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Abstract

In this paper, we propose a kernel-type estimator for the local characteristic function of locally
stationary processes. Under weak moment conditions, we prove joint asymptotic normality for local
empirical characteristic functions. For time-varying linear processes, we establish a central limit
theorem under the assumption of finite absolute first moments of the process. Additionally, we
prove weak convergence of the local empirical characteristic process. We apply our asymptotic
results to parameter estimation. Furthermore, by extending the notion of distance correlation of
Szekely, Rizzo and Bakirov] (2007)) to locally stationary processes, we are able to provide asymptotic
theory for local empirical distance correlations. Finally, we provide a simulation study on minimum
distance estimation for a-stable distributions and illustrate the pairwise dependence structure over
time of log returns of German stock prices via local empirical distance correlations.
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1. INTRODUCTION

The classical theory of characteristic functions (CFs) provides a powerful methodology to
uniquely determine probability distributions of random variables and to characterize their
properties. For an R%-valued random variable X on a probability space (£, A, P), its CF
px is defined via the inverse Fourier transform of P, i.e.

vx(s)=FE (ei@’&) = /Qei@’&dP, s e RY, (1.1)

where (a,b) = >°F | a;b; for a,b € R¥. Note that due to |¢X)| = 1, the CF of a random
variable X does always exist. Hence, CFs are bounded and uniformly continuous. See
e.g. \Ushakov| (1999)) for general results on CFs. In particular, the definition of CFs does
not require any moments of X to be finite. Nevertheless, the existence of moments of X
translates nicely into smoothness of the CF in the origin. Several other features of the
distribution PX of X indeed can be nicely described with the help of ¢x. For example,

stochastic independence of the components of a random vector X = (X7,..., Xy)" is equiv-
alent to the fact that the joint CF ¢x of X equals the product of the marginal CFs ¢y, of
X;,i=1,...,d. That is, under independence, we have

d d
px(s) = B (¢0) = [T B (e"X) = [[oxi(s0), s=(s1,...50) €RL (1.2)
i=1 i=1
In general, the CF of a random variable X is a complex-valued function, but of particular
interest is the case, where the CF is real-valued. A vanishing imaginary part of the CF
translates to symmetry of the distribution of X, i.e. PX = P~X. By exploiting such
properties of CFs, several meaningful tools have been provided in statistical literature to
investigate distributional features of data and to analyze independence or symmetry; see
e.g. [Bakirov, Rizzo, Székely (2006) or Leucht| (2012)) and references therein. In particular,
parameter estimation methods based on empirical characteristic functions (ECFs) are very
promising if the corresponding densities are complicated and higher order moments do not
exist since classical maximum-likelihood estimation or method-of-moments can hardly be
applied. CF based approaches have been considered, for example, by [Press| (1972)), Hoptner
and Rischendorf (1999) or |[Xu and Knight| (2010). Corresponding statistics are based on
the ECF computed from the data. With data X,..., Xt at hand, the ECF of X is defined
by

1 &
@X(§) — T Zel<§,it>’ § 6 Rd (13)
t=1

The common approach to quantify dependence between random variables X and Y is to
look at linear dependence measures such as covariances or correlations. Such measures
might be misleading for certain statistical inference procedures as any dependence struc-
ture beyond the linear one will not be captured. That is, in general, i.e. without assuming a
Gaussian distribution, covariances and correlations are suitable only to characterize uncor-
relatedness, but not independence. Furthermore, these linear dependence measures require
the second moments of random variables X and Y to exist, which may turn out to be too
restrictive in practice. Moreover, at least fourth moments need to exist to derive central
limit theorems (CLTs) for sample covariances or sample correlations.

In financial time series literature, the class of GARCH models is a prominent example
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of time series processes, where uncorrelatedness and independence do not coincide and mo-
ment conditions are indeed restrictive; compare e.g. Francq and Zakoian (2010), Section
2.4.1 for the number of existing moments of a GARCH(1,1) process. In fact, when GARCH
models are fitted to financial data, the resulting models usually tend to have only very few
finite moments. Motivated by such observations, [Szekely, Rizzo and Bakirov| (2007)) pro-
posed an (unsigned) measure of dependence coined distance correlation; see also |Szekely
and Rizzo| (2009). For two real-valued random vectors X and Y of dimensions p and g,
respectively, their idea is to exploit the equivalence of stochastic independence and prop-
erty to consider a weighted Ly-distance between the joint CF ¢y yry((s],85)") and
the product of the marginal CFs ¢x(s1)¢y (s2). More precisely, they define the distance
covariance Vy y by

2
V)2(,Y = /Rpﬂ ‘@(g,x’)'((ﬁﬁélz)/) - <P£(§1)<PZ(§2)‘ w(sy,82) dsy ds,, (1.4)
where w(-,-) is a (non-integrable) weight function defined by
1
w(sy, 52) = (cpeqlsi3™]s23™) . s ERPA{0}, 55 € RT\ {0} (15)

with ¢y = 7(179/2/T((1+d)/2). The distance correlation Rx y is then easily deduced from
(1.4) and defined as

Viy 252
= ViV >0,
Rg(y: VVIVE X7y (1.6)
0, VIVZ =0,

where Vx := Vx x. This leads to an unsigned measure for dependence R with0 < Rxy <1
and such that Rxy = 0 is equivalent to X and Y being independent. Due to the specific
choice of the weight function w in , it holds that R is scale invariant; see |Szekely,
Rizzo and Bakirov (2007, p. 2771). In [Szekely and Rizzo| (2012), the authors show that
the choice of w is essentially unique to maintain certain properties of V that eventually
lead e.g. to the desired scale-invariance of R. Affinely invariant versions of distance cor-
relations have been studied in Dueck, Edelmann, Gneiting and Richards| (2014). With
data ((X},Y}),..., (X%, Y"%)) at hand, sample versions of V and R are defined by just
replacing the CFs ¢ by ECFs ¢ in and , respectively. Under mild assumptions
of existing first absolute moments in an independent, identically distributed (i.i.d.) setup,
Szekely, Rizzo and Bakirov| (2007) show almost sure convergence of these empirical quan-
tities to their theoretical counterparts V and R, respectively. Furthermore, they provide
some limiting results that allow to construct tests for pairwise independence of X and Y.
Zhou (2012) employed the concept of distance correlation to measure nonlinear dependence
in time series by considering auto-distance correlation. In a recent paper, [Davis, Matsui,
Mikosch, and Wan| (2016) provide general asymptotic theory for distance correlations of
stationary time series.

Whereas most of the classical theory on CFs was originally developed for the case of
i.i.d. random variables, many results have been established more recently also for station-
ary time series processes; see e.g. |Leucht| (2012), |Knight and Yu (2002)) or [Yu| (2004) for
a review. However, in practice, it is rather unlikely to observe real time series data from
a perfectly (strictly) stationary data generating processes (DGP), that is, whose entire de-
pendence structure is invariant as time evolves. Also such an idealized stationary model
may not be suitable at all to describe the data at least approximately. To approximate non-
stationary processes locally (on segments) by stationary processes goes back to Priestley
(1965), who proposed time series with evolutionary spectra representation. In a series of
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papers, |[Dahlhaus (1996albl [1997) proposed the notion of local stationarity and provided an
asymptotic (in-fill) framework that allows for meaningful and rigorous theory; see Dahlhaus
(2012) for a recent review of the state-of-the-art. Locally stationary processes are indeed
globally non-stationary, but locally they can be sufficiently well approximated by stationary
processes. By rescaling the data to the unit interval and executing in-fill asymptotics, it is
assured that locally more and more data is observed, which allows e.g. consistent estimation
of model parameters. One common way in the literature is to define locally stationary pro-
cesses (X; 7){_;, T € N, via a linear MA(co) representation with time-varying coefficients,
that is,

(o9}
Xt,T:M<;v) + Z At,T(j)§t7j7 = 17"'7T7 (17)
j=—00
where (g¢)icz is some d-dimensional noise process and (A;7(j))i,, j € Z, are coefficient
matrices smoothly varying over time. We make use of the concept and define d-variate
linear locally stationary processes in Section [2|, where we provide also detailed assumptions
used throughout this paper.

So far, many results for locally stationary processes are based on spectral methods and
therefore require the DGP to have at least finite second moments. In particular, this as-
sumption might be violated for financial time series. In view of the far reaching statistical
application possibilities of CFs, the main purpose of this paper is to extend the existing the-
ory for strictly stationary processes to the case of locally stationary processes in the sense
of . To extend the applicability of statistical procedures (as e.g. distance correlations
or minimum distance estimation) established for the stationary case to this more general
setup, we define the CF of locally stationary processes and propose a suitable kernel-type
estimator generalizing and , respectively, to the locally stationary case. In a
second step we investigate asymptotic properties of the newly proposed estimator.

The paper is organized as follows. In Section [2] we present the basic notation of locally sta-
tionary processes, which allows us to define corresponding versions of the CF and the ECF.
We provide regularity conditions imposed on the locally stationary process and deduce from
these some important preliminary results that will be used frequently throughout this pa-
per. Asymptotic theory for the kernel-based local ECF is provided in Section |3 where we
first provide explicit formulas for the bias and for covariances of local ECFs. Based on these
results, we are then able to prove a CLT as well as process convergence for local ECFs. In
Section we apply our results to derive theory for time-varying parameter estimation in
locally stationary models, and in Section we define local (auto-)distance correlations
and prove consistency results. In Section [5] we provide a simulation study on two estima-
tion procedures for a-stable distributions and illustrate the pairwise dependence structure
over time of log returns of German stock prices via local empirical distance correlations.
All proofs are deferred to Section [6]

Finally, let us fix some notation. Throughout the paper, we underline vector-valued quan-
tities. Moreover, Z denotes the (entry-wise) complex conjugate of a matrix Z and X’
indicates the transpose of a vector or matrix X. Let |- |; denote the "max column sum
matrix norm”, i.e. |M|; = maxj<j<, Sorq [m®9)| for some (n x 7) matrix M = (m(9).
Further, let |[M||; := E(|M|;) be the matrix-valued L'-norm. For n-dimensional vectors
v = (v1,...,v,), its pnorm |- [, is defined as usual as |- |, := (327, [v;|P)1/P. Note that
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the matrix norm | - |y is submultiplicative and it coincides with the usual 1-norm for n-
dimensional vectors, i.e. for r = 1. For x € R, let |z| be the largest integer smaller as or
equal to z € R and (-,-) denotes the Euclidean inner product. Let Rz and Sz denote the

real and imaginary parts of x. With i, we denote convergence in distribution and with LS
stochastic convergence.

2. EMPIRICAL CHARACTERISTIC FUNCTIONS FOR LOCALLY STATIONARY PROCESSES

2.1. Setup and preliminaries. Throughout this paper, let (X t7T)f:1 be a d-variate time
series process that has a time-varying MA (co) representation. That is, we have

t o ,
Xor=p (T) + Z Avr(5) €—jo (2.1)
j=—00
where pu(-) = (p1(+), - - -, ta(-))" denotes a d-dimensional time-varying mean function, (A; 7(j))jez

are (d x d) coefficient matrices and (g;)¢ez is a sequence of i.i.d. centered random vectors.

Of course the components of the coefficient matrices A; 7(j) have to decay sufficiently fast
as |j| — oo to assure existence of the process. In order to establish a meaningful statistical
methodology, we require also the coefficients to vary slowly over time. More precisely, we
make the following assumptions on the process (X t,T)thl.

Assumption 2.1 (The process).
The process (X, r){—1, T € N, is of the form (2.1]), where
(i) (g4)tez is i.i.d., mean zero and satisfies Eleg|1 < oo,
(ii) for some k € Ny it holds:
(ii.1) Eleol¥ < o0.
(ii.2) There exists a real-valued, deterministic sequence (1(j))jez with 3 ez, FA() <
oo and a constant B < oo such that

B
sup |A N < —. 2.2
t,jl?| t,T(])}l = l(]) ( )
Further, for each j € 7 there exists an entry-wise k-times continuously dif-
ferentiable function A(-,4): [0,1] — R¥? such that for all p,q = 1,...,d and
s=0,1,...,k, we have

*a P9 (u, §) ‘ (t >
sup | ——— 2 < —  gnd supT|A ) — Al =,J < — 2.3
P e | S ST O A ) =gy @Y

where A(u, j) = (a®9(u, j))pg=1,..a and A (u, j) = 5 A(u, j) = (F:aP9(u, §))pg=1,...a
(ii.3) Each component of p is k-times continuously differentiable.

B B

The construction with A; 7(j) and A(t/T, j) appears to be unnecessarily complicated. How-
ever, A(t/T, 7) is needed for rescaling and to be able to impose smoothness conditions, while
A; 7(j) makes the class of processes rich enough; compare Dahlhaus (2012). For instance,
a broad class of time-varying autoregressive (tvAR) processes of the form

Xth = Tt,T(l) Xt—l,T —+ -+ rt,T(p) Xt—p,T +ée, t= 1, ... ,T,

is included. |Cardinali and Nason| (2010) coined the term close pair for (Ayr(j), A(t/T,7)).
Moreover, note that continuity and differentiability conditions on [0, 1] in Assumption
shall be understood in the one-sided sense at the boundary points.
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As an immediate consequence of Assumption we get from (2.3) by straightforward
calculations

dB
sup |A(u,j)|, < ——. (2.4)

u€l0,1] ’ ’1 1(4)
As discussed in Section 4 of Dahlhaus| (2012), Assumption forms a classical set of
conditions for statistical inference based on local estimators for locally stationary processes.
The basic idea is that in some neighborhood of a fixed time point u = ¢/T", the process

(X t,T)le can be locally approximated by (strictly) stationary processes (X,(u))iez given
by

o0
Xy(u) = H(“) + Z A(“J)ij- (2.5)
j=—00
Note that this equation indeed has a strictly stationary solution under Assumption [2.1] for
each fixed u. The following lemma provides results which will be used several times in the
remainder of this paper. In particular, the uniform decay of the covariances of the CFs of
(X, (u))sez as well as the approximation of X by Xy(t/T) are quantified.

Lemma 2.1 (Preliminary consequences of Assumption 2.1).
Suppose that Assumption holds true for k = 0.

(i) Then, for all (u1,s,), (ug,s5) € [0,1] x R? and h € Z, we have

sup  |Cov(exp (i a1, Zn(u)):exp (i {52, Ko (ua))

< 2d(sih +soln) ol Yo

B
stz 1)

(ii) It holds

- 1 > B

sup || X, p— X,(t/T)| < =-|e — =0(T™).

1§t£TH7t’T X,(t/ )Hl =T H70H1 j:z_:oo 1(7) ( )

(iii) Suppose now that Assumption holds true for k = 1. Then, for all u, w € [0, 1]
and all h € Z, we have

X5 (0) - Xp(w)], < d (L+ leoll - Y- lfj)) Ju—wl

for some L < oo.

