frpsohphqwdu| rxwsxwv,1 Dv d frq0
vhtxhqfh wkh o1k1v1 lq +57, lv dovr qhjdwlyh1 Exw wklv lpsolhv LE^�E7w�c ^�E7w�c 7w� 	
f zklfk lv lpsrvvleoh1 Wklv hvwdeolvkhv d frqwudglfwlrq1

Srlqw +ll, ri wklv Sursrvlwlrq lqghhg vkrzv wkdw wkh frpshwlwlrq ehwzhhq
wkh sulqflsdov ohdyhv wkh djhqw zlwk d xwlolw| ohyho vwulfwo| juhdwhu wkdq wkh rqh
kh jhwv xqghu lqwulqvlf frpprq djhqf|1 Zkhq rxwsxwv duh vxevwlwxwhv/ lq0
fuhdvlqj wkh rxwsxw uhtxluhg e| rqh sulqflsdo pdnhv rshudwlqj zlwk wkh rwkhu
sulqflsdo pruh frvwo|1 Dv d frqvhtxhqfh wkh wkuhdw wr ohdyh rqh sulqflsdo dqg
frqwudfw rqo| zlwk wkh rwkhu lv fuhgleoh1

Rq wkh frqwudu| zlwk frpsohphqwv wkh wkuhdw wr sduwlflsdwh rqo| zlwk
wkh rwkhu sulqflsdo ehfrphv qrq0fuhgleoh ehfdxvh wkh djhqw klpvhoi suhihuv
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wr surgxfh zlwk erwk1 Wkh uhqw lv wkhq wkh vdph wkh djhqw fdq jhw zkhq kh
lv reoljhg wr ghdo zlwk erwk ri wkhp1

Uhihuhqfhv

^4` Edurq/ G1/ 4<;8/ Qrqfrrshudwlyh uhjxodwlrq ri d qrqorfdol}hg h{whuqdolw|/
Udqg Mrxuqdo ri Hfrqrplfv/ 49/ 7/ 886089:1

^5` Edxpro/ Z1/ M1 Sdq}du dqg U1 Zloolj/ 4<;5/ Frqwhvwdeoh pdunhwv dqg
wkh wkhru| ri lqgxvwu| vwuxfwxuh/ Kdufrxuw Eudfh Mrydqrylfk/ Qhz \run1

^6` Ehuqkhlp/ E1G/ dqg P1G1 Zklqvwrq/ 4<;8/ Frpprq pdunhwlqj djhqf|
dv d ghylfh iru idflolwdwlqj frooxvlrq/ Udqg Mrxuqdo ri Hfrqrplfv/ 49/
59<05;51

^7` Ehuqkhlp/ E1G dqg P1G1 Zklqvwrq/ 4<;9/ Frpprq djhqf|/ Hfrqrphw0
ulfd/ 87/ <560751

^8` Ehuqkhlp/ E1G dqg P1G1 Zklqvwrq/ 4<<;/ H{foxvlyh ghdolqj/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 439/ 9704361

^9` Eljodlvhu J1 dqg F1 Ph}}hwwl/ 4<<6/ Sulqflsdov frpshwlqj iru dq djhqw lq
wkh suhvhqfh ri dgyhuvh vhohfwlrq dqg prudo kd}dug Mrxuqdo ri Hfrqrplf
Wkhru|/ 94/ 63506631

^:` Fdo}rodul/ J1/ 4<<;/ Uhjxodwlrq lq dq lqwhuqdwlrqdo vhwwlqj1 Wkh fdvh ri
d pxowlqdwlrqdo hqwhusulvh/ plphr/ Xqlyhuvlw| ri Wrxorxvh1

^;` Lydogl/ P1 dqg G1 Pduwlpruw/ 4<<7/ Frpshwlwlrq xqghu qrqolqhdu sulflqj/
Dqqdohv g*Hfrqrplh hw gh Vwdwlvwltxh/ 67/ :404471

^<` Mxoolhq/ E1/ 4<<:/ Sduwlflsdwlrq frqvwudlqwv lq dgyhuvh vhohfwlrq prghov/
Grfxphqw gh Wudydlo q19:/ LGHL/ Xqlyhuvlw| ri Wrxorxvh1

^43` Pduwlpruw/ G1 4<<5/ Pxowl0sulqflsdx{ dyhf dqwl0vhohfwlrq/ Dqqdohv g*h0
frqrplh hw gh Vwdwlvwltxh/ 5;/ 406:1

^44` Pduwlpruw/ G1/ 4<<9/ H{foxvlyh ghdolqj/ frpprq djhqf|/ dqg pxowlsulq0
flsdov lqfhqwlyh wkhru|/ Udqg Mrxuqdo ri Hfrqrplfv/ 5:/ 40641

49



^45` Pduwlpruw/ G1 dqg O1 Vwroh 4<<:/ Frppxqlfdwlrq vsdfhv/ htxloleuld vhwv/
dqg wkh uhyhodwlrq sulqflsoh xqghu frpprq djhqf|/ Wkh Xqlyhuvlw| ri
Fklfdjr Judgxdwh Vfkrro ri Exvlqhvv glvfxvvlrq sdshu Q1 VWH35<1

^46` Rovhq/ W1 H1 dqg S1 Rvpxqgvhq/ 4<<;/ Vwudwhjlf wd{ frpshwlwlrq> lp0
solfdwlrqv ri qdwlrqdo rqzhuvkls/ Zrunlqj sdshu Qr1 43<;/ Xqlyhuvlw| ri
Ehujhq1

^47` Vwroh/ O1D1/ 4<<5/ Phfkdqlvp ghvljq xqghu frpprq djhqf|/ plphr/
Xqlyhuvlw| ri Fklfdjr1

4:


