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S.1 Proofs

PROOF OF LEMMA 1 (EXISTENCE)
The estimator is defined by the constraint minimization problem in (2.3). For convenience
we express the constraint in quadratic form, (a't,)” = 0. By introducing the Lagrange

multiplier A > 0 we can write

a = arg min (y — Ba)'(y — Ba) + A (a't,)”.
ae n

Solving the corresponding first-order condition we obtain
a=(B'B+\i,,) " Bly.

Here, the matrix B’B + At,t), is invertible, because L = B’B only has a single zero
eigenvalue (because we assume the graph to be connected) with eigenvector t,, so that
adding A¢,t!, gives a non-degenerate matrix. The matrices B’B and ¢,t!, commute, and

by properties of the Moore-Penrose inverse we thus have
(BB+Ae,t) " = (BB + X" (1)

T =2, 1

We furthermore have (¢nt])' = n=%t,t!, and, because B, = 0, the contribution from

(ntl)! drops out of the above formula for @&, and we obtain & = (B'B)' B'y. This
concludes the proof. [ ]

PROOF OF THEOREM 1 (SAMPLING DISTRIBUTION)
As y = Ba + u, Lemma 1 gives

a=oa+ (B'B) Bu.
Conditional on B, u ~ N(0,0?I,,), and so
a~N(a, o*(B'B)),

where the variance expression follows from properties of the Moore-Penrose pseudoinverse.

This concludes the proof. [



PROOF OF COROLLARY 1 (INFERENCE)
The result follows from Theorem 1 by standard arguments on the F-statistic in linear
regression models. Here, the degrees-of-freedom correction from m —n to m — (n — 1)

arises, because the projection matrix
I,- B(B'B)'B

has rank m—(n—1). Notice that although B has n columns, we have that rank B = (n—1).
This concludes the proof. [ |

PROOF OF THEOREMS 2 AND 5 (ZERO-ORDER BOUNDS)
There are no isolated vertices, because G is connected and n > 2. That is, d; > 0 for all 7,
and so D is invertible. From Theorem 1 and the definition of the normalized Laplacian S
we find

var(@) = o D :8 Dz
In the following we write M; < M, for symmetric matrices M, and M, to indicate that
M, — M, is positive semi-definite. We have ST < A\;'I,,, because )\, is the smallest non-zero

eigenvalue of S. Therefore,
2

. _0C
var(a) < —D™'.
A2
This result implies that, for any vector v € R",
. N o? o?
var(v'a) = v'var(a)v < —v' D v = )\—'U’ diag(d; ', dy?t, ..., d ) v.
2 2

The bound in Theorem 2 follows on setting v = e;, the ¢th unit vector. The corresponding
bound for the differences in Theorem 5 follows on setting v = e; — e; for @ # j. This

concludes the proof. [ |

PROOF OF THEOREMS 3 AND 6 (FIRST-ORDER BOUNDS)
We first show that, if G is connected, then

1 -1 -1 / 2
ttn D7 D L"Ln)} < ‘;—D*AD*AD*.

2

0< {Var(&) —0o? (D1 +D'AD! -
n n

(S.1)



Theorems 3 and 6 will then follow readily. First note that, because G is connected, we
know that the zero eigenvalue of the Laplacian matrix L has multiplicity one, and the
corresponding eigenvector is given by ¢. The Moore-Penrose pseudoinverse of L therefore

satisfies L'L = I, — n~'¢,t., where the right hand side is the idempotent matrix that

n%n»

projects orthogonally to ¢,,. Using that L = D — A and solving this equation for LT gives
L'=D '+ L'AD™' —n'v,/,D™". (S.2)
The Laplacian is symmetric, and so transposition gives
L'=D '+ DAL —n' D 1,4, (S.3)
Replacing L' on the right-hand side of (S.2) by the expression for LT given by (S.3) yields
L'=D'+D'AD' + D'AL'AD ™' —n"'4, i, D™ —n ' D 1,0,

where we have also used the fact that D~'A¢,, = t¢,,. Re-arranging this equation allows us

to write
L'—(D'"+D'"AD "' —n "tpt,D' —n"'D ",u) = DTVALTAD ™
Because L > 0 and by the arguments in the preceding proof we also have the bounds
0< L' <)\'D™.
Put together this yields
0<L' —(D'+D'AD ' —n"'tp,D' —n'D e,0) < N\,'D'AD'AD T,

and multiplication with ¢ gives the bounds stated in (S.1).

