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Devwudfw

Zh frpsduh wd{hv dqg txrwdv zkhq �upv dqg wkh uhjxodwru kdyh dv|pphwulf
lqirupdwlrq derxw dedwhphqw frvwv1 Gdpdjhv duh fdxvhg e| d vwrfn sroox0
wdqw1 Xqfhuwdlqw| hqwhuv pxowlsolfdwlyho|/ l1h1 lw d�hfwv wkh vorsh udwkhu wkdq
wkh lqwhufhsw ri dedwhphqw frvwv1 Zh fdoleudwh wkh prgho xvlqj frvw dqg
gdpdjh hvwlpdwhv ri juhhqkrxvh jdvvhv1 Dv zlwk dgglwlyh xqfhuwdlqw|/ wd{hv
grplqdwh txrwdv1 Wkh dgydqwdjh ri wd{hv lv pxfk juhdwhu zlwk pxolwlsolfd0
wlyh/ frpsduhg wr dgglwlyh xqfhuwdlq|1

Nh| Zrugv= Srooxwlrq frqwuro/ dv|pphwulf lqirupdwlrq/ wd{hv dqg txrwdv/
vwrfkdvwlf frqwuro/ joredo zduplqj/ pxowlsolfdwlyh glvwxuedqfhv

MHO Fodvvl�fdwlrq qxpehuv= K54/ T5;



4 Lqwurgxfwlrq

Zkhq srooxwhuv kdyh ehwwhu lqirupdwlrq wkdq uhjxodwruv derxw wkh frvw ri
srooxwlrq dedwhphqw/ vrfldo zhoiduh ghshqgv rq erwk wkh irup ri uhjxodwru|
srolf| dqg lwv ohyho1 Frpsolfdwhg qrq0olqhdu wd{hv +h1j1 ^;`, fdq dfklhyh wkh
+lqirupdwlrq0frqvwudlqhg, vrfldo rswlpxp/ exw wkhvh w|shv ri srolflhv duh qrw
dfwxdoo| xvhg1 Prvw dfwxdo uhjxodwru| ghylfhv uho| rq vwdqgdugv ru vrph rwkhu
irup ri txdqwlw| frqwuro/ dqg wr d ohvvhu h{whqw/ olqhdu hplvvlrqv wd{hv1 Dq
lpsruwdqw olwhudwxuh/ ehjlqqlqj zlwk Zhlw}pdq ^55`/ frpsduhv vrfldo zhoiduh
xqghu wd{hv dqg txrwdv zkhq srooxwhuv dqg uhjxodwruv kdyh dv|pphwulf lqiru0
pdwlrq derxw dedwhphqw frvwv1 Prvw vxevhtxhqw frqwulexwlrqv +h1j1 ^7`/^43`/
^4;`/ ^53`/ ^57` dqg ^58`, wr wklv vxemhfw vwxg| wkh fdvh zkhuh wkh gdpdjh
ghshqgv rq wkh  rz ri srooxwlrq1 Krzhyhu/ vhyhudo lpsruwdqw hqylurqphqwdo
sureohp/ h1j1 joredo zduplqj dqg dflg udlq/ duh dvvrfldwhg zlwk wkh vwrfn
udwkhu wkdq wkh  rz ri srooxwlrq1 Iru wkhvh sureohpv/ wkh frpsdulvrq ri
wd{hv dqg txrwdv uhtxluhv d g|qdplf prgho1

Krho dqg Ndus +^:`, xvh d g|qdplf h{whqvlrq ri Zhlw}pdq*v prgho wr frp0
sduh wkh wzr srolflhv iru d vwrfn srooxwdqw14 Wkh| dvvxph wkdw wkh dedwhphqw
frvw lv d txdgudwlf ixqfwlrq ri hplvvlrqv/ wkdw gdpdjhv duh d txdgudwlf ixqf0
wlrq ri wkh vwrfn/ dqg wkdw wkh lghqwlfdoo|/ lqghshqghqwo| glvwulexwhg udqgrp
whup dowhuv wkh lqwhufhsw/ exw qrw wkh vorsh/ ri wkh dedwhphqw frvw ixqfwlrq1
Wkdw lv/ wkh udqgrp yduldeoh hqwhuv dgglwlyho|1 Lq hdfk shulrg wkh uhjxodwru
fkrrvhv wkh srolf| ohyho/ nqrzlqj wkh glvwulexwlrq exw qrw wkh uhdol}dwlrq ri
wkh udqgrp yduldeoh1 Dv zlwk wkh vwdwlf prgho/ wd{hv duh pruh olnho| wr eh
suhihuuhg wr txrwdv zkhq wkh vorsh ri wkh pdujlqdo dedwhphqw frvw lv odujh
uhodwlyh wr wkh vorsh ri pdujlqdo gdpdjhv1 Lq dgglwlrq/ wd{hv duh olnho| wr
eh suhihuuhg zkhq wkh ixwxuh lv qrw yhu| lpsruwdqw/ hlwkhu ehfdxvh ri d kljk
glvfrxqw udwh ru d kljk ghfd| udwh iru wkh vwrfn ri srooxwlrq1 Wd{hv duh dovr
olnho| wr eh suhihuuhg zkhq wkh uhjxodwru xvhv d ihhgedfn srolf| udwkhu wkdq
dq rshq orrs srolf|/ dqg zkhq qhz lqirupdwlrq duulyhv txlfno| +wkh ohqjwk
ri d shulrg lv vpdoo,1 Wkh udqnlqj ri wkh wzr srolflhv lv lqghshqghqw ri wkh
pdjqlwxgh ri xqfhuwdlqw| dqg ri wkh fxuuhqw vwrfn ri srooxwdqw1

4Qhzhzoo dqg Sl}hu ^45` dqg Vwdulqj ^4<` dovr vwxg| d g|qdplf yhuvlrq ri Zhlw}pdq*v
sureohp1 Wkh| erwk uhvwulfw dwwhqwlrq wr rshq orrs srolflhv/ zkhuhdv ^:` frpsduh rshq
orrs dqg ihhgedfn srolflhv1 ^45` lqfoxghv wkh jhqhudol}dwlrq zkhuh wkh udqgrp yduldeoh lv
vhuldoo| fruuhodwhg1
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Krho dqg Ndus fdoleudwh wkh prgho xvlqj suhylrxv hvwlpdwhv ri wkh vorshv
ri wkh gdpdjh dqg dedwhphqw frvw ixqfwlrqv iru juhhqkrxvh jdvvhv1 Hyhq
li wkh hvwlpdwhg udwlr ri wkh vorshv ri wkh wzr frvw ixqfwlrqv lv zurqj e| d
idfwru ri rqh wkrxvdqg/ wd{hv grplqdwh txrwdv iru uhdvrqdeoh ydoxhv ri wkh
rwkhu sdudphwhuv1 Wklv uhvxow vxjjhvwv wkdw lq idfw lw pljkw eh lpsruwdqw
wr xvh wd{hv udwkhu wkdq txdqwlw| uhvwulfwlrqv lq frqwuroolqj juhhqkrxvh jdv
hplvvlrqv1 Wkhuh lv fxuuhqwo| frqvlghudeoh ghedwh erwk derxw wkh h{whqw
wr zklfk hplvvlrqv vkrxog eh olplwhg/ dqg wkh pdqqhu lq zklfk wkhvh olplwv
vkrxog eh dfklhyhg1 Wkxv/ wkh frqfoxvlrq wkdw wd{hv duh ehwwhu wkdq txrwdv
kdv vljql�fdqw lpsolfdwlrqv iru srolf|1

Dowkrxjk wklv frqfoxvlrq lv urexvw zlwk uhvshfw wr yduldwlrqv lq sdudp0
hwhu ydoxhv/ lw lv frqglwlrqhg rq wkh dvvxpswlrq ri txdgudwlf ixqfwlrqv dqg
dgglwlyh xqfhuwdlqw|1 Jlyhq rxu odfn ri nqrzohgjh derxw dfwxdo frvwv dqg
wkh uhvxowlqj qhhg wr xvh d sduvlprqlrxv prgho/ wkh txdgudwlf vshfl�fdwlrq lv
uhdvrqdeoh1 Krzhyhu/ wkh dvvxpswlrq ri dgglwlyh xqfhuwdlqw| lv pdgh sxuho|
iru lwv wudfwdelolw|1 Wkhuh lv qr uhdvrq wr eholhyh wkdw wkh lqwhufhsw ri wkh
dedwhphqw frvw ixqfwlrq lv vxemhfw wr pruh udqgrpqhvv wkdq wkh vorsh ri
wkdw ixqfwlrq1 Zh nqrz wkdw lq wkh vwdwlf prgho/ pxowlsolfdwlyh xqfhuwdlqw|
fdq fkdqjh wkh udqnlqj ehwzhhq srolflhv/ kroglqj �{hg rwkhu sdudphwhuv1 Lq
ylhz ri wkh lpsruwdqfh ri ghwhuplqlqj wkh ehvw phwkrg ri frqwuroolqj juhhq0
krxvh jdv hplvvlrq/ lw lv zruwk lqyhvwljdwlqj zkhwkhu wkh frqfoxvlrq lq ^:`
vxuylyhv wkh lqwurgxfwlrq ri pxowlsolfdwlyh xqfhuwdlqw|1 Lq dgglwlrq/ vlqfh
wkhuh duh qxphurxv rwkhu lpsruwdqw vwrfn srooxwdqwv/ lw lv zruwk kdylqj d
vlpsoh phdqv ri frpsdulqj wkh wzr srolflhv xqghu erwk dgglwlyh dqg pxowl0
solfdwlyh xqfhuwdlqw|1