Remark 1.

There are more general definitions of locally stationary processes as e.g. proposed in [Vogt
(2012) that go beyond the linear representation in . However, we stick to the framework
of linear locally stationary processes of to avoid causality of the process as well as
high-level assumptions. Nevertheless, we expect results similar to those displayed in Lemma
to hold e.g. under physical dependence-type conditions (as used e.g. in|Zhou! (2014)) or
other weak dependence assumptions as these allow for similar proof techniques.
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2.2. Local CF and ECF. We denote the CFs of X (u) and Xy by ¢(u,-) and ¢y 7(-),
respectively, i.e. we define the close pair of characteristic functions by

for all s € R?. For fixed u and fixed pair (¢, T), ¢(u, ) and ¢; 7(-) can be interpreted as local
characteristic functions of the corresponding time series (X ¢(u))¢ and (X, )¢ at rescaled
time w and t/T’, respectively. The next lemma shows that ¢, 7(s) can be approximated
(uniformly) well by ¢(t/T), s).

Lemma 2.2 (Uniform approximation and derivatives of local CFs).

(i) Suppose Assumption holds with k = 0. Then, for any S € (0,00) there exists a
constant C < oo such that

C

sup

s€[~5,5)4, 1<t<T - T

orr(s) — @ (;s) <

(ii) Let Assumption hold for some k > 1. Then, ¢ has continuous derivatives up to
order k with respect to (w.r.t.) its first argument, that is, for all u € [0, 1],

. Y ‘
@(J)(U;ﬁ):w(’o(u7§), j:o,“‘7k7

exist.

If we had observations X, (u),...,Xp(u) of the process (X,(u))cz at hand, a natural
estimator of ¢(u, s) would be the usual empirical CF from (1.3]), that is,

~ 1L =
95 (ua §) = T Z el<§7zt(“)>,
t=1

but the process (X,(u))scz cannot be observed. Of course, the CF of the variables that
form the locally stationary process (X uT);f:l, T € N, varies smoothly by Assumption
with the indices ¢ and T'. Therefore, the idea is to approximate the CF of X,z by its
local sample analogue, that is,

1 & t :
N _ !'( o ,L<§’Xt7 >
Plus8) = T; b(T u) ette: o), (2.7)
where Kjp(-) = K(-/b)/b for some kernel function K and b is a bandwidth parameter.

To derive asymptotic theory for the local ECF defined in (2.7), we make the following
assumptions concerning the kernel K and the bandwidth b.

Assumption 2.2 (The kernel).

(i) The function K: R — [0,00) is symmetric, non-negative, and Lipschitz continuous.
Moreover, [ K(u)du =1, and K has compact support [—1,1].

(ii) The sequence of bandwidths b = br is non-negative and satisfies b — 0 and Th? — oo
as T — oo.
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This assumption is standard in nonparametric statistics. All asymptotic results below
remain valid under weaker assumptions on K. For the sake of notational simplicity, we
stick to Assumption Note that Assumption implies that it holds for all m > 0

1 & m 1 X T_ . i
PRl ol e o o e

since all summands with [¢/T — u| > b vanish and since there are at most |[207| + 1
summands with [¢/T —u| < b. Assertion ([2.8]) will be used multiple times in the remainder
of this work.

3. ASYMPTOTIC THEORY FOR THE LoCAL ECF

In this section, we derive asymptotic results for the local ECF. First, in Section 3.1 we
derive explicit expressions for bias, variance and covariances before we provide CLTs and
process convergence for the local ECF in Sections [3.2] and [3.3] respectively.

3.1. Bias, Variance and Covariances. Under different sets of assumptions, we get the
following representations for bias, variance and covariances of our kernel-type local ECF
@(u, s) as defined in ([2.7)).

Lemma 3.1 (Bias, variance and covariances).
Suppose Assumption holds with some k > 1 to be specified further below and Assump-
tion is satisfied. Let (u,s), (u1,8;), (uz,s5) € (0,1) x RZ.

(i) If k > 1, we have

|G 2) ~ gt )] = 00) + O(07) ). (3.1)
(ii) If k > 3, we have
E(p(u,5)) — o(u,s) =" - B(u,s) + O((bT) ™) + O?), (3-2)

where B(u,s) = (1/2) [1) K(x)2? dz - P (u, 5).
(iii) If k > 1, we have

Cov(@(u1, 1), P(ua, 53)) = (bT) " V((ur, 81), (uz, 59)) + o((bT) ™), (33)
where
V((U1,§1), (u27§2)) (34)
1 o _ "
]l{ulzug} : / 1 K2($) dx - Z COV(eXp (Z <§17Xh(u1)>)7 exXp (Z <§27X0(u2)>))'
- h=—o00

If §(u1, s1) and P(ug, sy) are replaced by their real or imaginary parts, a result ana-
logue to remains true, as long as exp (i (s;, X;,(u1))) and exp (i (s9, Xo(uz)))
are also replaced in in the same way by their real or imaginary parts, respec-
tively. See also the notation below in .

Note, that V' ((u1, 1), (uz,s5)) is well-defined and finite for all (u1,s;), (uz,s5) € [0,1] x R?
by Lemma [2.1](i) since

i Cov(exp(i<§1,Xh(U1))),€Xp(i<§27X0(U2)>))

h=—o00



> B
< Y0 (sl +lsal) el Yo

h=—oco |j|>uh/2u (7)

< 8dB(Is1]1 + Is2l1) llolls D \J\ﬁ < 00.
l7]>0

In the following section, the results above will be invoked to establish a CLT for the real and
imaginary parts of the estimator ¢(u, s). In particular, we will use the following notation:

Cov(RP(u1, 51), RP(uz, 55)) = (V1) ™" Vem((us, 51), (u2, 59)) + o((bT) ),
Cov(I@(ut, 51), 3P(uz, 55)) = (V1) ™" Vag((u1, 51), (u2, 55)) + o((bT) ), (3.5)
Cov(RP(ut, 51), 3P(uz, 55)) = (V1) ™" Vg ((us, 81), (u2, 5)) + o((bT) ),
Cov (3P(ur, 51), RA(uz, 55)) = (bT) ™" Var((u1, 81), (uz, 55)) + o((6T) ),

where Vag((u1, $1), (u2, S)) ete. are defined analogue to V' ((u1, s;), (u2, s9)), but with exp(i-)
replaced by cos(+) and sin(+) according to real and imaginary parts used, respectively.

3.2. Central limit theorem. The following theorem states results for the joint limiting
distribution of local ECF of the marginal distribution of (X t?T)thl, T e N.

Theorem 3.1 (CLT).
Suppose Assumption holds with some k > 1 to be specified further below and Assump-
tion is satisfied. Let J € N and (uj,s;) € (0,1) x R j=1,...,J.

(i) If k > 1, we have

R(o(uj,s;) — E(P(u;,s;

VAT | | f(] i) (f(J MY 4 N(0, V), (3.6)
S (P(ug,55) = E(@(uj,55))

where V.= (V(m,n))mn=1,..7 is a (2J x 2J) block covariance matriz with

_ V%W((umaﬁm)v(umﬁn)) VW%((uTQO)v(umﬁn))
Vim,n) = (vsm<<un“sn»,<un,sn» vss<<un”sn»,<un,sn»>

(i) If k> 1 and b®T — 0 as T — oo holds, we have
R(p(u;,s:)— plu;,s;
NG SOt P ) RO TRY) (3.7
3 (Puy,55) = oluj, 85)
(iii) If k > 3 and bT — C? as T — oo for some C € [0, +00), we have

VAT ((% ESO(“]’ £5) = luss, g) J) L N(CB, V), (3.8)
S (P(uj,s ] o(uj, s j -
)s -

where the bias vector B = (B(u1,s1), B(uyg,s;5)) can be obtained from the results

of Lemma [3.1(ii).

The CLT is not directly applicable if one aims to estimate the joint local CF of lagged
variables X, p and X, }, 7, say. However, the latter result can be deduced as a corollary. We
provide a counterpart to (ii) of Theorem in the next section, where we additionally show
weak convergence of the corresponding process on any compact hyperrectangle [—S, S]d
(holding u fixed); see Corollary below.
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3.3. Weak convergence of the local ECF process. Starting from |Csorgo (1981)), there
exists a wide range of articles considering the limit behavior of the (multivariate) empiri-
cal characteristic process in the case of a stationary DGP. As indicated there, one can in
general not expect convergence on the whole real line but only on compact intervals that
may increase with a certain rate as the sample size grows. We intend to generalize these
results to locally stationary DGPs since they are very useful for statistical applications;
see Section [4f While |Csorgd (1981) provides a necessary and sufficient condition for weak
convergence if the observations are i.i.d., we give a sufficient condition only. This is due to
the fact that we allow for dependent observations.

We will verify distributional convergence of the real and imaginary part of the Iocal ECF
process defined as

{VIT(@(u,5) — o(w )} oo,
for any fixed S € (0,00) and any fixed u € (0,1). Obviously, convergence of the finite

dimensional distributions (fidis) is an immediate consequence of Theorem [3.1{(ii) if > 7' — 0
as T — oo. It remains to prove tightness. As

s VOT (E@(u, s) — ¢(u, s)) = O(VBT) + O((bT)~1/?)
se[-S,5]4

tends to zero if b3T — 0 due to Lemma (i), for such choices of bandwidths, it remains
to show tightness for the real and the imaginary part of

(VT (@(u,3) ~ E@(u,5)}

s€[-S.8]4°

It turns out that the situation can be simplified even more, since this quantity can be
approximated using the stationary accompanying process.

Lemma 3.2.
Suppose that Assumption holds true for k =1, Assumptz'on holds and that b>T — 0.
Then, as T — o0,

E ( P VOT |3(u,s) — E@(u, s) — [(u, s) — E«E(%S)H) — 0,

where $(u,s) = % STy Ko (4 —u) exp(ifs, X, (u))).

In comparison to the results in Sections [3.1] and we obtain tightness of the real and
imaginary part of the stationary approximating local ECF process under a slightly more
restrictive moment condition of ||gg|145 < oo for some § > 0 if the coefficients of the
stationary accompanying process Xt(u) decay sufficiently fast. More precisely, we get the
following result.

Lemma 3.3 (Tightness).
Suppose that Assumptz'on holds true for k =1, Assumptz'on holds, and that b*T — 0.
Further, assume that ||gg|[14+6 < 0o for some ¢ € (0,1) and that 352, ™ /1(j) < oo for some
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m > 144/(35). Then, for all A > 0, we have for any S € (0, 00)

R (VAT (B(u,51) = EG(u, 1)) — [VBT (8w, 35) — E@(u, 55))] ) \ > A} 0,

lim lim sup P{ sup

m=0 Too $1,8,€[—5,8]4
sy —8gl1<r

lim lim sup P{ swp (S (VT (1) — Bp(u, 1)) — [VIT(3(u, 55) — B(u, 55))] ) ’ > A} —0.

m=0 Tooo 51,8,€[—S,5]4

|3y —8g1<r

(3.9)

From the previous lemmas we can conclude convergence of the local ECF process.

Theorem 3.2 (Process convergence).

Suppose that Assumption holds true for k =1, Assumption holds, and that b*T — 0.
Further, assume that ||ggll14+s < 0o for some 6 > 0 and that 32724 j"/1(j) < oo for some
m > 1+4/(38). Then, it holds for all u € (0,1) and all S € (0,0),

i (R (P(u, s) — p(u, 5)) d
bT( N ’ —{Z(u, s . 3.10

T (3G~ e ersge | Pl sciss (3.10)
where {Z(u, 8)}sc[-s,5)4 15 a centered Gaussian process with continuous sample paths, zero
mean and covariance function V, given by

V(u,s) = (Vm,m(u,s) Van, (u,s))

Here, convergence holds w.r.t. the uniform norm.

Remark 2.

One can obtain functional CLTs generalizing Theorem [3.1(i) and (iii) in a similar manner.
Since most statistical applications require results of the type (3.10)), we focus on this result
only.

The local ECF @(t/T), ) as proposed in is designed to analyze the marginal distribution
of the process (X. t7T);*F:1 by estimating the corresponding local CF ¢(t/T,-). In particular,
it is not perfectly suitable to analyze the joint distribution of e.g. (Xj7, X}, ) 7))
First, note that the bivariate process does not directly satisfy Assumption even though
(X th)thl does. Still, under some regularity conditions on p and (A;r(j));ez, it holds

1

X [t -
:&@T:<XLT):M(T>+ X:Aﬂgﬁ%j+0PQJ

X grhT e

2 (7) = Gm) - A= (57 agGan)e e a= ()

Second, if one would naively apply our estimator @y to (Xt’th)tT:_lh , we would give more
weight to the observations with index close to ¢ than to observations with index close to
t + h due to the properties of the kernel K. To obtain better finite sample results, we
propose to use

with

1< i+ h/2 :
on(u,s) = T ZKb(_FT/ - u) e Xenr) g e R (3.11)
t=1
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instead, where we added the term h/2 in the kernel above to estimate
on(u, s) = Bl Xon@) — geits, Ko Xy

from those X; ;- and X, 7, where u is near to the middle of ¢ and ¢ + h, which is ¢ + h/2.
In general, ¢, (u, s) can be interpreted as a local lagged CF. Although Theorem can not
be applied directly to @, we obtain a similar result for the modified estimator with the
same arguments as before.

Corollary 3.1 (A functional CLT for lagged variables).
Suppose that the assumptions of Theorem[3.9 are satisfied. Then, for all fived ho € Z ,

R (Pno(u,8) = ¢no(u, 5)) d o
{\/ﬁ (S (@ho(u; 8) — g (u,s))) }se[—S,S]d — {Zno( 77)}§e[_575]d ; (3.12)

where {Zn, (u, 8)}sc—g,5)¢ 15 a centered Gaussian process with continuous sample paths, zero
mean and covariance function Vy,,. Here, Vy, is defined similar to 'V in Theorem@ with
Xp(u) and Xo(u) in Lemma (m) substituted by (X, (w), Xp 1, ()" and (Xg(u), Xp, (u))’,

respectively.

