~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Drex|, Andreas; Haase, Knut

Working Paper — Digitized Version
Fast approximation methods for sales force deployment

Manuskripte aus den Instituten flr Betriebswirtschaftslehre der Universitat Kiel, No. 411

Provided in Cooperation with:
Christian-Albrechts-University of Kiel, Institute of Business Administration

Suggested Citation: Drexl, Andreas; Haase, Knut (1996) : Fast approximation methods for sales force
deployment, Manuskripte aus den Instituten flr Betriebswirtschaftslehre der Universitat Kiel, No.
411, Universitat Kiel, Institut fir Betriebswirtschaftslehre, Kiel

This Version is available at:
https://hdl.handle.net/10419/149042

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/149042
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Manuskripte
aus den
| :stituten fOr Betriebswirtschaftslehre
der Universitat Kiel

No. 411

Fast Approximation Methods for

Sales Force Deployment

Andreas Drexl, Knut Haase




Manuskripte
aus den
Instituten fiir Betriebswirtschaftslehre
der Universitat Kiel

No. 411

Fast Approximation Methods for
Sales Force Deployment

Andreas Drexl, Knut Haase

October 1996

© Do not copy, publish or distribute without authors’ permission.

Andreas Drexl, Knut Haase

Lehrstuhl fiir Produktion und Logistik, Institut fiir Betriebswirtschaftslehre
Christian—Albrechts—Universitat zu Kiel, Olshausenstrafie 40, 24118 Kiel, Germany
eMail: Drex]@bw].uni-kiel.de, Haase@bwl. uni-kiel.de

URL: ftp://www. wiso.uni-kiel de/


mailto:Drexl@bwl.uni-kiel.de

1

Abstract: Sales force deployment involves the concurrent resolution of four interrelated
subproblems: sizing the sales force, salesman location, sales territory alignment, and sales
resource allocation. The first subproblem addresses the topic of selecting the appropriate
number of salesman. The salesman location aspect of the problemn involves determining the
location of each salesman in one sales coverage unit. Sales territory alignment may be viewed
as the problem of grouping sales coverage units into larger geographic clusters called sales
territories. Sales resource allocation refers to the problem of allocating scarce salesman time
to the aligned sales coverage units.

All four subproblems have to be resolved in order to maximize profit of the selling or-
ganization. In this paper a novel nonlinear mixed-integer programming model is formulated
which covers all four subproblems simultaneously. For the solution of the model we present
approximation methods which serve to solve large-scale problem instances arising in practise.

The methods which provide lower bounds for the optimal objective function value are
benchmarked against upper bounds. On the average the solution gap, i.e. difference between
upper and lower bound, is roughly 3%. Furthermore, it is shown, how the methods can be
used to analyze various problem settings which are of highly practical relevance. Hence, the
methods presented in this paper are effective and efficient and will be very helpful for mar-
keting management.

Keywords: Marketing models, sales force sizing, salesman location, sales territory align-
ment, sales resource allocation

1 Introduction

In many selling organizations, sales force deployment is a key means by which sales manage-
ment can improve profit. In general, sales force deployment is complicated and has attracted
much analytical study. It involves the concurrent resolution of four interrelated subproblems:
sizing the sales force, salesman' location, sales territory alignment, and sales resource al-
location. Sizing the sales force advocates selecting the appropriate number of salesmen. The
salesman location aspect of the problem involves determining the location of each salesman
in one of the available sales coverage units (SCUs). Sales ferritory alignment may be viewed
as the problem of grouping SCUs into larger geographic clusters called sales territories. Sales
resource allocation refers to the problem of allocating salesman time to the assigned SCUs.
Research has yielded some models and methods that can be helpful to sales managers.

The choice of the SCUs depends upon the specific application. SCUs are usually defined
in terms of a meaningful sales force planning unit for which the required data can be ob-
tained. Counties, zip codes, and company trading areas are some examples of SCUs (cp. e.g.
ZOLTNERS AND SINHA 1983 and CHURCHILL et al. 1993). Note, it is more meaningful to
work with aggregated sales response functions on the level of SCUs rather than with indi-
vidual accounts because then substantially less response functions have to be estimated and
the model size does not explode (cp. e.g. SKIERA AND ALBERS 1996).

In literature, a large variety of different approaches are labeled with general terms like
‘territory design’, ‘resource allocation’ or ‘distribution of effort’. Frequently, from a modelling
point of view the multiple-choice knapsack problem is the matter of concern. This knapsack
model covers several important practical settings and — what has been a driving source for
its repeated use — can be solved very efficiently (cp. e.g. SINHA AND ZOLTNERS 1979). As
already mentioned ‘resource allocation® addresses the question: How much of the available
time should each salesman allocate to the SCUs which are assigned to him?

Early work in this area has been published by e.g. LayToN (1968), HESS AND SAMUELS
(1971), PARASURAMAN AND Day (1977}, and RyaNs AND WEINBERG (1979), respectively.
WAID et al. (1956) present a case study where the allocation of sales effort in the lamp
division of General Electric is investigated. FLEISCHMANN AND ParascHIs (1988) study the

! Note, we avoid the term ‘salesperson’ in order to make the ‘his/her’ distinction superfluous.



2

case of a German manufacturer of consumer goods. For the solution of the case problem they
employ a classical location-allocation approach.

Sales resource allocation models consist of several basic components, i.e. sales resources,
sales entities, and sales response functions, respectively. As discussed in, e.g., ZOLTNERS
AND SINHA (1980) and ALBERS (1989), specific definitions for these components render
numerous specific sales resource allocation models. BESWICK AND CRAVENS (1977) discuss
a multistage decision model which treats the sales force decision area (allocating sales effort
to customers, designing sales territories, managing sales force, etc.) as an aggregate decision
process consisting of a series of interrelated stages.

