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Double Machine Learning for Treatment and Causal Parameters
by

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, MERT DEMIRER, ESTHER DUFLO, CHRISTIAN
HANSEN, AND WHITNEY NEWEY

Abstract. Most modern supervised statistical/machine learning (ML) methods are explicitly designed to solve
prediction problems very well. Achieving this goal does not imply that these methods automatically deliver good
estimators of causal parameters. Examples of such parameters include individual regression coefficients, average
treatment effects, average lifts, and demand or supply elasticities. In fact, estimators of such causal parameters
obtained via naively plugging ML estimators into estimating equations for such parameters can behave very poorly.
For example, the resulting estimators may formally have inferior rates of convergence with respect to the sample size
n caused by regularization bias. Fortunately, this regularization bias can be removed by solving auxiliary prediction
problems via ML tools. Specifically, we can form an efficient score for the target low-dimensional parameter by
combining auxiliary and main ML predictions. The efficient score may then be used to build an efficient estimator of
the target parameter which typically will converge at the fastest possible 1/4/n rate and be approximately unbiased
and normal, allowing simple construction of valid confidence intervals for parameters of interest. The resulting method
thus could be called a “double ML” method because it relies on estimating primary and auxiliary predictive models.
Such double ML estimators achieve the fastest rates of convergence and exhibit robust good behavior with respect
to a broader class of probability distributions than naive “single” ML estimators. In order to avoid overfitting,
following [3], our construction also makes use of the K-fold sample splitting, which we call cross-fitting. The use
of sample splitting allows us to use a very broad set of ML predictive methods in solving the auxiliary and main
prediction problems, such as random forests, lasso, ridge, deep neural nets, boosted trees, as well as various hybrids
and aggregates of these methods (e.g. a hybrid of a random forest and lasso). We illustrate the application of
the general theory through application to the leading cases of estimation and inference on the main parameter in a
partially linear regression model and estimation and inference on average treatment effects and average treatment
effects on the treated under conditional random assignment of the treatment. These applications cover randomized
control trials as a special case. We then use the methods in an empirical application which estimates the effect of

401(k) eligibility on accumulated financial assets.

Key words: Neyman, orthogonalization, cross-fit, double machine learning, debiased machine learning, orthogo-
nal score, efficient score, post-machine-learning and post-regularization inference, random forest, lasso, deep learning,

neural nets, boosted trees, efficiency, optimality.
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2 DOUBLE MACHINE LEARNING

1. INTRODUCTION AND MOTIVATION

We develop a series of results for obtaining root-n consistent estimation and valid inferential state-
ments about a low-dimensional parameter of interest, 6y, in the presence of an infinite-dimensional
nuisance parameter, 79. The parameter of interest will typically be a causal parameter or treat-
ment effect parameter, and we consider settings in which the nuisance parameter will be estimated
using modern machine learning (ML) methods such as random forests, lasso or post-lasso, boosted

regression trees, or their hybrids.

As a lead example consider the partially linear model

Y =Dy +g0(Z)+U, E[U|Z D]=0, (1.1)
D=my(Z)+V, E[V|Z] =0, (1.2)

where Y is the outcome variable, D is the policy/treatment variable of interest,! Z is a vector
of other covariates or “controls”, and U and V are disturbances. The first equation is the main
equation, and 6y is the target parameter that we would like to estimate. If D is randomly assigned
conditional on controls Z, 6y has the interpretation of the treatment effect (TE) parameter or “lift”
parameter in business applications. The second equation keeps track of confounding, namely the
dependence of the treatment/policy variable on covariates/controls. This equation will be impor-
tant for characterizing regularization bias, which is akin to omitted variable bias. The confounding
factors Z affect the policy variable D via the function mg(Z) and the outcome variable via the

function go(Z2).

A conventional ML approach to estimation of 6y would be, for example, to construct a sophisti-
cated ML estimator for D + Go(Z) for learning the regression function Dy + go(Z).2 Suppose,
for the sake of clarity, that gy is obtained using an auxiliary sample and that, given this gg, the

final estimate of 6 is obtained using the main sample of observations enumerated by i = 1, ..., n:
R 1 n ) “11 n R
oo = (- ZlDi) - ng — 90(Z0)). (1.3)
i= i=

The estimator 50 will generally have an “inferior”, slower than 1/4/n, rate of convergence; namely,

IvVn(Bo — 6o)| —p . (1.4)

As we explain this below, the driving force behind this “inferior” behavior is the bias in learn-
ing go(Z). Figure 1 provides a numerical illustration of this phenomenon for a conventional ML

estimator based on a random forest in a simple computational experiment.

We consider the case where D is a scalar for simplicity; extension to the case where D is a vector of fixed, finite
dimension is accomplished by introducing an equation like (1.2) for each element of the vector.
2For instance, we could use iterative methods that alternate between the random forest to find an estimator for

go and least squares to find an estimator for 6.



DOUBLE MACHINE LEARNING 3

We can decompose the scaled estimation error as

n

V(o — o) = ( ZD2> 1nZDz‘Ui+ (;ZD?)_l\}EZDi(QO(Zi) = 90(Zi)) -
v i=1 i=1

=a =b

The first term is well-behaved under mild conditions, obeying
a~ N(0,%), ¥ =(ED*'EU’D*ED?*!
The term b is not centered however and will in general diverge:
|b| —p oc.

Heuristically, b is the sum of n non-centered terms divided by y/n, where each term contains the
estimation error go(Z;) — go(Z;). Thus, we expect b to be of stochastic order /nn~%, where n=¥
is the rate of convergence of g to gg in the root mean squared error sense and where we will have
¢ < 1/2 in the nonparametric case. More precisely, we can use that we are using an auxiliary

sample to estimate gg to approximate the b up to a vanishing term by
Y = (ED?)~ Z mo(Zi)By(Zs),

where By(z) = go(2) — Ego(z) is the bias for estimating go(z) for z in the support of Z. In typical
scenarios, the use of regularization forces the order of the squared bias to be balanced with the
variance to achieve an optimal root-mean square rate. The rate can not be faster than 1/y/n
and will often be of order n=% for 0 < ¢ < 1/2.3These rates mean that generically the term b’
diverges, |b/| — oo, since E[|F'|] = \/nn~% — co. The estimator 6y will thus have an “inferior” rate

of convergence, diverging when scaled by \/n, as claimed in (1.4).
Now consider a second construction that employs an “orthogonalized” formulation obtained by

directly partialing out the effect of Z from both Y and D. Specifically consider the regression
model implied by the partially linear model (1.1)-(1.2):

W =Véy+U,

where V=D —my(Z) and W =Y —¥y(Z), where £y(Z) = E[Y|Z] = mo(Z)00 + go(Z). Regression
functions ¢y and mg can easily be directly estimated using supervised ML methods. Specifically, we
can construct Zo and Mg, using an auxiliary sample, use these estimators to form W=Y - ZO(Z )

and V = V — fig(Z), and then obtain an “orthogonalized” or “double ML” estimator
3 1 11
b = <nZ;ViQ> nz;V’W’ (1.5)
i= i=

3In some cases, it is possible to give up on the optimal rate of convergence for the estimator go and use under-
smoothing. That is, bias squared and variance are not balanced, and the order of the bias is set to o(n~/?) which

makes b’ negligible. However, under-smoothing is typically possible only in classical low-dimensional settings.
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Non-Orthogonal, n =500, p = 20

wor [ ] Simulation
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FIGURE 1. Behavior of a conventional (non-orthogonal) ML estimator é\o in the partially linear
model example in a simple simulation experiment where we learn go using a random forest. The
go in this experiment is a very smooth function of a small number of variables, so the experiment
is seemingly favorable to the use of random forests a priori. The histogram shows the simulated
distribution of the centered estimator, 50 — 6p. The estimator is badly biased, shifted much to the
right relative to the true value 6y. The distribution of the estimator (approximated by the blue
histogram) is substantively different from a normal approximation (shown by the red curve) derived

under the assumption that the bias is negligible.