Wkh qh{w vhfwlrq ghvfulehv dqg vroyhv wkh olqhdu txdgudwlf prgho zlwk
pxowlsolfdwlyh glvwxuedqfhv1 Zh dovr glvfxvv vrph ri wkh ghwhuplqdqwv ri wkh
frpsdulvrq ehwzhhq wkh wzr srolflhv1 Wkh iroorzlqj vhfwlrq xvhv suhylrxv
hvwlpdwhv ri frvwv wr fdoleudwh wkh prgho1 Zh xvh wklv fdoleudwlrq wr frpsduh
wkh wzr srolflhv/ dqg wkhq uhodwh rxu uhvxowv wr wkh fdvh ri dgglwlyh xqfhuwdlqw|1

5 Wkh prgho

Zh gh�qh srooxwlrq hplvvlrqv dqg frvwv dv  rzv/ h1j1 eloolrqv ri wrqv shu xqlw
ri wlph ru eloolrqv ri grooduv shu xqlw ri wlph1 Hdfk shulrg odvwv iru � xqlwv
ri wlph dqg zh dvvxph wkdw yduldeohv duh frqvwdqw zlwklq d shulrg1 Zh fdq
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wklqn ri � dv ehlqj wkh dprxqw ri wlph ehwzhhq wkh duulydo ri qhz lqirupdwlrq/
ru wkh dprxqw ri wlph gxulqj zklfk ghflvlrqv duh khog �{hg1 Wkxv/ � fdq eh
ylhzhg dv d phdvxuh ri wkh  h{lelolw| ri ghflvlrqpdnhuv1 Wkh frpsdulvrq
ehwzhhq wd{hv dqg txrwdv ghshqgv rq pdq| sdudphwhuv/ lqfoxglqj wkh ohqjwk
ri hdfk shulrg1 E| h{solflwo| lqfoxglqj �/ zh duh deoh wr ghwhuplqh krz wklv
sdudphwhu d�hfwv wkh frpsdulvrq1

Wkh �up*v  rz ri srooxwlrq lq wkh devhqfh ri uhjxodwlrq lv %W1 Li lwv dfwxdo
ohyho ri srooxwlrq lv %/ lwv dedwhphqw lv %W�%� Wkh �up*v dedwhphqw frvwv lq
wkh devhqfh ri xqfhuwdlqw| duh KE%

W
3%�

2

2

/ zklfk zh uhzulwh dv �Es n @%� K

2

%2�1
Zh lqwurgxfh pxowlsolfdwlyh xqfhuwdlqw| e| uhsodflqj wkh sdudphwhu K zlwk
K

w

dqg wkhq zulwlqj dedwhphqw frvwv dv �Es n @% � K

2w

%2�15 Wkh udqgrp
yduldeoh w lv lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg1 Dw wkh ehjlqqlqj ri
wkh shulrg wkh �up/ exw qrw wkh uhjxodwru/ revhuyhv wkh fxuuhqw ydoxh ri w1
Wkh �uvw dqg vhfrqg prphqwv ri w duh .w ' 7w dqg .w2 ' �/ vr �@oEw� '

j2 ' � � 7w
21 Wkh uhjxodwru nqrzv wkh suredelolw| glvwulexwlrq ri w�

Li wkh uhjxodwru fkrrvhv d wd{ R shu xqlw ri srooxwlrq/ wkh �up plqlpl}hv
wkh vxp ri dedwhphqw frvw dqg wd{ sd|phqwv1 Wkh �uvw rughu frqglwlrq wr
wkh �up*v frvw plqlpl}dwlrq sureohp lpsolhv wkdw wkh  rz ri srooxwlrq lv

% '

�
@� R

K

�
w � 5wc +4,

zklfk xvhv wkh gh�qlwlrq 5 ' @3R

K

1 Zh fdq wklqn ri wkh uhjxodwru dv fkrrvlqj
wkh yduldeoh 5 udwkhu wkdq wkh wd{ R1 Wkxv/ xqghu d wd{/ wkh  rz ri srooxwlrq
lq dq| shulrg lv d udqgrp yduldeoh1 Zkhq wkh uhjxodwru fkrrvhv d txrwd/ %/
zh dvvxph wkdw lw lv elqglqj1 Zlwk d txrwd/ wkh  rz ri srooxwlrq lq d shulrg
lv ghwhuplqlvwlf1

Li zh qrupdol}h e| vhwwlqj 7w ' �/ wkhq �@oEw� ' � � � Zlwk wklv qru0
pdol}dwlrq/ 5 lv wkh h{shfwhg  rz ri srooxwlrq zkhq wkh uhjxodwru xvhv wkh
wd{ R ' @ � K51 Zh surylgh wkh irupxodh iru jhqhudo ydoxhv ri 7w dqg wkhq
vshfldol}h wr 7w ' ��

Wkh  rz ri gdpdjhv uhvxowlqj iurp wkh vwrfn ri srooxwlrq/ 7/ lv S7n }

2

721
Wkh �up ljqruhv wkhvh frvwv/ exw wkh uhjxodwru fduhv derxw wkhp1 Wkh  rz

5Lq klv uhso| wr Pdofrpvrq^43`/ Zhlw}pdq ^56` prghov pxowlsolfdwlyh glvwxuedqfhv e|
kdylqj wkh udqgrp yduldeoh glylgh udwkhu wkdq pxowlso| wkh vorsh ri pdujlqdo frvwv1 Zh
dgrsw wklv irupxodwlrq ehfdxvh lw ohdgv wr d voljkw vlpsol�fdwlrq lq wkh ghulydwlrqv1 Ri
frxuvh wkh wzr irupxodwlrqv duh htxlydohqw/ vlqfh rqh lv rewdlqhg iurp wkh rwkhu phuho| e|
uh0gh�qlqj wkh udqgrp yduldeoh1 Dq +htxlydohqw, dowhuqdwlyh/ uhsodflqj e{

5

�

zlwk +e. �,{5/
fdq dovr eh rewdlqhg e| uhgh�qlqj yduldeohv1

6



ri sd|r� +wkh qhjdwlyh ri dedwhphqw frvwv plqxv gdpdjhv, iru wkh uhjxodwru
lv

Es n @%� K

2w
%2��

�
S7 n

}

2
72

�
� +5,

Xvlqj +4,dqg +5,/ wkh uhjxodwru*v h{shfwhg  rz ri sd|r� lq d shulrg li vkh
xvhv d wd{ +A , lv

b E|(A � � b E5
|

c 7
|

(A � ' s n

�
@5

|

� K

2
52
|

�
w �

�
S7

|

n
}

2
72

|

�
� +6,

Li wkh uhjxodwru xvhv d txrwd +', khu h{shfwhg  rz ri sd|r� lq d shulrg lv

b E|('� � b E%
|

c 7
|

('� ' s n @%
|

� K

2
%2
|

.

�
�

w

�
�
�
S7

|

n
}

2
72

|

�
� +7,

Vlqfh hdfk shulrg odvwv iru � xqlwv ri wlph/ dqg vlqfh doo yduldeohv duh dvvxphg
wr eh frqvwdqw zlwklq d shulrg/ wkh uhjxodwru*v h{shfwhg sd|r� iru d shulrg
lv bE|( ���/ iru � ' Ac' +wd{hv/ txrwdv,1

Wkh htxdwlrq ri prwlrq iru wkh vwrfn ri srooxwdqw/ 7/ lv

7
|n�

' {7
|

n %
|

� +8,

zkhuh wkh iudfwlrq ri vwrfn wkdw shuvlvwv xqwlo wkh qh{w shulrg lv { ' e3B�> B
lv wkh frqwlqxrxv wlph ghfd| udwh1

Zlwk d glvfrxqw idfwru q ' e3o� dqg dq lqlwldo ydoxh ri wkh vwrfn 7
f
/ wkh

suhvhqw glvfrxqwhg ydoxh ri wkh uhjxodwru*v sd|r� lv

a E7
f
( �� ' 4@ .