To show Theorems 3 and 6 we calculate, for ¢ # 7,

e,D e =d*, e,D'AD 'AD e, =d;'h; ",

e,D 'e; =0, e;D'AD 'AD 'e; = d;'d; 'd;;h;;',
e,D'AD'e; =0, e, D e;=1 D e =d; ",
e;D'AD 'e; = d;'d;'(A), ejtn, D e; =1, D e; =d; .

Combining these results with (S.1) gives the bounds on var(@;) = ejvar(a)e; and var(a; —

a;) = (e; — e;)'var(a)(e; — e;) stated in the theorems and concludes the proof. [
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PROOF OF THEOREM 4 (GENERALIZED APPROXIMATION)

From the proof of Lemma 1, the least-squares estimator satisfies the first-order condition
La=By.

Using that y = Ba + u and that L = D — A this yields D'/? (@ — a) = D™Y2B'u + ¢,
where

e =D'"?A(a-a).

Note that this is the vector version of the expression for /d;(d@; — a;) as given in the
theorem. From & — o = (B'B)'B'u it follows that E(e) = 0 while from the assumption
that E(uu') < 521, we have that

E(ee’) = D™Y?A(B'B)'B'E (uv/) B(B'B)!AD'/? =32 D' ALt AD~'/2,
As in the preceding proofs, we still have that LT < A;'D~!, and so
E(e€') <7\, 'D V2 AD'AD™/2,

From this we find
9 72
E(er) < :

Thus, if 2\, *h;* — 0 as n — oo, then by Markov’s inequality we have —p 0. By the

continuous mapping theorem we therefore have

- 1
Vd; (@ — oi) =, NG >y

' jeli]

Moreover, if \/Ldj- > | u;j is asymptotically normal, then so is Vd; (@; — ;). This concludes

jeli
the proof. [ ]

PROOF OF LEMMA 2 (VARIANCE OF COMPONENT ESTIMATORS)
Additional notation. Without loss of generality we relabel the elements of V' such that

Vi={1,....on¢}, Vo={m+1,...,n}, ... Vo={n—-n,+1,....,n}



We decompose B = (81,8, ...,08,)" and B = (Bﬂ,,@;, o ,B\;)’, where each 8, and Br are

n, column vectors. Note that the Laplacian matrix Ly, is block-diagonal; moreover,
LW = dlag (Lla LQ, c. ,Lq) s

where L, is the Laplacian of the graph G,. We also decompose A = Ay + Ap, where Ay,
and Ap are the adjacency matrix of Gy and G, respectively, and write Dy, = diag (Awt,)
and Dp = diag (Apt,) for the corresponding degree matrices. We have Ly, = Dy — Ay
and Ly = D — Ap. We also relabel the elements of £ such that

EBI{L...,TTLB}, EW:{mB—i—l,...,m},

and correspondingly we decompose B = (B}, By;,), where Bg and By are mp x n and
my X n matrices, respectively, whose rows correspond to edges in Gg and Gy, respectively.

We then have L = B'B = B}, By + BB = Ly + Lp.

