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Abstract

We propose an optimal filter to transform the Conference Board Composite Leading Index (CLI)
into recession probabilities in the US economy. We also analyze the CLI�s accuracy at anticipating US
output  growth. We  compare  the  predictive  performance  of  linear, VAR  extensions  of  smooth
transition  regression  and  switching  regimes,  probit,  nonparametric models  and  conclude  that  a
combination of the switching regimes and nonparametric forecasts is the best strategy at predicting
both the NBER business cycle schedule and GDP growth. This confirms the usefulness of CLI, even
in a real-time analysis.

JEL classification: C32 and C53
Keywords: leading indicators, turning points, optimal forecasting rule
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41 Lqwurgxfwlrq

Frqvxpswlrq/ vdylqjv dqg surgxfwlrq ghflvlrqv pdgh e| lqglylgxdo djhqwv dqg prq0

hwdu| dqg �vfdo srolf| pdgh e| srolf|pdnhuv duh edvhg rq iruhfdvwv derxw wkh ixwxuh

ghyhorsphqwv ri pdfurhfrqrplf yduldeohv1 Wkh vwdwh ri wkh exvlqhvv f|foh lv rqh ri

wkh nh| hohphqwv iru wkh hyroxwlrq ri vxfk yduldeohv1 Khqfh/ iruhfdvwlqj wxuqlqj srlqwv

lv fuxfldo iru wkh rswlpdolw| ri wkh hfrqrplf djhqwv* ghflvlrqv1

Dq h{whqvlyh olwhudwxuh h{lvwv zklfk dwwhpswv wr �qg wkh ehvw iruhfdvwlqj wrro

iru wkh exvlqhvv f|foh wxuqlqj srlqwv/ iurp wkh hduo| khxulvwlf dwwhpswv e| Plwfkhoo

dqg Exuqv +4<6;, wr wkh pruh vrsklvwlfdwhg ri Vwrfn dqg Zdwvrq +4<;<,1 Zkdwhyhu

dssurdfk zh frqvlghu/ wkh iruhfdvwlqj sureohp lv wzrirog1 Iluvw/ zh qhhg wr lghqwli|

wkh jurxs ri yduldeohv wkdw pryh lq dqg rxw uhfhvvlrqv ehiruh wkh uhvw ri wkh hfrqrp|14

Vhfrqg/ zh kdyh wr �qg wkh dssursuldwh �owhu wr h{wudfw wkh vljqdo rxw ri wkhvh vhulhv1

Zh irfxv rq wkh vhfrqg dvshfw ri wkh iruhfdvwlqj sureohp e| dwwhpswlqj wr �qg

dq rswlpdo vljqdo h{wudfwlrq phwkrg wr dqdo|}h wkh suhglfwlyh srzhu ri wkh Frp0

srvlwh Ohdglqj Lqgh{ +FOL,15 Wklv vhulhv/ frpelqdwlrq ri vhyhudo surplvlqj ohdglqj

yduldeohv/ lv uhohdvhg e| wkh Frqihuhqfh Erdug vlqfh Rfwrehu 4<<9 dqg e| wkh Exuhdx

ri Hfrqrplf Dqdo|vlv sulru wr wkdw gdwh1 Zh xvh wkh FOL ehfdxvh/ hyhq wkrxjk lw kdv

vx�huhg d qxpehu ri lpsruwdqw uhylvlrqv/ lw kdv ehhq sxeolvkhg zlwkrxw lqwhuuxswlrq

vlqfh 4<9;/ doorzlqj wkh uhvhdufkhu wr dqdo|}h wkh suhglfwlyh srzhu ri wkh ohdglqj

lqgh{ zlwk lqirupdwlrq dydlodeoh lq hdfk wlph shulrg16

4Vwrfn dqg Zdwvrq +4<<;, dqg Iruql/ Kdoolq/ Olssl dqg Uhlfkolq +4<<<, duh uhihuhqfhv iru fxuuhqw

uhvhdufkhv lq frqvwuxfwlqj lqgh{hv iru wkh XV dqg wkh Hxurshdq hfrqrplhv uhvshfwlyho|1
5Hyhq wkrxjk wkh uhylvlrqv kdyh fkdqjhg wkh frpsrvlwlrq ri wkh FOL gxulqj wkh |hduv/ wkh FOL

kdv dozd|v ehlqj d zhljkwhg dyhudjh ri d vhw ri XV pdfurhfrqrplfv ohdglqj vhulhv1 Wrgd|/ wkh

vhulhv wkdw frpsrvh wkh lqgh{ duh= dyhudjh zhhno| krxuv lq pdqxidfwxulqj/ dyhudjh zhhno| lqlwldo

fodlpv iru xqhpsor|phqw lqvxudqfh/ pdqxidfwxuhuv* qhz rughuv iru frqvxphu jrrgv dqg pdwhuldov/

yhqgru shuirupdqfh phdvxuhg e| vorzhu gholyhulhv gl�xvlrq lqgh{/ pdqxidfwxuhv* qhz rughuv iru

qrqghihqvh fdslwdo jrrgv/ exloglqj shuplwv iru qhz sulydwh krxvlqj xqlwv/ vwrfn sulfhv +V)S 833

frpprq vwrfnv,/ P5 prqh| vxsso|/ 430|hdu Wuhdvxu| erqg |lhog ohvv ihghudo ixqgv udwh/ dqg lqgh{

ri frqvxphu h{shfwdwlrqv1
6Rqo| wkh h{shulphqwdo ohdglqj lqgh{ +[OL, sursrvhg e| Vwrfn dqg Zdwvrq +4<;<, zrxog doorz

wkh vdph nlqg ri dqdo|vlv1 Krzhyhu/ d uhdo0wlph hydoxdwlrq ri [OL lv frpsolfdwhg vlqfh wkh qxpehu

ri revhuydwlrqv lv wrr vpdoo dqg wklv lqgh{ rqo| idfhv d uhfhvvlrq lq wkh hduo| 4<<3v1 Ixuwkhu uhvhdufk
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Vwxglhv wkdw dqdo|}h wkh dffxudf| ri wkh FOL iru suhglfwlqj wxuqlqj srlqwv �qg

frqwudglfwru| uhvxowv1 Glherog dqg Uxghexvfk +4<<4, gr qrw ghwhfw suhglfwlyh srzhu

lq d olqhdu frqwh{w1 Wkh surelw prgho xvhg e| Hvwuhood dqg Plvknlq +4<<;, rxwolqh

wkh srru shuirupdqfh ri FOL/ vshfldoo| lq wkh rxw0ri0vdpsoh dqdo|vlv1 Kdplowrq dqg

Shuh}0Txlurv +4<<9, dqg Nlp +4<<7, suhvhqw hylghqfh lq idyru ri wkh xvhixoqhvv ri

FOL1 Ilodugr +4<<7, frqfoxghv wkdw odj ydoxhv ri wkh FOL h{sodlqv fkdqjhv lq wkh

suredelolw| ri vzlwfklqj iurp dq h{sdqvlrq wr d uhfhvvlrq1 Ilqdoo|/ Judqjhu/ Whuçvyluwd

dqg Dqghuvrq +4<<6, �qg wkdw wkh FOL lv wkh gulylqj idfwru lq d Vprrwk Wudqvlwlrq

Uhjuhvvlrq +VWU, prgho1

Wkhuh duh wzr pdlq sxusrvhv iru wklv sdshu1 Iluvw/ zh zdqw wr irupdoo| frpsduh

wkhvh suhylrxv dqdo|vlv dqg wr sursrvh d vhw ri dowhuqdwlyh �owhuv1 Rqo| Ilodugr +4<<<,/

lq lqghshqghqw zrun/ kdv wulhg wkh vdph nlqg ri dssurdfk1 Krzhyhu/ kh xvhv d gl�huhqw

vhw ri prghov/ frqgxfwv rqo| d ghvfulswlyh dqdo|vlv dqg grhv qrw irupdoo| whvw wkh

suhglfwlyh srzhu ri hdfk prgho1 Vhfrqg/ d pruh dpelwlrxv jrdo ri wklv sdshu/ lv wr

frpelqh doo wkh gl�huhqw dssurdfkhv wr sursrvh d �owhu wkdw wudqvirupv wkh gdwd iru

wkh FOL lqwr d suredelolw| ri uhfhvvlrq rqh txduwhu khqfh1

Wr rxu nqrzohgjh/ wklv lv wkh �uvw dwwhpsw wr dgguhvv erwk lvvxhv1 Lq idfw/ wklv

sdshu lv wkh �uvw irupdo frpsdulvrq ri krz wkh prvw srsxodu wlph vhulhv �owhuv dqd0

o|}h wkh suhglfwlyh srzhu ri wkh FOL iru iruhfdvwlqj wxuqlqj srlqwv17 Lq sduwlfxodu/ zh

frpsduh wkh dffxudf| ri wkh suhylrxvo| sursrvhg olqhdu/ Pdunry vzlwfklqj/ dqg surelw

prghov/ d yhfwru dxwruhjuhvvlyh h{whqvlrq ri VWU vshfl�fdwlrqv/ dqg d qhz qrqsdud0

phwulf �owhu1 Wkhq/ zh frpelqh wkh lqirupdwlrq frqwdlqhg lq doo ri wkh prghov lq

rughu wr rewdlq d �frqvhqvxv� �owhu iru wudqviruplqj wkh FOL gdwd lqwr d uhfhvvlrq

suredelolw|1

Lq dgglwlrq/ zh dfnqrzohgjh wkdw suhglfwlqj wxuqlqj srlqwv pd| qrw eh wkh rqo|

jrdo ri wkh FOL1 Wkhuhiruh/ zh uhshdw wkh dssurdfk wr dqdo|}h wkh suhglfwlyh srzhu

ri wkh FOL rq JGS pryhphqwv1

Zh frqfoxgh wkdw d frpelqdwlrq ri gl�huhqw prghov shuirupv ehwwhu lq dqg rxw ri

vkrxog jr lq wkh gluhfwlrq ri frpsdulqj wkh suhglfwlyh srzhu ri [OL yhuvxv FOL1
7Vwrfn dqg Zdwvrq +4<<;, dqdo|}h d edwwhu| ri prghov wkdw lqfoxghv olqhdu/ qrqolqhdu/ sdudphwulf

qrqsdudphwulf dqg d frpelqdwlrq ri wkhp1 Krzhyhu/ wkh| gr qrw irfxv rq suhglfwlqj wxuqlqj srlqwv

dqg wkhlu vwxg| lv vr h{whqvlyh wkdw wkh| fdqqrw dsso| d irupdo frpsdulvrq1
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vdpsoh wkdq hdfk ri wkh vlqjoh prgho sursrvhg1 Wkxv/ wkh FOL lv xvhixo lq dqwlflsdwlqj

erwk wxuqlqj srlqwv dqg rxwsxw jurzwk/ hyhq lq uhdo0wlph dqdo|vlv1 Pruhryhu/ lq

frqwudvw wr Khvv dqg Lzdwd +4<<:,/ zh �qg wkdw qrqolqhdu vshfl�fdwlrqv duh ehwwhu

wkdq vlpsohu olqhdu prghov dw uhsurgxflqj wkh exvlqhvv f|fohv ihdwxuhv ri uhdo JGS1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh gdwd/ vhfwlrq 6 rxwolqhv

wkh gl�huhqw prghov/ vhfwlrq 7 suhvhqwv wkh hpslulfdo hylghqfh/ vhfwlrq 8 dqdo|}hv wkh

frpelqdwlrq ri iruhfdvwv/ dqg vhfwlrq 9 frqfoxghv1

51 Suholplqdu| dqdo|vlv ri gdwd

Iru wkh lq0vdpsoh vwxg|/ zh xvh klvwrulfdoo| uhylvhg FOL vhulhv lvvxhg lq Mdqxdu| 4<<;1