The sales force sizing subproblem has been addressed by e.g. BESWICK AND CRAVENS
(1977) and LobpisH (1980). The sales resource allocation subproblem has been analyzed,
among others, by Lopisn (1971), MONTGOMERY et al. (1971), BEswick (1977) and ZoLr-
NERS et al. (1979). TAPIERO AND FARLEY (1975) study temporal effects of alternative pro-
cedures for controlling sales force effort. LAFORGE AND CRAVENS {1985) discuss empirical
and judgement-based models for resource allocation. Allocation of selling effort via contin-
gency analysis is investigated by LAFORGE et al. {1986). The impact of resource allocation
rules on marketing investment-decisions is studied by MANTRALA et al. {1992).

Among the four interrelated subproblems, so far the alignment subproblem has attracted
the most attention. For it, several approaches appeared in the literature. These approaches
can be divided between those which depend upon heuristics and those which utilize a mathem-
atical programming model. Heuristics have been proposed, among others, by EASINGWOOD
(1973), and HESCHEL (1977). Two types of mathematical programming approaches have
been developed. SHANKER et al. (1975) formulated a set-partitioning model. Alternatively,
the models of LoDIsH (1975), HESS AND SAMUELS {1971), SEGAL AND WEINBERGER (1977),
ZOLTNERS (1976), and ZOLTNERS AND SINHA (1983) are SCU-assignment models. For an
overview see HOWICK AND PIDD {1990).

Some of the papers published so far on the alignment subproblem aimed at aligning sales
territories in a way almost balancing with respect to one or several attributes. The most
popular balancing attributes are sales potential or workload of the salesmen. A detailed
discusston of the shortcomings of the balancing approaches can be found in SKIERA AND
ALBERs (1996) and SKIERA (1996}.

Glaze and Weinberg (1979) address the three subproblems of locating the salesmen, align-
ing accounts and allocating calling time. More specific, they present the procedure TAPS
which seeks to maximize sales for a given salesforce size while attempting to achieve equal
workload between salespersons also and in addition minimizing total trave! time.

Recently, SKIERA AND ALBERS (1994), (1996) and SKIERA (1996) formulated a con-
ceptual model which addresses both the sales territory alignment and the sales resource
allocation problems simultaneously. Conceptual means that the sales territory connectivity
requirement is formulated verbally, but not in terms of a mathematical programming for-
muiation. For the solution of their model they propose a simulated annealing heuristic. The
objective of their model is to align SCUs and to allocate resources in such a way that sales
are maximized.

The remainder of the paper is structured as follows: In §2 the problem setting under con-
sideration is described as a nonlinear mixed-integer programming model. A fast method for
solving large-scale problem instances approximately is presented in §3. The results of an in-
depth experimental study are covered by §4. §5 discusses insights for marketing managernent.
A summary and conclusions are given in §6.

2 Nonlinear Mixed-integer Programming Model

The larger the size of the sales force the more customers can be visited which in turn has a
positive impact on sales. On the other hand increasing the sales force size tends to increase
the operational costs per period. In addition, the number of possible calls to customers, the
operational costs and the salesmen’s resource (time) which might be allocated to customers



3

is affected by the location of the salesmen, too. To make things even more complicated, the
alignment decision is very important for all these issues as well. Clearly, we have to take
care of all the mutual interactions of the different factors affecting the quality of the overall
sales force deployment. The aim of what follows is to provide a formal medel which relates
all the issues to each other.

Let us assume that the overall sales territory has already been partitioned in a set of J
SCUs. The SCUs have to be grouped into pairwise disjoint sales territories {clusters) in such
a way that each SCU j € J is assigned to exactly one cluster and that the SCUs of each
cluster are connected. In each cluster a salesman has to be located in one of the assigned
SCUs, called sales territory center. Note, connected means that we can ‘walk’ from a location
to each assigned SCU without crossing another sales territory. I C J denotes the subset of
SCUs which are potential sales territory centers. To simplify notation ¢ € I denotes both the
sales territory center ¢ and the salesman located in SCU .

In practice, selling time consists of both the calling time and the travel time. For notational
purposes let denote z; ; the calling time per period which is spent by salesman i to visit
customers in SCU j. Further, assume &; € [0,1] to denote the calling time elasticity of SCU
7 and g; > 0 a scaling parameter. Then

Sii = g5 (2;)% (1)

defines expected sales S; ;,7 € I,j € J, as a function of the time to visit customers. More
precisely, equation (1) relates z; ; and S; ; for all sales territories i € [ and SCUs j € J.
Hence, via b; it 1s possible to take care of the fact that firrn’s competitive edge might be
different in different SCUs. Note, expected sales are defined via concave rather than s-shaped
functions, as is assumed to be the case with individual accounts (cp. Mantrala et al. 1992).

Let denote t; ; the selling time of salesman i € [ in SCU j € J. Note, #; ; includes the time
to travel from SCU 7 to SCU j, the time to travel to customers in SCU j and the customer
calling time, respectively. Then, p; ; = z ;/1; ; relates the calling time z; ; to the selling ¢; ;.
Substituting z; ; in equation (1) by p; ;1; ; yields

Si = 95 (Pitig)" = e (tig)® (2)

Note, equation (2) has first been proposed by SKIERA AND ALBERS (1994). In equation (2)
the parameter

& = 95 (pig)" (3)
is introduced. ¢; ; measures the sales contribution when SCU j is part of sales territory ¢
where ¢; ; is a function of p; ;. This is best illustrated as follows: Suppose that for salesman 1
the travel times to customers in SCUs j and k are different. Then in general p; ; and p; , will
be different also. Clearly, this produces different parameters c; ; and ¢; » — and puts emphasis

on the location decision.
Now we are ready to state the model formally. We summarize the model parameters

J set of SCUs, indexed by j

I set of SCUs (I C J) for locating salesmen, indexed by ¢

N; set of SCUs which are adjacent to SCU j

fi per period fixed cost for locating a salesman in SCU i € /

Ci j expected sales if SCU j € J is covered by the salesman located in 7 € /
b; calling time elasticity of SCU j € J