Inverse expressions. Notice that, under the conventions from above, P is simply given

by
¢, 0 0
p_ 0 ¢, 0
0 O Ly,

We define the block-diagonal n x n matrix

I, —ni'e ), 0 . 0
-1
M-I _ PH'P— 0 I, — 1y tn,t), 0
0 0 I, — nq_anqL;lq



Some useful relations are H = PP', M* = M, PM =0, P't, = ¢,,, Pt, = Ht,, and
thus also H ' P4, = t,. The various pseudo-inverses that appear in the following satisfy
Li,Ly =M,
(H—1/2L*H—1/2)T (H—1/2L*H—1/2) ~1,- n-1 H1/2LqL;H1/27
(PH'L.H'P)" (PH 'L.H'P)= PH 'P—n"1,.,

(LW + P’H‘lL*H_lP)Jr (LW + P’H‘lL*H_lP) =TI, —n "l (S.4)
where on the right-hand side always appears the projector orthogonal to the null-space of

g yS app proj g P

the respective matrix, e.g. we have Ly M = Ly,. Using that (H*1/2P)Jr = P'H'/? and
the definition of L™ we find that

(P/HAL*HAP)T _ P2 (Hfl/ZL*Hfl/Z)T H-2p — P/Li*nvP_

Proof of Lemma 2. We derive the result for [/3\ first. By applying Theorem 1 to each G,
separately we obtain
B. ~ N (B, o” L)),

for r =1,...,q. Note that we do not rule out n, = 1 (i.e.,, G, may be a graph with one
vertex and no edges), but in this case we simply have BT =B, =L, =Ll =0, so the
result for B\r holds trivially. Independence of the errors w;; across observations implies
independence of Br and BS for all » # s. We thus find B ~ N(8, o* LLV), which is the
result in the theorem.

Now turn to 4. Analogous to the proof of Lemma 1 we can write the minimization

problem for 4 as

5 = argmin (y — ByB — BsP'g)'(y — BywB — BsP'g) + \(¢'P,)*,

gERa
where A > 0 is a Lagrange multiplier. Solving the corresponding first-order condition gives
5 = (PB3;BgP' + A Pu,.,P) " PBjy(y — Byp)
— (PBy;BgP' + \Pu,/,P') " [(PByBzP + \Pu,,P')~ + PBju],
—~ + (PByBgP + AP,/ P)" PBju,



where in the second step we used the model y = By 8 + BgP'vy + u, and we added a
term proportional to A in the square brackets, which is zero due to the normalization of -,
which can be written as ¢/ P’y = 0. Notice that PByBpP' = PLyP’' = L,. However,
compared to the proof of Lemma 1 the difficulty is that, here, the matrices L, and P, P’

do not commute. To resolve this problem we rewrite the last result as
Y—~y=H "> (H PLH "’ +\H *Pi,PH"*)  H '’PBju.

Now, the matrices H~Y2L,H'/? and H"'?Pu,./, P’"H~'/? commute, because the zero

eigenvalue of H~/2L, H~'/? has multiplicity one (as we assume Gz to be connected) with

eigenvector given by H /2Py, namely we have L,H P, = L.1, = 0. Here, we used

H P, = ¢, which follows from the definition of H and P. We therefore have

(H—l/ZL*H—l/Q + )\H—l/QPL L/ P/H_1/2>71 — (H—l/QL H—l/Q)T + l (H—l/ZPL L/ P/H—l/Q)T
nbp * \ nlp

. 1
_ ppl/2 pinv pyl/2 1/2 1/2
— H'2["™HY +WH/LqL;H/,

and the last term does not contribute to 4 — = because we have ¢{, PBy = ¢, B = 0. We

therefore have, independent from the choice of A, that
4 —~ = L™PBju.
Using E(uu') = %I, we thus find
var(y) = o’ L™ PByBg P'L™ = oc*L™ L, L™ = o*L™.