Iru wkh JGS/ zh xvh fkdlqhg0zhljkwhg gdwd1 Wkh gdwd uxqv iurp wkh vhfrqg txduwhu

ri 4<93 wr wkh irxuwk txduwhu ri 4<<:1 Zh wudqvirup wkh prqwko| FOL vhulhv lqwr

txduwhuo| e| fkrrvlqj wkh odvw revhuydwlrq ri hdfk txduwhu1 Dv d suholplqdu| dqdo|vlv/

zh whvw wkh vwdwlrqdulw| surshuwlhv ri rxu vhulhv1 Wkh dxjphqwhg Glfnh|0Ixoohu whvw

fdq qrw uhmhfw wkh qxoo k|srwkhvlv ri d xqlw urrw iru wkh orj ohyhov ri wkh vhulhv/ exw

lw lv frqvlvwhqw zlwk d vwdwlrqdu| vshfl�fdwlrq iru wkh gl�huhqfhv ri wkh orjdulwkpv1

Wkxv/ iru qrz rq/ rxu vhulhv ri lqwhuhvw zloo eh wkh jurzwk udwhv ri JGS dqg FOL/

ghqrwhg dv | dqg {1

Lq dgglwlrq/ Mrkdqvhq surfhgxuh idlov wr ghwhfw hylghqfh ri frlqwhjudwlrq181 Rwkhu

dxwkruv dv Kdplowrq dqg Shuh}0Txlurv +4<<9, dqg Judqjhu/ Whuçvyluwd dqg Dqghuvrq

+4<<6, kdyh irxqg wkdw suhylrxv vhulhv ri wkh FOL suhvhqwhg frlqwhjudwlrq zlwk JGS1

Krzhyhu/ dv srlqwhg rxw Kduyh| lq d frpphqw lq Judqjhu hw do1 +4<<6,/ wkhuh zdv

qrw vwurqj hfrqrplf uhdvrq iru JGS dqg FOL wr eh frlqwhjudwhg1 Wkxv/ wkh devhqfh

ri frlqwhjudwlrq lv dq lpsruwdqw fkdudfwhulvwlf ri wkh odvw FOL uhylvlrqv1

61 Prghov ghvfulswlrq

Lq rughu wr txdqwli| wkh dffxudf| ri wkh FOL wr suhglfw erwk JGS pryhphqwv dqg

shulrgv ri uhfhvvlrq lq wkh XV hfrqrp|/ zh dqdo|}h gl�huhqw olqhdu dqg qrqolqhdu/

sdudphwulf dqg qrqsdudphwulf prghov1 Wklv vhfwlrq eulh | ghvfulehv wkhvh prghov1

8Wkh olnholkrrg udwlr whvw ri wkh qxoo k|srwkhvlv ri qr frlqwhjudwlrq djdlqvw wkh dowhuqdwlyh ri rqh

frlqwhjudwlqj uhodwlrq lv 4717;
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6141 Xqlyduldwh dqg elyduldwh olqhdu prghov

Olqhdu prghov kdyh ehhq zlgho| ghyhorshg lq wkh hduolhu iruhfdvwlqj olwhudwxuh1 Krz0

hyhu/ wkhvh prghov kdyh ehhq dssolhg mxvw wr jhqhudwh d iruhfdvw ri wkh h{sodlqhg

yduldeoh/ ohw*v vd|/ udwh ri jurzwk ri JGS/ udwh ri jurzwk ri lqgxvwuldo surgxfwlrq ru

vrph frlqflghqw lqglfdwru1 Lw lv qrw frpprq wr xvh wkhp wr iruhfdvw d qrq0olqhdu

skhqrphqd vxfk dv d wxuqlqj srlqw1 Lq wkh olwhudwxuh/ Vwrfn dqg Zdwvrq +4<<6, sur0

srvh d �owhu wr h{wudfw wxuqlqj srlqwv iruhfdvwv iurp d olqhdu prgho1 Wklv lv xvhg e|

Kdplowrq dqg Shuh}0Txlurv +4<<9, wr vxffhvvixoo| ghvfuleh wkh suhglfwlyh srzhu ri wkh

FOL ryhu wkh exvlqhvv f|fohv1 Wkhlu edvlf �qglqjv duh wkh iroorzlqj1 Ohw wkh olqhdu

surfhvvhv iru wkh JGS eh hlwkhu dq DU+s,

|| @ �. d+O,+||3� � �, . h|> +614,

ru d YDU+s,

|| @ �. d+O,+||3� � �, . e+O,+{|3� � �, . h|

{| @ � . f+O,+||3� � �, . g+O,+{|3� � �, . x|> +615,

zkhuh O lv wkh odj0rshudwru=9 Huuruv lq +614, duh l1l1g1 jdxvvldq zlwk }hur phdq dqg

yduldqfh ���= Huuruv lq +615, iroorz wkh xvxdo dvvxpswlrqv=

h|
x|

l=l=g= Q
3

3
>

��� ��2

��2 �22

=

Xqghu wkh suhylrxv k|srwkhvhv/ rqh dqg wzr txduwhu dkhdg rxwsxw jurzwk suhglf0

wlrqv irup wkh udqgrp yhfwru

||n�@||> ||3�c===> =|�
||n2@||> ||3�c===> =|�

l=l=g= Q ^j|> T` = +616,

Iru wkh DU fdvh

j| @
�. d+O,+|| � �,

�. d2+O,+|| � �,
>

dqg

T @
��� d����

d���� +4 . dW+4,,���

=

9Iru qrz rq/ zh gh�qh � ' E��c �2c ���c �R�
�/ �Eu� ' E�� n �2u n ��� n �Ru

R3��c �2Eu� '

�

�2
� u�3� 2

n 2
�	�

����u
�3�u�3�/ dqg �WE�� ' E�2

� n �2
2 n ��� n �2

R�c zlwk � ehlqj @c Kc S dqg

_�
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Krzhyhu/ iru wkh YDU fdvh

j| @
�. d+O,+|| � �, . e+O,+{| � �,

�. +d2+O, . e+O,f+O,,+|| � �, . +d+O,e+O, . e+O,g+O,,+{| � �,
>

dqg

T @
��� d���� . e���2

d���� . e���2 +4 . dW+4,,��� . eW+4,�22 . d�e��2

=

Zh dgrsw Rnxq*v uxoh ri wkxpe wkdw d uhfhvvlrq rffxuv zkhqhyhu wkh uhdo JGS idoov

iru dw ohdvw wzr frqvhfxwlyh shulrgv1 Wkhuhiruh/ wkh suredelolw| ri ehlqj lq uhfhvvlrq dw

w.4 ghshqgv rq wkh dfwxdo ydoxh ri ||= Li || ? 3> wkh iruhfdvwhg suredelolw| ri uhfhvvlrq

lv wkh suredelolw| wkdw ||n� zdv ohvv wkdq }hur1 Rq wkh rwkhu kdqg/ wkh suredelolw|

wkdw wkh grzqwxuq vwduwv dw w.4 zkhq || A 3> frlqflghv zlwk wkh suredelolw| wkdw erwk

||n2 dqg ||n� zhuh ohvv wkdq }hur1 Wkxv/ jlyhq revhuydwlrqv xqwlo w/ wkhvh suredelolwlhv

fdq eh hdvlo| fdofxodwhg iurp suredelolw| wdeohv ru Prqwh Fduor vlpxodwlrqv rq +616,1

Wkh uhvxowv iru wkh olqhdu DU dqg YDU vshfl�fdwlrqv duh suhvhqwhg lq wkh �uvw

dqg vhfrqg urz ri Wdeoh 41 Wkh rswlpdo qxpehu ri odjv/ dsso|lqj Vfkzdu} fulwhuld lv

4 lq erwk fdvhv1 Lq dgglwlrq/ dv lq Kdplowrq dqg Shuh}0Txlurv/ zh �qg wkdw odjjhg

jurzwk ri JGS grhv qrw khos lq iruhfdvwlqj qhlwkhu fxuuhqw jurzwk udwhv ri JGS qru

fxuuhqw jurzwk udwhv ri FOL1

6151 Yhfwru Vprrwk Wudqvlwlrq Uhjuhvvlrq +YVWU,

Zh h{whqg wkh VWU prghov sursrvhg e| Judqjhu dqg Whuçvyluwd +4<<6, wr d YDU

frqwh{w1 Wkhvh zhuh ghyhorshg wr fdswxuh wkh idfw wkdw pd| h{lvw wzr +ru pruh, gdwd

jhqhudwlqj surfhvvhv wkdw fkdqjh zlwk wkh vwdwh ri wkh hfrqrp|1 Wkh suredelolw| ri

ehlqj lq hdfk vwdwh lv ghwhuplqhg e| wkh wudqvlwlrq ixqfwlrq1 Wr vwxg| krz wkhvh

prghov zrun/ zh vwduw iurp wkh iroorzlqj YVWU prgho=

|| @ �. d+O,||3� . e+O,{|3� . �. d+O,||3� . e+O,{|3� I+ . h|

{| @ � . f+O,||3� . g+O,{|3� . � . f+O,||3� . g+O,{|3� I% . x| +617,

zkhuh odj0rshudwruv dqg huuruv krog wkh vdph dvvxpswlrqv wkdq lq +615,1 Qrwh wkdw

wkhuh duh dv srvvleoh YVWU vshfl�fdwlrqv dv gl�huhqw h{sodqdwru| yduldeohv dqg ixqf0

wlrqdo irupv duh frqvlghuhg lq wkh wudqvlwlrq ixqfwlrq I 1 Lq rughu wr vhohfw dprqj
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wkhp/ zh xvh olqhdulw| dqg prgho vhohfwlrq whvwv edvhg rq pd{lpxp olnholkrrg sulq0

flsohv dv iroorzv1 Zh �uvw vshfli| d olqhdu YDU dqg fkrrvh wkh rswlpdo odj ohqjwk s1

