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Abstract
Bayesian inference in a time series model provides exact, out-of-sample predictive 
distributions that fully and coherently incorporate parameter uncertainty. This study 
compares and evaluates Bayesian predictive distributions from alternative models, using 
as an illustration five alternative models of asset returns applied to daily S&P 500 returns 
from 1976 through 2005. The comparison exercise uses predictive likelihoods and is 
inherently Bayesian. The evaluation exercise uses the probability integral transform and 
is inherently frequentist. The illustration shows that the two approaches can be 
complementary, each identifying strengths and weaknesses in models that are not evident 
using the other. 

Keywords: forecasting; GARCH; inverse probability transform; Markov mixture; 
predictive likelihood; S&P 500 returns; stochastic volatility. 

JEL Classifications: C11, C53. 
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Non-technical summary 

Probability distributions for magnitudes that are unknown at a time a decision must be made, but 

will become known afterward, are required for the formal solutions of most decision problems in 

economics. Increasing awareness of this context, combined with advances in modeling and 

computing, is leading to a sustained emphasis on these distributions in econometric research.  

For important decisions there are typically competing models and methods that produce predictive 

distributions. The question of how these predictive distributions should be compared and evaluated 

then becomes relevant. 

This study compares and evaluates the quality of predictive distributions over multiple horizons for 

asset returns using five different models. We use the daily returns of the Standard and Poors 500 

index over the period 1972-2005, a series that is widely employed in academic work and is also 

one of the most important indexes in the finance industry. The models compared are two from the 

ARCH family, a stochastic volatility model, the Markov normal mixture model, and an extension 

of the last model that we have described in detail elsewhere (Geweke and Amisano (2007)). 

The basis of comparison used in this study is the predictive likelihood function, i.e. the model’s 

probability density for the return at the relevant horizon before it is observed, evaluated at the 

actual value of the return after it is observed. This function reflects the logical positivism of the 

Bayesian approach: a model is as good as its predictions. 

Each model produces a predictive distribution for each return ex ante, and therefore a predictive 

likelihood ex post. Comparison of these predictive likelihoods across models decomposes posterior 

odds one observation at a time. One of the objectives of this study is to illustrate how this 

decomposition provides insight into conventional Bayesian model comparison. The basis of 

evaluation used in this study is the probability integral transform (PIT), which is the inverse of the 

sequence of ex ante predictive cumulative distribution function (c.d.f.) evaluated at the sequence of 

actual returns ex post. If returns are in fact generated from this c.d.f. sequence then the ex ante 

distribution of the PIT is i.i.d. uniform. As a practical matter this condition will not be met 

precisely even in ideal circumstances: while observed values might come from the model under 

consideration, uncertainty about parameter values implies that the predictive distributions will not 

be exactly the same as in the data generating process. Nevertheless the PIT provides a well-

recognized and useful paradigm against which any sequence of predictive distributions can be 
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evaluated. A second objective of this study is to illustrate how the PIT also provides insight into 

the deficiencies of models.  

Model comparison using predictive likelihoods and model evaluation using the PIT are quite 

distinct methodologically. The predictive likelihood function is inherently Bayesian, while the PIT 

is inherently frequentist.  Taken together the two methods provide insight into the strengths and 

weaknesses of alternative prediction models.

This study details these comparisons and evaluations using daily S&P 500 returns, and shows how 

the HMNM model predictive likelihood is comparable to that of the t-GARCH model (and 

superior to its competitors). At the same time the HMNM model is well calibrated to observed 

returns as indicated by the PIT.  

The final objective of this study is to compare the quality of the predictive distributions of the five 

models for daily S&P 500 returns, and to identify deficiencies in these models that might be 

addressed by future research. Briefly, we find that the predictive distributions of the HMNM and

t-GARCH models prove superior to those of the other three models considered.

In particular, the predictive likelihood analysis narrowly favors Bayesian t-GARCH over HMNM, 

but for MLE t-GARCH the predictive likelihoods are nearly identical. By contrast the PIT analysis 

narrowly favours HMNM predictive distributions over t-GARCH. However the latter analysis also 

shows that the normalized PIT for the HMNM model is not ideal. In particular, PIT's for 

successive one-day predictions are not independent, and the performance of HMNM in this 

dimension is no better than those of the other four models. 

A new predictive density can always be formed as a weighted average of predictive densities from 

different models, the best known example being Bayesian model averaging. The analysis in our 

paper indicates that for most combinations of models and substantial sub-periods of the sample 

considered Bayesian model averaging is for all practical purposes equivalent to model selection, 

with one model receiving a weight very close to 1. This is often the outcome for Bayesian model 

averaging when the sample is large, as it is here. The notable exception arises when the models 

averaged include both t-GARCH and HMNM: in that case these two models can have substantial 

weight in Bayesian model averaging, depending on the days included in the sample. Geweke and 

Amisano (2008) shows that a weighted average of the HMNM and t-GARCH models compares 

quite favorably with both models, using predictive likelihood. That paper also shows that, in 

general, optimization of the predictive likelihood leads to non-trivial weights on several models, 
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weights that are quite different from those that result from conventional Bayesian model 

averaging. Ultimately, analysis of this kind provides the elements from which better models may 

be constructed, as illustrated in the introduction by our experience in developing the HMNM 

model. The predictive density evaluations presented here, as well as in Geweke and Amisano 

(2008), show that there is scope for substantial further improvement.
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