In contrast to the previous estimator, this estimator will be root-n consistent and approximately

Gaussian under a very mild set of conditions:
Vn(fy —0p) ~ N(0,%), ¥ = (EV?)'EU*V*EV?) L

v/n asymptotic normality means that the estimator 0y provides both superior point estimation
properties relative to the naive 50 and can be used in the construction of valid confidence in-
tervals. Figure 2 shows the (relatively) good properties of the double ML estimator in a simple

computational experiment. Here we use random forests to learn function ¢y and my.
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FIGURE 2. Behavior of the orthogonal, double ML estimator 6y in the partially linear model
example in a simple experiment where we learn ¢, and mo using random forests. Note that the
simulated data are exactly the same as those underlying Figure 1. The histogram shows the
simulated distribution of the centered estimator, 0o — 0. The estimator is approximately unbiased,

concentrates around o, and is approximately normal.

Let us provide the explanation. We can decompose the scaled estimation error into three com-
ponents:
\/ﬁ(éo — 90) =a* + b* + c*.

First, the leading term a* is approximately Gaussian under mild conditions:

Second, the term

b* = (ED*)™!
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now depends on the product of estimation errors, and so can vanish under a broad range of data-
generating processes; for example, when ¢ and 7o are consistent for mgo and £y at the o(n~1/%)
rate. Indeed, heuristically this term can be upper-bounded by \/ﬁn*(‘/”"*‘”), where n= %™ and n~%¢
are the rates of convergence of mg to mg and Zo to £y. It is often possible to have ¢, + ¢; > 1/2,
for example, it suffices to have ¢, > 1/4 and ¢; > 1/4, as mentioned above. A more exact analysis
is possible when we use different parts of the auxiliary sample to estimate mg and £y. In this case

b* can be approximated by
1 n
(ED*)"'— " B,(Z;))Bi(Z;),

where By(z) = {o(z) — EZO(Z) is the bias for estimating ¢o(z) and By, (z) = mo(z) — Emg(z) is
the bias for estimating m(z). If the L?(P) norms of the biases are of order o(n~'/*), which is an

attainable rate in a wide variety of cases, then

Ele’| < vin\/EB2 (2)EBX(Z) < vno(n™V/2) = 0.
Third, the term ¢* is the remainder term, which obeys

¢ =op(1)

and sample splitting plays a key role in driving this term to zero. Indeed, ¢* contains expressions
like

1< 11

=S V-2> —= " Vi@Go(Z) - 90(Z)).

(n < i \/’TL v (90( ) gO( ))

If we use sample splitting, conditional on the auxiliary sample, the key part of ¢*, ﬁ > Vi(9o(Zi)—

90(Z;)) has mean zero and variance
(EV*)En(Go(Zi) — 90(Z:))* = 0,

so that ¢* = op(1). If we do not use sample splitting, the key part is bounded by

n
sup [ > Vi(a(Z) - an2)]
where G, is the smallest class of functions that contains the estimator g with high probability. The
function classes G,, are not Donsker and their entropy is growing with n, making it difficult to show
that the term in the display above vanishes. Nonetheless, if G,,’s entropy does not increase with n
too rapidly, Belloni et al. [12] have proven that the terms like the one above and ¢* more generally
do vanish. However, verification of the entropy condition is so far only available for certain classes
of machine learning methods, such as Lasso and Post-Lasso, and is likely to be difficult for practical
versions of the methods that often employ data-driven tuning and cross-validation. It is also likely
to be difficult for various hybrid methods, for example, the hybrid where we fit Random Forest
after taking out the “smooth trend” in the data by Lasso.
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Now we turn to a generalization of the orthogonalization principle above. The first “conventional”

estimator 1/9\0 given in (1.3) can be viewed as a solution for estimating equations

1 < ~
gZ@(W, 90790) = 07
i=1

where ¢ is a known “score” function and gg is the estimator of the nuisance parameter gg. In
the partially linear model above, the score function is ¢(W,0,9) = (Y — 0D — g(Z))D. It is easy
to see that this score function ¢ is sensitive to biased estimation of g. Specifically, the Gateauax
derivative operator with respect to g does not vanish:
9gE@(W, b0, 9) # 0.
9=90
The proofs of the general results in the next section show that this term’s vanishing is a key to

establishing good behavior of an estimator for 6.

By contrast the orthogonalized or double ML estimator g given in (1.5) solves
1 n
n Z¢(VV, 00,10) = 0.
i=1

where 1) is the orthogonalized or debiased “score” function and 7) is the estimator of the nuisance
parameter 7. In the partially linear model (1.1)-(1.2), the estimator uses the score function
YW, 0,m) = (Y —(Z)—0(D—m(Z)))(D—m(Z)), with the nuisance parameter being n = (¢, m).
It is easy to see that these score functions 1 are not sensitive to biased estimation of ny. Specifically,
the Gateuax derivative operator with respect to n vanishes in this case:
OnEp(W, 6o,m) =0.
n="o
The proofs of the general results in the next section show that this property is the key to generating

estimators with desired properties.

The basic problem outlined above is clearly related to the traditional semiparametric estima-
tion framework which focuses on obtaining y/n-consistent and asymptotically normal estimates for
low-dimensional components with nuisance parameters estimated by conventional nonparametric
estimators such as kernels or series. See, for example, the important work by [14], [50], [40], [54],
(2], [41], [49], [38], [15], [19], [53], and [1]. The major point of departure from the present work and
this traditional work is that we allow for the use of modern ML methods, a.k.a. machine learning
methods, for modeling and fitting the non-parametric (or high-dimensional) components of the
model for modern, high-dimensional data. As noted above, considering ML estimators requires us
to accommodate estimators whose realizations belong to function classes G,, that are not Donsker
and have entropy that grows with n. Conditions employed in the traditional semiparametric liter-
ature rule out this setting which necessitates the use of a different set of tools and development of
new results. The framework we consider based on modern ML methods also expressly allows for
data-driven choice of an approximating model for the high-dimensional component which addresses

a crucial problem that arises in empirical work.
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We organize there rest of the paper as follows. In Section 2, we present general theory for
orthogonalized or “double” ML estimators. We present a formal application of the general results to
estimation of average treatment effects (ATE) in partially linear model and in a fully heterogeneous
effect model in Section 3. In Section 4 we present a sample application where we apply double ML
methods to study the impact of 401(k) eligibility on accumulated assets. In an appendix, we define

some additional notation and present proofs.

Notation. The symbols P and E denote probability and expectation operators with respect to
a generic probability measure. If we need to signify the dependence on a probability measure P,
we use P as a subscript in Pp and Ep. Note also that we use capital letters such as W to denote
random elements and use the corresponding lower case letters such as w to denote fixed values that
these random elements can take. In what follows, we use || - [|p4 to denote the LY(P) norm; for

example, we denote

15wl = ( [ f(w)\%lP(w))l/ "

For a differentiable map 2 ~— f(z), mapping R? to R*, we use 9,/ f to abbreviate the partial
derivatives (0/0x')f, and we correspondingly use the expression 9, f(x¢) to mean Op f () |z=zp,

etc. We use 2’ to denote the transpose of a column vector x.