Vhfrqg/ zh dsso| olqhdulw| whvwv iru hdfk vhohfwhg fdqglgdwh wr eh h{sodqdwru| ydul0

deoh lq I 1 Wklug/ iru hdfk ri wkhp wkdw uhmhfwv olqhdulw|/ zh fduu| rxw prgho vhohfwlrq

whvwv wr rewdlq rqh ri wkh srvvleoh YVWU irupv1 Ilqdoo|/ zh shuirup lq0vdpsoh dqg

rxw0ri0vdpsoh prgho hydoxdwlrq whfkqltxhv wr vhohfw rqh �qdo vshfl�fdwlrq iurp wkh

vhw ri srvvleoh YVWU prghov1:1 Iurp wklv dqdo|vlv/ zh �qg wkdw wkh ehvw vshfl�fdwlrq

iru || dqg {| lv d Orjlvwlf0YVWU zlwk wkh iroorzlqj ixqfwlrqdo irup iru I+ dqg I%=

I�+||32, @
4

4 . h3��E+|323}��
> +618,

zkhuh l @ |> {= Yduldeohv �� dqg j� duh fdoohg vprrwkhu sdudphwhu dqg wkuhvkrog/

uhvshfwlyho|1

Wkhvh prghov lpsolflwo| frqwdlq lqirupdwlrq derxw uhfhvvlrq suredelolwlhv dv iro0

orzv1 Iru vlpsolflw| lq wkh h{srvlwlrq dvvxph erwk/ wkdw sdudphwhuv lq d+O, dqg

e+O, duh }hur dqg wkdw �+ dqg � duh srvlwlyh1 Lq h{wuhph frqwudfwlrqv/ ||32 wdnhv d

pxfk orzhu ydoxh wkdq wkh wkuhvkrog1 Khqfh/ wkh kljkhu lv wkh vprrwkhu sdudphwhu/

wkh forvhu wr }hur lv wkh wudqvlwlrq ixqfwlrq ydoxh1 Olnhzlvh/ juhdw h{sdqvlrqv fdq eh

dvvrfldwhg zlwk wudqvlwlrq ixqfwlrq ydoxhv qhdu wr rqh1 Khqfh/ wkh wudqvlwlrq ixqfwlrq

orfdwhv wkh prgho hlwkhu qhdu wr ru idu iurp uhfhvvlrqv ghshqglqj rq wkh ydoxhv ri

||32 uhodwlyh wr wkh wkuhvkrog1 Wkxv/ rqfh +617, lv hvwlpdwhg zlwk lqirupdwlrq xqwlo w/

I +||3�, fdq eh lqwhusuhwhg dv d rqh txduwhu dkhdg iruhfdvwhg uhfhvvlrq suredelolw|1

Wkh uhvxowv iru wklv hvwlpdwlrq duh suhvhqwhg lq wkh wklug urz ri Wdeoh 41 Dv lq wkh

olqhdu fdvh/ zh jhw dq rswlpdo odj ohqjwk htxdo wr 4 dqg zh �qg wkdw odjjhg jurzwk ri

JGS grhv qrw khos wr iruhfdvw qhlwkhu | qru {1 Lq dgglwlrq/ zh dffhsw wkh qxoo wkdw

wkh frqvwdqw lv wkh rqo| fkdqjlqj sdudphwhu1 Wkhuhiruh/ d/e> f dqg g duh vwdwlvwlfdoo|

lqvljql�fdqw rq wklv prgho1

:Ghwdlov ri wkh vhohfwlrq surfhvv dqg uhvxowv iru wkh hvwlpdwlrq ri hdfk ri wkh srvvleoh prghov

frqvlghuhg fdq eh irxqg lq Fdpdfkr +4<<;,1
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6161 Vzlwfklqj uhjlphv prgho

Rxu vwdwlvwlfdo gh�qlwlrq ri wkh vzlwfklqj uhjlph prgho lv ghvfulehg lq ghwdlo lq Kdplo0

wrq dqg Shuh}0Txlurv +4<<9,1 Dv lq wkh suhylrxv fdvh/ wzr uhjlphv duh frqvlghuhg1

Ohw v| eh dq xqrevhuyhg odwhqw yduldeoh zklfk wdnhv d ydoxh htxdov wr 4 zkhq wkh

hfrqrp| lv lq dq h{sdqvlrq dqg 5 zkhq wkh hfrqrp| lv lq d frqwudfwlrq1 Lq wkh

iruphu fdvh/ JGS dqg FOL duh h{shfwhg wr jurz e| dprxqwv �� dqg ��= Krzhyhu/

lq d frqwudfwlrqv wkh| jurz dw d orzhu udwhv �2 dqg �2= Lq vzlwfklqj uhjlphv prghov/

wkh fkdqjhv ehwzhhq uhjlphv gr qrw iroorz d orjlvwlf ixqfwlrq +zklfk ghshqgv xsrq

revhuydeoh yduldeohv,1 Wkhlu odz ri prwlrq lv jryhuqhg e| wkh xqrevhuydeoh vwdwh ydul0

deoh v|> wkdw hyroyhv dffruglqj wr d krprjhqhrxv Pdunry fkdlq wkdw lv lqghshqghqw

ri sdvw revhuydwlrqv rq || dqg {|1 Wklv lpsolhv wkdw wkh suredelolw| wkdw v| htxdov

vrph sduwlfxodu ydoxh m ghshqgv rq wkh sdvw rqo| wkurxjk wkh prvw uhfhqw ydoxh v|3�=

s v| @ mmv|3� @ l> v|32 @ n> ===> "|3� @ s +v| @ mmv|3� @ l, @ s�� >

zkhuh "| @ +||> {|> ||3�> {|3�> ===,=

Diwhu whvwlqj/ zh lpsrvh wkh uhvwulfwlrq wkdw wkh FOL dqg wkh JGS �vkduh� wkh

vwdwh ri wkh exvlqhvv f|foh/ dv lq Kdplowrq dqg Shuh}0Txlurv +4<<9,1; Lq sduwlfxodu/ dv

wkh| vxjjhvw/ wkh FOL pryhv u shulrgv ehiruh JGS1 Wklv lpsolhv wkdw wkh frqglwlrqdo

h{shfwdwlrq ri FOL ghshqgv rq v|no= Wkxv/ rxu wlph0vhulhv prgho lv

|| @ �r| . d+O,+|| � �r|3�
, . e+O,+{| � �

r|no3�
, . h|

{| @ �
r|no

. f+O,+|| � �
r|3�

, . g+O,+{| � �
r|no3�

, . x|> +619,

zlwk odj0rshudwruv dqg huuruv iroorzlqj wkh vdph dvvxpswlrqv dv lq +615,1

Zlwk wklv nlqg ri vshfl�fdwlrq/ uhfhvvlrqv duh suhglfwhg dv iroorzv1 Iluvw/ zh

gh�qh vW| dv d odwhqw yduldeoh zklfk vxppdul}hv wkh ydoxhv ri v|3R wkurxjk v|no> dqg

wkh wudqvlwlrq suredelolwlhv pdwul{ S W=< Vhfrqg/ zh hvwlpdwh wkh prgho dqg fdofxodwh
;Wklv vrphkrz frlqflghv zlwk wkh uhvxow wkdw d vlplodu wudqvlwlrq ixqfwlrq orfdwhv erwk JGS dqg

FOL ehwzhhq uhjlphv lq YVWU prghov1
<Zh gh�qh wkh odwhqw yduldeoh rW| dv

rW| '

� li r|no ' �c r|no3� ' �c ���c r|3R ' �

2 li r|no ' �c r|no3� ' �c ���c r|3R ' �

111

� li r|no ' �c r|no3� ' �c ���c r|3R ' �

c
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wkh yhfwru �|*|> zkrvh lwk hohphqw jlyhv wkh suredelolw| wkdw vwdwh l rffxuv/ jlyhq

wkh revhuyhg ydoxhv ri | dqg { xqwlo w1 D iruhfdvw ri zkhwkhu wkh hfrqrp| zloo

eh lq d uhfhvvlrq rqh txduwhu iurp qrz lv rewdlqhg e| vxpplqj wkrvh hohphqwv ri

�|n�*| @ S W�|*| fruuhvsrqglqj wr v| @ 5=

Zh �qg wkh vdph nlqg ri uhvxowv dv lq Kdplowrq dqg Shuh}0Txlurv +4<<9,1 Vfkzdu}

fulwhulrq kdv vhohfwhg s @ 4 lq +619,1 Wkh kljkhvw ydoxh iru wkh olnholkrrg ixqfwlrq lv

uhdfkhg e| u @ 4= Ixuwkhupruh/ olnh lq suhylrxv fdvhv/ wkh frh!flhqwv iru wkh odjjhg

JGS jurzwk duh qrw vljql�fdqw lq dq| ri wkh htxdwlrqv1 Wkh irxuwk sdqho ri Wdeoh 4

suhvhqwv wkh uhvxowv iru wklv prgho1

6171 Surelw prgho

Wkh �iwk prgho wkdw zh dqdo|}h iroorzv wkh olqhv ri wkh surelw prgho sursrvhg lq

Hvwuhood dqg Plvknlq +4<<;,1 Wkhvh dxwkruv ghyhors d �owhu iru txdqwli|lqj wkh suh0

glfwlyh uhfhvvlrqv srzhu ri wkh yduldeohv frqwdlqhg lq d g0glphqvlrqdo yhfwru }|3�1

Ohw }|3� eh odjjhg FOL jurzwk udwhv1 Ohw u| eh dq xqrevhuydeoh yduldeoh wkdw

ghwhuplqhv wkh rffxuuhqfh ri d uhfhvvlrq dw wlph w1 Wkh prgho lv gh�qhg lq uhihuhqfh

wr wkh wkhruhwlfdo uhodwlrq

u| @ ��}|3� . h|> +61:,

zkhuh h| iroorzv d vwdqgdug qrupdo glvwulexwlrq1 Vlqfh u| lv xqrevhuydeoh/ wkh hvwlpd0

wlrq lv edvhg lq d glfkrwrprxv uhfhvvlrq lqglfdwru g| wkdw htxdov rqh li wkh hfrqrp|

lv lq uhfhvvlrq lq txduwhu w/ dqg }hur rwkhuzlvh1 Li wkh prgho lv fruuhfw/ u| vkrxog eh

juhdwhu wkdq }hur zkhqhyhu g| zdv htxdo wr rqh1 Wklv lpsolhv wkdw

S +g| @ 4, @ S +u| A 3, @ I +��}|3�,> +61;,

zkhuh I lv wkh fxpxodwlyh qrupdo glvwulexwlrq ixqfwlrq1 Wkh hvwlpdwlrq ri wkh sd0

udphwhu xvhv vwdqgdug pd{lpxp olnholkrrg surfhgxuhv rq wkh orjdulwkplf olnholkrrg

ixqfwlrq ri surelw prghov=

O+�, @
A

|'�

g| oq I +��}|3�, . +4� g|, oq 4� I +��}|3�, = +61<,

dqg wkh wudqvlwlrq suredelolwlhv pdwul{ � W dv wkh E�f�� pdwul{ zlwk wkh E�c �� hohphqw uhsuhvhqwlqj

wkh suredelolw| wkdw rW| ' � jlyhq wkdw rW|3� ' ��
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Lq sudfwlfh/ zh uho| rq wkh QEHU uhfhvvlrq lqglfdwru iru ghwhuplqlqj g|1 Wr

h{dplqh wkh FOL*v xvhixoqhvv dw suhglfwlqj uhfhvvlrqv/ zh wu| fxuuhqw dqg odjjhg

ydoxhv ri {| lq +61:,1 Iru hdfk/ zh fdofxodwh wkh svhxgr U2

SU2 @ 4� orjO�

orjOS

3E2*A � *L}uS

> +6143,

zkhuh O� dqg OS duh wkh xqfrqvwudlqhg pd{lpxp ydoxh ri wkh olnholkrrg ixqfwlrq/ dqg

vxfk ydoxh xqghu wkh frqvwudlqw wkdw doo frh!flhqwv duh }hur h{fhsw iru wkh frqvwdqw1

