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Abstract
Modifying the objective function of a discretionary central bank to include an interest-rate
smoothing objective increases the welfare of an economy where large contractionary shocks
occasionally force the central bank to lower the policy rate to its effective lower bound. The
central bank with an interest-rate smoothing objective credibly keeps the policy rate low for
longer than the central bank with the standard objective function does. Through expectations,
the temporary overheating of the economy associated with such low-for-long interest rate policy
mitigates the declines in inflation and output when the lower bound constraint is binding. In
a calibrated model, we find that the introduction of an interest-rate smoothing objective can
reduce the welfare costs associated with the lower bound constraint by more than half.
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Non-technical summary
Central banks typically tend to adjust the policy rate gradually, in a series of small steps. While
there is likely a myriad of factors behind this partial adjustment in the policy rate, some evidence
suggests that such observed inertia in the policy rate reflects central banks’ deliberate desire to
smooth the interest-rate path, in addition to what the intrinsic inertia in economic conditions calls
for. Several theoretical studies argue that such desire by central banks for interest-rate smoothing
can improve society’s welfare in various environments.
In this paper, we revisit the desirability of interest-rate smoothing in an economy where large
contractionary shocks occasionally force the central bank to lower the policy rate to the zero lower
bound (ZLB). Monetary policy is delegated to a discretionary central bank whose objectives are
stipulated by the benevolent government. Using a stochastic New Keynesian model we ask how
modifying the central bank’s standard objective function to include an interest-rate smoothing
objective affects stabilization policy and society’s welfare.
Our main finding is that adding an interest-rate smoothing objective to central banks’ standard inflation and output gap stabilization objectives can go a long way in mitigating the adverse
consequences of the ZLB constraint. In the aftermath of a deep recession involving a binding ZLB
constraint, a gradualist central bank increases the policy rate more slowly than a central bank without an interest-rate smoothing objective would do. Such a slow increase of the policy rate generates
a temporary overheating of the economy, which mitigates the declines in inflation and output while
the ZLB constraint is binding by raising expectations of future inflation and real activity. A smaller
contraction at the ZLB, in turn, alleviates the deflationary bias—the systematic undershooting of
the inflation target—away from the ZLB via expectations. In equilibrium, interest-rate smoothing
increases society’s welfare by improving stabilization outcomes not only when the policy rate is at
the ZLB, but also when the policy rate is away from it.
Interest-rate smoothing, however, does not provide a free lunch. In particular, interest-rate
gradualism prevents the central bank from responding sufficiently strongly to less severe shocks
that could be neutralized by an appropriate policy rate adjustment without hitting the ZLB. From
a normative perspective, when the policy rate is away from the ZLB, the central bank should
reduce the policy rate one-for-one to a downward shift in aggregate demand so as to completely
offset the effect of the demand shock. A gradualist central bank will reduce the policy rate by less
on impact, thus failing to keep inflation and the output gap fully stabilized. The optimal degree of
interest-rate gradualism balances this cost against the aforementioned benefits. The welfare gains
from interest-rate smoothing are quantitatively important. In our baseline calibration, a central
bank with an optimized weight on its interest-rate smoothing objective improves society’s welfare
by more than 50 percent.
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1

Introduction
As a general rule, the Federal Reserve tends to adjust interest rates incrementally, in a
series of small or moderate steps in the same direction.
Ben S. Bernanke, on May 20, 2004
Gradual adjustment in the federal funds rate has been a key feature of monetary policy in

the United States. Over the two decades prior to December 2008—the beginning of the most
recent lower bound episode—the Federal Open Market Committee (FOMC) changed its target for
the federal funds rate at 89 out of 191 meetings. At these 89 meetings, the FOMC adjusted the
federal funds target rate on average by just 33 basis points in absolute terms. More recently, when
announcing the first increase in its target range for the federal funds rate in December 2015 after
seven years of zero-interest-rate policy, the FOMC emphasized that it expects the policy rate to
increase only gradually (Federal Open Market Committee (2015)). Indeed, as of June 2016, the
federal funds target range has remained unchanged since December 2015.
While there is likely a myriad of factors behind this gradual adjustment in the policy rate,
some evidence suggests that such observed inertia in the policy rate reflects the central bank’s
deliberate desire to smooth the interest-rate path, in addition to what the intrinsic inertia in
economic conditions calls for (Coibion and Gorodnichenko (2012); Givens (2012)). As reviewed
below, several theoretical studies suggest that such a desire by central banks for interest-rate
smoothing can improve society’s welfare in various environments.
In this paper, we revisit the desirability of interest-rate smoothing in an economy where large
contractionary shocks occasionally force the central bank to lower the policy rate to the zero lower
bound (ZLB). Society designs the central bank’s objective function. The central bank, in turn,
acts under discretion and sets the policy rate in accordance with its objective.1 Using a stochastic
New Keynesian model, we ask how modifying the central bank’s objective function to include an
interest-rate smoothing objective affects stabilization policy and society’s welfare, as measured by
the expected lifetime utility of the representative household.
Our main finding is that adding an interest-rate smoothing objective to central banks’ standard inflation and output gap stabilization objectives can go a long way in mitigating the adverse
consequences of the ZLB constraint. In the aftermath of a deep recession involving a binding ZLB
constraint, a gradualist central bank increases the policy rate more slowly than a central bank
with the standard objective would do. Such a slow increase of the policy rate generates a temporary overheating of the economy, which mitigates the declines in inflation and output while the
ZLB constraint is binding by raising expectations of future inflation and real activity. A smaller
contraction at the ZLB, in turn, alleviates the deflationary bias—the systematic undershooting of
the inflation target—away from the ZLB via expectations. In equilibrium, interest-rate smoothing
1
Rogoff (1985), Persson and Tabellini (1993), Walsh (1995, 2003), and Svensson (1997) are prominent examples
adopting the policy delegation approach to the design of the central bank’s objective. See Persson and Tabellini
(1999) for a literature review.
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increases society’s welfare by improving stabilization outcomes not only when the policy rate is at
the ZLB, but also when the policy rate is away from it.
Interest-rate smoothing, however, does not provide a free lunch. In particular, interest-rate
gradualism prevents the central bank from responding sufficiently strongly to less severe shocks
that could be neutralized by an appropriate policy rate adjustment without hitting the ZLB. From
a normative perspective, when the policy rate is away from the ZLB, the central bank should
reduce the policy rate one-for-one to a downward shift in aggregate demand so as to completely
offset the effect of the demand shock. A gradualist central bank will reduce the policy rate by less
on impact, thus failing to keep inflation and the output gap fully stabilized.2 The optimal degree of
interest-rate gradualism balances this cost against the aforementioned benefits. The welfare gains
from interest-rate smoothing are quantitatively important. In our baseline calibration, a central
bank with an optimized weight on its interest-rate smoothing objective improves society’s welfare
by more than 50 percent.
We also explore two simple refinements to our baseline interest-rate smoothing objective function
that enhance the welfare gains from interest-rate gradualism. The first refinement is to allow the
central bank’s preference for interest-rate smoothing to be asymmetric, making the central bank
more averse to policy-rate increases than to policy-rate cuts. This refinement improves society’s
welfare by attenuating the disadvantages of the baseline interest-rate smoothing objective function
described in the previous paragraph. The second refinement is to let the central bank be concerned
with smoothing of the shadow policy rate—the policy rate that it would like to set given the current
state of the economy if the ZLB were not a constraint for nominal interest rates. If the policymaker
aims to smooth the shadow rate, the lagged shadow rate becomes an endogenous state variable that
remembers the history of inflation rates and output gaps. In particular, the larger the economic
downturn in a liquidity trap, the lower the shadow rate and the longer the actual policy rate remains
low. This history dependence induced by the shadow interest rate is akin to that observed under
optimal commitment policy or discretionary price-level targeting, and increases the welfare gains
from interest-rate smoothing.
Our paper is related to a body of work that has examined various motives for gradualist monetary policy.3 The strand of the literature closest to our paper emphasizes the benefit of interest-rate
smoothing arising from its ability to steer private sector expectations by inducing history dependence in the policy rate (Woodford (2003b); Giannoni and Woodford (2003)). Another strand of
the literature emphasizes the benefit of interest-rate smoothing arising from its ability to better
manage uncertainties about data, parameter values or the structure of the economy facing the central bank, (Sack (1998); Orphanides and Williams (2002); Levin, Wieland, and Williams (2003);
Orphanides and Williams (2007)). Yet another strand of the literature emphasizes the costs and
2