2. A GENERAL APPROACH TO POST-REGULARIZED ESTIMATION AND INFERENCE BASED ON
ORTHOGONALIZED ESTIMATING EQUATIONS

2.1. Generic Construction of Orthogonal (Double ML) Estimators and Confidence Re-
gions. Here we formally introduce the model and state main results under high-level conditions.
We are interested in the true value 6y of the low-dimensional target (causal) parameter 6 € ©,

where © is a convex subset of R%. We assume that 6 satisfies the moment conditions

EP[w](VVa 007770)] = Oa ] = 17 s 7d97 (21)

where ¢ = (1, ...,14,)" is a vector of known score functions, W is a random element taking values
in a measurable space (W, Ayy) with law determined by a probability measure P € P, and ng
is the true value of the nuisance parameter n € T for some convex set T' equipped with a norm
| - |le. We assume that the score functions ¢;: W x © x T' — R are measurable once we equip ©
and T with their Borel o-fields. We assume that a random sample (W;)Y; from the distribution
of W is available for estimation and inference. As explained below in detail, we employ sample-
splitting and assume that n observations are used to estimate 6y and the other N — n observations
are used to estimate ng. The set of probability measures P, is allowed to depend on n and in
particular to expand as n gets large. Note that our formulation allows the nuisance parameter 7 to

be infinite-dimensional; that is, 7 can be a function or a vector of functions.
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As discussed in the introduction, we require the following orthogonality condition for the score
1. If we start with a model with score ¢ that does not satisfy this orthogonality condition, we first

transform it into a score 1 that satisfies this condition as described in the next section.

Definition 2.1 (Neyman orthogonality or unbiasedness condition). The score ¢ = (¢1,...,%q,)
obeys the orthogonality condition with respect to T C T if the following conditions hold: The

Gateaur derivative map

Dy j[n —mo] = 3T{EP [%‘(W, 00,10 + (1 — 770))] }

exists for all € [0,1), n € T, and j = 1,...,dg and vanishes at r = 0; namely, for alln € T and
ji=1,...,dy,

OaBrty (W.00.1m)| [ m] = Dol —m] = 0. (22)

Estimation will be carried out using the finite-sample analog of the estimating equations (2.1).
We assume that the true value 79 of the nuisance parameter n can be estimated by 7y using a part of
the data (W;)X,. Different structured assumptions on T allow us to use different machine-learning

tools for estimating 7. For instance,

1) smoothness of 7y calls for the use of adaptive kernel estimators with bandwidth values
obtained, for example, using the Lepski method;

2) approximate sparsity for ny with respect to some dictionary calls for the use of forward
selection, lasso, post-lasso, or some other sparsity-based technique;

3) well-approximability of 7y by trees calls for the use of regression trees and random forests.

Sample Splitting
In order to set up estimation and inference, we use sample splitting. We assume that n obser-
vations with indices i € I C {1,..., N} are used for estimation of the target parameter 6, and

the other mn = N — n observations with indices ¢ € I¢ are used to provide estimator

o = To(1°)
of the true value 7 of the nuisance parameter 1. The parameter m = 7,, determines the portion
of the entire data that is used for estimation of the nuisance parameter n. We assume that 7 is
bounded away from zero, that is, m > 79 > 0 for some fixed constant 7y, so that 7n is at least
of the same order as n, though we could allow for 7 — 0 as N — oo in principle. We assume

that [ and I¢ form a random partition of the set {1,..., N}. We conduct asymptotic analysis

with respect to n increasing to co.

We let E,,, and when needed E, ;, denote the empirical expectation with respect to the sample
(Wiier: .

iel
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Generic Estimation
The true value 7y of the nuisance parameter n is estimated by 7y = 7o(/¢) using the sample

(W;)iere. The true value 6y of the target parameter 6 is estimated by
o = 001, 1°)

using the sample (W;);c;. We construct the estimator 0y of 0y as an approximate €,-solution

in © to a sample analog of the moment conditions (2.1), that is,
a7 6o, 70) | < int B sl (W, 6., 70)]

where (,,)r>1 is some sequence of positive constants converging to zero.

‘ +en, €n=o0(0n"V?), (2.3)

Let w, ¢y, and Cy be some strictly positive (and finite) constants, and let ng > 3 be some positive
integer. Also, let (Bi1,)n>1 and (Ba,)n>1 be some sequences of positive constants, possibly growing
to infinity, where By, > 1 and By, > 1 for all n > 1. Denote

Jo = O {EploW.0,m)1}| - (24)
=Uo
The quantity Jy measures the degree of identifiability of 6y by the moment conditions (2.1). In

typical cases, the singular values of Jy will be bounded from above and away from zero.

We are now ready to state our main regularity conditions.

Assumption 2.1 (Moment condition problem). For all n > ng and P € Py, the following
conditions hold. (i) The true parameter value 6y obeys (2.1), and © contains a ball of radius
Con~'?logn centered at 6y. (ii) The map (6,1) — Ep[y(W,0,1)] is twice continuously Gateaus-
differentiable on © x T . (iii) The score 1) obeys the near orthogonality condition given in Definition
2.1 for the set T C T. (iv) For all § € ©, we have |[Ep[tb(W,0,m0)]|| = 27| Jo(0 — 0o)|| A co, where
singular values of Jo are between ¢y and Cy. (v) For allr €[0,1), 0 € ©, andn € T,

(a) Ep[lv(W,0,m) — (W, 00,m0)|I”] < Co(ll6 — 6ol V In —nolle)”,
(b) [10:Ep [p(W, 0,10 +7(n —no))l | < Bialln —1molle,
() NI7EP[(W, 00 +7(0 — 00),m0 + (0 — 10))]Il < B2n (1|0 — bol|* V In — m0l|2).-

Assumption 2.1 is mild and standard in moment condition problems. Assumption 2.1(i) requires
6y to be sufficiently separated from the boundary of ©. Assumption 2.1(ii) is rather weak because
it only requires differentiability of the function (6,7n) — Ep[)(W,0,7n)] and does not require differ-
entiability of the function (6,7n) — (W, 0,n). Assumption 2.1(iii) is discussed above. Assumption

2.1(iv) implies sufficient identifiability of 6. Assumptions 2.1(v) is a smoothness condition.

Next, we state conditions related to the estimator 7y. Let (Ap)n>1 and (7rn)n>1 be some se-
quences of positive constants converging to zero. Also, let a > 1, v > 0, K > 0, and ¢ > 2 be some

constants.



DOUBLE MACHINE LEARNING 11

Assumption 2.2 (Quality of estimation of nuisance parameter and score regularity).
For alln > ng and P € Py, the following conditions hold. (i) With probability at least 1 — A,,, we
have 1o € T. (it) For alln € T, we have ||n —nolle < Trn. (4i) The true value no of the nuisance
parameter 1 satisfies no € T. (i) For all m € T, the function class F1, = {¢;(-,0,n): j =

., dg,0 € O} is suitably measurable and its uniform entropy numbers obey

sgp log N (|| Finllg.2, Fim, || - lg2) < vlog(a/e), forall0<e<1 (2.5)

where F1, is a measurable envelope for Fi, that satisfies |Fiy||pq < K. (v) For alln € T and
f € Fiy, we have cg < || f||p2 < Co. (vi) The estimation rate Tr, satisfies (a) n=/? < CoTrn, (b)
(BinTrn)?/? + 01290 < Cyb,,, and (¢) n'/? B3, Bont2, < Cobyp.

Assumption 2.2 states requirements on the quality of estimation of 7y as well as imposes some
mild assumptions on the score 1. The estimator 7y has to converge to ng at the rate 7,,, which
needs to be faster than n~/4, with a more precise requirement stated above. Note that if 7 — 0,
the requirements on the quality of 7y become more stringent. This rate condition is widely used
in traditional semi-parametric estimation which employs classical nonparametric estimators for 7.
The new generation of machine learning methods are often able to perform much better than the
classical methods, and so the requirement may be more easily satisfied by these methods. Suitable
measurability, required in Assumption 2.2(iv), is a mild regularity condition that is satisfied in all

practical cases. Assumption 2.2(vi) is a set of growth conditions.

