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Rswlpdo Lqfhqwlyh Uhjxodwlrq ri

Pxowlqdwlrqdo Hqwhusulvhv�

Jldfrpr FDO]RODUL|

Iluvw yhuvlrq/ Iheuxdu| 4<<;
Wklv yhuvlrq/ Vhswhpehu 4<<<

Devwudfw

Pxowlqdwlrqdo hqwhusulvhv +PQHv, sod| d elj uroh lq wkh hfrqrp| ri pdq| frxq0
wulhv1 Uhfhqwo| hyhq vhfwruv zlwk d orqj uhjxodwru| wudglwlrq kdyh idfhg vxevwdqwldo

dfwlylw| e| pxowlqdwlrqdov1 Wkhlu lqwhughshqghqw lqwhuqdwlrqdo dfwlylwlhv dqg wkh
fuhgleoh wkuhdwv wr uhorfdwh duh qhz frqfhuqv iru uhjxodwruv1 L vwxg| d pxowlsulq0

flsdo prgho lq zklfk d sulydwho| lqiruphg PQH surgxfhv iru wzr frxqwulhv dqg lv
uhjxodwhg e| wkh wzr qdwlrqdo dxwkrulwlhv1 L vkrz wkdw vwdqgdug wkhru| lq wkh hfr0

qrplfv ri uhjxodwlrq pxvw eh uhfrqvlghuhg lq d zruog zlwk PQHv dqg qryho uhvxowv
dulvh1 Iru h{dpsoh/ wkh �up pd| hqjdjh lq furvv0vxevlgl}dwlrq dfwlylwlhv dprqj wkh
vxevlgldulhv/ wkxv idyrulqj rqh ri wkh wzr frxqwulhv1 L wkhq vkrz zkdw uhjxodwruv

orrvh zkhq wkh| gr qrw dghtxdwh qdwlrqdo uhjxodwlrqv wr wkh lqwhuqdwlrqdo shuvshf0
wlyh1 Ilqdoo|/ L vwxg| PQH*v lqfhqwlyhv wr oree| wkh wzr qrq0ehqhyrohqw uhjxodwruv

dqg dqdo|}h rswlpdo rzqhuvkls sdwwhuqv dv d vxevwlwxwh iru lqwhuqdwlrqdo frrshudwlrq
lq uhjxodwlrq1

Nh|zrugv= Pxowlqdwlrqdo Hqwhusulvhv/ Uhjxodwlrq/ Dv|pphwulf Lqirupdwlrq/ Pxo0
wlsulqflsdo/ Oree|lqj1

M1H1O1 fodvvl�fdwlrq= O84/ I561

�L dp yhu| lqghewhg wr Mhdq Fkduohv Urfkhw iru klv uhvhdufk dgylfh1 L dp vshfldoo| judwhixo wr Dohvvdq0
gur Ol}}hul iru klv khosixo frpphqwv dqg wr Gdylg Pduwlpruw iru yhu| khosixo glvfxvvlrqv rq suholplqdu|
yhuvlrqv ri wklv sdshu1 L dovr sur�whg iurp glvfxvvlrqv zlwk Jlrujlr Edvhyl/ Oduv Vwroh/ Shwwhu Rvpxqg0
vhq/ Fduor Vfdusd/ Slhur Whghvfkl/ Mhdq Mdtxhv Od�rqw/ dqg vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri
Erorjqd/ Ehujhq dqg Wrxorxvh1 Wkh sdshu kdv ehhq suhvhqwhg dw wkh 4<<; DVVHW/ 4<<< HHD dqg 4<<<
HDULH phhwlqjv1 Wkh xvxdo glvfodlphu dssolhv1

|JUHPDT/ Xqlyhuvlwì ghv Vflhqfhv Vrfldohv gh Wrxorxvh/ Pdqxidfwxuh ghv Wdedfv/ Edw1I/ 54/ Dooìh
gh Eulhqqh/ 64333 Wrxorxvh dqg Xqlyhuvlw| ri Erorjqd/ Lwdo|1 H0pdlo= fdo}roduCvser1xqler1lw

4



4 Lqwurgxfwlrq

Pxowlqdwlrqdo hqwhusulvhv +PQHv khqfhiruwk, sod| d elj uroh lq wkh hfrqrp| ri pdq|

frxqwulhv14 Uhfhqwo| hyhq xwlolw| vhfwruv kdyh idfhg vxevwdqwldo dfwlylw| e| pxowlqdwlrq0

dov1 Pruhryhu/ lqwhuqdwlrqdol}dwlrq lq vhfwruv zlwk d orqj uhjxodwru| wudglwlrq vxfk dv

whohfrppxqlfdwlrq/ edqnlqj dqg lqvxudqfh/ lv pdlqo| wdnlqj sodfh wkurxjk iruhljq or0

fdwhg vxevlgldulhv15 JGI0HGI/ wkh Iuhqfk iruphu hqhuj| prqrsrolvw/ kdv uhfhqwo| df0

txluhg Orqgrq Hohfwulflw| dq lpsruwdqw hqhuj| surylghu lq wkh X1N1 Lq 4<<6 wkh jurxs

Djxdv Dujhqwlqdv ohg e| wkh Iuhqfk pxowlqdwlrqdo Ylyhqgl/ uhfhlyhg d 630|hdu uhjxodwhg

frqfhvvlrq wr vhuyh zdwhu dqg zdvwhzdwhu vhuylfhv wr < ploolrq lqkdelwdqwv ri phwursro0

lwdq Exhqrv Dluhv1 Wkh XN �up Fdeoh ) Zluhohvv kdg d pdmrulw| vwdnh lq Krqj Nrqj

Whohfrp/ wkh pdlq orfdo whohfrp vhuylfhv surylghu xqwlo 4<<: dqg vwloo surylghv uhjxodwhg

vhuylfhv lq Dxvwudold/ Uxvvld/ wkh Fduleehdq dqg Vzhghq1 Wkh Iuhqfk lqvxudqfh �up D[D

rzqv Htxlwdeoh Olih/ rqh ri wkh Qruwk Dphulfd*v eljjhvw olih lqvxuhu dqg Fdqdgd*v Eruìdo

Dvvxudqfhv/ wkh frxqwu|*v irxuwk odujhvw olih lqvxuhu1

Wkhvh ghyhorsphqwv udlvh lqwhuhvwlqj uhvhdufk lvvxhv iru wkh hfrqrplfv ri uhjxodwlrq1

Wkh �Qhz Uhjxodwru| Hfrqrplfv� +Edurq ^4<;<` dqg Od�rqw dqg Wluroh ^4<<6`, kdv jhq0

hudwhg d zhoo ghyhorshg wrro0er{ iru wklqnlqj derxw wkh sureohpv idfhg e| uhjxodwruv1

Lqirupdwlrqdo dv|pphwulhv ehwzhhq wkh uhjxodwru dqg wkh uhjxodwhg �up zhuh sodfhg dw

wkh fhqwhu ri wkh uhjxodwru| duhqd1 Krzhyhu/ wklv wrro0er{ lv qrw gluhfwo| dssolfdeoh wr wkh

sureohp ri uhjxodwlqj pxowlqdwlrqdo hqwhusulvhv1 Wklv lv ehfdxvh pxowlqdwlrqdo �upv duh

vxemhfw wr uhjxodwlrq e| vhyhudo lqghshqghqw uhjxodwruv1 Wkh uxohv lpsrvhg e| d uhjxodwru

lq frxqwu| D riwhq d�hfw wkh ehkdylru ri wkh pxowlqdwlrqdo lq frxqwu| E1 Wkxv/ hdfk uhj0

xodwru kdv wr uhfrjql}h wkdw wkh rswlpdo srolf| d�hfwv dqg ghshqgv rq wkh srolf| lq sodfh

lq wkh rwkhu frxqwulhv1 Lq rwkhu zrugv/ uhjxodwruv idfh d sureohp ri frpprq djhqf|16 Wkh

dlp ri wklv sdshu lv wr surylgh d jhqhudo dqdo|vlv ri wklv sureohp1

L prgho d PQH frpsrvhg e| wkuhh ghsduwphqwv ru vxevlgldulhv1 D �uvw ghsduwphqw

surgxfhv dq lqwhuphgldwh lqsxw vshfl�f wr wkh PQH1 Wkh rwkhu wzr ghsduwphqwv duh �qdo

vwdjh vxevlgldulhv zklfk duh orfdwhg lq gl�huhqw frxqwulhv dqg vxsso| orfdo pdunhwv e|

wudqviruplqj wkh lqwhuphgldwh lqsxw17 Hdfk frxqwu| uhjxodwhv orfdo rxwsxw18 L glvfxvv wzr

srvvlelolwlhv= L �uvw dvvxph wkdw �qdo vwdjh frvwv duh qrw revhuydeoh e| uhjxodwruv1 Wkhq L

4Zruog vdohv ri doo pxowlqdwlrqdov iruhljq d!oldwhv zhuh << shu fhqw ri zruog h{sruwv lq 4<;8 dqg 455
shu fhqw lq 4<<41 Wkxv/ iurp 4<<4/ lqwhuqdwlrqdo surgxfwlrq kdv vxusdvvhg h{sruw dv wkh sulqflsdo phdq
wr gholyhu jrrgv dqg vhuylfhv wr iruhljq pdunhwv +XQFWG ^4<<9`,1

5Dqrwkhu h{sodlqdwlrq iru wkh gl�xvlrq ri PQHv lv wkdw rxwsxwv ri vhyhudo uhjxodwhg vhfwruv duh qrq0
wudghdeoh vhuylfhv/ wkxv wkh PQH lv wkh rqo| srvvlelolw| wr vhuyh iruhljq pdunhwv1

6Vhh Ehuqkhlp dqg Zklqvwrq ^4<;9`/ Pduwlpruw ^4<<5` dqg Vwroh ^4<<5`1
7Hfrqrplf wkhru| vkrzv wkdw PQHv whqg wr suhydlo ryhu vwdqgdug qdwlrqdo �upv lq fhuwdlq lqvwdqfhv1

Rqh ri wkh doohjhg uhdvrqv iru PQHv* vxshulrulw| lv wkhlu delolw| wr h{sorlw lqwhuqdoo| surgxfhg lqsxwv
pdq| wlphv iru vhyhudo surgxfwlrq idflolwlhv +vhh Pdunxvhq ^4<<8`,1 H{dpsohv ri wkhvh doprvw sxeolf
lqsxwv dvvhwv duh khdgtxduwhuv dfwlylwlhv/ U)G/ whfkqrorjlfdo nqrzohgjh/ sdwhqwv/ eudqg qdph dqg �up
uhsxwdwlrq1 Lqwhuhvwlqjo|/ wkhvh dvvhwv riwhq fkdudfwhul}h uhjxodwhg vhfwruv dqg wklv pd| h{sodlq wkh
gl�xvlrq ri PQHv lq wkhvh vhfwruv1

8Wr p| nqrzohgjh rqo| wzr sdshuv h{lvw ghdolqj zlwk PQH uhjxodwlrq/ Erqg dqg Juhvln ^4<<9` dqg
Fdo}rodul ^4<<;`1 Krzhyhu/ erwk wkhvh sdshuv vwxg| d PQH vhoolqj rxwsxw rqo| lq wkh iruhljq pdunhw1
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doorz iru wkh srvvlelolw| wkdw wklv yduldeoh ehfrphv revhuydeoh1 Wkhvh dowhuqdwlyh vfhqdulrv

uh hfw gl�huhqw fkdudfwhulvwlfv ri wkh lqsxwv +h1j1/ sk|vlfdo lqsxwv yhuvxv pdqdjhuldo h�ruw,1

Zlwk qrq revhuydelolw| wkh prgho sdudoohov wkh Edurq dqg P|huvrq ^4<;5` iudphzrun zlwk

xq0revhuydeoh vxe0frvw1 Zkloh wkh fdvh ri lqsxw revhuydelolw| iroorzv wkh wudglwlrq rq

revhuydeoh vxe0frvwv +vhh Od�rqw dqg Wluroh ^4<;9`,1

Vlqfh wkh �up lv uhjxodwhg e| wzr qdwlrqdo dxwkrulwlhv L prgho wkh sureohp dv d

pxowlsulqflsdo uhodwlrqvkls zkhuh wkh PQH lv wkh sulydwho| lqiruphg frpprq djhqw dqg

wkh uhjxodwruv duh wkh sulqflsdov1 L vkrz wkdw wkh xvh ri lqwhuphgldwh lqsxwv jhqhudwhv

dq lpsruwdqw olqn ehwzhhq qdwlrqdo uhjxodwlrqv1 Wklv hqylurqphqw suhvhqwv vhyhudo qryho

lvvxhv dqg vwdqgdug uhvxowv lq wkh hfrqrplfv ri uhjxodwlrq pxvw eh uhfrqvlghuhg lq d zruog

zlwk PQHv1

Xqghu idluo| vwdqgdug flufxpvwdqfhv/ qdwlrqdo uhjxodwlrqv d�hfw hdfk rwkhu lq d qrq

wulyldo zd|1 Lqwhuqdo surgxfwlrq ri lqwhuphgldwh lqsxwv lv d ixqgdphqwdo dqg vshfl�f frp0

srqhqw ri wkh dfwlylw| ri PQHv1 Wklv fkdudfwhulvwlf uhqghuv yhu| sodxvleoh wkh dvvxpswlrq

wkdw uhjxodwruv duh lqfrpsohwho| lqiruphg derxw h!flhqf| lq wklv surgxfwlrq skdvh1 Dq

lpsruwdqw uroh lv wkhq sod|hg e| wkh ghjuhh ri uhwxuqv wr vfdoh lq wkh surgxfwlrq ri lqsxwv

dqg wkh ghjuhh ri dv|pphwu| ehwzhhq wkh wzr frxqwulhv1 +Dv|pphwulhv ruljlqdwh iurp

qdwlrqdo ghpdqgv dqg2ru frxqwu|0vshfl�f zhljkwv xvhg e| uhjxodwruv wr hydoxdwh PQH*v

sur�w djdlqvw frqvxphu vxusoxv1, Lq d v|pphwulf vhwwlqj zlwk ghfuhdvlqj uhwxuqv wr vfdoh

lq surgxflqj wkh lqsxwv +GUV,/ lqwhudfwlrq ehwzhhq qdwlrqdo uhjxodwlrqv ohdgv wr pruh

srzhuixo lqfhqwlyh frqwudfwv li sur�w zhljkwv duh vx!flhqwo| vpdoo1 Wkh PQH lv lqgxfhg

wr lqfuhdvh surgxfwlrq lq doo grphvwlf pdunhwv dv frpsduhg zlwk frrshudwlqj uhjxodwruv1

Wkh frqwudu| lv wuxh li sur�wv zhljkwv duh odujh ru li whfkqrorj| h{klelwv lqfuhdvlqj uhwxuqv

wr vfdoh +LUV,1

Sur�w zhljkwv duh d�hfwhg lq wzr zd|v1 Wkh pruh grphvwlf flwl}hqv rzq wkh �up/

wkh pruh wkh uhjxodwru hydoxdwhv PQH*v sur�w1 Rq wrs ri wkdw/ lw lv d zhoo grfxphqwhg

idfw wkdw PQHv kdyh d vwurqj edujdlqlqj srzhu ylv d ylv krvw frxqwulhv dqg pd| hqjdjh

lq frxqwu| vshfl�f oreelqj dfwlylwlhv wr lqfuhdvh jryhuqphqwv* lqwhuhvw lq PQH*v sur�wv19

Wkxv/ lq wkh prgho wkh PQH oreelhv qrq0ehqhyrohqw uhjxodwruv dqg lv deoh wr ulvh uhj0

xodwruv* frqfhuq iru sur�wv1 L wkhq vkrz krz dv|pphwulf lqwhuqdwlrqdo rzqhuvkls dqg

oree|lqj dfwlylwlhv d�hfw grphvwlf uhjxodwlrqv dqg surgxfwlrq1 Zlwk GUV/ li wkh PQH

prvwo| oreelhv dqg2ru lv rzqhg e| rqh frxqwu|/ wkhq wkh frxqwu| zlwk wkh odujhvw sur�w

zhljkw idfhv/ fhwhulv sdulexv/ d orzhu sulfh dqg frqvxphv pruh wkdq wkh rwkhu1 Wkxv

wkh PQH idyruv wkdw frxqwu| furvv0vxevlgl}lqj orfdo surgxfwlrq dqg *gxpslqj* rq wkdw

pdunhw1 Pruhryhu/ wkh frxqwu| zlwk wkh odujhvw zhljkw ryhu0frqvxphv dqg wkh rwkhu

xqghu0frqvxphv zlwk uhvshfw wr �uvw ehvw1 Vlploduo|/ wkh frxqwu| zlwk wkh ohdvw hodvwlf

ghpdqg ryhu0frqvxphv dqg wkh rwkhu xqghu0frqvxphv1 Lqwhuhvwlqjo|/ iru vrph sdudphwhu

ydoxhv/ dq dv|pphwulf htxloleulxp h{lvwv lq zklfk rqh uhjxodwru lv reoljhg wr r�hu wkh

vdph uhjxodwlrq frqwudfw iru doo wkh srvvleoh PQH*v w|shv1

Lq d frqwh{w olnh wkh Hxurshdq Xqlrq rqh frxog wu| wr lpsohphqw frrshudwlrq ehwzhhq

frxqwulhv ghohjdwlqj doo wkh qdwlrqdo srzhuv wr d vxsud0qdwlrqdo uhjxodwru| erg|1 Krzhyhu/