Interest-rate gradualism also prevents the central bank from neutralizing expansionary demand shocks, thereby
allowing for above-target inflation rates and output gaps. As described in Section 3.3, while such transitory overshootings are by themselves associated with lower welfare, they can be welfare-improving in an economy with an
occasionally binding ZLB constraint, as they raise inflation and output gap expectations in states where aggregate
demand is low.
3
See Sack and Wieland (2000) for an early literature overview.
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benefits of interest-rate smoothing arising from its effects on financial stability (Cukierman (1991)
and Stein and Sunderam (2015)). None of these studies, however, accounts for the ZLB on nominal
interest rates. Our contribution is to show that the presence of the ZLB provides a novel rationale
for why monetary policy should be guided by gradualist principles.
Our work is also closely related to a set of papers that explores ways to mitigate the adverse
consequences of the ZLB constraint while preserving time consistency. In particular, several approaches try to mimic the prescription of the optimal commitment policy for liquidity traps to
keep the policy rate low for long and thus generating a temporary overheating of the economy.
Eggertsson (2006) and Burgert and Schmidt (2014) show that in models with non-Ricardian fiscal
policy and nominal government debt, discretionary policymakers can incentivize future policymakers to keep policy rates low for long by means of expansionary fiscal policy that raises the nominal
level of government debt. Jeanne and Svensson (2007), Berriel and Mendes (2015), and Bhattarai,
Eggertsson, and Gafarov (2015) find that central banks’ balance-sheet policies can, under certain
conditions, operate as a commitment device for discretionary policymakers that facilitates the use
of low-for-longer policies. Finally, Billi (2016) explores policy delegation schemes where the discretionary central bank’s standard inflation and output gap stabilization objectives are replaced
by either a price-level or a nominal-income stabilization objective. He finds that these delegation schemes can generate low-for-long policies and thereby improve welfare.4 Compared to these
approaches, the relative appeal of our approach is that it neither requires an additional policy
instrument nor does it represent a fundamental departure from the inflation-targeting framework
currently embraced by many central banks.
The paper is organized as follows. Section 2 describes the model. Section 3 presents the main
results on the effect of interest-rate smoothing. Section 4 explores two more sophisticated forms
of interest-rate smoothing that help to further mitigate the welfare costs associated with the ZLB.
Section 5 compares interest-rate gradualism with price-level targeting, and extends the baseline
model to include both demand and supply shocks. A final section concludes.

2

The model

This section presents the model, lays down the policy problem of the central bank, and defines the
equilibrium.

2.1

Private sector

The private sector of the economy is given by the standard New Keynesian structure formulated
in discrete time with infinite horizon as developed in detail in Woodford (2003a) and Gali (2008).
A continuum of identical infinitely-living households consumes a basket of differentiated goods and
4
Nakata and Schmidt (2014) show that the appointment of an inflation-conservative central banker improves
welfare by mitigating the deflationary bias associated with discretionary policy in the presence of the ZLB. However,
an inflation-conservative central banker does not generate low-for-long policies.
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supplies labor in a perfectly competitive labor market. The consumption goods are produced by
firms using (industry-specific) labor. Firms maximize profits subject to staggered price-setting as
in Calvo (1983). Following the majority of the literature on the ZLB, we put all model equations
except for the ZLB constraint in semi-loglinear form.
The equilibrium conditions of the private sector are given by the following two equations

πt =κyt + βEt πt+1

(1)

yt =Et yt+1 − σ (it − Et πt+1 − rt )

(2)

where πt is the inflation rate between periods t − 1 and t, yt denotes the output gap, it is the
level of the nominal interest rate between periods t and t + 1 and rt is the exogenous natural
real rate of interest. Equation (1) is a standard New Keynesian Phillips curve and equation (2)
is the consumption Euler equation. The parameters are defined as follows. β ∈ (0, 1) denotes
the representative household’s subjective discount factor, σ > 0 is the intertemporal elasticity of
substitution in consumption, and κ represents the slope of the New Keynesian Phillips curve.5
The natural rate shock rt is assumed to follow a stationary autoregressive process of order one
rt = (1 − ρr )r + ρr rt−1 + rt ,
where r ≡

1
β

(3)

− 1 is the steady state level of the natural rate, ρr ∈ [0, 1) is the persistence parameter

and rt is a i.i.d. N (0, σr2 ) innovation.