"[
|'f

q|b E|( ���

vxemhfw wr +8,/ iru � ' Ac'1
Xqghu txrwdv/ wkh uhjxodwru kdv d vwdqgdug ghwhuplqlvwlf olqhdu0txdgudwlf

sureohp1 Wkh whup .
�
�

w

�
hqwhuv wkh sd|r� dv d frqvwdqw zklfk pxowlsolhv

K +vhh 7,> xqfhuwdlqw| kdv qr rwkhu h�hfw rq wkh sureohp1 Xqghu wd{hv/ wkh
uhjxodwru kdv d vwrfkdvwlf frqwuro sureohp zlwk pxowlsolfdwlyh glvwxuedqfhv1
Lq wklv fdvh/ wkh �Sulqflsoh ri Fhuwdlqw| Htxlydohqfh� grhv qrw dsso|= wkh
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vwdwh frqwlqjhqw rswlpdo frqwuro uxoh ghshqgv rq erwk wkh phdq dqg wkh
yduldqfh ri w16 Krzhyhu/ wkh frqwuro uxoh lv vwloo olqhdu/ dqg wkh ydoxh ixqfwlrq
lv vwloo txdgudwlf/ +dv lv wkh fdvh iru erwk wkh ghwhuplqlvwlf sureohp dqg wkh
sureohp zlwk dgglwlyh xqfhuwdlqw|,1 Wkxv/ zh fdq xvh vwdqgdug phwkrgv wr
vroyh wkh frqwuro sureohp xqghu wd{hv1 Zh �uvw vroyh wklv sureohp/ dqg wkhq
xvh rxu uhvxow wr rewdlq wkh vroxwlrq wr wkh sureohp xqghu txrwdv1

Zh ehjlq e| �jxhvvlqj� wkdw wkh ydoxh ixqfwlrq xqghu wd{hv lv txdgudwlf=
aE7(A � ' 4

f
n 4

�
7 n 4

2

72 iru vrph sdudphwhuv 4
f
c 4

�
c 4

2
1 Xvlqj wklv jxhvv/

zh fdq zulwh wkh uhjxodwru*v g|qdplf surjudpplqj htxdwlrq xqghu wd{hv dv=

4
f
n 4

�
7 n

4
2

2
72 ' 4@ 

5

ib E5c 7(A �� +9,

nq.
w

k
4
f
n 4

�
E{7 n 5w�� n

4
2

2
E{7 n 5w��2

l
j

' 4@ 
5

�
k
f
n k

�
w�5 n

k
2
�

2
52
�
c +:,

zklfk xvhv wkh gh�qlwlrqv

k
f

'

�
s � S7 � }72

2

�
�n q

�
4
f
n 4

�
{7 n

4
2

2
E{7�2

�

k
�

' @n q E4
�
n 4

2
{7�

k
2

' q4
2
�� � Kw�

Wkh rswlpdo frqwuro uxoh lv

5W ' �k
�
w

k
2

� +;,

Vxevwlwxwlqj htxdwlrq +;, lqwr +:, dqg htxdwlqj frh!flhqwv ri srzhuv ri 7
jlyhv wkh htxdwlrqv iru 4

�

1

4
2

' �}� n q4
2
{2 � Eq4

2
{�2 �w

2

q4
2
�� � Kw

+<,

4
�

' �S�n q4
�
{� E@n q4

�
� 4

2
{�w

2

q4
2
�� � Kw

+43,

4
f

' s� n q4
f
� E@ n q4

�
�2 �w

2

2
�
q4

2
�� � Kw

� � +44,

6Xqghu dgglwlyh xqfhuwdlqw|/ wkh rswlpdo ohyhov ri { dqg }/ iru d jlyhq ohyho ri V/ duh
wkh vdph1 Wklv �fhuwdlqw| htxlydodqfh� grhv qrw krog xqghu pxowlsolfdwlyh glvwxuedqfhv1
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Jlyhq wkdw wkh ydoxh ixqfwlrq lv erxqghg deryh dqg wkdw lw lv txdgudwlf/ lw
pxvw eh wkh fdvh wkdw 4

2
	 f1 Zh �uvw rewdlq wkh qhjdwlyh urrw ri htxdwlrq

+<, dqg wkhq vroyh wkh olqhdu htxdwlrqv +43, dqg +44, uhfxuvlyho|1
Zh rewdlq wkh vroxwlrq wr wkh sureohp xqghu txrwdv e| vshfldol}lqj wkh

deryh vroxwlrq xqghu wd{hv1 Xvlqj wkh qrupdol}dwlrq 7w ' �/ zh vlpso|
uhsodfh 7w dqg � e| � dqg uhsodfh K e| K.

�
�

w

�
lq wkh htxdwlrqv iru 4

�

dqg lq
wkh gh�qlwlrqv iru k

�

deryh/ wr rewdlq wkh vroxwlrq xqghu txrwdv1
Wkh prgho zlwk dgglwlyh xqfhuwdlqw| ^:` lv vlpsohu/ dqg surylghv d xvhixo

edvlv iru frpsdulvrq1 Xqghu dgglwlyh xqfhuwdlqw|/ zh zulwh dedwhphqw frvwv
dv � �

s n d@n wo%� K

2

%2
�
1 Zh vroyh wkh rswlpl}dwlrq sureohp xvlqj wkh

vdph surfhgxuh dv deryh/ dqg rewdlq d v|vwhp ri htxdwlrqv wkdw fruuhvsrqg
wr htxdwlrqv +<, 0 +44,1 Lq wkdw v|vwhp ri htxdwlrqv wkh vhfrqg prphqw
+�, dsshduv rqo| lq wkh htxdwlrq iru 4

f
1 Wklv ihdwxuh hqdeohv xv wr rewdlq

d forvhg irup frpsdulvrq ri wkh ydoxh ixqfwlrqv xqghu wd{hv dqg txrwdv1
Zlwk pxowlsolfdwlyh xqfhuwdlqw| doo wkh sdudphwhuv 4

�

ghshqg rq � xqghu
wd{hv> doo ri wkhvh sdudphwhuv ghshqg rq .

�
�

w

�
xqghu txrwdv1 Krzhyhu/

+zlwk pxowlsolfdwlyh xqfhuwdlqw|, wkh sdudphwhuv � +xqghu wd{hv, dqg .
�
�

w

�
+xqghu txrwdv, hqwhu wkh htxdwlrqv iru 4

�

lq gl�huhqw zd|v/ suhfoxglqj d
vlpsoh frpsdulvrq ri wkh sd|r�v xqghu wkh wzr srolflhv1 Qhyhuwkhohvv/ zh
fdq lghqwli| vlplodulwlhv lq wkh frpsdulvrqv xqghu dgglwlyh dqg pxowlsolfdwlyh
xqfhuwdlqw|1

Zlwk dgglwlyh xqfhuwdlqw|/ zh nqrz wkdw wd{hv duh pruh olnho| wr grplqdwh
txrwdv zkhq wkh frqyh{lw| ri wkh dedwhphqw frvw ixqfwlrq lv odujh/ uhodwlyh
wr wkh frqyh{lw| ri wkh gdpdjh ixqfwlrq/ l1h1 zkhq K lv odujh uhodwlyh wr
}1 Wklv udqnlqj lv dovr olnho| wr krog xqghu pxowlsolfdwlyh xqfhuwdlqw|/ dqg
wkh lqwxlwlrq lv hvvhqwldoo| wkh vdph1 Wkh ydoxh ri wkh uhjxodwru*v surjudp
lv wkh vxp ri wkh h{shfwhg ydoxh lq wkh fxuuhqw shulrg/ bE|( ���/ dqg wkh
h{shfwhg frqwlqxdwlrq sd|r�/ qaE7

|n�

( �� +htxdwlrq 9,1 Wd{hv dqg txrwdv
d�hfw wkhvh wzr whupv gl�huhqwo|/ dqg wkh h{whqw ri wkh gl�huhqfh ghshqgv
rq wkh pdjqlwxgh ri K dqg }1

Wkh iroorzlqj wkrxjkw h{shulphqw khosv lq xqghuvwdqglqj wklv gl�huhqfh=
krog ixwxuh srolflhv frqvwdqw/ dqg frpsduh wkh sd|r� xqghu d txrwd lq wkh
fxuuhqw shulrg dqg xqghu d wd{ wkdw surgxfhv wkh vdph h{shfwhg  rz ri
srooxwlrq +l1h1/ ohw % ' 5 lq wkh fxuuhqw shulrg,1 Vlqfh zh duh kroglqj ixwxuh
srolflhv frqvwdqw/ wkh ixqfwlrq wkdw jlyhv wkh frqwlqxdwlrq sd|r�/ aE7

|n�

�/
+exw qrw lw*v dujxphqw 7

|n�

, lv lqghshqghqw ri wkh fxuuhqw srolf|1 Zh vdz
wkdw lq jrlqj iurp wd{hv wr txrwdv/ wkh sdudphwhu K lv uhsodfhg e| K.

�
�

w

�
:

K1 Frqvhtxhqwo|/ wkh fxuuhqw h{shfwhg  rz ri ehqh�wv xqghu d txrwd % lv

9



ohvv wkdq wkh h{shfwhg  rz ri ehqh�wv xqghu d wd{ wkdw jhqhudwhv wkh vdph
h{shfwhg ohyho ri hplvvlrqv= Wkdw lv/ li 5 ' %/ wkhq wkh h{shfwdwlrq ri fxuuhqw
ehqh�wv lv juhdwhu xqghu wd{hv1 Wkh odujhu lv K/ dqg wkh odujhu lv .

�
�

w

�
/ wkh

juhdwhu lv wkh gl�huhqfh lq h{shfwhg ehqh�wv1 Frqvhtxhqwo|/ wd{hv whqg wr
eh suhihuuhg zkhq K ru .