Because 4 — -y is a linear combination of the jointly normal errors it is also normally

distributed, so we have 5 ~ N (v, o2 L'™). This concludes the proof. [ |

PROOF OF THEOREM 7 (GRAPH PARTITIONING)
Throughout the proof we maintain the same notational conventions as for the proof of

Lemma 2. Recall that the variance of @ is 02 L. The variance of the infeasible estimator

based on (5.4) equals o(L!,, + P'L™ P). We show below that
~Zi — (Q+ Q) < L' — (Ll + PL™P) < Z,, — (Q+ Q). (S.5)
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for matrices
Ziow = LI, LgL},,  Zy, := P L™PLgL,LyP'L™P,
and Q := L, Ly P'L™ P. We also establish that
Ziow < kLI, Zyw < kP'L™PLpP'L™P = xP'L™P, (S.6)

and that
1/2

1/2 ,
[v'Qu| < k/? (v'L%v) (v'P' LY Pv)"'", (S.7)
for any v € R". Combining these results yields that, for any v € R,
1t 1/2 rrt ! D/ T inv 1/2
— kv Ly,v — 2K [(v LW’U> ('v PL} P’U)}
< (LT ~ Ll — P’Li*“VP> v <

. , 1/2

ko' PLYPv+ 262 | (vLw) (VPLPo)|
By Lemma 2 this is the result of Theorem 7. It remains only to show (S.5), (S.6), and

(S.7), which we do, in turn, next. [ |

Proof of (S.5). Start with the upper bound. Because Ly > 0 and Ly, > 0, it holds that
0< (L' = PL™P) Ly (L' — P'L™P)
+ (LT — Ll + P’LL“VPLBL&/) Ly (LT — Ll + L@VLBP'LLHVP) .
Expanding those terms, and using that Ly +Lpg = L, and LLVLW = M, and LJLVLWLT =
LLV, we obtain
0<L'LL'4+ PL™PLzP L™P — L'LyP'L™P — P L™PLgL'
—~ML'—L'M + PL™YPL;ML'+ L' MLz P L™P
+ L, - PL™PLsL}, — L\, LyP'L™P + P L™ PLyL!, Ly P'L™P.



Using that L'LL' = LT, and PP L™ PLzP' L™ P = P'L'™ P, and

~L'LpP'LYP + L'MLyP'LI"P = L' (I, - M) Ly P'L™ P
=-L'PH 'PLzP'L"P
= -L'PPH'P,

and also the transpose of the last result, we obtain

0< L'+ P'LYP — (M + PHP)L' ~ L' (M + PH"'P)
+ L}, - PL™PLpL!, - LI, LyP'L™P + P L™ PLpL!, Ly P'L'™ P.

Because M + P'H~'P = I,, we thus find
L'<Ll,+ PL™P— PL™PLpL!, - L, LyP'L™P + P L™ PLyL!, Ly P' L™ P,

which is the upper bound given in the lemma.

Now turn to the lower bound. Introduce
A:=MLzM +PH 'PLzM + MLzP' H'P.
We then have
L=Ly+Lz=Ly+PH 'LH'P+A.
Plugging this in the equality LL' = I,, — n~'¢,t/, we obtain
(Lw+PH 'LLH'P+A)L' =TI, —n"" 1,0},

Bringing AL to the right-hand side, multiplying with (Ly + P’I—I‘lL*H_lP)T from the
left, and using the last equality in (S.4), we obtain

(I, —n ' e) L' = (Ly + PH'L.H'P)" (I, - AL' —n""4,4)) . (S.8)
The matrices Ly and P'H'L,H ' P commute, and we therefore have
(Lw + PH'L.H'P) = L, + (PH'L.H'P)' = LI, + P L™ P.

10



Using this as well as L't, = 0 and (Ly +P’H*1L*H*1P)T t, = 0 we find that the

equation in (S.8) becomes

L'=Li, + PL™P - (LLV n P’Li*“VP> AL, (S.9)
Taking the transpose of this last equation gives

L' = Lj, + PL™P - L'A (L, + PLP).