2.2

Society’s welfare and the central bank’s problem

Society’s welfare is represented by a second-order approximation to the representative household’s
expected lifetime utility
Vt = u(πt , yt ) + βEt Vt+1

(4)


1 2
π + λy 2
2

(5)

where
u(π, y) = −

Society’s relative weight on output gap stabilization, λ, is a function of the structural parameters
and is given by λ = κ .6
The value for the central bank with an interest-rate smoothing objective generically differs from
society’s welfare and is given by

σ −1 + η , where θ ∈ (0, 1)
κ is related to the structural parameters of the economy as follows κ = (1−θ)(1−θβ)
θ(1+η)
denotes the share of firms that cannot reoptimize their price in a given period, η > 0 is the inverse of the elasticity
of labor supply, and  > 1 denotes the price elasticity of demand for differentiated goods.
6
See Woodford (2003a) and Gali (2008).
5

ECB Working Paper 1976, November 2016

6

CB
VtCB = uCB (πt , yt , ∆it ) + βEt Vt+1

(6)

where ∆it = it − it−1 denotes the change in the one-period nominal interest rate between periods
t − 1 and t. The central bank’s contemporaneous objective function, uCB (·, ·), is given by
uCB (π, y, ∆i) = −



1
(1 − α) π 2 + λy 2 + α∆i2
2

(7)

The last term, α∆i2 , captures the interest-rate smoothing objective, and the parameter α ∈ [0, 1]
determines how the smoothing objective weighs against the central bank’s inflation and output gap
objectives. When α = 0, then uCB (·) = u(·).
We assume that the central bank does not have a commitment technology. Each period t, the
central bank chooses the inflation rate, the output gap, and the nominal interest rate to maximize
its objective function subject to the behavioral constraints of the private sector, with the policy
functions at time t+1 taken as given
VtCB (rt , it−1 ) = max

πt ,yt ,it

CB
uCB (πt , yt , ∆it ) + βEt Vt+1
(rt+1 , it )

(8)

subject to the zero lower bound constraint
it ≥ 0

(9)

and the private sector equilibrium conditions (1) and (2) described above. A Markov-Perfect equilibrium with an interest-rate smoothing objective is defined as a set of time-invariant value and
policy functions {V CB (·), π(·), y(·), i(·)} that solves the central bank’s problem above together
with society’s value function V (·) that is consistent with π(·) and y(·).
Since units of welfare are not particularly meaningful, we express the social welfare of an economy in terms of the perpetual consumption transfer (as a share of its steady state) that would make
the household in the artificial economy without any shocks indifferent to living in the stochastic
economy. This is given by
W := (1 − β)


 −1
σ + η E[V ]
κ

(10)

where the mathematical expectation is taken with respect to the unconditional distribution of rt .7

2.3

Calibration and model solution

The structural parameters are calibrated using the parameter values from Eggertsson and Woodford
(2003), as listed in Table 1, except for the interest rate elasticity σ which we set to 2.8 We set the
7
8

For a derivation of the expression for the welfare-equivalent consumption transfer, see, for instance, Billi (2016).
Eggertsson and Woodford (2003) assume σ = 0.5.
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persistence parameter capturing the law of motion of the natural real rate to 0.85. The standard
deviation of the natural rate shock is set so that the probability of being at the ZLB is about 20
percent when the central bank puts no weight on the interest-rate smoothing objective (α = 0).
Table 1: Calibration
Parameter
β
σ
η

θ
ρr
σr

Value
0.99
2
0.47
10
0.8106
0.85
0.4

Economic interpretation
Subjective discount factor
Intertemporal elasticity of substitution in consumption
Inverse labor supply elasticity
Price elasticity of demand
Share of firms per period keeping prices unchanged
AR coefficient natural real rate
Standard deviation natural real rate shock

To solve the model, we approximate the policy functions using a projection method. The details
of the solution algorithm are described in Appendix B.

3

Results

This section analyzes how the introduction of the interest-rate smoothing objective affects the
dynamics of the economy and welfare. We first describe how society’s welfare depends on the
degree of interest-rate gradualism, captured by α, and then analyze how the interest-rate smoothing
objective affects the dynamics of the economy to understand the key forces behind the welfare result.

3.1

Welfare effects of policy gradualism

Figure 1 plots the social welfare measure as defined in equation (10) for alternative values of α
over α ∈ [0, 0.35].9 The black solid line indicates welfare outcomes when accounting for the ZLB
whereas the blue dashed line indicates welfare when ignoring the ZLB. In the model without the
ZLB, welfare declines monotonically with the degree of interest-rate smoothing α and it is optimal
for society if the central bank focuses only on inflation and output gap stabilization. The reason
for why welfare declines with interest-rate gradualism is straightforward: The central bank can
completely absorb any shock to the natural real rate of interest by setting the policy rate such that
in equilibrium the actual real interest rate equals the natural real rate at each point in time. Indeed,
if the central bank is not concerned with interest-rate smoothing, the central bank can completely
stabilize output and inflation—in other words, the so-called divine coincidence holds—and welfare
is at its maximum value.
The welfare effects of interest-rate gradualism change markedly once we account for the ZLB
constraint. In the model with the ZLB, welfare depends on the degree of interest-rate smoothing in
9

For each candidate we conduct 2000 simulations, each consisting of 1050 periods where the first 50 periods are
discarded as burn-in periods.
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Figure 1: Welfare effects of interest-rate smoothing
0
Model with ZLB
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0
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0.25

0.3

0.35

α
Note: The figure shows how welfare as defined in (10) varies with the relative weight α on the interest-rate smoothing
objective. The vertical dashed black line indicates the optimal relative weight on the interest-rate smoothing objective
in the model with ZLB.

a non-monotonic way; it initially increases with the degree of policy gradualism α before starting to
decrease. Under our baseline calibration, the optimal weight on the interest-rate smoothing term is
α = 0.030, as indicated by the vertical dashed line. Welfare can be lower than under the standard
objective function (α = 0) when the degree of interest-rate smoothing is sufficiently high, which
happens in our model for values of α larger than 0.3.
The welfare effects of interest-rate smoothing are quantitatively important. According to Table
2, modifying the objective function of a central bank acting under discretion to include an interestrate smoothing objective with a relative weight of 0.03 reduces the welfare costs associated with
the presence of the ZLB constraint by more than half (-2.05 in the first row versus -5.02 in the
second row).
While the stabilization performance of optimized interest-rate smoothing falls short of the optimal plan under commitment—shown by the third row—this welfare improvement due to interestrate gradualism is significant. In Section 4, we consider some refinements of the interest-rate
smoothing objective function that bring the optimal discretionary policy closer to the optimal
commitment policy.

3.2

Why some degree of gradualism is desirable

To understand the benefits of interest-rate smoothing in the model with the ZLB, we consider the
following liquidity trap scenario. The economy is initially in the risky steady state. In period 0,
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Table 2: Results
Regime
Interest-rate smoothing
Standard discretion
Commitment
Asymmetric smoothing
Shadow-rate smoothing
Price level targeting

Optimal α
0.03
0.013
0.0165
1

Welfare (W × 100)
-2.05
-5.02
-0.23
-1.75
-1.11
-0.30

ZLB frequency (in %)
4
22
13
4
7
17

Note: The welfare measure is defined in equation (10).