4. APPLICATIONS TO STATISTICS

In this section, we exploit the theory derived in the previous section for the local ECF. We
use it for the purpose of parameter estimation in Section and apply it to the concept of
distance correlation in Section [£.21

4.1. Parameter estimation.

4.1.1. Parameter estimation in a-stable distributions. The univariate stable distribution
with location parameter p € R, characteristic exponent a € (0, 2], skewness parameter
B € [-1,1], and scale parameter v > 0 is determined by the CF

Py (s) = exp {ips —7|s|* [L +ifsgn(s) f(s,0)]}, s €R, (4.1)
with
tan (%) ifa#1
2 Jog |5 ifa=1

f(s,oz):{

This class includes normal distributions (¢ = 2) and Cauchy distributions (o = 1 and
B = 0) as special cases. In this sense, light and heavy tailed distributions are contained in
this class of distributions. Moreover, also asymmetry can be modeled if & < 2 and 3 # 0.
Therefore, this parametric family is very appealing to model economic and financial data;
see e.g. Borak, Misiorek, Weron| (2005, Section 1.2.6) for a critical discussion. This class
turns out to be especially suitable for linear locally stationary processes in the following
sense. Suppose that the innovations have a (time-invariant) CF () (s) = ¢g 45 (s) with
o > 1, then (@9 (s) = ©0,a,sgn(a)B,|a|*~ (8) Which in turn implies that the process (Xi(u))iez
defined in has a time-varying CF

P(u,8) = 07 G, B 7w () (4.2)
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with N
a(u) = «,
stgn (u, 4) |AUJ|/Z
j=—00 j=—00
=~ Z
j=—00

Hence, X;(u) also admits a stable distribution with parameters a(u), fi(u), 5(u) and (u).
Fitting stable distributions to data requires suitable parameter estimators. Due to the lack
of closed form representation of the density and the cdf for many parameter values, the
application of classical maximum likelihood methods can only be carried out numerically.
Moreover, higher order moments do not exist if @ < 2 such that the classical method of
moments cannot be invoked. Therefore, procedures relying on the (empirical) CF seem to
be more appealing. We introduce two methods in the present and the following section.

In this section, we adapt the plug-in estimators proposed by [Press| (1972) and references
therein in the classical i.i.d. set-up. This approach has the great advantage that it pro-
vides closed-form estimators for all four parameters simultaneously, which is not the case
for maximum likelihood estimators and the minimum distance estimators discussed in the
following section. Based on our results on the ECF under local stationarity, we generalize
their results to univariate processes satisfying Assumption 2.] with & = 1. Note that the
assumption of a finite first moment is equivalent to « > 1 in the stable family. We adapt
the plug-in approach of |Press (1972) with a > 1 and assume v > 0 to assure identifiability
of all parameters. Solving ]cpﬁ(u) aw) Bl q(u)(s)\ = exp(—7(u)|s|*™) for non-zero values s;

and sg with |s1] # |s2| gives in complete analogy to (2.1) and (2.2) in [Press| (1972) plug-in
estimators for the characteristic exponent

o |8 Ews)l |

10g|g0 u,82)
4.3
el o )

a(u) =
and for the scale parameter

5 (u) = exp (10g181!10g(—10g\95(u, s2)|) — log |s2|log(—log [ (u, 81)!)) (4.4)
log|s1| — log |s2] ’ )

We rely on the imaginary part of the logarithm of the CF, denoted by ¥ (u, s) = arg(¢(u, s)),
in order to establish estimators for S(u) and ji(u). Again in complete analogy to [Press

(1972), we obtain
‘84|a(u 11/1(u s3) — |ss |a(u) 1w(u 84)

fi(u) = (4.5)

|54’au ‘83|o¢(u) 1
and
_ ¢(u733) _ 1[)(1/,,84)
B(u) = _ =3 - (4.6)
(Isal00=1 = |s5[200=1) (u) tan(ra(u)/2)
for non-zero values s3 and sy with |s3| # |s4] which might coincide with s; and sy. In
particular, note that 3 is not identifiable in the normal case, i.e. for o = 2.

To establish the corresponding estimators fi(u) and B(u), we substitute in and ([4.6)
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the unknown parameters & and 4 by their estimates from (4.3)) and (4.4)), respectively, and
it remains to establish the empirical counterpart of ¥ (u,s). Again applying the plug-in
principle, we obtain

¥(u, s) = arg (@(u, s)) -
Consistency of the parameter estimators follows as a corollary of Theorem

Corollary 4.1 (Consistency for plug-in estimators).
Suppose that Assumption with k = d = 1 and Assumption hold true and that
b¥T — 0 as T — oo. Moreover, assume that X;(u) has a stable distribution with parameters

plu) € R, a(u) € (1,2), B(u) € [-1,1] and F(u) > 0, u € (0,1). Then
(A(w), &(u), B(w), A (w) > (u(u), a(w), Bu),3(w) Vu € (0,1),

Remark 3.

(i) Asymptotic normality of the estimators can be deduced via the A method from
Theorem One can basically follow the lines of Section 3.4.1 in Ushakov (1999),
where the i.i.d. case is considered. Since the calculations are straightforward but
tedious, we skip details.

(ii) The theory can be extended to symmetric multivariate stable distributions. Again
one can follow the lines of |Press| (1972, Section 4).

(iii) Of course, the choice of s; to s4 has an impact on the performance of the estimators.
A detailed discussion of this problem for the univariate i.i.d. problem can be found
in |Fielitz and Rozelle (1981)). For s; and sy they propose values ranging from 0.2
to 1 and found out that good choices of s3 and s4 will additionally depend on the
estimated values of the characteristic exponent and the scale parameter.

4.1.2. Minimum distance estimation. The estimation method described in the previous
section depends on the choice of the second argument of the CF used there. This can be
circumvented by not only evaluating the local ECF at fixed points but instead using an
approach that smooths over all possible values. In the sequel, we consider the Ly minimum
distance estimator based on local ECFs for an unknown parameter, 6y(u) say, defined as

f(u) = arg Ieléiél/ 1B(u, 5) — p(u, s;0)|* w(s) ds, (4.7)

where © C RP denotes a compact parameter space, w is a weight function assuring existence
of the integral and ¢(u, -; 0) is the CF of X (u) ~ P?®) . Minimum distance estimators were
considered e.g. by Hopfner and Rischendort (1999) in a comparative overview of estimators
for the characteristic exponent in stable distributions based on i.i.d. data and turned out
to behave favorably.

In the sequel, we do not restrict ourselves to the stable family but allow for a broad para-
metric class of distribution. In order to establish asymptotic normality of the minimum
distance estimator, we assume:

Assumption 4.1.

(i) The prerequisites of Theorem[3.4 hold true.
(ii) The weight function w is integrable and strictly positive.
(iii) The parameter 6(u) € © C RP is identifiable, i.e. for 01(u) # O2(u) € O it holds
pti(u) £ pba(u)
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(iv) o(u, s;0) is continuously partially differentiable w.r.t. 6 and

/ sup oM (u, s;0(w))|? w(s)ds < co. (4.8)
R 9(u)e©

(v) Additionally, ¢(u,s; ) is twice continuously partially differentiable w.r.t. 0 and

/ sup @ (u, s;0(w))) w(s)ds < oo (4.9)
R 0(u)eU(bo)

for some open neighbourhood U (6y) of 6. It holds
/R(l +1s1) (1 + ™ (u, 55 00(w))[] + |01 (u, 53 60 () [}) w(s) ds < oc. (4.10)

Finally,

Po= / (R ™ (1, 3 00(w)) [Rep ™ (w, 55 60 ()] +Sp ) (w, 53 0 (w) S (u, 53 0 ()] ) w(s) ds
R
is invertible.
Under these assumptions we obtain consistency and asymptotic normality of the minimum
distance estimator similar to [Ushakov| (1999, Section 3.4.2) who considered the i.i.d. case.

Theorem 4.1 (CLT for minimum distance estimators).
Under Assumption[.1(i) - (iv) and for u € (0,1), we have

(i) O(u) = fo(u).
(ii) If additionally Assumption[{.1(v) holds and 0y(u) lies in the interior of ©, then

VBT (0(u) — 0o(w)) 5 Zarpe(u) ~ N (0p, Sarpie(w))
with
et = 105" [, {Van(m: () Rt ) R )

+ Vs ((u, 51), (u, 52)) S (u, 513 00(u))[Se™ (u, 52300 (u))]’
— Vis((u, 51), (u, 52)) (Rep™ (u, 513 00 (u) [Sp™ (u, 5300 ()]’

+ %cp(l)(u,sl;Qo(u))[%go( )(u s2;60(u ’) w(s1) w(sz) dsy dsa D0 )

Remark 4.

Under suitably modified assumptions, consistency can also be verified for L,-minimum
distance estimators with p € [1, 00].
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4.2. Applications to (auto-)distance correlation. Based on the concept of distance
correlation as introduced by [Szekely, Rizzo and Bakirov| (2007)) for i.i.d. data and the defi-
nition of auto-distance correlation for stationary time series considered in |Zhou (2012) and
more recently in |Davis, Matsui, Mikosch, and Wan| (2016), we propose a time-localized ver-
sion of (auto-)distance correlation in this section. Let (X, 7){_; be a d = p+ g-dimensional
time series process with X, = (Y; 1, Z;7)'. Then, we define the local (auto-)distance
correlation Ry, z(u; h) at lag h between time series (Y 7){_; and (Z,; 7){_; of dimensions p
and ¢, respectively, at rescaled time u € [0, 1] by

VXQ/,Z(U; h)
\/V%(u; 0)V2(u;0)
Here, Vy, 7 (u; h) denotes the corresponding local (auto-)distance covariance defined by

Vruih) = [ [ levan(usn ) - ool s)ezus) v, n)dnds, (412)

where w is the (non-integrable) weight function defined in (1.5)). For s; € RP and s, € RY,
the CFs are defined as follows

evzn(wisy,s) = B (exp(ifs, Yo(w)) +ilss, Zy(w))
evolus) = E(exp (ifsi, Yo(w))),
eznuis) = E(exp (ilsa, Zu(w))).,

where (Y(t/T), Z;(t/T))’)thl is the stationary approximation to the process (Y} 7, Zi ) ){Zs;
compare ([2.5). Also we set Vy (u; h) := Vyy (u; h) and Vz(u; h) := Vg z(u; h). With data
(Y41, Z;7)){=; at hand, empirical versions Vy.z(u; h) and Ry z(u;h) of Vy z(u; h) and
Ry, z(u; h), respectively, are obtained by simply replacing the CFs ¢ by suitable ECFs ¢
(and by adding a factor k7 for technical reasons; see Lemma and Remark [5 below).
Hence, we define

Ry z(us h) = L(V§-(u; 0)VZ (u;0) > 0). (4.11)

~ V2 u; h ~ ~
R¥ (ush) = ro(uih) 1(V2 (u; 0)V% (u; 0) > 0), (4.13)

Vw0V (u0)

where
Vi 4 (us h) = /R , /R . k1 @y, 72 (U; 81, 85) — Py0(u; 81) Pz (w5 89) [P w(sy, 55)dsydsy (4.14)

and kp = T7'S Ky(h — w) and again we set Vy(u;h) = Vyy(u;h), Vz(u;h) =
Vz z(u; h). With a slight abuse of notation (as @y,o(u;s;) indeed also depends on h),
the ECFs used in the definition above are defined for A > 0 as

Ov,z:n(u;81,89) = T > Kb( T u) exp (i<§1vzt,T> + i<§2>Zt+h,T>) ,
t=1
R 1= e n2 ,
Fros) = =3 K2 ) exp (itsr. Vo). (4.15)

Pzn(u;sy) = T > Kb( T U) exp (i<§2vgt+h,T>) -

The latter definitions follow the lines of |Dahlhaus| (2012), equation (9), where local kernel-
type covariance estimators are defined in the same fashion. The special case of p = ¢
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and Y, p = Z,p for all ¢ is of particular interest. In this case, Ryy (u; h) measures the
auto-distance correlation at lag h of the p-dimensional process (Xt,T)tT:r For example, if
p = 1 we get the extension of the univariate case addressed in [Zhou| (2012) to the locally
stationary framework. In Section we apply the local (auto-)distance correlation to log
returns of German stock prices to illustrate the pairwise dependence structure over time,
ie. forp=qg=1.

The definitions of and involve integrations over RP*Y which becomes com-
putationally very demanding already for small p and g. Nevertheless, a fundamental prop-
erty of empirical distance covariances in the i.i.d. and stationary time series setups is that
17;/7 z(u; h) defined in can actually be written in a much simpler form that gets rid
of the computational burden of numerical integration; cf. Theorem 1 in [Szekely, Rizzo and
Bakirov| (2007) and Proposition 1 in Zhou (2012). To achieve this, the crucial observation
is the following lemma,; see also |Dueck, Edelmann and Richards| (2015) for a generalization.

Lemma 4.1 (Szekely, Rizzo and Bakirov| (2007)), Lemma 1).
If0 < a < 2, then for all z € R?

1—cos((t,z)) ,, a
/]Rd Wdi = C(d, a)lz|3,

where
22T (1 — a/2)
a2°T'((d + «)/2)

and T'(+) is the complete gamma function.

Cd,a) =

Setting @ = 1 in the result above and following essentially the steps in the proof of The-
orem 1 in [Szekely, Rizzo and Bakirov| (2007), we get the following much simpler form of
VY7 Z(u; h)

Lemma 4.2 (Alternative representation of 17X7y(u; h)).

We have
1712/,Z(u; h) = k2S1yz(u;h)+ Soy z(ush) — 26785y 7(u; h), (4.16)
where
g t1+h 2 to+ h/2
Sivz(wh) = — Z o, (L2 / )Kb<T/ W)Yo 1= Yo ol oo — Zoyonrl
t17t2 1
g L\ it h/2 by + )2
Sayvz(uh) = T2 Z K ( u)Kb(T _u> Yy, 17— Yy, 1l
t1,t2=1
t3+h/2 ty+ h/2
( Z K ( 7 / u)Kb(T/ — u) | Ztyinr — Zt4+h,T|2) ,
t3,ta=1
~ 1 T—h t1+h/2 t2_|_h/2 t3—|—h/2
Ssvz(uih) = 5 3 K(Tp —e)K(Fp —u) K (B - )
t1,t2,t3=1

X ’th,T - th,Th \ZtlJrh,T — 4
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In the following theorem we prove consistency of empirical local (auto-)distance covariances
and correlations defined in and , respectively. These results relate to Theo-
rem 2 and Corollary 1 in |Szekely, Rizzo and Bakirov| (2007), where almost sure convergence
was established in an i.i.d. setup, to Theorem 1 and Corollary 1 in Zhou| (2012)), where
consistency for stationary processes under a physical dependence condition was shown, and
to Theorem 3.1 in Davis, Matsui, Mikosch, and Wan| (2016)), who prove consistency under
strong mixing assumptions while allowing for a more flexible class of weight functions.

Theorem 4.2 (Consistency of 1712/72(@“ h) and ﬁ%’z(u; h)).
Suppose that the assumptions of Theorem hold true for (&t,T)tT:l, T €N, with X, p =
(Yir,Zi 7). Then, we have

5 P
V¥ z(u; h) — V5, (us ).
If Var(X (u)) > 0 and Var(Y (u)) > 0, then additionally

7€%/,Z(U; h) LN Ry z(u; h).

Remark 5 (On the necessity of k7).