T total selling time available per period for salesman 7 € 1

introduce the decision variables

Ti; =1, if SCU j € J is assigned to the salesman located in SCU 1 € [
(zi; = 0, otherwise)



tij selling time allocated by the salesman located in SCUi € T to SCU j € J (t;; > 0)

and then formulate an integrated model for sales force sizing, salesman location, sales territ-
ory alignment, and sales resource allocation as follows:

maximize Z Z eij (ti )% — Z fizii (4)

i€l jeJ i€l
subject to

14 <Tizij (iE];jex]) (5)
Zti,j <Tizi; (’i el) (6)

jeJ
a1 e (7

iel
z l‘i,j—zi’:i,kzl_lvl (ieLVCJ-N—i) (8)

JeUuevN"_V kev
z;; € {0,1} (ieljel) (9)
t;; >0 (iel,jelJ (10)

Objective (4) maximizes sales while taking fixed cost of the salesman locations into account
- and hence maximizes profit contribution or profit for short. The salesman i is allowed
to allocate selling time to SCU j only when SCU j is assigned to him {cp. equation (5)).
Equation (6) guarantees that the maximum workload per period (consisting of travel and
call time) and salesman is regarded. Equation (7) assigns each SCU to exactly one of the
salesmen. Equation (8) guarantees that all the SCUs assigned to one sales territory are
connected with each other. Note that these equations work similar to constraints destroying
short cycles in traveling salesman model formulations (an example can be found in HAASE
1996). Clearly, it would be sufficient to take care of connected subsets V C J —~A;—~ 4,1 € 1,
of SCUs only. Equations (9) and (10) define the decision variables appropriately.

So far we did not mention the following assumption which is covered by our model:
z;; = 1 means that SCU 1 is assigned to the salesman located in sales territory 7. In other
words, z;; = 1 does not only tell us where to locate salesman 1, it also defines how to
align SCU i. This assumption is justified with respect to practice. Moreover, we assume by
definition of the binary alignment variables «; ; € {0, 1} that accounts are exclusively assigned
to individual salesman. Note, this is an assumption in marketing science and marketing
management because of several appealing reasons.

The model (4) to (10) has linear constraints, but a nonlinear objective. Furthermore, we
have continuous and binary decision variables. Therefore, there is no chance to solve this
model with standard solvers. In HAASE AND DREXL (1996) it is shown how the objective
function can be linearized in order to make the model accessible to mixed-integer program-
ming solvers (cp. BRADLEY et al. 1977 also where it is shown how to approximate nonlinear
functions by piece-wice linear ones}. This makes it possible to compute upper bounds for
medium-sized problem instances which in turn facilitates to evaluate the performance of the
heuristics.

Clearly, all the parameters of the sales response function (1) have to be estimated. This
can be done as follows if a sales territory alignment already exists since several periods, i.e.
if our concern is to rearrange an already existing sales territory alignment. Then information
for each SCU about the sales, the time to travel to customers as well as the time to visit
the customers is already available. Usually, these informations can be extracted from sales
reports. In this situation b; and g; can be estimated as follows. Transform equation (1) to
equation (11)

In(Si ;) = In(g;) + b; In(z ;) (11)
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and then calculate estimates of b; and g; via linear regression. Finally, for the computation
of ¢; ; we need estimates of p; ;. In this regard the time to travel from SCU s to SCU j and
the time to visit the customers within SCU j are required. If salesman ¢ has already covered
SCU ; in the past we just have to Jook at his sales reports. Otherwise, we assume that the
time to travel within an SCU is independent from the salesman. Then the only information
required for a salesman k # 1 is the time to travel from k to . This is easily available e.g.
from commercial databases or simply by assuming that the travel time is proportional to the
travel distance. In the case where the sales territory has to be designed from scratch, more
efforts are neccessary. Unfortunately, going into details is beyond the scope of this paper.

The four interrelated subproblems are addressed in our model by the decision variables
z;j and %; ;. Let denote 27 ; and ] ; an optimal solution for a given problem instance:

e Apparently, the optimal size of the sales force |Z| which corresponds to the optimal number
of sales territories (clusters) is given by the cardinality of the set 7 = {i|z}; = 1}

o For each of the sales territories in the set Z the SCU ¢ with z7; = 1 is the optimal location
of the salesman, 1.e. the optimal sales territory center. ,

o For each sales territory ¢ € 7 the optimal set 7; of aligned sales territories or SCUs is
given by J; = {j| T = 1}.

e Finally, 7, >0 is the optimal sales resource allocation for 7 € Z and j € J;.

This interpretation of an optimal solution z7 ; and ; ; illustrates that the model is ‘scarce’
in the sense that two types of decision variables cover all the four subproblems of interest.
This suggests that in fact that the model is a suitable representation of the overall decision
problem. Moreover, it comprises the first step towards a solution of the problem.

The aim of the following section is to present heuristic methods which balance computa-
tional tractability with optimality.

3 Approximation Methods

This section discusses a solution approach which has been developed specifically for the
model, Two reasons led to this development. First, standard methods of mixed-integer pro-
gramming seem to lend themselves to solving the linearized version of the model. However,
even for modestly sized problems the formulation translates into very large mixed-integer
programs which in turn result in prohibitive running times (for details see HAASE AND
DREXL 1996). In fact it is conjectured that — except for smaller problem sizes — no exact
algorithm will generally produce optimal solutions in a reasonable amount of time. Second,
apart from exact methods, so far no heuristic is available for solving the model. The simu-
lated annealing procedure of SKIERA AND ALBERS {1994), (1996) and SKIERA (1996) solves
two of our subproblems, i.e. the sales territory alignment and the sales resource allocation.
Unfortunately, it does not tackle the sales force sizing and the salesman location subprob-
lems. In addition, although dealing only with two of the four subproblems in general the
running times of the simulated annealing procedure do not allow to solve large-scale problem
instances in a reasonable amount of time.