the natural real rate of interest falls into negative territory and stays at the new level for 3 quarters
before jumping back to its steady state level. At each point in time, households and firms account
for the uncertainty regarding the future path of the natural real rate in making their decisions. The
considered scenario is arguably rather extreme given the assumed autoregressive process for the
natural real rate but is useful in cleanly illustrating the implications of the interest-rate smoothing
objective for monetary policy and stabilization outcomes.
Figure 2 plots the dynamics of the economy in this experiment for three regimes; the standard
discretionary regime without an interest-rate smoothing objective (solid black lines), the augmented
discretionary regime with an optimally-weighted objective for policy gradualism of α = 0.03 (dashed
blue lines), and the optimal commitment policy (dash-dotted red lines). The exogenous path of
the natural real rate is shown in the lower-right chart (solid green line).
Under the standard discretionary regime, the central bank immediately lowers the nominal
interest rate to zero. The real interest rate stays strictly positive, leading to large declines in
output and inflation: Output and inflation drop by 12.2 and 1.7 percent, respectively. When the
economy exits the liquidity trap in period 3, the nominal interest rate is raised immediately to its
risky steady-state level, and the real interest rate closely tracks the natural rate.
Now, consider the interest-rate smoothing regime. Due to its desire for a gradual adjustment
in the policy rate, the central bank refrains from lowering the policy rate immediately all the way
to zero in period 0. Nevertheless, the declines in output and inflation are smaller (10.5 and 1.2
percent, respectively) than under the standard discretionary regime. In period 1, the policy rate
reaches the ZLB and the real interest rate declines further. At the same time, output and inflation
slightly rise beyond their previous period’s troughs. Upon exiting the liquidity trap in period 3, the
policy rate is raised only gradually, resulting in a temporarily negative real rate gap—that is, a real
interest rate that is below its natural rate counterpart. This negative real rate gap boosts output
and inflation above their longer-run targets. At period 4, output and inflation are at 2.1 and 0.1
percent, respectively. Since households and firms are forward-looking, the anticipated temporary
overheating of the economy leads to less deflation and smaller output losses at the outset of the
liquidity trap event compared to the standard discretionary regime.
The history dependence just described manifests itself in one of the optimality conditions of the
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Figure 2: Liquidity trap scenario
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Note: In the considered liquidity trap scenario the economy is initially in the risky steady state. In period 0, the
natural real rate falls into negative territory and stays at the new level for 3 quarters before jumping back to its
steady state level.

gradualist central bank’s maximization problem:

0 =α(1 + β)it − αit−1 − βαEt i(rt+1 , it )


∂Et π(rt+1 , it )
∂Et y(rt+1 , it )
∂Et π(rt+1 , it )
+β(1 − α)
πt − (1 − α)
+σ
(λyt + κπt )
∂it
∂it
∂it
−(1 − α)σ(λyt + κπt ) − φZLB
t

(11)

The optimality condition shows that for given economic conditions, a gradualist central bank
aims to set the contemporaneous policy rate such that the deviations from the lagged policy rate
as well as from the expected future policy rate are small in equilibrium. Notice that if α = 0, i.e. if
the central bank has no smoothing objective, then the right-hand-side terms in the first two rows
of equation (11) vanish and the equation reduces to the familiar static target criterion (accounting

ECB Working Paper 1976, November 2016

11

for the ZLB) of the standard discretionary regime.10
The policy of keeping the interest rate low for long under gradualism is shared by the optimal commitment policy. Under the commitment policy, the central bank lowers the policy rate
immediately all the way to zero and keeps the policy rate at the ZLB even after the natural rate
becomes positive. The promise of an extended period of holding the policy rate at the ZLB leads
to an even larger overshooting of inflation and the output gap than observed under the gradualist
central bank, which in turn results in smaller deflation and output losses during the crisis period.
The benefit of interest-rate gradualism—smaller declines in inflation and output at the ZLB—
spills over to the stabilization outcomes when the policy rate is away from the ZLB through expectations. As described in detail in Nakata and Schmidt (2014) and Hills, Nakata, and Schmidt
(2016), the standard discretionary regime fails to fully stabilize inflation and output even at the
risky steady state—where the policy rate is comfortably above the ZLB—due to the asymmetry in
the distribution of future inflation and output induced by the possibility of returning to the ZLB.
For our calibration, under the standard discretionary regime, the inflation rate is -0.17 and the
output gap is 0.42 at the risky steady state.11 Since the decline in inflation at the ZLB is smaller
under the interest-rate smoothing regime than under the standard discretionary regime, the distribution is less asymmetric and inflation and output away from the ZLB are better stabilized under
interest-rate gradualism. With the optimized interest-rate smoothing weight, the inflation rate and
the output gap are -0.03 and 0.18 at the risky steady state. Thus, interest-rate smoothing improves
stabilization outcomes not only at the ZLB, but also at the risky steady state.

3.3

Why too much gradualism is undesirable

While the introduction of an interest rate smoothing objective is welfare-improving for a wide range
of weights α, we have seen that putting too much weight on the smoothing objective delivers lower
welfare than the central bank with the standard objective function (α = 0) does, see Figure 1. This
section takes a closer look at the costs associated with excessive interest-rate gradualism.
Figure 3 shows impulse responses to a natural real rate shock of one unconditional standard
deviation when the economy is initially at the risky steady state for the three regimes considered
before as well as for an interest-rate smoothing regime with a higher-than-optimal weight on the
gradualism objective, α = 0.2 (dotted magenta lines).
Under the standard discretionary regime, the central bank raises the policy rate such that the
real interest rate closely tracks the path of the natural real rate, making the latter hardly visible
in the lower-right chart. The larger buffer against hitting the ZLB slightly mitigates the downward
bias in expected output and inflation, which attenuates the stabilization trade-off for the central
bank. Output and inflation move closer to their target levels so long as the shock prevails, albeit
10
The second row on the right-hand side of equation (11) vanishes if α = 0 because the nominal interest rate ceases
to be a state variable and hence the partial derivative terms become zero.
11
The welfare costs associated with this stabilization shortfall are non-negligible. If we take the welfare loss of an
economy that stays permanently in the risky steady state associated with the standard discretionary regime as a
proxy, they make up 24% of the overall welfare costs.
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Figure 3: Impulse responses to a positive natural rate shock
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Note: In the considered scenario, the economy is initially in the risky steady state. In period 0, the natural real rate
increases by one unconditional standard deviation. The shock recedes in subsequent periods according to its law of
motion.

by a small amount.
Under the two interest-rate smoothing regimes—one with the optimal weight and the other with
a higher-than-optimal weight—the central bank raises the nominal interest rate only sluggishly
so that the path of the real interest rate is temporarily below that of the natural rate. This
more accommodative monetary policy stance stimulates output and inflation, and both variables
overshoot their targets for a few quarters. The larger the weight on the smoothing objective, the
more gradually interest rates respond and the larger the positive deviations of output and inflation
from target. Such overshooting, while costly in terms of contemporaneous utility flows, has the
desirable effect that it increases inflation expectations in states where the ZLB constraint is binding,
since rational agents take into account how the central bank responds to shocks in the future when
forming expectations. However, in the case of too much gradualism, the welfare costs of these target
overshootings outweigh the gains from improved expectations. The discretionary regime with the
optimized weight on the smoothing objective optimally trades the gains from gradual policy rate
adjustments off against these costs.
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Before closing this section, it is interesting to observe that in this experiment, away from the
ZLB, the interest-rate response under the optimal commitment policy is very similar to the one
under the standard discretionary regime. Thus, contrary to the casual impression one might get
from the liquidity trap scenario, policy inertia is not a generic feature of the optimal commitment
policy. Under both, the standard discretionary policy as well as the optimal commitment policy,
the central bank wants to adjust the policy rate to neutralize the effects of demand shocks. If there
is a sudden change in aggregate demand, both types of policy regimes will adjust the policy rate
instantaneously.