9Iru h{dpsoh/ wkh �up fdq euleh qdwlrqdo uhjxodwruv ru fdq hqjdjh lq frxqwu| vshfl�f dgyhuwlvlqj
fdpsdljqv wr ulvh flwl}hqv* jhqhudo lqwhuhvwv lq wkh �up +Judkdp dqg Nuxjpdq ^4<<4`,1
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dw wkh wlph ehlqj wklv ghohjdwlrq surfhvv vhhpv xq0uhdolvwlf dqg dq dowhuqdwlyh lv wr vhw dq

rswlpdo rzqhuvkls vwuxfwxuh ohwwlqj qdwlrqdo dxwkrulwlhv wr uhjxodwh qrq0frrshudwlyho|1 L

vkrz wkdw lq d v|pphwulf zruog frxqwulhv suhihu wr htxdoo| vkduh rzqhuvkls dqg/ zkhqhyhu

wkhuh duh GUV/ wkh PQH suhihuv wr htxdoo| oree| wkh wr uhjxodwruv1 Rq wkh frqwudu|/

zlwk LUV wkh PQH suhihuv wr frqfhqwudwh oree|lqj wrzdugv d vlqjoh uhjxodwru1 Pruh

frpsoh{ uhvxowv dulvh e| lqwurgxflqj dv|pphwulhv1 Iru h{dpsoh/ zkhq pdunhw ghpdqgv

duh htxdo/ exw rqh frxqwu| kdv d vpdoohu rzqhuvkls vkduh/ wkh PQH suhihuv wr doorfdwh pruh

oree|lqj uhvrxufhv wr wkdw frxqwu| zlwk GUV dqg wr wkh rwkhu zlwk LUV1 Lqwhuhvwlqjo|/ li

wkh oree|lqj dfwlylw| lv lqwhqvh/ lw pd| eh suhihudeoh +iurp wkh srlqw ri ylhz ri frxqwulhv*

zhoiduhv,/ wr kdyh wzr lqghshqghqw +qrq0ehqhyrohqw, uhjxodwruv lqvwhdg ri d vlqjoh rqh

lpsohphqwlqj lqwhuqdwlrqdo frrshudwlrq1

Pxowlqdwlrqdov duh riwhq vdlg wr deoh wr �111 hvfdsh wkh uhjxodwru| uhdfk ri dq| qdwlrqdo

jryhuqphqw� +Fdyhv ^4<<9` sdjh 58:,1 Dffruglqj wr wklv �vryhuhljqw| dw ed| vfkrro�

PQHv duh lq d srvlwlrq wr sod| qdwlrqdo uhjxodwlrqv hdfk djdlqvw wkh rwkhuv dqg wklv

ehfrphv dq dgglwlrqdo frqvwudlqw iru qdwlrqdo uhjxodwruv1 Lq wkh prgho L wkxv doorz wkh

�up wr vkxw grzq surgxfwlrq lq rqh frxqwu|1 Wkh PQH fdq fkrrvh wr surgxfh lq wkh

frxqwu| zlwk wkh prvw idyrudeoh uhjxodwlrq dqg pdnh frxqwulhv frpshwlqj iru lwv vhuylfhv1

L vkrz wkdw frpshwlwlrq ehwzhhq frxqwulhv iru wkh PQH*v surgxfwlrq srvvleo| lqfuhdvhv

�up*v sur�w1 Ilqdoo|/ L vwxg| wkh fdvh lq zklfk rqh ri wkh wzr uhjxodwruv uhpdlqv sdvvlyh

dqg grhv qrw uhdol}h wkh lqwhuqdwlrqdo glphqvlrq ri wkh �up*v dfwlylwlhv1

Lq vhfwlrq 5 L suhvhqw wkh prgho dqg lq vhfwlrq 6 L vroyh wkh uhjxodwlrq jdph1 L �uvw

dgguhvv wkh fdvh zlwk qr vxe0frvw revhuydelolw| surylglqj dovr wkh ehqfkpdunv zlwk ixoo

lqirupdwlrq dqg dv|pphwulf lqirupdwlrq zlwk frrshudwlqj frxqwulhv1 L vwxg| wkh h�hfwv

ri lqwhuqdwlrqdo frpshwlwlrq dqg wkhq L lqwurgxfh vxe0frvw revhuydelolw|1 Lq vhfwlrq 7

L vwxg| htxloleulxp surgxfwlrqv/ furvv0frxqwu| vxevlgl}dwlrq dqg sdvvlyh uhjxodwlrq1 Lq

vhfwlrq 8 L frpsohwho| vroyh d sur{| olqhdu0txdgudwlf prgho1 Lq vhfwlrq 9 L vwxg| wkh

h�hfwv ri rzqhuvkls sdwwhuqv dqg PQH*v oree|lqj dfwlylw|1 Ilqdoo|/ L frqfoxgh lqwurgxflqj

h{whqvlrqv dqg rqjrlqj uhvhdufk uhodwhg wr wklv sdshu1 Doo wkh surriv duh lq wkh dsshqgl{1

5 Wkh prgho

D pxowlqdwlrqdo surgxfhv dqg vhoov �qdo rxwsxwv +_ dqg +s uhvshfwlyho| lq frxqwu| _ +_

iru grphvwlf, dqg s +iruhljq,1 Wkh uhyhqxh wkh �up rewdlqv lq frxqwu| � lv -� E+�� '

+� R�E+��c zkhuh R�E�� lv pdunhw � lqyhuvh ghpdqg� Rxwsxwv duh qrq0wudghdeoh dqg pdunhwv

duh vhsdudwhg zlwk lqghshqghqw ghpdqgv1 Vxevlgldu| orfdwhg lq frxqwu| � surgxfhv rxwsxw

+� pdnlqj xvh ri surgxfhg lqsxw ^� dqg orfdoo| hpsor|hg oderu u� +zdjh udwh lv qrupdol}hg

wr rqh,1 Wkh �qdo vwdjh surgxfwlrq ixqfwlrq +� ' s E^�cu�� lv wkh vdph iru wkh wzr rxwsxw

surgxflqj vxevlgldulhv1:

Lqwhuphgldwh lqsxwv ' ' ^s n ^_ duh surgxfhg e| d wklug xqlw +zkrvh orfdwlrq lv

lppdwhuldo, dw frvw )E'(q� zkhuh q lv dq h!flhqf| sdudphwhu q G wkh vpdoohu q wkh pruh

:Wkh PQH hpsor|v wkh ehvw whfkqrorj| lq doo vxevlgldulhv1 Lqwhuqdo whfkqrorj| wudqvihuv zlwklq PQHv
lv dq hpslulfdoo| zhoo grfxphqwhg idfw1 Vhh Eorpvwuùp ^4<;<`1
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h!flhqw lv wkh �up/ )q : fc )q' � f +vxevfulswv lqglfdwh sduwldo ghulydwlyhv,1 L zloo vwxg|

erwk wkh fdvhv ri lqfuhdvlqj dqg ghfuhdvlqj uhwxuqv wr vfdoh lq surgxflqj lqwhuphgldwh

lqsxwv/ uhvshfwlyho| )'' 	 fc )'' : f1; Lqyhuwlqj surgxfwlrq ixqfwlrqv/ L rewdlq wkh

oderu ghpdqg ixqfwlrq u� ' u E^�c +�� zlwk wkh vwdqgdug surshuwlhv u+ : fc u^ 	 fc

u++ : fc u^^ : fc u^+ 	 f�< Wkh PQH*v sur�w wkhq lv/

� '
[
�'sc_

-� E+���

5
7)E'(q� n [

�'sc_

u E^�c +��

6
8� [

�'sc_

A�c +4,

zkhuh A� lv wkh lqvwuxphqw xvhg e| frxqwu| � wr uhjxodwh orfdo surgxfwlrq1 Iru wkh vdnh ri

frqfuhwhqhvv L pdnh wkh uhdvrqdeoh dvvxpswlrq wkdw wkh wrwdo txdqwlw| ri lqsxwv surgxfhg

zkhq wkh �up vhuyhv wzr pdunhwv lv odujhu wkdq wkh txdqwlw| zkhq lw vhuyhv rqo| rqh

grphvwlf pdunhw +^(� �1
43

Dvvxpswlrq 4 " � ^#
�
c � ' _ c u

Wkh PQH kdv sulydwh lqirupdwlrq rq wkh h!flhqf| sdudphwhu q1 Uhjxodwruv vkduh wkh

frpprq sulru wkdw q glvwulexwhv dffruglqj wr d fxpxodwlyh glvwulexwlrq ixqfwlrq CEq�

dqg d ghqvlw| }Eq� : f ryhu wkh vxssruw � '
k
qc 7q

l
144 }E�� vdwlv�hv wkh prqrwrqh kd}dug

udwh surshuw| CEq�*}Eq� � f lq �� PQH dqg uhjxodwruv kdyh frpprq nqrzohgjh rq wkh

prgho1

Lq hdfk frxqwu| qdwlrqdo uhjxodwruv pd{lpl}h dq xwlolwduldq remhfwlyh ixqfwlrq1 Vrfldo

grphvwlf zhoiduh lv d zhljkwhg vxp ri qhw frqvxphu vxusoxv/ wd{ uhflshv +ru wudqvihuv, dqg

wrwdo PQH*v sur�w1 Uhjxodwruv duh vhoi0lqwhuhvwhg dqg gr qrw frrshudwh lq uhjxodwlqj wkh

�up +frrshudwlrq zloo eh frqvlghuhg dv d ehqfkpdun fdvh,1 Iru wkh vdnh ri frqfuhwhqhvv

L pdnh wkh iroorzlqj dvvxpswlrq1

Dvvxpswlrq 5 Lq dq| frxqwu| frqvxphu vxusoxv lv vx!flhqwo| kljk vxfk wkdw lw lv dozd|v

suhihudeoh wr kdyh wkh PQH surgxflqj1

Ohw T� E+�� '
+�U
f
R�E��_� eh wkh jurvv frqvxphu vxusoxv lq frxqwu| �/ wkhq wkh zhoiduh

ixqfwlrq ri frxqwu| � lv=

`� ' T� E+���-� E+�� n A� E+�� n k��c +5,

zkhuh k� lv wkh zhljkw frxqwu| � xvhv wr hydoxdwh PQH*v sur�w1 Wkh pruh rzqhuvkls

vkduhv flwl}hqv lq frxqwu| � rzq wkh odujhu lv k�1 Pruhryhu/ wkh PQH pd| oree| wkh wzr

qrq0ehqhyrohqw uhjxodwruv wkxv lqfuhdvlqj sur�w zhljkwv1 Iru vlpsolflw| L dvvxph wkdw wkh

vkdgrz frvw ri sxeolf ixqgv lv }hur iru erwk wkh frxqwulhv145

;Wkh lqwhuhvwlqj fdvh ri d mrlqw +sxeolf, lqwhuphgldwh lqsxw/ t @ tg @ ti > fdq eh frqvlghuhg d olplw
fdvh ri ghfuhdvlqj uhwxuqv wr vfdoh1

<Zlwk frqyh{ whfkqrorjlhv lw lv Ot| ? 3 zklfk phdqv wkdw wkh srvvlelolw| wr vxevwlwxwh oderu zlwk wkh
rwkhu lqsxw/ ghfuhdvhv dv rxwsxw lqfuhdvhv1 Rwkhuzd| vwdwhg/ wkh vorsh ri wkh lvrtxdqwv/ iru d fhuwdlq
txdqwlw| ri tl +ru O, ulvhv +lq devroxwh ydoxh, prylqj wrzdug kljkhu lvrtxdqwv1

43Wkh pdlq uhvxowv duh krzhyhu xqfkdqjhg zlwkrxw wklv dvvxpswlrq1 Vhh odwhu1
44L zloo qrw frqvlghu dv|pphwulfdoo| xq0lqiruphg sulqflsdov1 Vhh Erqg dqg Juhvln ^4<<;` iru d �uvw

dwwhpsw1
45Lqwurgxflqj frxqwu| vshfl�f dqg odujhu wkdq }hur frvw ri sxeolf ixqgv zrxog qrw dowhu txdolwdwlyho|

rxu uhvxowv1
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L frqvlghu �uvw wkh fdvh lq zklfk hdfk uhjxodwru rqo| revhuyhv rxwsxw iru wkh grphvwlf

pdunhw vxfk wkdw uhjxodwru| lqvwuxphqw lv wkh qrq olqhdu wdul� A�E+���
46 Rq wkh frqwudu|

zkhq dovr �qdo vwdjh vxe0frvw u� lv revhuydeoh dqg frqwudfwleoh wkhq wkh lqvwuxphqw eh0

frphv A�E+�cu��� Wkhvh wzr fdvhv ghvfuleh gl�huhqw uhjxodwru| lqvwdqfhv dqg fruuhvsrqg

uhvshfwlyho| wr wkh iudphzrunv hpsor|hg e| Edurq dqg P|huvrq ^4<;5` dqg Od�rqw dqg

Wluroh ^4<;9`1 Pruhryhu/ mxulvglfwlrqdo srzhu ri uhjxodwlqj dxwkrulwlhv lv olplwhg wr qd0

wlrqdo erxqgdulhv dqg uhjxodwruv duh wkxv doorzhg wr uhjxodwh rqo| grphvwlf surgxfwlrq147

Lw lv krzhyhu uhdvrqdeoh wkdw uhjxodwruv duh deoh wr revhuyh dqg frqwudfw rq wkh idfw wkdw

wkh �up lv dovr surgxflqj deurdg1 Wkhq/ hdfk frxqwu| � r�huv d phqx ri uhjxodwlrqvq
A(
� c A�

r
zklfk duh uhvshfwlyho| lq irufh zkhq wkh �up surgxfhv rqo| grphvwlfdoo| +A(

� �

ru zkhq lw fkrrvhv wr eh d PQH +A��� L zloo wkhq frpsduh zlwk wkh fdvh lq zklfk wkh

uhjxodwruv duh frqvwudlqhg wr r�hu d xqltxh uhjxodwlrq frqwudfw wr wkh �up1

Wkh wlplqj ri wkh jdph lv wkh iroorzlqj1 Wkh PQH sulydwho| ohduqv klv w|sh1 Uhjxod0

wruv vlpxowdqhrxvo| vhw uhjxodwlrqv� Wkh PQH ghflghv lq zklfk frxqwu| wr surgxfh dqg

wdnhv surgxfwlrq ghflvlrqv +lqwhuphgldwh lqsxwv/ oderuv dqg rxwsxwv,1 Ilqdoo|/ uhjxodwlrqv

duh hqirufhg dqg sd|r�v uhdol}h1 L orrn iru shuihfw Ed|hvldq htxloleuld dqg vroyh wkh uhj0

xodwlrq jdph lq zklfk/ jlyhq wkh sdlu ik_c ksj c uhjxodwruv vhw wkhlu lqvwuxphqwv dqg wkh

PQH wdnhv surgxfwlrq ghflvlrqv1 Lq vhfwlrq 9 L dgg dqrwkhu vwdjh dw wkh ehjlqqlqj ri

wklv wlplqj1 Ehiruh vhwwlqj uhjxodwlrqv/ frxqwulhv frrshudwlyho| doorfdwh rzqhu vkduhv wr

pd{lpl}h wkh vxp ri qdwlrqdo zhoiduhv dqg wkh PQH doorfdwh oree|lqj uhvrxufhv1 L wkxv

pdnh zhljkwv ik_c ksj hqgrjhqrxv lq wkh uhjxodwlrq jdph1

6 Wkh uhjxodwlrq jdph

Ohw xv �uvw ghdo zlwk qr vxe0frvw revhuydelolw|1 Wkh PQH iuhho| fkrrvhv lqwhuphgldwh

lqsxwv dqg oderu dqg wkh frvw ixqfwlrq lv/

�E+_c +s c q� '4�?
^_c^s

;?
=)E'(q� n

[
�'_cs

uE^�c +��

<@
> c +6,

zlwk �q ' )q : f�48 Wkh sur�w ixqfwlrq wkhq ehfrphv/

�E+_c +s c q� '
[
�'sc_

-� E+��� �E+_c +s c q��
[
�'sc_

A�E+�� +7,

dqg sur�w pd{lpl}lqj surgxfwlrqv duh/

d+sEq�c +_Eq�o 5�o}�@%
+s c+_

�E+s c +_(q� � +8,

Lq wkh fdvh ri ixoo| lqiruphg dqg frrshudwlqj frxqwulhv/ uhjxodwlrqv duh vhw wr pd{lpl}h

wkh vxp ri wkh wzr vrfldo zhoiduhv wkxv zhljkwlqj sur�w zlwk k ' k_ n ks 1 L dyrlg

46Wdul�v duh dvvxphg wr eh wzlfh frqwlqxrxvo| gl�huhqwldeoh1
47Pruhryhu/ lq uhdo zruog iruhljq surgxfwlrq pd| qrw eh iuhho| revhuydeoh1
48L zloo xvh wkh qrwdwlrq C

5
F

C|lC|m
@ F||>

C
5
F

C|lC|l
@ F|l|l =
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wulyldo vroxwlrqv dvvxplqj wkdw zhljkwv duh dozd|v vpdoohu wkdq rqh1 Wkxv/ ohdylqj sur�wv

wr wkh PQH lv frvwo| dqg zlwk ixoo lqirupdwlrq uhjxodwruv ohdyh wkh �up zlwk � ' f1

Vxevwlwxwlqj lq wkh zhoiduh ixqfwlrq/ wkh �uvw ehvw vroxwlrqv +8U� Eq�c � ' _c s +IL vwdqgv

iru ixoo lqirupdwlrq, vdwlvi| wkh v|vwhp/

R�E+�� ' �+�E+_c +s c q�c � ' _c sc +9,

zklfk duh vwdqgdug pdujlqdo frvw sulflqj uxohv149

Zlwk xqlqiruphg exw frrshudwlqj uhjxodwruv/ �uvw ehvw uhjxodwlrqv ehfrph vxerswlpdo1

Lq idfw/ d �up zlwk w|sh q zrxog kdyh lqfhqwlyh wr surgxfh dv li lw zhuh d ohvv h!flhqw

w|sh q� ' q n _q rewdlqlqj odujhu wkdq }hur sur�wv1 Lq wklv fdvh wkh sur�w ri vxfk d �up

zrxog eh/

�Eq� ' � Eq �� n � d+_Eq
��c +s Eq

��c q �o� � d+_Eq
��c +sEq

��c qo c

Wkh �uvw whup rq wkh u1k1v1 lv }hur +lw lv wkh IL sur�w ri d w|sh q n _q, dqg/ zlwk d

voljkw dexvh ri qrwdwlrq/ rqh rewdlqv �Eq� '
q�U
q

�qE�c �(��_� : f� Wkh PQH wkhq ehqh�wv

iurp klv sulydwh lqirupdwlrq1 Xqlqiruphg uhjxodwruv kdyh wr ohdyh lqirupdwlrqdo uhqwv

wr wkh PQH lq rughu wr pdnh wkh �up fkrrvh wkh ghvluhg +e| uhjxodwruv, surgxfwlrq

sur�ohv1 Uhjxodwruv kdyh �uvw wr vhw lpsohphqwdelolw| frqglwlrqv zklfk jxdudqwhh wkhuh

h{lvw wudqvihuv A_c As vxfk wkdw wkh PQH lv lqgxfhg wr fkrrvh d fhuwdlq surgxfwlrq sodq

+�c � ' _c s�4: Wkhq wkh| pd{lpl}h djjuhjdwhg zhoiduh zlwk uhvshfw +�c � ' _c s / vxemhfw wr

wkhvh lpsohphqwdelolw| frqglwlrqv1 Ilqdoo|/ rqfh wkh rswlpdo lpsohphqwdeoh surgxfwlrq

sodq lv rewdlqhg/ wkh fruuhvsrqglqj lpsohphqwlqj uhjxodwru| phfkdqlvp fdq eh uhfryhuhg1