Theorem 2.1 (Uniform Bahadur Representation and Approximate Normality). Under
Assumptions 2.1 and 2.2, the estimator 0 deﬁned by equation (2.3), obeys

vy (0 — o) = §jw i) + Op(d,) ~ N(0, 1),

ZGI

uniformly over P € P, where ¥(-) := —Eal/QJo_lw(-,Qo,no) and

Eo := Jy "Ep[ (W, 00, 10)u (W, 6o, 10)')(J ")

The result establishes that the estimator based on the orthogonalized scores achieves the root-n
rate of convergence and is approximately normally distributed. It is noteworthy that this conver-
gence result, both rate and distributional approximation, holds uniformly with respect to P varying
over an expanding class of probability measures P,. This means that the convergence holds under
any sequence of probability distributions {P,} with P, € P, for each n, which in turn implies that
the results are robust with respect to perturbations of a given P along such sequences. The same
property can be shown to fail for methods not based on orthogonal scores. The result can be used
for standard construction of confidence regions which are uniformly valid over a large, interesting

class of models.

An estimator based on sample-splitting does not use the full sample by construction. However,

there will be no asymptotic loss in efficiency from sample splitting if it is possible to send m, \,0
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while satisfying Assumption 2.1. Such a sequence requires the number of observations m,n used
for producing 7y to be small compared to n while also requiring the estimator of the nuisance

parameter to remain of sufficient quality given this small number of observations.

Corollary 2.1 (Achieving no efficiency loss from sample-splitting). (1) If 7, — 0 and the

conditions of Theorem 2.1 continue to hold, the sample-splitting estimator obeys
N
VS, 0 = t0) = = 3B +op(1) < N(0.D),
i=1
uniformly over P € P,. That is, it is as asymptotically efficient as using all N observations.

Below we explore alternative ways of sample splitting.

2.2. Achieving Full Efficiency by Cross-Fitting. Here we exploit the use of cross-fitting, fol-

lowing [3], for preventing loss of efficiency.

Full Efficiency by 2-fold Cross-Fitting
We could proceed with a random 50-50 split of {1,..., N} into I and I¢. This means that the
ratio of the sizes of the samples I¢ and I is # = 1. Indeed, the size of I is n, the size of I°¢
is also n, and the total sample size is N = 2n. We may then construct an estimator 6y(I, I°)
that employs the nuisance parameter estimator 79(1¢), as before. Then, we reverse the roles of
I and I¢ and construct an estimator éo(I ¢ I) that employs the nuisance parameter estimator

No(I). The two estimators may then be aggregated into the final estimator:

0o = 0o(1,1°)/2 + 6(I,1°)/2. (2.6)

This 2-fold cross-fitting generalizes to the K-fold cross-fitting, which is subtly different from
(and hence should not be confused with) cross-validation. This approach can be thought as a

“leave-a-block out” approach.

Full Efficiency by K-fold Cross-Fitting
We could proceed with a K-fold random split Iy, k = 1, ..., K of the entire sample {1,..., N}, so
that 7 = K — 1. In this case, the size of each split I}, is n = N/K, the size of I} = U2y, is
N -[(K —1)/K], and the total sample size is N. We may then construct K estimators

oIy, IS), k=1,.. K,

that employ the nuisance parameter estimators 7j9(/f). The K estimators may then be aggre-

gated into

K
~ 1 . c
b0 = = > fo(In If). (2.7)
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The following is an immediate corollary of Theorem 2.1 that shows that resulting estimators

entail no loss from sample-splitting asymptotically under assumptions of the theorem.

Theorem 2.2 (Achieving no efficiency loss by K-fold cross-fitting). Under the conditions
of Theorem 2.1, the aggregated estimator 0o defined by equation (2.7), obeys

\/72 1/2(00—90 +0P )WN(O,I),

||Mz

uniformly over P € P,.

If the score function turns out to be efficient for estimating 6y, then the resulting estimator is

also efficient in the semi-parametric sense.

Corollary 2.2 (Semi-parametric efficiency). If the score function 1 is the efficient score for
estimating 0y at a given P € P C Py, in the semi-parametric sense as defined in [55], then the
large sample variance 3 of 0y reaches the semi-parametric efficiency bound at this P relative to the
model P.

Note that efficient scores are automatically orthogonal with respect to the nuisance parameters
by construction as discussed below. It should be noted though that orthogonal scores do not have
to be efficient scores. For instance, the scores discussed in the introduction for the partially linear

are only efficient in the homoscedastic model.

2.3. Construction of score functions satisfying the orthogonality condition. Here we dis-
cuss several methods for generating orthogonal scores in a wide variety of settings, including the

classical Neyman’s construction.

1) Orthogonal Scores for Likelihood Problems with Finite-Dimensional Nuisance Pa-
rameters. In likelihood settings with finite-dimensional parameters, the construction of orthogonal
equations was proposed by Neyman [42] who used them in construction of his celebrated C(«)-

statistic.?

Suppose that the log-likelihood function associated to observation W is (6, 5) +— ¢(W, 0, 3), where
6 € © C R? is the target parameter and 3 € T C R0 is the nuisance parameter. Under regularity

conditions, the true parameter values 6y and 5y obey
E[0sl(W, 00, Bo)] =0, E[0sl(W, b0, Bo)] = 0. (2.8)

Note that the original score function p(W, 8, 5) = 0gl(W, 0, 3) in general does not possess the
orthogonality property. Now consider the new score function

YW, 0,m) = 9gt(W. 0, 8) — ngl(W, 0, 5), (2.9)

4The C(«)-statistic, or the orthogonal score statistic, has been explicitly used for testing and estimation in high-

dimensional sparse models in [10]. The discussion of Neyman’s construction here draws on [28].
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where the nuisance parameter is
n= (8", vec(n)) € T xDCRF, p=pg+dp,
w is the d x pg orthogonalization parameter matrix whose true value pg solves the equation
Jog — 1Jss = 0 (e, po = JogJ55),

and

Joo Jgﬁ
J = — 019 5 E 0100y L(W, 6,
(Jg@ Jﬂﬁ) (07:6") [(676) ( ﬁ)”

Provided that pg is well-defined, we have by (2.8) that

E[y(W,0,m0)] = 0,

6=00; B=Bo

where 19 = (), vec(uo)’)’. Moreover, it is trivial to verify that under standard regularity conditions
the score function ¥ obeys the orthogonality condition (2.2) exactly, that is,
8nE[w(W7 90777)] = O
n="no
Note that in this example, pg not only creates the necessary orthogonality but also creates the

efficient score for inference on the target parameter , as emphasized by Neyman [42].

2) Orthogonal Scores for Likelihood Problems with Infinite-Dimensional Nuisance Pa-
rameters. Neyman’s construction can be extended to semi-parametric models where the nuisance
parameter [ is a function. In this case, the original score functions (6, 3) — 9gl(W,0, ) corre-
sponding to the log-likelihood function (0, 3) — ¢(W,0,3) associated to observation W can be
transformed into efficient score functions ¢ that obey the orthogonality condition by projecting the
original score functions onto the orthocomplement of the tangent space induced by the nuisance
parameter J3; see Chapter 25 of [55] for a detailed description of this construction. By selecting
elements of the orthocomplement, we generate scores that are orthogonal but not necessarily effi-
cient. The projection gives the unique score that is efficient. Note that the projection may create
additional nuisance parameters, so that the new nuisance parameter 7 could be of larger dimen-
sion than 8. Other relevant references include [56], [33], [8], and [10]. The approach is related to
Neyman’s construction in the sense that the score v arising in this model is actually the Neyman’s
score arising in a one-dimensional least favorable parametric subfamily; see Chapter 25 of [55] for
details.