�
�

w

�
duh odujh1

Krzhyhu/ zkhq d txrwd lv uhsodfhg e| d wd{/ wkh fxuuhqw ohyho ri hplvvlrqv
ehfrphv vwrfkdvwlf> % lv uhsodfhg e| wkh vwrfkdvwlf yduldeoh 5w ' %w/ vr wkh
ohyho ri wkh vwrfn lq wkh qh{w shulrg lv vwrfkdvwlf1 Lq ylhz ri wkh frqfdylw|
ri wkh ydoxh ixqfwlrq +4

2
	 f, dqg Mhqvhq*v lqhtxdolw|/ wkh h{shfwdwlrq ri

wkh ydoxh ixqfwlrq lv orzhu xqghu xqfhuwdlqw|1 Wkh frqfdylw| ri wkh ydoxh
ixqfwlrq lv lqfuhdvlqj lq wkh sdudphwhu }= wkh devroxwh ydoxh ri wkh qhjdwlyh
urrw ri htxdwlrq +<, lv dq lqfuhdvlqj ixqfwlrq ri } xqghu hlwkhu wd{hv ru txrwdv1
Wkxv/ d odujhu ydoxh ri } lqfuhdvhv wkh frqfdylw| ri wkh ydoxh ixqfwlrq dqg
whqgv wr pdnh wkh uhjxodwru suhihu txrwdv1 Iru d jlyhq ghjuhh ri frqfdylw| ri
wkh ydoxh ixqfwlrq/ wkh orvv lq ixwxuh zhoiduh iurp xvlqj d wd{ udwkhu wkdq d
txrwd lv dq lqfuhdvlqj ixqfwlrq ri wkh yduldqfh ri w1 Wkxv/ d odujhu yduldqfh
+odujhu �, whqgv wr pdnh wkh uhjxodwru suhihu wkh txrwd1

Lq rwkhu zrugv/ jlyhq wkh fxuuhqw ohyho ri 7 dqg kroglqj �{hg ixwxuh
srolflhv/ d wd{ +uhodwlyh wr d txrwd, lq wkh fxuuhqw shulrg ohdgv wr kljkhu
fxuuhqw h{shfwhg ehqh�wv exw d orzhu h{shfwdwlrq ri ixwxuh ehqh�wv1 Wkh
ixwxuh ehfrphv pruh lpsruwdqw uhodwlyh wr fxuuhqw ehqh�wv +dqg wkxv wkh
txrwd whqgv wr eh suhihuuhg, li hlwkhu wkh glvfrxqw idfwru q ru wkh uhwhqwlrq
idfwru { duh odujhu1 Wkxv/ odujhu ydoxhv ri q ru { pdnh lw pruh olnho| wkdw
d txrwd lv suhihuuhg1

Wklv wkrxjkw h{shulphqw khosv wr surylgh lqwxlwlrq iru wkh frpsdulvrq ri
srolflhv/ exw lw grhv qrw surylgh wkh edvlv iru d surri ehfdxvh ixwxuh srolflhv
duh lq idfw gl�huhqw xqghu wd{hv dqg txrwdv1 Frqvlghudwlrq ri olplwlqj fdvhv
vkrzv wkdw wkh lqwxlwlrq ghvfulehg deryh lv fhuwdlqo| fruuhfw ryhu vrph udqjh
ri sdudphwhu vsdfh1 Iru h{dpsoh/ li } ' f wkhq 4

2
' f +xqghu erwk srolflhv,1

Lq wklv fdvh lw lv hdv| wr vkrz wkdw wd{hv duh suhihuuhg wr txrwdv uhjdugohvv ri
wkh rwkhu sdudphwhu ydoxhv1 Li K ' f wkh �up*v ghflvlrq uxoh/ htxdwlrq +4,/ lv
qrw gh�qhg1 Krzhyhu/ iru K duelwudulo| forvh wr f/ wkh �up*v ghflvlrq uxoh lv
gh�qhg dqg zh fdq frpsduh wkh sd|r�v e| frqvlghulqj wkhlu olplwlqj ydoxhv1
Iru % ' 5 dqg K ' f wkh vlqjoh shulrg sd|r�v xqghu wd{hv dqg txrwdv duh htxdo
+htxdwlrqv +6, dqg +7,,1 Krzhyhu/ wkh hyroxwlrq ri wkh vwrfn lv vwrfkdvwlf
xqghu wd{hv dqg uhpdlqv ghwhuplqlvwlf xqghu txrwdv1 Wkxv iru K ' f wkh
rqo| gl�huhqfh ehwzhhq wkh wzr srolflhv lv wkdw txrwdv hqdeoh wkh uhjxodwru wr
h{dfwo| frqwuro wkh hyroxwlrq ri wkh vwdwh/ zkhuhdv wd{hv hqdeoh wkh uhjxodwru

:



wr fkrrvh rqo| wkh phdq ri wkh hyroxwlrq ri wkh vwdwh1 Lq wklv fdvh/ zh
h{shfw wkh sd|r� wr eh kljkhu xqghu txrwdv1 Lq ylhz ri wkh frqwlqxlw| ri
doo wkh ixqfwlrqv wkdw gh�qh 4

�

/ zh frqfoxgh wkdw wd{hv grplqdwh txrwdv iru
vx!flhqwo| vpdoo }/ dqg wkh udqnlqj lv uhyhuvhg iru vx!flhqwo| vpdoo K1

Wd{hv grplqdwh txrwdv li q ' f/ vlqfh lq wklv fdvh wkh uhjxodwru lv xqfrq0
fhuqhg zlwk wkh ixwxuh1 Wkh ixwxuh lv dovr uhodwlyho| xqlpsruwdqw li { ' f1
Lq wklv fdvh wkh vwrfn lq shulrg | n � lv %

|

� dqg zh duh edfn wr d vwdwlf
prgho1 Wkh ydoxhv ri 4

�
dqg 4

2
duh wkh vdph xqghu wd{hv dqg txrwdv/ vr d

frpsdulvrq ri wkh srolflhv uhtxluhv rqo| d frpsdulvrq ri wkh ydoxhv ri 4
f
1 Lw

lv vwudljkwiruzdug wr vkrz wkdw iru { ' f wd{hv grplqdwh txrwdv li dqg rqo|
li

. �

w

� �

�@oEw�
: q�2

}

K
� +45,

Khuh/ wd{hv duh suhihuuhg wr txrwdv li= }

K

lv vpdoo/ wkh ixwxuh lv glvfrxqwhg
khdylo| +q lv vpdoo, ru lw lv srvvleoh wr pdnh dgmxvwphqwv txlfno| +� lv vpdoo,1

Wkh ohiw vlgh ri +45, vkrzv wkdw wkh w|sh ri xqfhuwdlqw| dv zhoo dv lwv
pdjqlwxgh d�hfwv wkh frpsdulvrq1 Iru d �{hg ydoxh ri . �

w

/ wd{hv duh pruh
olnho| wr eh suhihuuhg li wkh pdjqlwxgh ri xqfhuwdlqw|/ phdvxuhg e| �@oEw�/
lv vpdoo1 Krzhyhu/ iru d jlyhq glvwulexwlrq ixqfwlrq/ . �

w

� � ydulhv zlwk wkh
yduldqfh ri w1 Wkh ohiw vlgh ri htxdwlrq +45, lv qrw qhfhvvdulo| prqrwrqlf lq
�@oEw�1

6 Dq Dssolfdwlrq wr Joredo Zduplqj

Wkh suhylrxv vhfwlrq vkrzv krz wr frpsduh wkh ehqh�wv ri wd{hv dqg txrwdv1
Xqghu wkh dvvxpswlrq wkdw xqfhuwdlqw| derxw pdujlqdo dedwhphqw frvwv lv
dgglwlyh/ ^:` frpsduhv wkhvh srolflhv dv d phdqv ri frqwuroolqj joredo zdup0
lqj1 Zlwk dgglwlyh xqfhuwdlqw| zh qhhg hvwlpdwhv ri wkh udwlr }

K

dqg ri wkh
sdudphwhuv o/B/ dqg �1 Hyhq li wkh odujhvw dydlodeoh hvwlpdwh ri }

K

xqghuvwdwhv
wkh wuxh udwlr e| d idfwru ri �fff/ wd{hv grplqdwh txrwdv iru uhdvrqdeoh ydoxhv
ri oc Bdqg �1 Wkh urexvwqhvv ri wkh frpsdulvrq vxjjhvwv wkdw lq idfw wd{hv
duh olnho| wr |lhog d kljkhu sd|r� wkdq txrwdv1 Khuh zh zdqw wr ghwhuplqh li
wklv frqfoxvlrq krogv zkhq wkh vorsh ri dedwhphqw frvwv lv xqfhuwdlq1 Zlwk
pxowlsolfdwlyh glvwxuedqfhv zh dovr qhhg hvwlpdwhv ri wkh lqwhufhswv @ dqg S
dqg lqirupdwlrq derxw �@oEw� dqg . �

w

;



Lq rughu wr rewdlq hvwlpdwhv ri wkh sdudphwhuv ri wkh gdpdjh dqg dedwh0
phqw frvw ixqfwlrqv/ zh xvh hvwlpdwhv ri wkh devroxwh ohyhov ri gdpdjhv dqg
dedwhphqw frvwv1 Rxu xqlw ri wlph lv |hduv dqg zh vhw � ' �/ vr rqh shulrg
htxdov rqh |hdu1 Zh phdvxuh frvwv lq eloolrqv ri 4<<3 grooduv/ dqg wkh vwrfn ri
fduerq lq eloolrqv ri wrqv1 Wkh hvwlpdwhg vwrfn lq 4<<3 zdv ;33 +eloolrq wrqv,
^9`/ ^4:`/dqg wkh hvwlpdwhg Jurvv Zruog Surgxfw +JZS, zdv 5/533 +eloolrq
grooduv,^44`/ ^49`1