Lqwxlwlyho|/ wklv fruuhvsrqgv wr wkh frh!flhqw ri ghwhuplqdwlrq lq olqhdu uhjuhvvlrq1

Wkh pd{lpxp ydoxh lv dfklhyhg e| {|3�=
43 Wkh uhvxowv iru wklv prgho duh vkrzq lq

wkh odvw urz ri Wdeoh 41

6181 Qrqsdudphwulf jdxvvldq nhuqho

Vprrwklqj phwkrgv surylgh d srzhuixo phwkrgrorj| iru jdlqlqj lqvljkwv lqwr wkh gdwd

vlqfh wkh| dyrlg wkh sureohp ri vshfli|lqj d forvhg irup iru wkh ghqvlw| ixqfwlrq1

Krzhyhu/ d vhdufk iru wkh rswlpdo qrq0sdudphwulf vshfl�fdwlrq xvlqj doo srvvleoh vhw

ri h{sodqdwru| yduldeohv frxog eh frvwo|1 Wkhuhiruh/ zh xvh vrph uhvxowv iurp wkh

suhylrxv dqdo|vlv1 Lq sduwlfxodu/ zh kdyh ohduqhg wkdw doo sdudphwulf prghov vkrz d

frpprq fkdudfwhulvwlf= FOL lv d wxuqlqj srlqw suhglfwru lq wkh vkruw uxq1 Vshfl�fdoo|/

zh �qg d uhodwlrq ehwzhhq fxuuhqw JGS jurzwk dqg fxuuhqw uhfhvvlrqv zlwk FOL

jurzwk gxulqj wkh suhylrxv txduwhu1 Wkhq/ zh zloo xvh {|3� dv h{sodqdwru| yduldeoh

lq qrqsdudphwulf prghov1

Lq iruhfdvwlqj jurzwk/ zh dssur{lpdwh wkh uhodwlrq

|| @ p+{|3�, . h|>

xvlqj wkh vwdqgdug Qdgdud|d0Zdwvrq hvwlpdwru lq olqh zlwk Kçugoh +4<;<,144

Zh irfxv rq wkh txhvwlrq ri krz uhfhvvlrqv fdq eh suhglfwhg qrqsdudphwulfdoo|145

Nhhslqj lq plqg wkh Rnxq*v uxoh ri wkxpe/ zh sursrvh wkh iroorzlqj phwkrgrorj|
43Wklv ydoxh lv 315;3 dqg ghfolqhv zlwklq d |hdu/ zklfk mxvwl�hv wkh xvh ri d �qdo prgho wkdw xvhv

5|3� ' %|3��
44Vshfl�fdoo|/ zh hvwlpdwh

+| '
A

�'�

g
%|3� 3 %�

�
+� *

A

�'�

g
%|3� 3 %�

�
c

zkhuh g lv wkh jdxvvldq nhuqho dqg � lv vhohfwhg e| ohdyh0rqh0rxw furvv0ydolgdwlrq1
45Wkh suhvhqwdwlrq wkdw iroorzv lv eulhi dqg irfxv rqo| lq wkh iruhfdvwlqj sureohp1 Lqwhuhvwhg uhdghu
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iru suhglfwlqj suredelolwlhv ri uhfhvvlrq lq uhdo0wlph1 Dvvxph wkdw || ? 3= Iluvw/ zh

frqvwuxfw wkh frqglwlrqdo ghqvlw| ixqfwlrq/ ghshqglqj xsrq wkh xqnqrzq ydoxh ||n�/

jlyhq wkh jurzwk ri wkh FOL dw w/ wkdw lv

i+||n�@{|, @
i+||n�> {|,

i+{|,
= +6144,

Vhfrqg/ zh fdofxodwh wkh h{shfwdwlrq wkdw lw wdnhv ydoxhv ohvv wkdq }hur=

s|+||n� ? 3@{|, @

+|n�	f

i+||n�@{|,g||n�= +6145,

Rq wkh rwkhu kdqg/ zkhq || A 3> wkh suredelolw| dw w iru d uhfhvvlrq dw w.4 frlqflghv

zlwk wkh suredelolw| wkdw erwk ||n� dqg ||n2 zrxog eh ohvv wkdq }hur1 Iroorzlqj wkh

vdph phwkrgrorj| zh sursrvh

s|+||n2 ? 3> ||n� ? 3@{|, @

+|n2	f +|n�	f

i+||n2> ||n�@{|,g||n2g||n�= +6146,

Vwdqgdug vprrwkhu whfkqltxhv vx�hu iurp d voljkw gudzedfn zkhq dssolhg wr pxo0

wlglphqvlrqdo gdwd zlwk orqj0wdlohg glvwulexwlrq1 Wklv lv suhflvho| wkh fdvh ri suhglfw0

lqj uhfhvvlrqv146 Lq rughu wr dyrlg wklv sureohp/ zh kdyh xvhg dgdswlyh nhuqho hvwl0

pdwlrq/ zklfk frqvlvwv ri �qglqj nhuqho hvwlpdwruv zlwk edqgzlgwk ydu|lqj iurp rqh

srlqw wr dqrwkhu1 Lq sduwlfxodu/ wkh hvwlpdwhg mrlqw glvwulexwlrq ri dq| g0glphqvlrqdo

yduldeoh } dw dq| srlqw m lv jlyhq e|

i+}�, @
4

W

A

|'�

4

k_�_|

_

�'�

n+
}�c� � }|c�

k�|
,> +6147,

zkhuh k lv wkh edqgzlgwk/ dqg �| lv wkh orfdo edqgzlgwk idfwru dw wlph w1

Wkh surfhgxuh wkdw zh xvh wr jhw k dqg � lq +6147, lv wkh iroorzlqj1 Iluvw/ zh

gh�qh wkh orfdo edqgzlgwk idfwru dv

�| @
i+}|,

j

3k

>

zkhuh i+}|, lv d slorw hvwlpdwlrq ri +6147,/ zlwk �o htxdov wr rqh/ dqg wkh edqgzlgwk

fkrvhq e| uhihuhqfh wr d vwdqgdug glvwulexwlrq147 Sdudphwhu j lv wkh jhrphwulf phdq

ri i+}|,= Zh vhw � htxdo wr 4@5> iroorzlqj Deudpvrq +4<;5,1

vkrxog uhdg Kdugoh +4<;<, dqg Vloyhupdq +4<;9, iru d h{whqvh dqg fduhixo ghvfulswlrq ri wkh surfhgxuh

wr hvwlpdwh ri ghqvlw| ixqfwlrqv1
46JGS jurzwk revhuydwlrqv duh xvxdoo| qrq0qhjdwlyh/ exw hvwlpdwlqj wkhlu ghqvlw| wuhdwlqj wkhp

dv revhuydwlrqv rq +3"/",1 Wklv ohdgv wr qrlv| ghqvlw| hvwlpdwlrq lq wkh uljkw0kdqg wdlo1
47Vhh Vloyhupdq 4<;9/ sdjh ;:1
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Vhfrqg/ zh vhohfw wkh edqgzlgwk wkdw pd{lpl}hv wkh olnholkrrg furvv0ydolgdwlrq

ixqfwlrq

OFY +k, @
4

W

A

�'�

orj i3�+}�,>

zlwk i3�+}�, gh�qhg dv lq +6147,/ dqg zkhuh wkh vxp grhv qrw lqfoxgh ydoxhv ri w

htxdo wr m=48

71 Hpslulfdo hylghqfh

Wkh delolw| ri dq| ohdglqj lqglfdwru wr dqwlflsdwh hyhqwv ghshqgv rq xvlqj wkh dssur0

suldwh whfkqltxh wr h{wudfw wkh lqirupdwlrq frqwdlqhg lq wkh suhglfwru1 Zh dsso| wzr

gl�huhqw vwdwlvwlfv wr phdvxuh wkh dffxudf| ri wkh gl�huhqw vshfl�fdwlrqv dw iruhfdvw0

lqj jurzwk dqg uhfhvvlrqv1 Iluvw/ wr dqdo|}h wkh dffxudf| dw iruhfdvwlqj jurzwk/ zh

xvh wkh Phdq Vtxduh Huuru =

PVH @
4

W

A

|'�

+|| � ||,
2 > +714,

zkhuh || dqg || duh dfwxdo dqg hvwlpdwhg JGS491

Rq wkh rwkhu kdqg/ wr frpsduh wkh srzhu ri vxfk prghov dw dqwlflsdwlqj wxuqlqj

srlqwv/ zh frqvwuxfw wkh Wxuqlqj Srlqwv Huuru/ d phdvxuh ri wkh vtxduhg ghyldwlrq

iurp wkh QEHU vfkhgxoh=

WSH @
4

W

A

|'�

+g| � g|,
2> +715,

zkhuh g| lv d glfkrwrprxv yduldeoh zklfk htxdov 4 li/ dffruglqj wr wkh QEHU/ wkh

hfrqrp| lv lq uhfhvvlrq dw wlph w> dqg 3 rwkhuzlvh1 Yduldeoh g| lv wkh iruhfdvwhg

suredelolw| ri ehlqj lq uhfhvvlrq dw wlph w4:=

48 Lq idfw/ uhdo0wlph suhglfwlrqv lq qrqsdudphwulf prghov iroorzv wkh vdph vwudwhj| dv lq sdudphwulf

prghov1 Dw dq| shulrg |c sdudphwhuv � dqg b duh hvwlpdwhg lq +6145, iurp wkh uhodwlrq ehwzhhq +|

dqg %|3�/zkhuhdv wkh| duh hvwlpdwhg lq +6146, iurp wkh uhodwlrqvkls dprqj +|/ +|3� dqg %|321 Rqfh

wkhvh ydoxhv duh dssur{lpdwhg/ zh xvh wkhp iru dqwlflsdwlqj uhfhvvlrqv iru |n �1
49Iru wkh rxw ri vdpsoh h{huflvh/ zh gh�qh/ Phdq Vtxduh Iruhfdvwlqj Huuru +PVIH, gh�qhg zlwk

wkh vdph irupxod/ zkhuh +| lv wkh hvwlpdwhg ydoxh iru +| zlwk lqirupdwlrq xs wr shulrg |3 �1
4:Iru wkh rxw ri vdpsoh h{huflvh/ zh gh�qh Wxuqlqj Srlqw Iruhfdvwlqj Huuru +WSIH, zlwk wkh vdph

irupxod/ zkhuh _| lv wkh hvwlpdwhg ydoxh iru _| zlwk lqirupdwlrq xs wr shulrg |3 �1
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Lq rughu wr whvw li wkh gl�huhqfhv ehwzhhq hdfk sdlu ri prghov duh vljql�fdqw/

zh xvh wkh whvw sursrvhg e| Glherog dqg Pduldqr +4<<8,/ khqfhiruwk GP11 Vshfl�0

fdoo|/ frqvlghu wzr gl�huhqw vshfl�fdwlrqv/ prgho l dqg prgho m1 4; Ohw H| eh hlwkhu