Replacing L on the right-hand side of the last equation by the expression for LT in (S.9)

we get
L' =L}, + PL™P - (LLV + P’Li*“VP> (A— AL'A) (LLV + P’L;HVP> .
Using the definition of A we obtain
A (Ll + PL™P) = MLy (L}, + PL™P) + PH 'PLyL},.
and the last result on L' can therefore be rewritten as
L'~ (L}, + P'L™P ~ L, LyL}, - Lj, LyP'L™ P — P'L™PLyL},
= (Ll + PL™P) AL'A (L}, + PL™P).

Because LT > 0 the last expression is positive semi-definite, which gives the lower bound

on L' in the lemma. This concludes the proof. [ |

Proof of (S.6). Let
A = diag(\; : ¢ € V, with r such that i € V}),

where we set A\, = 0 if n, = 1. Then LLV < (ADy)"! Also define the symmetrically

normalized Laplacian of Gg?

P\ 12 F\1/2
Sp = (DB> Ls (DB) .
!The diagonal matrix ADy, has non-negative elements but may be non-invertible as, for n, = 1, we

have \; dV =0, with i € V,.. We therefore write (ADy )" instead of just (ADy,) ™"
2Again we write D}, because we may have dP = 0 for some i € V.

11



From Chung (1997, Lemma 1.7) we know \,(Sp) < 2, which can also be written as
Sp < 2I,. We have Ly = D}{>SzD}{?, and thus find Ly < 2Dy

The diagonal matrix Dy/* (ADy, )" DY? has ith diagonal element equal to d?/(\j d!)
for n, > 1,1 € V,, and equal to zero otherwise. From the definition of x in the main text

we thus find

DY?(ADy)' DY? < 21,

Do

and therefore

D}’Li, D}? < D}/? (ADy)! D}J* <

K
<31 (S.10)

: 271 |12 o P\ /2 AN
The matrix Dg Ly, Dyg" is similar to (LW) Dg (LW) , and so they share the same

eigenvalues.®> We therefore have that

1/2 12k
(LLV) Dy (L%) < S, (S.11)
holds.
Using the inequalities Sp < 2I,, and L < 2Dp along with (S.10) and (S.11) we obtain

L, LgL}, <2L!, DpLi,
; 1/2 i 1/2 i 1/2 i 1/2
=2(z) " (Eh) Do (k) (2h)
1/2 1/2
< (L) (2h)

T
Lw,

(S.12)

IN
=

and
LpLi,Ly = D}J’S}*S,*DJ*L},D}/*S,/*S};/>D}/?
< 2Dy?S}/*S58,*D}J?
2 (S.13)
< kD}*S}*8/>D}/?

= I{LB.

These yield the inequalities stated in (S.6). This concludes the proof. |

3Two square matrices M, and M, are similar if there exists an invertible matrix Msy such that M; =

My M, M. Two similar matrices have the same eigenvalues.

12



Proof of (S.7). Recall that

Q=L ,LyPL™P.
Applying the Cauchy-Schwarz inequality (z'y)? < (@'z)(y'y) with = = ngL&,v and
y = L}/*P'L™ Pv, and using (S.6) we find

v'Qu|* < k (v’L%v) (v/(P'L™P)v),

which gives (S.7). This concludes the proof. [
PROOF OF THEOREM A.1 (SECOND-ORDER BOUND)

Proof of Theorem A.1. We start with the lower bound given in the theorem. Let
V, :={i} U[i]; then n, :=|V,| = 1 4 d;. Without loss of generality we fix i = 1 and relabel
the elements of V' so that V, = {1,2,...,1+d;}. Let

di —Lil_
L,:= "], Luy:=Dp - Ap,
/
—tq, Ly

using obvious notation for the d; x d; degree and adjacency matrices in the latter definition.