Our heuristic may be characterized as a construction and improvement approach. It
consists of the Procedure Construct and the Procedure Improve.

e The Procedure Construct determines the sales force size and hence the number of
salesman. In addition, it calls two other procedures: The Procedure Locate which
computes the SCU in which each salesman has to be located and the Procedure Align
which aligns the SCUs to the already existing sales territory centers.

¢ The Procedure Improve systematically interchanges adjacent SCUs of two different
clusters. This way it improves the feasible solution which is the outcome of the Procedure

Construct.



Note that the sales resource allocation subproblem can be solved as soon as all sales
territories are aligned by equation (13) or equation (14). Now, first we describe the procedures
designed to generate feasible solutions followed by the description of equations (13) and (14).
Then the improvement procedure will be presented.

3.1 Compute Feasible Solution

Recall J to denote the set of SCUs, I = {i1, ..., 1} to be the set of SCUs which are potential
locations, and AN to denote the set of SCUs which are adjacent to SCU j, respectively. In

addition, let denote

S the minimum number of sales territory centers which might be established (S > 0)
S the maximum number of sales territory centers which might be established (5 < |1])
] the ‘current’ number of sales territory centers (& < s < 5)

h the set of selected locations (|11| = s, I1 = {1, ..., %s})

Iy the set of non-selected locations (Jo VI3 =@, Ig U Iy = [)

L(I})  the locations {i.e. SCUs) of the sales territory centers i € I

7(9) the SCU j where sales territory center ¢ € I; is located in

1(4) sales territory center 7 to which SCU j is assigned to

Jo the set of SCUs which are not yet aligned (initially Jo = J \ Uier, 7(2))

Ji the set of SCUs which are aligned to sales territory center i € Iy

Vi sales territory (cluster) of salesman i € I

C; sum of sales contributions of location ¢ € I (C; = ZjeJ, ¢ ;)

LB a lower bound on the optimal objective function value

Based on these definitions the set A; of SCUs which might be aligned to sales territory center
i may be formalized according to equation (12).

Ai = Ukev, N 0 o (12)

Note that the number of sales territory centers equals the number of salesmen (i.e. the sales
force size) which in turn equals the number of locations. Therefore, some of the newly intro-
duced parameters are superfluous, but this redundancy will be helpful for the description of
the procedures.

In the sequel Z will denote the objective function value of a feasible solution at hand.
Clearly, Z is a function of the decision variabies z; ; and ¢; ;. The algorithms do not operate
on the set of z; ; variables, only the ¢; ; variables will be used directly. In what follows it is
more convenient to express the z; ; decisions partly also in terms of the number of salesman s,
and in terms of L([;}, respectively. Redundancy will simplify the formal description and ease
understanding substantially. With respect to this redundancy Z{...) will be used in different
variants, but from the local context it will be evident what it stands for.

We introduce a global variable loselh,i],h € I,i € I, which is used for locating the
salesmen in the set of potential locations. The variable lose[h, 1] is a means for selecting some
elements of a probably large set I quickly. The meaning of lose[h, £] will be explained below
in more detail.

An overall description of the Procedure Construct is given in Table 1. Some comments
shall be given as follows: The Procedure Construct just consists of an overall loop which
updates the current number s of salesmen under consideration. Then it passes calls to Pro-
cedure Locate and to Procedure Align and afterwards evaluates the resource allocation by
equation (13) or (14). Finally, the objective function values Z{s,z,t¢) and Z(s + 1,z,t) are
compared with the best known lower bound LB which is updated whenever possible. Note,
the number of salesman s for which search is performed is — without loss of generality —
restricted to the interval S < S.



Table 1. Procedure Construct

Initialize s = 5,5= 5, LB = —o0, lose[h,i] =0,k e [,ie ]
WHILE s <5 DO

s =5
call Procedure Locate (s)

call Procedure Align (L(]1))

evaluate resources allocation by equation (13) or (14)

IF Z(s +1,z,t) > Z(s,z,t) THEN

s=s+4+2
ELSE

F=s5-1
ENDIF

IF Z(s +1,z,t) > LB THEN
LB =2Z(s+1,z,t)

[Z]=s+1

ENDIF

IF Z(s,z,t) > LB THEN
LB =Z(s,z,¢t)
=

ENDIF

ENDWHILE
When a call to Procedure Locate is passed we start with |Ii| = s,lo = I\ I; which

implies [y N fo = ¥ and [, U s = I and initialize L(/;). Note that the Procedure Locate uses
as calling parameter only the current number s of locations. A description of the Procedure

Locate is given in Table 2.

Table 2. Procedure Locate (s)

Initialize |I| = s, {p = I\ I, L{11}, improve = TRUE
WHILE improve DO
improve = FALSE
FORk=1TO [, DO
h = min{i € Iy |lose[ix, 1) < lose[ir, g]¥g € Lo}
I] =1 \ 1 Uh
update Iy and L{[1)
IF Z{L(I,})) > LB THEN
improve = TRUE
LB =Z(L(Ih))
ELSE
L=LUzu5 \ h
L=L\ixUh
lose[ix, h] = lose[ir, h] + 1
ENDIF
ENDFOR
ENDWHILE

In the Procedure Locate the for-loop tells us that as starting locations L({/;) the ‘first’
|11] elements of the set I of potential locations are chosen. The procedure stops when within
the for-loop no further improvement of the set of locations can be found. As an outcome we
know the locations L(I;) of the current number s of salesman.



Capitalizing on the definitions given above a compact description of the Procedure Align
is given in Table 3. Within the while-loop one of the not yet aligned SCUs is ch(?sen and
aligned to one of the already existing sales territory centers. The criterion for chosing SCU
h and sales territory center ¢ is motivated below.

Table 3. Procedure Align (L{]1))

Initialize Jo, Vi, C; and A;
WHILE J; # ¢ DO
compute (h,7) such that cx,i/Ci > ¢k ,/C;¥i € [,Vj € 1,Vh € Ai,Vk € A;
Jo=Jh\k
Vi=ViUh
Ci=Ci+chi
update A;
ENDWHILE

Apparently, as a final step of the overall Procedure Construct the sales resource allocation
subproblemn has to be solved. This is done by evaluating equations (13) or (14), where a =
1/(1 = &) (cp. EINnBU 1981) in the case of b; = bVj € J.