+|| � |�|,
2 � +|| � |�|,

2 dw iruhfdvwlqj jurzwk/ ru g| � g�|
2 � g| � g�|

2
dw dqwlfl0

sdwlqj uhfhvvlrqv1 Ilqdoo|/ ohw H eh htxdo wr �
A

A

|'�
H|1 Xqghu wkh qxoo k|srwkhvlv ri qr

gl�huhqfh lq wkh dffxudf| ri wkhvh wzr frpshwlqj iruhfdvwv/ wkh odujh0vdpsoh vwdwlvwlf

GP @
H

2Zs_Ef�
A

> +716,

zkhuh

5�i_+3, @
4

W

A3�

o'3EA3��

4+
u

V+W ,
,

A

|'�o�n�

+H| �H,+H|3�o� �H,>

wkh lqglfdwru ixqfwlrq

4+
u

V+W ,
,

4 iru o
7EA � � 4

3 rwkhuzlvh

lv wkh odj zlqgrz/ dqg V+W , lv wkh wuxqfdwlrq odj/ iroorzv d Q+3> 4, udqgrp yduldeoh1

Wkh �uvw wzr froxpqv ri Wdeoh 5 glvsod| wkh lq0vdpsoh PVH dqg WSH iru wkh

zkroh vhw ri prghov14< Iru hdfk prgho/ wkh �uvw hqwu| uhihuv wr wkh hqwluh vdpsoh1

Wkh vhfrqg dqg wklug hqwulhv h{foxvlyho| uhihu wr uhfhvvlrqdu| dqg h{sdqvlrqdu| shul0

rgv/ dffruglqj wr wkh QEHU vfkhgxoh1 Wkh lq0vdpsoh uhvxowv vkrz wkdw wkh Pdunry

vzlwfklqj prgho shuirupv ehwwhu wkdq dq| rwkhu vshfl�fdwlrq lq erwk wkh JGS dqg

wxuqlqj srlqwv iruhfdvwv1 Lq dgglwlrq/ prvw ri wkh jdlqv frph iurp wkh uhgxfwlrq lq wkh

phdq vtxduh huuru lq uhfhvvlrqv +lq wkh fdvh ri wkh vzlwfklqj yhuvxv wkh DU prgho/

8;( ri wkh uhgxfwlrq frphv iurp uhfhvvlrqv zkhuhdv rqo| 59( frphv iurp h{sdq0

vlrqv,1 Wkhuhiruh/ lq vdpsoh zh fdq frqfoxgh wkdw wkh FOL kdv suhglfwlyh srzhu ryhu

wkh exvlqhvv f|foh dqg JGS pryhphqwv1 Wkhvh duh ehwwhu fdswxuhg zlwk d qrq0olqhdu

Pdunry vzlwfklqj vshfl�fdwlrq wkdw doorzv wkh iruhfdvwhu wr wdnh lqwr dffrxqw wkh

fkdqjhv lq wkh gdwd jhqhudwlqj surfhvv ri erwk JGS dqg FOL gxh wr wkh skhqrphqd

ri h{sdqvlrqv dqg uhfhvvlrqv1

Xvlqj wkh GP whvw/ Wdeoh 6 suhvhqwv vwdwlvwlfdo hylghqfh ri wkh vljql�fdwlylw| ri

wkhvh jdlqv1 Frpsdulqj olqhdu prghov/ wkh lqfoxvlrq ri wkh FOL lq wkh JGS htxdwlrq
4;Qrwh wkdw wkh iruhfdvw huuruv pd| eh qrq0jdxvvldqv/ qrq}hur phdq/ dqg vhuldoo| dqg frqwhpsr0

udqhrxvo| fruuhodwhg1
4<Prghov FRPE dqg UWFRPE zloo eh wuhdwhg lq ghwdlo lq wkh qh{w vhfwlrq1
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jlyhv dq vwdwlvwlfdoo| vljql�fdqw lpsuryhphqw lq wkh PVH +GP whvw ri 517:, exw qrw

lq wkh WSH +GP whvw ri 4135,1 Krzhyhu/ lq d qrqolqhdu frqwh{w/ zh uhmhfw wkh qxoo ri

qr jdlq zlwk uhvshfw wr wkh xqlyduldwh olqhdu prgho lq erwk wkh PVH dqg WSH dqg

zh uhmhfw dovr wkh qxoo ri qr jdlq zlwk uhvshfw wr wkh pxowlyduldwh YDU153

Qhyhuwkhohvv/ vxfk surplvlqj uhvxowv lq0vdpsoh gr qrw qhfhvvdulo| lpso| wkdw wkh

FOL lv xvhixo iru uhdo0wlph suhglfwlrqv1 Iluvw/ lw lv zhoo0nqrzq wkdw yhu|  h{leoh

qrqolqhdu prghov kdyh d srru shuirupdqfh lq rxw0ri0vdpsoh h{huflvhv1 Vhfrqg/ wkh

FOL vhulhv lv uhylvhg yhu| iuhtxhqwo|/ dqg wkhuhiruh/ wkh lq0vdpsoh dqdo|vlv frqwdlqv

lqirupdwlrq qrw dydlodeoh iru suhglfwlrq dw hdfk shulrg ri wlph1

Wkh rxw0ri0vdpsoh dqdo|vlv suhglfwv lq uhdo0wlph 437 ydoxhv1 Wkh �uvw gdwd srlqw

iru zklfk suhglfwlrqv duh pdgh lv wkh vhfrqg txduwhu ri 4<:5154 Iru hdfk shulrg ri wlph

w/ zh hvwlpdwh hdfk prgho zlwk gdwd iurp wkh ehjlqqlqj ri wkh vdpsoh xs wr shulrg

w/ xvlqj wkh uhylvlrq ri wkh FOL dydlodeoh lq wkdw shulrg ri wlph1 Wkh wudqvirupdwlrq

iurp prqwko| wr txduwhuo| revhuydwlrqv lv grqh dv lq wkh lq0vdpsoh dqdo|vlv1 Wkhq/

zlwk wkh frh!flhqw hvwlpdwhv/ d rqh shulrg dkhdg iruhfdvw lv frpsxwhg wkurxjk wkh

�uvw txduwhu ri 4<<;1 Wklv surfhgxuh plplfv zkdw d vwdwlvwlfdo prgho zrxog kdyh

suhglfwhg zlwk wkh lqirupdwlrq dydlodeoh dw dq| srlqw lq wkh sdvw155

Lw lv lpsruwdqw wr phqwlrq wkdw vrphwlphv wkh uhohdvh ri wkh QEHU ghflvlrq derxw

wkh vwdwh ri wkh hfrqrp| lq shulrg w pd| eh ghod|hg iru doprvw wzr |hduv1 Wklv ohdgv

wr d vhulrxv sureohp zkhq uhdo0wlph dqdo|vlv lv dssolhg wr wkh surelw prgho/ vlqfh g|

lv xvxdoo| xqnqrzq dw wlph w1 Wr vroyh wklv/ dw dq| wlph w> zh hvwlpdwh � lq +61;, zlwk

revhuydwlrqv xqwlo w� ;> wr hqvxuh wkdw g lv dydlodeoh1 Wklv hvwlpdwlrq lv wkhq xvhg wr

suhglfw wkh suredelolw| dw w ri ehlqj lq uhfhvvlrq dw w. 4 dv iroorzv=

S|+g|n� @ 4, @ I +�
�
|3H}|,=

53GP whvw frpsdulqj wkh lq0vdpsoh dffxudf| ri VZLWFK yhuvxv YDU lv 71< iru PVH dqg 615 iru

WSH1
54Zh vhohfw wklv gdwh ehfdxvh zh zdqw wr kdyh hqrxjk qxpehu ri revhuydwlrqv wr hvwlpdwh wkh

gl�huhqw prghov dqg wr fdswxuh lq wkh rxw0ri0vdpsoh dqdo|vlv wkh uhfhvvlrq lq wkh hduo| 4<:3v1
55 Lq rughu wr iruhfdvw iru txduwhu | n � zlwk wkh lqirupdwlrq xs wr shulrg |/ zh qhhg wkh FOL lq

shulrg w/ zklfk lv qrw nqrz xqwlo rqh prqwk diwhu wkh hqg ri txduwhu w1 Krzhyhu/ wklv �uvw qxpehu

lv xvxdoo| vwurqjo| uhylvhg1 Wkxv/ zh xvh wkh �uvw sxeolvkhg uhylvlrq ri wklv gdwd/ pdgh wzr prqwkv

diwhu wkh hqg ri wkh shulrg1 Wkhuhiruh/ iru h{dpsoh/ wr iruhfdvw wkh JGS lq wkh �uvw txduwhu +�jxuhv

dydlodeoh lq pd|,/ zh xvh wkh FOL lq ghfhpehu +wkh uhylvlrq sxeolvkhg lq Iheuxdu|,1
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Wkh odvw wzr froxpqv ri Wdeoh 5 suhvhqw wkh uhvxowv iru wkh uhdo0wlph dqdo|vlv1

Orrnlqj dw wkh uhvxowv/ zh revhuyh wkdw hyhq lq wkh rxw0ri0vdpsoh h{huflvh/ wkhuh lv

vwloo jdlq iurp xvlqj wkh FOL dqg/ djdlq/ wkh ehvw prgho lv wkh Pdunry0vzlwfklqj1