Vwdqgdug fdofxodwlrqv vkrz wkdw +xvh wkh hqyhorsh wkhruhp lq +8,,/

�� Eq� ' ��q d+_Eq�c +s Eq�c qo 	 f +:,

lv d qhfhvvdu| frqglwlrq iru lpsohphqwdelolw|/ zkloh qrq0lqfuhdvlqj rxwsxwv duh vx!flhqw14;

Ilqdoo|/ wkh �up pxvw eh lqgxfhg wr surgxfh dqg wkh iroorzlqj lqfhqwlyh udwlrqdolw| frq0

vwudlqwv kdyh wr eh vdwlv�hg/

�Eq� � f ;q 5
k
qc 7q

l
EU-� +;,

Vxevwlwxwlqj wkh sur�w/ wkh surjudp ri wkh wzr frrshudwlqj uhjxodwruv ehfrphv/;A?
A=

�@%
t+���'sc_

U
�

�S
�
T� E+��� � E+_c +s (q�� E�� k��Eq�

�
_C Eq�

r�|� E.�c EH�

49Lw lv zruwk qrwlflqj zlwk IL lw lv lppdwhuldo zkhwkhu uhjxodwruv frrshudwh ru qrw1 Wkh rqo| gl�huhqfh
ehwzhhq wkhvh wzr fdvhv lv wkdw zlwk qrq0frrshudwlrq qr surgxfwlrq htxloleuld dovr h{lvw lq zklfk uhjx0
odwruv vhw kljk wd{hv vxfk wkdw wkh PQH suhihuv qrw wr surgxfh dw doo1 Zlwk frrshudwlrq wkhvh htxloleuld
duh holplqdwhg1

4:Zh vroyh xvlqj lqgluhfw phfkdqlvpv wr eh frqvlvwhqw zlwk wkh fdvh ri dv|pphwulf lqirupdwlrq dqg
qrq frrshudwlrq lq zklfk wkh Uhyhodwlrq Sulqflsoh dqg gluhfw phfkdqlvpv fdq qrw eh xvhg1 Vhh odwhu1

4;L hpsor| wkh �uvw rughu dssurdfk +vhh Jxhvqhulh dqg Od�rqw ^4<;7`, dqg wdnh lqwr dffrxqw rqo|
qhfhvvdu| lqfhqwlyh frpsdwlelolw| frqvwudlqw +:,1 Vx!flhqf| lpsohphqwdelolw| frqglwlrqv fdq wkhq eh
yhul�hg h{0srvw1

:



Zlwk +:, wkh PQH*v sur�w lv qrq lqfuhdvlqj lq q dqg wkhq �E7q� ' f lv vx!flhqw wr kdyh

doo wkh udwlrqdolw| frqvwudlqv vdwlv�hg1 Lqwhjudwlqj e| sduwv wkh odvw whup lq wkh lqwhjudqg

dqg xvlqj +:,/ wkh surjudp ehfrphv/

�@%
t+���'sc_

]
�

+[
�

T� E+��� � E+_c +s (q�� E�� k�
C Eq�

} Eq�
�q E+_c +s (q�

,
_C Eq� �

Pd{lpl}dwlrq srlqw e| srlqw jlyhv rswlpdolw| frqglwlrqv iru rxwsxwv +��� Eq� +DF vwdqgv

iru dv|pphwulf lqirupdwlrq dqg frrshudwlrq,/

R� E+�� ' �+� E+_c +s (q� n E�� k�
C Eq�

} Eq�
�q +� E+_c +s (q� c � ' _c s� +<,

Zlwk uhvshfw wr �uvw ehvw/ pdujlqdo frvw lv lqfuhdvhg e| wkh srvlwlyh whup E�� k�C
}
�q +�1

Pxowlso|lqj e| }Eq� erwk vlghv ri +<,/ wkh �uvw whup rq wkh u1k1v1 uhsuhvhqwv wkh pdujlqdo

frvw ri d vpdoo fkdqjh lq rxwsxw uhtxluhg wr w|sh q zkloh wkh o1k1v1 lv wkh pdujlqdo ehqh�wv1

Jdlqv dqg ehqh�wv duh zhljkwhg e| }Eq�c wkh pdvv ri w|sh q1 Wkh vhfrqg whup rq wkh

u1k1v1 lv dq dgglwlrqdo pdujlqdo frvw1 Prgli|lqj rxwsxw iru w|sh qc wkh sur�w ri w|shv

pruh h!flhqw wkdq q +zklfk duh lq qxpehu CEq�, lv pdujlqdoo| lqfuhdvhg dqg sur�wv duh

zhljkwhg dffruglqj wr E��k�1 Wklv lqfuhdvh lq sur�w lv uhtxluhg iru lqfhqwlyh frpsdwlelolw|
dqg lw lv wkh suhplxp �upv rewdlq iru sulydwh lqirupdwlrq1

614 Uhjxodwlrq zlwk dv|pphwulf lqirupdwlrq dqg qrq frrshudw0

lqj frxqwulhv +DQF,

Wkh wzr rxwsxw surgxflqj vxevlgldulhv duh sk|vlfdoo| +jhrjudsklfdoo|, vhsdudwhg dqg uhj0

xodwlrqv e| qrq frrshudwlqj qdwlrqdo dxwkrulwlhv pd| eh lqghshqghqw1 Krzhyhu/ wkh PQH

xvhv lqwhuqdoo| surgxfhg lqsxwv wkxv pdnlqj lqghshqghqfh d yhu| vshfldo fdvh1 Zh vd|

wkdw wkhuh lv lqwhudfwlrq ehwzhhq uhjxodwlrqv li PQH*v surgxfwlrq lq frxqwu| � d�hfwv

pdujlqdo lqfhqwlyhv iru surgxfwlrq lq frxqwu| �/ Y2�
Y+�Y+�

9' f� Wkh iroorzlqj ohppd fdq wkhq

eh vwdwhg1

Ohppd 4 Zlwk dv|pphwulf lqirupdwlrq dqg qrq frrshudwlqj uhjxodwruv/ wkh xvh ri lq0

whuphgldwh lqsxwv/ wkh suhvhqfh ri qrq0frqvwdqw uhwxuqv wr vfdoh lq lqsxw surgxfwlrq dqg

qrq shuihfw vxevwlwxwdelolw| ehwzhhq oderu dqg lqsxw +u^+ 9' f� duh +wrjhwkhu, qhfhvvdu|

dqg vx!flhqw frqglwlrqv iru lqwhudfwlrqv ehwzhhq qdwlrqdo uhjxodwlrqv1 Zlwk LUV +GUV,

rxwsxwv duh frpsohphqwv +vxevwlwxwhv,1

Ehlqj wkh wzr �qdo rxwsxw surgxflqj xqlwv sk|vlfdoo| vhsdudwhg/ wkhuh fdq h{lvw uhj0

xodwlrq lqwhudfwlrqv rqo| li lqwhuphgldwh lqsxwv duh xvhg1 D fkdqjh lq surgxfwlrq {+�
lpsolhv d fkdqjh lq lqwhuphgldwh lqsxw {^�1 Wklv d�hfwv surgxfwlrq ri wkh rwkhu lqsxw

{^� dqg/ �qdoo|/ ri wkh rwkhu rxwsxw {+�� Krzhyhu/ lw lv vwudljkwiruzdug wr vhh wkdw zlwk

frqvwdqw uhwxuqv wr vfdoh lq surgxflqj lqwhuphgldwh lqsxwv d fkdqjh lq ^� qr pruh d�hfwv

;



^� dqg wkh olqn ydqlvkhv1 Vlploduo|/ zlwk u^+ ' f/ ^ dqg u duh shuihfw vxevwlwxwhv dqg wkh

h�hfwv ri uhjxodwlrq lq frxqwu| � rq ^� fdq eh holplqdwhg vxevwlwxwlqj ^� zlwk u��
4<c53

Lq wkh fdvh wkh �up surgxfhv rqo| iru frxqwu| �c uhjxodwlrq lv vwdqgdug dqg wkh phfk0

dqlvp A(
� lv fkrvhq dorqj wkh olqhv ri wkh suhylrxv vxe0vhfwlrq1 Lq wkh jhqhudo fdvh rqh

kdv wr orrn iru shuihfw Ed|hvldq htxloleuld ri wkh pxowlsulqflsdo uhjxodwlrq jdph1 Iru wkh

vroxwlrq L hpsor| d whfkqltxh zklfk pdnhv xvh ri lqgluhfw sur�w ixqfwlrqv1 Wdnlqj dv

jlyhq wkh uhjxodwru| lqvwuxphqw lpsrvhg wr wkh PQH e| wkh rwkhu frxqwu|/ hdfk qdwlrqdo

uhjxodwru dfwv dv li wkh PQH kdg douhdg| fkrvhq wkh rxwsxw surgxfhg iru wkh rwkhu frxq0

wu|1 Lq wklv zd| wkh ruljlqdo sureohp wudqvirupv lqwr d vlpsohu Sulqflsdo0Djhqw vhwwlqj1

Wklv surfhgxuh kdv wr eh uhshdwhg dovr iru wkh rwkhu frxqwu|1 Ilqdoo|/ wkh rswlpdolw|

frqglwlrqv ri wkhvh wzr surjudpv irup d v|vwhp zkrvh vroxwlrqv duh wkh fdqglgdwhv iru

wkh shuihfw Ed|hvldq htxloleulxp ri wkh ruljlqdo jdph154

Frxqwu| � orrnv iru wkh uhjxodwru| phfkdqlvp A�E�� zklfk pd{lpl}hv h{shfwhg qdwlrqdo

zhoiduh/ jlyhq wkh PQH*v rxwsxw ghflvlrqv +lqfhqwlyh frpsdwlelolw| frqvwudlqw +8,, dqg

vxemhfw wr wkh frqvwudlqw wkdw wkh PQH/ jlyhq wkh rswlpdo phfkdqlvp fkrvhq e| wkh

rwkhu uhjxodwru/ pxvw �qg lw sur�wdeoh wr surgxfh iru pdunhw � +sduwlflsdwlrq frqvwudlqw,1

Pruhryhu/ frxqwu| � wdnhv dv jlyhq wkh PQH*v ghflvlrqv iru frxqwu| �1 Wkh �uppd{lpl}hv

+7, z1u1w1 +� rewdlqlqj wkh rswlpdo +� iru jlyhq +�c 	+�E+�(q�� Vxevwlwxwlqj edfn 	+�E+�(q�

lqwr wkh sur�w/

�E+�(q� ' �E+�c 	+�E+�(q�(q� ' -� E+��� A� E+�� n
e�E+�(q� c +43,

zkhuh/ e�E+�(q� ' -� d	+� E+�c q�o� � d+�c 	+� E+�c q� c qo� A� d	+� E+�c q�o � +44,

Lqfhqwlyh frpsdwlelolw| frqvwudlqw +8, fdq eh wkhq uhzulwwhq dv/

+�Eq� 5�o}�@%
+�

�E+�(q� � +45,

Erwk uhjxodwruv zdqw wkh PQH surgxflqj iru wkhlu rzq pdunhwv +dvvxpswlrq 5,1 Pxo0

wlsulqflsdo prghov jhqhudoo| dvvxph wkdw wkh djhqw fdq qrw ghflgh wr sduwlflsdwh zlwk

4<Zlwk mrlqw sxeolf lqsxw rqo| Ot| 9@ 3 lv uhtxluhg iru lqwhudfwlrqv1
53Lqwhudfwlrqv fdq eh dovr jhqhudwhg e| h{rjhqrxv uxohv1 Frqvlghu/ iru h{dpsoh/ d �up surgxflqj

d �{hg vl}h frpprq idflolw| dw frvw �I zlwk qr rwkhu surgxfwlrq frvwv1 Lqwhuqdwlrqdo uxohv jhqhudoo|
vwdwh �{hg frvwv vkrxog eh vkduhg e| vxevlgldulhv sursruwlrqdoo| wr surgxfwlrqv vxfk wkdw vxevlgldu| l*v
doorfdwhg frvw ehfrphv �I |l@+|g . |i ,= Qrz/ lw vx!fhv wkh PQH rqo| sduwldoo| rzq rqh ri wkh wzr
vxevlgldulhv wr kdyh lqwhughshqghqw surgxfwlrqv1 Lq idfw/ gh�qlqj � @ �g . +4 � �,�i > zkhuh � A 3

lv wkh vkduh ri vxevlgldu| i rzqhg e| rwkhu �upv dqg �l @ Ul+|l, � �I |l@+|g . |i ,> zh wkhq kdyh
C5�@C|gC|i @ ��I�+|g � |i ,@+|g . |i ,

6 9@ 3 dv orqj dv |g 9@ |i =
54Hpsor|lqj wkh Uhyhodwlrq Sulqflsoh +P|huvrq +4<:<,/ dprqj wkh rwkhuv, vwdqgdug sulqflsdo0djhqw

prghov jhqhudoo| hpsor| gluhfw phfkdqlvpv +lq zklfk wkh djhqw dqqrxqfh klv w|sh a� dqg wkh sulqflsdo

sd|v d wudqvihu W + a�, dqg rughuv surgxfwlrq |+ a�,, 1 Lq wklv sdshu L fdq qrw xvh gluhfw phfkdqlvpv ehfdxvh
lq pxowlsulqflsdo jdphv wkhuh h{lvw qr vxfk uhvxow +vhh Pduwlpruw dqg Vwroh ^4<<:`,1 Wkxv/ L zloo vroyh
wkh uhjxodwlrq jdph xvlqj lqgluhfw phfkdqlvpv ri wkh w|sh Wl+|l>Ol,> Wl+|l,= 1 Qrwh wkdw zlwk lqgluhfw
phfkdqlvpv L kdyh wr mxvwli| wkh fkrlfh ri wkh frqglwlrqlqj yduldeohv xvhg e| wkh wzr sulqflsdov1 Krzhyhu
dssolhg prghov/ olnh wkh rqh lq wklv sdshu/ doorz wr lqglylgxdwh �qdwxudo� phvvdjh vsdfhv1 Lq rxu prgho
revhuydelolw| dqg olplwv lq frxqwulhv* mxulvglfwlrqdo srzhu lghqwli| phvvdjh vsdfhv1
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rqo| rqh sulqflsdo +lqwulqvlf frpprq djhqf|/ zlwk wkh zrugv frlqhg e| Ehuqkhlp dqg

Zklqvwrq ^4<;9`,1 Rq wkh frqwudu|/ khuh L iroorz d pruh jhqhudo dqg uhdolvwlf fdvh gh0

yhorshg lq Fdo}rodul dqg Vfdusd ^4<<<,1 Dv uhjxodwruv lqghshqghqwo| vhw frxqwu| vshfl�f

uhjxodwlrqv/ wkh PQH fdq ghflgh wr surgxfh d qrq }hur rxwsxw lq erwk/ rqo| rqh ru qrqh

ri wkh frxqwulhv1 Frqvhtxhqwo|/ lq rxu dqdo|vlv surgxfwlrq iru erwk pdunhwv ehfrphv dq

htxloleulxp uhvxow dqg qrw dq h{rjhqrxv k|srwkhvlv1 Gh�qh �Eq� ' �@%
+�c+�

�E+�c +� (q�

dqg � � Eq� '�@%
+�

q
-� E+��� � Efc +� (q�� A(

� E+��
r
c frxqwu| � wkhq vhwv uhjxodwlrq vxfk

wkdw iru dq| q wkh �up grhv qrw suhihu wr vkxw grzq surgxfwlrq lq frxqwu| �55

�Eq� � � � Eq� � +46,

Jlyhq uhjxodwlrq fkrvhq e| wkh rwkhu frxqwu|/ wkh surjudp E��� ri uhjxodwru � wkhq lv/

E���

;?
=
�@%
A�E��

U
� iT� E+�Eq���-� E+�Eq�� n k��Eq� n A� E+�Eq��j _C Eq�

v1w1 +46,/ +45,

Vlploduo| wr wkh fdvh DF/ uhjxodwru � pd| dowhuqdwlyho| vroyh klv surjudp orrnlqj iru

lpsohphqwdelolw| frqglwlrqv dqgpd{lpl}lqj zlwk uhvshfw wr +� vxemhfw wr wkhvh frqglwlrqv1

Wr wklv hqg/ L vwdwh wkh iroorzlqj ohppd rq lpsohphqwdelolw| frqglwlrqv1

Ohppd 5 +Qhfhvvdu|, Iru uhjxodwru �c li wkh ixqfwlrqv i+� Eq� c�Eq�j duh lpsohphqwdeoh
+l1h1 wkhuh h{lvwv d wudqvihu vfkhgxoh vxfk wkdw wklv rxwsxw dqg sur�w zloo eh fkrvhq e| wkh

PQH,/ wkhq iru doo q zkhuh +� Eq� lv frqwlqxrxv/

�� Eq� '
Y e�d+� Eq� (qo

Yq
' ��q d+�Eq�c +�E+�Eq�c q�(qo E	 f� +47,

Y2 e� d+� Eq� (qo

Y+�Yq

�

�+�
� f� +48,

+Vx!flhqf|, Iru uhjxodwru � zlwk LUV li �+� Eq� � f ru/ zlwk GUV/ li

q]
q�

q]
q�

Y2 e�E�( r�

YqY+�
�+�E|�_|_r � f ;qc q� 5 �c +49,

wkhq +� Eq� lv lpsohphqwdeoh1

Qhfhvvdu| frqglwlrqv duh vwdqgdug/ zkloh vx!flhqf| frqglwlrq lq wkh fdvh ri GUV lv

qrw wkh vwdqgdug prqrwrqlflw| frqglwlrq156 Iurp wkh suhylrxv ohppd L vwdwh d fruroodu|

55Iurp vwdqgdug grphvwlf uhjxodwlrq � l +�, � 3 iru dq| �=
56Wkh uhdvrq lv wkdw wkh vlqjoh furvvlqj surshuw| grhv qrw dozd|v krog1 Lq wkh surri ri wkh ohppd L

vkrz wkdw zlwk GUV wkh vljq ri C5e�
C|lC�

pd| qrw eh frqvwdqw dorqj E= Dgyhuvh vhohfwlrq prghov zlwk qr
vlqjoh furvvlqj surshuw| duh dq dfwlyh duhd ri uhvhdufk lq lqfhqwlyh olwhudwxuh dqg duh rxw ri wkh jrdo ri
wklv sdshu1 Dudxmr dqg Pruhlud +4<<;, vkrz wkdw zkhq wkh vlqjoh furvvlqj frqglwlrq lv qrw yhul�hg/ d

olplwhg qxpehu ri fkdqjhv lq wkh vljq ri C
5e�

C|lC�
lv doorzhg1 D qhz nlqg ri srrolqj wkhq hphujhv +glvfuhwh

srrolqj, lq zklfk wkh vdph dfwlrq lv fkrvhq e| d �qlwh qxpehu ri w|shv1 Lqwhuhvwlqjo|/ lq vhfwlrq 8 L vkrz
wkh h{lvwhqfh ri dq htxloleulxp lq zklfk rqh uhjxodwru srrov wkh frqwudfwv iru doo w|shv1 Wklv lv/ wr p|
nqrzohgjh/ d qhz uhvxow lq wkh pxowlsulqflsdo olwhudwxuh1
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zklfk zloo eh xvhixo lq wkh iroorzlqj1