4

Two sophisticated interest-rate smoothing regimes

In this section, we consider two refinements of the interest-rate smoothing regime that further
increase the welfare gains from interest-rate gradualism. The first refinement consists of replacing
the symmetric interest-rate smoothing objective with an asymmetric objective that is more averse
to policy-rate increases than to policy-rate cuts. The second refinement consists of smoothing the
path of the actual policy rate with respect to the lagged shadow policy rate—the policy rate that
the central bank would like to set given current economic conditions if it had not been constrained
by the ZLB—as opposed to the actual lagged policy rate.

4.1

Asymmetric interest-rate smoothing

The first refinement aims to improve welfare by eliminating an undesirable feature of interest-rate
gradualism under the liquidity trap scenario considered in Section 3.2, namely that the policy rate
fails to decline to the ZLB at the time the negative demand shock hits the economy. Under the
first refinement featuring an asymmetric interest-rate smoothing (AIRS) objective, the central bank
dislikes changes in the policy rate, but dislikes interest-rate increases more than interest-rate cuts.
The value of the central bank with an AIRS objective is given by
CB,AIRS
VtCB,AIRS = uCB,AIRS (πt , yt , ∆it ) + βEt Vt+1

(12)

where the central bank’s contemporaneous objective function, uCB,AIRS (·, ·, ·), takes the following
form
uCB,AIRS (πt , yt , ∆it ) = −



1
(1 − α) πt2 + λyt2 + α ∆i2t + max(∆it , 0)
2

(13)

max(∆it , 0) = 0 if today’s interest rate is lower than last period’s, while max(∆it , 0) = ∆it ≥ 0
otherwise. That is, interest-rate increases are more expensive in the eyes of the central bank than
equivalent interest-rate reductions.
The optimization problem of the central bank with an AIRS objective and the associated
Markov-Perfect equilibrium are defined similarly to those with the standard IRS objective. They
are relegated to the Appendix for the sake of brevity.
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4.2

Shadow interest-rate smoothing

The second refinement—featuring a shadow interest-rate smoothing (SIRS) objective—aims to
improve welfare by enhancing the key benefit of interest-rate gradualism, which is its ability to
keep the policy rate low for long in the aftermath of a recession. The shadow interest rate keeps
track of the severity of the recession and makes the period for which the policy rate is kept at the
ZLB depend on the severity of the recession. The value of the central bank with a SIRS objective
is given by
CB,SIRS
VtCB,SIRS = uCB,SIRS (πt , yt , it , i∗t−1 ) + βEt Vt+1

(14)

where the central bank’s contemporaneous objective function, uCB,SIRS (·, ·, ·, ·), is given by
uCB,SIRS (πt , yt , it , i∗t−1 ) = −



1
(1 − α) πt2 + λyt2 + α(it − i∗t−1 )2
2

(15)

Each period t, the central bank with a shadow interest-rate smoothing objective first chooses
the shadow nominal interest rate in order to maximize the value today subject to the behavioral
CB,SIRS
(·, ·),
constraints of the private sector, with the value and policy functions at time t + 1—Vt+1

yt+1 (·, ·), πt+1 (·, ·)—taken as given:
i∗t = argmaxx

CB,SIRS
uCB,SIRS (π(x), y(x), x, i∗t−1 ) + βEt Vt+1
(rt+1 , x)

(16)

with
y(x) =Et yt+1 (rt+1 , x) − σ(x − Et πt+1 (rt+1 , x) − rt )
π(x) =κy(x) + βEt πt+1 (rt+1 , x)

(17)

The actual policy rate it is given by
it = max(i∗t , 0)

(18)

That is, the actual policy rate today is zero when i∗t < 0, and it is equal to i∗t when i∗t ≥ 0.
The central bank’s value today is given by
CB,SIRS
VtCB,SIRS (rt , i∗t−1 ) = uCB,SIRS (πt , yt , it , i∗t−1 ) + βEt Vt+1
(rt+1 , i∗t )

(19)

where inflation and the output gap are given by
yt =Et yt+1 (rt+1 , i∗t ) − σ(it − Et πt+1 (rt+1 , i∗t ) − rt )
πt =κyt + βEt πt+1 (rt+1 , i∗t )
The definition of the Markov-Perfect equilibrium with a SIRS is similar to that with the standard
interest-rate smoothing (IRS) objective, and is relegated to the Appendix.
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4.3

Results for the sophisticated interest-rate smoothing regimes

The fourth and fifth row of Table 2 report the optimal weights, welfare, and the ZLB frequencies
for the AIRS and SIRS regimes, respectively.12 Under both regimes, the optimal relative weight
on the interest-rate gradualism objective in the central bank’s objective function is considerably
smaller than under the standard IRS regime while welfare is higher than under the standard IRS
regime. Relative to welfare under the standard IRS regime, welfare is about 15% higher in case of
the AIRS regime and 46% higher in case of the SIRS regime.
Figure 4 compares the dynamics of the economy under the two refined interest-rate smoothing
regimes with those under the standard IRS regime and the discretionary regime with zero weight
on the interest-rate smoothing objective in the context of the liquidity trap scenario of Section 3.2.
As a result of the lower optimized weights on the interest-rate smoothing objective, and in contrast
Figure 4: Liquidity trap scenario: Two refined interest-rate smoothing regimes
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Note: In the considered liquidity trap scenario the economy is initially in the risky steady state. In period 0, the
natural real rate falls into negative territory and stays at the new level for 3 quarters before jumping back to its
steady state level.

to standard IRS, both sophisticated regimes lower the policy rate immediately to its lower bound
12