Taking a closer look at the proofs, it can be observed, why the introduction of x7 in the
definition of ﬁy, z(u;h) in is indeed necessary. Without k7 several terms in the proof
of Lemma do not cancel exactly such that the simple representation in does not
hold. More importantly, one can even show divergence of the integral defining ]A/X’y if Ky
is not included.

5. NUMERICAL EXAMPLES

5.1. A simulation study: Parameter estimation of a-stable distributions. In this
section we present results of a simulation study involving the two kinds of parameter estima-
tion for locally stationary processes with a-stable distributions as described in Section (.1}
the moment-based plug-in method from Section [f.1.1], which in this section will simply be
called 'moment method’, as well as the minimum distance estimation from Section {.1.2]
abbreviated by 'MDE method’ in the following. For the sake of simplicity, we will fo-
cus on centered and symmetric a-stable distributions, i.e. with mean pu = 0 and skewness
parameter 5 = 0.

The data were generated by the time-varying AR(1)-model

t
Xyr=r (T> X171 + &, (5.1)

with 7(u) = 0.9 - sin(27u), which can be locally approximated by the stationary process
[e.9]
Xi(uw) =) () ey,
j=0
corresponding to ([2.5) with g =0 and

A(u7j) = T(U)] : ]]'{]20}7
cf. [Dahlhaus (2012)). Here, (e¢)ien, was generated as an i.i.d. sequence with a centered and
symmetric, a-stable marginal distribution, i.e. with CF (4.1]) and

p=0 a=15 =0, v=0.5.
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FIGURE 1. Sample path of length 7" = 500 from ([5.1)) with a-stable innova-
tions and parameters =0, « = 1.5, 5 =0, v = 0.5.

A sample path of length T = 500 from with the aforementioned choice of parameter
values is given in Figure[I] One can clearly observe the time-varying autoregressive structure
as well as some peaks resulting from the fact that the distribution of the innovations has
an infinite variance. The stationary processes (X;(u))iez approximating then possess

the CFs (4.2)) with
~ 0.5

First, we implemented the moment method from Section based on a sample of length
T = 5000. Here, a(u) and J(u) were estimated according to and (4.4), respectively,
with s; = 0.6 and sy = 0.8 which have shown a favorable behavior of the corresponding
estimators in the classical i.i.d. case; see Fielitz and Rozelle (1981). Since only 7(u) actually
depends on its location u € [0, 1], we focus our analysis mainly on this parameter. The ECF
was calculated with a bandwidth of by = 0.25-T~1/°. Figure[2|shows the true function 7(u)
and boxplots of the estimators 7(u) at four different locations between v = 0.2 and v = 0.8,
each boxplot based on N = 100 iterations. However, the performance of this moment-based
method critically depends on the choice of parameters s; and so. For a different choice of
these values, namely s; = 0.1 and sy = 0.11, we get the results from Figure [3] which are
obviously considerably worse.

Next, we turn to the results for the joint minimum distance estimation of the parameters
a(u) and 7 (u) as introduced in Section also based on a sample of length 7" = 5000. The
minimum was determined simultaneously for both parameters by calculating the integrated
distance for each combination of &(u)- and J(u)-values on a grid of values within
the interval (1,2] for a(u) and within [0, 6] for J(u). For the sake of simplicity we used
w(s) = 1{-0.5 < s < 0.5} as a weight function, which suffices to ensure that all parameters
are identifiable for the class of centered, symmetric a-stable distributions which are under
consideration here. The results for 5(u) are shown in Figure 4. One can see that, although
using a simple weight function, the MDE method produces results comparable to the ones
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FIGURE 2. True function 7(u) and boxplots of moment-based estimators at
locations (from left to right) v = 0.2, u = 0.4, u = 0.6 and u = 0.8.

T T T T
0.2 0.4 0.6 0.8

F1eureE 3. True function 7(u) and boxplots of moment-based estimators
(with "bad’ choice of parameters s; and s2) at locations (from left to right)
u=0.2 u=04,u=0.6and u=0.8.

of the moment-based method, with a slightly higher variance but less bias. In addition, the
MDE method does not require a choice of tuning parameters s; and so — a choice that the
moment-based method is rather sensitive to, as shown by Figure [3|

The results for estimation of the parameter a(u) were similar to the ones of 7(u) shown
in Figures [2] - Since a(u) does not actually depend on u, we show results of the two
estimation methods for u = 0.4, only, in Figure |5l As observed for the estimation of ¥ (u)
before, the MDE method for &(u) shows a slightly higher variance but less bias compared
to the moment method with a ’good’ choice of tuning parameters s; = 0.6 and s = 0.8.
However, taking the results for a 'bad’ choice of s; = 0.1 and sy = 0.11 into account, the
moment method is very sensitive w.r.t. these tuning parameters.



—q

21

T T T T
0.2 0.4 0.6 0.8

FIGURE 4. True function 7(u) and boxplots of MDE estimators at locations
(from left to right) v = 0.2, u = 0.4, u = 0.6 and u = 0.8.

Moment method, T=5000,
s1=0.6, s2=0.8

Moment method, T=5000,

$1=0.1, $2=0.11 MDE method, T=5000
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FIGURE 5. Results for @(0.4) from the moment method with ’good’ choice
of parameters s; and sa (left), the moment method with ’bad’ choice of
parameters (center) and from the MDE method (right), each plot generated
from a sample of size T" = 5000. The true value o = 1.5 is given by the
dashed line.

5.2. A real data illustration: Measuring dependence of log returns from Ger-
man stock prices by local (auto-)distance correlations. In this section, we illustrate
the applicability of local distance correlations as introduced in Section [£.2] to measure de-
pendence between financial time series. In particular, this measure allows to study the
time-varying cross-dependence of two univariate locally stationary processes. Precisely, let
(Yir, Zi7)s ..., (Yoo, Zrr)') be bivariate time series data, where Y and Z are log-returns
of German Stock Prices from July 1, 1991 till April 14, 2015 (6202 trading days). Based
on this data, we compute local distance correlations

7/é}/,Z(rUJ;I7’)7 h:071727

over rescaled time as defined in (4.13]). Note that the weight function w in (L.5)) that is
used in the definition of Vy z(u; h) simplifies to
S) = m7 t78 € R\{O}v

for this case of p = ¢ = We have used the bandwidth b = 0.05 and the kernel

w(t,
1.
K(z) = 3(1—2?)1(z € [-1,1]). For rescaled time w, this choice of b allows us to compute
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17Y,Z(u; h) (and ﬁy,z(u; h)) for u € [0.05,0.95] without running into boundary issues.

In Figure [0 we show pairwise comparisons of log-returns of stock prices of the Ger-
man automobile companies Volkswagen and BMW and the automotive supplier Conti-
nental together with the corresponding ﬁ,y,Z(u;h) and local cross-correlation py z(u;h)
plotted over time for different lags. The local cross-correlation py z(u;h) is defined by
py,z(u; h) = qy,z(u; h) /Yy,z(u; 0), where

v, (s h) z (T2 ) (i — () (Zesnir — (o)

with fiy,o(u) = 431, Kb(% — U) Yir and fizp(u) = &S0 Kb(t+h U) Ziih,T; see
e.g. Dahlhaus| (2012). The log-returns clearly reveal the turbulent times in the late 90s
and early 2000s with several crises (Asian crisis, Russian crisis, Argentine crisis, Dot-com
bubble) including the terror attacks on September 11, 2001 as well as the financial crisis
beginning in 2007 which also caused the FEuro crisis, which reached its climax around 2012.
In terms of volatility, the crisis around 2008 appears to be more severe than those around
2000 and 2012. The third row of panels in Figure [6] shows contemporaneous local distance
correlation and local correlation between log-return time series at lag h = 0. Cross-sectional
dependence as well as its variation over time is clearly visible between all log-returns. Inter-
estingly, the local correlation turns out to be close to the distance correlation most of the
time. The only exceptions are between Volkswagen and Continental and between Volkswa-
gen and BMW during the financial crisis in 2008, where local distance correlation differs
considerably from local correlation and turns out to be much larger. This phenomenon is
not visible between BMW and Continental. As can be seen in fourth and fifth row of panels
in Figure [0, distance correlation as well as correlations drop considerably for lags h > 0.
At the same time, the variation over time is less pronounced in comparison to h = 0. To
explain some of the differences between distance correlation and correlation for A > 0, note
that distance correlation is a non-negative measure whereas correlation can be negative.

The fact that distance correlation and correlation are indeed close for most of the time
might be explained by Figure 1 in Szekely, Rizzo and Bakirov| (2007), where the authors
demonstrate that squared distance correlation and squared correlation are actually close
under Gaussianity. Recall that this special case does not generate any non-linear depen-
dence at all. To explain the phenomenon that distance correlation and correlation between
Volkswagen and Continental as well as Volkswagen and BMW are not close during the
financial crisis, observe that Volkswagen shows very dominant peaks at that time. This
gives some strong evidence for the local distribution of log-returns of Volkswagen to be
heavy tailed and, consequently, non-Gaussian. In this case, the correlations actually might
not exist. Nevertheless, the sample correlation can always be computed and it is assured
to be finite between —1 and 1. However, it is not clear what the sample correlation is
measuring in this case, whereas the sample distance correlation does exist under the less
restrictive assumption of finite first absolute moments. Hence, it might be advisable in
particular in times of heavy tailedness to look at the non-linear dependence measure of
distance correlation instead of the linear dependence measure of correlations.
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FIGURE 6. Log returns of Stock data of German companies, Volkswagen,
BMW and Continental from July 1, 1991 till April 14, 2015 together with
corresponding empirical local cross-distance correlation (solid) plots and em-
pirical local cross-correlations (dashed) at lags h = 0,1,2 (from top to bot-
tom).
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6. PROOFS

Throughout this section C' denotes a generic constant in (0, 00) that may change its value
from line to line.

6.1. Proofs of Section [2l

Proof of Lemma[2.1]. (i) We abbreviate v = ||h/2|] and define )N((U)( ) = p(u)+32 <0 Alu, J) -
In the following we use the notation gs(z) := exp(i(s, z)). Now we obtain from indepen-

dence of the innovations, as well as |Cov(X,Y)| < E \X Y|+ E|X| E|Y| for complex-valued

X, Y and |gs(2)] =1,

sup |Cov (exp (i (81, X (u1))), exp (i (85, Xo(u2)))))|

u1,u2€0,1]
~ ~ (v) ~
< sup [Cov(gs, (Xp(ur)) — gs, (X, " (u1)), gs, (Xo(u2)))]
u1,u2€(0,1]
() 3 (V)
+ sup |Cov(gs, (X}, (u1)), gs, (Xo(u2)) — gs,(Xg (u2)))|
u1,u2€[0,1]
(v ) (v)
< sup 2B|gs (X (w1)) — g, (Xp (u))|, + sup 2E|gs, (Xo(us)) — gs,(Xo  (u2))],-
u1€[0,1] u2€[0,1]

Now, we invoke a Taylor expans1on of first order for gs. Note that the gradient Vg,(-)
fulﬁlls | Vgs(z) 1 <|sli. Using (2.4), the first summand on the right-hand side equals

5 (v > > ()
2 sup H(Vggl(éh))"(Xh(ul)—ih)(uﬁ)Hl < 2|1l osup || X (ur) = X5, ()|,
u1€[0,1] u1€[0,1]
< 2l Y. sup [A(ur,§)h - llen—ll,
jjl>v €l

B

< 2d|si)1lleolls D

5 1)

for suitable £, between X, (u1) and X 2 )( 1). An analogous bound for the second summand
on the right- hand side above finally yields
B

sup ‘COV (exp (i (s1, Xp(w1))), exp (i <327X0(U2)>))‘ < 2d (511 + |s201) llgoll Y 10)
u1,u2€(0,1] |7]>v

(ii) Using representations (2.1)) and (2.5), Assumption 2.1} submultiplicativity of the |- |;-
norm and the i.i.d. property of (g;); we get

K- Z/m), < 3 1erl) - AWT D, s,

j=—00
< ||€o||1 Z sup T | Ay r(5) — A(t/T. 5)],
j=—o0 tT
1 < B
< =& v

= oT.
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(iii) All components of the mean function ,u are Lipschitz continuous due to the continuous
differentiability condition in Assumptlon Hence, we get

|u(u) = plw)], = Z | (u) = pir(w)] < Ld - Ju = w,

where L is the maximum of the d Lipschitz constants of the components of x(-). Now, using

representation (2.5) and a Taylor expansion for each entry a*7)(q, j) of matrix A(q, j), it
follows from Assumption [2.1f(ii.2)

X5 () — Xp(w)],

< p(u) — p(w)], + Z |A(u, ) = A(w, 5)]; llen;ll;
j=—00
< Ld|u—w|+ H§0”1 Z max Z ]a kr) (u, j) —(l(kr)(w ])’
L..d k=1
o 9a™")(q, §)
= Ld|lu—w|+ HQOH1 .jgooril}?'}idk‘zl KT‘(]:&“J)(U N w)‘
< Bd
< (Ldtleol, 3 g5) he-wl
j=—00
for suitable &, ; between alkr) (u,j) and a(kr) (w, j). U

Proof of Lemma[2.9. (i) By Lipschitz continuity of the function exp (i-) with constant 1,
we get from Lemma [2.1f(ii)

t - [t
sup e1,7(8) —90<T,8> < sup E <3,Xt7T_Xt <T>>’
s€[—8,5]4,1<t<T s€[—S,8]4,1<t<T
=~ t
< S sup \Xyp— Xy <) (6.1)
1<t<T ’ T/

< B \1
< |5 e — | =.
( || 0||1j§ml(]))T

(i) Let k> 1. Under Assumption [2.1f(ii), we get existence of
8[

BN (Xﬂu)) :H(Z)(u)-i- > A(l)(u,j)§t_]‘7 1=0,...,k.

j=—o00

S
Xy (u) =

Similarly, by Lebesgue’s dominated convergence theorem and as exp(i(s, X, (-))) is a compo-
sition of k-times continuously differentiable functions, we get also existence and continuity
of

! ! _
oW (u,s) = aaul (p(u,8)) =F (88ul exp(i(s Xo(u)>)) , 1=0,... k.