3) Orthogonal Scores for Conditional Moment Problems with Infinite-Dimensional
Nuisance Parameters. Next, consider a conditional moment restrictions framework studied by
Chamberlain [18]:

Elp(W, 00, ho(X)) | X] =0,
where X and W are random vectors with X being a sub-vector of W, § € © C R? is a finite-

dimensional parameter whose true value 6y is of interest, h is a functional nuisance parameter
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mapping the support of X into a convex set V C R! whose true value is hg, and ¢ is a known
function with values in R* for k& > d + [. This framework is of interest because it covers a rich

variety of models without having to explicitly rely on the likelihood formulation.

Here we would like to build a (generalized) score function (0,n) — (W, 0,n) for estimating 6y,
the true value of parameter 6, where 7 is a new nuisance parameter with true value 7y that obeys
the orthogonality condition (2.2). To this end, let v — E[p(W, 6y, v) | X] be a function mapping
R! into R* and let

(X, b0, ho) = Dy Elp(W. 60,v) | X]lmpy(x)

be a k x | matrix of its derivatives. We will set n = (h, 3,%) where f is a function mapping the
support of X into the space of d x k matrices, R¥* and ¥ is the function mapping the support of
X into the space of k x k matrices, R¥*¥. Define the true value fy of 3 as

Bo(X) = A(X) (Tpxr — TI(X)),

where A(X) is a d X k matrix of measurable transformations of X, I« is the k x k identity matrix,

and II(X) # Irxk is a k X k non-identity matrix with the property:
()% 2(X)7(X, 60, ho) = S5 /2 (X) (X, 6o, ho), (2.10)

where ¥ is the true value of parameter ¥. For example, II(X) can be chosen to be an orthogonal
projection matrix:

T(X) = [So(X)"2y(X, 60, ho) (V(X, 60, ho)'So(X) " 4(X, B0, ho)) "

X (X, 00, ho)'So(X) /2 ]
Then an orthogonal score for the problem above can be constructed as
W(W.0,n) = BX)S"V2(X)@(Z,0, (X)), 1= (h.B.5).

It is straightforward to check that under mild regularity conditions the score function v satis-
fies E[)(W,00,m0)] = 0 for ng = (ho, o, >X0) and also obeys the exact orthogonality condition.
Furthermore, by setting

/
A(X) = (D0 Elp(W, 0, ho(X) | X]lo=an )+ Zo(X) = E|@(W, b, ho(X))e(W, b, ho(X))'|X |,
and using II(X) suggested above, we obtain the efficient score ¢ that yields an estimator of

achieving the semi-parametric efficiency bound, as calculated by Chamberlain [18].

3. APPLICATION TO ESTIMATION OF TREATMENT EFFECTS

3.1. Treatment Effects in the Partially Linear Model. Here we revisit the partially linear

model

Y = Dby +go(Z) +¢, E[¢| Z,D] =0, (3.1)
D=my(Z)+V, E[V|Z]=0. (3.2)
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If D is as good as randomly assigned conditional on covariates, then 6y measures the average

treatment effect of D on potential outcomes.

The first approach, which we described in the introduction, employs the score function
YW, 0,n) :={Y = £(Z) = 0(D —m(2))}(D —m(Z)), n=({m), (3.3)
where ¢ and m are P-square-integrable functions mapping the support of Z to R.

It is easy to see that 6 is a solution to

Epyp(W,00,m0) = 0,

and the orthogonality condition holds:
MEpY(W, b, n) e 0, no = (fo,m0),
="no
where (y(Z) = Ep[Y|Z]. This approach represents a generalization of the approach of [7, §]
considered for the case of Lasso without cross-fitting. As mentioned, this generalization opens up

the use of a much broader collection of machine learning methods, much beyond Lasso.

The second approach, which is first-order equivalent to the first, is to employ the score function
YW, 0,m) :={Y — D0 — g(Z)}(D —m(Z)), n=I(g,m), (3.4)

where g and m are P-square-integrable functions mapping the support of Z to R. It is easy to see
that 6y is a solution to
EPw(Wa 607 770) - 07
and the orthogonality condition holds:
877EP1/}(W7 907 77) = 07 No = (90) mO)'
n=1o

This approach can be seen as “debiasing” the score function (Y — D — g(Z))D, which does not
possess the orthogonality property unless my(Z) = 0. This second approach represents a gener-
alization of the approach of [31, 52, 57] considered for the case of Lasso-type methods without
cross-fitting. Like above, our generalization allows for the use of broad collection machine learning

methods, much beyond Lasso-type methods.

Algorithm 1 (Double ML Estimation and Inference on ATE in the Partially Linear
Model.). We describe two estimators of fy based on the use of score functions (3.3) and (3.3).
Let K be a fixed integer. We construct a K-fold random partition of the entire sample {1, ..., N'}
into equal parts (Ix)K | each of size n := N/K, and construct the K estimators

Oo(Ix, IY), k=1,...,K,

where each estimator éo(I k,I5) is the root 6 of the equation:

S w6 (1) =0,

1€},
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for the score 1 defined in (3.3) or (3.4); for the case with the score function given by (3.3), the
estimator employs the nuisance parameter estimators
o(Ig) := (€o(Z; If), mo(Z; Ii)),

based upon machine learning estimators of £o(Z) and mqg(Z) using auxiliary sample If; and, for
the case with the score function given by (3.4), the estimator employs the nuisance parameter
estimators

fo(Li) = (90(Z; 1), mo(Z; 1)),
based upon machine learning estimators of go(Z) and mo(Z) using auxiliary sample I7.

We then average the K estimators to obtain the final estimator:
- 1 &
b= 2 3l 1D, (3.5)

The approximate standard error for this estimator is given by /v N, where

1o\ 21 o oo
52 = (NZ‘/?) NZV?@"
=1 =1

where V; i= Di — (%, If ), G o= (Yi = o(Zi, Ify)) — (Di — o(Zo, If ;)00 or G = Y; —
Dy — /g\o(Zo,Ig(i)) ,and k(i) .= {k € {1,...,K} : i € I;;}. The approximate (1 — ) x 100%

confidence interval is given by:

(6o + &~ (1 — a/2)5/VN].

Let (8,,)52; and (A,)2; be sequences of positive constants approaching 0 as before. Let ¢ and

C' be fixed positive constants and K > 2 be a fixed integer, and let q > 4.

Assumption 3.1. Let P be the collection of probability laws P for the triple (Y, D, Z) such that: (i)
equations (3.1)-(3.2) hold; (ii) the true parameter value 0y is bounded, |0y| < C; (i) || X||pq < C
for X € {Y, D, go(Z),Lo(Z), mo(2)}; (v) ||V||p2 = c and |[{||p2 = ¢; and (v) the ML estimators of
the nuisance parameters based upon a random subset If of {1,...,N} of size N —n, forn = N/K,
obey the condition: |7io(Z,I5) — no(Z,I¢)|| p2 < 6,n~* for all n > 1 with P-probability no less
than 1 — A,,.

Comment 3.1. The only non-primitive condition is the assumption on the rate of estimating the
nuisance parameters. These rates of convergence are available for most often used ML methods
and are case-specific, so we do not restate conditions that are needed to reach these rates. The
conditions are not the tightest possible, but we choose to present the simple ones, so that results
below follows as a special case of the general theorem of the previous section. We can easily obtain

more refined conditions by doing customized proofs. ]



18 DOUBLE MACHINE LEARNING

The following theorem follows as a corollary to the results in the previous section.