The AIRS regime is solved using value function iteration.
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when the shock buffets the economy. The SIRS regime also raises the policy rate more slowly when
the shock has receded, leading to a more accommodative real interest-rate path. The economic
boom upon exiting the liquidity trap is therefore larger under the SIRS regime than under the IRS
regime, and as a result the drop in the inflation rate and the output gap during the liquidity trap
is smaller. Under the AIRS regime, output and inflation also decline by less than under the IRS
regime but the gap is less pronounced than under SIRS.
A key difference between the SIRS and the other two interest-rate smoothing frameworks lies
in the endogenous state variable. In the IRS and AIRS regimes, the endogenous state variable is
the actual policy rate it , while it is the shadow interest rate i∗t in the SIRS regime. Unlike the
actual policy rate, the shadow interest rate can go below zero. This unconstrained nature of the
shadow rate has two important implications for interest rate policy. The first implication is that,
in the face of large contractionary shocks the policy rate is lowered more aggressively than under
standard IRS. This reflects the fact that the shadow rate is anticipated to enter negative territory
whereas in the standard IRS regime the policy rate is anticipated not to fall below zero. Since the
SIRS regime smooths the shadow rate path, the shadow rate declines faster than the policy rate in
the standard IRS regime does. The policy rate path in the SIRS regime then simply mimics the
shadow rate path subject to the ZLB constraint.
The second implication is that, as large contractionary shocks dissipate, the policy rate is kept
at the ZLB for a longer period under the SIRS regime than under the standard IRS or AIRS regime.
The shadow rate remembers the severity of the recession: The larger the downturn, the lower the
shadow rate. As the policy rate follows the shadow rate path subject to the ZLB constraint, a
larger downturn thus leads to a lower path of interest rates under the SIRS regime, akin to the
optimal commitment policy.13 In contrast, under conventional interest-rate smoothing, history
dependence operates via the nominal interest rate, which has a lower bound of zero. Thus, once
the ZLB is reached, a further decline in the natural rate has no direct implications for the size of
the subsequent monetary stimulus.

5

Additional results

The first part of this section compares our standard symmetric interest-rate smoothing regime
to a price-level targeting regime. In the second part of this section, we assess the desirability of
interest-rate smoothing in an economy that is subject to both demand and supply shocks.
13
The conduct of interest-rate policy under SIRS also has similarities with that observed when the interest rate is
set according to a truncated inertial Taylor rule with a lagged shadow policy rate (considered in Hills and Nakata
(2014), Hills, Nakata, and Schmidt (2016), Gust, Lopez-Salido, and Smith (2012)) or a Reifschneider-Williams (2000)
rule (Reifschneider and Williams (2000)). Under these policy rules, how long the central bank keeps the policy rate
at the ZLB also depends on the severity of the recession.
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5.1

Comparison to price-level targeting

This section assesses how interest-rate smoothing performs relative to price-level targeting. Eggertsson and Woodford (2003) have shown that an output-gap-adjusted targeting rule for the price
level performs almost as well as the optimal commitment policy. In order to facilitate the comparison with the interest-rate smoothing regime, we consider price-level targeting in the form of an
amendment to the standard central bank objective function.
Under a (partial) price-level targeting regime, the central bank’s contemporaneous objective
function is given by
uCB,P LT (πt , yt , pt ) = −



1
(1 − α) πt2 + λyt2 + αp2t
2

(20)

where pt ≡ pt−1 + πt denotes the price level in period t. If α = 1, then the central bank follows a
strict price-level targeting regime.
Each period t, the central bank chooses the price level, the output gap, and the nominal interest
rate in order to maximize its objective function subject to the behavioral constraints of the private
sector and the ZLB constraint, taking the policy functions at time t+1 as given
VtCB,P LT (rt , pt−1 ) = max

pt ,yt ,it

CB,P LT
uCB,P LT (πt , yt , pt ) + βEt Vt+1
(rt+1 , pt )

(21)

The details of the optimization problem are relegated to Appendix A.4.
A grid search over α ∈ [0, 1] reveals that society’s welfare is maximized under strict price-level
targeting, α = 1, as shown in the sixth row of Table 2. According to the table, the welfare loss under
price-level targeting is comparable to that under optimal commitment policy, and is substantially
smaller than the loss observed under the interest-rate smoothing regime.
Figure 5 compares the evolution of the economy in the same liquidity trap scenario as in Section
3.2 under strict price-level targeting (solid black lines) with those under the optimized interest-rate
smoothing regime (dashed blue lines) and the optimal commitment policy (dash-dotted red lines).
The dynamics of the four variables shown in the figure under price-level targeting are closer to those
under the optimal commitment policy than to those under the interest-rate smoothing policy, in
line with the analysis by Eggertsson and Woodford (2003).
There are two advantages of price-level targeting over interest-rate smoothing. The first advantage is that, under price-level targeting, the temporary monetary stimulus upon exiting a liquidity
trap is a function of the cumulated amount of inflation shortfalls during the trap, as under the
shadow interest-rate smoothing regime. The larger the decline in the natural real rate, the larger
the anticipated overshooting of inflation needed to meet the price-level target. As a result, the policy rate is kept lower for longer under strict price-level targeting than under interest-rate smoothing,
as shown in the bottom-left panel. The more accommodative policy leads to a larger overshooting
of inflation and output, which mitigates their initial declines at the ZLB, as shown in the two top
panels.
The second advantage is that, away from the ZLB constraint, price-level targeting is able to
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Figure 5: Liquidity trap scenario: Comparison with price-level targeting
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Note: In the considered liquidity trap scenario the economy is initially in the risky steady state. In period 0, the
natural real rate falls into negative territory and stays at the new level for 3 quarters before jumping back to its
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fully stabilize inflation and the output gap in our baseline model with only demand shocks. In
contrast, as previously discussed in Section 3.3, a gradualist central bank is slow in adjusting the
policy rate in response to expansionary shocks or small contractionary shocks, allowing inflation
and the output gap to deviate from their long-run targets.

5.2

A model with demand and supply shocks

In our baseline model, the only exogenous shock is a demand shock. We now extend the analysis
to an economy that is subject to both demand and supply shocks. Specifically, the New Keynesian
Phillips curve is augmented with a price mark-up shock
πt = κyt + βEt πt+1 + ut

(22)

where ut is i.i.d. N (0, σu2 ). The remainder of the model structure stays the same as in Section 2.
We set σu = 0.17 as estimated by Ireland (2011) for the U.S. economy.
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Figure 6 plots the social welfare measure as defined in equation (10) for alternative values of
α ∈ [0, 0.2].14 The black solid line indicates welfare outcomes when accounting for the ZLB whereas
the blue dashed line indicates welfare when ignoring the ZLB.
Figure 6: Welfare effects of interest-rate smoothing: Model with demand and supply shocks
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Note: The figure shows how welfare as defined in (10) varies with the relative weight α on the interest-rate smoothing
objective. The vertical black dashed line indicates the optimal weight on the smoothing objective in the model with
ZLB and the vertical blue dashed line indicated the optimal weight in the model without the ZLB.