Zh dvvxph wkdw wkh frvw ri d vwrfn kljkhu wkdq ;33 lv }E73Hff�
2

2

/ vr wkdw wkh
sdudphwhu S lv jlyhq e| S ' �Hff}1 Zh xvh wkh sdudphwhu � wr ghqrwh wkh
dqqxdo shufhqwdjh uhgxfwlrq lq JZS gxh wr grxeolqj wkh zruog dwprvskhulf
vwrfn ri fduerq Wkh sdudphwhuv � dqg } vdwlvi|

�22fff

�ff
'

}Hff2

2
', } ' S� H.D� �f3e�� +46,

D kljk hvwlpdwh iru wkh dqqxdo frvw uhvxowlqj iurp d grxeolqj ri wkh vwrfn ri
fduerq lv 733/ lpso|lqj � ' ��H> pdq| rwkhu hvwlpdwhv duh dssur{lpdwho| kdoi
ri wkdw pdjqlwxgh17 Zh frqvlghu wkuhh gdpdjh ixqfwlrqv wkdw fruuhvsrqg
wr wkuhh ydoxhv ri �= � ' � +d frqvhuydwlyh gdpdjh hvwlpdwh,> � ' D +d
kljk gdpdjh hvwlpdwh, dqg � ' �f +dq h{wuhpho| kljk hvwlpdwh,1 Iru wkh
frqvhuydwlyh hvwlpdwh/ } ' S� H.D��f3e dqg iru wkh h{wuhpho| kljk hvwlpdwh/
} ' 2� fS2 D� �f321

Wkhuh duh d udqjh ri hvwlpdwhv ri dqqxdo hplvvlrqv lq 4<<31 Zh dgrsw
d �prghudwh� hvwlpdwh ri 9 eloolrq wrqv shu |hdu +^44`/ ^49`/,1 Wkhuh dovr
h{lvw d udqjh ri hvwlpdwhv ri wkh devroxwh frvwv ri uhgxflqj hplvvlrqv1 Wkhvh
hvwlpdwhv ydu| dffruglqj wr frxqwu| dqg wlph shulrg1 Lw lv fkhdshu wr uhgxfh
hplvvlrqv vorzo|/ ehfdxvh ri wkh orzhu dgmxvwphqw frvwv +dvvxplqj wkdw wkhvh
duh frqyh{ lq wkh udwh ri dgmxvwphqw, dqg ehfdxvh ri whfkqrorjlfdo lpsuryh0
phqwv1 D �prghudwh� hvwlpdwh lv wkdw d 83( uhgxfwlrq lq hplvvlrqv ohdgv
wr d 4( orvv lq JZS/ ru 22f eloolrq 4<<3 grooduv ^46`18 Li zh dvvxph wkdw
ghfuhdvlqj hplvvlrqv +%, ehorz S uhvxowv lq dedwhphqw frvwv ri K

2

ES� %�2/ wkh
prghudwh hvwlpdwh +4( orvv ri JZS gxh wr d 83( uhgxfwlrq ri hplvvlrqv,
lpsolhv wkdw K ' eH�b/ @ ' 2b���1

7Iru d udqjh ri hvwlpdwhv vhh=^4`/ ^5`/ ^6`/ ^8`/ ^9`/ ^<`/ ^46`/ ^47`/ ^48` ^49`/ ^54`1
8Wklv hvwlpdwhg frvw uhihuv wr d uhgxfwlrq wkdw lv skdvhg lq ryhu ghfdghv/ qrw dq lq0

vwdqwdqhrxv uhgxfwlrq1 Reylrxvo|/ rxu prgho ljqruhv dgmxvwphqw frvwv1 Li zh lqfoxghg
dgmxvwphqw frvwv/ �upv zrxog vroyh d g|qdplf rswlpl}dwlrq sureohp/ udwkhu wkdq d vh0
txhqfh ri vwdwlf sureohpv/ dqg wkh uhjxodwru*v sureohp zrxog eh fkdqjhg dffruglqjo|1

<



Wkh frqvhuydwlyh hvwlpdwhv iru gdpdjhv dqg iru dedwhphqw frvwv lpso|
wkdw wkh udwlr }

K

' �� efS 2 � �f3D1 Wklv udwlr lv fulwlfdo lq udqnlqj wd{hv
dqg txrwdv1 Lq wkh suhylrxv vhfwlrq zh h{sodlqhg zk| txrwdv duh pruh
olnho| wr eh suhihuuhg zkhq wkh udwlr lv odujh1 Vlqfh wkh udwlr kdv olwwoh
lqwulqvlf hfrqrplf lqwhusuhwdwlrq/ zh shuirup vhqvlwlylw| vwxglhv e| ydu|lqj
wkh sdudphwhu � +wkh shufhqwdjh orvv lq JZS gxh wr grxeolqj wkh vwrfn ri
fduerq iurp ;33 wr 4933,1 Htxdwlrq +45, vkrzv wkdw } +dqg wkxv wkh udwlr
}

K

, lv sursruwlrqdo wr �1
Wr frpsduh wkh wzr srolflhv zh dovr qhhg dvvxpswlrqv derxw wkh udqgrp

yduldeoh1 Zh kdyh wzr iuhh sdudphwhuv/ . �

w

dqg �@oEw�1 Lq rughu wr uh0
gxfh wkh glphqvlrqdolw| ri sdudphwhu vsdfh/ zh dvvxph wkdw w lv xqlirupo|
glvwulexwhg zlwk vxssruw d�� "c � n "o/ l1h1

w � L d�� "c � n "o � +47,

Wklv glvwulexwlrq lpsolhv9

.w ' �c .w2 � � '
� n "2

�
c �@oEw� '

"2

�
+48,

.
�

w
'

�

2"

�
*?

�
�

�� "

�
� *?

�
�

� n "

��
'

*?E� n "�� *?E�� "�

2"
� +49,

Wkh wkrxjkw h{shulphqw ghvfulehg lq wkh suhylrxv vhfwlrq vxjjhvwv wkdw
wd{hv duh pruh olnho| wr grplqdwh txrwdv zkhq . �

w

lv odujh dqg zkhq �@oEw�
lv vpdoo1 Iru wkh olplwlqj fdvh { ' f/ zh vdz +htxdwlrq +45,, wkdw wkh
frpsdulvrq ehwzhhq wkh srolflhv ghshqgv rq wkh udwlr ri . �

w

� � dqg wkh
yduldqfh1 Xvlqj htxdwlrqv +48, dqg +49, zh fdq zulwh wklv udwlr dv

xE"� � . �

w

� �

�@oEw�
'

� d*?E� n "�� *?E�� "�� 2"o

2"�
� +4:,

Xvlqj O*Krvslwdo*v uxoh/ zh �qg wkdw xE"� dssurdfkhv 4 dv " $ f1 Vlqfh
wkh ixqfwlrq lv erxqghg iru " : f/ lw pxvw eh ghfuhdvlqj ryhu vrph udqjh1

9Lq gh�qlqj frvwv/ gdpdjhv/ dqg hplvvlrqv dv  rzv/ zh kdyh pdgh wkh sdudphwhuv
d> e> f> j> u> dqg � lqghshqghqw ri wkh ohqjwk ri d shulrg/ k1 Krzhyhu/ wkh sdudphwhu � lv
fohduo| qrw lqghshqghqw ri k1 D uhdvrqdeoh +exw qrw qhfhvvdu|, dvvxpswlrq lv wkdw �5 lv
ri wkh vdph rughu dv k1
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Krzhyhu/ wkh ixqfwlrq lv qrw dqdo|wlf dw " ' f/ dqg lwv ehkdylru lv gl!fxow wr
dqdo|}h1 Zh wkhuhiruh xvh Pdsoh wr rewdlq lw*v judsk/ dqg �qg wkdw iru qrq0
qhjoljleoh ydoxhv ri " +" : �ff�, xE"� lv vwulfwo| lqfuhdvlqj1 Frqvhtxhqwo|/
li { lv vpdoo dqg wkh udqgrp yduldeoh lv xqlirupo| glvwulexwhg zlwk d qrq0
qhjoljleoh yduldqfh/ dq lqfuhdvh lq wkh yduldqfh pdnhv wd{hv pruh olnho| wr
grplqdwh txrwdv1

Rxu hvwlpdwh ri B ' �ffD +^9`/ ^47`,: lpsolhv { ' � bbD f� zkhq � ' �1 Iru
juhhqkrxvh jdvvhv { lv qrw vpdoo/ dqg wkhuhiruh zh qhhg d frpsohwh vroxwlrq
lq rughu wr frpsduh wkh srolflhv1 Zh nqrz wkdw wkh frpsdulvrq dovr ghshqgv
rq wkh vwrfn vl}h1 Zh dvvxph wkdw wkh frqwlqxrxv glvfrxqw udwh lv o ' �f�1