Theorem 3.1 (Estimation and Inference on Treatment Effects in the Partially Linear Model).
Suppose Assumption 3.1 holds. Then, as N — oo, both of the two double ML estimators 6o,

constructed in Algorithm 1 above, are first-order equivalent and obey
o W N(fy — 6p) ~» N(0,1),

uniformly over P € P, where 0% = [EpV2|'Ep[V2(?|[EpV?] !, and the result continues to hold if
o2 is replaced by 6%. Furthermore, the confidence regions based upon Double ML estimator 0y have
the uniform asymptotic validity:

lim sup |Pp (00 € 6o+ o711 — a/2)3/\/ﬁ]) —(1- oz)‘ = 0.

N—oo pep
Comment 3.2. Note that under conditional homoscedasticity, namely E[¢?|Z] = E[¢?], the as-
ymptotic variance o2 reduces to E[V?]71E[¢?], which is the semi-parametric efficiency bound for

the partially linear model. [ ]

3.2. Treatment Effects in the Interactive Model. We next consider estimation of average
treatment effects (ATE) when treatment effects are fully heterogeneous and the treatment variable
is binary, D € {0,1}. We consider vectors (Y, D, Z) such that

D=myZ)+v, E}v|Z=0. (3.7)
Since D is not additively separable, this model is more general than the partially linear model for

the case of binary D. A common target parameter of interest in this model is the average treatment
effect (ATE),

Elgo(1, Z) — g0(0, Z)].

Another common target parameter is the average treatment effect for the treated (ATTE)

The confounding factors Z affect the policy variable via the propensity score m(Z) and the
outcome variable via the function go(D, Z). Both of these functions are unknown and potentially

complicated, and we can employ machine learning methods to learn them.

We proceed to set up moment conditions with scores obeying orthogonality conditions. For

estimation of the ATE, we employ

1
m(Z) 1—m(Z) T (3.8)
n(Z) = (9(0,2),9(1,2),m(2)), m(Z) = (90(0,2),90(1, Z),mo(Z))’,

B(W,6,m) = (9(1, 2) — g0, z)) + 2X =91 2)) (1= D) —9(0.2)) _,
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where 7(Z) is the nuisance parameter consisting of P-square integrable functions mapping the
support of Z to R x R x (g,1 — ¢), with the true value of this parameter denoted by 19(Z), where

€ > 0 is a constant.

For estimation of ATTE, we use the score
_ DY —g(0,2)) m(Z)1-D)(Y -g4(0,Z)) D
e =, T-m@ym  w (3.9)
77(2) = (g(O,Z),g(l,Z),m(Z),m), 770(2) = (90(07 Z)790<17Z)7m0(2)aE[D])?/

where 1(Z) is the nuisance parameter consisting of three P-square integrable functions mapping

the support of Z to R x R x (¢,1 — ¢) and a constant m € (g,1 — ¢), with the true value of this
parameter denoted by 19(Z2).

It can be easily seen that true parameter values ¢y for ATE and ATTE obey
Epp(W, 00,m0) = 0,
for the respective scores and that the scores have the required orthogonality property:

anEP¢(W bo, 77) = 0.
n="o

Algorithm 2 (Double ML Estimation and Inference on ATE and ATTE in the
Interactive Model.). We describe the estimator of 6y next. Let K be a fixed integer. We
construct a K-fold random partition of the entire sample {1,..., N} into equal parts (Ik)szl

each of size n := N/K, and construct the K estimators

Oo(In, If), k=1,...K,
that employ the machine learning estimators
Wo(I) = (8000, Z: 1), Go(1, Z: ), ol Z: ), > D
) ) ) ) ) ) ) Y N —-n . 9y
el
of the nuisance parameters
770(2) - (90(0? Z)a 90(17 Z): mO(Z)a E[D])a
and where each estimator 6 (y, I}) is defined as the root 6 of the corresponding equation:

=S Um0 (1) =,

1€y,
for the score 1 defined in (3.8) for ATE and in (3.9) for ATTE.

We then average the K estimators to obtain the final estimator:

K
~ 1 .
Oy = — ;1: bo (I, I2). (3.10)




20 DOUBLE MACHINE LEARNING

The approximate standard error for this estimator is given by /v N, where

1 N
0t =5 > U
=1

where ; = ¢(Wi7§07ﬁ0(1g(i))), and k(i) == {k € {1,..,K} : i € It}. The approximate

(1 —a) x 100% confidence interval is given by

(6o + &~ (1 — a/2)5/VN].

Let (8,,)524 and (Ap)22, be sequences of positive constants approaching 0, as before, and ¢, e, C

and q > 4 be fixed positive constants, and K be a fixed integer.

Assumption 3.2 (TE in the Heterogenous Model). Let P be the set of probability distributions P
for (Y, D, Z) such that (i) equations (3.6)-(3.7) hold, with D € {0,1}, (ii) the moment conditions
hold: |gllpy < C, ||Y]lpg < C, Ple < mo(Z) < 1—¢) =1, and ||(?||p2 = ¢, and (ii) the ML
estimators of the nuisance parameters based upon a random subset I; of {1,...,N} of size N — n,
for n = N/K, obey the condition: ||go(D, Z,If) — go(D, Z,I;) || p2 + [|mo(Z, If) — mo(Z,If)|| p2 <
Son V4 and || mo(Z, IE) —mo(Z,If) || po < On, for alln > 1 with P-probability no less than 1 — A,,.

Comment 3.3. The only non-primitive condition is the assumption on the rate of estimating the
nuisance parameters. These rates of convergence are available for most often used ML methods
and are case-specific, so we do not restate conditions that are needed to reach these rates. The
conditions are not the tightest possible, but we chose to present the simple ones, since the results
below follow as a special case of the general theorem of the previous section. We can easily obtain

more refined conditions by doing customized proofs. [ ]

The following theorem follows as a corollary to the results in the previous section.

Theorem 3.2 (Double ML Inference on ATE and ATT). (1) Suppose that the ATE, 6y =
Elgo(1, Z) — g0(0, Z)], is the target parameter and we use the estimator 6y and other notations
defined above. (2) Alternatively, suppose that the ATTE, 6y = E[go(1,Z) — g0(0,Z) | D = 1], is
the target parameter and we use the estimator 0o and other notations above. Consider the set P of
data generating defined in Assumption 3.2. Then uniformly in P € P, the Double ML estimator 6

concentrates around Oy with the rate 1/\/N and is approzimately unbiased and normally distributed:

o 'VN(fy — 6p) ~ N(0,1), o =Ep[v*(W, 6o, m(2))], (3.11)

uniformly over P € P, and the result continues to hold if o2 is replaced by 5%. Moreover, the

confidence regions based upon Double ML estimator 6y have uniform asymptotic validity:

Jim_sup [P (0 € 0o + @711 — a/2)5/VN]) — (1 - oz)‘ — 0.
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The scores ¥ are the efficient scores, so both estimators are asymptotically efficient, reaching the

semi-parametric efficiency bound of [30].

4. EMPIRICAL EXAMPLE

To illustrate the methods developed in the preceding sections, we consider the estimation of
the effect of 401(k) eligibility on accumulated assets. The key problem in determining the effect
of 401(k) eligibility is that working for a firm that offers access to a 401(k) plan is not randomly
assigned. To overcome the lack of random assignment, we follow the strategy developed in [45]
and [46]. In these papers, the authors use data from the 1991 Survey of Income and Program
Participation and argue that eligibility for enrolling in a 401(k) plan in this data can be taken as
exogenous after conditioning on a few observables of which the most important for their argument is
income. The basic idea of their argument is that, at least around the time 401(k)’s initially became
available, people were unlikely to be basing their employment decisions on whether an employer
offered a 401(k) but would instead focus on income and other aspects of the job. Following this
argument, whether one is eligible for a 401(k) may then be taken as exogenous after appropriately

conditioning on income and other control variables related to job choice.