To see this, we consider [ = 1 in detail first. Note that

Dei(8:Xo (W)

il X (u (1)
50 =1je (8: X () <S X ( )>, u € [07 1])
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is absolutely integrable. The mean value theorem gives

i(5,Xo(uth)) _ oifs,Xo(w) = _
o e R

= lim ‘E (z ¢ile:Xo(ure) (g Xél)(u + f(h)))) _E (z eilsXo) (g f((()l)(u»)’
%

lim
h—0

(6.2)

for some &(h) = &(h,w) — 0 as h — 0 for each fixed w. The right-hand side of (6.2))
equals zero by Lebesgue’s dominated convergence theorem. Similarly, we obtain continuity
of SO(Z)('vﬁ)‘

For | = 2 we obtain absolute integrability of

2¢i(s.Xo(w)) g - 5 - 2
5682“ el Zow) g 2 () — iteKo(w) <<S’ £ (u)>> Cwepol,
U
from Elgg|3 < oo. Hence, with the same arguments as before we can derive () (u, s). The
proofs for higher order derivatives are analogous and therefore omitted. ([

6.2. Proofs of Section [3l

Proof of Lemma[3.1] (i) Bias — first part:
For the bias term we get

E(@(u,s) — ¢(u,s))

_ 1 TK ¢
= = ; b(? —u) gur(s) = p(u,s)

1 & t 1L t
=7 ZKb(f - U) (pr.7(s) — p(u, 8)) + (T ZKb(T - u) — 1) -p(u,8). (6.3)
t=1 t=1

In order to get a bound for the second summand on the right-hand side, consider that we
get for T' large enough such that —u/b < —1 and (1 —u)/b>1

1 _ (1—u) /b 1
/ 1K(y “)dyz/ K(z)dz:/ K(z)dz =1
o b b —u/b -1

by the standard substitution z = (y — u)/b and from Assumption (i). Therefore, for
large T,

T T /T T —u —u
p () -t = g [ (R k() a6

t—1)

Since K is Lipschitz, each of the integrals on the right-hand side can be bounded in absolute

value by
t/T t/T—y t/T 1 1
c.|=—Y]a </ C —dy=C-—.
/(t—n/T | b KE t-vyr T b7

Since K (x) is zero for all = ¢ [—1,1] it is easy to see that for T" large enough at most [207']
of the T' summands in (6.4) are non-zero. Hence, ([6.4) can be bounded in absolute value
by

C

-[2bT1~W:O(%).

SN =
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Therefore, (6.3)) is equal to

1< ¢ 1
7 2 Ko~ ) (euir(e) = et 2) + O(375)
1 & t t
- 3SR ) (ot () &
T
fp 3ol =) (elios) - otw) 10(z). 60

In order to derive the bound for the bias from assertion , which is uniform in s €
[—S, 5], notice that the O((bT)~!) term in is uniform in s since |p(u, s)| < 1. More-
over, using Lemma (i), the term in can be bounded in absolute value (uniformly
in s € [-5,5]%) by

=y =S ow = o (6.7)

7ZbT (

because of . Hence, assertion ) holds if we can show that
SE[Sué)s]d T ZKI,(— - u) ’gp( ) o(u, s ‘ = O(b). (6.8)

Lemma (ii) ensures existence of ¢ (u, s), which is continuous in both arguments and
therefore bounded on compact sets. Hence, we have from the mean value theorem

sup lzT:K (i —u) ‘gp(i s) —o(u s)‘
se=s,51¢ 1T 1o T T T
= ;;Kb(; - u) sE[S—HSPS]d PV, 9) <% B u)’
< sup (u, s) ZbT (t/T ) T u‘ = O(b)

§Q—amauepu

for some u between u and ¢t/T due to (2.8). It follows which completes the proof of
part (i).

(ii) Bias — second part:
Following exactly the lines of the proof of (i) up to (| . yields

B(@lu5) - ¢(u,5) = ;ZIK,,(; ~u) (o(35) — o(w.9) + 075,

By Lemma [2.2[(ii) ¢(,s) is three times differentiable w.r.t. the first argument, hence, we
can use a Taylor expansion of ¢(t/T), s) to derive for the leading term in

1 & t t
LS () (o () ~ot09)
_ 1 S t (1) ¢ - (@)~ t 2
= 7 2 Ko ) 09 (5~ w) g K ) 500 (- ) 69
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where 7 is between u and ¢/T. Now we use that K is symmetric, cf. Assumption i.e.
f_ll K(z)zdz = 0, to derive for T" large enough such that —u/b < —1 and (1 —u)/b > 1,

/Ole(y—u)(y—u)dy:b Olll)K(y;u) (y;u)dy:b/llK(z)zdz:O.

This can be used to derive for the first summand in with the same arguments as used

in
(1) T (b Nt
% (u,s)-T;Kb<T u)(T u)
T
_ (p(l)(u,s) (;ZKb(;—u) (%—u) /Kb( ) ( —u)dy)
1 L oyr T—u T—u —u —u
w3 [ () (P R () ()

= O™,

since each of the integrals can be bounded by C/(bT?) as above (note that K((y — u)/b) -
((y — u)/b) is Lipschitz since K is zero outside [—1,1]). Using this bound in and
applying (6.7)) to (6.5 shows that the bias term (6.3)) is equal to

FY (g —0) 3o (1) + 0 i)
1 ! 2 1
= 5ePws)- [ Koy —u)(y—wPdy+0()

The expression in (6.10) can be bounded in absolute value by

2)( t/T T—u T —u\2 —u —u\2
e 03 [ () (5
:0(%) (6.12)

with the same arguments as used before. Lemma (ii) ensures that (-, s) is continuous
and therefore bounded on [0, 1]. Hence, using the mean value theorem, expression ((6.11])
can be bounded in absolute value by

sup \go(?’)(w, s)| - 1 iKb(t — u) (i — u)QW — u|
wel0,1] - 2T =1 T T

1 T t t
< sup [P (w,s)] = =S Ky(5 —u) |5 —u
we[o’”‘ (w.9)l -5 T; (T )T
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due to (2.8]). Inserting the derived bounds into (6.10) and (6.11)) yields that the bias term
equals

20s) [ Koy — )y~ wdy + O() + O, (6.13)

By substituting as before we get

1 1 1
/0 Ky(y —u) (y —u)dy = b/o K(y;u) (y;u)Qdy:bQ/_lK(z)Zde
and, with S(u, s) as defined in Lemma yields
E(@(u,8) = p(u,s)) =" B(u,s) +O((T)~") + O1?),
which finishes the proof for (ii).

(iii) Covariances:
For the covariances we show

bT Cov(p(u1, 81), Puz, 85)) = V((u1,81), (u2, 82)) + o(1). (6.14)
Using the notation gs(x) := exp(i(s, z)) we immediately get

bT Cov( o(u1, 1), P(ug, s9))

Z Kb(— —ul)Kb(— —u2) Cov(gs, (X, 7), 95, Xp7).  (6.15)

tl,tQ 1

In order to replace X, 1 by X Xy, (Tz) on the right-hand side, we first show that

| _
Cov(gs, (X, 1), 93, (Xua,7)) = Cov(gs, (Xo, (7)), 95, (Xia7)) + O(TH) (6.16)
uniformly for all ¢, ¢3. Using a Taylor expansion of first order for g5, we get
Cov (g§1 (th,T% g§2 (th,T)) (617)
By i1 fod t1
= COV(9§1 (th(f))a 9s, (XtQ,T)) + COV(V9§1 (é)/ (X1 — Km(f))a s, (th,T))a

where ¢ is between X, 7 and X X, (%) and the gradient Vg,(-) fulfills

Vygs(z) = (is195(2), .., isa9s(x ) =igs(x) - s
It holds |gs(z)| = 1 for all z, which 1mphes on the one hand | Vgs(z) |1 = |s|1 and on the
other hand that the second summand in can be bounded in absolute value by

2B |90, (&) (X - X0 ()| < 2E(|w§1 ©l, - |(Xor - X (2] )

IN

2sily - | X0y 2 - X,y ()] =0

uniformly in t1, 9, due to Lemma (ii). This proves (6.16) and with exactly the same
calculation the second argument can be replaced which yields

Cov(gs, (X1, 1):95, (X1, 7)) = Cov(gs, (X, (1)), 05, (X, (20)) + O (6.18)

uniformly in ¢1, . Inserting this result into (6.15)) gives
bTCOV( P(u1, 51), P(uz, 52))

Z IK”( ) K (2~ u2) Covlge, (X4, (1)), 95, (X0, (22))
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Lo bT Z K(tl/T ul) Z K(?ﬁg/T )

The second summand on the right-hand side vanishes asymptotically with rate O(b) because
of (2.8). Therefore, the desired assertion follows if we can show that

Z Kb<7 — U1>Kb<* - u2>COV(gsl (Xt1(T))7g§2(Xt2(t%))) = V((u1, 1), (u2, 53)) + 0(1)'

tl,tz 1

From stationarity of (X, (u)), we get

tl%: 1Kb( — ul)Kb(? — uz)Cov(gsl(th(T)) gSQ()N(tZ(t;)))

T— min{T,T—h} teh Ly B N

- = > Y K( é;hb DK (T2 Cov (g5, (X (TEM). 00, (Ra(2)).
h

=—(T-1) t=max{1,1—h}

(6.19)

In the following, rather than the last right-hand side, we consider

i Z ZK( ) (£ Con(g, (0 (). 0, (KoL) (620

with
- X, (1) ifz>1
X, (2= 3 BEE
X,(0) if2<0
This can be justified by the fact that via Lemma (i) the modulus of the difference of
(6.20) and (6.20]) can be bounded by

LS S R ()R Cov(g (Ea )0, (Fal 1)

h 0t=T—h+1
—t —h Hh ~—u ~ -
+b1T > ZK(M ) K (22) Cov g (0 (). 00, (Kol )|

h=—(T—-1) t=1

1 T-1 5
< gp 2 MOAlah+lshlsl, 3 =
=y i Lk/2))

B
< b—TC2d(|slh+!§zh)H§oHl Z > 2l
h=(T~ 1) i Lm/21)

< —16Cd(\81|1+|52! leolly ZJ
bT ]EZ )

since K (-) is bounded by a constant C'. The right-hand side is asymptotically vanishing of
order O((bT)~1) under the summability condition on (I(j)); stated in Assumption In
the next step, we replace the Riemann sum in (6.20) by its integral, i.e. we consider

1 Z / y+ 7 —U1>K(y—bu2)(}ov(g§1(2h(y+%)),Q§Q(Xo(y))> dy. (6.21)
b, = (T-1)
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To be allowed to consider (6.21]) in the following, we have to show that the difference of
(6.20) and (6.21) vanishes asymptotically. By standard arguments, its modulus can be
bounded by

KT8 (22 Cov (g (B ). 00, (ol )

k(L %b ) ke (U2 ) Cov g (X + ). g1, (Ko(w) | dy

and by adding three zeros, it remains to show that

() - ()

1

EZZ/

‘Cov(gs (Xh(

I

k(15

t+h

T ); 932(X0 )‘dy,

K(I5") - k(5"

))s 952(X0 )‘dy,

TR R ATICE =

h=—(T—1) t=1

‘Cov(g51 (X5 (——

t+h
T

o= z z/ (= ()

x\Cov(gs (X Th» 0, By + ) 90, (Kol

o= z z/ (e (1)

x\Cov(ggl (X ) 02, (Kol) ~
vanish asymptotically. By Lipschitz continuity of the kernel K, b>T — oo and the absolute
summability of the covariances Cov (gs, (X, ((t+ h)/T)), 9s, (Xo(t/T))), cf. Lemma (i),
the first two terms I and II are of order O((b*T)~!) and vanish asymptotically. Hence,
it remains to consider I1I and IV, where we focus on III only, as the arguments are
completely analogous for I'V. In order to consider limp_, |11, note that

_l’_

9s,(Xo(y) )‘dy

|[I11] < Z Lnj<r—13lfr(h)|

h=—o0

with an obvious notation for fr(h). We want to apply Lebesgue’s dominated convergence
theorem and derive the following bound for |fr(h)| using Lemma (i) and the fact that
K is bounded by a constant C"

| fr(h)|
< IS [T pg(rme
- 5; =1 ( b )

x(|cov (g5, (X" )),g§2@0<%>>)\+\c0v(9§1<zh<y+§>>,g§2@0<%>>)1)dy
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o B
< 202(si]s + lss]) HeO!th/ p) Y G
il>Lirs21) VY
B
< 4Cd(|§1|1+|§2|1)||§0||1/ K(z)dz ), 1(5) (6:22)
-1 i1 h/2l) Y

where the standard substitution z = (y — uz)/b was used. The bound on the right-hand
side does not depend on 1" and is summable in h since

B
> X ) S 4y U’* < o0
heZ|j|>[|h/2|] JEL

Hence, we can apply Lebesgue’s dominated convergence theorem to 117 and obtain

gl < 3 > [ (P k()
x\Cov(g§1<xh<t;h>> ~ 01, By + ), 95, (Kol )) |y
= :ioozlii%ozlyz; T0K< )
><2Eg§1(Xh(t+h)) gsl(Xh(er ‘dy, (6.23)

because |Cov(X,Y)| < 2FE|X]| if |[Y| = 1. The expectation in can be bounded using a
Taylor expansmn of gs, exactly as the one for the covariance term in . Thus, invoking
Lemma- (iii), we get

Egsl(Xh(t—;h))—gsl(Xh(y‘i'%))’
= B[V (& Za(E) ~ Xty + )]
< b T - K+ By

: (6.24)

< |sih (Ld-i' H§0H1' i Z?;i) . ’% —y
j=—o00

where £ is between X, ((t+h)/T) and X,,(y + (h/T)). With the bound from (6.24) the
expression in (6.23) can be bounded by

< Bd °°
QC\§1\1(Ld+H§0Hl’ Z @) Th—r};obz/

j=—o0

‘T_y‘dy

IN

25 (Ld+ ol - 30 22). ) 1K(y_“)dy
h=—00

=10 T500 T Jo b b
> Bd s . 1 /!

= 2051k (Ld+ [leoll, - Y @)- > Tlglgof/IK@dz
j=—o00 h=—o0 -

= 0.

Therefore, I11 vanishes asymptotically and, by the same arguments, it follows IV = o(1).
This allows us to consider (6.21)) in the sequel.
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We first consider the case u; # wug. In order to obtain a preliminary result, consider the
integral

1 h ug — U1
[1K<z+b—T+ 2 )K(z)dz

for a fixed h € Z. If T — oo, it follows h/(bT) — 0 and |(ug — u1)/b| — +oo. Therefore,
there exists Ty € N such that for all T > Tj it holds

h ug — u1
]z+b—T+ |>1 vzel[-1,1].
Since K has support [—1, 1], this immedlately implies
. ! h ' ug —wy
Jim [ K(z+ T ) K(2)dz = 0. (6.25)

Now we turn back to (6.21]). With the same calculations as in (6.22)), we get for each h € Z
the bound

b/ y+T U1>K(y_l)u2>‘Cov(g§l(Xh(y+ﬁ)) gs,(Xo(y )’dy

T
1 B
< C’2d(!§1\1+\§2|1)H§0H1/ K@)dz >, 1)’
-1 j>Lims2) Y

which is summable in A. This allows for the application of Lebesgue’s dominated con-
vergence theorem to ([6.21)) which, together with Lemma [2.1[i) and again z = (y — u2)/b,
yields

i % 71 /OlK(?/+%}—ul)K(y—bw)cov(gsl(f(h(w;)),952(5(0@))) dy
h=—(T—1)
< him%gﬂoi/oll((%r%)—U1)K(y—bu2>‘cov(gsl()~(h(y+;)) g5, (Xo(y ))dy

B 1
d(|s1]1 + [s2l1) [leoll; Z Z — lim K(z+—+ )K(z)dz
w0 sz H) T S b

IN

= 0,

due to (6.25). This proves the first part of assertion (6.14), i.e.
bT Cov(p(u, sy), P(uz, s)) = o(l), Yuy # us.