In the presence of supply shocks, the optimal degree of interest-rate smoothing is no longer
zero even when one ignores the ZLB constraint. This result arises because the optimal timeinconsistent response to a cost-push shock creates endogenous persistence in the inflation rate and
the output gap. If the economy is buffeted by a transitory inflationary cost-push shock, the optimal
commitment policy is to raise the policy rate above steady state for more than one period in order
to undershoot the inflation target in the second period. Such a response improves the trade-off
between inflation and output gap stabilization in the period when the shock hits the economy
through the expectations channel (see, for instance, Gali (2008)). Putting a small positive weight
on the interest-rate smoothing objective allows a discretionary central bank to mimic the gradual
response of the optimal commitment policy to price mark-up shocks.
As in our baseline model that is exposed to demand shocks only, the presence of the ZLB
increases the optimal degree of interest-rate smoothing. In the model with the ZLB, the optimal
weight is α = 0.046, as indicated by the vertical dotted line, versus α = 0.004 in the model without
the ZLB. Reflecting the additional benefit of interest-rate smoothing arising from the presence
14
For each candidate we conduct 2000 simulations, each consisting of 1050 periods where the first 50 periods are
discarded as burn-in periods.
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of cost-push shocks in the model with the ZLB, this optimal weight is larger than that in the
model with demand shocks only, which is 0.03 as shown in Figure 1. As before, the welfare gains
from interest-rate smoothing are quantitatively important. At the optimal weight α = 0.046, the
welfare costs are more than one-third smaller than under the standard discretionary monetary
policy regime.

6

Conclusion

Our analysis provides a novel rationale for policy rate gradualism. In a liquidity trap, a gradualist
central bank keeps the policy rate low for longer than is warranted by the dynamics of output and
inflation alone, mimicking a key feature of the optimal commitment policy. This low-for-longer
policy creates a transitory boom in future inflation and output, which dampens the declines of
inflation and real activity during the liquidity trap via expectations.
A discretionary central bank that is only concerned with output and inflation stabilization
will find itself unable to credibly commit to keep the policy rate low, for it has an incentive to
renege on its past promise and increase the policy rate once the liquidity-trap conditions recede.
However, modifying the objective function of a discretionary central bank to include an interest-rate
smoothing objective allows society to make low-for-longer policies credible. An optimally chosen
weight on the interest-rate smoothing objective relative to the central bank’s objectives for inflation
and output stabilization leads to a significant improvement in society’s welfare even though society
itself is not intrinsically concerned with the stabilization of changes in the policy rate.
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Appendix
A
A.1

Policy Regimes
Interest-Rate Smoothing

The Lagrange problem of the central bank with an interest-rate smoothing objective at period t is
given by
VtCB (rt , it−1 )


= max −
πt ,yt ,it



1
CB
(1 − α) πt2 + λyt2 + α(it − it−1 )2 + βEt Vt+1
(rt+1 , it )
2

+ φPt C (πt − βEt πt+1 (rt+1 , it ) − κyt )
+ φIS
t (yt − Et yt+1 (rt+1 , it ) + σ(it − Et πt+1 (rt+1 , it ) − rt ))

ZLB
+ φt it

(A.1)

where the central banker takes the value and policy functions next period as given. The FONC are
(1 − α)πt − φPt C = 0

(A.2)

(1 − α)λyt + κφPt C − φIS
t =0

(A.3)

CB (r
∂Et Vt+1
t+1 , it )

∂Et π(rt+1 , it ) P C
+β
φt
α(it − it−1 ) − β
∂it
∂it


∂Et y(rt+1 , it )
∂Et π(rt+1 , it )
ZLB
+
+σ
− σ φIS
=0
t − φt
∂it
∂it

(A.4)

as well as the complementary slackness conditions and the NKPC and IS equation. Combining the
first two conditions, we get
(1 − α)(λyt + κπt ) = φIS
t

(A.5)

∂VtCB (rt , it−1 )
= α(it − it−1 )
∂it−1

(A.6)

Furthermore, note that

We can then consolidate the third optimality condition to obtain an interest-rate target criterion
0 =α(1 + β)it − αit−1 − βαEt i(rt+1 , it )


∂Et π(rt+1 , it )
∂Et y(rt+1 , it )
∂Et π(rt+1 , it )
+β(1 − α)
πt − (1 − α)
+σ
(λyt + κπt )
∂it
∂it
∂it
−(1 − α)σ(λyt + κπt ) − φZLB
t
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A.2

Asymmetric Interest-Rate Smoothing

The value of the central bank with an asymmetric interest-rate smoothing (AIRS) objective is given
by
CB,AIRS
VtCB,AIRS = uCB,AIRS (πt , yt , ∆it ) + βEt Vt+1

(A.8)

where the central bank’s contemporaneous objective function, uCB,AIRS (·, ·, ·), is given by
uCB,AIRS (πt , yt , ∆it ) = −



1
(1 − α) πt2 + λyt2 + α ∆i2t + max(∆it , 0)
2

(A.9)

Each period t, the central bank with an asymmetric interest-rate smoothing objective chooses
the inflation rate, the output gap, and the nominal interest rate in order to maximize the value
today subject to the behavioral constraints of the private sector, with the policy functions at time
t + 1 taken as given
VtCB,AIRS (rt , it−1 ) = max

πt ,yt ,it

CB,AIRS
uCB,AIRS (πt , yt , ∆it ) + βEt Vt+1
(rt+1 , it )

(A.10)

A Markov-Perfect equilibrium with an asymmetric interest-rate smoothing objective is defined as
a set of time-invariant value and policy functions {V CB,AIRS (·), π(·), y(·), i(·)} that solves the
problem of the central bank above, together with the value function V (·) that is consistent with
π(·) and y(·).

A.3

Shadow Interest-Rate Smoothing

The value of the central bank with a shadow interest-rate smoothing (SIRS) objective is given by
CB,SIRS
VtCB,SIRS = uCB,SIRS (πt , yt , it , i∗t−1 ) + βEt Vt+1

(A.11)

where the central bank’s contemporaneous objective function, uCB,SIRS (·, ·, ·, ·), is given by
uCB,SIRS (πt , yt , it , i∗t−1 ) = −



1
(1 − α) πt2 + λyt2 + α(it − i∗t−1 )2
2

(A.12)

Each period t, the central bank with a shadow interest-rate smoothing objective first chooses
the shadow nominal interest rate in order to maximize the value today subject to the behavioral
CB,SIRS
constraints of the private sector, with the value and policy functions at time t + 1—Vt+1
(·, ·),

yt+1 (·, ·), πt+1 (·, ·)—taken as given:
i∗t = argmaxx

CB,SIRS
uCB,SIRS (π(x), y(x), x, i∗t−1 ) + βEt Vt+1
(rt+1 , x)

(A.13)

with
y(x) =Et yt+1 (rt+1 , x) − σ(x − Et πt+1 (rt+1 , x) − rt )
π(x) =κy(x) + βEt πt+1 (rt+1 , x)
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The actual policy rate it is given by
it = max(i∗t , 0)

(A.15)

That is, the actual policy rate today is zero when i∗t < 0, and it is equal to i∗t when i∗t ≥ 0.
The central bank’s value today is given by
CB,SIRS
VtCB,SIRS (rt , i∗t−1 ) = uCB,SIRS (πt , yt , it , i∗t−1 ) + βEt Vt+1
(rt+1 , i∗t )

(A.16)

where inflation and the output gap are given by
yt =Et yt+1 (rt+1 , i∗t ) − σ(it − Et πt+1 (rt+1 , i∗t ) − rt )
πt =κyt + βEt πt+1 (rt+1 , i∗t )
it ≥0

(A.17)

A Markov-Perfect equilibrium with an shadow interest-rate smoothing objective is defined as a set
of time-invariant value and policy functions {V CB,SIRS (·), π(·), y(·), i∗ (·), i(·)} that solves the
problem of the central bank above, together with the value function V (·) that is consistent with
π(·) and y(·).