A key component of the argument underlying the exogeneity of 401(k) eligibility is that eligibility
may only be taken as exogenous after conditioning on income and other variables related to job
choice that may correlate with whether a firm offers a 401(k). [45] and [46] and many subsequent
papers adopt this argument but control only linearly for a small number of terms. One might
wonder whether such specifications are able to adequately control for income and other related
confounds. At the same time, the power to learn about treatment effects decreases as one allows
more flexible models. The principled use of flexible machine learning tools offers one resolution
to this tension. The results presented below thus complement previous results which rely on the
assumption that confounding effects can adequately be controlled for by a small number of variables

chosen ex ante by the researcher.

In the example in this paper, we use the same data as in [27]. We use net financial assets - defined
as the sum of IRA balances, 401(k) balances, checking accounts, U.S. saving bonds, other interest-
earning accounts in banks and other financial institutions, other interest-earning assets (such as
bonds held personally), stocks, and mutual funds less non-mortgage debt - as the outcome variable,
Y, in our analysis. Our treatment variable, D, is an indicator for being eligible to enroll in a 401 (k)
plan. The vector of raw covariates, Z, consists of age, income, family size, years of education, a
married indicator, a two-earner status indicator, a defined benefit pension status indicator, an IRA

participation indicator, and a home ownership indicator.

We report estimates of the average treatment effect (ATE) of 401(k) eligibility on net financial
assets both in the partially linear model as in (1.1) and allowing for heterogeneous treatment effects
using the approach outlined in Section 3.2 in Table 1. All results are based on sample-splitting as

discussed in Section 2.1 using a 50-50 split. We report results based on four different methods for
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estimating the nuisance functions used in forming the orthogonal estimating equations. We consider
three tree-based methods, labeled “Random Forest”, “Regression Tree”, and “Boosting”, and one
¢1-penalization based method, labeled “Lasso”. For “Regression Tree,” we fit a single CART tree
to estimate each nuisance function with penalty parameter chosen by 10-fold cross-validation. The
results in column “Random Forest” are obtained by estimating each nuisance function with a
random forest using default settings as in [17]. Results in “Boosting” are obtained using boosted
regression trees with default settings from [48]. “Lasso” results use conventional lasso regression
with penalty parameter chosen by 10-fold cross-validation to estimate conditional expectations of
net financial assets and use f1-penalized logistic regression with penalty parameter chosen by 10-
fold cross-validation when estimating conditional expectations of 401(k) eligibility. For the three
tree-based methods, we use the raw set of covariates as features. For the /;-penalization based
method, we use a set of 275 potential control variables formed from the raw set of covariates and

all second order terms, i.e. squares and first-order interactions.

Turning to the results, it is first worth noting that the estimated effect ATE of 401(k) eligibility
on net financial assets is $19,559 with an estimated standard error of 1413 when no control variables
are used. Of course, this number is not a valid estimate of the causal effect of 401(k) eligibility on
financial assets if there are neglected confounding variables as suggested by [45] and [46]. When we
turn to the estimates that flexibly account for confounding reported in Table 1, we see that they are
substantially attenuated relative to this baseline that does not account for confounding, suggesting
much smaller causal effects of 401(k) eligiblity on financial asset holdings. It is interesting and
reassuring that the results obtained from the different flexible methods are broadly consistent with
each other. This similarity is consistent with the theory that suggests that results obtained through
the use of orthogonal estimating equations and any sensible method of estimating the necessary
nuisance functions should be similar. Finally, it is interesting that these results are also broadly
consistent with those reported in the original work of [45] and [46] which used a simple intuitively
motivated functional form, suggesting that this intuitive choice was sufficiently flexible to capture

much of the confounding variation in this example.

APPENDIX A. PROOFS

In this appendix, we use C' to denote a strictly positive constant that is independent of n and
P € P,,. The value of C' may change at each appearance. Also, the notation a,, < b, means that
an < Cby, for all n and some C. The notation a,, 2 b, means that b, < a,. Moreover, the notation
an = o(1) means that there exists a sequence (by,),>1 of positive numbers such that (i) |a,| < b, for
all n, (i) b, is independent of P € P,, for all n, and (iii) b, — 0 as n — oo. Finally, the notation
an = Op(b,) means that for all € > 0, there exists C' such that Pp(a,, > Cb,) < 1 — € for all n.

Using this notation allows us to avoid repeating “uniformly over P € P,,” many times in the proofs.
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TABLE 1. Estimated ATE of 401(k) Eligibility on Net Financial Assets

Random Forest Lasso Regression Tree Boosting

A. Interactive Model

ATE 8133 8734 8073 8405
(1483) (1168) (1219) (1193)

B. Partially Linear Model

ATE 8845 9314 8805 8612
(1204) (1352) (1379) (1338)

Estimated ATE and heteroscedasticity robust standard errors (in parentheses) from a linear model (Panel B) and
heterogeneous effect model (Panel A) based on orthogonal estimating equations. Column labels denote the method used to

estimate nuisance functions. Further details about the methods are provided in the main text.

Define the empirical process G, (¢»(1W)) as a linear operator acting on measurable functions
1 : W — R such that [|¢||p2 < oo via,

G (W) = Cos (1) = jﬁ ST FW) - / f(w)dP(w).
el

Analogously, we defined the empirical expectation as:

En (W) = B 1 ((W)) = ;ﬁZﬂWi).

i€l
Proof of Theorem 2.1. We split the proof into five steps.
Step 1. (Preliminary Rate Result). We claim that with probability 1 — o(1),
160 — 6oll < BinTmn.
By definition of 6y, we have

)EnWW, 90#70)]“ < inf ‘

0O
which implies via the triangle inequality that, with probability 1 — o(1),

Ealts (W, 0,70)]| + en:

H Ep[(W,0,m0)]lg—4, H < e+ 20 + 2y $ BinTrp, where (A.1)
1y 1= sup | B (W, 0.70)] ~ Eol(W.0.m0)]| £ Bunrion
€
Iy 1= sup B[ (W. 6. 10)] ~ Ep[w (W, 6.10)]| < 7o
S

and the bounds on I; and Iy are derived in Step 2 (note also that €, = o(7r,) by construction of
uj

the estimator and Assumption 2.2(vi)). Since by Assumption 2.1(iv), 27| Jo(0uj — 0u;)|| A co does
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not exceed the left-hand side of (A.1), minimal singular values .Jy are bounded away from zero, and

by Assumption 2.2(vi), Bi,Trn = 0(1), we conclude that
160 = boll < BinTan, (A.2)
with probability 1 — o(1) yielding the claim of this step.
Step 2. (Bounds on I; and I3) We claim that with probability 1 — o(1),
I) < Binmrn and Iy S 7rp

To show these relations, observe that with probability 1—o(1), we have I} < 2I1,+ 1 and Iy < I14,

where

I, == max sup
n€{no,M} oo

yi= s |[Ep[(W,0,m)] — Epl(W, 0, m)]|
0cO,neT

)

En[0(W,0,m)] ~ Ep[v(W,6,m)]]

To bound I3, we employ Taylor’s expansion:

Iy Smax  sup
J<ds 9cO neTrel0,1)

arEP [TZJJ(W 07 Tlo + 7“(77 - 770))} ‘ 5 Bln SUI%H?? - 770”6 < Blnﬂrm
ne

by Assumptions 2.1(v) and 2.2(ii).