I C LY ) (ielLjelJ) (13)

In the general case where by # 0;,h € J,j € J h # j, allocation is done by equation (14).
a; = 1/(1—b;) and a; = 1/(1— S} are used for short, where ; is the the ‘average’ elasticity
which has to be calculated by bisection search. Note, it is beyond the scope of this paper to
show how equation (14) can be derived and the reader is referred to SKIERA AND ALBERS

(1994).

(a;f o)
(ci,3 b5} _ _
ti; = ’——-Tz I, J 14
= (et Gelied) "

3.2 Improve Feasible Solution

In general feasible solutions at hand can easily be improved by the following simple Procedure
Improve. For a compact description of the procedure we define two boolean parameters:

. . _ JTRUE if V; Uj is connected
add(V;, j) = {FALSE otherwise

.~ _ JTRUE if V; \ j is connected and j # j(i)
drop(Vi, 5) = {FALSE otherwise

The function add(V;, j) defines only those alignments to be feasible where we add SCU j to
the sales territory V; such that the newly derived sales territory consists of connected SCUs
only. Similarly, the function drop(V;, 7} admits only alignments to be feasible where we drop
SCU j # j(i) from sales territory V; without running into disconnectedness. In other words:
Both functions define those moves of an SCU j to/from a sales territory V; to be feasible
where the outcome does not violate the connectivity requirement. As a consequence, only
those SCUs are suspected move candidates which are located on the border of each of the sales
territories. In this respect the functions add(V;, j) and drop(V;, §) are complementary. As a
consequence the Procedure Improve might be characterized as an interchange method, too.
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Note that ‘add’ and ‘drop’ are used in discrete location theory also (cp. e.g. MIRCHANDANI
AND FRrRANCIS 1990 and FRANCIS et al. 1992). Clearly, the resource allocation t; ; has to be
updated with respect to each move by evaluating equation (13} or (14).

A formal description of the Procedure Improve is given in Table 4. For the sake of com-
pactness, the calling parameter V' = (V1,..., V) denotes the vector of sales territory align-
ments currently under investigation and Z(V) the corresponding objective function value,
respectively. Z(V | Vi;) \ 4, Vi U j) tells us that the objective function value has to be com-
puted with respect to the current alignment under investigation where SCU 7 is subtracted
from sales territory V;;) while sales territory V; is augmented by SCU j. Clearly, the compu-
tation of the objective function requires an update of the resource allocation ¢; ; via equation
(13) or (14) also.

Table 4. Procedure Improve (V)

Initialize improve = TRUE, LB = Z(V)
WHILE improve DO
improve = FALSE
FOR ; =1 TO |Z] DO
FOR :=1TO || DO
IF add(Vi,3) Adrop(Vi, 7)) ALB < Z(V | Vi \ 5, Vi Uj) THEN
LB=Z(V|Vip\sViuy)
Vigy =Vip \ 3

Vi=W Uy
itmprove = TRUE
ENDIF
ENDFOR
ENDFOR
ENDWHILE

Finally, we shall explain in more detail how the different procedures work and further
motivate why they are constructed the way they are:

e First, without any formal treatment we start off with the observation that — for ‘reason-
able’ parameters c; ; and f; — the objective function is concave with respect to the sales
force size, i.e. the number of salesman. Therefore, ‘gradient search’ within the interval
S < s < § is implemeted in the Procedure Construct.

e Second, the global variable lose[h, ¢] is used in the Procedure Locate like in tournament
selection. The tournament is finished when the ‘best’ player A (i.e. the one which so
far has lost the least number of games) does not win against any other player £ € I;.
As already mentioned above this is an effective means for selecting some elements of a
probably large set quickly.

e Third, the Procedure Align is greedy in the sense that the steepest ascent of the objective
function is used as criterion for the choice of the next SCU to be aligned. More precisely,
the choice depends on the ratios ¢ ;/C;, i.e. the rational is to take care of the relative
weights of the expected sales contributions.

e Fourth, the Procedure Improve belongs to the variety of local search methods (for a
survey of advanced local search methods cp. e.g. PESCH 1994). In order to keep our
explanations as simple as possible we distract our attention from the resource allocation
t; ;. Starting with an incumbent sales territory alignment z = (z; ;) we search all its
neighboors # € H(z), where H(z) equals the set of feasible solutions which are properly
defined by the functions add(V;,j) and drop(V;, 7). H(z) is called neighborhood of z.
Searching over all neighboors & € H(z) in a steepest ascent manner may be characterized
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as a ‘best fit strategy’. By constrast, a “first fit strategy’ might by less time consuming
while presumably producing inferior results.

o Fifth, the Procedures Construct and Improve comprise deterministic methods. In the
next section we will show that these simple deterministic methods produce already very
promising results. Therefore, there is no necessity to make the methods more §ophist-
icated (and more complicated) by incorporating either self-adaptive randomizatlon' con-
cepts (cp. e.g. KOLISCH AND DREXL 1996) or procedure parameter control techniques
adopted from sequential analysis (cp. e.g. DREXL AND HAASE 1996). Furthermore, if
desired it is straightforward to incorporate simulated annealing randomization schemes
(for a comprehensive introduction into the theory and techniques of simulated annealing
cp. e.g. JOHNSON et al. 1989, 1991).

+ Finally, when solving difficult combinatorial optimization problems one is likely going to
be trapped in local optima when searching greedily in a steepest ascent manner only.
Therefore, numerous researchers have devised (less greedy) steepest ascent/mildest des-
cent procedures which provide the ability to escape from local optima while avoiding
cycling through setting some moves ‘tabu’ (for a comprehensive introduction into the
theory and techniques of tabu search see e.g. GLOVER 1989, 1990). While, clearly, there
might be some potential for improvement there seems to be no necessity in this respect
to incorporate tabu search techniques.