In the second step we consider the case u; = ug. Then, using the substitution z = (y—u1)/b,

(6.21]) becomes
T-—1 1 h N h _
[ (=4 ) B ) Cov (g, (K + b2+ 7)), g, (Ko +2)))
h=—(T—1)
T-1
-y / K2(2) dz - Cov(ga, (X3 (1)), g, (Xo(u1))) + R1+ R2+ B3, (6.26)
h=—(T—
where
T-1

1
Rl = h_}(;_l)/_l (K(z—kﬁ) K(2)) K(2)
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)05, (Xolur +b2))) .

><Cov(g§1 (Xp(ug +bz+ T

T 1

Ro= > [ ) Cov Bl + b2 ) g (Kalon) g, Kolon +02)) d,
h=— (T 1)

Bo= Y [ K Cov{ag (Raun). g (Koo +12) — g, (Kour))
h=—(T—1)""

From boundedness and Lipschitz continuity of K, as well as Lemma [2.1fi), R1 can be
bounded in absolute value by

1w B

o)) > Ihl2d(sil1 +1sal) leoll, Do 1)

h=—o0 HEIE TR

_ > ., B

O((T) ") 2d(|s1|1 + [s2l1) leoll, D D |‘7|@

h=-c0 |j|>L|h/2\J

= O((bT)™ 1) 2d(|sq]1 + |s2]1) ) llolly Z] l
JEZL

IN

= O((bDT)™h.
Therefore, R1 vanishes asymptotically. For R2 we have
IR2| < Y Lp<rnylfr(h)|
h=—o00
with an obvious notation for fr(h). Via Lemma ( ) we have the bound
_ 1 B
Frml < [ K ddd(sh sl e, Y g
- 1> Lim/21)

which is summable in A and not depending on T'. Hence, we can apply Lebesgue’s dominated
convergence theorem which yields, again using the fact that |Cov(X,Y)| < 2E|X|if |Y] =1,

o0 1
lim |R2|< > lim/ K%(2)2E
h=—

T—00 T—oo J_1

9s, (X (u1 + b2 + %)) — s, (Xh(ul))‘ dz.

Following exactly the lines of (6.24]), we can bound the right-hand side by

= [ > Bdy | h
_Z: %&[1K2(2)2|§1!1<Ld+H§0H1 -;wm)’T+bZ’dz
OO Bd e h
< duh(ztlal, X 05) [ @ 3 g ()
j_foo =—00

= 0.

Therefore, R2 vanishes asymptotically and with exactly the same arguments, R3 also con-
verges to zero. Applying these results to (6.26)), it holds

bT Cov(@(u1, 1), P(u1,55))
T 1

= Y[Rz Cov(, (), g5, (Kolur)) + o)
h=—(T—-1)
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— /_11 K*(2)dz - i Cov(gs, (Xp (1)), g5, (Xo(ur)) ) + 0(1) (6.27)

h=—00
= V((u17§1)7 (U1,§2)) + 0<1)'

The assertion for the real and imaginary parts follows immediately from Rz = (x + =) /2
and Sz = (z —7)/(2i) and exp(iz) = cos(z) + isin(xz) which completes the proof of part
(iii). O

Proof of Theorem [3.1. For any u € (0,1) and s € [—S, S]¢, we can write
VT (§(u, 5) = p(u,8)) = VOT (B(u, ) — E[@(u, 8)]) + VT (E[(u,5)] - p(u,5)),(6.28)

where the second summand on the right-hand side above converges to zero if b>*T — 0 holds
and to CB(u, s) if BT — C? holds, respectively, by Lemma (i,ii). Hence, it remains to
show the CLT in . By Cramér-Wold device, this is equivalent to show for all ¢ € R?/
the corresponding CLT

e e [ [ TP s) - E(f( )\ G2 g n.eve.
& gO(uj,,) E(p(uy ))

Now, we have to distinguish the two cases of a positive variance ¢/'Vc and a vanishing
variance ¢'Ve = 0. In the latter case, we get from Lemma [3.1](iii) that Var(Z) — ¢Vc=0
holds such that

Zr —%5 N(0,dVe) = N(0,0) = 6,

is degenerate. Now, suppose ¢'V¢ > 0 holds. Further, let (X (M)) be the truncated version
of (Xt,T)7 i.e
(M) t <
Xt,T = B(f) + Z At,T(]) €t—]7
j=—M
and define

g et [ ) e ) i),

where M) (u, s) is defined analogue to @(u, s), but with X, r replaced by Xﬁj\j{) Further,
we define the block covariance matrix V; analogous to V, but based on

Var(Con,s0) (2, 5)) = [ K Z Cov(exp (i (s1, Xo(w)), exp i (52, Xn(uz)
h=—

instead of V' ((u1, s1), (u2, s5)). Now, we can make use of Proposition 6.3.9 in Brockwell and
Davis (1991) and we have to show

(a) 3Mye NVM > My: Z8M 25 N(0,dVyre) as T — oo,

(b) 'Vyc— 'Veas M — oo,

(¢) YVd>0: hm hmsupP(\ZT—Z(M)\ >0) =

M—oo 7500



36

First, we get immediately from Lemma (i) that V¢ — Ve < 0o as M — oo, which
proves (b). Now turn to part (a). By using completely the same arguments as used to
compute the variance in Lemma (iii), we can show that

Var(Z8M) = ' Ve + o(1).

From ¢'Vc > 0 and as V; — V for M — oo, we get also ¢/'V e > 0 for all M > M, and

M sufficient large. Hence, it suffices to show that

Z(M) J

—L S5 N(0,1) as T — co. (6.29)
Var(Z:(FM))

To prove this, we write
T
(M) b, t ‘ cos((s;
# - £l
T
= vy
=1

with an obvious notation for Yt(¥ ), where we suppress the dependence on u; and s;. Note

that all summands in Yt(%/[ ) with |(t/T —u)/b| > 1 are zero since the kernel K has compact

support [—1,1]. Consequently, as we consider ui,...,uy, at most dp = J(2[bT| + 1)
(subsequent) of the summands Y(T ) above fulfill |(t/T — u;)/b| <1 for at least one j. Let
Yt(lj,\?’ .. Y( ) denote these non-vanishing summands such that we can write
dr
=2
r=1

Note that (Yt( T), r=1,...,dr) forms a triangular array of centered (2M)-dependent ran-
dom variables such that we can use the CLT in Theorem 2.1 in |Romano and Wolf (2000)),
which is tailor-made for m-dependent random variables. In the following, we adapt their
notation and we have to check their Conditions (1) - (6). We refer to Romano and Wolf
(2000) for details. Since

’ f )’2+5
cos((s],XEM%ﬂ — Elcos((s;, XIEMT)>)] ) , ) 246
— K 7_% ) 5 i =1,...,J
‘Vﬁ (b ><smwﬁﬂﬂw—m n((s;, X1 ) ]
< —(1+8)

for some finite constant Ca and any § > 0, we get that Condition (1) holds with Ap =
(148 M M . M . M
Ca (b7) (2. As Cov (cos((s;, X (1), cos((s;, X270 ) |, [Cov (sin((s;, X{19)), sin((s;, X119))) |

t2,
and |Cov (sin(( j,XgV[T))) cos((sj,xg\j[T)>))| can always be bounded by 2, we get that

|Cov (Y;E ) YtT ) | = O((bT)™1). Hence, with v = 0 in their notation, we have for all

aand all k> 1 that

1 at+k—1 1 k ()
fVal“ ( Z tr, ) = % Z tr1+a lyT’ }/trg-&-a 1»T)
1,72
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min(k—1,2M) 1 min(k,k—h)
M
= Z 1. Z COV(}/;(+2+Q 17T7}/;i+a) 1,T)
h=max(—(k—1),—2M) = s=max(1,1—h)
< Cg-(T)!

for some suitable positive and finite constant Cx. This means that Condition (2) holds
with K7 = Ck - (bT)~!. Further, since ¢ Ve > 0 for all M > My and M sufficiently

large, and as Var (Zfﬁl Y;(T]\?) = Ve + o(1), we obtain for sufficiently large T', that
there exists a strictly positive and finite constant C'f, such that

—Var ( Yt(M) > Cp, - (bT) 7!
This means that Condition (3) holds with Ly = Cp - (bT)~!. Altogether, this leads to
Conditions (4) and (5) being satisfied, i.e.

A O (1)~ (F2)
= =0, () L1+§/2 - (Ci((bT))—l)Hé/)? =O().

Kr  Ckg(0T)”
@) Ly CL(bT)-

1
1 =

As their Condition (6) is trivially fulfilled as M is fixed here, this proves the CLT in
and completes part (a). Finally, to show (c), by Markov inequality, it suffices to con51der

E (|ZT — Z:(FM) |2) in more detail. To avoid lengthy notation, we treat only the case of J =1
and consider only the real part. Similar to (6.27) in the proof of Lemma [3.1](iii), we get

bT Var (%gﬁ(u,é) — RpM) (Ué))

T—1

= Y[R e Cov (Rl ) — R0 0). Rs(Ko(w) — R K6 ) ) +0(1)
h=—(T—1)""

=: I +o(1)

~(M ~
as T — oo, where K,E )(u) = p(u) + ijvi,M A(u, j) g;—; is the truncated version of X;(u)
and gs(x) := exp(i(s, z)). Hence, it suffices to prove

lim limsup [I7p| =0
M—=oo T

by making use of Lebesgue’s Theorem. By using the same approach as in the proof of
Lemma (iii) to show the finiteness of the variance V, the modulus of the covariances in
It pr above can be bounded by

(M ) (Mv)

(w) = {Roa( L (0) - R (1" () b Rl L) - R (K ()

Cov (R0, (X ) — Rge(X |
M >>,g<Xo<u>>—%gs<XéM)<u>>—{%gso?é”)(u)) Rga(X ‘M”)<u>>})

Y

+lcor (Rou( 4 w) — Rou(X

where X,EM’U)(u) = p(u) + X|jj<min(m,0) AU, j) €—; and v = |[h/2[|. The first summand
(M)

above can be bounded by
1B (R (& )~ R0o (5" (w) — { R0 X3 () — R )

< 4{E <’%gs(yh(u))_yegs()?ﬁf)(u))‘) (‘%gs(XéM)( )) — Rgs(X (MU)(U))D}
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< 4|shlleoll { > A, )+ > |A(U7j)|1}
[j|>v M>|j|>min(v,M)
< 8lslilleoll Y sup|A(u, j)h
gl>v
B
< 8dlsh eolh 30 2
o L)

and the second summand can be treated completely analogue. Altogether, the summands
can be bounded by summable coefficients not depending on M, which allows to bound
lim /o0 limsupp_, o [I7,0m| applying Lebesgue’s theorem as follows

lim limsup |17 ]
M—00 T oo

< gim Jim 3 / K2(2) dz |Cov (Ra(En(w) — Ra(X1" (). Rou(Zo(w) - Re(£5 () ) |

M—oo T—>oo

< Z / (K2(e)az { i [Cov (Ra(Ea(w) — Roo(5" () Rgs(Ko(w) ~ R (X5 ()|}
< 4 K2(2)dz{ I B (|Rgo(X Rgo (XM
< a3 [ { m p(ReE) - R )}
< Ashlleolh Y- [ Kz { lim > sup|A(u, j)| }

" lhf oo/— Mmoo A0 v 1

B

< 4d|s|i||e K%(z lim —

’ Oth_z_:oo/_ {M*)OO jz>:M l(j)}
= 0,

which proves part (¢) and concludes this proof. O

Proof of Lemma[3.4. Applying Lemma [2.1](ii) and (iii) we obtain

E( sup WT{@( 5) ~ E@(u, 5)) sz(—u)> [explis, X, (w))) — Bexp(its, X, (u >>>]}

s€[—S,5]4

2oy (L) (e - ], + | tem) - £,

<0 (ﬁ) +O(VT),

which vanishes asymptotically. O

Proof of Lemma[3.3 We restrict ourselves to the first assertion since the second one can
be derived in complete analogy. For notational simplicity, we define gs(X) = cos(s'X) —
Ecos(s'X) for any s € R4 and any R valued random variable X. Recall that the number
of nonvanishing summands is bounded by [2bT| + 1 (see end of Section 2) and that these
summands are subsequent. Let t; denote the smallest of these indices. Inspired by |Arcones,
Yul (1994, Section 2), we divide this set of indices into blocks Hy, T; (both of equal length
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kr) for t =1,..., pur and a remainder term R, where

Hy:={i|20t—Drr+t1 <i<(2t—1Drr+t1},
T, := {Z ‘ (2t— l)liT-i-tl <1< 2tl€T—|—t1},
R .= {’L ‘ urkr +t1 <1 <ty + (QbT—|}.