To bound I14, we can apply the maximal inequality of Lemma A.1 to the function class Fi,
for n = np and n = 7y defined in Assumption 2.2, conditional on (W;);cre so that 7y is fixed after
conditioning. Note that (W;);er are i.i.d. conditional on I¢. We conclude that with probability
1- 0(1)7

Lo <n~V/2 (1 + n—1/2+1/q> < T (A.3)

Combining presented bounds gives the claim of this step.

Step 3. (Linearization) Here we prove the claim of the theorem. By definition of 0y, we have

i

En[t(W, 6o, ﬁo)]” < eig(g \/ﬁ‘

[ (W, 0,70)]| | + env/. (A4)
Also, for any § € © and n € T, we have
~ Vi (Bp[p (W, 60,m0)] — Ep[b(W,0,m)]) + Guth(W, 0,1).

Moreover, by Taylor’s expansion of the function r — Ep[t)(W, 0y + (6 — 00), 1m0 + r(n — n0))],

Ep[y(W,0,m)] — Ep[y)(W, 00,m0)] (A.6)
= Jo(0 — 0o) + Doln — mo] + OZEp[W, 0y + r(0 — 60),m0 + (1 — m0)]|

r=r
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for some 7 € (0,1), which may differ for each row of the vector in the display. Substituting this
equality into (A.5), taking @ = fy and n = 19, and using (A.4) gives

a

E[¢ (W, 00,m0)] + Jo(6 — 60) + Do[fo — 0] H
<envn+ (3?(5 Vl|En [ (W, 0,70)]|| + 111 + I1s, (A.7)

where

II; :=+/n sup) H 9’Ep [¢(VV, 0o +7(0 — 0o),m0 +r{n — 770})‘

refo,1 9=00,n=10
18y = | Ga(w(W.0.m) = (W, 00.m) )|,
It will be shown in Step 4 that
I, + 11y = Op(6y). (A.8)
In addition, it will be shown in Step 5 that
Jnf V/nl[En[tb (W, 6, 70)]ll = Op(dn)- (A.9)

Moreover, €,y/n = 0(d,) by construction of the estimator. Therefore, the expression in (A.7) is
Op(6,). Further,

Dol — molll = 0
by the orthogonality condition since 79 € Ty with probability 1 — o(1) by Assumption 2.2(i).

Therefore, Assumption 2.1(iv) gives

7o /B [ (W, 60, m0)] + v/n(Bo — 60)|| = Op(6y).

The asserted claim now follows by multiplying both parts of the display by 3, 1/2 (under the
supremum on the left-hand side) and noting that singular values of ¥y are bounded from below

and from above by Assumptions 2.1(iv) and 2.2(v).
Step 4. (Bounds on I} and I13). Here we prove (A.8). First, with probability 1 — o(1),

1Ty < v/nBay |00 — 0o|” V |17l — mol|? S VnBi,BanTay < 6n,

where the first inequality follows from Assumptions 2.1(v) and 2.2(i), the second from Step 1 and
Assumptions 2.2(ii) and 2.2(vi), and the third from Assumption 2.2(vi).

Second, with probability 1 — o(1),

Iy < sup |Gy (f)|
feF

where

]:2 = {¢j('a0aﬁ0) - 1/’j(‘a90,770)3 j = 1a "-7d97 He - GOH < CBlTLTﬂ'TL}
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for sufficiently large constant C'. To bound sups¢ 7, |Gn(f)|, we apply Lemma A.1. Observe that
sup ||f| %3,2 < sup EP [|¢j(ana 77) - 1/}J(VVa 00a 770)|2}
feFa jgdg,He—eo‘lchlnTwn,ﬂET

< sup Co(ll0 = bol| v lIn = nolle)* < (BinTrn)®,
j<d97“9_90H<CB17LT7\'7L7776T

where we used Assumption 2.1(v) and Assumption 2.2(ii). An application of Lemma A.1 to the em-
pirical process {G,(f), f € F2} with an envelope F» = 2F 5, and 0 = (CB1pTrn)“’?, conditionally
on (W;)iere, so that 7y can be treated as fixed, yields that with probability 1 — o(1),
sup [Ga(F)] < (Biatn)? + =121, (A.10)
fEF2

since sup ez, |f| < 2sUpjer, o |f| <2F 5, and ||F} 5,|pq < K by Assumption 2.2(iv) and

logsup N (€| Fal|Q,2, F2, || - |g.2) < 2vlog(2a/e), forall 0 <e<1
Q

because Fo C Fi 5, — Fi5, for Fi, defined in Assumption 2.2(iv), so that
log sup N(cllP2llg.2, 72, || - lg.2) < 2logsup N((¢/2) 1Pz, P11 l2)

by a standard argument. The claim of this step now follows from an application of Assumption
2.2(vi) to bound the right-hand side of (A.10).

Step 5. Here we prove (A.9). Let Oy = 0y — J5 B [)(W, 00, 10)]. Then ||y — 6o = Op(1/y/n)
since Ep[||v/nE,[v (W, 0y, 10)]|[] is bounded and Jy is bounded in absolute value below by Assump-
tion 2.1(iv). Therefore, 6y € © with probability 1 — o(1) by Assumption 2.1(i). Hence, with the
same probability,

!

inf \/ﬁ‘ En[t)(W, 0o, 70)]

0O
and so it suffices to show that

Ea[v (W, 6,7)]| < V7|

VAl[Ea [ (7, 8o, )| = Op(50). (A1)
To prove (A.11), substitute § = Ay and n = 7 into (A.5) and use Taylor’s expansion in (A.6). This
gives
Vit [l (W, B, )| < vt Bl (W, 80,m0)) + Jol@ — 80) + Dol — ol | + TT1 + T

where ﬁl and ﬁg are defined as II; and Ils in Step 3 but with 90 replaced by y. Then, given
that ||fp — o] < logn//n with probability 1 — o(1), the argument in Step 4 shows that
ﬁl + ﬁg = Op(5n)
In addition,
E [((W, 60, m0)] + Jo(00 — 6) = 0
by the definition of 6y, and
IDof0 — moll| =0
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by the orthogonality condition. Combining these bounds gives (A.11), so that the claim of this

step follows, and completes the proof of the theorem. ]

A.1. Useful Lemmas. Let (W;)"_; be a sequence of independent copies of a random element W
taking values in a measurable space (W, Ayy) according to a probability law P. Let F be a set of
suitably measurable functions f: W — R, equipped with a measurable envelope F': W — R.

Lemma A.1 (Maximal Inequality, [23]). Work with the setup above. Suppose that F' > supscr |f]
is a measurable envelope for F with | F||pg, < oo for some g > 2. Let M = max;<, F(W;) and
o2 > 0 be any positive constant such that SUpfer ||f||?372 <o? < ||F||%32 Suppose that there exist
constants a > e and v > 1 such that

10gsgpN(6HFllQ,2af, I llQ2) < wlog(a/e), 0 <e< 1.

Then

F M F
Ep[|GnllF] < K \/wuog<a” U”Pv2>+“”\/gmlog<a!!0\lm) |

where K is an absolute constant. Moreover, for every t > 1, with probability > 1 — t~9/2,

1Gallr < (1 + )EP[[IGall7] + K(q) [(0 + 02 M pg)VE+ Ofln_WIIMHP,zt}, Vo > 0,

where K(q) > 0 is a constant depending only on q. In particular, setting a > n and t = logn, with

probability > 1 — c(logn) ™!,
F M F

Gulls < K(g.c) (o \/ o (12 100y (AP )
o N4D o

where | M||p, < n'/9||F||p, and K(q,c) > 0 is a constant depending only on q and c.
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