Lq dgglwlrq/ zh fdq frqfoxgh wkdw doo wkh jdlqv iurp xvlqj wkh FOL frph iurp wkh

uhfhvvlrqdu| shulrgv1 Krzhyhu/ dv vkrzq lq Wdeoh 6/ hyhq wkrxjk wkh elyduldwh vshfl�0

fdwlrqv* PVIH duh qxphulfdoo| orzhu wkdq lq wkh fdvh ri wkh xqlyduldwh olqhdu prgho/

qrw hyhq wkh ehvw ri wkhp lv vwdwlvwlfdoo| vljql�fdqw dffruglqj wr wkh GP whvwv156

Khqfh/ zkloh wkh FOL dsshduv xvhixo lq iruhfdvwlqj JGS zlwklq wkh klvwrulfdo vdp0

soh/ lw vhhpv qrw eh dv xvhixo lq d uhdo0wlph h{huflvh1 Wkh uhdghu fdq �qg vlplodu

frqfoxvlrqv dw dqwlflsdwlqj uhfhvvlrqv1

81 Frpelqdwlrq ri iruhfdvwv

Dv vkrzq lq Wdeoh 5/ gl�huhqw prghov kdyh gl�huhqw suhglfwlyh srzhu ghshqglqj rq

wkh vwdwh ri wkh exvlqhvv f|foh1 Iru h{dpsoh/ wkh qrqsdudphwulf hvwlpdwru suhvhqwv wkh

ehvw WSIH lq h{sdqvlrqv exw lw krogv wkh zruvw uhfrug lq uhfhvvlrq wlphv dprqj wkh

elyduldwh vshfl�fdwlrqv1 Ilodugr +4<<<, dovr �qgv wkdw wkh shuirupdqfh ri wkh gl�huhqw

prghov fkdqjh zlwk wkh vdpsoh shulrg frqvlghuhg1 Wkhuhiruh/ kh sursrvhv wkdw wkh

ehvw zd| wr lpsuryh wkhlu uholdelolw| lv e| frqwlqxrxvo| prqlwrulqj wkhlu shuirupdqfh/

wkhuhe| ohduqlqj derxw zkhq wkh| duh olnho| wr suhglfw fruuhfwo| dqg zkhq wkh| duh

olnho| wr idlo1 Wklv lv suhflvho| zkdw zh doorz e| xvlqj hqfrpsdvvlqj phwkrgv1 Khqfh/

zh vxjjhvw wkdw d frpelqdwlrq ri wkh iruhfdvwv pd| gudz pruh ohdglqj lqirupdwlrq

iurp wkh FOL wkdq dq| ri wkh lqglylgxdo iruhfdvwlqj prghov1

Lq rughu wr frpelqh jurzwk*v iruhfdvwv/ zh dsso| wkh olqhdu frpelqdwlrq uxoh sur0

srvhg e| Judqjhu dqg Udpdqdwkdq +4<;7,1 Wr frpelqh lq0vdpsoh iruhfdvwv/ zhljkwv

duh rewdlqhg e| vlpsoh olqhdu vtxduhv whfkqltxhv rq

|| @ ��i| . x|> +814,

zkhuh || lv rxwsxw jurzwk dw w> � @ �f> ��> ===> �6n� > p lv wkh qxpehu ri gl�huhqw

iruhfdvwlqj phwkrgv/ i| @ +4> i|c�> ===> i|c6n�, > dqg i|c� lv wkh iruhfdvw iru wlph w wkdw

fruuhvsrqgv wr DU/ YDU/ OYVWU/ VZLWFK dqg NHUQHO/ uhvshfwlyho|1 Wr frpelqh
56Wklv uhvxow lv vlplodu wr Glherog dqg Uxghexvfk +4<<4, frqfoxvlrqv dqg frqwudglfwv Kdplowrq

dqg Shuh}0Txlurv +4<<9, uhvxowv1
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rxw0ri0vdpsoh iruhfdvwv/ hyhq wkrxjk lqglylgxdo prghov suhglfw jurzwk iru w. 4> wkh

ghshqghqw yduldeoh ||n� lv qrw dfwxdoo| dydlodeoh dw dq| wlph w1 Zh vroyh wklv sureohp

e| xvlqj uhdo0wlph frpelqdwlrq1 Pruh vshfl�fdoo|/ zh �w +814, zlwk lq0vdpsoh suhglf0

wlrqv xqwlo w> dqg zh xvh wkhvh zhljkv wr frpelqh wkh rxw0ri0vdpsoh iruhfdvwv i|n�c�*|

wr rewdlq dq hvwlpdwlrq ri ||n�1

Lq wkh fdvh ri iruhfdvwlqj uhfhvvlrqv/ lw lv qrw fohdu wkdw vxfk d uxoh zrxog lpso|

dq rxwsxw o|lqj ehwzhhq }hur dqg rqh1 Lqvwhdg/ lq wkh vslulw ri Ol dqg Gruipdq

+4<<9,/ zh sursrvh dq hqfrpsdvvlqj vwudwhj| edvhg xsrq glvfuhwh fkrlfh dqdo|vlv1 Wr

frpelqh lq0vdpsoh suredelolwlhv ri uhfhvvlrq/ frqvlghu wkh iroorzlqj uhodwlrq

u| @ �s| . h|>

zkhuh � @ +�f> ��> ===> �6n�,/ u| dqgp kdyh ehhq gh�qhg deryh/ s| @ +4> s|c�> ===> s|c6n�, >

dqg s|c� lv wkh lq0vdpsoh iruhfdvwhg uhfhvvlrq suredelolwlhv iru wlph w iurp DU/ YDU/

OYVWU/ VZLWFK/ SURELW dqg NHUQHO prghov1 Ohw g| eh wkh QEHU lqglfdwru

yduldeoh suhvhqwhg lq vhfwlrq 6171 Zh frqfoxgh wkdw

S +g| @ 4, @ I +�s|,>

zkhuh I lv wkh fxpxodwlyh qrupdo glvwulexwlrq ixqfwlrq dv lq wkh surelw prgho1 Zhljkv

duh rewdlqhg e| dsso|lqj pd{lpxp olnholkrrg sulqflsohv dv Vhfwlrq 617 ghvfulehv1

Frpelqlqj iruhfdvwv lq uhdo0wlph/ zh �qg wkh vdph sureohp wkdw lq rxw0ri0vdpsoh

hvwlpdwlrq iurp wkh surelw prgho1 Wkh ghod| rq zklfk g| lv nqrzq kdv ehhq vroyhg

xvlqj uhdo0wlph frpelqdwlrq dv ehiruh1 Wkxv/ wr frpelqh iruhfdvwv iru dq| wlph w.4/

zh hvwlpdwh wkh � wkdw frpelqhv lq0vdpsoh iruhfdvwv xqwlo w� ;157 Wkhq/ zh xvh vxfk

hvwlpdwlrq iru frpelqlqj wkh rxw0ri0vdpsoh suredelolwlhv ri uhfhvvlrq iru w. 41 Qrwh

wkdw wkh uhdo0wlph frpelqdwlrq xvhv fkdqjlqj zhljkwv iru hdfk shulrg ri wlph1

Dv d �uvw dssur{lpdwlrq/ zh pdgh d frpelqdwlrq ri wkh vl{ +�yh/ iru iruhfdvwlqj

jurzwk, dowhuqdwlyh prghov lq lq0vdpsoh dqg rxw0ri0vdpsoh iruhfdvwv1 Dv zh h{shfwhg/

wkhvh iruhfdvwv duh kljko| fruuhodwhg/ zklfk vxjjhvwv wkdw wkh frpelqdwlrq xvhv uhgxq0

gdqw lqirupdwlrq1 Vlqfh VZLWFK dqg NHUQHO duh wkh ehvw prghov zlwklq uhfhvvlrq

dqg h{sdqvlrq gdwd/ zh wu| dq hqfrpsdvvlqj phwkrg wkdw frpelqhv wkhvh wzr vshfl0

�fdwlrqv1 Lq whupv ri SU2 dqg WSH/ wklv frpelqdwlrq lv dv jrrg dv wkh frpelqdwlrq
57Dv lq wkh fdvh ri wkh rxw0ri0vdpsoh iruhfdvwv iurp wkh surelw prgho/ zh duh dvvxplqj wkdw wkh

ghod| rq wkh uhohdvh ri wkh QEHU ghflvlrq derxw wkh vwdwh ri wkh hfrqrp| lv ri dw prvw wzr |hduv1
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wkdw frqwdlqv wkh zkroh vhw ri prghov1 Lq0vdpsoh dqg rxw0ri0vdpsoh frpelqdwlrqv

ri vzlwfklqj uhjlphv dqg qrqsdudphwulf iruhfdvwv duh fdoohg FRPE dqg UWFRPE

uhvshfwlyho|1

Wkh rxw0ri vdpsoh uhvxowv suhvhqwhg lq Wdeohv 5 dqg 6 uhyhdo rqh wkh prvw lp0

sruwdqw �qglqjv ri wklv sdshu1 UWFRPE suhvhqwv wkh orzhvw PVIH dqg WSIH1

Pruhryhu/ GP whvwv +Wdeoh 6, frq�up wkdw wklv frpelqdwlrq vljql�fdqwo| lpsuryhv

wkh olqhdu prgho*v uhvxowv1 Wklv lpsolhv wkdw wkh FOL lv xvhixo lq dqwlflsdwlqj erwk uh0

fhvvlrqv dqg JGS jurzwk/ hyhq lq uhdo0wlph158 Iljxuhv 4 dqg 5 suhvhqw wkh lq0vdpsoh

dqg rxw0ri0vdpsoh suredelolwlhv ri uhfhvvlrq suhglfwhg iurp VZLWFK dqg NHUQHO1

Wkh| dovr vkrz krz zhoo wkh lq0vdpsoh dqg uhdo0wlph frpelqdwlrqv plplf wkh QEHU

vfkhgxoh1

Zh duh qrz uhdg| wr sursrvh d �owhu wkdw wudqvirupv wkh FOL uhohdvhv lqwr sure0

delolwlhv ri uhfhvvlrq qh{w txduwhu1 Wkh FOL zdv ruljlqdoo| ghvljqhg dv d wrro wr

suhglfw exvlqhvv f|foh wxuqlqj srlqwv1 Krzhyhu/ hyhu| prqwk wkh Frqihuhqfh Erdug

rqo| uhohdvhv wkh udwh ri jurzwk ri vxfk ohdglqj lqgh{1 Dowhuqdwlyho|/ zh frqvwuxfw d