Fruroodu| 6 Zlwk LUV rxwsxwv duh lpsohphqwdeoh li dqg rqo| li �+�Eq� � f/ � ' _c s�

Zlwk GUV d sdlu +_ Eq� c +s Eq� vxfk wkdw= +l, �+�Eq� � f / � ' _c sc lv lpsohphqwdeoh li

�++ �+� n �q+� � f iru � ' _c s dqg �++

S
� �q+� �+� n �q+��q+� � f> +ll, �+�Eq� : f / � ' _c sc

lv qrw lpsohphqwdeoh> +lll, �+�Eq� � fc �+�Eq� : f / �c � ' _c sc � 9' �/ lv lpsohphqwdeoh li

�++ �+� n �q+� � f/ �++ �+� n �q+� � f dqg �++

S
� �q+� �+� n �q+��q+� � f1

Wkh fruroodu| vkrzv lw lv srvvleoh wkdw/ jlyhq dq lpsohphqwdeoh sdlu ri surgxfwlrqv/

rxwsxw iru rqh frxqwu| lv ghfuhdvlqj lq q dqg wkh rwkhu lv lqfuhdvlqj1 Dq h{dpsoh ri wklv

xqxvxdo fdvh zloo eh suhvhqwhg lq vhfwlrq 91

Dv lw lv xvxdo L hpsor| d uhod{hg yhuvlrq ri wkh ruljlqdo surjudp E��� vwxg|lqj h{0srvw

li dqg zklfk vroxwlrqv vdwlvi| lpsohphqwdelolw| frqglwlrqv1 Vxevwlwxwlqj wkh lqvwuxphqw

A� iurp +43,/ wkh uhod{hg surjudp E� �
� � wkhq lv/

E� �
� �

;AAA?
AAA=
�@%
+�

U
�

q
T� E+�� n

e�E+�(q�� E� � k���Eq�
r
_C Eq�

r�|� �Eq� � � � Eq� c ;q 5 �

�� Eq� ' Ye�E+�(q�
Yq

E	 f�c ;q 5 ��

Wkh pxowlsulqflsdo jdph lv qrz wudqviruphg lqwr d surjudp vlplodu wr d vwdqgdug Sulqflsdo0

Djhqw prgho1 Krzhyhu/ d pdlq gl�huhqfh vwloo uhpdlqv iru sduwlflsdwlrq frqvwudlqwv1 Frq0

wudu| wr vwdqgdug prghov/ khuh wkh uhvhuydwlrq xwlolw| ri wkh djhqw lv w|sh0ghshqghqw1 Wkh

uhdvrq lv wkdw hdfk frxqwu| pxvw ohdyh wkh PQH zlwk vx!flhqw sur�wv wr suhihu wr surgxfh

iru wkdw frxqwu|1 Wkh iroorzlqj sursrvlwlrq vdwhv rswlpdolw| qhfhvvdu| frqglwlrqv1

Sursrvlwlrq 7 Htxloleulxp rxwsxwv +���
_ Eq�c +���

s Eq� ri wkh uhjxodwlrq jdph zlwk qrq

frrshudwlqj uhjxodwruv vdwlvi| wkh iroorzlqj qhfhvvdu| frqglwlrqv iru �c � 5 isc _j c � 9' �c

E�� R� E+�� ' �+� E+�c +� c q� n E�� k��
CEq�

}Eq�

k
�q+� E+�c +�c q� n �q+� E+�c +�c q�

Y	+�
Y+�

l
E���

Y	+�
Y+�

' �++*�+�+� �+�+� ' �+�*E�++ �+� n �q+� � � fc

E���� �E7q� ' � �

�
7q
�
' f1

Frqglwlrq +l, lv d pdujlqdo frvw sulflqj uxoh1 Wkh �uvw whup rq wkh u1k1v1 lv wkh

vwdqgdug pdujlqdo frvw zkloh wkh vhfrqg whup lv frpsrvhg e| wzr hohphqwv1 Wkh �uvw/

E�� k��
CEq�

}Eq�
�q+�/ lv wkh gluhfw pdujlqdo lqirupdwlrqdo frvw1 Dv L douhdg| revhuyhg zlwk

dv|pphwulf lqirupdwlrq dqg frrshudwlrq/ lqfuhdvlqj rxwsxw lqfuhdvhv wkh frvwo| uhqw ohiw

wr wkh PQH1 Wkh vhfrqg hohphqw/ E�� k��
CEq�

}Eq�
�q+�

Y	+�
Y+�

c lv dq lqgluhfw pdujlqdo lqirupd0

wlrqdo frvw1 Ulvlqj rxwsxw +� d�hfwv wkh PQH*v ghflvlrq iru wkh rwkhu rxwsxw +� +wkurxjk

�++ 9' f,/ wklv lq wxuq d�hfwv wkh uhqw zklfk lv ohiw wr wkh �up +wkurxjk �q+� : f,1 dqg uhj0

xodwru � lqwhuqdol}hv wklv lqgluhfw frvw zkhq kh fkrrvhv rswlpdo rxwsxw1 Wklv frqwudfwxdo

h{whuqdolw| lv d frqvhtxhqfh ri qrq frrshudwlrq ehwzhhq wkh wzr uhjxodwlqj dxwkrulwlhv dqg

wkxv grhv qrw h{lvwv lq wkh fdvh DF1 Dv xvxdo/ iru wkh prvw h!flhqw PQH +w|sh q
3
, erwk
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wkh glvwruwlrqv ydqlvk +CEq
3
� ' f, dqg wkh sulflqj uxoh lv wkh �uvw ehvw rqh +qr0glvwruwlrq

dw wkh erwwrp,1

Frqglwlrq +ll, vkrzv wkdw zkhq wkhuh duh LUV +�++ 	 f, wkhq wkh frqwudfwxdo h{whu0

qdolw| lv srvlwlyh dqg rxwsxwv duh frpsohphqwv/
Y	+�
Y+�

: f +dv L douhdg| vwdwhg lq ohppd

4,1 Lq wklv fdvh wkh wzr lqirupdwlrqdo glvwruwlrqv vxp xs dqg wkh vhfrqg whup lq +l, lv

xqdpeljxrxvo| srvlwlyh1 Wkxv/ qrq0frrshudwlrq lqfuhdvhv wkh glvwruwlrq rq surgxfwlrqv

gxh wr dv|pphwulf lqirupdwlrq zlwk uhvshfw wr DF1 Rq wkh frqwudu|/ zkhq wkhuh duh GUV

+�++ 	 f,/ wkh frqwudfw h{whuqdolw| lv qhjdwlyh dqg rxwsxwv duh vxevwlwxwhv/
Y	+�
Y+�

	 f1 Lq

wklv fdvh wkh wzr glvwruwlrqv kdyh rssrvlwh vljqv= wkh vwdqgdug dv|pphwulf lqirupdwlrq

glvwruwlrq lqfuhdvhv dqg wkh frqwudfw h{whuqdolw| uhgxfhv frvwv157 Wkxv/ d sulrul rqh fdq

qrw h{foxgh wkh vxp ri wkh wzr lv qhjdwlyh ohdglqj wr dq ryhudoo ghfuhdvh lq wkh frvw ri xv0

lqj lqwhuphgldwh lqsxwv1 Zkhq wkhuh duh FUV +�++ ' f, wkh frqwudfw h{whuqdolw| ydqlvkhv

dqg lqwhuphgldwh lqsxwv duh lqghshqghqw +
Y	+�
Y+�

' f� dv zhoo dv wkh uhjxodwlrq surjudpv ri

wkh wzr frxqwulhv1 Wklv frq�upv ohppd 41 Lq wkh qh{w vhvvlrq L zloo ghdo zlwk wkh qhw

h�hfw ri wkhvh glvwruwlrq rq rxwsxw vfkhgxohv1 Srlqw +ll, dovr vkrzv wkdw wkh v|vwhp ri

rswlpdolw| frqglwlrqv iru rxwsxwv lv d v|vwhp ri gl�huhqwldo htxdwlrqv +d frpprq uhvxow

lq pxowlsulqflsdo,1 Wklv frpsolfdwh wkh vroxwlrq ri wkh v|vwhp dv L zloo vkrz lq vhfwlrq 81

Frqglwlrq +lll, vkrzv wkdw/ zkhq uhjxodwruv fdq ghvljq d phqx ri uhjxodwlrqv iru gr0

phvwlf dqg pxowlqdwlrqdo �upv/ wkhq wkh ohdvw h!flhqw �up +w|sh 7q, lv ohiw zlwk }hur sur�w

hyhq li lw fdq wkuhdwhq wr * |* deurdg1 Lw lv vlpsoh wr vkrz wkdw wkh vdph uhvxow krogv li

wkh PQH fdq rqo| ghflgh wr surgxfh lq erwk frxqwulhv ru lq qrqh ri wkhp +lqwulqvlf frp0

prq djhqf|,1 Zkhq uhjxodwruv fdq qrw glvfulplqdwh ehwzhhq grphvwlf dqg pxowlqdwlrqdo

�upv wkh| duh frqvwudlqhg wr vhw d xqltxh uhjxodwru| frqwudfw1 Wklv pd| eh wkh fdvh/

iru h{dpsoh/ zkhq d vxsud0qdwlrqdo frpshwlwlrq srolf| dxwkrulw| iruelgv glvfulplqdwlrq

ehwzhhq qdwlrqdo dqg iruhljq �upv1 Ehlqj xqdeoh wr glvfulplqdwh ehwzhhq �upv/ qdwlrqdo

uhjxodwruv jhqhudwh d pxfk vwurqjhu frpshwlwlyh vhwwlqj iru qdwlrqdo uhjxodwlrqv158 Zlwk

d xqltxh uhjxodwlrq wkh �up fdq fuhgleo| wkuhdw wr txlw wkh frxqwu| li lw lv wrxjko| uhj0

xodwhg dv d PQH1 Wr dyrlg wklv srvvlelolw| uhjxodwruv pd| eh reoljhg wr ohdyh wkh �up

zlwk odujhu sur�wv1 Zlwk GUV surgxfwlrqv duh vxevwlwxwh dqg wkh PQH idfhv dgglwlrqdo

frvwv lq surgxflqj iru erwk frxqwulhv1 Lqfuhdvhg frpshwlwlrq ehwzhhq qdwlrqdo uhjxodwruv

wr dwwudfw wkh �up ohdgv wr dq lqfuhdvh ri �E7q� dqg doo wkh �upv +l1h1 doo wkh w|shv ri �up,

hqg xs zlwk odujhu sur�wv1 Rq wkh frqwudu|/ zlwk LUV wkh �up sur�wv iurp surgxflqj

lq erwk frxqwulhv dqg * |lqj* dzd| ehfrphv d qrq fuhgleoh wkuhdw1 Frpshwlwlrq ehwzhhq

uhjxodwruv lv wkhq uhgxfhg dqg �upv uhpdlq zlwk sur�wv lqglfdwhg lq frqglwlrq +lll, ri

57Lw lv lqwhuhvwlqj wr qrwlfh wkdw wklv dpeljxlw| lv wkh vdph zh irxqg iru lpsohphqwdelolw| vx!flhqf|
frqglwlrqv1

58Wklv dqdo|vlv lv edvhg rq uhodwhg uhvxowv lq Lydogl dqg Pduwlpruw ^4<<7` dqg Fdo}rodul dqg Vfdusd
^4<<<`1
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sursrvlwlrq 7159 c5: Wkhvh uhvxowv duh vxppdul}hg lq wkh iroorzlqj fruroodu|1

Fruroodu| 8 Li frxqwulhv fdq rqo| vhw d xqltxh uhjxodwlrq/ wkhq sursrvlwlrq 7 +l,0+ll, krog

dqg +lll, ehfrphvG +lll,* Zlwk GUV +LUV, �E7q� : E'�f1

Ilqdoo|/ L frqfoxgh wkh vhfwlrq jhqhudol}lqj rswlpdolw| frqglwlrqv wr d qxpehu � : 2

ri uhjxodwlqj frxqwulhv1 Dvvxplqj ixoo v|pphwu| wr vdyh rq qrwdwlrq/ frqglwlrq +l, lq

sursrvlwlrq 7 ehfrphv/ R E+� ' �+n E�� k�
CEq�

}Eq�
�q+

k
� n E� � ��Y	+

Y+

l
� Wkh glvwruwlrq gxh

wr qrq0frrshudwlrq lqfuhdvhv zlwk wkh qxpehu ri lqyroyhg frxqwulhv1 Ilqdoo|/ zkhq wkh

PQH lv vxeplwwhg wr wkh uhjxodwlrq ri rqo| rqh frxqwu| E� ' �� wkh suhylrxv ehfrphv

wkh vwdqgdug rswlpdolw| frqglwlrq zlwk dv|pphwulf lqirupdwlrq1

615 Uhjxodwlrq zlwk vxe0frvw revhuydelolw|

Zkhq wkh vxe0frvw u� ri wkh �qdo surgxflqj xqlw lv revhuydeoh e| wkh orfdo uhjxodwru/

wkh uhjxodwlqj lqvwuxphqw ri frxqwu| � ehfrphv A�E+�c u��� Uhjxodwru � revhuyhv +� dqg u�c

wkhq kh fdq dovr lqihu ^� dqg wkxv rqh lv doorzhg wr xvh htxlydohqwo| A�E+�c ^��1 Iru wkh wzr

ehqfkpdunv IL dqg DF L rqo| uhsruw wkh rswlpdolw| frqglwlrqv iru � ' _c sc5;

E8U�

+
R�E+�� ' u+E+�c ^��c

)'E'cq� ' �u^E+�c ^��c

E���

+
R�E+�� ' u+E+�c ^��c

)'E'cq� n E�� k�)q'E'cq�
CEq�

}Eq�
' �u^E+�c ^���

Wkh �uvw htxdwlrq lq hdfk sdlu lv d pdujlqdo frvw sulflqj uxoh dqg lw lv wkh vdph zlwk IL dqg

DF1 Rxwsxw lv qrw gluhfwo| glvwruwhg iru lqirupdwlrqdo lvvxhv/ d uhvxow zklfk fruuhvsrqgv

wr zkdw Od�rqw dqg Wluroh ^4<<6` +sdjh 4:;, fdoo wkh lqfhqwlyh0sulflqj glfkrwrp|1 Wkh

vhfrqg frqglwlrq fruuhvsrqgv wr wkh rswlpdo fkrlfh ri lqsxwv +u� dqg ^�,1 Lq erwk fdvhv

lw vwdwhv wkh htxdolw| ehwzhhq wkh udwlr ri +pdujlqdo, lqsxw frvwv +wkh o1k1v1, dqg wkh

pdujlqdo udwh ri vxevwlwxwlrq +wkh u1k1v1,1 Lq DF wkh pdujlqdo frvw ri lqwhuphgldwh lqsxwv

lv lqfuhdvhg e| wkh lqirupdwlrqdo glvwruwlrq dqg ehfrphv wkh pdujlqdo yluwxdo frvw1

Zlwk qrq frrshudwlrq/ fdofxodwlqj rswlpdo lqsxw dqg rxwsxw iru wkh rwkhu frxqwu|/

+�E^�E^�c q��c ^�E^�c q�c rqh fdq gh�qh dq lqgluhfw sur�w e�E^�c q� � Wkh PQH*v sur�w eh0

frphv/ �E+�c ^�c q� ' -� E+��� u E^�c +��� A� E+�c ^�� n
e�E^�c q� � Vxevwlwxwlqj/ wkh surjudp

59Lq d jhqhudo pxowlsulqflsdo vhwwlqj Fdo}rodul dqg Vfdusd +4<<<, vkrz wkdw/ dv orqj dv erwk htxloleulxp
surgxfwlrqv duh vwulfwo| srvlwlyh/ wkhvh duh wkh vdph lq lqwulqvlf frpprq djhqf|/ lq rxu pruh uhdolvwlf
vhwwlqj zkhqhyhu uhjxodwruv fdq ru fdqqrw r�hu d phqx ri uhjxodwlrqv1

5:Lqwhuhvwlqjo| wkh odujhu sur�w zklfk kdv wr eh ohiw wr wkh PQH pd| pdnh rqh +ru erwk, uhjxodwru+v,
suhihuulqj wr vkxw grzq orfdo surgxfwlrq1 Wklv srvvlelolw| lv khuh uxohg rxw e| dvvxpswlrqv 4 dqg 51
Dv|pphwulf htxloleuld lq zklfk wkh PQH surgxfhv lq rqh ri wkh wzr frxqwulhv rqo| lv dq lqwhuhvwlqj duhd
iru ixwxuh uhvhdufk1

5;Fdofxodwlrqv duh vwdqgdug dqg rplwwhg1 Lqvwhdg ri xvlqj sur�w ixqfwlrq +7, lw vx!fhv wr hpsor|
ixqfwlrq +4,1
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ri uhjxodwru � qrz lv/

;AAA?
AAA=

�@%
A�E��

U
�

q
T� E+�Eq��� u E^�Eq�c +�Eq�� n

e�E^�Eq�c q�� E� � k���Eq�
r
_C Eq�

r�|� �Eq� � � � Eq� ;q 5 �c

i+�Eq�c ^�Eq�j 5�o}�@%
+�c^�

�E+�c ^�c q� ;q 5 ��

Qhfhvvdu| dqg vx!flhqf| frqglwlrqv iru lpsohphqwdelolw| sdudooho zkdw L vwdwhg lq ohppd