Iljxuhv 4 0 6 judsk wkh gl�huhqfh ehwzhhq wkh suhvhqw glvfrxqwhg ydoxh
ri sd|r� xqghu wd{hv dqg txrwdv +aE7(A � � aE7('�, iru 7 lq wkh lqwhuydo
dHffc 2fffo1 Zh xvh qlqh frpelqdwlrqv ri sdudphwhu ydoxhv;= � 0 E�c Dc �f�
dqg " 0 Ef�2c f�ec f�S�1 Wkh ydoxh " ' f�2 lpsolhv d vwdqgdug ghyldwlrq +zklfk
htxdov wkh frh!flhqw ri yduldwlrq, ri f� �eb/ dqg " ' f�S lpsolhv d vwdqgdug
ghyldwlrq ri f� 2DH1

Iru wkh frqvhuydwlyh hvwlpdwhv +� ' � dqg " ' �2,/ zkhq 7 ' Hff wd{hv
grplqdwh txrwdv e| derxw 783 +eloolrq 4<<3 grooduv � vhh Iljxuh 4,/ dssur{0
lpdwho| 5( ri JZS/ ru wzlfh wkh hvwlpdwh ri wkh dqqxdo orvv lq JZS gxh
wr d 83( uhgxfwlrq lq dqqxdo hplvvlrqv1< Wklv gl�huhqfh ghfuhdvhv voljkwo|
zlwk wkh vwrfn vl}h1 Wulsolqj wkh ydoxh ri " ohdgv wr qhduo| dq hljkw0irog
lqfuhdvh lq wkh dgydqwdjh ri wd{hv zkhq 7 ' Hff1 Iru wkh kljk hvwlpdwh ri
gdpdjhv +� ' D� wd{hv vwloo grplqdwh txrwdv +Iljxuh 5,1 Dv wkh dqdo|vlv
ri wkh suhylrxv vhfwlrq vxjjhvwv/ wklv gl�huhqfh ghfuhdvhv zkhq gdpdjhv duh
odujhu1 Lq dgglwlrq/ wkh gl�huhqfh ehfrphv pruh vhqvlwlyh wr wkh vwrfn vl}h1
Iru wkh h{wuhpho| kljk hvwlpdwh ri gdpdjhv +� ' �f, wd{hv frqwlqxh wr grp0
lqdwh txrwdv iru prghudwh vwrfn ohyhov/ exw e| d vpdoohu dprxqw1 Krzhyhu/
iru vwrfn ohyhov ehwzhhq 4683 dqg 5333/ txrwdv |lhog d kljkhu sd|r�1

Wdeoh 4 uhsruwv wkh h{shfwhg vwhdg| vwdwh xqghu wd{hv +wkh �uvw hqwu|,
dqg wkh vwhdg| vwdwh xqghu txrwdv +wkh vhfrqg hqwu|, iru wkh qlqh vhwv ri
sdudphwhu ydoxhv1 Wkh h{shfwhg vwhdg| vwdwh xqghu wd{hv lv dozd|v odujhu

:Wklv hvwlpdwh pd| eh orz/ wkxv eldvlqj rxu uhvxowv lq idyru ri txrwdv1 Rwkhu hvwlpdwhv
vxjjhvw d ydoxh ri � @ =33;6 ^4:`1

;Wkh rwkhu sdudphwhu ydoxhv duh= k @ 4> u @ =36> � @ =338> e @ 7;=<> d @ 5<6=6 +zklfk
fruuhvsrqg wr wkh hvwlpdwh wkdw d 83( uhgxflwlrq lq hplvvlrqv ohdgv wr d 4( idoo lq JZS,1

<Qrwh wkdw wklv dprxqw lv wkh gl�huhqfh lq wkh suhvhqw glvfrxqwhg ydoxh ri wkh vwuhdp
ri sd|r�v xqghu wkh wzr srolflhv1 Zlwk d |hduo| glvfrxqw idfwru ri h�=36 @ = <:3 78/ d
suhvhqw glvfrxqwhg ydoxh ri 783 lpsolhv dq dqqxdo  rz ri 46=6=
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Wdeoh 4= +H{shfwhg, vwhdg| vwdwhv xqghu wd{hv dqg txrwdv
" ' �2 " ' �e " ' �S

� ' � 44:6/ 448; 44:6/ 4445 44:6/ 4358
� ' D 43;:/ 43:9 43;:/ 4376 43;:/ <:;
� ' �f <47/ <3< <46/ ;<; <46/ ;:7

wkdq xqghu txrwdv1 Lq doo fdvhv/ wkh +h{shfwhg, vwhdg| vwdwh ghfuhdvhv zlwk
wkh vhyhulw| ri gdpdjhv dqg zlwk wkh pdjqlwxgh ri xqfhuwdlqw|1 Lqfuhdvlqj "
ohdgv wr d voljkw idoo lq wkh vwhdg| vwdwh xqghu txrwdv/ exw d vfdufho| shufhs0
wleoh idoo xqghu wd{hv143 Vlqfh zh kdyh qr hvwlpdwhv ri wkh dfwxdo pdjqlwxgh
ri "/ wklv lqvhqvlwlylw| lv hqfrxudjlqj1 Qrw vxusulvlqjo|/ lqfuhdvlqj gdpdjhv
+�, ghfuhdvhv wkh +h{shfwhg, vwhdg| vwdwh1

Shukdsv wkh prvw vwulnlqj ihdwxuh ri Wdeoh 4 lv wkh vlplodulw| ri wkh vwhdg|
vwdwhv1 Wkh odujhvw qxpehu +44:6, lv rqo| 67( odujhu wkdq wkh vpdoohvw
qxpehu +;:7,/ ghvslwh d frqvlghudeoh udqjh lq sdudphwhuv +633( iru " dqg
6333( iru �,1 Li zh wklqn wkdw � ' D dqg " ' f�e duh uhdvrqdeoh xsshu erxqgv
iru wkh sdudphwhuv/ dqg � ' �/ " ' f�2 duh uhdvrqdeoh orzhu erxqgv/ wkh
uhvxowv vxjjhvw wkdw d wdujhw vwhdg| vwdwh ri fduerq vwrfn ehwzhhq 4378 dqg
44:8 lv rswlpdo1 Lq rwkhu zrugv/ zh vkrxog dwwhpsw wr nhhs wkh vwrfn ehorz
483( ri lwv 4<<3 ohyho1 Wkh rswlpdo vwhdg| vwdwhv xqghu vhyhuh gdpdjhv
+� ' �f, duh zhoo ehorz wkh ohyho +4683, eh|rqg zklfk txrwdv grplqdwh
wd{hv1 Wkxv/ Wdeoh 4 uhlqirufhv wkh frqfoxvlrq wkdw wd{hv duh d ehwwhu srolf|
lqvwuxphqw wkdq txrwdv1

Lq wkh devhqfh ri uhjxodwlrq/ % ' S dqg wkh vwhdg| vwdwh lv 7 ' �2f�1
Wklv qrq0lqwhuyhqwlrq vwhdg| vwdwh lv dssur{lpdwho| 2�DI kljkhu wkdq wkh
odujhvw vwhdg| vwdwh lq Wdeoh 4/ dqg �.I kljkhu wkdq wkh vpdoohvw vwhdg|
vwdwh1 Zkhwkhu uhjxodwlrq ohdgv wr d odujh fkdqjh lq wkh rxwfrph ghshqgv
rq wkh uhjxodwru*v eholhiv derxw wkh vhyhulw| ri gdpdjhv1

Jlyhq rxu sdudphwhu dvvxpswlrqv/ lw lv reylrxv wkdw iru dq| 7 � Hff/ wkh
rswlpdo ydoxhv ri erwk 5 dqg %pxvw eh ohvv wkdq S�44 Iru h{dpsoh/ zkhq " '
�2 dqg � ' �/ wkh rswlpdo frqwuro uxoh xqghu wd{hv lv 5 ' S�2D2H���e�%�f3e71
Iru 7 ' Hff/ wkh rswlpdo h{shfwhg ohyho ri hplvvlrqv lv 5 ' D� bH1 Dw wkh

43Zh urxqghg wr zkroh qxpehuv/ vr wkh voljkw ghfuhdvh ri wkh h{shfwhg vwhdg| vwdwh
xqghu wd{hv/ gxh wr dq lqfuhdvh lq �/ lv xvxdoo| qrw shufhswleoh1

44Iru V � ;33 dq lqfuhdvh lq vwrfn lqfuhdvhv gdpdjhv1 Vlqfh dedwhphqw frvwv duh
txdgudwlf dqg duh plqlpl}hg dw } @ 9/ xqghu wd{hv/ dqg dw d ydoxh ri { ? 9 xqghu txrwdv/
wkh rswlpdo ydoxhv ri erwk } dqg { pxvw eh vpdoohu wkdq 91
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Wdeoh 5= Sd|r� gl�huhqfh xqghu wd{hv dqg txrwdv zlwk dgglwlyh xqfhuwdlqw|
" ' �2 " ' �e " ' �S