�owhulqj uxoh wr h{wudfw wkh FOL*v ohdglqj lqirupdwlrq derxw wxuqlqj srlqwv/ e| wudqv0

iruplqj wkh jurzwk udwh ri FOL lqwr suredelolwlhv ri uhfhvvlrq1 Edvhg rq suhylrxv

uhvxowv/ zh sursrvh d uhdo0wlph frpelqdwlrq ri wkh vzlwfklqj uhjlphv prgho dqg wkh

qrqsdudphwulf vshfl�fdwlrq1

Wr vhh krz lw zrunv/ zh suhvhqw wkh iroorzlqj hpslulfdo h{huflvh1 Vxssrvh zh duh

lq wkh odvw txduwhu ri 4<<:/ dqg zh zdqw d �owhulqj uxoh iru wkh FOL uhohdvh1 Zh vlpx0

odwh wkh srvvleoh rxwfrphv ri wkh FOL jurzwk udwh iurp 05( wr .5(1 dqg zh suhglfw

lq uhdo0wlph wkh suredelolw| ri uhfhvvlrq iru 4<<;14 +ehorqjlqj wr d zlgh h{sdqvlrqdu|

shulrg,1 Iljxuh 6 glvsod|v wkh suhglfwhg suredelolw| ri uhfhvvlrq/ dvvrfldwhg wr hdfk

FOL jurzwk udwh ydoxh/ wkdw duh wkh rxwfrphv ri VZLWFK/ NHUQHO dqg UWFRPE1

Ixuwkhupruh/ zh suhvhqw lq Iljxuh 7 wkh uhvxowv ri d vlplodu dqdo|vlv/ exw zh suh0

glfw suredelolw| ri uhfhvvlrqv iru 4<<314 +mxvw diwhu d uhfhvvlrq, xvlqj h{foxvlyho| wkh

lqirupdwlrq dydlodeoh dw 4<<:171

Vlqfh zh suryhg wkdw wkh ehvw �owhu lv wkh uhdo0wlph frpelqdwlrq/ ohw xv frqfhqwudwh

lq wkh dqdo|vlv ri UWFRPE uhvxowv1 Dv zh fdq vhh iurp wkh slfwxuhv/ wkh vdph FOL

58GP whvwv wr frpsduh wkh dffxudf| ri VZLWFK dqg UWFRPE duh 41: iru PVH dqg 415 iru WSH1

Wklv lpsolhv wkdw wkhuh h{lvwv vrph hylghqfh lq idyru ri UWFRPE1
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jurzwk udwh frqwdlqv yhu| gl�huhqw lqirupdwlrq derxw wkh suredelolw| ri dq lpplqhqw

uhfhvvlrq ghshqglqj rq wkh shulrg wkdw zh frqvlghu1 Vshfl�fdoo|/ lq 4<<317/ d FOL

jurzwk udwh ri 3( zrxog eh dvvrfldwhg wr d suredelolw| ri uhfhvvlrq qh{w txduwhu

ri doprvw 41 Krzhyhu/ lq 4<<:17/ wkh vdph FOL jurzwk udwh zrxog kdyh lpsolhg d

uhfhvvlrq suredelolw| qh{w shulrg forvh wr 31 Wkh lqwxlwlrq lv fohdu1 Lq rughu wr suhglfw

wkdw d uhfhvvlrq lv frplqj/ zh qhhg vwurqjhu hylghqfh lq wkh FOL ehkdylru diwhu <

|hduv ri h{sdqvlrqv wkdw mxvw diwhu d uhfhvvlrq wr eholhyh wkdw d uhfhvvlrq lv lpplqhqw1

Rxu �owhu h!flhqwo| xvhv wkh lqirupdwlrq derxw wkh vwdwh ri wkh hfrqrp| wr lqwhusuhw

wkh udwh ri jurzwk ri wkh FOL lq hdfk shulrg ri wlph1

91 Frqfoxvlrqv

Frqihuhqfh Erdug*v FOL lv uhohdvhg wr dqwlflsdwh wxuqlqj srlqwv1 Krzhyhu/ wkh delolw|

ri d suhglfwru ghshqgv xsrq rxu prgho*v dffxudf| dw h{wudfwlqj lwv ohdglqj lqiru0

pdwlrq derxw ixwxuh hyhqwv1 Wkxv/ zh kdyh hydoxdwhg krz zhoo wkh prvw vwdqgdug

vshfl�fdwlrqv suhglfw uhfhvvlrqv1 Zh sursrvh d phwkrgrorj| wr frpelqh gl�huhqw iruh0

fdvwhg suredelolwlhv1 Zh frqfoxgh wkdw d frpelqdwlrq ri d vzlwfklqj YDU prgho dqg

d qrqsdudphwulf v|vwhp lv wkh ehvw dssurdfk wr dqwlflsdwh uhfhvvlrqv1 Wklv nlqg ri

dssurdfk xvhv wkh FOL wr uhsurgxfh wkh XV exvlqhvv f|foh gdwd idluo| zhoo/ frpsduhg

zlwk wkh h{0srvw QEHU vfkhgxoh1 Khqfh/ zh �qg wkdw wkh FOL lv vwdwlvwlfdoo| xvhixo

dw dqwlflsdwlqj uhfhvvlrqv/ hyhq lq uhdo0wlph dqdo|vlv1

Zh frqfoxgh wkdw FOL lv dovr xvhixo lq iruhfdvwlqj XV JGS jurzwk/ hyhq lq rxw0ri0

vdpsoh h{huflvh1 Djdlq/ d frpelqdwlrq lv wkh ehvw dssurdfk lq uhdo0wlph/ frq�uplqj

wkh srzhu ri wkh frpelqdwlrq ri iruhfdvwv dw h{wudfwlqj wkh ohdglqj lqirupdwlrq iurp

wkh FOL1

Wkxv/ zh sursrvh d �owhulqj uxoh wr h{wudfw wkh FOL*v ohdglqj lqirupdwlrq derxw

wxuqlqj srlqwv1 Rxu sursrvlwlrq wudqvirupv wkh udwh ri jurzwk ri wkh FOL lq dffru0

gdqfh zlwk wkh vwdwh ri wkh hfrqrp| lq wkh shulrg ri wlph lq zklfk lw lv uhohdvhg1
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dqg FOL/� Pdvwhu Wkhvlv Glvvhuwdwlrq +4<<;,1

^6` Glherog/ I1/ dqg U1 Pduldqr/ �Frpsdulqj suhglfwlyh dffxudf|/�Mrxuqdo ri Exvl0

qhvv dqg Hfrqrplf Vwdwlvwlfv 46 +4<<8,/ qr16= 58605961

^7` Glherog/ I1/ dqg D1 Uxghexvfk/ �Vfrulqj wkh Ohdglqj Lqglfdwruv�/ Mrxuqdo ri

Exvlqhvv 95 +4<;<,/ 69<06<41

^8` ���� �D Qrqsdudphwulf Lqyhvwljdwlrq ri Gxudwlrq Ghshqghqfh lq wkh Dphu0

lfdq Exvlqhvv F|foh/� Mrxuqdo ri Srolwlfdo Hfrqrp| <; +4<<3,/ 8<909491

^9` ���� �Iruhfdvwlqj Rxwsxw Zlwk wkh Frpsrvlwh Fhdglqj Lqgh{= d Uhdo0Wlph

Dqdo|vlv/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;9 +4<<4,/ 93609431

^:` Hvwuhood/ D1 dqg I1 Plvknlq/ �Suhglfwlqj XV Uhfhvvlrqv= Ilqdqfldo Yduldeohv dv

Ohdglqj Lqglfdwruv/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv ;3 +4<<;,/ 780941

^;` Ilodugr/ D1/ �Exvlqhvv F|foh Skdvhv dqg Wkhlu Wudqvlwlrqdo G|qdplfv/� Mrxuqdo

ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 45 +4<<7,/ 5:<05;;1

^<` Ilodugr/ D1/ �Krz Uholdeoh Duh Uhfhvvlrq Suhglfwlrq Prghov/� Ihghudo Uhvhuyh

Edqn ri Ndqvdv Flw| Txduwhuo| Uhylhz/ vhfrqg txduwhu +4<<<,/ 680881

^43` Iruql/ P1/ P1 Kdoolq/ P1 Olssl dqg O1 Uhlfkolq/ �Wkh Jhqhudol}hg G|qdplf Idfwru

Prgho= Lghqwl�fdwlrq dqg Hvwlpdwlrq�/ Zrunlqj Sdshu 466;/ FHSU +4<<<,1

^44` Judqjhu/ F1 dqg U1 Udpdqdwkdq/ �Lpsuryhg Phwkrgv ri Frpelqlqj Iruhfdvwv/�

Mrxuqdo ri Iruhfdvwlqj 6 +4<;7,/ 4<:05371

^45` Judqjhu/ F1/ dqg W1 Whuçvyluwd/ Prghoolqj Qrqolqhdu Hfrqrplf Uhodwlrqvklsv

+Qhz \run= R{irug Xqlyhuvlw| Suhvv/ 4<<6,1
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^46` Judqjhu/ F1/ W1 Whuçvyluwd/ dqg K1 Dqghuvrq/ �Prghoolqj Qrqolqhdulwlhv Ryhu wkh

Exvlqhvv F|foh�/ Lq M1 Vwrfn dqg Z1 Zdwvrq +hgv1,/ Exvlqhvv F|fohv Lqglfdwruv/

dqg Iruhfdvwlqj +Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv/ 4<<6,1

^47` Kdplowrq/ M1/ �D Qhz Dssurdfk wr wkh Hfrqrplf Dqdo|vlv ri Qrqvwdwlrqdu|

Wlph Vhulhv dqg wkh Exvlqhvv F|fohv/� Hfrqrphwulfd 8: +4<;<,/ 68:06;71

^48` ���� Wlph Vhulhv Dqdo|vlv +Sulqfhwrq/ Q1 M1= Sulqfhwrq Xqlyhuvlw| Suhvv/

4<<7,1

^49` Kdplowrq/ M1/ dqg J1 Sìuh}0Txlurv/ �Zkdw Gr wkh Ohdglqj Lqglfdwruv OhdgB�

Mrxuqdo ri Exvlqhvv 9< +4<<9,/ 5:07<1

^4:` Kçugoh/ Z1/ Dssolhg Qrqsdudphwulf Uhjuhvvlrq +Fdpeulgjh= Fdpeulgjh Xqlyhu0

vlw| Suhvv/ 4<;<,1

^4;` Khvv/ J1/ dqg V1 Lzdwd/ V1/ �Phdvxulqj dqg Frpsdulqj Exvlqhvv0F|foh Ihdwxuhv/�

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 48 +4<<:,/ 76507771

^4<` Nlp/ Fk1/ �Suhglfwlqj Exvlqhvv F|foh Skdvhv zlwk Lqgh{hv ri Ohdglqj dqg Fr0

lqflghqw Hfrqrplf Lqglfdwruv= d Pxowlyduldwh Uhjlph0Vkliw Dssurdfk�/ Zrunlqj

Sdshu1 Vhrxo= Nruhd Xqlyhuvlw| +4<<7,1

^53` Nohlq/ S1/ dqg P1 Qlhplud/ Iruhfdvwlqj Ilqdqfldo dqg Hfrqrplf F|fohv +Qhz

\run= Mrkq Zloh| dqg Vrqv/ Lqf/ 4<<7,1

^54` Ol/ G1/ dqg M1 Gruipdq/ �Suhglfwlqj Wxuqlqj Srlqwv Wkurxjk wkh Lqwhjudwlrq

ri Pxowlsoh Prghov/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplfv Vwdwlvwlfv 47 +4<<9,/