Here x7 and pr have the following form for all T' € N:
bT
KT i= {(bT)ﬁJ and pr = {J . (6.30)

Further, let p(sy,s9) = |87 — Sp|1. This gives

t/T — > v
lim lim supP( sup |(bT)"2 Z K( / ) [9s, (Xe(u)) — g, (Xt(u))]’ > A)
r=0 700 $1,8,€[—5,8]%
p(s1,85)<r
< lim limsup P( =303 K<’/ Lo )[951 (Xi(w) gSQ<5<i(u>)]‘ > A)
=0 T 00 81,526[75,51‘1 t=11icH; ’

p(81,85)<r
L z/T _ = _ = A
+ hg%)hmsupP sup Z Z K [g§1 (Xi(u)) — g§2(&(u))] > 3
" T—o0 §17§2€[_Svs] t=14€T}
p(81,85)<r
i/T —

+ lim lim sup P ( sup

770 Too 51,8,€[-5,9]¢
p(81,89)<r

®r)3 Y K<
1€ER
=: I+ 11+ IIL
(6.31)
As the second summand can be treated similarly to the first one, we focus on I and III in
the sequel. For the third summand III of , we have

) A
III < lim lim sup P sup Klloo(bT) " 2 g s (X s 2
v <s1,52e[-s,s1d” oo (OT) ™2 3 18, (Xu(w) = 0, (Ki(w))| > 5
p(§17§2)<7"

A
< lim lim supP(C (bT)*l/Z/iT > 3>

T—o0

=0,

as it follows from m > 1 that kp = o((bT')'/?). In the next step we approximate the statistics
under consideration by a statistic based on variables that are constructed such that the
involved random variables with indices in different blocks H1, ..., H,, are independent. To
this end, we define
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for M = |k /2]. Using a first order Taylor expansion of g, the first summand I of (6.31)
can be rewritten as follows

I = lim lim sup P ( sup

r—=0 7 5+

o)+ 30 3 k(T [ (0 0) 3, (£ )

$1,85€[—8,5]4 t=14icH;
p(81,85)<r
* (M) A
#9307 - 2, 00) (i) - )| > 5 )

T — ~ ~ A
< hmhmsupP< ap oY K(Z/ )[‘sl(XEM)w)) —§SQ(X§M)<u>)}| > )
20 Too §17§2€[_Svs] t=1icH, 6

p(8q,85)<r

T—o0

A
—l—hmsupP(QdS]K\oo (bT) 7% Z | X, (u )( )]1>6>
i€ Hy

t=114
=: lim lim sup Ia + lim sup Ib

=0 T T—o0

(6.32)

for some Y between X;(u) and XEM) (u). Now Ib goes to 0 with 7" — oo since Markov’s
inequality gives

(M)

limsuplb < hmsup—dS]K\oo bT) ™2 Z > 1 (u) — X3 ()1
T—o0 T—o0 t= 1Z€Ht
= limsup C (bT")~ 2,uT Z Z lk)
T—o0 1€Hy |k|>M (

km

SlilrnsupC’(bT)_%,uTF;:;mJrl Z 1G]

=0.
Hence, it remains to consider term la, which is more involved. Note that the random
~(M ~(M
variables (XE )(U)))ithl and (XE )(u)))ith2 are independent for ¢; # t9, which will
allow us to apply standard empirical process theory in the sequel. We adapt the arguments
of |Arcones, Yu| (1994) and introduce some notation first. Let vp(s) and vp(sy,sy) with
8,51, 89 € [, 5]% be defined as

o055 3w (Yo &) and et s0) = vr(s)) — vr(ss)

t=14icH;

Now, we use a classical chaining argument inspired by |Arcones, Yu (1994). To this end, we
introduce a decreasing sequence

re=1r2"% k=0,... kp,
for some r specified below and such that
(bT)30=m/Um) <y < (bT) 7/ (M), (6.33)
Note that for our choice of m such a kp exists since for large T

BT/ (m) < ()1 md) > %
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Let Fi C [-S, S]? for k € Ny be a collection of indices with

#Fr = Dy = D(rkv [_57 S]dap) and sSup min ,0(§1,§2) < Tk,
5,€[~5,5]¢ 267

where D(uv [_S7 S]dap) = maX{#% | 76 - [_Sv S]da p(§1a§2) > u \v/ﬁl 7& S9 € [_Sv S]d}
denotes the usual packing number defined e.g. injvan der Vaart and Wellner| (2000, Definition
2.2.3). Obviously, for any u > 0

25d  \*
D(U, [_S7 S]dap) S ( + 1)
u
and hence, D), = O(r,;d). Then there exists maps m;,: [—S, S]? — Fj such that

s —msly <rp Vs e[S, 8]

Thereby, we have

sup lvr(s1,52)]
51,8,€[—5,8]4
p(s,85)<r
< sup  Alvr(s1) —vr(sy) — vr(mepsy) + vr(meess)| + [vr(mosy) — vr(moss)|}
$1,8,€[—5,5]4
p(81,85)<r
kr
+  osup D wr(mesy) — vr(me1sy) — vr(mesy) + vr(mio1ss)
$1,8,€[—5,8]7 |k=1
p(81,85)<r
kT
<2 sup |ur(s;,s)[+  sup  |vr(sy,sy)| +2 Z sup lvr(sy, s)l-
51,8,€[-5,9]¢ $1,89€F0 k—=181€Fk:89€F k-1
p(sy ,§2)§TkT p(81,85)<2r p(81:89)<3r

Moreover, we define for k € N and for some C* specified below
1 1 1
A i=1fV (C* i (log Dk)2> (6.34)

and let r be small enough to ensure

> A
23 < = .
kZ::l FS g (6.35)

Note that Dy = O(rk_d) guaranties summability of (Ag)x. Hence, we have for Ia in (6.32)
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A
Ia = P{ sup  |vr(sy,ss)| > }
§1,§2e[—S,S}d 6

p(81,85)<r

kr

k
)\ T
< P{Q suE) d\VT(§1,§2)| > 18} +P{2Z sup lvr(sy,89)| > QZAk}
§17§2€[ S7S]

k=1 $1€Fk,82€F k-1 k=1
p(81:82) <Tir p(81,82)<3r

A
+ P{ sup  |vr(sy,s2)| > }

EARED) cFo 18
p(81,85)<2r

=14 II + III.

(6.36)
Hence, it remains to show asymptotic negligibility of I, II, and III in order to prove the

lemma. We start with the second summand an apply Bernstein’s inequality for sums of
independent random variables to the outer sum in the definition of vp:

kr
II < Z P( sup lvr(s1,59)| > >\k>
k=1

31 e]:k7§2€]:k—1
p(81,82) <3

kr
< Z Z P(’(bT)%VT(§1a§2)‘ > (bT)%)\k)
k=15,€F,8,€EFK_1
p(81,85)<3r

(6.37)
kr 2
1 bT'A
S2ZD1€D1@71 exp{ —5 k T
k=1 Arr g —i—Zlc’fﬂoo/i:p(bT);/\’c
kr 2
1 bT'A
S?Zexp 2log Dy, — - k T
k=1 Arr g +4’K|Oo/<&T(bT)32/\k

Here,

1
Arrg > sup Var((bT)EuT(§1,§2)).
§1€}—k7§2€}—k71
p(81,85)<3rk
For the variance term, we obtain

bT Var(l/T(§17§2)>

< Var( S0 3w () o (51 ) 2y (2 )

(6.38)

EL )
t=114icH;

11

EL W PN

<Cur Y Cov(gy (X5 @) — g5, (0 ))). (35, (X0 ) g, (X" (w)))].
i1,i20€Hy

In analogy to the proof of Lemma (1) we can bound the latter term by

1
bTVar(VT(§1,§2)>§C,uT Z min{|51—82|1, Z }

i1,i2€H J>lin—iz2|/2] Z(J)
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rkp—1
§C,LLTZ(/£T—t)min{|81—52’1, Z l(‘lj)}

t=0 J>1t/2]
r Ro—1 rkr—1

<o Y s -sahi+ S t**]
L t=0 t=Rg

< O |Rolsi — soli + [ u—3du}
L R0/2

< CbT|Ro |s; — 591 + Ry 2]

for any Ry > 2. This holds for

_1
Roi= [l — 5017
if r is sufficiently small. Then we have
sup Var((bT)% (31,§2)> < C’bTrZ/S =: Ak (6.39)

81 E€EFk,85€F k1
p(sq, 52)<37‘k

Hence, we obtain from and -

k1 2
1 bT'\
II§2ZGXP{2IOng—2 - 1 }
k=1 App g + 4] K || o A

)\2
<2)» expi2logD,—C k }
2 ri/® 4 (bT)(1=m)/2m) \

k=1
kp

<2Zexp

k=1

for some C' € (0,00). Setting C* = (4/C)'/? in definition (6.34)) of \j, yields

kT
c. ., - _
H<2Zexp{—)\2 2/3}<226Xp{—7‘k1/3}—>00.
=1 r—
Analogously, we have for summand IIT in (6.36])
1 bT A2
Pq sup_ frr(sy;sp)| > Ap < 2expq2log Do — 5
2152670 Arrrg + 4| K llookr 25— bT)“

p(s1,89)<2r

where A7 = CbT r2/3. Using the same arguments as before, we get asymptotic negligi-
bility as » — 0.
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Finally, we look at the first summand I in (6.36)). Applying Markov’s inequality, it suffices
to verify
lim limsup E sup |VT(§1,§2)|> =0, (6.40)
r—=0 T—o0 §17§2€[757‘5’]d
p(81:82)<Thp
which then implies convergence of I and completes the proof. To this end, we introduce
some further notation:

Lire) = 1)+ Y K () eosts X)) and £00(5) = Gl
1€ Hy

for s € [-S,5]¢, where are ({;)sen are i.i.d. Rademacher variables independent of (g¢)scz.
Note that (L: 7(s)): is a sequence of independent random variables by construction. Hence,
with a standard symmetrization lemma (see [van der Vaart and Wellner| (2000), Lemma
2.3.1) we get

E< sup VT(31752)’>
S1 7§2€[_S’S]d

P(81,82)<Thp

HT
= E( sup D [Lir(s1) = ELex(sy) — Lez(sy) + ELt,T(Sz)]‘ )
$1,85€[— 5,514 t=1
p(81:82)<Thrp
HT
< 2E< sup Z[LgT(&) - L(t),T(§2)] )
51.52€[—S,51] t=1
p(81:82)<Thrp
Note that 17, L?,T has sub-Gaussian increments conditionally on Ly 7,..., Ly, 7, T € N.

This is because for 51, 85 € [—5,5]% and 1 > 0 we can apply Hoeffding’s inequality to obtain

HT
P( ZL?,T(§1) - L[t),T(§2) > pra(s1,82)0 Ll,Ta--wLumT)
=1
. 2,2
- 2exp{ B pra(si;s2)*n 2}
25702 (Ler(s1) — Ler(sy))

2

n

=2 -
exp { - 7|

with the random semimetric

HT

pr2(81, 82) 1= \IZ (Ler(sy) — Ler(se))?, 510 89 €[S, 8],

t=1

Therefore, we aim at applying a maximal inequality for sub-Gaussian processes to prove (|6.40]).
It turns out to be easier to use a slightly modified semimetric. To this end, first note that

(Lar(s:) — Ler(2))* < (|Ler(s)] + |Eur(s2)]) 1Lur(sn) - Lor(s)]

<27 Ly |50 Ll plsh,80)' 0 (6.41)
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for s, 85 € [, S]% Here, | f|Lip denotes the Lipschitz constant of a function f. We define

ur
Qr = 20-0)/2 J S L5 Lol
t=1

and in order to establish an upper bound for Q7 we derive

)

1 1 < (M)
ILerlloo = (0T) 27| Koo, and  [|Lezllup < (6T) 72Kl D ‘Xi (u)

ict,
140
1)

pr2(81,59) < Qr P(§1a§2)(1+6)/2 =: pr(s1, 82)-

1

which give

1-6 HT "
Qr<c |-y (Z M

t=1 \:€H;

Using the definition of Q1 we have

Note that pr is again a random semimetric since we obtain from (14 6)/2 € (0, 1]

ﬁT(§17§2) < QT (p(§17§3) + p(§3’§2))(1+5)/2

= pr(s1,83) + pr(ss; s2)-

Hence, we can apply Corollary 2.2.8 of [van der Vaart and Wellner| (2000)) as follows

ur HT
E sup | Y [Lir(sy) = Lip(sy)]| | = E sup S LY r(s1) = LY p(sy)]
51,85€[—5,5]%] t=1 $1,8,€[—5,9]% t=1

p(s, ,§2)<TkT Pr(81,85)<QT r,(clT+5)/2

(1+6)/2

Qrr
<CE (/ Tk \/logD(ua [_S, S]d>va) dU) .
0

The packing number can be calculated as
] y \ 2/ (1) ] 99d d
D(U,[—S,S] 7pT):D<<C2T> 7[_8)5] 7p> < ((u>2/(1—lw5)+1> ’
Qr

which gives

iE) d
LT Qrry 25d
E sup Z[Lg,:r’(él) - L?,T(§2)] <CF / T log (2 +1]) du
51,5,€[-8,8]4] t=1 0 (L) 1+6
P(81,82)<Tkp Qr

d
r, 2 )
=CFE QT/kT log( 5;d%—l du
0 2

U 1+6
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To sum up, we obtain by Jensen’s inequality, the definitions of k7 and 7., and log(z+1) <
forz >0

wr

gl sw z[LaT<sl>—L9,T<SQ>]|
$1,8,€[—5,514| t=1
1+6 144 d
1-6 N‘T T 2 2Sd
<cE| |t ’ /’“T 1og< 11 du
t= 1 1€ Hy 0 um

P(81,85)<Thy
9 1446 2
r 25d
<C KJMT ) /kT log 5 +1|du
bT 146 0 T
146

2
"k __1
< C\/kr / TowT T du

= C /KT rkT
< C (b))~ 1/(4m)

N———

£

7

(u

which obviously tends to zero and thus gives (6.40) which completes the proof.
O

Proof of Theorem[3.3. By Theorem 1.5.4 and Theorem 1.5.7 of [van der Vaart and Wellner
(2000)), we have to show convergence of the fidis and tightness in the sense of Lemma
Convergence of the fidis follows from Theorem [3.1] and tightness from Lemma[3.3] By their
Addendum 1.5.8 we can deduce continuity of the sample path of the limiting process. [

Proof of Corollary (3.1l From Assumption [2.1fii.2) and (ii.3) we obtain

1 = 1
XinT = M ( >+ Z AtT Et]—l-(’)p(T) :IXt,T—FOp(T)

]_700

with z and Ay r(5) satisfying Assumption [2.1 again. This leads to

VT sup

sER2d

Ph(u, ) - ZKb(”z’}/ 2 ) eterkn)

—op(1) Yue (0,1).

Moreover, it follows from Lipschitz continuity of K that

P33 (7 ) ) s

t=1

VT sup

§€]R2d

=op(l) Vue (0,1).

Since X ¢, satisfies Assumptionwith k =1, the assertion now follows from Theorem
O
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6.3. Proofs of Section M.

Proof of Corollary[{.1l The parameter estimators are continuous functions of ¢. Theo-
rem ii) yields (pointwise) consistency of ¢ for ¢. Hence the continuous mapping theorem
implies consistency of the estimators for the parameters of the stable distribution. O

Proof of Theorem [{.1] (i) First note that in analogy to the proof of Theorem 3.4.1 in
Ushakov (1999),

/‘90 cp(u,s;@o(u))‘z w(s)ds L0 asT - (6.42)

follows from Theorem [3.2] n and integrability of w. From this we can deduce that

g(u) £, Oo(u) as follows. First we get, that every sequence (Tj)r C N contains a
subsequence (T};); such that holds a.s. for this subsequence. Assume that for
a subsequence (Tj;,, )m thereof, (07, (u))m — 0(u) # 0o(u) a.s. which implies that
the corresponding CFs differ on an open set, say Uy, in view of Assumption (iii).
Thus, we have

/‘gp u, S; QTM u)) — @(u, s;00(u ‘ w(s)ds

> [ ot s:80(a)) — oo s: 8| w(s)as — [ [t 518, () = ol 5 00) | wis)ds

>

under Assumption (iii) for all large k£ and some n > 0, which yields a contradic-
tion.