� ' � e� S�� 2� �f3� �� HeD 2� �f32 e� �D� S� �f32

� ' D e� Sf. �� �f3� �� He2 H� �f32 e� �eS 2� �f32

� ' �f e� D.D� �f3� �� H2b b� �f32 e� ��. e� �f32

vwhdg| vwdwh 7 ' ��.�/ wkh rswlpdo h{shfwhg  rz ri srooxwlrq lv D�HD1 Wkh
fruuhvsrqglqj ohyhov xqghu wkh rswlpdo txrwd duh voljkwo| vpdoohu +% ' D�b iru
7 ' Hff dqg % ' D�.H iru wkh vwhdg| vwdwh 7 ' ��DH1, Lqfuhdvlqj gdpdjhv
+�, ru xqfhuwdlqw| +", ohdgv wr orzhu rswlpdo ohyhov ri hplvvlrqv1 Wkhvh
uhvxowv duh gulyhq e| wkh dvvxpswlrq wkdw dedwhphqw frvwv duh odujh uhodwlyh
wr wkh vwrfn0uhodwhg gdpdjhv145

Iru sxusrvhv ri frpsdulvrq/ zh frqvlghu wkh pdjqlwxgh ri wkh gl�huhqfh lq
wkh ydoxh ixqfwlrqv xqghu wd{hv dqg txrwdv/ zkhq wkh xqfhuwdlqw| lv dgglwlyh
+udwkhu wkdq pxowlsolfdwlyh,1 Wkdw lv/ vxssrvh wkdw dedwhphqw frvwv duh
� �

s n E@ n wW� %� K

2

%2
�
/ zkhuh wW lv d }hur phdq/ l1l1g1 udqgrp yduldeoh

zlwk yduldqfh �@oEwW�1 Xvlqj htxdwlrq +4;, lq ^:`/ wkh gl�huhqfh ehwzhhq wkh
suhvhqw glvfrxqwhg ydoxh ri sd|r� xqghu wd{hv dqg txrwdv lv

�@oEwW��
�
� n q42

K

�
E�� q�2K

� +4;,

Wkh sdudphwhu 4
2
lv wkh qhjdwlyh urrw ri +<, zlwk � ' �1 +Htxlydohqwo|/ 4

2

lv wkh qhjdwlyh urrw ri htxdwlrq +4:, lq ^:`,1 Zlwk dgglwlyh xqfhuwdlqw| wkh
gl�huhqfh lv lqghshqghqw ri vwrfn vl}h/ lqfuhdvlqj lq wkh pdjqlwxgh ri xqfhu0
wdlqw|/ dqg ghfuhdvlqj lq wkh udwlr }

K

1 Li w dqg wW kdyh wkh vdph glvwulexwlrq/
vr wkdw �@oEwW� ' "

2

�

/ wkhq wkh gl�huhqfhv lq sd|r� xqghu wd{hv dqg txrwdv
iru dgglwlyh xqfhuwdlqw|/ iru wkh qlqh sdluv ri ydoxhv ri E"c ��/ duh jlyhq lq
Wdeoh 51

Krzhyhu/ doorzlqj w dqg wW wr kdyh wkh vdph glvwulexwlrq grhv qrw surylgh
d idlu frpsdulvrq1 Xqghu d wd{ 5/ wkh yduldqfh lq wkh dgglwlrqdo srooxwlrq

45Wkh fdofxodwlrqv wkdw zh uhsruw duh lqwhqghg wr khos lq dvvhvvlqj wkh uhodwlyh phulwv ri
wd{hv dqg txrwdv1 Wkh idfw wkdw rxu vwdwlrqdu| prgho grhv qrw wdnh lqwr dffrxqw fkdqjhv lq
dedwhphqw whfkqrorj|/ srsxodwlrq dqg lqfrph/ phdqv wkdw zh xqghuvwdwh wkh wuxh rswlpdo
ohyho ri dedwhphqw +ryhuvwdwh wkh rswlpdo ohyhov ri { dqg },1 Wkh idfw wkdw zh ljqruh
dgmxvwphqw frvwv whqgv wr fdxvh xszdug eldvhv lq wudqvlwlrqdo dedwhphqw +xqghuvwdwh wkh
rswlpdo ohyhov ri { dqg },/ exw kdv qr h�hfw rq vwhdg| vwdwh rswlpdo ydoxhv1
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lq d shulrg lv E5��2 �@oEw� zkhq xqfhuwdlqw| lv pxowlsolfdwlyh/ dqg wkh ydul0
dqfh lv �2�@oEwW� zkhq xqfhuwdlqw| lv dgglwlyh1 Wkhuhiruh/ li zh zdqw wkh
pdjqlwxgh ri xqfhuwdlqw| wr eh ri urxjko| wkh vdph rughu lq wkh wzr fdvhv/
lw pdnhv pruh vhqvh wr vhw �@oEwW� ' 52�@oEw�1 Wkh htxloleulxp 5 lv d +gh0
fuhdvlqj, ixqfwlrq ri 7/ exw vlqfh 5 	 S iru dq| 7 � Hff/ zh rewdlq dq xsshu
erxqg iru wkh gl�huhqfh lq wkh ydoxh ixqfwlrqv xqghu dgglwlyh xqfhuwdlqw| e|
pxowlso|lqj wkh qxpehuv lq Wdeoh 5 e| S21 Iru h{dpsoh dw " ' �2c � ' �/ wklv
xsshu erxqg lv ��SS fH/ ru �SS ploolrq 4<<3 grooduv1 Wdeoh 4 vkrzv wkdw iru
doo vhwv ri sdudphwhu ydoxhv/ wd{hv grplqdwh txrwdv1 Krzhyhu/ wkh gl�huhqfh
lv h{wuhpho| vpdoo1 Zh qrwhg wkdw xqghu wkh frqvhuydwlyh sdudphwhu ydo0
xhv zlwk pxowlsolfdwlyh glvwxuedqfhv/ wd{hv grplqdwh txrwdv e| eDf eloolrq
grooduv1 Wkhvh uhvxowv vxjjhvw wkdw hyhq li wkh dvvxpswlrqv ri dgglwlyh dqg
pxowlsolfdwlyh xqfhuwdlqw| ohdg wr wkh vdph txdolwdwlyh uhvxow +d suhihuhqfh
iru wd{hv, wkhuh lv olnho| wr eh d odujh txdqwlwdwlyh gl�huhqfh1 Xqghu wkh
frqvhuydwlyh sdudphwhu ydoxhv/ wkh udwlr ri wkhvh gl�huhqfhv lv eDf

��SS

' 2.����

7 Frqfoxvlrq

Wkhuh kdv ehhq juhdw lqwhuhvw lq wkh h�hfw ri hfrqrplf dfwlylw| rq vwrfnv ri
juhhqkrxvh jdvvhv/ dqg lq wkh uhodwlrq ehwzhhq wkhvh vwrfnv dqg joredo zdup0
lqj1 Wkhuh lv d jurzlqj frqvhqvxv wkdw olplwlqj wkh vwrfn ri juhhqkrxvh jdvvhv
lv lpsruwdqw wr kxpdq zhoiduh/ exw wkhuh kdv ehhq olwwoh uhvhdufk rq wkh ehvw
phdqv ri dfklhylqj vxfk d olplw1 D odujh erg| ri olwhudwxuh frpsduhv wd{hv
dqg txrwdv lq wkh suhvhqfh ri dv|pphwulf lqirupdwlrq ehwzhhq uhjxodwruv
dqg �upv/ exw dvvxphv wkdw gdpdjhv duh uhodwhg wr hplvvlrqv udwkhu wkdq
vwrfnv1 Wklv olwhudwxuh lv wkhuhiruh qrw gluhfwo| dssolfdeoh wr wkh sureohp ri
frqwuroolqj juhhqkrxvh jdvvhv1 Suhylrxv uhvhdufk wkdw h{dplqhg wkh uhodwlyh
phulwv ri wkh wzr srolflhv iru vwrfn srooxwdqwv dvvxphv wkdw wkh udqgrp ydul0
deoh d�hfwv wkh lqwhufhsw exw qrw wkh vorsh ri dedwhphqw frvwv1 Zh h{whqg
wklv olwhudwxuh e| doorzlqj wkh udqgrp yduldeoh wr hqwhu pxowlsolfdwlyho|1

Zh surylgh forvhg irup h{suhvvlrqv iru wkh gl�huhqfh lq ydoxh ixqfwlrqv
xqghu wkh wzr srolflhv1 Dv zlwk dgglwlyh xqfhuwdlqw|/ wd{hv whqg wr grplqdwh
txrwdv zkhq= +l, wkh vorsh ri wkh dedwhphqw frvw lv odujh uhodwlyh wr wkh
vorsh ri wkh gdpdjh ixqfwlrq/ +ll, vwrfn h�hfwv duh xqlpsruwdqw ehfdxvh ri
d kljk glvfrxqw udwh ru d kljk ghfd| udwh/ ru +lll, qhz lqirupdwlrq duulyhv dw
vkruw lqwhuydov +� lv vpdoo,1 Krzhyhu/ zlwk pxowlsolfdwlyh glvwxuedqfhv/ wkh
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pdjqlwxgh ri xqfhuwdlqw| dqg wkh vl}h ri wkh vwrfn dovr d�hfw wkh frpsdulvrq1
Wkh Sulqflsoh ri Fhuwdlqw| Htxlydohqfh grhv qrw dsso|/ vr wkh h{shfwdwlrq ri
wkh rswlpdo ohyho ri hplvvlrqv xqghu wkh wzr srolflhv gl�huv1