754075;1

^55` Plwfkhoo/ Z1/ dqg D1 Exuqv/ Vwdwlvwlfdo Lqglfdwruv ri F|folfdo Uhylydov +Qhz \run=

Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk/ 4<6;,1

^56` Vloyhupdq/ E1/ Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd Dqdo|vlv +Orqgrq=

Fkdspdq dqg Kdoo 4<;9,1

^57` Vwrfn/ M1 K1/ dqg P1 Z1 Zdwvrq/ �Qhz Lqgh{hv ri Ohdglqj dqg Frlqflghqwdo Hfr0

qrplf Lqglfdwruv/� lq R1 Eodqfkdug1 dqg V1 Ilvkhu +hgv1,/ QEHU Pdfurhfrqrplfv

Dqqxdo1 +Fdpeulgjh/ Pdvv1= PLW Suhvv/ 4<;<,1
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^58` ���� / �D Surfhgxuh iru Suhglfwlqj Uhfhvvlrqv zlwk Ohdglqj Lqglfdwruv=

Hfrqrphwulf Lvvxhv dqg Uhfhqw H{shulhqfh/� lq Mdphv K1 Vwrfn dqg Pdun Z1

Zdwvrq +hgv1,/ Exvlqhvv F|fohv/ Lqglfdwruv/ dqg Iruhfdvwlqj1 +Fklfdjr/ Wkh Xql0

yhuvlw| ri Fklfdjr Suhvv/ 4<<6,1

^59` ���� / �D Frpsdulvrq ri Olqhdu dqg Qrqolqhdu Xqlyduldwh Prghov iru Iru0

fdvwlqj Pdfurhfrqrplf Wlph Vhulhv�/ Zrunlqj Sdshu 993:/ QEHU +4<<;,1

^5:` ���� / �Gl�xvlrq Lqgh{hv�/ Zrunlqj Sdshu 9:35/ QEHU +4<<;,1

^5;` Whuçvyluwd/ W1/�Vshfl�fdwlrq/ Hvwlpdwlrq dqg Hydoxdwlrq ri Vprrwk Wudqvlwlrq

Dxwruhjuhvvlyh Prghov/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;<

+4<<7,/ 53;054;1

^5<` Zhfnhu/ Z1/ �Suhglfwlqj wkh Wxuqlqj Srlqwv ri d Wlph Vhulhv�/ Mrxuqdo ri Exvl0

qhvv 85 +4<:<,/ 680831
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Wdeoh 41 Pd{lpxp olnholkrrg hvwlpdwhv ri sdudphwhuv

Prgho hvwlpdwlrq YDUFRY

DU || @3=:9
Ef�fb�

. 3=5;
Ef�f.�

+||3� �3=:9,
Ef�fb�

��� @3=:;
Ef�fb�

YDU
|| @3=:;

Ef�f.�
. 3=94

Ef�fS�
+{|3�� 3=57

Ef�f.�
,

{| @3=57
Ef�f.�

. 3=76
Ef�fD�

+{|3�� 3=57
Ef�f.�

,

��� @3=93
Ef�f2�

�22 @3=85
Ef�f2�

��2 @3=3<
Ef�f��

OYVWU

|| @3=<4
Ef��2�

I%. 3=93
Ef�fD�

{|3�

{| @3=75
Ef��H�

. �3=64
Ef����

I+. 3=76
Ef�fD�

{|3�

I+ @ 4 . h{s � 4=;8
Ef�2S�

+||32� 3=46
Ef�f��

,
3�

I% @ 4 . h{s � ;:=8:
E�D�SS�

+||32 .3=66
Ef�e.�

,
3�

��� @3=88
Ef�f2�

�22 @3=84
Ef�f2�

��2 @3=44
Ef�f��

VZLWFK

|| @ �r|. 3=76
Ef�f��

{|3� � �r|3�

{| @ �r|. 3=68
Ef�f��

{|3� � �r|3�

�� @4=33
Ef�f��

> �2 @�3=56
Ef�fH�

�� @3=75
Ef�f��

> �2 @�3=8:
Ef�fH�

s�� @3=<8
Ef�f2�

> s22 @3=:<
Ef��f�

��� @3=86
Ef�f��

�22 @3=77
Ef�f��

��2 @3=3:
Ef�f��

SURELW u| @ � 3=<:
Ef�2f�

� 4=4<
Ef�22�

i4j

Qrwh1 Wklv hvwlpdwlrq xvhv wkh vdpsoh 4<931504<<:171 Yduldeohv {| dqg || duh

jurzwk ri JGS dqg FOL uhvshfwlyho|1 Yduldeoh u| ghwhuplqhv krz suredeoh lw lv wkdw

d uhfhvvlrq zloo rffxu dw wlph w= Sdudphwhuv ��� dqg �22 duh yduldqfhv ri JGS dqg FOL

huuruv/ zkhuhdv sdudphwhu ��2 lv wkh fryduldqfh ehwzhhq wkhp1 Vwdqgdug huuruv duh

lq sduhqwkhvhv1 Qrwh wkh mrlqw xqfhuwdlqw| lq wkh hvwlpdwlrq ri vprrwkhu sdudphwhu

dqg wkuhvkrog zkhq wkh iruphu lv odujh1 Iroorzlqj Hvwuhood dqg Plvknlq/ wkh surelw

prgho*v vwdqgdug huuruv duh hvwlpdwhg e| xvlqj wkh Qdgdud|d0Zdwvrq hvwlpdwru1
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Wdeoh 51 PVH dqg WSH lq0vdpsoh dqg rxw0ri0vdpsoh1

PVH

lq

WSH

lq

PVIH

rxw

WSIH

rxw

DU

31:;

41:6

318:

3143

318:

31338

31:<

514<

317<

3144

3195

3133;

YDU

3193

413<

317<

3144

3195

31339

31:8

41;5

3186

313<

317:

31344

OYVWU

3188

31;;

317;

3149

3163

31466

31:3

4179

3187

314:

3188

313<4

VZLWFK

317;

31:5

3175

3138

3155

31344

319;

4189

3183

313<

315:

31393

SURELW 111

3143

3173

31368

111

313<

3168

3136;

NHUQHO

3193

414;

317:

3144

3194

31335

31:6

41;3

317;

3143

318:

31339

FRPE

3188

31<3

317:

3136

3143

3133<

111 111

UWFRPE 111 111

3193

4177

317;

3138

3157

3133:

Qrwh1 �Lq� uhihuv wr 4<931504<<:171 �Rxw� uhihuv wr 4<:51504<<;141 Iru hdfk prgho/ �uvw

hqwu| kdyh ehhq fdofxodwhg iurp wkh hqwluh iruhfdvwlqj vdpsoh1 Vhfrqg dqg wklug hqwulhv rqo|

uhihuv wr uhfhvvlrqdu| dqg h{sdqvlrqdu| gdwd +QEHU vfkhgxoh,1 PVH dqg WSH duh gh�qhg

lq +714, dqg +715,1 FRPE dqg UWFRPE duh wkh frpelqdwlrq ri NHUQHO dqg VZLWFK1
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Wdeoh 61 Glherog dqg Pduldqr whvwv1

DU FRPE UWFRPE

PVH WSH PVH WSH PVH WSH

VZLWFK
LQ

RXW

61:< 6145

4163 3187

5178 31;6

41;3 5136

111 111

41:4 414<

YDU
LQ

RXW

517: 4135

3175 41;6

5148 51<7

111 111

111 111

5183 41;<

FRPE
LQ

RXW

51:< 51;5

111 111
111 111

UWFRPE
LQ

RXW

111 111

41<; 517;
111 111

Qrwh1 �Lq� uhihuv wr 4<931504<<:171 �Rxw� uhihuv wr 4<:51504<<;141 PVH dqg WSH duh

gh�qhg lq +714, dqg +715,1 FRPE dqg UWFRPE duh wkh frpelqdwlrq ri NHUQHO dqg

VZLWFK dv Vhfwlrq 8 ghvfulehv1 Doo wkh hqwulhv uhihuv wr wkh devroxwh ydoxh ri wkh GP

vwdwlvwlf zklfk lv fdofxodwhg iru lq0urz dqg lq0froxpq prghov dv +716, ghvfulehv1 Iru h{dpsoh/

61:< +6145, lv wkh devroxwh ydoxh ri wkh GP vwdwlvwlfv xqghu wkh k|srwkhvlv ri qr gl�huhqfh lq

wkh dffxudf| ri prghov VZLWFK dqg DU dw dqwlflsdwlqj lq0vdpsoh jurzwk +uhfhvvlrqv,1
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Graph 1. SWITCH model
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Graph 2. KERNEL model
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Note: Graph 1 and Graph 2 represent in-sample probabilities of recession from the switching regimes and the nonparametric specifications 
respectively. Graph 3 shows in-sample probabilities of recession using a combination of the first two models as Section 5 describes. "In-sample" 
refers to the period 1960.2-1997.4. Shaded areas correspond to the NBER recessions.

Figure 1: In-sample probabilities of recession

Graph 3. COMB model
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Graph 2. KERNEL model
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Graph 3. RTCOMB model
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Figure 2: Out-of-sample probabilities of recession
Graph 1. SWITCH model
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Note: Graph 1 and Graph 2 represent out-of-sample probabilities of recession from the switching regimes and the nonparametric specifications 
respectively. Graph 3 shows out-of-sample probabilities of recession using a real-time combination of the first two models as Section 5 describes. 
"Out-of-sample" refers to the period 1972.2-1998.1. Shaded areas correspond to the NBER recessions.



Figure 3: Simulation for 1998.1
Graph 1. SWITCH simulation
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Graph 2. KERNEL simulation
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Graph 3. RTCOMB simulation
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Note: Horizontal axes represent simulated CLI quarterly growth values for 1997.4. Vertical axes show the real-time forecasts of the probability of 
recession in 1998.1 from the switching regimes model (Graph 1), the nonparametric specification (Graph 2), and the real-time combination of them 
(Graph 3) as Section 5 describes.  



Figure 4: Simulation for 1991.1
Graph 1. SWITCH simulation
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Graph 2. KERNEL simulation
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Graph 3. RTCOMB simulation
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Note: Horizontal axes represent simulated CLI quarterlygrowth values for 1990.4. Vertical axes show the real-time forecasts of the probability of 
recession in 1991.1 from the switching regimes model (Graph 1), the nonparametric specification (Graph 2), and the real-time combination of them 
(Graph 3) as section 5 describes.  
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