4 Experimental Evaluation

The outline of this section is as foliows: First, we elaborate on the instances which are used
in our computational study. Second, we describe how to compute benchmark solutions in
order to judge the performance of the methods presented in the preceeding section. Third,
numerical results will be presented.

Even in current literature, the systematic generation of test instances does not receive
much attention. Generally, two possible approaches can be found adopted in literature when
having to come up with test instances. First, practical cases. Their strength is their high
practical relevance while the obvious drawback is the absence of any systematic structure
allowing to infer any general properties. Thus, even if an algorithm performs good on some
practice cases, it is not guaranteed that it will continue to do so on other instances as
well. Second, artificial instances. Since they are generated randomly according to predefined
specifications, their plus lies in the fact that fitting them to certain requirements such as
given probability distributions poses no problems. {A detailed such procedure for generating
project scheduling instances has been recently proposed by KOLISCH et al. 1995). However,
they may reflect situations with little or no resemblance to any problem setting of practical
interest. Hence, an algorithm performing well on several such artificial instances may or may
not perform satisfactorily in practice. Therefore, we decided to devise a combination of both
approaches, thereby atternpting to keep the strenghts of both approaches while avoiding their
drawbacks.

4.1 Practical Case

First, we used the data of a case study which have been compiled by SKiERA (1996) in order
to evaluate his simulated annealing procedure. This instances are roughly characterized as
follows: The company is located in the northern part of Germany. The sales region COvers
the whole area of Germany. The sales territory is partitioned into 95 SCUs (two-digit postal
areas). The number of salesman employed is ten where the location of each salesman, i.e. the
sales territory center is assumed to be fixed. Then the sales force sizing and the salesman
location subproblems are (presumed to be) of no relevance. For the remaining two subprob-
lems the solutions currently used by the company and the solution computed by SKIERA
(1996) are available as a point of reference for our procedure. While, clearly, all the data
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available are of great practical interest we refrain, however, from the tedious task of citing
all the respective details.?

4.2 Generation of Instances

Second, we generated instances at random. We assumed that only two instance-related factors
do have a major impact on the performance of the algorithms, viz. the cardinality of the set
I of potential sales territory centers and the cardinality of the set J of SCUs, respectively.
Both factors relate to the ‘size’ of a problem, hence (I, J) denotes the size of an instance.

When generating instances at random a critical part is the specification of a connected
sales territory. In order to do so we employ the Procedure Generate which is able to generate
a wide range of potential sales territories while preserving connectivity. The basic idea is to
define a set K ={1,...,2-Q} x {1,...,2- Q} with K > J of unit squares located on a grid.
For every unit square (@, f) € K the set of adjacent unit squares A4z or neighbours is
defined as follows:

Ny = {{G.B) €K |la-al < 1,15- 81 < 1) \ (@,5) }

The Procedure Generate is formally described in Table 5. As calling parameters the set of
sales territory centers [ and the set of SCUs J are used. Note that - starting with the ‘central’
unit square M = {(@, @)} — the set M is incremented until it equals the set of SCUs J
which have to be generated while preserving connectivity of the sales territory. Similar to the
Procedure Align A denotes the set of those unit squares of the grid which are candidates to
be aligned to the already generated sales territory. In a last step the set of sales territories
I is chosen at random.

Table 5. Procedure Generate {1, J)

Initialize M = {(Q,Q)} and A = N g g
WHILE (M| < {J| DO
chose (o, 8) € A at random
M=MU (a,8)
A=A4U .N’(,,.,g) n M
ENDWHILE
Ma,gy = Nag NAY(a,8) € M

chose I C J sales territories at random

It is easy to verify that the Procedure Generate is capable to produce a large range of
quite different shaped sales territories. Nevertheless, the question is whether this construction
process which basically relies on unit squares and hence on SCUs of equal size does produce
instances which are meaningful for the methods to be evaluated? The answer is ‘yes’ because
the grouping, i.e. building of larger units is just what the Procedure Align does.

Summarizing the instances treated in the computational study are characterized as fol-
lows:

¢ The set of SCUs J is given by {50, 100, 250, 500}.

¢ The set of potential sales territory centers I is given by {10, 25, 50}.

e The scaling parameter g; is chosen at random out of the interval [10, 210].

o The expected sales ¢; ; equal g; (d; ;)° where the distances d; ; are computed as follows:

o; — aj| + |8 — Bl
100

di’j —= max {0, 0.4 —

2 All the instances used in this study are available on our ftp-site under the path /pub/cperations-
research/salesforce via anonymous ftp.
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b was set to 0.3 with respect to empirical findings of ALBERS AND KRAFFT (1992). As a
consequence because of travel times being proportional to travel distances d;,; expected
sales ¢; ; decrease the longer the distance between i and j is and vice versa.

o The fixed cost f; of sales territory centers are drawn at random out of the interval {750,
1,250].

e The maximum workload 7} per period and salesman is set to 1,300 for all 2 € /. This is
an estimate of the annual average time salesman in Germany have to work {cp. SKIERA
AND ALBERS 1994).

¢ The lower bound S for the number of sales territory centers is set to 0 while the upper
bound 5 equals |/].

_Note, to calculate the scaling parameter g; at random as described above might not be
the best choice whenever the data are spatially autocorrelated. While, certainly, it is not that
difficult to generalize the generator such that autocorrelation is covered also we do not follow
these lines here because of the following reason: The practical case described in Subsection
4.1 has spatially autocorrelated data. Solving the practical case with our procedures is by no
means more difficult than solving the artificial instances (details are provided below). Hence,
we refrain from introducing some more parameters in order to get a more ‘realistic’ instance
generator.

Clearly, only ‘reasonable’ combinations of J and [ are taken into account {details are
provided below). In addition, due to the computational effort required to attempt all the
sizes only ten instances were constdered in the experiment for each instance class (J, ]).