Now, by the inversion formula for partitioned matrices,

/ —1
1 1 1 taly
° di—d, L, | Lo, Lij—d; "a;ty,

i 6] T [4] d; 7 -1

=1
d; 7L:1i L [0 bd;

Below we show that

(4]

! -1 — 2 ’
d; LdiL[i] La, Ao (di — L:iiL[:.]lde

o [1=2 (146, Lit)| | o2 u Lot (Aup) D (Ao Ll

(S.14)
where L, is the upper left n, x n, block of L, A4 is the upper right n, x n4 block of A,
and Dy is the lower right ny x nyg block of D. To make further progress, note that the

expansion

-1 _ - 14 ! p-1
L' = (D' Au) D

q=0

13



is convergent, because we have ||D[_Z.]1A[i] |loo < 1, where ||.||oo denotes the maximum absolute
row sum matrix norm. We therefore have

> q

UL, =ty Do, + )Y <D[;]1Am> Dy'u,
q=1
> L&Z_D[’ﬂlbdi = Zd;l, (S.15)
Jeli]
q

where we used that ¢, ZZ; <D[;]1A[i]) D[_i]lbdi > 0, because this is a product and sum of
vector and matrices that all have non-negative entries. Define the n, x n, diagonal matrix

D =diag(d;, : j € [i]). We have
Ly — Dy = diag(Apjeq,) — A 20, (S.16)

because diag(Apjtq,) — Aj can be expressed as a sum of matrices of the form

embedded into an n, x n, matrix. We therefore have L[_i]1 < Qil, implying

i

LgliL_ll/di < LéliQ[:-]lLdi = Zc_l]_ﬂl (8.17)

(4]
JEli]

Combining (S.14), (S.15) and (S.17) gives

var(a;) >

o’ [1—%(1+Zjem‘—lj_,il>} o <1 2 2di>
Psen (1= d;7) A=k noonh/)
which is the lower bound stated in the theorem.

To show the upper bound, consider the the graph G := (V, E), with E := E \ [i] x [i].
That is, we construct G by deleting all edges between neighbors of 7 from G. Note that G is
still connected, because all vertices in [i] are connected through i. Let & be the estimator
for a obtained for G , in the same way that & was obtained for G. Let L be the Laplacian
matrix of G. Analogous to (S.16) we have L < L, and therefore L' > L. The result

(S.14) holds for any connected graph, and so can equally be applied to G , we only need to

14



replace var(@;) by var(d;) and L by L. The matrices A,y and D; arc identical for G and
G. However, for G we find f)m = Dy;, because the degree of vertex j is given by d;;, and

_],z'7

we have X[i] = 0, because there are no edges that connect elements in [;]. We thus have

Ly =Dy — Ay = Q[i]' Therefore,
0'2 |:1 - % (1 + L/dZQ[;]]-Ldl>i| N 0.2 LIdiQ[;]l(Ao#)D;gl(Ao#yQ[_ﬂlLdi

/ -1 2 ’
di — g Deq, Ao (di —ty Q[;]lbdi)

and evaluating the right-hand side of the last inequality gives the upper bound on var(a;)

var(a;) < var(q;) <

in the theorem. This concludes the proof.

Proof of (S.14). We prove the following more general result. Let G be connected. Choose
Vo CV with 0 < |V,| < n, and let Vi =V \ V,. Let n, = |V;| and ny = n — n,. Relabel
the elements in V' such that V, = {1,2,... ,n.}. Let a, = (ay,...,Qy,)", L, be the upper
left no x no block of L, A, be the upper right n, X nx block of A, and Dy be the lower
right ny x ny block of D. Then,

LnoL;L L;l +LO_1L"L0L;7, 0-2 — _

[e)

0< [Var(ao) — o2 (LO1 — (Aoy)'Ly"

n

holds.
To show the result, define the n x n matrices
L — L, 0 | A, — 0 Ay
0 Ly (Aoy)” 0
with obvious definition of Ly such that L = L, — Ay,. Because the graph is connected the
pseudo-inverse LT satisfies L'L = I,, —n~1¢,¢/. Plugging L = Ly, — Ay, into this expression
we obtain
L'=L;"' (I, + A,L" —n" ') .
Using the transposed of this last equation to replace LT = (LT)’ on the right-hand side of
that same equation we obtain
L'=L'+L'A L + L' ALTAL —n VLt —n Ly Al LY
=L '+ LA L + L' AVLYALL, —n P L e, — n el L
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where in the last step we have used that L, YAy, = t,, which follows from 0 = L, =