Zh xvh suhylrxv hvwlpdwhv ri wkh pdjqlwxgh ri dedwhphqw frvw dqg vwrfn
gdpdjh wr fdoleudwh d txdgudwlf prgho1 Wkh uhvxowv vxssruw wkh frqfoxvlrq
wkdw wd{hv grplqdwh txrwdv1 Txrwdv pd| grplqdwh li gdpdjhv duh h{wuhpho|
kljk +pxfk kljkhu wkdq dq| hvwlpdwhv vxjjhvw,/ exw hyhq wkhq rqo| zkhq wkh
vwrfn lv vxevwdqwldoo| deryh wkh kljkhvw hvwlpdwhv ri rswlpdo vwhdg| vwdwh
ohyhov1 Zlwk dgglwlyh xqfhuwdlqw|/ wd{hv grplqdwh txrwdv exw wkh gl�huhqfh
lq h{shfwhg sd|r�v lv qhjoljleoh1 Iru wkh vdph udqjh ri sdudphwhu ydoxhv/
exw pxowlsolfdwlyh xqfhuwdlqw|/ wkh gl�huhqfh lq wkh suhvhqw glvfrxqwhg ydoxh
ri wkh vwuhdp ri sd|r�v lv vljql�fdqw> lw pd| dprxqw wr vhyhudo shufhqw ri
4<<3 Jurvv Zruog Surgxfw1
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Uhihuhqfhv
^4` Eduqv/ G1Z1/ M1D1 Hgprqgv/ dqg M1P1 Uhloo| +4<<6, �Wkh Hgprqgv0

Uhloo|0Eduqv Prgho� lq Wkh Frvw Fxwwlqj Fduerq Hplvvlrq= Uhvxowv
iurp Joredo Prghov/ RHFG/ Sdulv1

^5` Euxfh/ M1S1/ K1 Ohh/ dqg H1I1 Kdlwhv/ hgv1 +4<<9,/ Folpdwh Fkdqjh 4<<8=
Hfrqrplf dqg Vrfldo Glphqvlrqv ri Folpdwh Fkdqjh LSFF/ Frqwulexwlrq
ri Zrunlqj Jurxs LLL wr wkh Vhfrqg Dvvhvvphqw Uhsruw ri wkh Lqwhujry0
huqphqwdo Sdqho rq Folpdwh Fkdqjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^6` Folqh/ Z1U1 +4<<5,/ Wkh Hfrqrplfv ri Joredo Zduplqj/ Lqvwlwxwh iru
Lqwhuqdwlrqdo Hfrqrplfv/ Zdvklqjwrq GF1

^7` Gdvjxswd/ S1/ Kdpprqg/ S1 dqg Pdvnlq/ H1 +4<;3,/ �Rq lpshuihfw lq0
irupdwlrq dqg rswlpdo srooxwlrq frqwuro�/ Uhylhz ri Hfrqrplf Vwxglhv
7:/ ;8:0931

^8` Idqnkdxvhu/ V1 +4<<8,/ Ydoxlqj Folpdwh Fkdqjh1 Wkh Hfrqrplfv ri wkh
Juhhqkrxvh/ Hduwkvfdq/ Orqgrq1

^9` Idon/ L1/ dqg U1 Phqghovrkq +4<<6,/ �Wkh Hfrqrplfv ri Frqwuroolqj
Vwrfn Srooxwdqwv= Dq H!flhqw Vwudwhj| iru Juhhqkrxvh Jdvhv/� Mrxuqdo
ri Hqylurqphqwdo dqg Hfrqrplf Pdqdjhphqw 58/ :90;;1

^:` Krho/ P1 dqg O Ndus +4<<;, �Wd{hv Yhuvxv Txrwdv iru d Vwrfn Srooxwdqw�
Zrunlqj Sdshu 5<1<; Irqgd}lrqh Hql Hqulfr Pdwwhl1

^;` Nzhuho/ H1 +4<::,/ �Wr whoo wkh wuxwk= lpshuihfw lqirupdwlrq dqg rswlpdo
srooxwlrq frqwuro�/ Uhylhz ri hfrqrplf vwxglhv 77/ 8<809341

^<` Pdgglvrq/ G1 +4<<8,/ �D Frvw0Ehqh�w Dqdo|vlv ri Vorzlqj Folpdwh
Fkdqjh/� Hqhuj| Srolf| 56/ 66:06791

^43` Pdofrpvrq/ M1 +4<:;,/ �Sulfhv yv1 Txdqwlwlhv= D Fulwlfdo Qrwh rq wkh
Xvh ri Dssur{lpdwlrqv� Uhylhz ri Hfrqrplf Vwxglhv / 536053:1

^44` Pdqqh/ D1V1 +4<<6, �Joredo 5433= Dowhuqdwlyh Vfhqdulrv iru Uhgxflqj
Fduerq Hplvvlrqv� lq Wkh Frvw Fxwwlqj Fduerq Hplvvlrq= Uhvxowv iurp
Joredo Prghov/ RHFG/ Sdulv1
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^45` Qhzhoo/ U1J1 dqg Z1D Sl}hu +4<<;, �Vwrfn H{whuqdolw| Uhjxodwlrq Xq0
ghu Xqfhuwdlqw|� Uhvrxufhv iru wkh Ixwxuh Zrunlqj Sdshu1

^46` Qrugkdxv/ Z1G1 +4<<4,/ �Wr Vorz ru Qrw wr Vorz= Wkh Hfrqrplfv ri
wkh Juhhqkrxvh H�hfw/� Wkh Hfrqrplf Mrxuqdo 434/ <530<6:1

^47` Qrugkdxv/ Z1G1 +4<<6,/ �Uroolqj wkh *GLFH*= Dq rswlpdo wudqvlwlrq
sdwk iru frqwuroolqj juhhqkrxvh jdvhv/� Uhvrxufh dqg Hqhuj| Hfrqrplfv
48/ 5:0831

^48` Qrukdxv/ Z1G1 +4<<7, �H{shuw Rslqlrq rq Folpdwh Fkdqjh� Dphulfdq
Vflhqwlvw ;5/ 78 0 841

^49` RHFG +4<<5,/ Joredo Zduplqj= Wkh Ehqh�wv ri Hplvvlrq Dedwhphqw/
RHFG/ Sdulv1

^4:` Uhloo|/ M1P1 +4<<5,/ �Folpdwh0Fkdqjh Gdpdjh dqg wkh Wudfh0Jdv0Lqgh{
Lvvxh/� lq Uhloo|/ M1P1 dqg P1 Dqghuvrq/ hgv1 Hfrqrplf Lvvxhv lq Joredo
Folpdwh Fkdqjh= Djulfxowxuh/ Iruhvwu|/ dqg Qdwxudo Uhvrxufhv1

^4;` Urehuwv/ P1 dqg Vshqfh/ D1P1 +4<:9,/ �H"xhqw fkdujhv dqg olfhqvhv
xqghu xqfhuwdlqw|�/ Mrxuqdo ri Sxeolf Hfrqrplfv 8/ 4<6053;1

^4<` Vwdulqj/ N1 +4<<8,/ �Uhjxohulqj dy iruxuhqvlqj xqghu xvlnnhukhw 0 hq g|0
qdplvn prghoo� +Uhjxodwlrq ri srooxwlrq xqghu xqfhuwdlqw| 0 d g|qdplf
prgho,1 Pdvwhu ghjuhh wkhvlv/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri
Rvor1

^53` Vwdylqv/ U1Q1 +4<<9,/ �Fruuhodwhg xqfhuwdlqw| dqg srolf| lqvwuxphqw
fkrlfh�/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 63/ 54;0
651

^54` Wro/ U1V1M1 �Wkh Gdpdjh Frvwv ri Folpdwh Fkdqjh= Wrzdugv Pruh
Frpsuhkhqvlyh Fdofxodwlrqv� Hqylurqphqwdo dqg Uhvrxufh Hfrqrplfv
8/ 68606:71

^55` Zhlw}pdq/ P1 +4<:7,/ �Sulfhv yhuvxv txdqwlwlhv�/ Uhylhz ri Hfrqrplf
Vwxglhv 74/ 7::0<41

^56` Zhlw}pdq/ P +4<:;, �Uhso| wr cSulfhv yv1 Txdqwlwlhv= d Fulwlfdo Qrwh
rq wkh Xvh ri Dssur{lpdwlrqv�* Uhylhz ri Hfrqrplf Vwxglhv ss 53< 0
5441
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^57` Zdwvrq/ Z1G1 dqg Ulgnhu/ U1J1 +4<;7,/ �Orvvhv iurp h"xhqw wd{hv dqg
txrwdv xqghu xqfhuwdlqw|�/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg
Pdqdjhphqw 44/ 6430591

^58` \rkh/ J1Z1 +4<::,/ �Frpsdulvrqv ri sulfh dqg txdqwlw| frqwurov= D
vxuyh|�/ Mrxuqdo ri Frpsdudwlyh Hfrqrplfv 4/ 5460661
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