A.4

Price-Level Targeting

The value of the central bank with a price-level targeting (PLT) objective is given by
CB,P LT
VtCB,P LT = uCB,P LT (πt , yt , pt ) + βEt Vt+1

(A.18)

where pt ≡ pt−1 + πt denotes the price level in period t and the central bank’s contemporaneous
objective function, uCB,P LT (·, ·, ·), is given by
uCB,P LT (π, y, p) = −



1
(1 − α) π 2 + λy 2 + αp2
2

(A.19)

The last term, αp2 , captures the price-level targeting objective, and the parameter α ∈ [0, 1]
determines how the smoothing objective weighs against the inflation and output gap objective in
the central bank’s objective function.
Each period t, the central bank with a price-level targeting objective chooses the inflation rate,
the output gap, and the nominal interest rate in order to maximize its objective function subject
to the behavioral constraints of the private sector, with the policy functions at time t + 1 taken as
given
VtCB,P LT (rt , pt−1 ) = max

πt ,yt ,it

CB,P LT
uCB,P LT (πt , yt , pt ) + βEt Vt+1
(rt+1 , pt )

(A.20)

A Markov-Perfect equilibrium with a price-level targeting objective is defined as a set of timeinvariant value and policy functions {V CB,P LT (·), π(·), y(·), p(·), i(·)} that solves the problem of
the central bank above, together with the value function V (·) that is consistent with π(·) and y(·).
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The Lagrangean problem of the central bank with a price-level targeting objective is given by
VtCB,P LT (rt , pt−1 )





1
CB,P LT
(rt+1 , pt )
= max − (1 − χ) (pt − pt−1 )2 + λyt2 + χp2t + βEt Vt+1
pt ,yt ,it
2


1
κ
β
PC
+ φt
pt −
pt−1 −
Et p(rt+1 , pt ) −
yt
1+β
1+β
1+β
+ φIS
t (yt − Et y(rt+1 , pt ) + σ(it − Et p(rt+1 , pt ) + pt − rt )) = 0

+ φZLB
i
t
t

(A.21)

Note, that the central banker takes the decision rules of the private sector and of future central
bankers as given. The FONC are


CB (r
∂Et Vt+1
β ∂Et p(rt+1 , pt )
t+1 , pt )
(1 − χ)(pt − pt−1 ) + χpt − β
+
− 1 φPt C
∂pt
1+β
∂pt


∂Et y(rt+1 , pt )
∂Et p(rt+1 , pt )
+
+σ
− σ φIS
t =0
∂pt
∂pt
κ
λ(1 − χ)yt +
φP C − φIS
t
1+β t
ZLB
σφIS
=0
t + φt

(A.22)
(A.23)
(A.24)

as well as the complementary slackness conditions and the NKPC and IS equation. Note that
∂VtCB (rt , pt−1 )
1
= (1 − χ)(pt − pt−1 ) −
φP C
∂pt−1
1+β t

(A.25)

Substituting this expression as well as the last two optimality conditions into the first, we get






β ∂Et p(rt+1 , pt )
1 ∂Et y(rt+1 , pt )
∂Et p(rt+1 , pt )
PC
(1 + β(1 − χ)) pt +
− 1 φt −
+σ
− σ φZLB
t
1+β
∂pt
σ
∂pt
∂pt
β
Et φP C (rt+1 , pt )
(A.26)
= (1 − χ)pt−1 + β(1 − χ)Et p(rt+1 , pt ) −
1+β

B

Numerical algorithm

We use the policy function iteration algorithm described below in Subsection B.1 to solve the model
for the various monetary policy regimes. The only exception is the AIRS regime for which we solve
the model using a value function iteration algorithm described in Subsection B.2.15
15
For some values of the relative weight on the interest-rate smoothing term in the central bank’s objective function
we were not able to solve the model with AIRS regime using the algorithm described in Subsection B.1, which is why
we used the value function iteration algorithm described in Subsection B.2.
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B.1

Policy function iteration

We approximate the policy functions for the inflation rate, output and the policy rate with a finite
elements method using collocation. For the basis functions we use cubic splines. The algorithm
proceeds in the following steps (here exemplified for the interest-rate smoothing regime):
1. Construct the collocation nodes. The nodes are chosen such that they coincide with the
spline breakpoints. Use a Gaussian quadrature scheme to discretize the normally distributed
innovation to the natural real rate shock.
2. Start with a guess for the basis coefficients.
3. Use the current guess for the basis coefficients to calculate the partial derivatives of expected
inflation and expected output with respect to the current policy rate at the collocation nodes.
4. Approximate the expectation functions for inflation, output and the policy rate, using the
same quadrature scheme as in step 3.
5. Solve the system of equilibrium conditions for inflation, output and the policy rate at the
collocation nodes, assuming that the zero lower bound is not binding. For those nodes where
the zero bound constraint is violated solve the system of equilibrium conditions associated
with a binding zero bound.
6. Update the guess for the basis coefficients. If the new guess is sufficiently close to the old
one, proceed with step 7. Otherwise, go back to step 4.
7. Check whether the new set of partial derivatives based on the updated basis coefficients is
sufficiently close to the previous ones. If this is the case, you are done. Otherwise, go back
to step 3.

B.2

Value function iteration

We approximate the central bank’s value function and the policy functions with a finite elements
method using collocation. Cubic splines are used for the basis functions approximating the value
function and linear splines are used for the basis functions approximating the policy functions. The
algorithm proceeds in the following steps:
1. Construct the collocation nodes. The nodes are chosen such that they coincide with the
spline breakpoints. Construct a choice vector for the policy rate. Use a Gaussian quadrature
scheme to discretize the normally distributed innovation to the natural real rate shock.
2. Start with a guess for the basis coefficients.
3. Approximate the expectation functions for inflation, output and the central bank’s value
function for each element of the choice vector using the current guess for the basis coefficients.
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4. Solve the New Keynesian Phillips curve and the consumption Euler equation for inflation and
output taking as given the policy rate and expectations of inflation and output in the next
period. Calculate the difference between the policy rate (choice variable) and lagged policy
rate (state variable).
5. Determine the element of the choice vector that maximizes the central bank’s value function
at each collocation node.
6. Update the guess for the basis coefficients. If the new guess is sufficiently close to the old
one, you are done. Otherwise, go back to step 3.
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