4.3 Computation of Benchmarks

Unfortunately, it is not possible to solve the nonlinear mixed-integer programming (NLP-)
model (4) to (10) by the use of a ‘standard’ solver. Hence, even for small-sized problem
instances there is no ‘direct’ way to get benchmarks. Consequently, in a companion paper
(cp. HAASE AND DREXL 1996) the model (4) to (10) has been reformulated as a mixed-
integer linear programming (MIP-) model. In order to do so one has to replace the nonlinear
objective by a piecewise-linear one such that an optimal solution of the MIP-model provides
a lower bound for the NLP-model. Clearly, solving the LP-relaxation of the MIP-model yields
an upper bound of the optimal objective of the NLP-model and, hence, benchmarks.

The LP-relaxation of the MiP-model can be solved directly by the use of one of the
commercially available LP-solvers. This way it is possible to compute upper bounds for
problems having up to J = 500 SCUs and I = 50 sales territories in a reasonable amount
of time. A more efficient approach uses the MIP-model within a set partitioning/column
generation framework. Going into details is beyond the scope of this paper and the interested
reader is referred to HAASE AND DREXL (1996).

4.4 Computational Results

The algorithms have been coded in C and implemented on a 133 Mhz Pentium machine
under the operating system Linux. The parameter K of the Procedure Generate is defined
to be K = FAC x |J} where FAC = 1.5 has been used. Note, FAC > 1 serves to generate
sales territories where not all units form part of the overall sales region, i.e. lakes and other
‘non-selling’ regions can be included also.

Table 6 provides a comparison of lower and upper bounds. Columns 1 and 2 characterize
the instance class, i.e. problem size under consideration in each row in terms of jJ| and |1],
respectively. Columns 3 and 4 report the results which have been obtained using the LP-solver
of CPLEX {cp. CPLEX 1995). More specific, column 3 provides the average upper bound
U B which has been obtained by sclving the LP-relaxation of the linearized version. Column
4 shows the average CPU-time in sec required to compute U B. Recall that averages over ten
instances for each row, i.e. instance class (J, 1), are provided. Columns 5 to 7 with the header



13

Table 6. Comparison of Lower and Upper Bounds

CPLEX CONIMP

[ | UB CPU LB CPU GAP
50 10 12,043.39 3.20 11,508.89 1 4.46

25 12,793.16 14.50 12,217,26 0.90 4.50

50 13,271.83 49.20 12,736.17 2.60 4.04

100 10 26,119.68 10.30 25,610.99 0.50 1.95
25 28,332.57 47.10 27,619.47 4.10 2.54

50 29,583.04 172.60 28,464.76 13.50 3.73

250 50 71,185.04 720.68 69,774.65 142.50 1.99
500 50 133,702.41 3,424.34 130,962.26 626.70 2.05

CONIMP present the results of the Procedures Construct and Improve. More specific, LB
cites the average best feasible solution, i.e. lower bound computed. CPU denotes the average
CPU-time in sec required by the algorithms to compute LB. < 1 denotes that the average
is only an ¢ above zero sec. Finally, GAP = &%%,14@ - 100 measures the average percentage
deviation between upper and lower bound, i.e. the solution gap. Note, GAP covers both
the tightness of the LP-relaxation and the deviations of the lower bounds obtained from the
(unknown) optimal objective function values. On the average, the solution gap roughly equals
3%. Hence, the feasible solution computed indead must be very close to the optimal one.

Table 7. Comparison of the Procedures Construct and Improve

CON IMP

E{EY LB CPU LB CPU  API

50 10 | 11,454.97 <1 | 11,50889 <1 047
25 | 12,190.75 090 | 12,217.26 &1 0.22
50 | 12,724.97 260 | 12,736.17 &1 0.09

100 10 25,173.43 <1 25,610.99 0.50 1.73
25 27,528.56 4.00 27,619.47 0.10 0.33
50 28,416.35 13.40 28,464.76 0.10 0.17

250 50 69,454.64 132.50 69,774.65  10.00 0.46
500 50 | 129,746.85 544.70 | 130,962.26  82.00 0.94

Now the question shall be answered which of the Procedures Construct or Improve con-
tributes to which extent to the fact that the lower bounds are very close to the optimum.
Table 7 gives an answer. The header CON groups the information provided with respect
to the Procedure Construct while the header IMP does so for the Procedure Improve. In
the former case LB denotes the lower bound obtained while in the latter one it shows the
additional improvement. In both cases C'PU denotes the required CPU-time in sec. APJ
provides the average percentage improvement.

It has already been mentioned that our model is more general than the one of SKIERA AND
ALBERS (1996) because it covers the sales force sizing and the salesman location subproblems
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also. Consequently, our methods cover the more general case, too. Surprisingly, although
being more general, our methods are more efficient than the simulated annealing method
of SKIERA AND ALBERS. While our algorithms solve the practical case close to optimality
in a CPU-time < 1 sec, the simulated annealing method requires up to ten minutes on a
80486 DX-33 machine to do so. Moreover, the solution computed by our algorithms is slightly
better than the one found by the simulated annealing method. Note, suboptimality means
that profit increase is about 5% compared with the alignment used by the company so far.
Clearly, the run-times of the simulated annealing algorithm will become prohibitive when
applied to large-scale problem instances.

Regarding the results reported in Tables 6 and 7 some important facts should be em-
phasized:

o Roughly speaking, the solution gap decreases from 4% to 2% while the size of the instance
increases, because of two reasons. First, relaxing the connectivity requirements makes
the LP-bounds for small problem instances weak compared to large ones. Second, the
quality of the piece-wise linear approximation increases with increasing problem size and
hence makes the LP-bounds more tight.

o The larger the cardinality of the set J the more time has to be spent in evaluating the
size and the location of the sales force. Clearly, this takes the more CPU-time the larger
I is in relation to J. From another point of view, if there is no degree of freedom with
respect to the size of the sales force and the location of the salesmen, i.e. S = S, then the
alignment and the allocation subproblems are solved very effective and very efficient by
our algorithms also. This decidedly underlines the superiority of our approach compared
to the one of SKIERA AND ALBERS (1996€).

o In general, the quality of the solutions computed by the procedure Construct is already
that good that only minor improvements can be obtained subsequently. In other words,
exploiting the degree of freedom on the level of the sizing and the locating decisions
appropriately already gives an overall sales force deployment which is hardly to improve
by realigning some of the SCUs.