(ii) We abbreviate the integral on the right-hand side of (4.7) by Dr(u;6(w)). The (uni-
form) consistency properties of our estimator @(u, s) implies that its first derivative

w.r.t. f satisfies ﬁ(Tl )(u; O(u)) = 0, with probability tending to one. Hence, Taylor
expansion of order two gives

VBT () — Oo(w)) = —VBT [DP (s 60 u) + E(0(u) — Oo(w)))] DY (us o w))

for some random ¢ € [—1,1]. By Assumption [£.1[iv), the order of differentiation
and integration is commutable. Hence, in a neighborhood of 6y(u) gradient and
Hessian can be represented as

DY (u; 0(u)) = —2 /R [(RB(u, 5) = Rep(u, 53 0(u))) R ™ (u, 53 0())
+ (33 (u, 5) — Sp(u, 5 0(u)) SN (u, 51 0(w)) | w(s) ds
and
D (u;0(u) = 2 [ (R (w, 53 0(u) R ™ (u, 53 ()] + o (w, 55 0(w) [Sp) (w, 5: 0(w)]
— (R@(u, 5) — Rep(u, 55 0(w))) R (u, 5:0(w)
— (3P(u,5) = Sip(u, 53 0(u))) 39 (u, 5: 0(w) ) w(s) ds,

respectively. By part (i) and Theorem Dé?) (us; 0o (u) 4 €(O(w) — Oy (u))) L5 2Dy,
which is invertible by assumption. Hence, it remains to show that

VbT D(Tl)(u; Oo(u)) 45 2Dy Zurpp.

[\
e
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Applying Theorem [3:2] and the continuous mapping theorem, we obtain

Rsr _ﬁ/ss]d (RB(u, s) — R (u, s300(w)))Re™ (u, s; 00 (w))

+ (3P(u, 5) = Sip(u, 5300(1))) S (u, 53 6 (w)) | w(s) ds
4, Rg ::/ [Zl (u, 8) R (u, 5500 (u)) + Za(u, s) S (u, s; QO(U))} w(s)ds
[-5,5]¢

for any S € (0,00), where Z = (Z1,Z3) is the limiting process in Theorem
applied to p(u,s) = ¢(u, s;6p). It follows from a usual Riemann approximation of
the integral that the limit Rg is a centered normal random variable. By (4.10)),

Var(RS) — VaI‘(Do ZMDE) < 00 as S — o0,
which implies that
Rs % Do Zaps.

Now, the assertion follows from Proposition 6.3.9 in Brockwell and Davis| (1991)) if
additionally

hm lim sup P <|R5T — \/ﬁD (u; 90(“))) | >mn)=0.

S5—=00 T00
In view of (4.10), Lemma [3.1fi) implies
2
lim limsup E ‘R&T — VT Dgpl)(u; Go(u))’ =0,

S=00 Too

which then completes the proof.

Proof of Lemma[].3 By expanding the squared term of the integrand in (4.14)), we get
|57 @y, 2 (5 81, 52) — By0(us 51) Pz (w3 59)
= |rrBy,zn(us 81, 89)1* — wr@y, 7 (ui 51, 89)Py0(us 81) P70 (us 59)

— K1 Py, 20 (U 51, 89) Py 10(s 81) Bz (w; 89) + | By i0(us 51) Bz (u, 59)]

= I+ II+1IT+1V.
From (4.15]) and expanding exp(i-) = cos(-) + ¢sin(-), we get for the first term

I — % Z H K, (t +h/2 u) cos (§’1 Yy — Zt4,T)) cos (§/2(Zt3+h,T - Zt4+h,T)>

t1,to,t3,ta=1j=1
+R[7

where Ry is a remainder term that leads to vanishing terms for the integral in (4.14) (note
that sin(-) is an odd function). By using the identity

cos(u) cos(v) =1 — (1 —cos(u)) — (1 —cos(v)) + (1 — cos(u))(1 — cos(v))
we get
Fe Rt Y TTE(EE2 - (- s (40 - V)
t1,to,ta,ta=1j=1

- (1 — COs <§2(Zt3+h,T - Zt4+h,T)>) + (1 — COS (§,1 (th,T - Xuf))) (1 — COS (§/2(Zt3+h,T - Ztﬁ—h,T))) }
= Lh—L—-I3+ 14+ Ry.
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The same calculation for terms 11, I11 and IV leads to similar expressions, where the first
three terms cancel out, i.e. Ij +11; +111; +1V; =0 for j =1,2,3 and 114 = I11; . Note
that the cancellation is due to the inclusion of the factor st in the definition of .
Altogether, this leads to

K@y, z:0 (W5 51, 89) — Pyi0(ws 31) P (s 59) [

—h
=71 TX: ﬁ Kb(tj—i_Th/2 - U){ (1 - COS(ﬁ&(th,,T - Xt4,T))) (1 - COS(§/2(Zt3+h,T - Zt4+h,T)))

t1,ta,t3,ta=1j=1

—2 (1= cos(s) (Y, 0 = Yo,.7))) (1 = cos(sh(Ze, 10 = Zipsnr))

+ (1= cos(si (Vo 7 = Yi,.7)) ) (1 = c08(5(Z, o0 = Zoponr))) |+ R,
(6.43)
where R is a remainder term that leads to vanishing terms for the integral in . Now,
we plug the above into and make use of Lemma to get the claimed result. (]

Proof of Theorem[{.3 To prove consistency of ]7}2/ »(u; h) we proceed in three steps and
show:

1. For 6 € (0,1)

. R N —~ 2
V¥ z5(ush) = /D |kT Py, z;n (U 51, 52) — Py0(u; 81)Pz;n(u; 52)|” w(sy, 52)d(81,52)
)

P 2
— V¥ zs(ush) = /D oy, zin (U5 81, 82) — yvi0(us 81)pzin(u; 52)|" wlsy, s2)d(s1, 82),
5
where Ds = {(s,85) € RPT9 |6 < [s1]o < 1/6, 0 < |sof2 < 1/0}.
2. V%/’Z;(;(u; h) — V%Z(u; h) with § — 0.

1732/’2;5(1@ h) — 1752/72(11; h)‘ > 5) =0 Ve>0.

Then, the assertion for distance covariance can be deduced from Proposition 6.3.9 in [Brock-
well and Davis| (1991) and it remains to consider the distance correlation. Under the as-
sumptions of the theorem V2 (u;0) VZ(u;0) > n for some n > 0. Hence, with probability
tending to one, we have 1(VE(u;0)V%(u;0) > 0) = 1. Thus, stochastic convergence of
R%/ 4 (u; h) follows immediately from convergence of the distance covariance and it remains
to carry out steps 1 to 3 mentioned above.

Step 1.
We rewrite

3. lims_yo limsupp_ o P (

VY . g(u; h) = /D k1 @y, 720 (U5 51, 83) — @y, z;n(u; 81, 52)
5
+ v, z:n(u; 81,52) — wy,0(u; 51)0z:0(U; 52)
—~ —~ 2
+ oy0(u; 51)0z:0 (U5 $9) — Py0(u; 51)Pzn(u; 52)|” w(sy, 59) d(s1, 89).

By Cauchy-Schwarz inequality and recognizing that

[ vzt st sa) = ero(us sy oz 5o) P wsr, ) dlsy 52) < o0,
§

it remains to show that

—~ 2 P
/D |7 By, zn (U3 51, 89) — @y, z,n(Us 81, 89)| " w(sy, 89) d(sy,89) — 0 (6.44)
5
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and
~ —~ 2 P
/D loyi0(u; s1)pzin(u; 59) — Byio(us s1)Pzin(us 59)|" w(sy, s0) d(sy,59) — 0. (6.45)
S5
For (6.44)) note that

o~ 2
/D |k @y, z:n (W 81, 89) — @y z:n(u; 81, 89)|” w(sy, 89) d(sy, 57)
5

<2 [ (r = D Brza(ussn, )P wlss, 5) dlsy ) (6.46)
é

~ 2
+2/D |80Y,Z;h(u§§1a§2) —¢Y,Z;h(“;§1a§2)| w(sy, 89) d(s1, 89).
4

The first summand on the right-hand side tends to zero in probability since xp — 1 and
®y,z;n is bounded (uniformly in T"). Following the lines of the proof of Corollary we
obtain that V0T (Py 7. (u;s1,59) — ©v,z;n(U; 81, 82)) (5] 5D, converges in distribution to
a complex centered Gaussian process with continuous sample paths. Together with the
continuous mapping theorem this gives asymptotic negligibility of the second summand

in (6.46). With the same arguments (6.45)) can be obtained.
Step 2.

The assertion is an immediate consequence of the monotone convergence theorem.

Step 3.

We follow the lines of the proof of Theorem 2 in Szekely, Rizzo and Bakirov| (2007)). First,
note that

912/2(“; h) — )73/,2;5(”; h)

= k7@, 20 (W5 51, 39) — Py0(us 81) Bz (s 39) | w(sy, 55) d(s1, 59).
RP+‘1\D5

and
RPFI\Ds ={(s},55)" € RPT | [s1]2 < 0} U{(s],s5) € RPT | |s;]o > 1/6}
U{(s],55) € RPT | [sp]p < 6} U{(s],85)" € RPFY | |sy|p > 1/6}.

Hence, for symmetry reasons it suffices to show that Ve > 0

lim lim sup P / k7 @y, z2:(U; 81, 85) — Py0(w; 1) Pz (w5 55) P w(sy, 85) d(s1,85) > €
=0 THeo {(s},s}) €RP+4||s1|2>1/8}
(6.47)
and
lim lim sup P / K@y, 20 (W5 51, 39) — Py0(us 81) Bz (s 89) [P w(sy, 85) d(sy, 59) > €
{(s],85)' €RPT||s1]2 <5}

=0 T 00
(6.48)
are equal to zero. For (/6.47]) we invoke expansion (6.43) of the integrand and Lemma

~ o~ ~ 2
|kT@x,v;n(U, (81,52)) — @x;0(u,s 81)Pyn (U, 52)|” w(sy, 52)d(s1, 82)

Z HK<t + h/2 u)

t1,to,t3,t4=1j=1

x{ (1= cos(si (Y, = Yo,.7))) (1 = 08(5(Zey 0 = Ziponr))

=2 (1= cos(s) (Vg7 = Y,17)) ) (1 = €08 (sh(Ziysnir — Zegnr)))

/{(si,s;)’eR“qsl l2>1/8}

/{<s3,sg>'ew+ul|z>1/6} ‘ﬁ
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+ (1= cos(h (Va7 = Y1) (1= 008(5h(Zeysni = Zoonr))) Hw(s, 52) d(sy, 52)

= 8 /|812>1/5 cp \81|1+pd1

X /Rq % t17t2§7t4_1]ﬁl Kb<t]+Th/2 - U) (1 — COs <§/2(Zt3+h,T - Zt4+h,T))) cq|812’1+qd52
= ¢ /|s12>1/5 ‘81|11+P 212 tg%: 131_[3K (t] e u) |Ztstn1 = Ztsnl
= ¢ /|312>1/5 \81|1+p = Z Kb<t S “) el

Now, Markov’s inequality gives

T—h
1 t+h/2
6.47) < C lim dsl lim sup E K( T

—u|E|Z = 0.
00 J)5,[2>1/6 |51’2 T—oo ;= ) pA
The verification of (6.48)) is more involved. We denote by X (u) = (Z/ (u), 7 (w)) a copy

of X,(u) which is independent of the DGP (X t+7)i—1, T € N. Using the inequalities of
Cauchy-Schwarz and Jensen, we obtain

~ ~ -~ 2
/ Rr@syin(u, (s1,52)) = Bl 1)@y (1) wsy, 5:)d(s1, 5,
{(s],85) €RPTI| |5, [2<6}

w(§17 S9

HTT_h t—i—h/Q is'Y v sl 7
) ? Z Kb( 7 — u) (ezﬁl—t,T _ Eels (“))( i$5Zy pr _ E62§2f(“))
t=1

/{(8’ 55)/ €ERPH|s, |2 <3}
2

2 2 s o! VAV ol -1 77
Z K, (tl + h/ u) Kb(M _ u) (€Z§1xt1,T _ Eel§1x(u))(ez§2gt2,T _ E€Z§2Z(u)) d(§1’§2)

t1,t2 1 T

T—h _
< 2/ T Z Kb<t +h/2 _ u) |ei§,1Zt,T — E€i§/1X(“)|2
e sg)eRP+QHsﬁz<6} T = T

KT — t+h 2 is” 7:5/7 u
X (T tzzjl Kb( T/ )‘6 552 4 h,T _Eefgl( )|2> w(§1’§2) d(§1,§2)

2
1|t 4+ h)2 »
o L[S e g,
{(s.sp) €Rw+al|s, <8} T | 5= T

2

t h 2 is! ol 7
Z K”( 2t u)(e%éﬁw — B2 | w(sy, 55) d(s1,55)

to=1

1 t+h/2 > 5 1
< 4%} / Z K ( + / ) ‘ezélxt’T - E€7’§1X(u)’271+pd31
lsl2<8 T = cplsila

/ Z <t + h/2 ) ‘e@ggﬁhyT _ EeigéZ(u)’Z%_’_quQ.
spere T i Cqls2ls
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With the same arguments as in [Szekely, Rizzo and Bakirov| (2007, page 2777f.), we obtain

/ era T Z Kb( ) et — i) Wd,g

;Z—: (t+h/2 u) (|Zt+h7T|+E\Z(u)|>

and .
/ 1 Kb<t + h/2 u) Y ar _ pisiTw)2 ;del
Is,le<8 T 4 T cplsily "
2 ' t+h/2
<7 2 B( —w) E(Yar — Y@IG(Yer — Y (w)l6) | Yir),
t=1
where

1 —cos(z1) ,
G(y):/ 7d§a gz('zlv"'vz)‘
o<y |zlat? P

Summing up, we have for (6.48)) by Markov’s inequality and Lebesgue’s dominated conver-
gence theorem

(6-43)
t1+h/2 =
<
lgr%)hjrfl_fupP< KTHZIKI;( = u) (1Zuysnr| + E1Z(w)])
T—h
to +h/2 = S
3 (R ) B - Y@IGY V@1 Vi) > )
to=1

t+h/2

<17M+hmhmsupP< ZKb(

msu W) E(Y, 7 — Y()|G( Yo7 — Y(0)[6) | Y, r) >g)
T—h
<nM+hinhmsupT% ZKb(thL/Q ) (1Y — Y(u)|G(Y 7 — Y(u)]5))

T—o0 € t=1

< M
with npr — 0 as M — oo. This leads to the desired result as G is bounded and G(y) — 0
with y — 0. (]
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