5 dqg fruroodu| 6 dqg duh qrw suhvhqwhg1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv qhfhvvdu|

frqglwlrqv iru rswlpdolw|1

Sursrvlwlrq 9 Zlwk qrq0frrshudwlrq dqg vxe0frvw revhuydelolw| htxloleulxp surgxfwlrq

sodqv +���
� Eq�c ^���

� Eq� iru � ' _c s vdwlvi| wkh iroorzlqj frqglwlrqv/

E��

+
R�E+�� ' u+E+�c ^��c

)'E'cq� n E� � k��
CEq�

}Eq�
)q' E'cq�

�
� n

Y 	̂�
Y^�

�
' �u^E+�c ^���

E���
Y^�
Y^�

' )''*�^�^� c �^�^� ' �̂�*E)'' �̂� n )q'� � f

E���� �E7q� ' � �

�
7q
�
' f�

Surri1 Wkh surri lv dv lq sursrvlwlrq 7 dqg wkhq rplwwhg

Rxwsxwv duh qrw gluhfwo| glvwruwhg1 Rq wkh frqwudu| wkh pdujlqdo frvw ri lqwhuphgldwh

lqsxwv wdnhv lqwr dffrxqw wkh frqwudfw h{whuqdolw|
Y^�
Y^�

1 Wkh vdph frqvlghudwlrqv vwdwhg lq

sursrvlwlrq 7 krog iru wkh uhodwlrqvkls ehwzhhq wkh vljq ri wklv glvwruwlrq dqg wkh uhwxuqv

wr vfdoh ri lqsxw surgxfwlrq +vlploduo| dovr iru PQH*v sduwlflsdwlrq,1

7 Htxloleulxp surgxfwlrqv/ furvv0frxqwu| vxevlglhv/

dqg sdvvlyh uhjxodwlrqv

Lq wklv vhfwlrq L vwxg| htxloleulxp surgxfwlrqv dqg wkh srvvlelolw| wkh PQH hqjdjhv lq

furvv0vxevlglhv dprqj wkh �qdo rxwsxw vxevlgldulhv1 Zh dovr vwxg| wkh fdvh lq zklfk rqh

uhjxodwru uhpdlqv sdvvlyh dqg gr qrw dghtxdwh qdwlrqdo uhjxodwlrqv wr wkh lqwhuqdwlrqdo

shuvshfwlyh1

Zlwk LUV lq surgxflqj lqwhuphgldwh lqsxwv +frpsohphqwdulw|, dqg qr vxe0frvw re0

vhuydelolw|/ wkh glvwruwlrqv rq rxwsxwv lq fdvhv DF dqg DQF duh +uhvshfwlyho| wkh o1k1v1

dqg wkh u1k1v1,

3
C�� [

�'_cs

k�

4
D C Eq�

} Eq�
�q+� 	 E� � k��

C Eq�

} Eq�

#
�q+� n �q+�

Y	+�

Y+�

$
� +4:,

+wkh sduhqwkhvlv rq wkh o1k1v1 lv vpdoohu wkdq wkh htxlydohqw rq wkh u1k1v1 dqg rq wkh u1k1v1

wkhuh lv wkh dgglwlrqdo srvlwlyh whup �q+�
Y	+�
Y+�

�1 Wkxv/ zlwk qrq frrshudwlrq surgxfwlrq

lv ixuwkhu grzqzdug glvwruwhg/ +���
� � +��� � +8U� dqg joredo xqghu0surgxfwlrq dssolhv
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t ��� � t �� zlwk t �
� '

S
� +

�
� c � 'DQF/DF/ 5< Jlyhq wkdw lqwhuphgldwh lqsxwv duh

fkrvhq e| wkh PQH dffruglqj wr wkh i1r1f1 )'E'cq� ' �u^E^c +� lq doo wkh wkuhh fdvhv/

L dovr vd| wkdw ^���
� � ^��� � ^8U� dqg sursrvlwlrq 9 vkrzv wkh vdph udqnlqj dovr zlwk

vxe0frvw revhuydelolw|1 Pruhryhu/ lq htxloleulxp iru erwk fdvhv lw lv �� Eq� ' �)q E'Eq�(q�
dqg lqwhjudwlqj/

�Eq� '

7q]
q

)q E'E��(�� _�� +4;,

Frxqwhu lqwxlwlyho|/ zlwk LUV wkh pxowlqdwlrqdo lv qrw deoh wr wdnh dgydqwdjh ri qrq

frrshudwlrq dprqj uhjxodwruv dqg suhihuv wr eh uhjxodwhg e| wzr frpshwlqj frxqwulhv +lq

idfw Y�Eq�

Y'
: f e| )q' : f,1

D gl�huhqw vlwxdwlrq dssolhv zlwk GUV +vxevwlwxwdelolw|,1 Lq wklv fdvh
Y	+�
Y+�

	 f dqg wkh

frpsdulvrq ri glvwruwlrqv lq +4:, lv dpeljxrxv1 Lw lv wkhq xvhixo wr vshqg ihz zrugv rq

wkh ehqfkpdun ri d ixoo| v|pphwulf prgho163 Pduwlpruw ^4<<5` dqg Vwroh ^4<<5`/ xvlqj

d v|pphwulf pxowlsulqflsdo prgho/ vkrz wkdw zlwk k� ' f iru dq| � dqg vxevwlwxwhv/

htxloleulxp dfwlylwlhv zlwk frrshudwlrq duh vpdoohu wkdq zlwk qrq frrshudwlrq1 Zh duh

qrz lq d srvlwlrq wr yhuli| dqg jhqhudol}h wklv uhvxow1 Zlwk k� ' f iru dq| � frqglwlrq

+4:, fkdqjhv vljq dqg wkhq/ hyhu|wklqj ehlqj v|pphwulf +�� � +��� � +8U dqg ^�� �
^��� � ^8U 1 Lq wklv fdvh wkh �up lv deoh wr wdnh dgydqwdjh ri qrq frrshudwlrq dqg/ dv

rqh zrxog h{shfw/ suhihuv wr eh uhjxodwhg e| qrq frrshudwlqj frxqwulhv1

Sursrvlwlrq : Zlwk LUV qrq frrshudwlrq dozd|v ohdgv wr xqghu surgxfwlrq lq erwk frxq0

wulhv +dqg joredo xqghu surgxfwlrq, zlwk uhvshfw wr frrshudwlrq +d iruwlrul z1u1w1 IL, dqg

vpdoohu sur�w ohiw wr wkh PQH1 Zlwk GUV dqg vx!flhqwo| vpdoo +odujh, sur�w zhljkwv/

qrq frrshudwlrq ohdgv wr ryhu0 +xqghu0, surgxfwlrq dqg odujhu +vpdoohu, sur�wv wkdq fr0

rshudwlrq1 Zkhq erwk rxwsxwv duh qrq0lqfuhdvlqj/ qrq frrshudwlrq ohdgv wr joredo xqghu

surgxfwlrq z1u1w1 wr �uvw ehvw1

Lw lv lqwhuhvwlqj wr vhh krz wkh PQH ehkdyhv zkhq wkh wzr frxqwulhv gl�huhqwo| hydo0

xdwh wkh �up*v sur�w1 Jlyhq wkh pdq| h�hfwv dw sod|/ d jhqhudo dqdo|vlv ri wklv lvvxh lv d

gl!fxow wdvn dqg L zloo ghdo zlwk lw hpsor|lqj vshfl�f ixqfwlrq lq vhfwlrq 8 +wkh olqhdu0

txdgudwlf prgho, Qhyhuwkhohvv d vshfldo fdvh fdq eh vwxglhg wr judvs vrph ri wkh prvw

lpsruwdqw uhvxowv1 Lw lv wkh rqh zklfk k� ' � dqg k� 	 �1 Hyhq li wklv lv d olplw fdvh

rqh vkrxog qrwlfh wkdw uhvxowv rewdlqhg duh txdolwdwlyho| wkh vdph zlwk k� vpdoohu exw

vx!flhqwo| forvh wr rqh1 +Zlwk k� * � wkh glvwruwlrqdu| whup lq +4;, lv forvh wr }hur dqg

lwv h�hfw rq htxloleulxp vfkhgxohv lv qhjoljhdeoh1, k� forvh wr rqh pd| dsso| zkhq flwl}hqv

lq frxqwu| � kdyh d odujh rzqhu vkduh dqg2ru wkh PQH*v oreelqj wrzdugv uhjxodwru � lv

sduwlfxoduo| vxffhvvixo1 Pruhryhu/ li wkh PQH idfhg shuihfw frpshwlwlrq lq frxqwu| � lw

zrxog wkhq eh reoljhg wr vhw h!flhqw surgxfwlrq iru wkdw frxqwu|/ h{dfwo| zkdw k� ' �

5<Lqhtxdolwlhv duh vwulfw iru dq| � 5
�
�> ��

�
dqg duh htxdolwlhv iru � @ �=

63Frqwudu| wr rxu sdshu/ prvw ri wkh pxowlsulqflsdo olwhudwxuh ghdov rqo| zlwk ixoo| v|pphwulf prghov
iru vlpsolflw| 1 Rovhq dqg Rvxpqgvhq +4<<;, lv dq h{fhswlrq lq d gl�huhqw frqwh{w ri wd{dwlrq1
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lpsolhv lq sursrvlwlrqv 7 dqg 91 Wkh iroorzlqj sursrvlwlrq vkrzv wkdw wkh ryhudoo dv|p0

phwulf lqirupdwlrq glvwruwlrq +frpsrvhg e| wkh dv|pphwulf lqirupdwlrq whup dqg wkh

frqwudfw h{whuqdolw|, lv srvlwlyh iru dq| uhwxuq wr vfdoh164 Zlwk GUV glvwruwhg surgxfwlrq

ri vxevlgldu| � lpsolhv vpdoohu +wkdq �uvw ehvw, rxwsxw dqg lqsxw� Gxh wr vxevwlwxwdelo0

lw|/ vxevlgldu| � surgxfhv d odujhu +wkdq �uvw ehvw, rxwsxw dqg xvhv d odujhu txdqwlw| ri

lqwhuphgldwh lqsxwv1

Sursrvlwlrq ; Zlwk GUV/ k� vx!flhqwo| kljk dqg k� 	 k�c lqsxwv dqg rxwsxwv iru frxq0

wu| � duh +qrq0vwulfwo|, vpdoohu lq ��� wkdq lq 8U dqg wkh rssrvlwh krogv iru frxqwu| ��

Hyhu|wklqj hovh v|pphwulf/ lqsxw dqg rxwsxw duh +qrq0vwulfwo|, odujhu lq frxqwu| � wkdq lq

frxqwu| �� Zlwk LUV lqsxw dqg rxwsxw lq frxqwu| � duh dozd|v +qrq0vwulfwo|, odujhu wkdq

lq frxqwu| ��65

Frqvxphuv lq frxqwu| � duh shqdol}hg e| wkh olqn wkh PQH jhqhudwhv ehwzhhq uhjxod0

wlrqv= wkh| frqvxph/ fhwhulv sdulexv/ ohvv wkdq lq wkh rwkhu frxqwu|1 Wkh uhvxow dovr krogv

zlwk LUV fdvh zkhuh lw lv ydolg iru dq| k� 	 k� 1
66 Lq erwk wkh fdvhv wkh PQH idyruv wkh

frxqwu| zlwk wkh kljkhvw sur�w zhljkw dqg vhoov wkh vdph jrrg dw d vpdoohu sulfh wkdq

lq wkh rwkhu frxqwu|� Wklv nlqg ri idyrulwlvp fdq eh dovr qdwxudoo| uhlqwhusuhwhg lq whupv

ri lqwhuqdwlrqdo gxpslqj1 Lq idfw wkh �up vhoov wkh vdph krprjhqrxv jrrg dw gl�huhqw

sulfhv lq wzr frxqwulhv lqghshqghqwo| iurp wkh orfdo pdunhw ghpdqgv1 Wkh vshfl�f olqhdu0

txdgudwlf prgho ri vhfwlrq 8 zloo vkrz wkdw wkh idyrulwlvp h�hfw krogv lq jhqhudo iru dq|

sdlu ri sur�w zhljkwv1

Sursrvlwlrqv ; kdyh dovr dq lqwhuhvwlqj lqwhusuhwdwlrq lq whupv ri furvv0vxevlgl}dwlrq

dprqj wkh PQH*v vxevlgldulhv1 Uhvxowv duh pruh fohdu0fxw zlwk vxe0frvw revhuydelolw|

exw wkh| vlploduo| h{whqg wr qr vxe0frvw revhuydelolw|1 Zlwk k� 	 k� vxevlgldu| � xvhv

d odujhu txdqwlw| ri lqwhuphgldwh lqsxw/ ^���
� Eq� � ^���

� Eq� exw dovr surgxfhv d odujhu

dprxqw ri �qdo rxwsxw1 D phdqlqjixo frpsdulvrq ri wkh wzr vxevlgldulhv* revhuydeoh vxe0

frvwv/ u�E^�c +�� '
U +�
f u+ E^�c �� _�c uhtxluhv wr frpsduh wkh vdph txdqwlw| ri rxwsxw wr eh

surgxfhg1 Lw lv wkhq hylghqw wkdw u+

�
^���
� c +

�
� u+

�
^���
� c +

�
dqg wkhq wkh vxe0frvw ri

vxevlgldu| � lv odujhu wkdq wkdw ri vxevlgldu| � G u� : u�1
67

64Pruhryhu/ iru wkh vdph uhdvrq lw lv dovr srvvleoh wr vljq wkh vlqjoh furvvlqj frqglwlrq dqg qrq lqfuhdvlqj
vfkhgxohv ehfrphv d vx!flhqw frqglwlrq iru lpsohphqwdelolw|1

65Wkh qrq0vwulfwo| vshfl�fdwlrq lv gxh wr wkh idfw wkdw doo surgxfwlrq sodqv duh htxdo dw �1 H{fhsw iru
wkdw w|sh wkh uhvxowv krog zlwk vwulfw lqhtxdolwlhv1

66Ehjlq zlwk �g @ �i > d vpdoo lqfuhdvh lq �l kdv d �uvw rughu h�hfw lq uhgxflqj wkh glvwruwlrq lq l> wkhq
surgxfwlrq ulvhv wrzdugv �uvw ehvw1 Krzhyhu/ lw kdv rqo| dq lqgluhfw dqg vpdoohu vhfrqg rughu h�hfw lq
ulvlqj surgxfwlrq lq frxqwu| m yld wkh frqwudfw h{whuqdolw|1

67Iru wkh fdvh zlwk qr vxe0frvw revhuydelolw| wkh uhvxow krogv ehfdxvh lw lv djdlq |l � |m dqg tl � tm=
Dowhuqdwlyho| furvv0vxevlglhv frxog eh vwxglhg frpsdulqj surgxfwlrqv zlwk wkh rqhv hdfk frxqwu| frxog
rewdlq zlwk d grphvwlf �up1 Zlwk GUV/ surgxflqj lqwhuphgldwh lqsxwv iru d vlqjoh pdunhw lv ohvv
h{shqvlyh dqg wkh furvv0vxevlgl}dwlrq h�hfw lv vwurqjhu1 Pruhryhu/ wkh frqwudfw h{whuqdolw| zlwk d PQH
jrhv lq wkh vdph gluhfwlrq wkxv ulvlqj lqwhuphgldwh lqsxwv frvw iru erwk vxevlgldulhv1 Zlwk LUV wkh uhvxow
lv dpeljxrxv1 Li wkh uhwxuqv wr vfdoh h�hfw suhydlov/ wkh frvw uhgxfwlrq gxh wr PQH*v mrlqw surgxfwlrq
pd| eh vx!flhqwo| odujh wr uhgxfh wkh frvw ri wkh vxevlgldu| xvlqj wkh vpdoohu dprxqw ri lqwhuphgldwh
lqsxw1 Vhh dovr vhfwlrq : rq wklv1
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Fruroodu| < Zlwk erwk revhuydeoh dqg qrq revhuydeoh vxe0frvw/ wkh PQH*v vxevlgldu|

orfdwhg lq wkh frxqwu| zlwk wkh vpdoohu sur�w zhljkw furvv0vxevlgl}hv surgxfwlrq ri wkh

vxevlgldu| orfdwhg lq wkh frxqwu| zlwk wkh kljkhvw sur�w zhljkw1

Grphvwlf �upv lq uhjxodwhg vhfwruv sduwlflsdwh wr d frpsoh{ jdph ri dooldqfhv dqg

lqwhuqdwlrqdo furvv0rzqhuvklsv1 Lw pd| kdsshq wkdw vrph uhjxodwruv idlo wr uhdol}h wkdw

wkh �up wkh| uhjxodwh surgxfhv dqg lv uhjxodwhg deurdg1 Lw lv wkhq lqwhuhvwlqj wr vwxg|

zkdw uhjxodwruv orrvh zkhq wkh| gr qrw dghtxdwh qdwlrqdo uhjxodwlrqv wr wkh lqwhuqdwlrqdo

shuvshfwlyh1 Wr wklv hqg L dqdo|}h krz frqvxpswlrq/ zhoiduhv dqg sur�w duh d�hfwhg e|

wkh suhvhqfh ri d sdvvlyh uhjxodwru zklfk grhv qrw lqwhuqdol}h wkh h�hfwv ri grphvwlf sur0

gxfwlrq rq iruhljq dfwlylwlhv dqg �up*v sur�wv1 Vxssrvh wkh grphvwlf uhjxodwru _ eholhyh

wkh �up surgxfhv rqo| iru wkh krph pdunhw/ zkloh uhjxodwru s nqrzv wkh �up lv d PQH1

Wkh| wkhq uhvshfwlyho| hpsor| uhjxodwru| lqvwuxphqwv A(
_ c

q
A(
s c As

r
dqg uhjxodwru _ vhwv

uhjxodwlrq eholhylqj wkdw rxwsxw fkrvhq e| wkh �up zloo vdwlvi| wkh iroorzlqj rswlpdolw|

frqglwlrq

R_E+_� ' �+_E+_c q� n E� � k_�
C

}
�q+_E+_c q��

Krzhyhu lqwhudfwlrqv ehwzhhq uhjxodwlrqv lqgxfh d gl�huhqw PQH*v ehkdylru1 Uhjxodwlrq