(Ly, — Ayp)t,,. Evaluating the last result for the upper left n, x n, block gives
(LMo = L3" + LT (Ao ) (L) 4 (Acy) LT = 07 L en b, — 7 byt L3

with obvious definition of (LT),. We obtain the result searched for for var(a,) = o(L"),
by also using 0 < (L')y < A;'D,". This concludes the proof. |

S.2 Component estimators from graph partitioning

Here we strenghten the result of Theorem 7 by showing that the estimator @ is close to
the (infeasible) estimator E + P’ when « is small. We also provide a corresponding result

for the feasible version ,@ + P’~, where

~ ~ 2 a
¥ 1= arg min (yg — (Bi + 9r0) + (B; + grm)) st Y ng =0
(ivj)eEB r=1

Our focus in the main text is on the infeasible estimator. This is so because we use it as
a devise to analyze the variance of &, and 4 is independent of B\ while its feasible version
is clearly not. If an alternative estimator to & is desired, ,@ + P'~ will obviously be of
interest. Note, however, that var(a;) < Var(,[; + P’4) by the Gauss-Markov theorem (this,
in fact, yields the upper bound given in (S.5)).

The following theorem is the main result of this section.

Theorem S.1. Let G and G, ...,G, be connected. Fori € V define r;, R; € R by

az':gi+§r(i)+7"z‘, ai:Bi—i_;)\/r(i)‘i‘ri‘i‘Ri-
We then have
E(r2) < [var(B) +var(Fo)| E(R?) < nvar(Fig).

The theorem shows that, if x is small, then the differences between &; and f)’\z + Yr(iy, and

between &; and Bri-ﬁr(i), are both small compared to the stochastic variability of Bl and 7,;)
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themselves. Thus, the result of Theorem 7 generalizes from the variances to the estimators
themselves.

The result (and its proof) also immediately extends to a setting as in Theorem 4,
where the errors u;; can be non-normal, heteroscedastic, or correlated. One only needs to
replace var(8;) by a2(L}, )i and var(9,(;) by @*(L™),,, where 52 is a bound on the largest

eigenvalue of E (uu’).

Proof of Theorem S.1. In vector notation the estimator decompositions reads
a=p3+P3+r, G—B+PY+r+R

Analogous to the proof of Lemma 1 and Lemma 2 above we can use the first-order conditions
of their respective minimization problem to obtain explicit formulas for ﬁ, v and 4. We

thus find
r=CY, C = (L'B -L|Bj - PL"PBj+ PL"PLyL|,Bj),
and
r+R=CY + PL™PLy3,  C,= (LT B — Li,B}, — P’Li*“VPBjB> .
It is easy to verify that C;B = 0 and CyBa + P'L™ PLg3 = 0, and therefore
r=CU, r+ R = CyU.
Using this we find

o E (rr') = C,C;
= L'+ L, + PL"™P+ PL™PLyL},LyP' L™ P
— P'L™PLsL}, — L}, Ly P'L' P
< LI, LpLl, + PL™PLRL},LyP'L'™P

<K (L;V + P’L;nVP) — K [var(é) +var (P"Ay)} ,
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where in the second to last inequality we used the lower bound for L' in (S.5) above, and
in the last inequality we used results from the proof of Theorem 7. We have thus shown

the result for E(r?) in the theorem. Similarly we find

0'_2E (RR,) = (Cl — Cg)(cl — CQ)/
= P'L'™PLpLl,LyP' L™ P
< kP'L™P < k var (P"?inf) ,

which implies the result for E(R?) in the theorem. This concludes the proof. [
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