The scope of the experiment conducted so far was to show how good our algorithms
work. Seriously this can only be done with respect to the optimal objective function or at
least an upper bound. Therefore, the experiment was limited to include only instances of the
s1ze for which the LP-relaxation of the MIP-model can be solved in reasonable time. Clearly,
there is no obstacle for using the algorithms on larger instances which might become relevant
e.g. in a global marketing context. The CPU-times required by our procedure show that for
really huge instances comprising thousands of SCUs 1t is possible to compute near-optimal
solutions within some hours of computation. Summarizing there is no obstacle for using the
algorithms even on very large instances.

5 Insights for Marketing Management

In. what follows we will discuss managerial implications of our findings. More precisely, we
will state some insights and subsequently assess their validity on basis of experiments.

Insight 1: The results are robust with respect to wrong estimates of parameters.

In order to evaluate insight 1 we took one of the instances with |J| = 250 SCUs and |Ij = 50
potential locations. Now assume that b; = 0.3 and the ¢;,; which are generated along the
lines described in Subsection 4.2 Vj € J and i € I are the (unknown, but) ‘true’ values of
the parameters of the sales response function. The parameters b and ¢;,; which are used in
the experiment are then generated via data perturbation as follows: Calculate b = b + Ab

and choose & ; € [¢; ;(1 — Ac),c; j(1 + ¢ ;)] at random where Ac and Ab are perturbation
control parameters.
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Table 8 presents the results of this study. Across rows and columns we provide the per-
centage decrease DEC = LQP?;;—-——;—CQ - 100 of profit where OPT denotes the ‘optimal’ ob-
jective value which has been calculated based upon the ‘true’ parameter values while ACT
is the one which has been computed with respect to the perturbed parameters. The results
show that even in the case when the parameters are estimated very ‘bad’ (i.e. all of them are
under- or overestimated drastically) the percentage decrease of profit does hardly exceed 3%.

Table 8. Robustness of the Model

b 0.20 025 030 035 040

Ab | -0.20 -0.05 0.00 0.05 0.10

Ac = 0.00 1.89 1.67 000 017 025
Ac =005 2.25 1.92 036 087 1.25
Ac=0.10 2.87 3.06 158 1.97 207

Insight 2: Profit is not that sensitive wilh respect to sales force size.

In order to evaluate insight 2 once more we took the instance with |J} = 250 SCUs and
[I| = 50 potential locations. Then, the size of the sales force was set to the levels 29, 30,
31,32, 33 by fixngS=s=35 accordingly. Table 9 provides the results of this experiment.
OFV(s) denotes the objective function value {normalized to the interval [0, 1]) which has
been computed by our methods with respect to the size 5. The results which are typical for
various other experiments not documnented here support insight 2 which means that the ob-
jective function is fairly flat near the optimum number of salesmen. Hence, the ‘flat maximum
principle’ (cp. Chintagunta 1993} is valid also in this context.

Table 9. Profit as Function of Sales Force Size

s | OFV(s)
29 0.99577
30 0.99919
31 1.00000
32 0.99896
33 0.99941

Insight 3: Profit is sensitive with respect to the location of the salesmen.

Once more we relate to the instance already used twice. Table 10 provides part of the pro-
tocol of a run. More precisely, the outcome of some typical iterations of the Procedure Locate
where potential locations are evaluated systematically is given in terms of normalized object-
ive function values OFV (s). Similar to Table 9 the size of the sales force is fixed in each row.
Clearly, the process converges to the best found objective function value (hence, OFV(s) =
1 in column seven), but the values go up and down depending on the specific old and new
locations under investigation. Hence, the ‘flat maximum principle’ is not valid with respect

to the location of the salesmen.
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Table 10. Profit as Function of Location of Salesmen

s OFV (s) - Selected Iterations

29 | 093¢ 0960 0.947 0.973 0986 1.000
30 ! 0.938 0.927 0957 0.934 0977 1.000
31 | 0.928 092 (952 0950 0.949 1.000
32 } 0.933 0.924 0965 0.967 0962 1.000
33 | 0.817 0945 0933 0948 0978 1.000

The insights evaluated in Tables 8, 9 and 10 can be summarized as follows:

o For reasonable problem parameters the size of the sales force does not affect firm’s profit
that much.

o The location of the salesmen in general will affect firm’s profit drastically. Consequently,
existing alternatives must be evaluated.

o Fortunately, the model is very robust with respect to the estimation of the parameters of
the sales response function. Even in the case when there is a systernatic estimation bias
{over- or underestimation of all the parameters) the decision is not that bad in terms
of firm’s profit. Usually, there is no systematic bias, hence, the sales force deployment
evaluated by the algorithms will be superb.

6 Summary and Conclusions

In this paper it is shown how four interrelated sales force deployment subproblems can be
modelled and solved simultaneously. These subproblems are: sizing the sales force, salesman
location, sales territory alignment, and sales resource allocation. More specific an integrated
nonlinear mixed-integer programming model is formulated. For the solution of the model we
present a newly developed effective and efficient approximation method.

The methods are evaluated on two sets of instances. The first one stems from a case study
while the second one is based on the systematic generation of a representative set of problem
instances covering all problem parameters at hand. The results show that the method allows
to solve large-scale instances close to optimality very fast.

The methods which provide lower bounds for the optimal objective function value are
benchmarked against upper bounds. On the average the solution gap, i.e. difference between
upper and lower bound, is roughly 3%. Furthermore, it is shown, how the methods can be
used to analyze various problem settings which are of highly practical relevance. Hence,
the methods presented in this paper are effective and efficient and will be very helpful for
marketing management.
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