_ uhpdlqlqj xqfkdqjhg/ wkh �up fkrrvhv rxwsxw +_ dffruglqj wr frqglwlrq

R_E+_� ' �+_E+_c +s c q� n E� � k_�
C

}
�q+_E+_c +s c q��

Ilup*v ghflvlrqv duh gl�huhqw iurp zkdw h{shfwhg e| uhjxodwru _ dqg wzr h�hfwv duh dw

sod|1 Iluvwo|/ zlwk qrq0FUV +_ d�hfwv +s � Vhfrqgo|/ +s yhul�hv frqglwlrq +l, lq sursrvlwlrq 7

ehfdxvh uhjxodwru s uhdol}hv wkdw grphvwlf surgxfwlrq d�hfwv +_ dqg glvwruwv klv surgxfwlrq

ulvlqj pdujlqdo frvwv e| wkh whup E��ks �
C
}
�q+s

Y	+_
Y+s

� Iurp wkh srlqw ri ylhz ri uhjxodwru s

qrwklqj fkdqjhv dqg lpsohphqwdelolw| +qhfhvvdu| dqg vx!flhqf|, frqglwlrqv uhpdlq wkh

vdph1 Zlwk LUV/
Y	+s
Y+_

: fc pdujlqdo frvw iru +_ lv vpdoohu zkhq uhjxodwru _ uhpdlqv sdvvlyh

dqg erwk +_ dqg +s duh odujhu1 Dv d frqvhtxhqfh/ wkh PQH ehqh�wv +sur�wv srvlwlyho|

ghshqgv rq lqsxwv dqg rxwsxwv iurp +4;,, dqg suhihuv wr klgh lwv pxowlqdwlrqdo dfwlylw| wr

uhjxodwru _ 1 Rq wkh frqwudu|/ wkh h�hfw rq frxqwu| s *v zhoiduh lv dpeljxrxv1 Frqvxphuv*

vxusoxv ulvhv exw wkh odujhu PQH*v sur�w qhjdwlyho| d�hfwv zhoiduh1 Krzhyhu/ li wkh zhljkw

xvhg e| frxqwu| s lv vx!flhqwo| odujh wkhq wkh �uvw h�hfw suhydlov dqg frxqwu| s lv ehwwhu

r� zkhq wkh rwkhu uhjxodwru uhpdlqv sdvvlyh1 Zlwk GUV/
Y	+s
Y+_

	 f/ +_ dqg +s uhvshfwlyho|

uhgxfhv dqg lqfuhdvhv zkhq uhjxodwru _ uhpdlqv sdvvlyh1 Li wkh uhgxfwlrq lq +_ lv odujhu

wkdq wkh lqfuhdvh lq +s / wkh �up wrr pd| eh zruvh r� dqg zrxog kdyh lqfhqwlyh wr pdnh

sxeolf lwv pxowlqdwlrqdo qdwxuh1 Iru frxqwu| s wkh uhdvrqlqj lv wkh vdph dv zlwk LUV1 Rq

wkh frqwudu|/ frxqwu| _ pd| hqg xs lq wkh zruvw srvlwlrq zlwk vpdoohu frqvxphu vxusoxv

dqg odujhu sur�wv ohiw wr wkh PQH1 Ilqdoo|/ lq erwk fdvhv wkh odujhu lv wkh zhljkw k_ wkh

vpdoohu duh doo wkh h�hfwv lqgxfhg e| d sdvvlyh uhjxodwru _� Pruh suhflvh fkdudfwhul}dwlrqv

zloo eh surylghg lq wkh qh{w vhfwlrqv1
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8 D olqhdu0txdgudwlf prgho

Frqwudfwxdo h{whuqdolwlhv d�hfw surgxfwlrqv lq d frpsoh{ zd|/ lw lv wkhq gl!fxow wr ghhshq

wkh suhylrxv dqdo|vlv1 L vwxg| wkh jhqhudo prgho ri wkh suhylrxv vhfwlrqv zlwk dq h{solflwo|

vroydeoh olqhdu0txdgudwlf dssur{lpdwlrq1 Ohw wkh lqwhuphgldwh lqsxw frvw ixqfwlrq eh

) E'(q� ' q'n B
2
'2czlwk B : f E	 f� iru GUV +LUV, dqg ohw wkh �qdo vwdjh whfkqrorj|

eh s E^�c u�� ' 4�? i^�c u�j c zklfk lpsolhv ^� ' u� ' +� +wkxv holplqdwlqj wkh glvwlqfwlrq rq

vxe0frvw revhuydelolw|, dqg �+q ' �c �++ ' �+�+� ' B +v|pphwulf frvw ixqfwlrq,1 Lqyhuvh

ghpdqgv duh olqhdu/ R�E+�� ' @�K�+�c � ' sc _� Ilqdoo|/ sulruv duh glvwulexwhg dffruglqj wr d

suredelolw| ixqfwlrq CE�� zkrvh kd}dug udwh C Eq� *} Eq� fdq eh dssur{lpdwhg e| d olqhdu

ixqfwlrq68 dqg wkh w|shv vsdfh lv � ' dfc�o � L fdoo wklv wkh olqhdu +ghpdqg, txdgudwlf

+frvw, olqhdu +kd}dug udwh, prgho +OTO,1

Wkh IL dqg DF vroxwlrqv ri wklv prgho duh xqltxh/ olqhdu dqg uhvshfwlyho| gh�qhg e|/

+8U� ' &� n q r8U� c

+��� ' &� n q r��� c

zkhuh &� '
@K�
K

lv dq lqwhufhsw/ r8U� ' �K�
K
	 f dqg r��� ' � E23k�K�

K
duh uhvshfwlyho| wkh

vorshv zlwk ixoo lqirupdwlrq dqg dv|pphwulf lqirupdwlrq zlwk frrshudwlrq +K � BEKs n

K_� n KsK_ : f�169

Zlwk dv|pphwulf lqirupdwlrq dqg qrq frrshudwlrq v|vwhp +l, lq sursrvlwlrq 7 dgplwv

olqhdu vroxwlrqv ri wkh w|sh +�Eq� ' &�n r���
� q dv sur{| ri htxloleulxp vfkhgxohv16: Qrwh

wkdw wkh prvw h!flhqw w|sh +q
3
, lv qrw glvwruwhg dqg wkxv wkh frqvwdqw whupv &� duh wkh

vdph lq wkh wkuhh fdvhv IL/ DF dqg DQF1 Frpsdulqj htxloleulxp vfkhgxohv dprxqwv wkhq

wr frpsduh wkh vorshv r8 U� c r��� c r���
� 1

Sursrvlwlrq 43 Zlwk dv|pphwulf lqirupdwlrq dqg qrq0frrshudwlrq lpsohphqwdeoh htxl0

oleulxp rxwsxwv duh xqltxh1 Zlwk GUV dqg erwk ghfuhdvlqj rxwsxwv/
Yr���

�

Yk�
: fc

Yr���
�

Yk�
	 fc

Yr���
�

YK�
: fc

Yr���
�

YK�
	 f� Zkhq wkh ghpdqg vorsh lv vx!flhqwo| orz +kljk, dqg sur�w zhljkw

lv vpdoo +odujh, lq frxqwu| � +�, rxwsxwv +� dqg +� ehfrph uhvshfwlyho| ghfuhdvlqj dqg

lqfuhdvlqj1 Lq wklv fdvh
Yr���

�

Yk�
	 fc

Yr���
�

YK�
	 f dqg d qhfhvvdu| frqglwlrq iru wklv dv|p0

phwulf htxloleulxp lv K� 9' K�1 Zlwk LUV/ htxloleulxp rxwsxwv duh dozd|v erwk ghfuhdvlqj

dqg
Yr���

�

Yk�
: fc

Yr���
�

Yk�
: fc

Yr���
�

YK�
: fc

Yr���
�

YK�
: f�

Wklv sursrvlwlrq surylgh d frpsohwh fkdudfwhul}dwlrq ri d qrq0v|pphwulf htxloleulxp

lq d gl�huhqwldeoh frpprq djhqf| jdph1 D uhpdundeoh idfw lv wkdw zlwk GUV zkhq gh0

pdqg vorshv lq wkh wzr frxqwulhv duh gl�huhqw/ lw lv srvvleoh wkdw rxwsxw lq rqh frxqwu|

68Wkh xqlirup glvwulexwlrq kdv d olqhdu kd}dug udwh dqg rwkhu h{dpsohv duh duelwuduo| forvh dssur{l0
pdwlrqv ri dq| h{srqhqwldo glvwulexwlrq1

69Vlpsoh frpsdudwlyh vwdwlfv vkrzv wkdw
Cv

k
l

Cel
A 3

Cv
k
l

Cem
? +A,3> k @ IL>DF> zlwk GUV +LUV,/

Cv
DF
l

C�m
A 3

m @ g> i dqg Cnl
Cd

A 3> Cnl
Cel

? 3> Cnl
Cem

A +?,3 zlwk GUV +LUV,1 Pruhryhu/ el. � @ �+s3l �F||, � 3 iurp wkh

v1r1f1 ri frxqwu| l dqg qrq0lqfuhdvlqj IL rxwsxwv uhtxluh � A 31
6:Zlwk wkh OTO prgho wklv lv zlwkrxw orvv ri jhqhudolw|1 Vhh Vwroh ^4<<5`1

4;



(α1
D<α2

D<α3
D<α4

D  and constant αF)

Output in country D

yF(β)

    β  β

Output in country F

α1
D

α2
D

α3
D

α4
D

yD(β)

    β  β

α2
D

α3
D

α4
D

α1
D

Iljxuh 4=

ehfrphv lqfuhdvlqj lq frvw q1 IL rxwsxwv duh qrq0lqfuhdvlqj dqg wkxv wkh frxqwu| zlwk

rxwsxw ulvlqj lq q ryhu0frqvxphv z1u1w1 IL dqg/ d iruwlrul/ z1u1w1 DF +wkh ryhu0surgxfwlrq

h�hfw,1 Lqwhuhvwlqjo|/ wklv h�hfw pd| krog zlwk erwk ghfuhdvlqj surgxfwlrqv16; Zlwk fr0

rshudwlqj uhjxodwruv/ odujhu sur�w zhljkwv lqfuhdvh rxwsxwv lq doo wkh frxqwulhv1 Vlploduo|/

zlwk qrq frrshudwlrq dqg LUV dq| sdudphwhu prgl�fdwlrq ulvlqj rxwsxw lq rqh frxq0

wu|/ dovr ulvhv rxwsxw lq wkh rwkhu frxqwu|1 Rq wkh frqwudu| zlwk GUV/ li wkh zhljkw lq

wkh iruhljq frxqwu| ulvhv/ wkhq wkh qhjdwlyh frqwudfw h{whuqdolw| gxh wr qrq frrshudwlrq

lqfuhdvhv dw krph dqg rxwsxw uhgxfhv1 Ohvv hodvwlf krph ghpdqg +odujhu K_, lqfuhdvhv

wkh vorshv +dqg uhgxfhv wkh lqwhufhsw, ri grphvwlf rxwsxw lq doo wkh wkuhh fdvhv +IL/ DF/

DQF, exw uhgxfhv wkh vorsh deurdg +zkhuh wkh lqwhufhsw ulvhv,1 Wkxv/ wkh h�hfwv ri gh0

pdqg hodvwlflwlhv lv suhvhuyhg zlwk qrq frrshudwlrq dv orqj dv rxwsxwv duh erwk ghfuhdvlqj1

Rq wkh frqwudu| zkhq rxwsxw deurdg ehfrphv lqfuhdvlqj/ wkhq dq kljkhu iruhljq sur�w

zhljkw dqg2ru d vpdoohu iruhljq ghpdqg hodvwlflw| uhgxfh wkh iruhljq vorsh1 Wklv lv d

frqvhtxhqfh ri wkh idfw wkdw zkhq iruhljq rxwsxw lv lqfuhdvlqj/ wkh ryhudoo glvwruwlrq lv

qhjdwlyh1 Wkxv/ dq lqfuhdvh lq iruhljq sur�w zhljkw lqgxfhv d uhgxfwlrq lq wkh +qhjdwlyh,

glvwruwlrq zklfk �qdoo| lpsolhv d ghfuhdvh lq rxwsxw1 Iljxuh 4 vxppdul}hv wkh h�hfwv

rq htxloleulxp surgxfwlrqv ri gl�huhqw k_� Qrwh wkdw wkhuh h{lvwv d ydoxh +k
�
_� vxfk wkdw

uhjxodwru � lv reoljhg wr wkh vdph surgxfwlrq iru dq| w|sh q +ixoo exqfklqj,= frqwudfw

h{whuqdolwlhv duh vxfk wkdw uhjxodwru _ lv qrw deoh wr glvfulplqdwh zlwk uhvshfw wr w|shv1

Frqfhuqlqj wrwdo surgxfwlrq/ zlwk qrq lqfuhdvlqj rxwsxwv lw lv t 8U � t ��� iru dq|

uhwxuq wr vfdoh +wkh frvw ixqfwlrq v|pphwulf/ vhh sursrvlwlrq :,1 Zkhq rqh rxwsxw lv

6;Lq idfw/ zkhq wkh hodvwlflw| lq pdunhw l lqfuhdvhv surgxfwlrq lq pdunhw m pd| ehfrph frqvwdqw +vhh
wkh dsshqgl{,1 E| frqwlqxlw|/ iru voljkwo| odujhu el erwk vfkhgxohv duh ghfuhdvlqj dqg |DQF

m � |ILm =

4<



lqfuhdvlqj/ wkh glvwruwlrq iru wkh frxqwu| zlwk lqfuhdvlqj rxwsxw lv qhjdwlyh dqg wrwdo

rxwsxw pd| eh odujhu wkdq zlwk �uvw ehvw/ krzhyhu wkh OTO prgho vkrzv wklv lv lpsrvvleoh

dqg dovr lq wklv fdvh t 8U � t ���16<

Frqfhuqlqj PQH*v suhihuhqfh ryhu frrshudwlrq dqg qrq0frrshudwlrq/ sursrvlwlrq :

vkrzv wkdw zlwk LUV t �� � t ��� dqg wkh PQH suhihuv frrshudwlrq1 Rq wkh frqwudu|

zlwk GUV/ wkh PQH suhihuv qrq frrshudwlrq +frrshudwlrq, +t �� � E��t ���� li sur�w

zhljkwv duh vlplodu dqg vpdoo +odujh,1 Iru lqwhuphgldwh dqg dv|pphwulf ydoxhv ri sur�w

zhljkwv wkh gl�huhqfh t �� � t ��� pd| eh qhjdwlyh ru srvlwlyh1 Lq wklv fdvh ghpdqg

hodvwlflwlhv dqg wkh ohyho ri uhwxuqv wr vfdoh EB� ehfrph uhohydqw1 Vlpxodwlrqv vkrzv wkdw

zlwk pruh ghfuhdvlqj uhwxuqv wr vfdoh +odujh B,/ wrwdo surgxfwlrq whqgv wr eh odujhu lq

DF wkdq lq DQF1 Pruhryhu/ zkhq wkhuh duh vpdoo ghfuhdvlqj uhwxuqv wr vfdoh +B forvh

wr }hur, vxfk wkdw t �� 	 t ��� / wkhq uhgxflqj erwk hodvwlflwlhv pdnhv surgxfwlrq zlwk

frrshudwlrq forvhu wr surgxfwlrq zlwk qrq0frrshudwlrq1 Zlwk lqwhuphgldwh ydoxhv iru B

wkh udqnlqj ehwzhhq surgxfwlrqv lv djdlq dpeljxrxv1 Zlwk erwk lqwhuphgldwh dqg odujh

B/ li frxqwu| � kdv d odujh hodvwlf ghpdqg +vpdoo K�, wkhq uhgxflqj hodvwlflw| lq frxqwu| �

pdnhv t �� � t ��� lqfuhdvlqj1 Wkh frqwudu| lv wuxh zkhq wkh hodvwlflw| lv vpdoo173

Zlwk uhvshfw wr idyrulwlvp dqg furvv0vxevlglhv/ sursrvlwlrq 43 vkrzv wkdw zlwk GUV d

ulvh ri k� uhgxfhv rxwsxw lq frxqwu| �1 Wkhq zlwk qrq frrshudwlrq dqg GUV lq surgxflqj

lqwhuphgldwh lqsxwv/ wkh PQH dozd|v idyruv dqg furvv0vxevlgl}hv surgxfwlrq ri wkh frxqwu|

zlwk wkh odujhvw sur�w zhljkw1 Rq wkh frqwudu|/ lq wkh fdvh ri frrshudwlqj frxqwulhv/ wkhuh

lv qrq idyrulwlvp +frqvlghulqj htxdo ghpdqgv/ wkh ghulydwlyhv ri rxwsxwv zlwk uhvshfw wr

sur�w zhljkwv duh wkh vdph,1 Zlwk LUV/ hyhq li wkh ghulydwlyhv ri rxwsxwv zlwk uhvshfw wr

sur�w zhljkwv kdyh wkh vdph vljq iru erwk frxqwulhv/ krzhyhu qxphulfdo vlpxodwlrqv vkrz

wkdw wkh idyrulwlvp uhvxow vwloo krogv= d ulvh lq k� lqfuhdvhv rxwsxw lq frxqwu| � pruh wkdq

lq frxqwu| � +wkh uhdvrq khuh lv wkdw lq wkh odwwhu rqo| dq lqgluhfw h�hfw dssolhv yld wkh

frqwudfw h{whuqdolw|,1 Wkh sduwlfxodu fdvh lq zklfk k� * � jlyhv vlpsoh h{solflw irupxodv

iru htxloleulxp rxwsxwv +vhh wkh surri ri sursrvlwlrq 43, zklfk frq�upv doo wkh suhylrxv

uhvxowv174

9 Rzqhuvkls sdwwhuqv dqg oree|lqj

Wkh suhylrxv vhfwlrqv vkrz wkdw frxqwulhv*v hydoxdwlrqv ri PQH*v sur�w d�hfw surgxfwlrq

dqg wkhq qdwlrqdo zhoiduhv dqg PQH*v sur�w1 Dv d frqvhtxhqfh uhjxodwruv dqg wkh �up

pd| gholehudwho| zdqw wr prgli| sur�w zhljkwv175 L vlqjoh rxw rzqhuvkls vkduhv dqg

oree|lqj dfwlylwlhv ghfrpsrvlqj sur�w zhljkwv lq wzr sduwv/ k� ' w� n b�/ zkhuh w� lv

6<Lq idfw/ iurp lpsohphqwdelolw| � b\ DQF � �4 +wkh qrq lqfuhdvlqj vfkhgxoh pxvw eh vx!flhqwo| gh0
fuhdvlqj, dqg zlwk IL � b\ IL @ �� +eg . ei , @� A �4= Wkxv/ �qdoo| b\ IL A b\ DQF

73Vlpxodwlrqv duh dydlodeoh iurp wkh dxwkru1
74Vlpxodwlrqv vkrz wkdw/ zlwk qrq lqfuhdvlqj rxwsxwv dqg qrq frrshudwlrq/ wkh ghulydwlyhv ri rxwsxwv

zlwk uhvshfw wr ghpdqg vorshv duh dozd|v odujhu lq devroxwh ydoxhv wkdq zlwk IL dqg DF1 Wkh qrq
frrshudwlyh ehkdylru wkxv pdjql�hv wkh h�hfwv ri sdudphwhu prgl�fdwlrqv1

75Uhvxowv lq wklv vhfwlrq duh ghulyhg iru wkh fdvh zlwk phqxv ri uhjxodwlrqv1 Exw wkh| dovr krog zlwk
xqltxh uhjxodwlrqv dqg lqwulqvlf frpprq djhqf|1 Vhh wkh glvfxvvlrq ri fruroodu| 81
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frxqwu| �*v flwl}hqv rzqhu vkduh lq wkh PQH dqg b� lv wkh lqfuhdvh lq wkh sur�w zhljkw

gxh wr oree|lqj dfwlylw| dgguhvvhg wr wkdw frxqwu|1 Iru vlpsolflw| L dvvxph uhjxodwruv

htxdoo| hydoxdwh uhsdwuldwhg sur�wv dqg frqvxphu vxusoxv dqg wkhuh duh qr wklug rzqhuv

+
S

�'sc_ w� ' ��1 Lq d �uvw lqvwdqfh L vhsdudwho| vwxg| wkh rswlpdo rzqhuvkls glvwulexwlrq

iurp frxqwulhv* dqg PQH*v shuvshfwlyh dqg dvvxph dzd| wkh srvvlelolw| ri oree|lqj +b� '

f/ � ' _c s,1 Wkhq L dqdo|}h/ iru d jlyhq rzqhuvkls sdwwhuq/ zkhq dqg wrzdug zklfk

frxqwulhv wkh PQH zrxog doorfdwh oree|lqj uhvrxufhv1

Qrq frrshudwlrq ehwzhhq uhjxodwruv lv vxe0rswlpdo dqg ghohjdwlqj qdwlrqdo uhjxodwru|

srzhuv wr d vxsud0qdwlrqdo dxwkrulw| pd| eh ehqh�fldo1 Krzhyhu/ lqwhuqdwlrqdo ghohjdwlrq

uhtxluhv uhjxodwruv wr jlyh xs wkhlu uhjxodwru| srzhuv/ vrphwklqj zklfk vhhpv idu iurp

uhdolvwlf1 Dv dq dowhuqdwlyh/ uhjxodwruv pd| frrshudwh lq d �uvw vwdjh vhwwlqj rzqhuvkls

vkduhv wr pd{lpl}h wkh vxp ri qdwlrqdo zhoiduhv/ nqrzlqj wkdw wkh| zloo lqghshqghqwo|

uhjxodwh wkh PQH1 Lq wklv zd| rswlpdo rzqhuvkls ghvljq pd| ehfrph d vxevwlwxwh iru

frrshudwlrq lq uhjxodwlrq1

Ohw xv ehjlq frqvlghulqj d ixoo| v|pphwulf prgho dqg/ iru vlpsolflw|/ qr vxe0frvw

revhuydelolw|1 Jlyhq rswlpdo qrq0frrshudwlyh uhjxodwlrqv/ wkh vxp ri wkh wzr zhoiduh

+ydoxh, ixqfwlrqv ehfrphv

` '
]
�

+[
�

T E+�Eq��� �E+_Eq�c +s Eq�c q�

,
_CEq�� +4<,

Ghulylqj z1u1w1 k� dqg xvlqj uhvxowv lq sursrvlwlrq 7/

Y`

Yk�
'

]
�

+[
�

%
E� � k��

C

}

#
�q+� n �q+�

Y	+�

Y+�

$&
Y+�

Yk�

,
_CEq� +53,

iru � 9' �� Wkh h�hfwv ri d pdujlqdo lqfuhdvh _w� rq rxwsxwv duh Y+�
Yw�

' Y+�
Yk�

� Y+�
Yk�

dqg
Y+�
Yw�

'
Y+�
Yk�
� Y+�

Yk�
+qrwh wkdw _k�

_w�
' �c

_k�
_w�

' ����Pruhryhu/ zlwk v|pphwu| wkh whup lq vtxduh

eudfnhwv lv wkh vdph iru � ' _c s dqg rqh �qdoo| jhwv wkh lghqwlw| Y`
Yw�

' f� Lq d v|pphwulf

zruog wkhuh lv qr +pdujlqdo, jdlq lq lqfuhdvlqj w� +dqg fruuhvsrqglqjo| ghfuhdvlqj w�� dqg

wkxv wkh v|pphwulf rzqhuvkls w_ ' ws pd{lpl}hv djjuhjdwhg zhoiduh1
76 Fohduo| wklv uhvxow

grhv qrw krog iru hdfk frxqwu| vlqjxoduo| wdnhq1 Frqvlghu frxqwu| �*v lqwhuhvwv lq lqfuhdvlqj

grphvwlf rzqhuvkls dw wkh h{shqvhv ri iruhljq rzqhuvkls +_w� ' �_w��1 Ghulylqj frxqwu|

�*v zhoiduh/ Y`�

Yw�
' �

U
�

�
Ye�
Yq

�
_CEq� '

U
� i�Eq�j _CEq� : f� Hdfk frxqwu| dozd|v ehqh�wv

iurp odujhu rzqhuvkls vkduhv +sur�w zhljkw, ehfdxvh wklv pdnhv wkh PQH*v lqirupdwlrqdo

uhqwv ohvv h{shqvlyh iru wkh frxqwu|1

Lq dq dv|pphwulf zruog wkh vwxg| ri rswlpdo rzqhuvkls vkduhv lv pxfkpruh frpsolfdwh

dqg L hpsor| wkh OTO prgho ri vhfwlrq 81 Wdeoh 7 uhsruwv wkh rswlpdo wW� zklfk pd{lpl}h

wkh vxp ri vrfldo vxusoxvhv iru d jlyhq sdlu ri ghpdqg vorshv177 Dv lw kdv ehhq suryhg

76Dvvxplqj vhfrqg rughu frqglwlrqv yhul�hg/ dv lw lv wkh fdvh zlwk wkh OTO prgho1 Vhh odwhu1
77Vlpxodwlrqv +rewdlqhg zlwk Pdwkhpdwlfd 613, duh urexvw wr dq| sdudphwhuv frq�jxudwlrq dqg dq|

uhwxuq wr vfdoh exw xqiruwxqdwho| zh zhuh qrw deoh wr rewdlq dq dqdo|wlfdo surri1 Vhfrqg rughu frqglwlrqv
kdyh ehhq dozd|v fkhfnhg1
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bi\bj 1 2 3 4 5 6 7 8 9 10

1 0.5 0.64 0.72 0.76 0.80 0.82 0.84 0.85 0.87 0.88
2 0.35 0.5 0.58 0.64 0.68 0.72 0.75 0.77 0.79 0.80
3 0.27 0.41 0.5 0.56 0.61 0.64 0.67 0.70 0.72 0.74
4 0.23 0.35 0.43 0.5 0.54 0.58 0.62 0.65 0.67 0.69
5 0.19 0.31 0.38 0.45 0.5 0.54 0.57 0.60 0.63 0.65
6 0.17 0.27 0.35 0.41 0.45 0.5 0.53 0.56 0.59 0.61
7 0.15 0.24 0.32 0.37 0.42 0.46 0.5 0.53 0.55 0.58
8 0.14 0.22 0.29 0.34 0.39 0.43 0.46 0.5 0.52 0.55
9 0.12 0.20 0.27 0.32 0.36 0.40 0.44 0.47 0.5 0.52
10 0.11 0.19 0.25 0.30 0.34 0.38 0.41 0.44 0.47 0.5

Iljxuh 5= wW� ' �o}�@%
S

�`� +@ ' �fc B ' �c w� ' � � w�,

deryh/ zkhq wkh ghpdqg vorshv duh wkh vdph/ wkh rswlpdo rzqhuvkls lv �*2 dqg v|pphwulf1

Frqvlghu qrz d uhgxfwlrq lq frxqwu| � hodvwlflw| +K� ulvhv zlwk frqvwdqw K�,1 Frxqwu| � +�,*v

rswlpdo rzqhuvkls uhgxfhv +ulvhv, dqg/ iru d vx!flhqwo| odujh hodvwlflw| uhgxfwlrq wW� ' fc

dqg wW� ' � +wklv fdvh lv qrw uhsuhvhqwhg lq wkh wdeoh,1

Uhvxow 4 Rswlpdo rzqhuvkls vkduhv ghfuhdvh +lqfuhdvh, zlwk grphvwlf +iruhljq, ghpdqg

hodvwlflw|/ YwW� EK�c K��*YK� 	 fc YwW� EK�c K��*YK� : f�

Wr xqghuvwdqg wkh orjlf ri wklv uhvxow �uvw qrwh wkdw d vwhhshu ghpdqg lq frxqwu| �

lpsolhv wkdw/ iurp wkh srlqw ri ylhz ri frqvxphu vxusoxvhv lq +4<,/ lw lv ehwwhu wr lqfuhdvh

frqvxpswlrq lq frxqwu| �� Lq idfw/ iurp sursrvlwlrq 43 rxwsxwv uhvshfwlyho| lqfuhdvh dqg

ghfuhdvh zlwk grphvwlf dqg iruhljq rzqhuvkls1 D odujhu K� phdqv wkdw pdunhw � lv frp0

sdudwlyho| vpdoohu wkdw pdunhw �c �lw lv wkhq suhihudeoh wr pdnh wkh rxwsxw ri wkh odujhu

pdunhw lqfuhdvh dw wkh h{shqvhv ri wkh rwkhu rqh1 Li K� lv odujh hqrxjk vxfk wkdw +� * f/

wkhq dq lqfuhdvh lq w� kdv d qhjoljhdeoh h�hfw lq lqfuhdvlqj grphvwlf rxwsxw exw d odujh

h�hfw lq ghfuhdvlqj iruhljq rqh� Wkh vxp ri frqvxphu vxusoxvhv wkhq zrxog uhgxfh1 Frvwv

+wkh vhfrqg sduw ri +4<,, lqfuhdvh zlwk wrwdo rxwsxw exw wkh h�hfwv rq hdfk rxwsxw jr

lq rssrvlwh gluhfwlrqv dqg whqg wr frpshqvdwh hdfk rwkhu1 Iru wklv uhdvrq wkh frqvxphu

vxusoxv h�hfw dozd|v suhydlov rq wkh frvw rqh1

Qrq0ehqhyrohqw uhjxodwruv pd| eh eulehg e| wkh PQH zklfk lv wkhq deoh wr ulvh

frxqwulhv* hydoxdwlrq iru lwv sur�w1 Hyhq li wklv vlpsoh prghol}dwlrq ri oree|lqj dfwlylw|

lv dg krf/ lw qhyhuwkhohvv doorzv wr ghvfuleh wkh h�hfwv ri lpshuihfwlrqv lq wkh ghohjdwlrq

ri wkh uhjxodwru| dxwkrulw| wr uhjxodwruv zlwk sulydwh djhqgdv178 Wr vlpsoli| wkh oree|lqj

jdph L dvvxph wkh PQH kdv dw klv glvsrvdo d olplwhg dprxqw b ri uhvrxufhv iru oree|lqj

dqg wkdw wkh oree|lqj whfkqrorj| lv rqh0wr0rqh= d xqlwdu| lqfuhdvh lq b� jlyhv d xqlwdu|

78Jurvvpdq dqg Khospdq ^4<<7`/ Ihhqvwud dqg Ohzlv ^4<<4` dqg Pduwlpruw ^4<<9` xvh wklv lqwhusuhwd0
wlrq iru sur�w zhljkwlqj lq vrfldo zhoiduh ixqfwlrqv1
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lqfuhdvh lq k�1 Wkh PQH wkhq oreelhv wkh wzr frxqwulhv xqghu wkh frqvwudlqw b ' b_nbs
ru _b� ' �_b�� Frqvlghu �uvw d frpsohwho| v|pphwulf prgho1 Pd{lpl}lqj +4;, z1u1w1 b�
xqghu wkh frqvwudlqw _b� ' �_b� c rqh rewdlqv

Y�

Yb�
'

7q]
q

)q' E��
Y'

Yb�
_��

E| v|pphwu|/ Y^�
Yb�

' � Y^�
Yb�

c Y+�
Yb�

' �Y+�
Yb�

dqg wkhq Y'

Yb�
' f1 Wkxv wkh qhw pdujlqdo ehqh�w

ri d vkliw lq oree|lqj iurp rqh frxqwu| wr dqrwkhu lv lghqwlfdoo| }hur179 Uhlqwurgxflqj

dv|pphwulhv/ wkh iroorzlqj sursrvlwlrq fdq eh vwdwhg1

Sursrvlwlrq 44 Lq wkh v|pphwulf OTO prgho/ zlwk LUV wkh PQH oreelhv mxvw rqh frxq0

wu|1 Zlwk GUV wkh PQH htxdoo| oreelhv erwk frxqwulhv1 Zlwk LUV +GUV, dqg htxdo

ghpdqgv/ wkh PQH oreelhv pruh wkh frxqwu| zlwk wkh odujhvw +vpdoohvw, rzqhuvkls1 Zlwk

gl�huhqw ghpdqgv/ LUV ru GUV dqg htxdo rzqhu vkduhv/ wkh PQH oreelhv wkh frxqwu| zlwk

wkh prvw hodvwlf ghpdqg1

Wkh PQH zrxog doorfdwh pruh +ohvv, oree|lqj uhvrxufhv zkhwkhu wklv ohdgv wr dq lq0

fuhdvh +ghfuhdvh, lq wrwdo lqwhuphgldwh lqsxw1 Wkh PQH*v oree|lqj0pd{lpl}dwlrq sureohp

lv frqfdyh zlwk GUV exw frqyh{ zlwk LUV dqg wklv h{sodlqv wkh sduwlfxodu uhvxowv lq sursr0

vlwlrq 441 Wkh uhdvrq iru wkh glyhujhqfh ehwzhhq wkh wzr fdvhv fdq douhdg| eh irxqg lq

sursrvlwlrq 431 Zlwk GUV/ d ulvh lq k� dw wkh h{shqvhv ri k� lqfuhdvhv +� exw orzhuv +� dqg

wkh qhw h�hfw lv srvlwlyh iru lqwhuphgldwh ydoxhv ri k�� Rq wkh frqwudu|/ zlwk LUV/ d ulvh

lq k� dw wkh h{shqvhv ri k� jhqhudwhv frxqwhu edodqflqj h�hfwv1 +� ulvhv dqg +� ghfuhdvhv

exw zlwk LUV jrrgv duh frpsohphqwv dqg wkh lqfuhdvh lq +� dovr ulvhv +� 1 Wkh qhw h�hfw

lv dq lqfuhdvh lq wrwdo rxwsxw +dqg lqsxw, dqg wkh PQH frqfhqwudwh oree|lqj uhvrxufhv

lq d vlqjoh frxqwu|1 Iurp sursrvlwlrq 44 lw dovr iroorzv wkdw zlwk LUV +GUV, wkh frxq0

wu| zlwk wkh kljkhvw +vpdoohvw, rzqhu vkduh dqg wkh prvw hodvwlf ghpdqg zloo eh pdlqo|

oreelhg1 Zlwk GUV/ odujh rzqhu vkduhv dqg odujh hodvwlflwlhv kdyh rssrvlwh h�hfwv zlwk

uhvshfw wr oree|lqj uhvrxufhv doorfdwlrq1 Krzhyhu/ wkh h�hfwv ri rzqhuvkls dqg hodvwlflwlhv

duh prqrwrqh lq doo wkh fdvh dqg wkhq/ iru dq| dv|pphwu| lq rzqhuvkls zlwk w� 	 w�c lw

dozd|v h{lvwv d sdlu ri dv|pphwulf ghpdqgv vxfk wkdw wkh kljkhu hodvwlflw| lq frxqwu| �

frpshqvdwh wkh rzqhuvkls h�hfw dqg wkh PQH suhihuv wr oree| frxqwu| ��

Wkh PQH*v suhihuhqfh ryhu oree|lqj ghvfulehg lq wkh sursrvlwlrq fdq eh uhlqwhusuhwhg

+vxevwlwxwlqj b� zlwk w�, lq whupv ri suhihuuhg rzqhuvkls vkduhv1 Pruhryhu/ lw lv lqwhuhvwlqj

wr phujh wkh wzr dqdo|vlv rq rswlpdo rzqhuvkls dqg oree|lqj1 Frqvlghu iru vlpsolflw|

d v|pphwulf zruog dqg vxssrvh uhjxodwruv frrshudwlyho| ghvljq wkh rzqhuvkls vwuxfwxuh

lq d suholplqdu| vwdjh/ nqrzlqj wkdw wkh| zloo qrw frrshudwh lq uhjxodwlrq dqg zloo eh

qrq0ehqhyrohqw1 Wkhq zlwk GUV uhjxodwruv zrxog htxdoo| glvwulexwh vkduhv lq wkh wzr

frxqwulhv hyhq nqrzlqj wkdw wkh| zloo eh eulehg e| wkh PQH1 Lq idfw/ idflqj w_ ' ws c

79Lq rughu wr vwdwh PQH*v lqfhqwlyhv wr doorfdwh oree|lqj uhvrxufhv zh kdyh wr lqyhvwljdwh dovr wkh

vhfrqg rughu frqglwlrq +l1h1 vljqC
5T

C�5
l

,= Wklv lv grqh lq wkh qh{w sursrvlwlrq1
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Iljxuh 6=

wkh PQH zrxog fkrrvh htxdo glvwulexwlrq ri oree|lqj uhvrxufhv vxfk wkdw/ dw wkh hqg/

wkh uhjxodwlrq jdph wdnhv sodfh zlwk k_ ' ks c zklfk lv rswlpdo iru doo wkh sod|huv lq d

v|pphwulf zruog1 Rq wkh frqwudu| zlwk LUV uhjxodwruv kdyh wr dqwlflsdwh wkdw wkh PQH

zloo frqfhqwudwh oree|lqj uhvrxufhv iru d vlqjoh frxqwu| dqg wkh rswlpdo rzqhuvkls lv qr

pruh v|pphwulf1

Oree|lqj dfwlylwlhv duh frpprqo| shufhlyhg dv ghwulphqwdo iurp wkh srlqw ri ylhz

ri qdwlrqdo zhoiduhv1 Pruhryhu/ lw lv d frpprq zlvgrp wkdw qdwlrqdo qrq ehqhyrohqw

uhjxodwruv lqghshqghqwo| pd{lpl}lqj wkhlu rzq sulydwh djhqgdv +`��
� ' `� n b��� duh

zruvh wkdq d vlqjoh qrq0ehqhyrohqw vxsud0qdwlrqdo uhjxodwru pd{lpl}lqj klv rzq sulydwh

djhqgd +`�� ' ` n b��1 L qrz vkrz/ zlwk dq h{dpsoh/ wkdw wklv frpprq zlvgrp

pd| eh huurqhrxv1 Zkhq wkh surfhvv ri ghohjdwlrq lv vxemhfw wr wkh oree|lqj dfwlylw| ri

wkh PQH/ wkhq frxqwulhv pd| eh ehwwhu r� li wkh| ghohjdwh uhjxodwlrq wr qrq frrshudwlqj

uhjxodwruv1 Vxssrvh iru vlpsolflw| wkdw wkh �up lv frpsohwho| iruhljq rzqhg +w� ' �, dqg

wkdw lw htxdoo| oreelhv frxqwulhv vxfk wkdw b� ' b*2� Zh qrz vwxg| krz wkh gl�huhqfh

ehwzhhq djjuhjdwhg vrfldo zhoiduhv zlwk wzr qdwlrqdo uhjxodwruv dqg d vlqjoh uhjxodwru

lv d�hfwhg e| wkh dprxqw ri oreelqj uhvrxufhv b1 Ohw eh `��
��� wkh vxp ri h{shfwhg

qdwlrqdo zhoiduhv zkhq qrq frrshudwlqj uhjxodwruv lqghshqghqwo| pd{lpl}h orfdo zhoiduh

dqg `��
�� wkh djjuhjdwhg zhoiduh zkhq uhjxodwlrq lv ghohjdwhg wr d vlqjoh vxsud0qdwlrqdo

dxwkrulw|17: Wkhq gh�qh {` ' `��
����`��

�� wkh gl�huhqfh ehwzhhq wkh wzr djjuhjdwhg

zhoiduhv1 Iljxuh 6 vkrzv krz {` prgl�hv zlwk b lq wkh OTO prgho zlwk sdudphwhuv

@ ' �fc K_ ' Ks ' �c B ' �c b_ ' bs ' b*2� Zkhq oree|lqj uhvrxufhv duh vpdoo +� � b

odujh, frrshudwlyh fhqwudol}hg uhjxodwlrq grplqdwhv lqghshqghqw uhjxodwlrqv1 Krzhyhu/

zkhq wkh PQH kdv d odujh dprxqw ri uhvrxufhv iru oreelqj +��b vpdoo, wkhq wkh uhyhuvh

lv wuxh1 Wr xqghuvwdqg wklv uhvxow qrwh wkdw d sdlu ri lqghshqghqw qdwlrqdo uhjxodwruv

lpsrvh hdfk rwkhu frqwudfwxdo h{whuqdolwlhv Y	+�*Y+� dqg wklv odfn ri frruglqdwlrq pdnhv

7:ZQE
DQF @

U
E

�
	lZ

DQF
l

�
gJ+�, dqg ZQE

DF @
U
E

�
	lZ

DF
l

�
gJ+�,1
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ohvv h�hfwlyh wkh PQH*v oree|lqj dfwlylw|1 Wkxv/ wkh qhw h�hfw pd| pdnh lqghshqghqw

uhjxodwruv suhihudeoh zkhq wkh PQH lv uhdg| wr d wrxjk oree| fdpsdljq1 Zh fdq wkhq

vwdwh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 45 Zkhq wkh surfhvv ri uhjxodwlrq lv lpshuihfw dqg lw lv lpsrvvleoh wr dyrlg

+qdwlrqdo dqg vxsud0qdwlrqdo, uhjxodwruv wr eh eulehg/ wkhq qdwlrqdo lqghshqghqw uhjxod0

wlrqv pd| ehfrph suhihudeoh wr fhqwudol}hg vxsud0qdwlrqdo uhjxodwlrq1

: H{whqvlrqv dqg frqfoxvlrqv

Dq lpsruwdqw lvvxh/ vshfldoo| iru lqwhjudwhg hfrqrplf duhdv vxfk dv HX dqg XV/ lv wkh

ghvljq ri surgxfwlrq vwuxfwxuh lq uhjxodwhg vhfwruv1 Ehiruh wkh uhjxodwlrq jdph wdnhv

sodfh/ frxqwulhv pd| zdqw wr frruglqdwh lq fkrrvlqj krz pdunhwv duh vhuyhg1 Wkh| frxog

doorz rqo| grphvwlf �upv ru ohw PQHv wr vhuyh doo wkh pdunhwv dv lq wkh suhylrxv dqdo|vlv1

Wr frpsduh wkhvh vwuxfwxuhv rqh kdv wr wdnh lqwr dffrxqw wzr idfwruv1 Iluvw/ uhwxuqv wr

vfdoh pdwwhu1 Zkhq wkhuh duh LUV +GUV, PQH*v mrlqw surgxfwlrq frvwv duh vpdoohu +odujhu,

wkdq zlwk wzr vhsdudwh �upv1 Vhfrqg/ frqwudfw h{whuqdolwlhv duh qrw dq lvvxh frqwudu| wr

zkdw kdsshqv zlwk PQHv1 Pruhryhu/ wkhvh h{whuqdolwlhv lqfuhdvh ru uhgxfh surgxfwlrq

frvwv uhvshfwlyho| zlwk LUV ru GUV dqg wkhq d wudgh r� h{lvwv1 Wkh lv dovr wuxh iurp

wkh srlqw ri ylhz ri wkh lqyroyhg �up+v,1 Wdnh wkh OTO dqg ghqrwh zlwk t ��.c t 7.�

wrwdo rxwsxw uhvshfwlyho| surgxfhg zlwk d PQH ru wzr lqghshqghqw �upv1 Wr vlpsoli| wkh

dqdo|vlv/ dvvxph dzd| oree|lqj lvvxhv1 Dqg wr pdnh wkh wzr fdvhv frpsdudeoh/ rzqhuvkls

glvwulexwlrq lv wkh vdph lq wkh wzr vfhqdulrv dqg ghvfulehg e| wkh vlpsoh olplw fdvh lq zklfk

frxqwu| � frpsohwho| rzqv wkh �up +w� ' � dqg w� ' f�17; Zlwk dojheudlf pdqlsxodwlrqv

+vhh wkh surri ri sursrvlwlrq 43, wkh gl�huhqfh ehwzhhq wrwdo surgxfwlrqv lv/

t 7.� � t ��. '
K�K� n K

EK� n B�EK� n B�K
B d@� 2qo c K : f

Zkhq wkh ghpdqg lv vx!flhqwo| kljk lq wkh wzr pdunhwv +kljk ydoxh ri wkh lqwhufhsw @

vxfk wkdw wkh h�hfw ri uhwxuqv wr vfdoh suhydlov,/ wkhq wkh vtxduh eudfnhw ehfrphv srvlwlyh

dqg zlwk GUV +LUV, t 7.� : E	�t ��.� Wklv uhvxow lpsolhv wkdw wkh sur�w ri d PQH

lv odujhu +vpdoohu, wkdq wkh vxp ri wkh sur�wv ri wkh wzr vhsdudwh �upv zkhq wkhuh duh

GUV +LUV,1 Zlwk GUV d PQH zrxog suhihu wr vsolw lqwr wzr lqghshqghqw �upv/ zkloh

zlwk LUV wzr lqghshqghqw �upv zrxog suhihu wr phujh lqwr d vlqjoh PQH1 L dp fxuuhqwo|

zrunlqj rq wklv lvvxh/ dovr frqvlghulqj wkh fdvh lq zklfk wkh wzr lqghshqghqw �upv fdq

vhuyh iruhljq pdunhwv zlwk h{sruwdwlrqv17<

Ilqdoo|/ wkhuh duh vrph grfxphqwhg fdvhv ri vhuylfhv surylghuv lq ghyhorshg frxqwulhv

zklfk duh uhjxodwhg dw krph dqg kdyh xq0uhjxodwhg vxevlgldulhv lq ghyhorslqj pdunhwv1

7;Dv zh vkrzhg suhylrxvo|/ uhvxowv duh txdolwdwlyho| wkh vdph zkhq �l A �m dqg �l lv vx!flhqwo| forvh
wr rqh1

7<Wkhuh h{lvw sdshuv vwxg|lqj lqwhuqdwlrqdo wudgh ehwzhhq grphvwlfdoo| uhjxodwhg �upv1 Vhh/ iru h{0
dpsoh/ Eudlqdug dqg Pduwlpruw ^4<<9` dqg Frpehv/ Fdloodxg dqg Mxoolhq ^4<<:`1
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Lqwxlwlyho|/ zkhq d frxqwu| uhjxodwhv d �up zklfk lv dovr surgxflqj lq dqrwkhu frxqwu|/

wkh iruphu vkrxog suhihu wkdw wkh �up lv dovr uhjxodwhg deurdg1 Wkh lghd lv wkdw li wklv lv

qrw wkh fdvh/ wkhq wkh �up fdq wdnh dgydqwdjh ri wklv dv|pphwu| dqg vwudwhjlfdoo| uhdfw

lq wkh frxqwu| lq zklfk lw kdv d odujhu iuhhgrp1 Lq dq rqjrlqj uhvhdufk L dp vwxg|lqj

wkh fdvh lq zklfk d PQH surgxfhv lq vhyhudo frxqwulhv exw lv uhjxodwhg rqo| e|/ vd|/ wkh

grphvwlf jryhuqphqw1 Wkhq/ wkh gl�huhqw w|shv ri roljrsrolvwlf frpshwlwlrq lq iruhljq

pdunhwv duh dqdo|}hg1

; Dsshqgl{

Surri ri ohppd 41 Iru wkh frpsohphqwdulw|2vxevwlwxwdelolw| uhodwlrqvkls/ wdnh wkh

rswlpdo lqwhuphgldwh lqsxwv ^W_E+_c +s �c ^
W
s E+_c +s � dqg/ vxevwlwxwlqj lq wkh sur�w +xvh wkh

hqyhorsh wkhruhp,/ Y2�
Y+�Y+�

' �u�
+^

Y^W
�
E+_c+s �

Y+�
� Ghulylqj wkh v|vwhp ri wkh i1r1f1v iru lqsxwv

Y^W� E+_c+s �

Y+�
'

)''u
�
+^

{
c zkhuh { ' us

^^u
_
^^ n )'' � Eus

^^ n u_
^^� : f +wkh vljq lv gxh wr wkh

v1r1f1v iru lqwhuphgldwh lqsxwv,1 Wkxv/ Y2�
Y+�Y+�

' �
)'' u�+^u

�
+^

{
vr wkdw li )'' : f +GUV,/

wkhq
Y^W� E+_c+s �

Y+�
	 f dqg Y2�

Y+�Y+�
	 f1 Li )'' 	 f +LUV, wkhq

Y^W� E+_c+s�

Y+�
: f dqg Y2�

Y+�Y+�
: f�

Qhfhvvdu| frqglwlrqv1 +l, Li +�Eq� lv rswlpdoo| fkrvhq e| wkh PQH/ wkh hqyhorsh wkh0

ruhp jlyhv ��Eq� ' Ye�E��
Yq

� Dsso|lqj djdlq wkh hqyhorsh wkhruhp rq e�E�� iru surgxfwlrq

lq wkh rwkhu frxqwu| lw dovr jlyhv Ye�E��
Yq

' ��q ' �)q 	 f1 Wr rewdlq +ll, wdnh wkh

v1r1f1 -��
� n

Y2e�
Y+2�

� A ��
� � fc dqg/ wr holplqdwh A ��

� c wrwdoo| gl�huhqwldwh wkh i1r1f1 jhwwlqj

A ��
� ' -��

� n
Y2e�
Y+2

�

n Y2e�
Y+�Yq

�
�+�
1 Vxevwlwxwlqj/ wklv �qdoo| jlyhv wkh +ll,1

Vx!flhqf| frqglwlrqv1 Iurp lpsohphqwdelolw| wkh wzr iroorzlqj frqglwlrqv krog iru

dq| q dqg q �/

-�E+�Eq�� n e�E+�Eq�(q�� A�E+�Eq�� � -�E+�Eq
��� n e�E+�Eq��(q�� A�E+�Eq

���

-�E+�Eq
��� n e�E+�Eq ��(q ��� A�E+�Eq

��� � -�E+�Eq�� n e�E+�Eq�(q��� A�E+�Eq���

Vxpplqj wkh wzr/

e�E+�Eq�(q�� e�Ec +�Eq��(q�� � e�E+�Eq ��(q�� e�E+�Eq�(q��
zklfk wudqvirupv lqwr

qU
q�

+�Eq�U
+�Eq��

Y2e�E�(r�
YqY+�

_�_r � f� Ilqdoo|/ fkdqjlqj yduldeoh zlwk +�E|� ' �

q]
q�

q]
q�

Y2 e�E�( r�

YqY+�
�+�E|�_|_r � f�
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Qrz/ rqh kdv wr vwdwh wkh vljq ri
Y2e�E�(r�
YqY^�

1 Ghulylqj
Ye�E��
Yq

' ��q d+�c 	+� E+�c q� (qo zlwk

uhvshfw wr +�/
Y2e�E+�(q�
Y+�Yq

' ��q +� � �q +�
Y	+�
Y+�

1 Wkhq/ wr rewdlq
Y	+�
Y+�

wdnh wkh i1r1f1 iru +�

dqg gl�huhqwldwh z1u1w1 +� dqg +�/ �+�+�_+� � �++_+� ' fc iurp zklfk
_+�

_+�
'

�++
�+�+�

zkhuh

�+�+� � f iru wkh v1r1f1v11 Vxevwlwxwlqj/ wkh vx!flhqf| frqglwlrq iru lpsohphqwdelolw|

ehfrphv/
q]
�q

q]
�q

d�q+�
En�

n �q+�
En�

�++ E�+�+��
E3�

3�
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Wkhq/ zkhq �++ 	 fc wkh lqwhjudqg lv srvlwlyh dqg lq wklv fdvh iru dq| sdlu qc q�/ wkh

�+�E�� � f lv vx!flhqw iru wkh +49, wr eh vdwlv�hg1 Rq wkh frqwudu|/ zkhq �++ : f/ rqh fdq

qrw vljq wkh lqwhjudqg dqg qr vx!flhqf| frqglwlrqv fdq eh jlyhq1

Surri ri fruroodu| 6 Frqfhuqlqj lpsohphqwdelolw|/ wkh LUV fdvh gluhfwo| iroorzv iurp

ohppd 51 Iru GUV/ wdnh Y2e�E+�(q�
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Zkhq �+� � f iru erwk � ' _c s wkh vtxduh eudfnhw lq wkh lqwhjudqg pxvw eh qhjdwlyh/

exw wklv lv lpsrvvleoh ehfdxvh lw lv frpsrvhg e| srvlwlyh whupv dqg wklv suryhv fdvh

+lle,1 Zkhq erwk rxwsxwv duh qrq0lqfuhdvlqj/ wkh v1r1f1 rq +� lpsolhv wkh ghqrplqdwru

lq wkh eudfnhw lq +55, lv srvlwlyh dqg wkhq/ iru wkh eudfnhw wr eh srvlwlyh/ lw vx!fhv wkdw
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zkhuh +(� Eq� lv wkh rswlpdo rxwsxw zlwk d grphvwlf �up lq frxqwu| �� Zlwk LUV +�Eq� �

+(� Eq�/ ehlqj �q+� : fc lw iroorzv _d�Eq�3� �Eq�o

_q
	 f/ wkh qhw uhqw lv ghfuhdvlqj z1u1w1

q� Frqfhuqlqj GUV/ qrwh wkdw wkh wrwdo ghulydwlyh ri wkh qhw uhqw fdq eh uhzulwwhq dv
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�
7q
�
�� �
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�@%
+�c

]
�

+
T� E+�� n

e�E+�(q� n E� � k��
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}Eq�
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YqY+�
' f�
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+ll, Vhh wkh surri fruroodu| 61

Surri ri sursrvlwlrq :1

Zkhq sur�w zhljkwv duh vxfk wkdw
S

�'_cs k� * �c wkh o1k1v1 lq +4:, lv dssur{lpdwho|

}hur zkloh wkh u1k1v1 lv srvlwlyh dqg wkh vljq lv yhul�hg1 Wkh udqnlqj lq surgxfwlrq lv

wkh vdph zlwk LUV dv zhoo dv PQH*v suhihuhqfh rq frrshudwlrq1 Vlploduo| fdq eh hdvlo|

vkrzq iru vxe0frvw revhuydelolw|1 Pruhryhu/ frqvlghudwlrqv rq dv|pphwulf lqirupdwlrq

glvwruwlrqv +vhh frqglwlrq +4:,, duh zlwk vwulfw lqhtxdolwlhv lq doo wkh dqdo|}hg fdvhv dqg

wkh ryhu2xqghu surgxfwlrq uhvxowv iroorz1 Iru wkh joredo xqghu surgxfwlrq zlwk GUV/

fruroodu| 6 vkrzv wkdw glvwruwlrqdu| whupv lq +l, sursrvlwlrq 7 duh srvlwlyh iru dq| qrq0

lqfuhdvlqj lpsohphqwdeoh surgxfwlrq sodq dqg/ frqvhtxhqwo|/ t ��� � t 8 U �

Surri ri fruroodu| ;1 Zh suryh iru vxe0frvw revhuydelolw| dqg vlploduo| fdq eh suryhg

zlwk qr vxe0frvw revhuydelolw|1 Zkhq )'' 	 f uhvxowv duh vwdqgdug1 Zlwk )'' : fc wrwdoo|
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gl�huhqwldwlqj wkh qhfhvvdu| frqglwlrq iru lqsxw lq frxqwu| �c )''E'cq�E �̂� n �̂�� n )q' '
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l
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lv htxdo wr { � )'' dqg lv qhjdwlyh +lq idfw { � f dqg )'' : f�1 Wklv phdqv wkdw wkh

vtxduh eudfnhw lv srvlwlyh dv zhoo dv wkh ryhudoo glvwruwlrq1 Wkxv/ wkh dpeljxlw| ri wkh

vlqjoh�furvvlqj frqglwlrq lv uhvroyhg dqg �̂� � f iru lpsohphqwdelolw|1 Qhfhvvdu| frqglwlrq

fdq wkxv eh uhzulwwhq dv/
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Qrwlfh wkdw lq erwk wkh fdvhv wkh v|vwhpv duh qr pruh gl�huhqwldo htxdwlrqv1 Pruhryhu/

wkh ryhudoo glvwruwlrqdu| whupv duh vwulfwo| srvlwlyh dqg wkh udqnlqj rq rxwsxwv dqg lqsxwv

iroorzv1 Dv douhdg| phqwlrqhg lq wkh wh{w/ wkhvh uhvxowv dovr krog iru k� vx!flhqwo| kljk

exw qrw qhfhvvdulo| htxdo wr rqh1

Surri ri fruroodu| 8183 Zkhqhyhu wkh PQH surgxfhv iru erwk frxqwulhv/ wkh rqo|

gl�huhqfh ehwzhhq d xqltxh ru d phqx ri uhjxodwlrqv uhpdlqv lq wkh sduwlflsdwlrq frq0

vwudlqw1 Wudqvihuv fdq eh zulwwhq z1o1j1 dv A� ' |�n |�E+��c zlwk |�Ef� ' f dqg |� d frqvwdqw
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